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S1 Proofs

Proof of Proposition B 1. The support H is convex and closed while the function
C,(w) is convex in w. So, there exists at least one solution to the problem. Then if
w; and wy are two different solutions and « € (0, 1), we have that aw; + (1 — a)w,
is also a solution, since the solution set of a convex problem is convex. This gives us
an infinite number of possible solutions.

2. Let wy and wy be two different solutions to the problem. We denote by B{VI 4
and Bé‘“ the estimators associated. By contradiction, we assume that XB{WA #*
XﬁAé\/[A and we denote by ¢ the minimal value of the optimization program, thus

Cn(Wl) = C= Cn(WQ)
Let a be a constant in (0,1). Then, the vector w = aw; + (1 — a)wy is also a

solution as argued above. By this, we have:

2 952 M

Cp(W) = — Z {aw; + (1 — a)Wa},, §m

M ~
Y - X [Z {av; + (1 — @)Wa}, AL

m=1

~ M
N *zH*z

m=1
1 all2 262 & 1 aall2 262 U
< Z1lYy =X MAH - U 5 1— *HY—X JVIAH e D wAn
o (n H 581 , + " mE:1w17msm +(1-a) - 55 , + - m§:1 W m8m

=ac+ (1 - a)c

where the strict inequality comes from the strict convexity of the /5 squared norm

after applying the triangle inequality. This is a contradiction with w; and wy both



being optimal solutions. As such, the fitted values must be equal.
3. Let wy and wy be two different solutions to the problem. As shown earlier,

the fitted values XB{V[ 4 and Xﬂ}” 4 are equal. Then
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and since C,(w1) = C,(W3), we must have that — E SmWm1 = — Sm W2
n m=1 n m=1
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Proof of Proposition @ Using the decomposition in Equation (@) of the main manuscript,

we obtain
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Under Assumption m, using the same argument as in Theorem m, as w,, € [0, 1] for

each m € {1,..., M} and M is fixed, the weighted error is bounded at the rate
i A, 0 log p
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For the first term in (S1.1)), we have
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where ||Q|]so.00 = max 119;]|1 and using further Lemma 5.3 from van de Geer et al.

=1,...,

(2014), we have that max 1951 = Op(n%ax V/5j)- As such, on the event &
J: 7"'7p ]: 7"'7p



(introduced in Section @ of the main manuscript) ,

log p
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since max V55 = o(y/n/logp) by Assumption E O
p
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Proof of Proposition B By the same arguments as in the proof of Theorem EI we have
Mn
Va(BYA = Bo) =W+ A,
m=1

and as the weights sum to 1

ZwmAm < Z(meAmHoo) < (Z wm) sup ||Am||oo = Sup ||Am||oo
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Let us recall that A,,, = v/n(I, — Q%) (3L — 5y) and that neither €, nor 32 depends

on m. Thus,
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By Assumptions m and @, we have that for each m, |[5=%*° — Bo||y = Op (s0Am) due

to Bithlmann and van de Geer (2011, Theorem 6.1). This implies that

I, — Qﬁ]H sup Op (SoAm)

0 m< My,

sup (| Al < V7|
m<Mp,

= \/ﬁOp< logp> sup Op (SoAm)

n m< My,



1
< Op (\/ logp so K o§p> ;

where we have used the assumption that sup A, < K+/(logp)/n and Assump-

m<Mp,

tions m and E for the control of 2. As sy satisfies sy = o (\/ﬁ/ log p) and since K is

a finite constant, this concludes the proof. O]

Proof of Theorem B The proof is structured in three parts. We show first that min-
imizing C,(w) is equivalent to minimizing C,(w). We next derive a bound for

L, {"*(w)} and finally, we bound the remainder term, R{5™"(w)}.
Step 1: Using Equation (@) and with 2M4(w) = XAMA(w) and po = X, we
begin by re-writting C,,(w).

M
262

cuwy = Lo+ 2

26° <
*HM AMA )H *H ||2 76 {M AMAW +Tzwm§m
2 m=1
M

AMA 1 2,2 5d 252 R
= Lo {0} S lel3+ 2R S wn (B0 - B +TZwm3m

m=1
M
= Lo {0 |+ Ll — e <m2_ “’m) ROXTe= LT {;wm (I, — OE) (Bl - ﬂo)} -
262 o
A]VIA T 2 T A l ALasso A2 X
:Ln{ﬂ }+7|| ||2 eIXOXT e —Ee X(IP—QZ)Zwm (Bm — ) Zwmsm

m=1
Isolating the terms that depend on the weights, we have that if the weights mini-
mize C,,(w), they also minimize
2 M
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The last two terms in () correspond to the "bias terms” if we regard C,,(w) as
an estimator for the loss L, {34 (w)}.

Step 2: We now derive a bound for L, {3"4(w)}. First, remark that
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m=1
=S wax (Lo (4, a) (3t - )}

_ %XQXTE X ([p — Qi}) {mi:l Wy, (Bﬁlasso _ 50)} )

We can now rewrite L, {3"4(w)} as
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We develop next the rate of convergence of each term separately. Using the triangular

and the Cauchy-Schwarz inequality |u”v| < |ul|2|[v]]2 for all u,v € R, we have
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where the inequality on line 6 comes from the consistency of the induced norm ||| 2
defined as ||Al|lw2 = SL;ISHAXHQ/HXHOO, for a general matrix A. The inequality
on line 7 comes from the basic properties of norms where the Euclidean norm is
bounded by the sup norm. From Drakakis and Pearlmutter (2009), we have that

|[A]loo2 = jmax [|4;]]2 < +/p||A|| and as such,
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We know that ||[Q720—Q|| = Op{ max \/_\/ (logp) /n} by Lemma 5.4 in van de

Geer et al| (2014) and so on the event {OO, I, is of order

log

lo lo
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For I, using again the Cauchy-Schwarz inequality, the triangular inequality, the

consistency of the induced norm and the bound on the Euclidean norm, we have
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For any model m € {1,..., M}, is it known that ||32%*° — By||sc = Op { (logp)/n}
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(Lounici, 2008). On the event &, and since (logp)/n = o(1), the term I5 is of order:
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For I3 we have
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where, as in Theorem EI, Ay = /n(I, — Q) (BE= — By). Thus, I3 is of order
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Step 3: Bound for the remainder term, R{3"*(w)}.
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As 8, < min(n,p) for all m (Tibshirani, 2013) and as the weights sum to 1,
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Thus, as 62 is a consistent estimator, we have
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We derive next, based on the Cauchy-Schwarz and the triangular inequality, that
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From Bithlmann and van de Geer| (2011, Chapter 6), we know that [|32%5% — 8|, =

Op {\/so(logp)/n} for all m and as ||, — 2Q7||oe = |1, — Q2||cc,
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To conclude, under Assumptions @ and B, on the event &, the loss is of order

- lo lo X2 lo
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and since sy = o(v/n/log p) by Assumption E, the bias term in C,,(w) is of order

R{BYA(w)} = Os (\/131255) .
The control on |||« is implied by Assumption m Indeed, the maximum eigen-
value of the precision matrix is 1/{Anin(2)} which is O(1) by Assumption m, and
for this positive definite matrix, ||Qj]lse < [|Q]speet = VAmax(27Q) = Apax () =
1/{Anin(X)} for all j € {1,...,p}. We thus have that ||Q| = O(1).
As the order of L,{3M%(w)} is greater than the order of the bias term by a

factor (at least) \/]Bnl/ % the loss term is dominant in the choice of weights.



This result suggests that a sufficient condition for convergence of the prediction
error is p(logp)/n = o(1), which implies that the design must be low-dimensional.
If Assumption E is relaxed, the loss function L, (-) will only increase, thereby main-

taining the convergence of the ratio of the loss functions. O]

S2 Additional simulations

S2.1 Simulation settings for the toy example

The squared prediction error loss is averaged over R = 1000 replicates for n = 100
and p = 200. The sequence of parameters is By = (2,...,2,0,...,0)" with sy = 6
non-zero entries, the design matrix is Gaussian with a Toeplitz covariance structure

and the noise level is o2 = 1.5.

S2.2 Accuracy metrics

Table m shows accuracy metrics such as the average bias and MSE for active and
non-active coefficients for different sample sizes and noise levels. The setting for the

simulations are the same as in Section H from the main manuscript. The empirical



S2.2  Accuracy metrics

Table 1: Average bias and MSE for active and non-active variables over R = 1000 replications for

different sample sizes and noise levels; the values are expressed in unit 1072 for ease of readability.

o2 n MA-d Debiased Lasso Lasso MA Lasso

Active Non-active Active Non-active Active Non-active Active Non-active

Bias MSE | Bias MSE | Bias MSE | Bias MSE | Bias MSE | Bias MSE | Bias MSE | Bias MSE

100 | 1.25 1.64 | 020 053 | 237 1.78 | 0.26 093 | 7.94 220 0.05 0.03 | 786 2.16 0.04 0.02

200 | 0.66 0.74 | 0.15 030 | 1.94 0.81 | 0.19 048 | 6.01 1.08 0.02 0.01 | 583 1.05 0.02 0.01

300 | 0.67 046 | 0.13 0.23 | 1.62 0.52 | 0.16 033 | 491 0.70 0.01 <0.01| 476 0.68 0.01 <0.01

0.75

500 | 0.61 0.27 | 0.10 0.16 | 1.14 0.29 | 0.11 0.20 | 4.04 0.44 0.01  <0.01 3.92 043 0.01  <0.01

750 | 047 0.17 | 0.09 0.12 | 091 0.19 | 0.10 0.14 | 349 0.30 | <0.01 <0.01 3.36  0.29 0.01 <0.01

1000 | 0.50 0.13 | 0.08 0.10 | 0.79 0.14 | 0.08 0.11 3.13  0.24 | <0.01 <0.01 3.03  0.23 | <0.01 <0.01

100 | 1.90 343 | 027 1.02| 333 329 | 036 1.71 | 11.19 441 0.07 0.05 | 11.08  4.32 0.06 0.04
200 | 1.00 1.58 | 0.20 0.53 | 2.75 1.52 | 0.27 0.92 8.49  2.16 0.03 0.01 8.22  2.09 0.03 0.01
» 300 | 0.77  1.00 | 0.16 0.38 | 229 098 | 0.22 0.64 | 6.92 1.40 0.02  <0.01 6.68 1.36 0.02 0.01
500 | 0.60 0.57 | 0.13 0.26 | 1.61 0.56 | 0.16 0.40 | 571 0.88 0.01  <0.01 5.50 0.85 0.01  <0.01
750 | 041 036 | 0.11  0.20 | 1.27 0.36 | 0.14 0.27 | 494 0.61 0.01 <0.01 4.70  0.58 0.01 <0.01

1000 | 0.41 0.26 | 0.10 0.16 | 1.09 0.27 | 0.12 0.21 | 442 047 | <0.01 <0.01 420 045 0.01 <0.01

100 | 2.78 6.95 | 0.38 2.03 | 469 6.33 | 0.51 3.28 | 15.82 8.83 0.10 0.11 | 15.66  8.63 0.09 0.09

200 | 1.62 3.24 | 028 1.03 | 3.90 295 | 0.37 1.79 | 12.01  4.32 0.04 0.02 | 11.59  4.18 0.04 0.02

300 | 1.33 213 021 071} 324 191030 126 | 9.79 280 0.03 0.01 9.45 2.72 0.03 0.01

500 | 1.07 1.23 | 0.17 045 | 227 1.10 | 0.22 0.78 | 8.07 1.76 0.02 <001 | 775 1.70 0.02 <0.01

750 | 0.61 0.77 | 0.15 033 | 1.79 0.72 | 0.19 0.54 | 6.98 1.21 0.01 <0.01 6.61 1.15 0.01 <0.01

1000 | 0.41 0.56 | 0.13 0.27 | 1.53 0.54 | 0.16 0.42 6.24 0.94 0.01  <0.01 5.89  0.89 0.01 <0.01

quantities are calculated as follows:

(3= Ly a0 NI 2
Bias(%) = 7 >_ {1} = fos. MSE(Ay) = = 3 {87 = s}
r=1

r=1

avgBias(3), = éz ‘Bias(Bj) avgMSE(3) Z MSE( BJ)
j=1
avgBias(3)n, = p% Z ‘BiaS(Bj) avgMSE(S) Z MSE(S;).




S2.3 Noise level estimation

Both the bias and the MSE decrease with n, but as expected, increase as the
noise level increases. The bias on the active variables is slightly lower for the MA-d
and both the MA-d, and the debiased Lasso estimator has a much lower bias than the
Lasso estimator for the active and non-active variables. The results show empirically

that the MA-d estimator retains the bias reduction property of the debiased Lasso.

S2.3 Noise level estimation

When the noise level o is unknown, ones needs an estimator in the optimization
program for the weights, as well as in the expression of the asymptotic variance of
the debiased Lasso coefficients. In this section, we compare the MA-d estimator
constructed with different plug-in estimators for o7 with the estimator constructed
with the true value of the noise level.

The first noise level estimator is &2 obtained with the scaled Lasso from

scaled>
Sun and Zhang (2012). This estimator was presented in Section B of the main text.
Then we construct two estimators from the sum of the squared residuals of the
Lasso estimator corresponding to the one with regularization parameter selected by
cross-validation. We have two versions of this estimator as we consider the sample
variance estimator with a factor of 1/(n — §,,:), as well as an MLE version with a

factor of (1/n)

n

1 R 2
6% = —— 3 (Vi XTje)

= Sme (T



S2.3 Noise level estimation

1 & 2
~2 — T HLasso
Ocv—mle “— ﬁ Z (Y; - Xz Bm* > )

i=1
where X; is the vector containing all the covariates for individual ¢, m* denotes
the model selected by cross-validation and §,,« is the number of estimated active
coefficients in that model.

In low dimensional settings, all the estimators are consistent but the one using
the (1/n) factor is biased. In high dimensional settings, only the scaled estimator

~2

Oiealoq Nas been shown to be consistent and this for the following oracle quantity

1 n
Ugracle = E Z(Y; - XZTﬁO)Q
=1

The setting for this simulation setup is the same as in Section B of the main manuscript
where the number of covariates is set to p = 2n and for simplicity we only consider
the case where of = 1.5 for generating data. Table E shows the average bias and av-
erage MSE on active and non-active coefficients, as well as the average coverage and
length as defined in the main document. Table B shows the ratio of the prediction
loss function (LR).

From both tables, we can observe the following behavior: the MA-d seems to be
robust to the choice of the noise level estimator, the results for the different methods
being close. The bias is the only metric where there is a difference between the

methods, but as the sample size increases, the difference quickly disappears. When

2
scaled»

the noise level is estimated with & the coverage is slightly better, but the results



S2.3 Noise level estimation

Table 2: Average Bias, MSE, average coverage and length of the 95% confidence interval for active
and non-active variables for the MA-d estimator constructed with different estimators for o3. The

Bias and the MSE values are expressed in unit 10™2 for ease of readability.

‘ n ‘ MA-d with o3 MA-d with 62,04 MA-d with 62, MA-d with 62

cv—mle

Accuracy metrics

Active Non-active Active Non-active Active Non-active Active Non-active
Bias MSE | Bias MSE | Bias MSE Bias MSE | Bias MSE | Bias MSE | Bias MSE Bias MSE
100 | 1.92 0.27 | 3.44 1.02 | 1.90 0.27 | 3.43 1.02 | 1.92 0.27 | 3.44 1.02 | 2.07 0.27 | 3.53 1.00
200 | 1.02 0.20 | 1.58 0.53 | 1.00 0.20 | 1.58 0.53 | 1.01 0.20 | 1.58 0.53 | 1.06 0.19 | 1.59 0.53
300 | 0.77 0.16 | 1.00 0.38 | 0.77 0.16 | 1.00 0.38 | 0.77 0.16 | 1.00 0.38 | 0.77 0.16 | 1.00 0.38
500 | 0.60 0.13 | 0.57 0.26 | 0.60 0.13 | 0.57 0.26 | 0.60 0.13 | 0.57 0.26 | 0.60 0.13 | 0.57 0.26
750 | 0.41 0.11 | 0.36 0.20 | 0.41 0.11 | 0.36 0.20 | 0.41 0.11 | 0.36 0.20 | 0.41 0.11 | 0.36 0.20

1000 | 0.41 0.10 | 0.26 0.16 | 0.41 0.10 | 0.26 0.16 | 0.41 0.10 | 0.26 0.16 | 0.41 0.10 | 0.26 0.16

Inference metrics (nominal level .95)

Active Non-active Active Non-active Active Non-active Active Non-active
Cvg. Length | Cvg. Length | Cvg. Length | Cvg. Length | Cvg. Length | Cvg. Length | Cvg. Length | Cvg. Length
100 | 0.85 0.54 | 0.98 0.54 | 0.86 0.54 | 0.98 0.55 | 0.84 0.53 | 0.98 0.53 | 0.79 0.48 | 0.96 0.48
200 | 0.87 0.38 | 0.98 0.39 | 0.88 0.39 | 0.98 0.39 | 0.87 0.38 | 0.98 0.39 | 0.85 0.36 | 0.97 0.37
300 | 0.88 0.32 | 0.98 0.32 | 0.89 0.32 | 0.98 0.33 | 0.88 0.32 | 0.98 0.32 | 0.87 0.31 | 0.98 0.31
500 | 0.90 0.25 | 0.98 0.25 | 0.91 0.25 | 0.98 0.25 | 0.90 0.25 | 0.98 0.25 | 0.89 0.24 | 0.98 0.24
750 | 0.92 0.21 | 0.98 0.21 | 0.92 0.21 | 0.98 0.21 | 0.92 0.21 | 0.98 0.21 | 091 0.20 | 0.97 0.20

1000 | 0.92 0.18 | 0.97 0.18 | 0.92 0.18 | 0.97 0.18 | 0.92 0.18 | 0.97 0.18 | 0.92 0.18 | 0.97 0.18

2

obtained with 2, are very close. Only 62, .

seems to have a bias significantly higher

and a coverage significantly lower when n is small.



S2.4  Sensitivity analysis for M

Table 3: Prediction loss ratio (LR) for the MA-d estimator constructed with different estimators

for o2.
n | MA-d with o2 | MA-d with 62,4 | MA-d with 62 | MA-d with 62 .
100 1.22 1.23 1.21 1.15
200 1.08 1.08 1.08 1.06
300 1.01 1.02 1.02 1.01
500 1.00 1.00 1.00 1.00
750 1.00 1.00 1.00 1.00
1000 1.00 1.00 1.00 1.00

S2.4 Sensitivity analysis for M

We perform a sensitivity analysis for the choice of M, the number of models, in
the optimization program for the model-averaging debiased estimator. We compare
the MA-d estimator when M depends on the sample size to assess whether we still
have approximate normality, as stated in Proposition a In the following simulation,
the number of variables is fixed at 500, n varies from 200 (high-dimensional set-

ting) to 2000 (low-dimensional setting). The sparsity is the same as in the previous

2

waled- We compare the

simulations and the noise level o = 1.5 is estimated by &
MA-d estimator constructed with two different sequences for M, namely M = 10v/n

rounded to the nearest integer and M = n/2, as well as with a fixed value, namely



S2.4  Sensitivity analysis for M

Figure 1: Average active coverage (left), non-active coverage (middle) and loss ratio (right) over

R = 1000 replications for the MA-d estimator constructed with M = 10y/n, M = n/2 and M = 200.

Average coverage Average coverage .
: ) ) ) Average loss ratio
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©) > - n_
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n n n

M = 200, as used in the previous simulations, in Section B of the main text.

Figure EI shows the average coverage over R = 1000 replications for the active and
non-active variables and the average loss ratio (@) defined in the main manuscript.
First, we observe that the values for each sample size are similar for each choice of
M. Moreover, for both active and non-active variables, the coverage converges to the
target of 0.95 for increasing sample sizes. The loss ratio converges to 1, indicating
that the loss of the MA-d estimator reaches optimality.

All in all, from this simulation study, we conclude that the choice of M seems to
have a limited impact on the estimation of the parameters and that the MA-d still
maintains a competitive performance even when M increases with the sample size. In
practice, we recommend a moderate value for M such as 10y/n on a sufficiently large

grid [Amin, Amax] to avoid long computing times and an excessive use of resources.



S2.5 Averaging competitors

S2.5 Averaging competitors

In this section, we compare the simulation results from Section E of the main paper
with those obtained for five additional model averaging competitors. These are: a
averaging method based on the Lasso path; a naive MA estimator based on the
debiased Lasso; an MA Ridge estimator, and two ensemble estimators that average
the solutions of Lasso, Ridge and debiased Lasso estimator. We also included the
Ridge estimator where the penalization parameter was obtained by 10-fold cross-
validation. These results can be directly compared with those in Table 2 of the main
paper and the accuracy measures in Table m

The considered MA estimators are:

» Model averaging Lasso with naive weights (MA-Lasso-naive) is the mean of all

the Lasso solutions along the regularization path, each with a weight of 1/M,

M

A —Lasso—naive 1 ALasso

[MA-L =7 > B, (S2.1)
m=1

« Model averaging debiased Lasso with naive weights (MA-d-naive) is the mean of
all the debiased Lasso solutions associated with each value in the regularization

path, each with a weight of 1/M,

M

A —d—naive 1 A

pMA—d =7 > B (S2.2)
m=1
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o Model averaging Ridge with naive weights (MA-Ridge-naive) is the mean of all
the Ridge solutions associated with each value on the regularization path of the

Ridge problem, each with a weight of 1/M,

M
BMA—Ridge—naive — Z Rldge (323)

The regularization path for the Lasso-based methods and the debiased Lasso
is identical. In particular, the cross-validation solution is one of the estimators in-
cluded the weighted mean of MA-d. Conversely, the Ridge estimator has its own
regularization path.

The next two averaging competitors are a combination of three different estima-

tors, a Lasso solution, a Ridge solution and a debiased Lasso solution.

o The first ensemble estimator is an average of the optimal cross-validation solu-
tions from the Lasso, the Ridge, and the debiased Lasso problems. The weights

are obtained using an optimization problem inspired by the one used in the

paper,

Bl\lAfcv . w ﬂ(l';‘:mbo + wQﬂcv + wSBFildge

W i=arg min C(w, 6207, 5%, )

ass A ARi 2 20 asso A ARidge
—arg min ||V = X (w1 B0 + waf, 4+ ws B ||+ 2 (w18l + wa | o + wslIBE o)

wEH3 N

(S2.4)
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where ||||o is the £y norm that counts the number of non-zero entries of a vector

and Bcv denotes the cross-validation solution of the estimator.

o The second ensemble estimator is an average of the three MA-naive estimators

described just above,

AMA —naive . ~  AMA—Lasso—naive ~  AMA—d—naive ~  AMA—Ridge—naive
B =W + wo 8 + w3 &

W o= arg min C' (W, ﬁMA*L&SSO*I’laIVG’ 5MAfdfna1ve’ ﬁMAledgefnalve> )

weHs3
Q ° o Q o )
7 7 & 2 g &
© © ~ © ] =
3 o @ - ] &

© 3]

[a] [a]

Figure 2: Heatmap of the weights vector for the ensemble estimators () and ()7 respectively

left and right, for 100 replications of the same design with n = 500, p = 1000, red corresponds to

one and light yellow corresponds to zero.
Figure E displays the weight vectors for estimators () and () on the first

100 replications of the design with n = 500, p = 1000 and o? = 1.5. We observe
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that all the weights of the ensemble MA-cv estimator (), are on the Lasso-cv
solution. Indeed, this solution results in a small squared prediction loss with few
non-zero coefficients. For the MA-naive estimator (), the Lasso solution has
weights between 0.80 and 1, the remaining weights are placed on the debiased Lasso
solution. It should also be noted that the properties of such ensemble methods with
respect to performing inference are intricate, and that no statistical guarantees are
currently available.

Table @ shows the accuracy measures and the prediction loss ratios for MA-d
and the new competitors, averaged over 1000 replications.

In terms of accuracy metrics, the MA-d estimator has a smaller average MSE
than the MA-d-naive estimator and a slightly smaller average bias. Except for the
MA-Ridge estimator, the MA methods with naive weights appear to be highly vari-
able, as can be seen with the MSE. The MA-Ridge estimator performs slightly better
than the Ridge in terms of accuracy but not for the prediction loss. For ensemble
methods, since the weights are mostly on Lasso estimates, the performance is similar

to that of the Lasso estimator presented in Table EI
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o? n MA-d MA-d-naive | MA-Lasso-naive Ridge MA-Ridge-naive MA-cv MA-naive
Bias MSE | Bias MSE | Bias MSE Bias MSE | Bias MSE Bias MSE | Bias MSE
100 | 11.59 23.75 | 12.57 31.68 | 10.02 18.06 6.83 12.67 | 5.93 12.02 11.40 22.45 | 10.58 20.09
200 | 591 12.11 | 6.28 15.81 | 5.13 9.22 3.54  6.39 | 3.06 6.02 582 11.49 | 5.38 10.17
ﬁ' 300 4.59 9.46 4.84 1237 | 4.01 7.19 2.79 5.01 2.40 4.69 4.55 9.01 4.19 7.93
= 500 | 2.78 573 | 291 739 | 242 4.35 1.70  3.02 | 1.46 2.82 275 545 | 2.53  4.77
750 | 1.89  3.84 | 2.02 491 | 1.62 2.91 1.16  2.01 | 0.99 1.88 1.84 3.65 | 1.72  3.18
1000 | 1.44 289 | 1.56  3.67 | 1.22 2.19 0.89 1.51 | 0.75 1.41 1.39 275 | 1.30 2.39
100 | 11.55 24.18 | 12.55 32.38 | 10.00 18.06 6.84 12.69 | 5.93 12.02 11.30 22.16 | 10.53 20.03
200 | 5.89 1231 | 6.28 16.21 | 5.13 9.22 3.54  6.39 | 3.06 6.02 5.78 11.37 | 5.37 10.14
w300 | 458 959 | 483 1266 | 4.01 7.19 279 501 | 241 4.69 453 892 | 418 7.90
- 500 | 2.78 582 | 291 757 | 242 4.35 1.70  3.02 | 1.46 2.82 274 541 | 253 475
750 | 1.89 392 | 2.03 5.04 | 1.62 2.91 117 2.02 | 0.99 1.88 1.84 3.63 | 1.71  3.17
1000 | 1.45 295 | 1.57 3.77 | 1.22 2.19 0.89 1.51 | 0.75 1.41 1.38 273 | 1.30 2.38
100 | 11.51 25.16 | 12.52 33.72 | 9.97 18.09 6.85 12.71 | 5.93 12.03 11.15 21.81 | 1045 19.97
200 | 5.88 12.78 | 6.28 16.95 | 5.12 9.23 3.54 641 | 3.06 6.02 573 11.20 | 5.34 10.09
300 | 4.57 9.89 | 4.82 13.20 | 4.00 7.19 279  5.02 | 241 4.69 449 881 | 416  7.87
v 500 | 2.77 599 | 291 792 | 242 4.35 1.70  3.03 | 1.46 2.82 272 535 | 252  4.73
750 | 1.90 4.04 | 2.04 5.29 | 1.62 2.91 1.17  2.02 | 0.99 1.88 1.83 359 | 1.70  3.16
1000 | 1.46  3.05 | 1.58 3.96 | 1.22 2.19 0.89 152 | 0.75 1.41 1.38 271 | 1.29 236
Prediction loss ratio
100 | 1.08 21.82 2.61 16.88 32.17 0.11 0.55
200 | 1.01 15.91 1.86 12.42 24.02 0.05 0.41
2 300 | 1.00 15.13 1.78 11.26 22.67 0.03 0.37
= 500 | 1.00 11.74 1.39 8.93 18.09 0.01 0.30
750 | 1.00 9.71 1.17 7.58 15.41 0.01 0.26
1000 | 1.00 8.71 1.06 6.86 13.99 0.01 0.24
100 1.23 15.13 1.69 10.69 20.40 0.14 0.48
200 | 1.08 11.85 1.26 8.31 16.08 0.06 0.37
w300 | 1.02 11.44 1.23 7.72 15.56 0.04 0.33
- 500 | 1.00 8.95 0.96 6.11 12.40 0.02 0.26
750 | 1.00 7.29 0.79 5.07 10.33 0.01 0.22
1000 | 1.00 6.36 0.69 4.45 9.07 0.01 0.19
100 | 1.41 10.35 1.04 6.33 12.09 0.17 0.43
200 | 1.27 8.86 0.81 5.23 10.16 0.08 0.34
300 | 1.13 8.81 0.82 5.08 10.26 0.05 0.31
- 500 | 1.02 7.22 0.66 4.15 8.43 0.03 0.25
750 | 1.00 6.00 0.54 3.47 7.08 0.02 0.21
1000 | 1.00 5.26 0.47 3.03 6.19 0.01 0.18

Table 4: Bias, mean squared error (MSE) and prediction loss ratio on R = 1000 replications. The

values of the bias and the MSE were multiplied by 10? for readability.
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In the second part of Table @, we observe that the prediction loss ratio of the
MA-d estimator is much smaller than that of MA-d-naive estimator. The ensemble
estimators () and () outperform the MA-d estimator in terms of prediction
loss. This is likely due to the fact that most of the weights are assigned to the
Lasso solutions. However, there are no statistical guarantees for inference with such

ensemble estimators.

S2.6 When the signal is decreasing with the sample size

An important point is to check whether the estimator is robust to the settings where
the signal decreases with the sample size. In this section, we simulate data from
a setting where the signal is proportional to 1/(n/?), and we observe that the loss
optimality as well as the normality result still hold.

We compare the MA-d estimator with the debiased Lasso, where the regular-

ization parameter has been chosen by 10-fold cross-validation. The noise level is

2

ealed fOr both estimators. The number of active co-

ot = 1.5 and was estimated by &
efficients is the same as before, i.e. 10n/* /log p rounded to the nearest integer, and
the amplitude of the active coefficients is 20/(n'/?). This setting implies a fast decay
of the signal as the sample size increases, even if the number of active coefficients

grows slowly.

The results are shown in Table B and we observe that the prediction loss ratio
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Table 5: Prediction loss ratio averaged over R = 1000 repetitions for estimators constructed with
a path of M = 200 values and average coverage for active and non-active variables (target is .95),

where the signal decreases with the sample size.

Prediction loss ratio Inference metrics (nominal level .95)
Debiased
n MA-d Ridge Lasso MA-d Debiased Lasso
Lasso

Active Non-active | Active Non-active

100 1.19 3.09 11.86 0.14 .75 .98 .68 .96
200 1.16 3.08 6.80 0.07 .88 .98 .89 .96
300 1.10 2.92 5.45 0.05 .88 .98 .90 .96
500 1.05 2.82 3.61 0.03 .89 .98 91 .96
750 1.03 2.76 2.60 0.02 .90 .98 .92 .96
1000 | 1.02 2.68 2.05 0.02 .90 .98 .92 .95

for the MA-d estimator converges to unity slightly slower than when the signal was
fixed as in Table P in the main manuscript, but the performance of the proposal
estimator is still better than that of the debiased Lasso and the Ridge.

In terms of inference, the MA-d estimator has a slightly lower coverage than
the debiased Lasso for the active variables and a slight over-coverage for the non-
active variables. This illustrates that the estimator loses more in accuracy than the

competing estimator. However, the overall performance of the estimator shows that
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it is still interesting to consider the MA-d estimator if one targets a better prediction

risk.

S2.7 When the precision matrix is no more sparse

Assumption E requires that the population precision matrix €2 is sparse which was
essential to guaranty normality and risk optimality. In this section we explore the
case where this assumption is no longer valid.

We compare the performance of the MA-d estimator under two cases with a
non-sparse precision matrix: (i) the population variance-covariance matrix, %, is
positive definite and contains randomly generated entries and (ii) the ¥ matrix is

equicorrelated as detailed further in the next paragraph.
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Table 6: Prediction loss ratio averaged over R = 1000 repetitions for estimators constructed with
a path of M = 200 values and average coverage for active and non-active variables (target = .95),
when the precision matrix is not sparse. The variance covariance matrix, X, is random for case (i)

and equicorrelated for case (ii).

Prediction loss ratio Inference metrics (nominal level .95)
Debiased
n MA-d Ridge Lasso MA-d Debiased Lasso
Lasso
Active Non-active | Active Non-active
Case (i)
100 1.68 3.57 6.45 0.29 0.88 0.98 0.91 0.98
200 1.59 3.90 5.73 0.16 0.87 0.98 0.92 0.97
300 1.51 3.84 5.87 0.12 0.88 0.98 0.94 0.97
500 1.38 3.73 5.18 0.07 0.88 0.98 0.94 0.96
750 1.25 3.48 4.58 0.04 0.88 0.98 0.95 0.96
1000 1.15 3.28 4.15 0.03 0.87 0.98 0.94 0.96
Case (ii)
100 1.54 14.04 6.81 0.26 0.78 0.96 0.83 0.95
200 1.70 14.31 6.50 0.15 0.82 0.97 0.88 0.95
300 1.75 19.28 7.35 0.12 0.83 0.97 0.90 0.95
500 1.81 19.79 7.46 0.08 0.85 0.97 0.91 0.95
750 1.83 21.34 7.33 0.06 0.86 0.97 0.93 0.95
1000 1.84 21.20 7.40 0.05 0.86 0.98 0.94 0.95
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The simulation setup is similar to the previous studies, the competitors are the

debiased Lasso, the Lasso and the Ridge, and each time the regularization parameter

2

was chosen by 10-fold cross-validation. The noise level o5 = 1.5 is estimated by 62,4,

the rows of the design matrix X are i.i.d. and follow a multivariate Gaussian distri-
bution, X; ~ N (0,X). In case (i), 2 was generated using the genPositiveDefMat (-)
function in the clusterGeneration R package, and then scaled to produce a cor-
relation matrix. This process involves two steps: first the eigenvalues are randomly
generated, and then an orthogonal matrix is randomly generated and used to con-
struct the covariance matrix. In case (ii), X, = 0.3 for all @ # b, meaning that its
inverse is full. In both cases, the inverse, €2, is no longer sparse.

From Table B, we can see that the MA-d estimator outperforms the debiased
Lasso and the Ridge in terms of prediction loss ratio for both cases. This means that
even with a non-sparse precision matrix, the proposal estimator achieves better loss
performance. However, when the variance-covariance matrix is equicorrelated, the
ratio does not converge to 1. For the inference metrics, we observe that in case (i),
the average coverage for the active variable is below the nominal level and does not
improve as the sample size increases. In case (ii), the active coverage is below the
nominal level but increases slightly with the sample size. On the other hand, the
debiased Lasso gives more robust results. Empirically, the MA-d estimator seems to

be more sensitive to the non-sparsity in the precision matrix for the inferential tasks.
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Therefore, if the focus is on inference and if the population precision matrix is not

sparse, we recommend caution when using the MA-d estimator.

S2.8 Best of both worlds

The proposed estimator is designed to facilitate inference for high-dimensional mod-
els with an optimal prediction loss. Notably, it outperforms the debiased Lasso
estimator in terms of prediction loss, while maintaining an asymptotically Gaussian
distribution. Moreover, in some cases, the MA-d estimator can provide better pre-
diction loss performance even relative to the Lasso and better coverage performance
relative to the debiased Lasso. Here, we describe one such design.

We consider model (@) with p = 50 covariates and a Toeplitz covariance matrix
Y2 with p = 0.5. The noise level o is set to 1, and there are 35 non-zero coefficients,
each set at 3. The sample size varies from 100 to 1500. We compare the MA-d esti-
mator with the Lasso and the debiased Lasso, for which the penalization parameter
was chosen using 10 fold cross-validation.

Figure B shows the average loss ratio, as defined in Equation (@), and the
average coverage for active and non-active coefficients, based on 1000 replications
of the design. Regarding the prediction loss, we observe that the MA-d estimator
initially has a slightly higher prediction loss for small sample sizes, but this decreases

quickly, and outperforms the Lasso loss as soon as the sample size reaches 200.
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Figure 3: Average loss ratio, average active coverage and average non-active coverage on R = 1000
replications for the MA-d estimator (red circle), the Lasso (green triangle) and the debiased Lasso
(blue cross). The penalization parameter was chosen by 10-fold cross-validation for the Lasso and

the debiased Lasso estimators, and the nominal coverage level is set at .95.

Regarding the empirical coverage, the MA-d estimator is more accurate than the

debiased Lasso for both active and non-active coverage, over all sample sizes.
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