Al. Algorithms

Supplementary Material for “KNOWLEDGE TRANSFER
FOR SPARSE PARTIAL LINEAR MODELS WITH
PRIVACY GUARANTEE : ESTIMATION, INFERENCE
AND SIMULTANEOUS TESTING”

This supplementary material is organized as follows. We first present the algorith-
mic components of the proposed procedures, then describe the privatized BIC methods
for sparsity selection, report an additional simulation study, and finally provide the
technical details supporting the theoretical results.

Al. Algorithms

This section provides the basic algorithmic components used throughout the proposed
private transfer procedures.

Algorithm 1 Hard-thresholding (HT (v

1: INPUT: Vector-valued function v =
2: for j=1,...,pdo
3:

5))

(X) € R? with data X, sparsity s.

v

0.5 o (0 05| ¢ , 0.5
1 _ {'vj if [v;7| is among the s largest values of {|v;™""[};cp,
J

0 otherwise.

4: end for
5 OUTPUT: v
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Algorithm 2 Noisy Hard-thresholding (NoisyHT (v, s, A, €,0))
1: INPUT: Vector-valued function v = v(X) € R? with data X, sparsity s, privacy
parameters (e, d), sensitivity A.

2: Initialization: Set S = ().
33 fori=1,...,sdo
4:  Generate noise w;1, wjo, . . ., Wip iLd. Laplace(\ - 2y/3s 1532(1/5))'
5 Append j* = argmax;cps(jvj] +wy) to S,
6: end for
7: Generate noise wy, ..., W, g Laplace(\ - 2\/381:%(1/5))
8 for j=1,...,pdo
9:

Pl — v+ w]' 1fj S 87

! 0 otherwise.

10: end for

11: OUTPUT: v
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This section describes the privatized BIC criteria used to select the sparsity levels for
both the transfer estimator and the asymptotic variance estimator.

Sparsity of 8

For sparsity selection, we construct a dyadic grid with a chosen maximum grid index
M,
Sq = 2%, a=0,..., M,

and perform transfer estimation independently for each candidate sparsity level. After
obtaining the sequence of transfer estimators {3(a) : 0 < a < M,} from the differ-
entially private transfer learning procedure, we perform sparsity selection using a pri-
vatized Bayesian Information Criterion (PBIC) computed solely on the target sample.
This step is designed to (i) preserve differential privacy under the Gaussian mechanism,
(ii) control the sensitivity of the goodness-of-fit term via truncation, and (iii) account
explicitly for privacy-induced variance inflation in the model complexity penalty.

Let {(X EO),Y(O)) ", denote the target sample. For each candidate sparsity level

(2
a, define the truncated residual sum of squares:

no

RSS(B() = > (11, () ~ T (X)TB(@))

i=1
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A

This bounded sensitivity RSS(3(a)) allows us to apply the Gaussian mechanism. We

A ~

therefore release the privatized goodness-of-fit RSS(3(a)) = RSS(B(a)) + Ac, Ac ~

N{(O0, 210g(3'75(/6 ‘jégnyrRO)Al) . Therefore, by the Gaussian mechanism with privacy budget

(€/3,6/3), the above privatized goodness-of-fit is (¢/3,0/3)-differentially private for
each fixed a.

~ Let s, denote the sparsity associated with ,B(a). The privatized BIC criterion of
B(a) is defined as:

PBIC(B(@)) _ ﬁé@)(,@(a)) O (log(p) log(n)s. + log”(p)s21og(3.75/6) log (no)) '

no(e/3)?

The penalty consists of two components: log(p)log(ng)s, is the high-dimensional com-
plexity term that controls overfitting under ultra-high dimensional scaling.
log?(p)s2log(3.75/8) log" (ng) /no(e/3)? is a privacy-adjustment term. It compensates
for the additional stochastic fluctuation introduced by the Gaussian noise and the pri-
vatized transfer estimation, ensuring that the selection procedure remains consistent
under privacy constraints. The constant C' > 0 is chosen as the way in Theorem 1.
The selected sparsity level is

~

a=arg min PBIC(B(a)), B =p(a).

s

Thus, model selection is conducted entirely on the target sample using a Gaussian-
privatized, truncation-stabilized information criterion. The complete procedure is con-
cluded in Algorithm 3.

Sparsity of @éo)

For every given j € [p], we construct a sequence of candidate estimators {©;(b) : 0 <
b < Mg} using the same differentially private iterative hard-thresholding scheme as
in the transfer step, but with the sparsity level fixed at s;, = 2°. For each candidate
sparsity level, model selection is carried out via a privatized BIC criterion. Specifically,
we compute a truncated quadratic loss measuring the fidelity of the linear projection of
X ,(2-) onto X (O), and add Gaussian noise calibrated to its /5-sensitivity under truncation
radius R. The resulting privatized goodness-of-fit is combined with a high-dimensional
complexity penalty
log(p)log(no)s;e

and a privacy-adjustment term of order

log?(p)s?, log(1/6) log' (no)
n2e2
0

Y
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Algorithm 3 Trans

fer High-dimensional Partial Linear Regression with Differential

Privacy and BIC- based Sparsity Selection

1. INPUT: {(X
RY7 R07 Rk'7 Rd

W(O) 0))} {( k) Y(k ) k € [K]}a T> P1, (676)7 130’ MS’ A’ L’

2: Define sparsity candidates s, = 2% a =0,..., M.

3: Residualization:

M) = arg min,c r 5 S (VO = m(WP)? + 3¢ lm] %

}7(0)

for £ € Ado
vy )
end for

Initialize B°.

for a=0,..., M,

)

. (Y(o) _ m(mit)(W(O))> T Ay, Ay ~ N(O Mln(J) _

(¢/3)*

do

Split each dataset into 7' blocks Z*)IH

10: fort=0,...,7—1do

11: for k' € {0}
12: Gk" = TL]\,?/

UAdo
k' (k") k'
(Lnk//TJ ZzEI(k )[t] HRk/ ((X( ))T/Bt Y( ))HRd (‘X ) + A ) Al(f ) ~

810g(3.75/8)T° R3R7,

N (0,
13: end for

nZ, (c/3)2 Ip) '

~ 1
14: B = —p 2 wefojua G-
15: ,Bt+1 — HT(IBt+O.5, SG,)'

16: end for

17 Ba) =67

18:  Compute truncated RSS on target: RSS(B (a)) =

i (M, (717) ~ M, << > "Bla))
19:  PBIC(B(a)) = RSS(B + C

A, Ag ~ N(
20: end for

1 2 521 . )1 7 n,
<log(p log(ny)s, + 2Pl losI0 0 e { 0)> n

2log(3. 75/5 (Ry +Ro)*
0,
(e/3)?

21: & = arg ming<,<. PBIC(B(a)).

22: OUTPUT: 3 =

Bla).
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which compensates for stochastic inflation induced by the Gaussian mechanism. The
privatized BIC criterion for ©,(b) is defined as

PBICJ(éj(b)) =Ty 2n0

LS 6,0) X0 (x0)Té,0) - <é>j<b>>Tej]

i=1

log?(p)s2, log(2.5/8) log” (n
+C’<log(p) 10g(n0)8j7b+ g (p) 3,b g( / ) g( 0)) —I—Az,b,

nj(€/2)?

where Ay ~ N(O, %) . The selected sparsity level l;j minimizes this pri-

vatized criterion, and the corresponding estimator is é)j = @](l;]) Combined with
the privatized residual variance estimator, this yields the final differentially private
asymptotic variance estimate

This procedure ensures that sparsity adaptation for each matrix column is fully
data-driven, privacy-preserving under the Gaussian mechanism, and theoretically aligned
with the high-dimensional transfer learning framework. The complete procedure is con-

cluded in Algorithm 4.
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Algorithm 4 Asymptotic Variance Estimation with PBIC Selection

1:

10:

11:

12
13
14

vector G)?.
Split [no] into T disjoint subsets {ZOM} 1 Set Mg = |log,(\/no/ log”p)].
for b =0 to Mg do

s;jp = 20, initialize @?(b) = @?.

fort=0to7 —1do

Gradient step:
. 1 ) O\T
©;(b) = ©5(b) —p2 | & — O] > X (X)) Te;n)
icZ(0)[t]
Noisy hard-thresholding:
93‘“((7) = Il (NoisyHT (9?0'5(1})’ j.bs pf)Bv ST (Ma 1) 2T(M§@+1))> '

end for

©;(b) = ©; (b).

Define

: L Sy (0 50T ¢ -
PBIC;(8;(b)) =no | 5 - > (0;(0) X (X)) 0;(b) — (8;(h) e
i=1
log®(p)s?, log(2.5/4) log" (ng)
cf1 1 ; = A
+ (og(p) og(no)s;p + n2(c/2)? + Axp,

where Ay p ~ N(O, 2(M9+1()5;)1§g(2'5/5)> .

end for

: bj = argminUSbSM@ PBICj(éJ(b)), éj = é](i?])
. Compute privatized residual variance 2.

~ A ~9\1/2
. OUTPUT: V" = (6,,62)""".

INPUT: Target sample {X EO), Y/;‘(O)}ie[no}, initial B, step size po, privacy parameters
(e,0), noise scale B, iterations T, truncation level R, feasibility radius C', initial
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A3. Simulation Results for Configuration 4

This section exhibits an additional simulation setting that illustrates the role of transfer
learning when the control variables and predictors are correlated.

« Configuration 4: Instead of letting X©@ L W© we assume that the Xl(o) =
\Wl(o) + Wg(o)l, XQ(O) = |W1(0) - W2(0)|. The remaining predictors are generated in
the same manner as the first scenario, i.e., Xé?; ~ N(0,X3.,).

MSE Comparison for Different Methods and |.A|

,,,,,,,

Figure 1: The necessity of transfer learning

In Configuration 4, we find that if the control variables are highly correlated with the
predictors, the target-only estimation may not perform as effectively as it did in other
configurations. In such case, transfer learning becomes essential for achieving accept-
able results. Specifically, we present the MSE of Initial, Debiased and DP-Debiased.
All estimators exhibit progressively better performance as more transferable sources
are incorporated, compared to the target-only scenario (i.e., |A| = 1).

A4. Technical Details

This section presents the auxiliary theoretical details, including technical lemmas, the
derivation of the e-value, and all the proofs of the main theoretical results.

A4.1. Necessary Lemmas

We first provide the auxiliary lemmas used in the proofs of the main theoretical re-
sults, including nonparametric estimation bounds, hard-thresholding properties, and
technical concentration inequalities.

Lemma 1. Let 7, > 0 be the smallest positive quantity satisfying the critical inequality

7;'2
~ . < n
gn(rna]:) = 2007
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where C, is the sub-Gaussian parameter for the residual term in corresponding regres-
sion. Then for any t, > 7,, we have: (i) The estimator f; satisfies that || f;(W®) —
F(WON2 = 0,(3;dt?), with §; defined in Assumption 4; (ii) The estimator 7"
satisfies that [|/m(™0(WO) — (F(WONTBO — (W )2 = O, (sodt?) ; (iii) More-
over, if (X — FWO)TBU2 = O, (sod2), then [ (W) -~ (X0)7 g0
gWN |2 = 0,(s0dt?); (iv) The estimator § satisfies that ||g(W ) — g(WO)|2 =

O,(s0dt2). Here || - ||, represents the empirical loss which takes the average over W ",

e.g. [lgWO) — gWO)|2 = 57 (W) — g(W))?/ny.

7

Proof. Recall that

~

1\ (0) (0)
f; = argmin E X — fWY2], i=1,...p,
J FeF [2n0 i_l{ ] ( )} ]

and
&

2 3

. 1 &
~ (init) __ : (0) 0\ 2
m = arg min|— Y —m(W, +
gminlz > (- m(W)
Lemma S.1, Lemma S.2 and Lemma S.10 in Zhu (2017) have shown the first two results
in (i) and (ii), and the existence of t, is given by Lemma A5 in Zhu et al. (2019). The
triangle inequality gives (iii) under the stated additional condition. Combining (i) and
(ii), and subsequently applying the triangle inequality, immediately leads to (iv). [

Lemma 2. Consider vectors v, w € RP, another vector u = v + w, a set S; C S’ with
S” as the indices of top-s’ entries of |u| (absolute value for each entry), and another set
Sy C ()¢ with |Sy| = |S,|, where s’ € N. Then for any ¢ € (0,1),

1 1
(L= lfoslh -+ lwslf < s} < 0+ 0 fos 3+ (1+7) s lE

which implies

, l+c , 1 1 1
los,lly < 7= Nvsillz + 77— | 2 182l + [ 1+~ ) 151] [wl|3.
Proof. This is the Lemma 20 in Li et al. (2024). O

A4.2. Proof of Theorem 1

Proof. Similar to Li et al. (2024), we prove our result from two aspects: differential
privacy guarantee and algorithm consistency. For the first part, we construct a sequence
of events and demonstrate that they occur with high probability, which shows the
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reasonable scale of the added noise. For the second part, we derive an upper bound for
the estimation error. Before proceeding, we denote the sample splitting set as Dl =
{(ng)t,}/;(k)t)}lez(m = {(XW1 Y BN and write nyg, = |[Z®H], so that 3, ng, =
ng.

(I) In the first part, we define the following four events, which will be used in the
subsequent analysis. First, we need to upper and lower bound the eigenvalues of sample
covariance matrix. The sample covariance matrix is defined as

- 1
2(k)[t] _ Z Xz(k)(X(k))T.

3
n
kit ez

Also denote that i e o ()] "
Sa= ). =nTT Sy =E(EY).
ke{0}UA
Let & be the event that the sample covariance matrix is well-conditioned and closely
approximates the population covariance matrix, i.e.,

(K)[t] (k)[t]
& {'7 < Amm(ES' 8’) < AmaX(ES’ S’)

<7,Vk € {0} UA, VS C [p] with |§'| <3¢,Vt=0,...,T -1}
m{z S )\min((zA)Sl,S/) S >\max<<2 )

SIS/) S T,VS/ g [p] with ‘8/’ S 38/,Vt = 0,. .. ,T— 1}

. 1
NIEDL s — (Sa)ssll < C %ﬁ/”),v‘s’ C [p] with |§'| <3¢,V =0,...,T — 1}.

According to Lemma 23 in Li et al. (2024), by choosing 7 = 10Lg" /11 and 7 = 10Lo /9,
then for sufficient large C' > 0, it holds that P(&;) > 1 — n/4.

Denote A" = Zke{o}uA(nk/N)Agk) as the total noise added in gradient aggregation
step at the t-th iteration. We define

T2 R21og(1/8) log(T
={||At||?,o§0 dog(]\éegog p/1) Y R Vte{O,...,T—l}}
ke{0}UA

N {H Ayl < o T/ 1og(n/m log(1/3) }

€

Notice that due to the sub-Gaussian tail bound, for sufficient large C' > 0, it holds that
P(&) > 1 — n/4, which ensures the upper bound of the noise term added in. Indeed,

since
812 R2 R%log(c/))
Al — %A(k)’ A% N (0’ ktld I ) ’
ke{oz}uA N t ni(e/2)2 7
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we have, for each coordinate j € [p],

Var(Ah) = 7 n} 872 RER3log(c/6) _ TRjlog(1/9) S R

N2 n2(e/2)? S N2e?

ke{0}UA ke{0}UA

Therefore, by a Gaussian maximal inequality and a union bound over j € [p| and
t € {0,..., T — 1}, the first part of & holds with probability at least 1 — n/4.
Then we define the event
log(T'p/n)

T
2 : (K)t\T (k)¢ < Vit =

ke A
> o

o0

According to Bernstein’s inequality and Lemma S.2 in Zhu (2017), we have sufficient
large C' > 0, such that P(€) > 1 —n/4. The final event is introduced to ensure that
truncation occurs only rarely across all iterations. Notice that the last sub-event in

event & implies {||[Y© — ™D (W), < 50,/log(p/n)}, which indicates a rare
truncation happens within the residulization step. Define the event &, as

={Ry > |(X (O))Tﬁt O i e ZOW vt =0,..., T -1}
(R, > (X Tﬁ v |VEI(’”]VkEAW—O T—1}
(R > ||X§- |2, Vi € T ﬂ,vke{o}uA,wzo,...,T_l},

where Ry = s'Rq + +/log(no/n)log(1/0)Ry /e, Ry = 2(log(18ny/n)(c* + h))/? and
Ry = (plog(18N/n))*/?5, as defined in Theorem 1. According to the union bound and
the sub-Gaussian tail bounds, it can be verified that P(&4) > 1 — n/4.

Combining the results in the above four events, we conclude the first result:

P(Misa&i) > 1. (1)

For the gradient release, fix k € {0}UA and t € {0,...,T —1}. Let ny, = |[Z®H| and
define the clipped block—gradient query

Gy(Dy) = Z g (X" T8 — v, (X)),
zEI(k)

By construction,

M (X8 VO < Ry e, (x)| < Ra

2
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Thus each summand has Euclidean norm at most RpR,;. For two neighboring local
datasets Dy and D), only one summand in the corresponding block can change. Hence

2Ry Ry < 2T'R Ry

Nkt Nk

1
|Gri(Dr) = Gro(Dy)l2 < E{Rde + RyRq} =
4

Therefore, the f5-sensitivity of the clipped block-gradient query is bounded by
2T R Ry

N

Apy <

Consequently, by the Gaussian mechanism, adding noise with covariance

21og(5/6) <2TRde>2I _ 8TR}Rjlog(5/9)
(e/2) ’

ensures (€/2,9/2)-DP for the ¢-th block-gradient release, conditional on the previous
private transcript. The deterministic factor n,/N in the aggregated gradient is post-
processing and does not affect the privacy guarantee.

Since the blocks {I(k)[t]}tT:_Ol are mutually disjoint for each site k, parallel compo-
sition implies that the full gradient-release transcript over ¢ = 0,...,T — 1 remains
(€/2,8/2)-DP at each site. It remains to verify the target residualization release. Al-
though m ™ (W ©) is fitted with the full target sample, the released residualization
vector is projected onto the ¢y-ball with radius Ry . Hence its fo-sensitivity satisfies

I

T ni(e/2? 7

sup HRY{Y(O) . ,rh(z'nit)(W(O)>} . HRY{(Y(O)>/ . m(init)/<<w(0))/)}

Do, D}, 2

< sup |||, Y@ = WO | {(YO) =i (WO | < 2Ry,
Do,D6 2 2

where the supremum is taken over neighboring target datasets Dy and D). Thus the
ly-sensitivity of the residualization query is at most 2Ry, and the Gaussian perturbation

2log(5/5)(2 Ry )?
(/2 I”“)

ensures (€/2,6/2)-DP for this target residualization step. Therefore, by sequential com-
position between the target residualization release and the gradient-release transcript,
Algorithm 1 satisfies (¢,6)-STDP. Notice that n > 0 can be arbitrary small in (1),
hence the remaining part of the proof will be processed conditional on the event N{_,&;.

(IT) Now we turn to the second part of the proof to establish consistency. Let the
loss function of linear part be

L@ =g SN S - (x )T

N Nk ¢
ke{0}uA " iez(B)

Ay ~N (0,
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When the blocks have equal sizes, ny; = ny /T, this is equivalently

19

Li(B) = v —(x)Ta.

k:e{o}uA 1eZ(®)t]

The gradient is
G'=VLL(B).

In order to show the consistency, firstly, we will show the upper bound of £4 (8" —
L5 (8 consists of LY (8") — L4 (B8™), the difference 3" — 3, and the infinity norm
|At||so. Second, we derive a lower bound for £ (8! — £4(8?) in terms of ||B —
)], and an upper bound for £4(8") — L4 (8”) in terms of ||3' — B9 ||,. Finally, we
simplify these bounds to establish an inductive relationship between |8 —8©||x and
18 — 30 ||ss, translate the 3-norm to the fo-norm and complete the proof. Throughout
this part, we will use C' as some universal positive constant and its value may vary from
line to line. We also use C' with different suffix such as C; and C5 to represent different
constant within a line, but they still may also vary across different lines. All the
constants are irrelative to the sample size ny, the dimension p and the sparsity level
s, 8.
Firstly, we define

St=8"ustus, (2)

where S, 8 and S are the non-zero support for B8, 8¢ and B!, respectively. We
start with applying Taylor’s expansion as it holds that

LA(B) ~ £ (8 )
(B~ B.GY) + (B - B VLB - )
B~ 8.6 + 5718~ B3

<

—~

2
TNBE! — B +€/7- Gl ~ IGkIE+ (1L- 98 - B.6). (0

l\DIH

where B is the intermediate term between 3" and 3. The inequality is due to Lemma

23.(ii) in Li et al. (2024) and the last equality is generally true for any real number
¢ € R. For technical reason, we specify £ = 1 — 0.296/L¢ in this proof. The last term
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in (3) can be bounded as

</6t+1 - /Bta Gt)
(Bt — Bier. Glsu) — (Blnsins. Gsngent)
:<—p1Gf51+1 - plAgt+1, Gfgt+1> - <,6t5t\8t+1, th\3t+1>

(a) P
< = pillGlsen 3 4+ 10p1]| Al I3 + [E1Ges 13— (B s, Gsngina)

P
< = pllGlsenllz + 10s0pa | A3, + ﬁllew I3 = (Bsnser, Gsnsen),  (5)

where (a) uses the Cauchy-Schwarz’s inequality. Apply Lemma 2 for (,Bfgt\ s+, Gsnsert)
and combine (5), we obtain

(B -p.GY) <——01HG wiusllz + O AT

The second term in (3) can be handled as follows. Consider a set §" € S'\S"*! with
S| = [SI\(STUS)| = |ST\(S* US)|. After applying Lemma 2 again, we can obtain

Gt ]‘+C€2 G 2 L 1 2 / At 2 6
1Bs —&/7-Gsll; < || senstusllz + (1 +2/)s AT, (6)
which entails that
2 1—c_ 1+2/c,
~ IG5 susllz < - — /7 Gl + 7S AT

The first two terms in (5) can thus be bounded as
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1— t+1 5 Gt 2 G 2

57 /Bgt - ﬁst + = 2 \(SHUS)

25 (HT(B' — £G'—LA! S’)) — B4 + LGL ? 52 G 2
2 gl ol ~y ’ St St St St\(StUS)

(a) 71+
<07 (£)7AL 3+ L - °

(HT(8" - éGt—gAt, s’>) s— (8= %GL%A%

v 21— 2
_% t _fc:f,|y2+§11++2/C SORVNIE
Loms (£) ||At!|2 g}“ (HT(ﬂt—sat—gAf,sv)gt—<ﬁt—%Gt—%At>sﬁtz
-2 |mre - fet-gan s - 8 - fa-sans |
Sy (&)’ HMP 59 {(HT(Bt—éGt—%A%s’»gt\y—<ﬁt—%Gt—%A%t\Sf
Lo (%)ﬂwuio + gu (HT(B' - %Gt—gw, s — (B~ £6 =Yg
3
+ (1 +CC)J(F13i )? 7 :HG«tSt“\(StUs)Hz (8)

A+ 3¢

57 50| 4(0) : 2
ﬂst\s' _'Bst\S’+ Gst\S’H + (1+ )(1 —¢)? 7 ?HGS“”\(S’fUS)Hz

<C7s (£)° A% +

— (€2 2 5’750 (0) LE A+ 3c
SOP}/S (%) HAtHoo 9 ¢ /63t Gt + (1+C)(1—C)2 —HGS“'I\ StuSs) ||2
5 s _ 2
<C7s (£)71A% +§—°(25<6 — B Gs) +718Y) - Bl + S1G513)
&+ 3c 9
(1+C)(1 )2 —||G t+1”2
5 s _ 2
<Cs (£)° 1A% + 5 °(2w (B) -2 L(8") + (7 - €118 - B3 + £1G5113)
& +3c 9
+ (1 +C)(1 0)2 — ||G t+1”2‘ (9)

Here, (a) and (b) are based on Cauchy-Schwarz’s inequality and Lemma 2. Next, (c)
2
holds according to the fact that || (HT(8" - £G'—£A" ")) 5, — (B — £G'—£ A" ,

| (s -fat-£at v))  — (8- LG -2ans g
3 3 ! S’ 3 2l

) (HT(IBt - %Gt_%At7 S/))gt\sx -
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2
(8 — %Gt_%At)St\S,HZ. Together with (6), it leads to (d). Applying the Lemma 21 in
Li et al. (2024) to (HT(8' — £G'—£A", &) — (B' = £EG'—£A") 4, it yields that

2

§ § / § S
H(HT(,@t — :Gt—%At, S ))S”t\s/ - (,Bt - %Gt—§At)S~t\3/
2
S\S' 3 3
_Wnﬂw - (0 - fe-EaYsg
5 S / 5 2 2
<8 - B+ SG oI+ 25 () A2 (10)

where the second inequality used the triangle inequality and the fact that |S~t\8’ | <
sp + §'. According to (10) and the convexity of £} (-), the remaining inequalities hold
and we obtain (9).

Now combine (5) and (9), and insert them into (3). Since p; = £/7, then it holds
that

Ly(B™) = Ly(B")

2

1 ¢ ¢ 2
< 57| -m £ 0| - £ e - 5= Gl
2
95 2
519 HGgmwnz O AT
100 LB — £ (8h] + 2 7 2 H
< : - —
< 5§ [LNBO) L8] + 22 80 g
s 552
+ 5 (1G53 + G s I3 )
2 Gt 2 9§ Gt 2 C / At 2
~ 5 Gl = 5 (1 = O Gl + O A
10s so 57— 67)
= o & [ EN(BY) — £ (8] + 5 =8 - B
so 5% 9¢
+[;-ﬁ—m< 9 HGSM\szUs E

1080
i ( - 1) -ﬁHGfStUsu% I

< 10 e [ (8) - e8] + 2

- 94
98’ — 1080 2
- ﬁlleszUsl|§+CS’l|Atllio- (11)

0 208 g0 _ g

9s’
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The last inequality holds because of % - % - 2%%(1 — &) < 0, which is due to the

condition 4.18 L3sy < s’ in Theorem 1. The remaining term we have to bound in (11)
is ||G%:sl|3- According to the convexity of L4 (+), we have

1 0 0
|Gswsll = 32718 = B'13 = (IGswsll + 518 = Bl2) (1G5 sl = 518 = ')
. £y (8) — Ly (BY)
— 18T =8

gl
(IG5l + 2189 - 812),
which implies
1 Y
Gl > 32218 — 813 + ZICH(8Y) - L (B)) (12

By adding £ (8") — £4(8?) on both sides of (11), together with (12), we obtain

('y 1320)

LB = £ (BY) <0 - ~£>.[£’f (8 = Ly(B)] + = - =118 - 83
9s" — 10s ,
- 9— o IGswsl3 + Cs AT
10s 93—103 £
<= o €~ —gy 372 [N (8) — L(BY)
So 5(7_51) 9s' —10sy & 2\1| at (0) (12 MAE2
(5~ o I8 =BVl + O AT

(13)
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Now we need to derive a lower bound involving |3 — 8©||5, for L4 (B8") —

L5(8™) and an upper bound involving ||8" — 8|5, for L} (B ) — L4 (8" )) For any
matrix X, define

18-85 = (B- 8958 -8Y).
Let
Sfi— — Sty S, T(O)t _ Y(O) t,@ mzt)(W(O)t)’

and let A!, denote the sub-vector of Ay corresponding to the target block Z. Then,
on the high-probability event where the projection in the residualization step is inactive,

o (0)¢
Y — X(O)tﬁ(o) + T(O)t + A%/

Therefore,
Lv(8") — Li(B7)
1 o (k)t 1 o (k)t
= >y - x®re)3 - > Yy = x W3

ke{0}UA ke{0}UA

1 1
=518 = BNy + 577 (B — BT D (X ) e

N/T ke A
n (R)[t]
Y (B9 = pO)TET (B - )
ke A
1
= (B0 _ gi\T (x0T o 4 0 _ nat X(o TAL
1
<Ligt_go, 4 © X BT bt
<518" = BN N/THB B k;( .5) 2
Z 18Y = B | qwia 18 — Bl g
kE.A
t X(O)f T,.(0)¢
N/THB ﬂ||2H< ;,5> ||

18” - B [(X )T Ay

N/T 2
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By the standard concentration arguments and the event &, we have

Lo (0)12 Lo o2 | < a3t (0)12 s'log(p/n)
518 = 8Ly - 516 - VI, < o - gy )
T (BT Gk s'log(p/n)
_ XN Rl < 22N
N %( sy) € 2 N/T
Tl x T s'dlog(p/n)
—|(x™x (0)¢ 2o
N[ Xes) T, S N/T
n
>, Nkﬂﬁ(k) = B9 g0 8" = B gwi S 18" =Bz 4h.
keA
Moreover, conditional on the design, since
8log(5/0) R3-

A§/ ~ N(Oa U%/INO/TL 012/ =

(€/2)>

a Gaussian maximal inequality gives, with probability at least 1 — 7,

‘ X(O)t TAt

i

< Ry /noT's' log(Tp/n) log(5/9)
~ Ne ’

Therefore, by Cauchy-Schwarz’s inequality and the basic fact ab < Cya® + C;'0?, it
holds that

1 _ [s'log(p/n) £ a0))2 Loy

s'dlog(p/n) R3noTs' log(Tp/n) 10g(5/5)
N/T +Cr N2e2 (14)

LB — LB <

+ Cy

Repeating the same argument for £4,(8"1)—£4(8'?), we obtain the corresponding
lower bound

N/T

_ o Sdlog(p/n) 1, . RynoTs'log(Tp/n) log(5/9)
YON/T Cs N2¢2

£ (B — £4,(8Y) > E — Gy [T 06] 18 - BOE,

(15)
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Here we choose the constants C5 and Cjy sufficiently small to enable [% —C5y %fﬁ/”) - Cﬁ} >

0. Joint with (13), (14) and (15), we obtain an induction relationship between ||3""! —
(O)HEA and |3 — ,6’<0)||2A as follows:

1 _ |s'dlog(p/n)
2 YN TN

10sy . 95 — 10s0 £y s'dlog(p/n)
<(1- - —
= ( o5 9¢ 45 ) |2 0T N/T

s05(Y—§7) 94 103057 ©)
(35 - I8 - 8O,

187 - BO%,

18" = B3,

s'd 1og(p/n) 2 RynoT's log(Tp/n)log(5/ 5)
/R N2¢?

+ Cos'| A2, + C

Then by induction, it holds that

18" = B3,

T
250 . 95 —10s0&*Y  10s97 0

1] 20¢_ 22 “WO0> £ ! _ 302
( = = +5g y 18" = BY%,

T—t—1

T—-1 2 —

250 9s' — 105 §™y  10s7

+ Cys’ E (1 — —f — Tﬁ + 05/ ; HAt”go
t=0 J

s'dlog(p/n) 2 RynoT's'log(Tp/n)log(5/9)
N/T + Cgh + Cg N2e2

T
250 9¢' — 1059 &>y 10807 0 )12
1 220 22 7 2Yo05 L g
( & 05 25 + 05’ 18" -8 ”EA
T—t-1

s’TQRg log(1/8)log(Tp/n) <= 250 95 —1050&%y  10s07 )
1- -—-f- — " = L R
N262 Z < s’ g g/ 27 + 9s’ 1) Z k

+C

+Cy

=0 ke{0}UA

c, S,dlj(\)fg/(ﬁ/n) O G RingTs logjsgg/n) log(5/0)
T
<(1-Tmg W0 ) 188",
| AlpsoT? 1og(1/53V12§(N/n) log(Tp/n) (1 vII8° - 8O A)
s’dl;g}(jzﬂa/n) O G RingTs' log]\(gg/n) 10g(5/5)

+ Gy

+C
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where the last inequality follows from s’ < sy, R? < plog(N/n), the choice of Ry, and
the fact that

. 2305 95 10508y 10507 B
9s’ 2y 9s" v ~

T—

—_

1.

t=0
Therefore, conditioned on N_,&;, since s’ < s, we obtain

T2
y 250 9¢' — 1059 &>y 10s97
18" — B2, S\/;(l— — =1 S 18° = B

9s’ 27y 9s’

T /| Alpso lo(1/6) log* (N/n) log(Tp/n)

C
+Co Ne

(1v18° - BY)

sodlog(p/n) Ry /noT'solog(Tp/n)log(5/9)
N e Ne |

+C

Since £ =1 —0.296/L3, it can be deduced that

~ 95’ —10sp 98 10sp 11L2
9s’ 2212 9¢" 9

10sg 9 9s 9 11 4
=1 - —1 129 L
9s' 22L2 [(1030 )5 5 Lot (9) 0]
so 5 /98 1T\ , 11\? ,
<1-2__ —2 L
- s 1112 (1030 5 )6 9) 0

so 5 (10 & AT\, _(11\?,

% 5 (W08 1T o (),

=T YLz (91-5*5 ¢ 5 ) Lo

Finally, according to the conditions in Theorem 1 that 7' < log N, s’ < sy, and ||3° —
)1, < €, we conclude that

sodlog(p/m)log N /| Alpso log(1/9) log®*(Np/n)
167 - 89z < & 0 o

holds with probability at least 1 — 7.

< 1.

A4.3. Proof of Corollary 1

Proof. Given the parameters chosen by Corollary 1, the first term of (B) in Theorem
1 is the main term. The result can be obtained directly through calculation. [
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A4.4. Proof of Theorem 2

Proof. Similar to the proof of Theorem 1, we first define an event that happens with
high probability:

& =R =|(X")76,],vie T vt =0,...,T -1}
N {R > VO Vi € [no} N {R > (X )T B|,¥i € [no]}.

We assume all the data are process on the target and thus omit some subscript and
superscript for convenience, i.e., n = ng, 8 := 89, X = XO vy = YO and
W = WO across this proof.

Define the untruncated debiased estimator as

A A 1 7.7 P .
ﬁj(db) - 5j+ﬁ®jX {Y - X3 - g(W)}. (16)
This is the untruncated version of (3.5). Denote
gW) = {gWilL,, Y=Y -gW)

and

X;=X;-f,(W), X;=X,-f(W), j=1...p

Throughout this proof, Y is used through the residual
Y -XB=Y -XB-gW),

which corresponds to the second debiased estimator in the partially linear model liter-
ature. For notational simplicity, we write

FOW) = {fW) T}, eR™P, f(W):={F(W,) "}, e R™P.
Then
X=X-FW), X=X-fW), X-X=fW)-fW).
By the model
we have

Y -XB-gW)=¢c—X(B-p8)—{g(W)—g(W)}.

Moreover, since

X=X +fW)=X+fW)+{Ff(W)-fW)} =X+ FW)+{X - X},
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it follows that
X(B-B)=X(B-B)+FW)B-p)+(X-X)(B-p)
Consequently,
Y-XB-gW)=c—-X(B-8)— f(W)(B-8)
— (X - X)(B-B)—{g(W) —g(W)}.

Therefore,
B 5y = By~ 5+ 0, X (Y~ XB - g(W))
G-+ 26,X e~ 6/ X X(3-p)
1 .75 . 1 .75 - S
——0, X F(W)(B-B)- -0, X (X - X)(B-B)
1 ~7.
—0, X {g(W) ~ g(W)}
~lerxer 6,0 x - Lo (x-x)"e
n n PN y
—F =B
1 ToTs L | P IR
" <ej_ﬁ@jx X) (B-B)+-6,X (X~ X)(B-B)
::VEQ ) :Ed
1 .75 . 1 A7, ¢ - A
-0, X fW)(B-8)--06,(X - X) f(W)(B-B)
::vE4 :ZVES ’

By Holder’s inequality, it can be obtained that,

Ey <116, — 0;]1]1X "], (17)
By < |81 5(X — X) e, (18)
By < lle; — 10, X X|lIB ~ Bl (19)
B < 0,112 X (X — X)l|=]18 - Bl (20)
Ey < 0,1 )11X " F(W)|llB — Blls. (21)
Es <10l max [f;(W) = £,(W)llullF(W)(B = B)]ln. (22)



A4. Technical Details

and
Ee < 0,12 X " (§(W) — g(W))|we- (23)

By Corollary 1 and the fact that 0 < Ly’ < A\pin(Z) < Anax(B) < Ly < oo in
Assumption 1, it holds that

. 1
18— Bl = Oys0 =25, (24)

I£W)B =Bl = =N FW)B - Bl = O,y D). (25)

Also according to Assumption 1, standard tail bounds yield

and

171 log p
-X = 2
12X el = Oy 2E), (26)
and
171 log p
12X £ = 05 <2), (27)

where we have used the fact that f;(W) = X, — X; is sub-Gaussian that is implied
by Assumption 1(ii).
Under Assumptions 1 and 3 , according to the Lemma 1, for any ¢, > 7,,

If; = £5lln = \/% Z(fj(Wi) — f;(Wy))? < CVdt, (28)

holds with probability at least 1 — cexp(—Cnt?). Due to the union bound, it can be
deduced that the following rsult
maXH}'j—fan < CVdt, (29)
J€lp]

with probability at least 1 — cexp(logp — Cnt?). Moreover, based on Corollary 1 and
Lemma 1, we have

n

la—gll. = \/ S 6w — g (W) = O vy D) a0
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By Cauchy-Schwarz’s inequality, it can be obtained that

1 - - 1.~
!E(Xj—Xj)Tf?! :’E[fj_fj]TE‘v (31)
1.7 & < - - 171,
|5Xj (Xj’ - Xj’)| SHfj - fj”n”fj/ - fj/”n + |EXJ [fj’ - fj/”a (32)
and
J R - . 1 o1,
=X (g -9l =lIf; = fillallg —glla +1-X; (g - g)l, (33)

where we use f;, fj, g, and g as the abbreviations for f;(W), j”j(W), g(W), and
(W), respectively. Additionally, note that E(g; | W) = 0 and E(Y; | W) = E(X; |
W) = 0 (by construction of Y; and Xl-j,i =1,...,n,7 = 1,...,p). The remaining
argument is derived based on the results from empirical process theory and local func-

tion complexity. In particular, under the independent sampling assumption, joint with
Lemma 1 and (28)-(30), from (31)-(33), it can be yielded that

max [, (W) = F,(W)]"e| = 0,(22), (34)
1 -1~
e X F (W)~ £, (W)l = 0,(2), (3)
and
- 1
max [2X ] (9(W) — g(W))] = Oy(s02) + O, 20), (30

provided with ¢, > r, and nt2 > logp. In our analysis, it suffices to choose t, =

(T V lo%). Consequently, we have

1 - g 5 log p

HE(X—X)TeHoo :OP(TZVT)> (37)
1 .71 & - - log p

HEX (X = X))o = Op(72 v T)’ (38)

and

12X (@(W) — g(W)) e = Oy (5072 v 22, (39)

" n
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Next, we establish the bounds related to ®;. Although Algorithm 2 is implemented
with the adjusted covariates X, the empirical process bounds established above imply

that . . |
TxTx - _XTXH _o, ( v ng) |
n n o n

which is asymptotically negligible under Assumption 4. Therefore,vthe argument of
Lemma 9 in Cai et al. (2026) can be applied to the adjusted design X, yielding

~3/2 3
A 1 1 5" logplog” n+/log(1/6 1
16, — @], < 5,/ 0eplogn | 5 "loaplog ny g(1/ )+§? (fi\/ 0gp>’
n ne n

with probability at least 1 — exp{—C'log(n)}. Under Assumption 4, the last term is
negligible. Given that

n<e

\/slogplog(l/é) log™/2
n

as Theorem 2 assumes, it follows that

A _ [logplogn
1©; — O]l =0, (%’\/ T) ; (40)

18111 = O,(5)). (41)

Therefore, ||e; — %(;)]TX X |0 can be bounded as follows:

and

1 .
—@TXTX
- T« 1 75 N
<||©; — —X X|| +19©; =X X—E(XX )
n 00 n 00
A 1 75 1 75¢ 1 .72 T = S
<|®, - X X +||G)j|\1 -X X--X X X X -E(X,X,)
n ~ n n

According to (38), it can be shown that

XX - XX
%X (X — X)H + %(X—X)TXH (X—X)T(X—X)Hoo

o2V r)
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Moreover, by standard tail bounds for sub-exponential random variables, we have

XX —E(X.X)) ‘ o, ( 10%1”) |
n 00 n
Consequently,
1T o7 . Jlogp 32,5 logp
~0, X X —ej| =0,/ ——+ SRR, —%). (42)

Under Assumption 4, putting all the pieces above together, we obtain the following
probabilistic bounds for Ej, ..., Fs. In each case, we upper bound the right hand side
of (17)-(23) by the intermediate estimates cited. By inserting (3.7)-(3.9) in Assumption
4 into (17)-(23), the rate of orders are obtained as per:

Eo o) O, (%@) = 0,(n"1/?),

= (41),:(26) O <§j (1 t @) (ffL N 10%)) = 0,,(71_1/2)7

By = o305 B2 4 55272 v 52) 52 = g, 0717,
55 ), o 7 (s085 (22 + /122 (v 222) ) = o(n™17),

5. (losp 4 bﬂ)) — o,(n~2),

n n

e
(41),(27), (24)
B i o am O (V5053 (152 4/ 282) (7 282) ) = 0,0,

(41), (29

Ey

and

B log p B
E = =0 < .(1 10gp) ) _ 1/2y
s i (505 (1 + = - op(n= %)

Thus, by central limit theorem,

pldb) o
\/ﬁ(ﬁjv 6]) 2>N(0,1),
J
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where V? = @j]E(XZ-X:)@jT 2 = 0,0 with ©,; being the (j, j)-th element of ®. On
the event &, the truncation in (3.5) is inactive, and hence B§de) = B;db). We have
\/no(BJ('dp) - ﬁj) = u; + vy,
where u; = N(0, V?) and v; = Op{solog(p) log(no)//no}-
Finally, notice that y/nsup |A;| < C'v/logn/nlog(1/6)/e for some constant C' with
probability approaching 1. It implies that |AJ| = 0,(n"Y/?). Thus, B(dp) has the
same asymptotic distribution as B(de). It remains to verify the privacy property for the

debiased term. The sensitivity of the debiased term HR(C:)]TXi)(HR(Z) —HR(XZ-TB))/n
satisfies .
AT - . “
sup ~| (0, X){II5(Y) — Lx(XB)}
(X17X7,7YV'2)7(X;7X;7Y;/) n
AT « . N
— I(0; X{IIR(YY) — I((X7) ' B)}
2 2y =y AR?
<(R*+RY)=—.
n n
Therefore, the noise added in the debiased term satisfies the Gaussian mechanism.
According to the composition property, the calculation of Bj(dp ) is (e,0)-STDP. [

A4.5. Proof of Corollary 2

Proof. Given the results obtained by Theorem 2, the remaining task in this proof is to
show: (i) the consistency of Vj(dp ); (ii) the differential privacy property of Vj(dp ),
(1)

For the variance estimation, we have

52— o? = LNV = (X B)) + A, — o2

=1
= % s (Hé(ﬁ) — X:ﬁ)z — o2
=1
1 & . 9" } A
+ - 2 [x(X/B) — X/ B)* - E;(Hé( ) — X7 B8) (X B) — XT8) + A,
= 0,(1)

5logplog(1/6)
n

According to the condition in Theorem 2 that log3/ ?n < e and Assump-

A s;logplogn
;- 81l = 0,y LB — g, 1),

tion 4, we have
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Hence, f/j(dp ) is a consistent estimation of Vj. According to the Slutsky’s theorem the
asymptotic normality for \/ﬁ(ﬁj(dp ' —8)/ f/j(dp ) holds.
(i)
In Theorem 2, we have shown the privacy property of ﬂ;dp ), Moreover, according to
Lemma 9 in Cai et al. (2026), the estimation ©; is also privacy guaranteed. It remains
to verify the privacy property for the estimation &. )

The sensitivity of the sample variance > (IT5(Y;) — IIz(X B3))? satisfies
1
~|

(A(Y) ~ Ta(XTB))” — (4() — (XD TA)?| < (2R

n

sup
(X5, X0 Y7),(X0, X050 T

Therefore, the noise added in satisfies the Gaussian mechanism. According to the
composition property, the privatized inference is (¢, §)-STDP.
O

A4.6. Derivation of e-value

This subsection verifies that the statistic used in the proposed multiple testing proce-
dure is an asymptotic e-value under the null hypotheses.

Lemma 3. We use the notation in the proof of Theorem 2, and define

logp + 2 o logp+z
qn(2) =1/ — an(z) = (7’721 v —

Under Assumptions 1, 2, and 3, together with the tuning conditions in Theorem 2,
there exist constants C,c¢ > 0 such that, for every z > 1, with probability at least
1—Ce %,

max 1F /(W) = Fo(W)l < Can(2)"?, (43)
lg(W) —g(W)lln < C/soan(2)'". (44)

Proof. The first bound follows by applying the RKHS least-squares tail bound in Lem-
mas S.1-S.2 of Zhu (2017) to each regression of X, on W and then taking a union
bound over ¢ € [p].

For the second bound, view the pseudo-response Y; — X ZT B as having conditional
mean R

g(W;) — f(Wi)T(ﬁ - B).

Lemma S.10 of Zhu (2017) gives the KRR error around this conditional mean at rate
an(2)Y2. The remaining bias term is bounded by the standard sparse-direction empiri-
cal bound for f(W), together with ||3 — 8]|; < C/50qn(2). Since a,(z) > ¢n(2)?, this
yields (44). O
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Lemma 4. Let the notation of Lemma 3 and proof of Theorem 2 be used. For z > 1,
define

_ [(logp+ z)logn 53/2(10gp+z)10g3n log(1/6)
rej(z) = 3; +

+ sjan(z),

n ne

/2

ue;(2) = 16,i(2) + 3jn(2) + 3 an(2).

Under the same conditions in Theorem 2, there exist constants C, ¢ > 0, independent
of n,p, z, 7, such that, for every z > 1, with probability at least 1 — C'e™%*, the following
bounds hold:

|Eo| < Crej(2)gn(2), |Ey| < C55a,(2),

|Es| < Csogn(2)ue(2), [Es|l < Csosjan(2)gn(2),

|E4’ < Cso§jqn(z)2, |E5| < C\/ngan(ZL

|Es| < Csodjan(z).

Proof. We first collect the preliminary bounds needed below. Throughout the proof,
C, ¢ > 0 denote constants independent of n, p, z, and 7, whose values may change from
line to line.

By Corollary 1, the transfer and privacy-rate conditions in Theorem 2, and As-
sumptions 1-4, the preliminary estimator satisfies

18 = Bll < Csoan(z), 1B~ Bll2 < CV/504n(2) (45)

with probability at least 1 —Ce™“*. Moreover, ,(3 — 3 is supported on a set of size O(sp).
Therefore, the sparse-direction empirical bound for f(W) gives

FW)B =B < sup W5 g
i, M2 (46)

< CV/30 qn(2)-

In addition, the localized multiplier and covariance bounds following from (43)—(44)
yield

%(5( ~X)Te|| < Can(2), (47)
%XT(X - X) ) < Can(2), (48)
Sy — %XTX i < Cay(2), (49)
X W) —gw)}| < o) (50)
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with probability at least 1 — C'e™%*, where we define

. 1.+ o . 1 -
Sei=-X X, U4 =EX.X,), Zgi=-X
n n

To account for the use of X, observe that the additional gradient perturbation at
©®; is bounded by

(=500 <[22 100

Assumption 4 implies

1051 < /310l < C/3; < C5;.

Consequently,

(55— 55) o,

Following the same proof as in Lemma 9 of Cai et al. (2026) but replacing X with X
contributes at most C'’5%a,(2) to the £; error. It follows that

< C5ja,(2).

1©; — Ol < Cre () (51)
with probability at least 1 — C'e™“*. By the triangle inequality,
1851l < 1851l +11©; — O]l < C\/5; + Cre(2) < CF, (52)

where the last inequality follows from the rate conditions in Theorem 2.
Under Assumption 1, each product X;se; is sub-exponential. Therefore, Bernstein’s
inequality and a union bound over ¢ € [p| give

1 -
—XTe
n

< Cn(2) (53)

oo

with probability at least 1 — Ce=¢*. Similarly, each X fm (W) is sub-exponential, and
a union bound over (¢,m) € [p]* gives

%XT f(W)H < Cgn(2). (54)

o0

Finally, we establish the approximate inverse-score bound. Since

25(@] = ej,



A4. Technical Details

T ~ ~ ~
-0, 5x|_ <16, - &;lhlSxl + 1] ||£x - x|

By Bernstein’s inequality, || — X H < Cgy(z). Combining this with the covariance

perturbation bound gives

|55 - 25| < Clane) +an2))

In particular, R
1Exllo < [Exllec + Clan(z) + an(2)} < C.

It follows that

x| < Cres(2) + CVEm() + an(2))
<C {r@,j(z) + 55qn(2) + 55-’/2%(2)} (55)
= Cue j(2),

where the second inequality uses 5; > 1.

All the preceding bounds hold on the intersection of a fixed number of events,
which, by a union bound, has probability at least 1 — Ce™%. We now bound Ej, ..., Fg
on this event.

For Ey, Holder’s inequality, (51), and (53) give

1Bl < 16 — ©

X el <Creo;(2)g(2).

o0

For Ey, Holder’s inequality, (52), and (47) give

1
|Ey| < ||® (X X) < C5jan(2).

o0

For E,, using (45) and (55),

|Es| <

1 AT T+ -
)= 26, X X| 18- Bl < Contaohua (o).
For E3, by Holder’s inequality, (45), (52), and (48),

B < [1©;

XX - %) 18- Bl = o))

o0
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For Ej,, using (45), (52), and (54),

ARSI

X fw >H 18— Bl < Csodyan(2)2

For Ej, since X — X = f(W) — f (W), Cauchy’s inequality gives
|E5| < 1195 max 1FeW) = £ W)l F(W)(B = B)l|.
Using (43), (46), and (52), we obtain
|Bs| < Cjan(2)"?/500n(2).
Since a,(2) > q,(z)?, we have
| Es| < Cy/so 8jan(2),
For Fg, using (52) and (50),

ST

B < 16,1 | 1% {g(W)—g<W>}H < Csodjan(2).

O
Now we establish the exponential integrability of the null statistic. Recall that
Jo={j€lp:p 0)—0} For j € Jo, define

Ty = VB = v (B — 5").

The linear expansion established in the proof of Theorem 2 gives
I & .
Thj = Snj+ Rnj+ Gnj, Sng = —= D Vij, Gnj = vVnoly,
J J J J J \/n—olzz; J J 0=

where

(0)

vy =0T X0 x = xO x| W),

Here R, ; is the debiasing remainder and G, ; is the contribution of the Gaussian privacy
noise. We construct

r(dp)y2 r(dp)y2
1 V. V.
éj:5 [exp{Tm— ( 32 ) }+exp{—Tn7j—( J2 ) }]




A4. Technical Details

Lemma 5. Suppose that the conditions of Theorem 2 hold. If Vj(dp A V;, where
‘/j? = (G‘))j’jO'Q, then .
E(éj> — 1, J € Jo.

Consequently, ¢; is an asymptotic e-value for every j € Jp.

Proof. We show this by proving the terms exp {T nj — (IA/j(dp ))2 / 2} are uniformly inte-
grable. Since 0 < exp{—(f/j(dp))Z/Q} < 1, the products exp(:I:Tw)exp{—(f/j(dp))Q/Q}
are uniformly integrable whenever exp(+£7,, ;) are uniformly integrable. Based on the
output of B of Algorithm 1, condition on the event £ N &), the untruncated expansion

gives

anj = \/ﬁ(Eo —E1 +E2+E3 —E4 —E5 _E6>
Applying Lemma 4 with the probability parameter z = t/(Cp,) — 1 > 1, define

Pnj(2) = Vn[re;j(2)an(2) + §jan(2) + s0qn(2)ue ;(2) + S05;an(2)qn(2)
+ 50800 (2) 4 /S0 Sjan(2) + S05ja,(2)].

The rate conditions in Theorem 2 imply

Pn = SUp pn,](l) = 0(1>
Jj€Jo

Then the exponential envelope implies

t
sup P (| R, ;| > t) < Cexp (—C—> , t > 2Cp,,

Jj€Jo n

after adjusting the constants. Splitting the tail integral at 2Cp,,, and using p,, = o(1),
we obtain, for every fixed a > 0,

sup Eexp {a|R, |} <1+ Cp, =1+ o(1).
J€Jo

By Assumptions 1 and 4, there exist constants C, ¢ > 0 such that

sup E exp(wi);;) < exp(Cw?), || < ec.
J€lp]

Hence, for every fixed a > 0, a//ng < c for all sufficiently large ng, the independence
yields
sup E exp(£aS, ;) < exp(Ca?).
Jj€Jo
It follows that
lim sup sup Eexp{a|S, |} < 2exp(Ca?) < oco.

ng,p—o0 je€Jo



A4. Technical Details

Since G, ; ~ N(0,72) with 72 = O(1) under the privacy-rate condition in Theorem
2, the Gaussian moment-generating function and e**! < e 4 ¢=9% imply that, for every
fixed a > 0,
lim sup sup E exp{a|G, ;|} < oo.

ng,p—o0 j€Jo
For some x > 0, and take ag, ag, ag > 1 such that
1 1 1
+—+
Qg aR (67¢

Holder’s inequality gives

Eexp{(1 + &)|Tn;|} < [Eexp{as(l + &)|Sn [} [Eexp{ar(l + k)| Ra,| 1"
x [Eexp{ag(l+ £)|Gn |} .

Therefore,
lim sup sup Eexp{(1 + )|T, ;| } < oo.

ng,p—00 jEJo
By the de la Vallée-Poussin criterion (Hu and Rosalsky, 2011), {exp(T,;) : j € Jo}
and {exp(—T, ;) : j € Jo} are uniformly integrable.
Theorem 2 gives T), ; AN (0,V}). Uniform integrability implies E{exp(T,;)} —
exp(V}?/2), E{exp(—T,;)} — exp(V}/2). Since \7j(dp) 5V, and exp{—(‘A/j(dp))Q/Q} <1,
Slutsky’s theorem and the same uniform-integrability argument yield E exp {Tn,j - (IA/j(dp ))2 / 2} —

1, Eexp {—Tw» - (f/j(dp))Q/Q} — 1. Therefore E(é;) — 1, and é; is an asymptotic e-
value for every j € Jp. ]

A4.7. Proof of Theorem 3

Proof. For the privacy guarantee, the candidate set is constructed as S = supp(B),
where B is the preliminary private sparse estimator from Algorithm 1; hence |§ | < ¢
Algorithm 3 releases private statistics only for variables in S. For each selected variable
Jj € §, the coefficient and variance estimators are released as one joint private pair

~

(Bj(dp), \A/j(dp)) with privacy parameters (¢/(s' +1),d/(s" + 1)). The e-value ¢; is then a
deterministic post-processing of this pair, and é; = 0 is assigned for j ¢ S. Therefore,
by sequential composition over one candidate-set release and at most s’ joint pair
releases, followed by post-processing for computing the e-values and applying the e-
BH threshold, Algorithm 3 satisfies (¢,6)-STDP. By Lemma 5, for each j € Jy, €; is

an asymptotic e-value, i.e., limsup, ... [E(¢;) < 1. Let ¢, be the threshold selected
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by the e-BH rule in Algorithm 3, and let

M=

R(ty) = ) 1{é; =t}

j=1

be the corresponding number of rejections. When R(t,) > 0, the threshold definition
gives t,R(t,)/p > 1/q; when R(t,) = 0, the numerator in the false discovery proportion
is zero. Hence,

Zje oﬂ{éj > tq} q .
FDR:E( g(tq)\/l )gZSE(Zej).

VISN)

Therefore,
lim sup FDR < lim sup QE(Z é;) <q.

— — .
n0,p—00 no,p—oco P e
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