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Supplementary Material

S1. Technical Proofs

S1.1 Proof of Theorem 1

Define Fr(t) = P(T < t) and Gy (t) = W([t, 00)). Recall that G(t) = P(T > t) and

Gx(t) = P(T >t | X). Here, G,(t) is left-continuous. Let

Q(X,T) = / var{Gix (£)}dW (1),

It is clear that (i) holds since var{1(T > t)} > var[E{1(T > t) | X}] for every t.
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We now prove the statement (ii). If X and T are independent, then P(T >t |
X) = P(T > t) or equivalently Gx(t) = G(t) almost surely for every ¢ € R. It
follows that var{G(t)} = 0 and thus £(X,T) = 0.

Conversely, suppose &(X,T) = 0. There is a Borel set A such that W(A) =
W(R) < oo and var{Gx(t)} = 0 for every t € A. Recall that E{Gx(t)} = G(t),
we have Gy (t) = G(t) almost surely for all t € A. We now show that A = R. In
fact, for any ¢t € R, if W ({t}) > 0, then ¢t € A. So we assume W ({t}) = 0, which
implies that G, (t) is right-continuous. Moreover, according to Assumption 1, since
W ({t}) = 0, we must have x({t}) = 0. Therefore, G(t) is also right-continuous at ¢.

If Gu(s) < Gy(t) for all s > ¢, then W([t,s)) > 0 for any s > t. Hence,
ANt s) # 0 and there exists a sequence ¢, in A such that ¢, decreases to t. Since

Gx(t,) = G(t,) almost surely for each n, we have

Gx(t) > lim Gx(t,) = lim G(t,) = G(t).

n—oo n—oo

It follows from E{éx )} = G(t) that éx(t) = é(t) almost surely.

Otherwise, we suppose there is some s > t such that G, (s) = G\, (t). The largest
value of s exists since G, is left-continuous. If s = oo, then G, (s) = G,(t) = 0.
Assumption 1 implies that for any ¢ € R such that G,(t) = 0, we must have CNJ(t) = 0.

Therefore, G(s) = G(t) = 0. According to E{Gx(t)} = G(t) and Gx(t) > 0,
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we get Gx(t) = 0 almost surely. The second case is that W ({s}) > 0, which
implies s € A. The last case is W ({s}) = 0, under which G,,(r) < G,(s) for any
r > s. Hence, in the last two cases, we have Gx(s) = G(s) almost surely. Since
Gu(t) — Gu(s) = W([t,s)) = W((t,s)) + W({t}) = 0, we have W((t,s)) = 0.
Therefore, the open set (¢,s) is not in the support Sy,. Recall that S, C Sy. It
follows that (¢,s) C Sj, € S;;. This implies u((t,s)) = G(t) — G(s) — u({t}) = 0.
According to Assumption 1, we have G(t) = G(s) as p({t}) = 0. As a result, we
have Gx (&) > Gx(s) = G(s) = G(t). It follows immediately from E{Gx(t)} = G(t)
that Gx () = G(t) almost surely. This completes the proof of the claim that A = R.

Hence, for any ¢t € R and any Borel set B C R,

PUT >t}n{X € B}) = E{P(T >t | X)1(X € B)}

= G(t)P(X € B) = P(T > t)P(X € B).

This completes the proof that X and T are independent.

Following similar steps in the proof of Corollary A.2 in Chatterjee (2021), since
we have the claim that if 7" is not a constant, the denominator of the expression (2.1)
is strictly greater than zero.

We now go ahead to prove the statement (iii). If 7" is a function of X almost
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surely, then

/ var{ P(T > t | X)}dW(t) = / var{1(T > £)}dW (1),

As a result, £(X,T) = 1.

Conversely, suppose that £(X,T) = 1. Then,

/ ar{1(T > £)} — var{Gx () dW () = / EGx(t){1 = Gx ()W (£) = 0,

This implies that P(E) = 1, where E is the event

/éx(t){l G ()} () = 0. (SL1)

Define G,(t) = P(T >t | X =), a, = sup{t : Go(t) = 1} and b, = inf{t : G,(t) =
0}. Then we have a, < b,. Suppose that the event {ax < bx} N E takes place. Since
Gx(t) € (0,1) for all t € (ay, by), the condition (S1.1) implies that W ((ax,by)) = 0.
As (ax,bx) is an open ball, we have (ax,bx) C S C Sy On the other hand, we
have P{T € (ax,bx) | X} > 0, which further implies that P(T" € S;;) > 0. But this
is impossible, since S,, is the support of 7. Therefore, P(ax = bx) = 1. So we have

T = ayx almost surely. This completes the proof of Theorem 1.
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S1.2 Proof of Theorem 2

Recall that Ty = [ Qu(t)w(t)dt, Tns = [ Gu(t)w(t)dt, and Tog = [ G(t)Se(t)w(t)dt.

én(X, T) can be written as

Tnl - Tn2

c (X, T) = .
§< ’ ) Tn3_Tn2

(S1.2)

We first come to prove the strong consistency of fn(X ,T) as below.

(1) Proof of the strong consistency of én(X, T):

Lemma 1 (Bitouzé et al., 1999, Theorem 1). Let {T;}, and {C;}}_, be independent
sequences of independently identically distributed nonnegative random variables with
distribution function Fr(x) and Fo(x). Let F, be the Kaplan-Meier estimator of the
distribution function Fr(x). Then, there exists a positive constant, D, such that for

any positive constant \,

P(|(1 = Fo)(Fy — Fr)lloo > An7Y2) < 2.5exp(—2A% + D)),

where |[(1 = Fo)(Fy = Fr)lloo = sup {1 = Fo() HEFu(t) = Pr(D)}].

teRy
Recall that G(t) = P(Y > t), G(t) = P(T > t), Gx(t) = P(Y >t | X) and

Gx(t) = P(T >t | X). Define A, = ||Gn — Gl|so. Then, by the Glivenko-Cantelli
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theorem, A,, — 0 almost surely. Hence, for T,,, since G,(t) and G(t) are both

bounded and fR+ w(t)dt < oo in Assumption 2, we have

/R+ G(t)*w(t)dt — /]R+ G(t)Zw(t)dt‘ < Q/R+ G (1) — G(8)|w(t)dt

< 2An/ w(t)dt—0 almost surely, as n — oo.
Ry
Therefore, we have that as n — oo,
Trno—Tos = G(t)*w(t)dt almost surely.
Ry

For T,3, since S.(t) is bounded by 1, we have

/R ) G (t)S.(t)w(t)dt — /R ) G(t)Sc(t)w(t)dt’

{Gn(t) - G(t)}gc(t)w(t)dﬂr/ G(t){Se(t) = Se(t) yw(t)dt

R, R,

< [ 16 — @l + [ 1GWL8) — Sut)}w(b)dt.

Ry R,

<A, / wtydt+ [ 1GOL8.() — SO} w(t)dt. (S1.3)

Ry

We exchange roles of C' and T" and by Lemma 1, we have that there exists a positive
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constant D, such that for any A > 0,

P(sup]G(t){gc(t) — Se(t)}] > )\n_l/Q) < 2.5exp(—2X\* + D)).

teR

Then, for any € > 0, taking A = n'/?¢, one has

P(sup IG(t){S.(t) — S.(t)}] > e) < 2.5exp(—2ne? + Dn'/2e).

teR

This implies that sup |G(¢){S.(t) — S.(t)}| converges to zero almost surely. Note
teR 4
that when T is discrete, this convergence still holds by Theorem 2 in Bitouzé et al.

(1999). Therefore, according to (S1.3), we have that as n — oo,

To3—Tos = G(t)Se(t)w(t)dt almost surely.
Ry

For T),1, we come to prove that

To—Tn = / E{G5%(t)}w(t)dt almost surely.
Ry

We first show that F(7),;) converges to Tp;. Let F denote the o-algebra generated
by { X}, and the random variables used for breaking ties in the selection of nearest

neighbors. Then, by Lemma 11.7 and Lemma 11.8 in Azadkia and Chatterjee (2021),
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we have

—12/ E{1(Y; > )1 (Ynu > t) bw(t)dt
_ n*lz / [B{L(Y, > )1(Yaw > 8)|F}w(t)dt

:nflz /R E{Gx, (H)Goxy o, (1) buo(t)dt

:/ E{Gx,(1)Goxyp, () }u(®)dt — | B{Gx(t)2 w(t)dt = Tyy.

Ry

Hence, we have E(T,1) — To1. To proceed, we show the following lemma.

Lemma 2. There exists some positive constants C(p,w) depending on both p and

Cp = fR t)dt, and Cy such that for any n and € > 0,
P{|T,1 — E(T,n)| > €} < Cyexp{—C(p, w)ne’}.

Proof. Let Uy,--- U, be i.i.d. random variables from U(0, 1), which is the uniform
distribution between (0,1). The random variables {U;}_, are used for breaking
ties at random if X; has more than one neighbors. We attempt to use the bounded
difference concentration inequality to complete the proof. So we need to figure out the
maximum magnitude of change of T},; when (X;,Y;, U;) is replaced by the alternative

(X1 Y7, U)).

77 [
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Define an equivalence relationship in {1,2,--- ,n}, that is, if X; = X then ¢ and
j are equivalent. We call the set of equivalence to be a “cluster” if there are more
than one elements and otherwise, the “singleton”. And let A, be the collection of
all clusters and A, be the set of all singletons. Then, if i belongs to a cluster, N(7)
would be chosen at random by U; among the indices in that cluster except for i.

Recall x A y = min{x, y}. Since

1 n Y/\YN(z) 1 n
T =— t)dt = — Fw(Y:) N Fw(Yng 14
" n;/o w(t) n;{ w(Yo) A Fw (Yna) ) (51.4)
where Fy () = fotw(s)ds, we have
T =~ ZFWY/\YN() ZZFWY/\YN ZFWY/\YN()
= CGAC ieC zE.As

Let F; be the o-algebra generated by {(X;,Y;)}?; and {U,}ica,. Then,

E(Tu | Fi) = ZZE{FWY/\YM)]Jfl}Jr > Fw(Yi AYwa)

CG.AC ieC zEAS

= Fw(Y; AY;) + ZFWY/\YN()
CGAC ieC jeC\{ } zeAs
zz||_ > RniAY) + L 3 A
CeAC ieC JjeC\{i} ZEAS

1 1
== > ale)+ - > Fw(YiAYv),

CeA. 1€As
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where

o0 = G X Y A,

i€C jeC\{i}
Note that T},; conditional on F is a function of all U; with index i ¢ A,. By replacing
U; with some other value U], it is possible that N (i) is changed. And thus the value
of T,; will change at most Cy,/n. It follows from the McDiarmid’s inequality that

for any € > 0,
P{|T1 — E(Tpy | F1)| > €| F1} < 2exp{—2C,*ne*}.

As the right is deterministic, we remove the conditioning on the left-hand side. This

implies that E{|T,, — E(T,1 | F1)|} < (27)Y2C,n~1/2. Therefore, we have

P{|To — E(To)| > (2m)2Cun™2 + €}
< P{|Tu — E(Tu | F1)| > €/2}
+ P[|E(T | Fr) — BE{E(Tu | F1)}| > ¢/2]

< 2e°C5 2 4 P|E(Tu|F) — B{E(Tu | )} 2 /2. (S15)

So we now need to show the bound for P(|E(T,1 | F1)— E{E(T.1 | F1)}| > €/2). We
first consider replace X; with X! and remain Y; and U; unchanged in E(T,; | F1).

Recall that Lemma 11.4 in Azadkia and Chatterjee (2021) claims that for any 7,
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there is at most C (p) number of X, in singletons, of which the neighbor is X;. Here,
C (p) is some positive constant depending on p. Now, we consider following cases.
First, suppose that ¢ € C, where C is of size greater than 3 and by replacing X;
with X!, i € C’, which is another cluster. Since X; can be at most C(p) number of
nearest neighbors of X in singletons, the second part in E(7},; | 1) would change

at most C(p)C,,/n. On the other hand, for the changes in the cluster part, we can

calculate the change in a(C) after the element i is removed. We have

|a(€) —a(C\{i})| = VAY) =g 2 2 Fw(AY))
keC jeC\{k} kGC\{z}]GC\{z k}
1 1
= Fw (Y, NY; Fyw(Y;NY,
keC\{i} JjeC\{i}

(IC!—l (Ic] = 2) YY) Fw(Miayy))

keC\{i} jeC\{i,k}

Hence, |a(C) — a(C\{i})| is bounded by 3C,. Similar results can be found for
la(C" U {i}) — a(C")|]. As a result, in this case, the change in E(T,; | F) is at
most max{3C,,/n,C(p)Cy/n}.

Secondly, suppose ¢ € C with at least 3 elements. After replacement, the index ¢
merges with some singleton and form a new cluster. So, similarly, the change in a(C)
is at most 3C,, /n and the second part of F(T,; | F1) would change at most C(p)C,, /.

The formation of the new cluster will change the values by at most 2C,,/n. Therefore,
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the change in E(T, | F1) is bounded by max{3C,,/n,C(p)Cy/n}.

The other cases can have a similar conclusion and one can refer to cases (3)—(7)
in Lemma 11.9 of Azadkia and Chatterjee (2021). Therefore, by replacing X; with
X!, the variation in E(T,, | F1) is bounded by C(p,w)/n, where C(p,w) is some
constant relies on p and C,,,.

We now consider replacing Y; with Y/ and remain U;, X; fixed. Then, Fy (Y; AYy)
changed by at most 2C,,. If i € Ay, the E(T,; | F1) will change at most QC’(p)Cw/n.
If i € C, the E(T,; | F1) will change at most C;(p,w)/n for some constant C
depending on p and C,,. At last, if we replace U; with U/ for i € A, then the only
possible variation is the index N (i), leading to at most 2C, /n changes in E(T,; | F1).

In summary, using again the McDiarmid’s inequality, we have that for any € > 0,

P(IE(Ty | Fi) - EIE(T | FI| > ¢/2) < 2exp{-Clp.wine’}.  (SL6)

Therefore, by (S1.5) and (S1.6), one has that for some constant Cy and C(p) de-

pending on p,

P(|Tn1 - E(Tn1)| > (277)1/2010”_1/2 + 6) < C10 eXp{_C(pa w)?’LEQ}.

If € > (27)Y2C,n~Y2, then P(|T,1 — E(T,1)| > 2¢) < Cyexp{—C(p,w)ne?}. Oth-

erwise, one can choose Cj large enough such that Cyexp{—C(p,w)ne’} > 1. As a
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result, P(|T,; — E(Tn1)| > 2¢) < Cyexp{—C(p, w)ne*} holds. This completes the

proof. [

It follows from Lemma 2 and the result E(T,;) — To; that T,;—Ty; almost
surely. Combining with results that both T,,—Tys and T,3—Tp3 almost surely, we

get that

. Ty —Ton  Jr, E{GX®)}w(t)dt — [ G(t)*w(t)dt
S T, T TGOS u(d — . G (S1.7)

almost surely.

It is not yet clear to see that the limit in (S1.7) can be regarded as a measure of
the association strength between X and T'. Recall that we take dW (t) = S2(¢)w(t)dt
and C' is independent with (X, 7). By noting that P(Y >t | X) = P(T > t |

X)P(C > t) = Gx(t)S.(t), one can easily derive that

Tm:/R E{C;?(%)}Sf(t)w(t)dt:A E{]Jjgii:gz}sf(t)w(t)dt

_ / B{P(T > t | X)2}S2(t)w(t)dt / B{C2 ()} AW (1), (S1.8)

Ry

Similarly, we have

Toe = / G2 dW () and Ty = / G()dW (b). (S1.9)

+
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Combining (S1.8) and (S1.9), we get that the limit in (S1.7) can be rewritten in the

form of

Jo, BAGR(O}AW (1) — [, G(1)2W (1)
Jo, GOAW () = [y, G(£)*dW (1)
S, var[E{L(T > £) | X }dW ()
Jo, var{L(T = t)}dW(t)

§<X7 T) =

This completes the proof of strong consistency of én(X ,T). Next, we go ahead to
prove its asymptotic normality. Before that, we need some additional assumptions.
(2) Proof of the asymptotic normality of &,(X,T):

First, we note that, as shown in Lin and Han (2022) (on page 21) and Theorem 4.1
in Azadkia and Chatterjee (2021), under the assumption (A2), by the boundedness

of Gx(t), we have

To, = Toal = | B{Fw (Vi A Yiw)} = Ton

| PGy oot = [ B{Gx(t? ot

g/R E|Gxy, (t) — Gx () ]w(t)dt

0 ( (log n){d+6+1+1(d=1)})

nl/d
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It follows that & (X, T) = £(X, T) + O(log(n)td+A+1+1@d=0} /n1/d)  Recall (S1.2) and

together with the Slutsky’s Theorem, one can derive that

R — Ty 15 — T
VIE(X,T) — €(X.T)} = f( Tzt Toc Tm)

= Kl\/ﬁ(Tnl —T5) + KQ\/H<Tn2 — The)

+ Kan/n(Tys — Tos) + 0p(1), (S1.10)

where K; = (T03 —T02)71, Ky = (T01 —T03)/(T03 —T02)2 and K3 = (T02 —T01)/(T03 -

To2)?. According to (S1.4), we have

V(T —T3) = \/_Z{FWY/\YNQ) o} (S1.11)

Next, we go ahead to deduce the asymptotic expansions for /n(T,2 — Tp2) and

/n(T,3 — Tos), respectively.

V(T = Too) =V | (Gu(t)* — G(t)*)w(t)dt.
\/E{Gn(t) — G }G)w(t)dt + Ay

\FZ {1(Y; > t) — G(t)}G(H)w(t)dt + Ay, (S1.12)
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where A, = f[& Vn{G,(t) — G(t)}*w(t)dt. By Donsker’s theorem and continuous
mapping theorem, one can easily show that the sequence /n{G, (t)—G(t)} converges
in distribution to a Gaussian process B°(G(t)) with zero mean and covariance given
by Cov(B°(G(t)), B°(G(s))) = {G(t) N G(s)} — G(t)G(s), where B° is a standard
Brownian bridge on the unit interval. Therefore, together with ', = fR+ w(t)dt <
00, one has A,; = 0,(1).

For T3, we have

V(T — Tos)

N

= Vi | {Gu(0801) — GOS0 hw(t)ar

= \/ﬁ{ i {G(t) — G)}S(w(t)dt + [ G){S.(t) — Se(t)}w(t)dt| + Apa,

Ry

(S1.13)

where

Bz = | Vi{Ga(t) = G HS.t) — Se(t) hw(t)dt = 0,(1),

according to the uniform consistency of the Kaplan-Meier estimator S,(¢) as shown
in Theorem 3.4.2 in Fleming and Harrington (2013).

In addition, we introduce some notations for survival analysis. Let A.(t) denote
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the hazard function of the censoring variable C. Denote [n] = {1,...,n}. For
i € [n], we define the individual counting process by Nf(t) = 1(Y; < t,6; = 0).
Then, M;(t) = Nf(t) — fg 1(Y; > s)Ac(s)ds is a martingale adapted to the filtration
Fi, which is the o-algebra generated by {1(Y; < s,0; = 1), 1(Y; < s,6; = 0), X :
s < t,i € [n]}; see chap 1. and 2. in Fleming and Harrington (2013). Let 7 =
sup{t : P(Y > t) > 0}. Then, for any ¢t > 7, it holds that Nf(t) = Nf(7). Hence,
Jo, 9(OANE () = [ g(t)ANF(t); the same holds for M;(t). By the definition of S.(t)

as shown similarly in Li et al. (2016), one can easily obtain that

VA0 = 50} = == 3 540) [ 2,1

Vn & o PY >5s)
R b ANE(s) P1(Y; > s)
SRRy Bt RO
_ _%ZM(Y;,M)SC@) +o,(1), (S1.14)

where M (Y, 0;,t) is a zero-mean martingale. Then, plugging (S1.14) in (S1.13),

Vil = To) = Vit | {Gu(D80) = GOS0 hw(t)at

= \/ﬁ[ {G,(t) = G(t) }Sc(t)w(t)dt + G(E){S(t) — So(t)Yw(t)dt| + o,(1)

Ry

\/_Z (L(Y; > t) — G(t) — M(Y;, 6, )G(E)}Su(t)w(t)dt + 0,(1).  (SL.15)
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Let f.(t) denote the density function of the censoring variable C' and then A.(t) =
fe(t)/Se(t). Recall G(t) = P(Y > t) and “0/0 = 0”. Then, for any 0 < s < t,
G(t)/G(s) < 1 and S.(t)/S.(s) < 1. Then, according to the boundedness of G(t),

S.(t) and the indicator function, one deduces

M(K-,5i,t)G(t)Sc(t)w(t)dt‘

A;Oﬂﬂ%fﬁ&M@%ifmmz@ﬁ@%%éﬁ%ﬁw@d

/R+ (Sc(t) /Ot dNiC(S)>w(t)dt‘ + /]R+ (/Otn(yi > s)fc(g)ds)w(t)dt‘ <0,

(S1.16)

Ry

<

In summary, combining (S1.11), (S1.12) and (S1.15), we have that

Vi (X, T) = &(X, T)}
= Kivn(T,1 — T5) + Kov/n(Tys — Toe) + K?»\/E(Tni% — Tos) + 0p(1),

= % Z {Kl{FwWi ANYnw) —Tih+2Ks [ {1(Y; > t) — G()}G(t)w(t)dt

R4

Ky [ {1V > 4) = G(t) — M(Y:, 6, DGO IS (Bw(t)dt| +0,(1). (S117)

R+
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Denote Z; = (X;, T;, C;) for all ¢ € [n]. Then, we write

V{&u(X,T) = §(X, T)} = % Z hi(Zy, ..., Zy) + 0,(1) = W, +0,(1). (S1.18)

Notice that E(W,,) = 0 and it suffices to develop the self-normalization central limit
theorem for W,.

Let p, be the law of {W, — E(W,)}/{var(W,)}'/? and v denote the standard
Gaussian law. The Kantorovich-Wasserstein distance between the two probability

measures is defined as

ow, :sup{’/hd,un—/hdy

Note that

: h is a Lipschitz function, with ||h|| L, < 1} .

(i) for any i € [n], hy(Z1,--- , Z,) is a function of Z; and its nearest neighbor Zy;

with nearest neighbor graph constructed by {X;}7;;

(i) for any i € [n], hi(Z1,--+ , Z,) is bounded, since Fy (t), G(t), Gx(t) and S.(t)

are all bounded and the inequality (S1.16) holds;

(iii) according to Assumption (A1) and Lemma 3 as below, we have

0 < lim inf var(WW,,) < limsup var(W,,) < oco.

n—00 n—00
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Therefore, leveraging Theorem 3.4 in Chatterjee (2008) with some minor modifica-
tion as that in Lin and Han (2022) for Zi, ..., Z,, we obtain that lim, . dy, = 0.
Since the convergence in Kantorovich-Wasserstein distance is stronger than weak

convergence, one has that

Viden (X, T) — §(X, T)}
var(W,)

—N(0,1) in distribution.

We now prove the following lemma.
Lemma 3. limsup,,_,. var(W,) < co.

Proof. Recall (S1.17) and (S1.18), we have

var(W,) = %var{ Z hi(Zy, ..., Zn)}
K & ‘
= var {% Z{Fw(yi ANYnay) — Tor )
2K2 Z {]1 (Y: > t) — G(t)}G(t)w(t)dt
Z {11 (Y; > t) — G(t) — M(Y;,6;,t)G(t) }Se(t)w(t)dt
= var(A; + Ay + Aj).

By the Cauchy-Schwarz inequality and noting that K, K5, K3 are both constant, it

suffices to show that var(A;) < oo, var(As) < oo, var(Az) < oo. Since the terms
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within the summations of Ay and As are i.i.d. random variables and each term is
bounded, it is straightforward to see that var(As) < oo and var(As) < oo hold.

For var(A;), using the law of total variance, we can decompose var(A;) as
var(Ay) = E{var(A; | X)} + var{E(A; | X)}, where X = (Xy,...,X,,)T. We first

show that E{var(A; | X)} < oco.

In fact,
(4, | X) K7 {zn:F (Y; \Y, )|X} Kl?zn: {Fw(Y; ANYN@) | X}
var = —Lvar i i =2 v i i
1 n i=1 w N(3) n — w N@)
K7
+7 Z COV{Fw(Y;/\YN(i)>>FW(Y}/\YN(j)) ‘ X}

J=N(i)i#N(j)
or i=N{(j),j#N (i)

K2
+ —nl § Cov{Fw (Y A Ynw), Fw (Y A Yng) | X}
i#£j
NGZNG)

K2
4+ 1 Z Cov{Fw (Yi A Yn@w), Fw (Y A Yn)) | X}
Jj=N(3),i=N(j)

K2
4+t Z Cov{Fw (Yi A Yn@), Fw (Y A Yng)) | X}

1,5,N (4),N(j) distinct

=KX Ty +To+Ts + Ty + Ts).
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It follows from the independence between Yi,...,Y, that £ (T5) — 0. For T, we have

E(T)) = Z Elvar{Fw(Y; A Yng) | X}] = E[var{Fw (Y1 A Ya) | X}
= Evar{Fw (Y1 A Y1) | Xa}] +o(1), (S1.19)
where }71 and Y; are independent random variables following the conditional distri-

bution Fy|x=x,(t). Recall that Gx(t) = P(Y >t | X). The last equation in (S1.19)

holds since it holds that

)d+5+1+11(d=1) >

[ El6x 0 - ox o =o C

where [ is some positive number.

For Ty, we have that

.
BI) =16 Y CorlFwl¥inYve) iy AYa) | X1}
J=N(4),i#N(j)
or i=N(j) J£N (i)

= —E[ Z Cov{Fw (Yi A Yn@)), Fw (Y5 A Yn)) | X}}
—=N(i),i£N(j)

= E[COV{Fw(Yl A Yvw), Fw (Y A Yavay) | X3{1 # N(N(1 ))}}
_ E[COV{FWm AYL), F (T A YY) | X341 # N(N(l))}] +o(1),

(S1.20)
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where 371’ ~ Fy|x—x, and the last equation holds due to the fact that Xy ) — X1
almost surely, and thus Gx v, (t)—>Gx, (¢) in probability as shown in Lin and Han

(2022). Similarly, one can get
BE(Ty) = E[var{Fw(Yl AV | X {1 = N(N(l))}] +o(1). (S1.21)

For T3, conditional on X, let By = B{(X) = {j : j # 1, N(j) = N(1)}, i.e., the
set of all indices j such that X; and X; share the same nearest neighbor. Let m(1)

be the random variable such that for any j € By, P(n(1) = j) = 1/|Bi|. Then, we

have
- 1 I
E(T3) = EE Z Cov{Fw (Y N Yng), Fw (Y A Yng)) | X}]
L i#j
NGENG)

1 r n
=—E[Y> Y Cov{Fw(Y;iAYyw), Fw(¥; A Yu) | X }}
- i=1 i #L,N(G)=N ()

1
= ZnE{ Z Cov{Fw (Y N Yn@), Fw (Y A Yng)) | X}]

JjEB

—E [\Bl\COV{FW(Yl AL, Fw (Vi A YY) | Xl}} +o(1), (S1.22)

By Lemma 20.6 and Theorem 20.16 in Biau and Devroye (2015), the size of |B;|
is always bounded by a constant that depends on d. Hence, together with the

boundedness of Fy (t) = fot w(t)dt, we have E(T3) < oo. Therefore, combining
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(S1.19), (S1.20), (S1.22) and (S1.21), we have E(T}) < oo, E(T,) < oo, E(T3) < oo

and E(T,) < co. As a result,

lim sup E(var[A; | X]) < oc. (S1.23)

n—oo

On the other hand, for var{E(A4; | X)}, following a similar proof procedure of

Lemma 3.1 in Lin and Han (2022), one can easily show that

. 1 ¢ B
lim Var{% ;gl(Xi) — E(A, | X)} =0, (S1.24)

where ¢1(z) = E{Fi(Y AY) | X = 2} for Y and Y independently from Fy|x=s.

Therefore, (S1.24) together with the Cauchy-Schwarz inequality, one deduces

1 < 1
var{E(A; | X)} = var{% Zgl(Xi)} +o(1) = - Zvar{gl(Xi)} + o(1).
i=1 i=1
Then, it follows from the boundedness of Fy, that

limsupvar{F(A; | X)} < oo. (S1.25)

n—o0

Combining (S1.23) and (S1.25), we have limsup,, . var(A4;) < oo. Together with

var(As) < oo and var(Ajs) < oo, this completes the proof of Lemma 3. O
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This completes the whole proof of the asymptotic normality of én(X ,T).

S1.3 Proof of Theorem 3

We first prove Theorem 3 (i). Define

I(x >vy), ifx#y,
f(x,y,u) =

u, if v =y.

Let Uy,...,Up be i.i.d. Bernoulli random variables of equal probabilities to be 0 or
1. For simplicity, let f(b) = 5,(}’) (X,T) and £ = én(X, T). Note that

B

L+ 1€ > én)] >(1+B)™"

b=1

B

1+ Z f(ér(zb)a ém Ub)

b=1

(1+B)™*

Let &, be the o-field generated by events that are invariant under permutations that

leave n+1,n42,... fixed and let £ = N,,&, be the exchangeable o-field. Since under

Hy, fn, A,(ll), e ,é,(lB) are exchangeable for each n, it follows from de Finetti’s theorem
that conditional on &, fAn, A,(LI), e ,57(13) are i.i.d. random variables. Accordingly, we

have that under Hj, conditional on &,

B

1+ Z f(é?gb)v ény Ub)

b=1

(1+B)™"
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is uniformly distributed over

. i
P, (1+B)1{1+Z11(}P2£n>}<a £
b=1 J
B
<P <1+B>‘1{HZf(éS’),émUb)} <a 8]
b=1
_ L0+ B)a) _

1+ B

Then, taking expectation over both sides yields (T} p = 1) < .

On the other hand, for the proof of Theorem 3 (ii), let AP = ]l(éﬁlb) > &,). Then

(1+B)™* {1 +) 1(EP > gn)} =(1+B)" +(1+B)7 ) AP,

b=1

It follows from Theorem 2.1 (i) that &7 2% 0, &, 2% ¢y, where &, > 0 is the
value of £ under the fix alternative. It follows that AP = ]l(ér(bb) > £,) — 0 almost

surely. Notice that [A%b)]fgl are exchangeable for each n. According to Lemma 1.1
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in Patterson and Taylor (1985), we have that

B;* Z INQIE ) (AS) | B,,), almost surely,
b=1

where B, is the o-field generated by

Bn Bn+1
B,=o (ZA;@, STAv, ) :
b=1 b=1

Note that [B,]2°; is decreasing and B,, — Bao, where B, = ()., By, 0 < AP < 1,

n=1

and A% — 0 almost surely. Hence, by Lemma 2(c) in Isaac (1979), we obtain
E(AY | B,) 25 E(0|Bx) =0,

which implies

Therefore, we have

limpl(ToﬁB: ):Pl

n—oo

which completes the proof.
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S1.4 Proof of Proposition 1

The proof consists of four steps.

Step 1. Simplification of population quantities under independence between X and T .
Under Hy: X L T, together with the assumption C' L (X,T), the random

variables X, T, C are mutually independent. Hence, we have X 1 Y. This yields

that Gx (t) = G(t) and Gx(t) = G(t) almost surely. Recall the population quantities,

Tm:/ E{Gif(t)}w(t)dt:/ G(t)? w(t)dt = Tp,.

+

Since Ty; = The, the population measure satisfies £(X,T") = 0.

Recall T}, = E{FW(Yl A YN(l))}- Since X L Y, conditional on the o-algebra
F generated by {X;}"; and the tie-breaking variables, Y;,...,Y,, are still i.i.d. with
survival function G(t). The nearest-neighbour graph G, is a deterministic function

of F, so conditional on F, Y; and Yy(; are independent (since i # N(i)). Therefore,

E{Fw(Y1 AYyo) | F} = E{Fw(Yi AYy)} = | G(t)w(t)dt = Ty,

Ry

where the second equality uses the independence of Y7, Y. By the tower property,
Tékl = T02 for all n. Hence, f:(X, T) = (Tékl - TOQ)/(T()?, - T(]Q) =0.

Step 2. Simplification of the asymptotic expansion.
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Recall from (S1.10) that

\/ﬁén(X7 T) = Kivn(Th — Tgy) + Kov/n(Tho — Too) + Ksv/n(Tys — Tos) + 0p(1),

where K = (Tos —Toz)_1, Ky = (Toy —Tos) /(Tos —Toz)2 and K3 = (Toz —To1)/(Tos —
To2)?. Under Hy, since Ty, = Tpa, we obtain Ky = D™ Ky = =D~ ! and K3 = 0.
So the Kaplan-Meier martingale term involving M (Y;, d;,t) in (S1.17) vanishes under

H,. Substituting into the expansion, one has

Vné(X,T) = % V(T —Tg) —% Vi (Toz = Tog) +0p(1) = \/E(Tnll)_ o) +0p(1).

Then, using (S1.11) and (S1.12), it follows that

Vi(Tor — Tps) = \/_Z{FWY/\YN( — Toe},

Vi(Thy — Toe) = % Z {6(Y:) — Toa} + 0p(1)

where ¢(y) = [} G dt. Therefore,

V& (X, T) = D\/—Z{FWY/\YN ) = 20(Y;) + Toa } + 0p(1). (51.26)
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Define ¢; = Fiw (Yi A Yng)) — 26(Y;). Under Hy,

E(() = E{Fw(Yi AY2)} =2 E{¢(Y1)} = T2 — 2Tp0 = —Toe.

Hence (; + Tys is centred, and (S1.26) becomes

V& (X, T) =

5 \FZ — EG) + 0y(1).

The asymptotic variance is therefore

1
oy = 2 7}1_{{)10 - Var( Z Q)

Step 3. Variance decomposition conditioning on the nearest-neighbour graph.

Let G,, denote the associated directed nearest neighbor graph, i.e., G,, has vertex
set {1,---,n} and contains a directed edge from i to j (i.e. ¢ — j) whenever X; is
a nearest neighbor of X;. We apply the law of total variance, conditioning on the

nearest-neighbour graph G, (equivalently, on X = (X1,...,X,,)"); that is

o)) tnligele])

The second term of (S1.27) vanishes because under Hy, we have for every i and every

() -5
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realisation of G,,:

E((i | Gn) = E{Fw(Yi AYa)} — 2 E{¢(V1)} = =T,

which is a constant not depending on G,,. For the first term of (S1.27), we expand

the conditional variance. Specifically, conditional on G,, the Y;,... Y, are ii.d. and

Var( i i
i=1

gn) = Z var(Gi | Ga) + Y Cov(Gi, G | Gn)- (S1.28)

itk

For the first term, since Y; and Yy are independent conditional on G,, both dis-
tributed as G(t), the individual variances are all equal: var((; | G,) = vy for all 4,
where v is a constant depending only on G(t) and w(t), to be computed in Step 4.

In addition, for the covariance terms of (S1.28), Cov((;, ¢k | Gn) # 0 only when
the index sets {i, N (i)} and {k, N(k)} overlap. We classify the non-trivial overlaps

into three mutually exclusive types:

Type 1 (directed-edge overlap, non-mutual): k& = N(i) and i # N(k), or i = N(k)
and k # N(i). In either case the edges (i, N(i)) and (k, N(k)) share exactly one
vertex. The covariance equals a constant ;.

Type 2 (shared target): N(i) = N(k) = j for some j ¢ {i,k}, with k # N(i) and

i # N(k). The two edges share the common target vertex j. The covariance equals
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a constant ~s.

Type 3 (mutual nearest neighbours): k = N (i) and i = N (k). The two edges (i, k)
and (k,7) share both vertices. The covariance equals a constant 7s.
Let £(G,) denote the edge set of G,, and n1(G,), n2(G,), n3(G,) denote the number

of ordered pairs (i, k) € £(G,,) of each type above. Then (S1.28) becomes

nl(gn) 712(ngn) ~ 713(ngn)

gn):U0+ n T+ 2+ Y3-

1 n
- var( 121 i

Taking expectations and passing to the limit:

vo+7l + 72l +3ls
D? ’

(S1.29)

ot =

where [ = lim,, o E[ng(G,)]/n, k = 1,2,3, to be given in Step 4. These limits exist
by Shi et al. (2024) and Henze (1987), and these positive constants only depend on
the dimension d.
Step 4. Computation of vy, V1, Y2,73, l1, 2, [3.

Throughout this step, Y7, Ys, Y3 are i.i.d. with survival function G(¢). We first
show that

Cov(Fw (Y1 A Ya), ¢(V1)) = 0. (S1.30)



S1.4 Proof of Proposition 133

Specifically, since Y; and Y, are independent, we compute

E{FW(YI/\YQ)qb(Yl)}:/R/R G max(s, 1)) G(s) G(t) w(s) w(t)dsdt.  (SL31)

On the other hand,

Bo(vi)?) = E{/R /R L(¥; > 1Y > 5)G(s) Gt) w(s) w(t) ds dt

_ /R /R Gl max(s, 1)) G(s) G(t) w(s) w(t) ds dt,

which equals (S1.31). Hence, according to E{Fy (Y1 A Ys)} = Toe and E{¢(Y1)} =

T2, we obtain

Cov(Fw (Y A Ya), 6(Y1)) = E{¢(¥1)?} — T}, = o

Next, we compute vy.

vy = var( Fiy (Y1 A Ya) — 2¢(Y1))

= var(Fiy (Y1 A Ys)) + 4var(¢(Y7)) — 4 Cov( Fiw (Y1 A Ya), (V1))

= o5 —1—40; —40(?) = 0%
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For 7, by (S1.30), Type 1 pairs (e.g., k = N(i), N(k) # i) lead to

m = Cov(Fyw (Y1 A Ya) = 26(V1), Fiw (Ya A Y3) = 29(Y2)),

= Cov(Fi(Ys A Ya), Fiw(Ya AYs)) — 2Cov(Fw(Yi A Ya), ¢(Y2))
Using Y7 L Y; and the same calculation as (S1.31),
E{Fw(inYs) Fu(vanyi)} = [ + / G Glmaxts, 1) GO w) wlt) st = B{6(41)*)
Thus, Cov(Fy (Y1 AY2), Fyw (Y2 AYs)) = E{¢(Y1)*} — T, = 0. Combining
Y = ai — 2035 = —aq%.

One can verify that the “reverse” Type 1 case (i = N(k), k # N(i)) yields the same
covariance y; = —ai by an identical argument.

For 75, similar to the calculation of v, Type 2 pairs (N (i) = N(k) = j) give

2 = Cov(Fyw (Y1 A Y3) — 26(Y1), Fi(Ya A Y3) — 2¢(Y2)),
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For ~3, Type 3 pairs (mutual nearest neighbours, edges (i, k) and (k,7)) give
73 = Cov(Fy (Y1 AYa) — 2¢0(Y1), Fiw (Y1 A Ya) — 2¢(Y3)),
where Y7, Y5 are i.i.d. Expanding:

v = var( Fy (Y1 A Y2)) — 2 Cov(Fw (Y1 A Ya), 6(Ya)) — 2Cov(6(Y1), Fiw(Yi A Y2))

= 0% — 40;.
Now, we come to give limits [y, ls, 3. For Iy, by Lemma 3.3 in Shi et al. (2024),

ly = lim Ens(G,)]/n = lim E(n‘1 Z 1) = 04,
n—oo n—oQ
(4,5,k) distinct
i—k,j—k€E(Gn)

where

04 = /F | exp [—A{B(ax1, ||z1||) U B(xs, ||x2]]) }] d(x1, z2),

oo = {(z1, 22) € (RY)? : max(||z: |, [[z2]]) < [lz1 — 22|} -

For I3, it follows from Lemma 3.2 in Shi et al. (2024) and Theorem 2 in Devroye
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(1988) that

o= i Fooolin = i (¥ 1) <
(4,7) distinct
i—7,j—1€E(Gn)

where

d+1 1\ [t (1 — )bt
=32 Iy | ——, = L(a,b) = 22 .
o { 3/4< 2 2>} o Red Jo tomL(L = t)p-de

At last, for [;, we have

[y = lim E[ni(G,)]/n

n—oo
T —1 —1
= nlgglo E (n Z 14+n Z 1>
(4,7,k) distinct (4,7,k) distinct
i—,i—k€E(Gn) i—k,j—i€E(Gn)
— i -1 -1
nl_g)lo E (n Z 1+n Z 1)
(4,7) distinct (4,7) distinct
i—J€E(Gn),j—i¢E(Gn) 1—j¢E(Gn),j—1€E(Gn)
BT -1 -1
—J.L)HC}OE{<1 n Z 1)—!—(1 n Z 1)}
(4,7) distinct (4,7) distinct
i—5,j—1€E(Gn) i—5,j—1€E(Gn)
— (2 —2qa),

In summary, substituting vy = 0%, v1 = =03, 72 = 03, 13 = 03 — 403, [1 = 2 — 2qq,
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lg = 0y, l3 = (qqa into (8129)7

oo D? = 0p + l(—=03) + Iy o), + I3(0% — 403) = (L4 13) 0 + (lo — [y — 4l3) 0,
= (1 + qd>0'12w + (Od —2— qu)aé.
Therefore,

(14 d4)0% + (04 — 2 — 2q4)0;
D2 '

o =
This completes the proof.

S1.5 Proof of Corollary 1

First, it follows from (S1.12) and (S1.15) that D = T3 — Thy — D almost surely.
For 65 =n~' 3 " $(Y;)? — T2,, by the continuous mapping theorem, T2, — T2, =
{E(¢p(Y1))}? almost surely. On the other hand, since C,, = fR+ w(t)dt < oo, by the

Glivenko-Cantelli theorem, we have that for any y > 0,

o(y) — d(y)| =

/Oy(Gn(t) — (1) wit) dt| < O, sup|Galt) — G(1)] — 0,

t>0



S1.5 Proof of Corollary 138

almost surely. Since 0 < ¢(y) < Cy, for all y > 0, and consequently E[¢(Y;)?] <

C? < oo. By the strong law of large numbers,
1 n
— Z ¢(Y;)*> = E[¢(Y1)?], almost surely. (S1.32)
n &

Denote A, =n~ 'S0 o(Vi)2 —n~t 32 ¢(Y;)?. Then we have

A, = 2sz‘¢ | < 2CEsuplG (0)-G(1)| = .

(51.33)
almost surely. It follows from (S1.33) and (S1.32) that n=' 327, 6(Y;)? — E(¢(Y1)?)
almost surely. Therefore, 65 — o7 almost surely.

At last, for the consistency of 6%, define the symmetric kernel function h : R? —

R as

h(y1, y2) = Fw (y1 A y2)? = (/waya w(t) dt)z.

Then the first term U,, = (g)_l > i (Y3, Y;) is a U-statistic of order 2 with expec-
tation

0 := E[h(Y1,Y2)] = B[Fw(Y1 A Y2)?].

It follows from Fy (y) < C,, that 0 < h(y;,y2) < C? < oo for all y;,ys. By the

strong law of large numbers for U-statistics, we have U,, — 6 almost surely. As a
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result, we have 6% — 0% almost surely. The proof is complete.

S2. Additional simulation studies for testing non-additive structures in

Section 8.3

To further examine the performance of our CRC test, we consider commonly used
models in survival analysis. Specifically, DGP10 consists of nonlinear Cox propor-
tional hazards models, and DGP11 consists of accelerated failure time models (AFT)

with heterogeneous errors.

DGP10: (Nonlinear Cox models): T follows the hazard function A(¢|.X) = Ao () exp(g(X)),

where g(X) is specified below for each case:

(a) g(X) =3sin(87X), X ~ U(0,2);

(b) 9(X)=6(X — [X])+1, X ~U(-3,3);

(c) g(X) = 3sin(2me™), X ~ U(0,2).
The baseline hazard function \(t) is assumed to be the Weibull hazard func-

tion with shape parameter equals 2 (i.e., \g(¢) = 2¢). The censoring variable

C' is generated from C' ~ Exp(A.).

DGP11: (Heterogeneous AFT models): log(T) = 1+ o(X)e, where X and € are i.i.d

N(0,1) and o(X) is specified below for each case:
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(a) o(X)=0.3+0.5/X];
(b) o(X) =1+ exp{cos(2nX)};

(c) o(X) =1+ exp{|cos(2rX)|} + X2

The censoring variable C' is generated from C' ~ Exp(\.).

Figure S.4 displays the empirical power for all cases in DGPs 10 and 11, separately
for censoring rates of 45% and 65%. The corresponding empirical sizes at levels 0.01
and 0.05 are summarized in Tables S.3 and S.4, respectively. These results show that
the permutation test based on CRC can effectively detect such complex dependence
structures and outperforms the competing methods, while maintaining stable size

performance.

S3. Additional simulation and real data results

We present additional simulation results on asymptotic normality in Figures S.1-2
in Section 8.1, and the empirical type-I error rates with 45% and 65% censoring in
Tables S.1-2 in Section 8.3. Figure S.3 rejection rates of all tests for cosine function
with various frequency. Figure S.5 displays the FDR-adjusted p-values for the ADNI
data, and Figure S.6 shows the complete list of the top 100 most significant signals
obtained by the CRC method with w(t) taken to be the standard normal distribution

in Section 9.
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Figure S.1: Density of N(0,1) (dashed lines) and empirical densities (solid lines) of
& (X, T) for different w(t) in DGP1 with p = 0.4, n = 1000 and 10000 replications.
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Figure S.2: Density of N(0,1) (dashed lines) and empirical densities (solid lines) of
&.(X, T) for different w(t) in DGP2 with € ~ x3, n = 1000 and 10000 replications.



REFERENCES45

Censoring Rate = 0%

f=1 f=15 f=4
1.00 -4 t;*—t—t— H—#——‘—H
Vi
S
8/ —@— CPH
0.751 —A— kR
% —&— IPCW
E -—Jll-- CRCy(o,1)
© 0.50 ’A’ CRCy(-1,52)
g CRCy(-1,1)
[ —EF- CRCu(s.s)
= -S7- CRC(y
0.25; CRCy)
oo 0o 0 O ¢ao 5 88
0.00+
100 200 300 100 200 300 100 200 300
n
Censoring Rate = 30%
f=15 f=4
1.00- —¥ //ﬂ—-‘—#—‘-ﬁ—-‘ S
|/ i
¥ /
7/ —@— CPH
0.75- ,{/ A KR
% —9— IPCW
‘C' -—Jll-- CRCn(,1)
£ 0.50- -/\- CRCy()
8 CRCy(-1,1)
I —EF- CRCuy(s.5)
= -X7- CRC(y
0.251 CRCy3)
Fmig o6 a—a—N8—9g 3§
0.00+
100 200 300 100 200 300 100 200 300
n
Censoring Rate = 60%
f=15 f=4
%" =,
/& ,/E: A KR
% E// - —&— IPCW
c % / M- CRC\o1)
2 /) /A CRCyw
g ﬁ, CRCy(-1,1)
o) / —E}- CRCuy(s.5)
/// -X7/- CRCy)
CRCy(3)
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Table S.1: Empirical type-I error rate with 45% censoring for DGPs 4-9.

The proposed CRC test with various w(t)
a DGP n CPH KLR IPCW  CRCyo,1) CRCp(-1,52) CRCy(-1,1) CRCy(_s55 CRCy2y CRCy

0.01 4 50 0.014 0.008 0.007 0.013 0.012 0.014 0.016 0.010 0.011
150  0.011 0.006 0.010 0.009 0.009 0.010 0.008 0.010 0.006

5 50 0.006 0.004 0.007 0.012 0.010 0.013 0.011 0.012 0.013
150  0.015 0.016 0.013 0.008 0.006 0.007 0.005 0.007  0.007

6 50 0.009 0.011 0.016 0.007 0.010 0.007 0.009 0.006 0.007
150 0.007 0.007 0.004 0.012 0.012 0.011 0.012 0.013 0.010

7 50 0.011 0.009 0.007 0.009 0.007 0.006 0.009 0.006 0.008
150 0.006 0.006 0.008 0.013 0.011 0.017 0.009 0.014 0.017

8 50 0.006 0.009 0.009 0.015 0.015 0.011 0.015 0.013 0.014
150 0.009 0.007 0.012 0.014 0.007 0.012 0.010 0.012 0.011

9 50  0.018 0.007 0.008 0.012 0.013 0.009 0.012 0.013 0.010
150  0.007 0.007 0.009 0.007 0.008 0.009 0.009 0.009 0.012

0.05 4 50 0.060 0.040 0.043 0.053 0.056 0.059 0.056 0.054 0.055
150 0.058 0.049 0.047 0.048 0.041 0.041 0.041 0.044 0.044

5 50 0.050 0.040 0.051 0.055 0.054 0.053 0.051 0.053 0.055
150 0.058 0.052 0.052 0.044 0.049 0.045 0.045 0.046 0.046

6 50 0.050 0.049 0.064 0.045 0.053 0.047 0.051 0.049 0.046
150  0.043 0.041 0.041 0.061 0.058 0.063 0.058 0.059 0.061

7 50 0.064 0.036 0.046 0.051 0.041 0.050 0.046 0.053 0.051
150  0.044 0.050 0.042 0.048 0.050 0.045 0.049 0.049 0.053

8 50 0.058 0.048 0.056 0.053 0.054 0.059 0.055 0.053 0.053
150 0.052 0.047 0.057 0.059 0.049 0.059 0.054 0.055 0.061

9 50 0.050 0.038 0.049 0.046 0.043 0.046 0.038 0.048 0.046

150 0.042 0.039 0.047 0.061 0.048 0.063 0.052 0.061 0.061
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Table S.2: Empirical type-I error rate with 65% censoring for DGPs 4-9.

The proposed CRC test with various w(t)
a DGP n CPH KLR IPCW  CRCyo,1) CRCp(-1,52) CRCy(-1,1) CRCy(_s55 CRCy2y CRCy

0.01 4 50 0.013 0.005 0.012 0.012 0.009 0.013 0.009 0.010 0.012
150  0.010 0.006 0.014 0.012 0.011 0.011 0.011 0.008 0.009

5 50  0.014 0.006 0.013 0.007 0.009 0.008 0.010 0.008 0.009
150  0.015 0.014 0.010 0.011 0.012 0.012 0.011 0.010 0.012

6 50  0.016 0.003 0.008 0.011 0.011 0.010 0.009 0.009 0.009
150 0.010 0.010 0.004 0.008 0.009 0.008 0.009 0.009 0.010

7 50 0.010 0.012 0.008 0.006 0.002 0.004 0.004 0.012 0.010
150  0.010 0.010 0.006 0.012 0.006 0.008 0.014 0.010 0.014

8 50 0.016 0.005 0.008 0.012 0.013 0.007 0.008 0.007  0.010
150 0.006 0.006 0.007 0.003 0.007 0.008 0.009 0.005 0.006

9 50 0.017 0.006 0.011 0.006 0.008 0.010 0.006 0.007  0.008
150 0.012 0.005 0.007 0.013 0.013 0.011 0.013 0.014 0.011

0.05 4 50 0.067 0.052 0.047 0.056 0.053 0.047 0.049 0.046 0.052
150 0.056 0.047 0.061 0.054 0.047 0.054 0.047 0.063 0.057

5 50 0.047 0.039 0.058 0.050 0.054 0.056 0.057 0.055 0.049
150 0.053 0.051 0.051 0.050 0.054 0.046 0.052 0.048 0.047

6 50 0.062 0.042 0.057 0.053 0.055 0.050 0.056 0.050 0.050
150  0.040 0.050 0.039 0.043 0.051 0.043 0.056 0.049 0.047

7 50 0.044 0.054 0.046 0.060 0.060 0.064 0.068 0.058 0.058
150 0.050 0.062 0.046 0.056 0.070 0.066 0.070 0.052 0.052

8 50 0.070 0.044 0.041 0.047 0.047 0.048 0.047 0.047  0.048
150 0.050 0.050 0.049 0.044 0.051 0.043 0.050 0.046 0.047

9 50 0.070 0.042 0.047 0.042 0.045 0.036 0.044 0.040 0.037

150 0.059 0.043 0.047 0.053 0.050 0.057 0.047 0.051 0.053




REFERENCES49

Table S.3: Empirical type-I error rate with 45% censoring for DGPs 10-11.

The proposed CRC test with various w(t)
a DGP n CPH KLR IPCW  CRCyo,1) CRCp(-1,52) CRCy(-1,1) CRCy(_s55 CRCy2y CRCy

0.01 10(a) 50 0.012 0.004 0.006 0.011 0.011 0.008 0.011 0.012 0.012
150  0.017 0.011 0.016 0.011 0.011 0.012 0.012 0.012 0.009

10(b) 50  0.013 0.006 0.008 0.011 0.009 0.008 0.013 0.007  0.010
150  0.018 0.014 0.002 0.014 0.008 0.014 0.012 0.013 0.015

10(c) 50 0.005 0.005 0.010 0.008 0.008 0.008 0.011 0.010 0.007
150 0.010 0.014 0.008 0.010 0.008 0.011 0.007 0.008 0.010

11(a) 50 0.010 0.008 0.005 0.010 0.007 0.008 0.010 0.009 0.010
150  0.010 0.005 0.012 0.013 0.011 0.013 0.014 0.014 0.013

11(b) 50 0.010 0.011 0.012 0.009 0.010 0.011 0.011 0.009 0.010
150  0.010 0.008 0.005 0.014 0.014 0.014 0.014 0.013 0.010

11(c) 50 0.007 0.008 0.006 0.007 0.011 0.007 0.011 0.010 0.008
150  0.005 0.006 0.013 0.010 0.008 0.010 0.010 0.011 0.009

0.05 10(a) 50 0.050 0.046 0.047 0.055 0.053 0.045 0.051 0.051 0.051
150  0.044 0.049 0.051 0.056 0.057 0.065 0.062 0.060 0.053

10(b) 50 0.049 0.043 0.047 0.047 0.051 0.046 0.054 0.051 0.048
150  0.054 0.053 0.052 0.035 0.032 0.036 0.037 0.037  0.036

10(c) 50  0.061 0.050 0.041 0.054 0.063 0.058 0.059 0.058 0.056
150  0.046 0.043 0.050 0.057 0.056 0.053 0.062 0.057  0.060

11(a) 50 0.050 0.050 0.048 0.034 0.036 0.037 0.035 0.035 0.036
150 0.042 0.045 0.049 0.054 0.049 0.050 0.052 0.047  0.053

11(b) 50  0.064 0.045 0.059 0.054 0.061 0.050 0.059 0.054 0.061
150 0.045 0.040 0.055 0.050 0.058 0.052 0.060 0.053 0.050

11(c) 50 0.048 0.054 0.035 0.052 0.051 0.049 0.051 0.049 0.051

150  0.063 0.059 0.043 0.057 0.060 0.059 0.059 0.057  0.056
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Table S.4: Empirical type-I error rate with 65% censoring for DGPs 10-11.

The proposed CRC test with various w(t)
a DGP n CPH KLR IPCW  CRCyo,1) CRCp(-1,52) CRCy(-1,1) CRCy(_s55 CRCy2y CRCy

0.01 10(a) 50 0.019 0.006 0.010 0.009 0.007 0.010 0.012 0.006 0.008
150 0.009 0.009 0.007 0.013 0.011 0.012 0.014 0.012 0.015

10(b) 50 0.020 0.011 0.010 0.015 0.014 0.014 0.015 0.012 0.014
150 0.005 0.007 0.013 0.005 0.004 0.004 0.003 0.007  0.004

10(c) 50 0.013 0.002 0.005 0.014 0.013 0.013 0.015 0.011 0.010
150 0.009 0.008 0.005 0.009 0.012 0.008 0.008 0.007  0.005

11(a) 50 0.008 0.008 0.010 0.008 0.010 0.013 0.011 0.011 0.012
150  0.011 0.005 0.011 0.009 0.010 0.009 0.009 0.007  0.010

11(b) 50  0.012 0.011 0.013 0.009 0.014 0.010 0.013 0.009 0.011
150 0.007 0.010 0.007 0.005 0.003 0.006 0.004 0.006 0.006

11(c) 50 0.009 0.008 0.009 0.013 0.016 0.016 0.014 0.014 0.013
150  0.016 0.009 0.011 0.013 0.011 0.010 0.009 0.013 0.010

0.05 10(a) 50 0.053 0.052 0.041 0.065 0.066 0.060 0.065 0.060 0.063
150 0.057 0.057 0.051 0.038 0.041 0.044 0.041 0.040 0.041

10(b) 50 0.056 0.048 0.074 0.063 0.065 0.064 0.059 0.059 0.060
150 0.052 0.044 0.057 0.046 0.053 0.046 0.049 0.050 0.047

10(c) 50  0.054 0.048 0.045 0.048 0.049 0.048 0.047 0.049 0.050
150 0.056 0.054 0.042 0.033 0.040 0.034 0.040 0.035 0.030

11(a) 50 0.058 0.044 0.049 0.052 0.048 0.053 0.058 0.053 0.050
150 0.069 0.044 0.045 0.046 0.038 0.043 0.039 0.045 0.045

11(b) 50 0.060 0.044 0.060 0.058 0.052 0.056 0.050 0.054 0.053
150  0.045 0.042 0.052 0.044 0.039 0.044 0.039 0.038 0.046

11(c) 50 0.049 0.030 0.049 0.055 0.052 0.059 0.054 0.055 0.055

150  0.045 0.041 0.053 0.046 0.043 0.046 0.048 0.045 0.043
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Figure S.5: FDR-adjusted p-values in the Alzheimer’s Disease Neuroimaging Initia-
tive (ADNI) cohort were analyzed using Cox Proportional Hazards (CPH), inverse-
probability-of-censoring weighting (IPCW), and kernel log-rank test (KLR), with
and without log-transformed T', comparing with the proposed CRC methods with
choices of w(t) as N(0,1) (normal) and U(—1,1) (uniform) density functions.
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Figure S.6: Correlation coefficients, raw p-values, and false discovery rate (FDR)-
adjusted p-values from the proposed CRC method (w(t) = N(0,1), analyzing asso-

ciations between survival time and protein levels in the Alzheimer’s Disease Neu-
roimaging Initiative (ADNI) cohort.
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