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for each result stated in the paper.

S1 Additional Simulation Results

In Table S1, we compare the unnormalized estimator f̂n,aug in (5.1) with the post-normalized

estimator f̃n,aug in (5.2) introduced in Section 5. The results indicate that the unnormalized

and post-normalized estimators achieve similar excess risk across the settings considered.

S2 Proof of Lemma 1

Recall the kernel K(u) is symmetric and of the order β. We define s = ⌈β⌉−1 and r = β−s.

Then we have
∫
RK(u)du = 1 and

∫
R u

lK(u)du = 0 for l = 1, . . . , s. The expectation of
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Table S1: Normalized and unnormalized NN results for global fixed x. Standard errors are shown in parenthe-
ses. Values are multiplied by 1000 for Setting 1.1 and Setting 2.1 and by 100 for Setting 1.2 and Setting 2.2,
except for a and n. All results are based on 200 replications.

Setting 1.1 Setting 1.2
a n NN NNun NN NNun

-0.3
500 0.53(0.65) 0.67(0.50) 0.76(0.74) 1.84(0.83)

1000 0.40(0.57) 0.48(0.36) 0.73(0.68) 1.67(0.87)
2000 0.35(0.36) 0.38(0.29) 0.71(0.61) 1.49(0.93)

0
500 0.47(0.56) 0.73(0.57) 0.79(0.73) 1.79(0.86)

1000 0.38(0.49) 0.54(0.43) 0.79(0.69) 1.64(0.89)
2000 0.30(0.34) 0.40(0.37) 0.72(0.61) 1.45(0.92)

0.3
500 0.45(0.58) 0.67(0.52) 0.78(0.71) 1.83(0.82)

1000 0.36(0.47) 0.48(0.37) 0.78(0.68) 1.70(0.89)
2000 0.32(0.42) 0.36(0.30) 0.67(0.60) 1.48(0.92)

Setting 2.1 Setting 2.2
a n NN NNun NN NNun

-0.3
500 0.83(0.72) 0.70(0.63) 0.12(0.11) 0.19(0.16)

1000 0.48(0.40) 0.36(0.28) 0.09(0.08) 0.21(0.17)
2000 0.33(0.26) 0.22(0.13) 0.06(0.08) 0.42(0.38)

0
500 0.56(0.64) 0.49(0.52) 0.13(0.09) 0.19(0.16)

1000 0.27(0.25) 0.22(0.19) 0.10(0.07) 0.21(0.16)
2000 0.20(0.17) 0.14(0.10) 0.07(0.07) 0.40(0.33)

0.3
500 0.37(0.36) 0.36(0.33) 0.13(0.08) 0.19(0.14)

1000 0.16(0.13) 0.15(0.11) 0.11(0.07) 0.21(0.15)
2000 0.12(0.10) 0.10(0.06) 0.08(0.06) 0.36(0.27)

Kb(Y − y) given X = x satisfies the following expressions

EY {Kb(Y − y) | X = x}

=

∫
f∗(y

′ | x)Kb(y − y′)dy′

(i)
=

∫
f∗(y + bz | x)K(z)dz

(ii)
=

∫ { s−1∑
a=0

(bz)af (a)
∗ (y | x)/a! + (bz)sf (s)

∗ (y + bzλ | x)/s!
}
K(z)dz

(iii)
= f∗(y | x) + bs

∫
zs
{
f (s)
∗ (y + bzλ | x)− f (s)

∗ (y | x)
}
K(z)dz/s!

(iv)

≤ f∗(y | x) + bs
∫

zsB|bzλ|rK(z)dz/s!

(v)

≤f∗(y | x) + bβ
∫

B|z|βλrK(z)dz/s!

(vi)
= f∗(y | x) + CKb

β,
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S3. PROOF OF LEMMA 2

where (i) is derived from the transformation y′ = y+bz and the symmetric property of K(u),

(ii) is given by a Taylor expansion and λ ∈ (0, 1), (iii) is due to the property of the β-order

kernel, (iv) is due to the property of the Hölder class, (v) is by taking out br, and (vi) is

derived from the property of the β-order kernel.

S3 Proof of Lemma 2

For the sample Dn = {(Xi, Yi)}ni=1, we formulate the outcome as {Kb(Yi − y)}ni=1 for a given

y. The regression problem can be further formulated as Kb(Yi − y) = f∗(y | Xi) + εi. In

addition, since {Yi}ni=1 are independent, the outcomes {Kb(Yi − y)}ni=1 are also independent

for a given y. Throughout the proofs, we use the notation ∥f̂n − f∗∥2 to denote the L2-norm

of the difference between two functions, as defined in Definition 1 of the main text. For

clarity, for any fixed y, we consider the functions x 7→ f̂n(y | x) and x 7→ f∗(y | x), and

define

∥f̂n − f∗∥22 =
∫

|f̂n(y | x)− f∗(y | x)|2dν(x) = EX

{
f̂n(y | X)− f∗(y | X)

}2
,

where the expectation is taken over the distribution of X and ν denotes its probability

measure.
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We perform the error decomposition as below

EDn∥f̂n − f∗∥22
(i)
=EDn

{
EX(f̂n − f∗)

2 − 2En(f̂n − f∗)
2 + 2En(f̂n − f∗)

2
}

(ii)
=EDn

[
EX(f̂n − f∗)

2 − 2En(f̂n − f∗)
2 + 2En{f̂n −Kb(Yi − y) +Kb(Yi − y)− f∗}2

]
(iii)
= EDn

(
EX(f̂n − f∗)

2 − 2En(f̂n − f∗)
2 + 2En{L(f̂n, y)}+ 2En{L(f∗, y)}

−4En[{f̂n −Kb(Yi − y)}{f∗ −Kb(Yi − y)}]
)

(iv)

≤EDn

(
EX(f̂n − f∗)

2 − 2En(f̂n − f∗)
2 + 2En{L(fn, y)}+ 2En{L(f∗, y)}

−4En[{f̂n − fn + fn −Kb(Yi − y)}{f∗ −Kb(Yi − y)}]
)

(v)
=EDn

[
EX(f̂n − f∗)

2 − 2En(f̂n − f∗)
2 + 2En(fn − f∗)

2 + 4En{εi(f̂n − fn)}
]

(vi)
= EDn

{
EX(f̂n − f∗)

2 − 2En(f̂n − f∗)
2
}

︸ ︷︷ ︸
=:T1

+4EDn

[
En

{
εi(f̂n − fn)

}]
︸ ︷︷ ︸

=:T2

+2EX(fn − f∗)
2︸ ︷︷ ︸

=:T3

=T1 + 4T2 + 2T3,

where (i) and (ii) are derived from adding and subtracting same terms, (iii) is derived

from splitting the squared term, (iv) follows from En{L(f̂n, y)} ≤ En{L(fn, y)} since f̂n

is the empirical risk minimizer, (v) is due to εi = Kb(Yi − y) − f∗ and En(fn − f∗)
2 =

En{L(fn, y)}+En{L(f∗, y)}−2En[{fn−Kb(Yi−y)}{f∗−Kb(Yi−y)}], and (vi) follows from

that fn and f∗ are not stochastic.

S4 Proof of Lemma 3

Our proof of Lemma 3 is inspired by the proof of Lemma 4 from Schmidt-Hieber (2020).

Given ∥f̂n∥∞ ≤ B, ∥f∗∥∞ ≤ B, and B > 1, our goal is to bound the error EDn{EX(f̂n −
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S4. PROOF OF LEMMA 3

f∗)
2 − 2En(f̂n − f∗)

2}. Given an empirical (1/n)-covering number N∞(1/n,Fn,Dn) shown

in Definition 2, there exists a collection of functions {fj ∈ Fn, j = 1, . . . ,N∞(1/n,Fn,Dn)}

such that for all f ∈ Fn, there exists a j∗ such that ∥f − fj∗∥L∞(νn) ≤ 1/n. For simplicity,

let N∞ denote supDn
N∞(1/n,Fn,Dn) throughout this proof.

Let E′
n be the empirical mean of a dataset D′

n independent of Dn, and define rj =

(logN∞/n)1/2∨∥fj−f∗∥2 and gn = maxj |n{E′
n(fj − f∗)

2 − En(fj − f∗)
2}/(Brj)|. To bound

the term T1, we first consider the following expressions

EDn{EX(f̂n − f∗)
2 − En(f̂n − f∗)

2}

(i)
=EDn,D′

n
{E′

n(f̂n − f∗)
2 − En(f̂n − f∗)

2}
(ii)

≤EDn,D′
n

∣∣E′
n(fj∗ − f∗)

2 − En(fj∗ − f∗)
2
∣∣+ 9B

n
(iii)

≤ EDn,D′
n
max

j

∣∣E′
n(fj − f∗)

2 − En(fj − f∗)
2
∣∣/(Brj)× Brj +

9B
n
,

(iv)

≤EDn,D′
n

gn
n

× B
{
(logN∞/n)1/2 +

(
EDn∥f̂n − f∗∥22

)1/2
+

1

n

}
+

9B
n

(v)

≤ 1

n
BEDn,D′

n
gn

{
(logN∞/n)1/2 +

1

n

}
+

1

n
B
(
EDn,D′

n
g2n
)1/2 × (EDn∥f̂n − f∗∥22

)1/2
+

9B
n
,

(S4.1)

where (i) is due to the independence between f̂n and D′
n, (ii) is derived from the definition of

covering numbers, ∥fj∗∥∞ ≤ B, and B > 1, (iii) is by taking the maximum, (iv) is given by

the definition of rj and the property of covering numbers, and (v) is by the Cauchy-Schwarz

inequality. It remains to obtain a bound for gn which involves the following the Bernstein

inequality.

Lemma 1. (Bernstein inequality, Vershynin, 2018, Theorem 2.8.4) Let U1, . . . , Un be inde-
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pendent mean-zero random variables such that |Ui| ≤ K for all i. Then, for every t ≥ 0,

P

(∣∣∣∣∣
n∑

i=1

Ui

∣∣∣∣∣ ≥ t

)
≤ 2 exp

{
−t2/(2σ2 + 2Kt/3)

}
.

Here σ2 =
∑n

i=1EU2
i is the variance of the sum.

Let us define gi,j = [{fj(y | X′
i)− f∗(y | X′

i)}2 − {fj(y | Xi)− f∗(y | Xi)}2] /(Brj) and

rewrite gn = maxj |
∑

i gi,j|. The variance of gi,j satisfies

var(gi,j)
(i)
= 2var

[
{fj(y | Xi)− f∗(y | Xi)}2

]
/(B2r2j )

(ii)

≤ 2E
[
{fj(y | Xi)− f∗(y | Xi)}4

]
/(B2r2j )

(iii)

≤ 8B2E{fj(y | Xi)− f∗(y | Xi)}2/(B2r2j )

(iv)

≤ 8,

where (i) follows from the independence between Xi and X′
i, (ii) follows from var(η) ≤ E(η2)

for a random variable η, (iii) is derived from |{fj(y | Xi)−f∗(y | Xi)}| ≤ 2B, and (iv) follows

from the definition of rj. The tail probability of gn satisfies

P (gn ≥ t) =P

(
max

j

∣∣∣∣∣
n∑

i=1

gi,j

∣∣∣∣∣ ≥ t

)
(i)

≤N∞ max
j

P

(∣∣∣∣∣
n∑

i=1

gi,j

∣∣∣∣∣ ≥ t

)
(ii)

≤2N∞ max
j

exp
[
−t2/{16n+ 16Bt/(3rj)}

]
(iii)

≤ 2N∞ exp
[
−t2
/{

16n+ 16Btn1/2
/(

3
√
logN∞

)}]
,

where (i) follows from the union bound, (ii) follows from Lemma 1 and gi,j ≤ 8B/rj, and

(iii) is due to rj ≥ (logN∞/n)1/2. Therefore, the expectation of gn satisfies the following
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bounds

EDn,D′
n
gn=

∫
t>0

P(gn ≥ t)dt

(i)

≤ an +

∫ ∞

an

2N∞ exp
[
−t2
/{

16n+ 16Btn1/2
/(

3
√

logN∞

)}]
dt

(ii)

≤ an +

∫ ∞

an

2N∞ exp
{
−3t

√
logN∞

/(
32Bn1/2

)}
dt

(iii)

≤ an +
64Bn1/2

3
√
logN∞

N∞ exp
{
−3an

√
logN∞

/(
32Bn1/2

)}
(iv)

≤ 32B(n logN∞)1/2/3 + 64B(n/ logN∞)1/2/3,

where (i) follows from the truncation at t = an and the bound of the tail probability, (ii)

is satisfied when t ≥ 3(n logN∞)1/2/B, (iii) follows from taking the integration, and (iv) is

derived by choosing an = 32B(n logN∞)1/2/3 ≥ 3(n logN∞)1/2/B as B ≥ 1.

The expectation of g2n can be similarly bounded as follows

EDn,D′
n
g2n =

∫
t>0

P(g2n ≥ t)dt

(i)

≤a2n +

∫ ∞

a2n

2N∞ exp
[
−t
/{

16n+ 16B(tn)1/2/
(
3
√
logN∞

)}]
dt

(ii)

≤a2n +

∫ ∞

a2n

2N∞ exp
{
−3
√

t logN∞

/(
32B

√
n
)}

dt

(iii)

≤ a2n + 4N∞ exp

{
−3

√
logN∞an
32B

√
n

}[
(32Ban

√
n/
(
3
√
logN∞

)
+ {32B/3}2 × n/ logN∞

]
(iv)

≤ a2n + 4
[
(32Ban

√
n/
(
3
√

logN∞

)
+ {32B/3}2 × n/ logN∞

]
(v)

≤(32B/3)2 × (n logN∞) + 4(32B/3)2n+ 4(32B/3)2 × n/ logN∞

(vi)

≤ 210B2(n logN∞)/9 + 212B2n/9 + 212B2n/(9 logN∞),

where (i) follows from the truncation at t = a2n and the bound of the tail probability, (ii) is

7



Chenxuan He, Yuan Gao, Liping Zhu and Jian Huang

satisfied when
√
t ≥ 3

√
n logN∞/B, (iii) follows from taking the integration, and (iv), (v),

and (vi) are derived by choosing an = 32B
√
n logN∞/3 ≥ 3

√
n logN∞/B since B ≥ 1.

Combining the bounds of EDn,D′
n
gn and EDn,D′

n
g2n with the inequality (S4.1), we obtain

that

EDn

{
EX(f̂n − f∗)

2 − En(f̂n − f∗)
2
}

≤ 1

n
B{32B(n logN∞)1/2/3 + 64B(n/ logN∞)1/2/3}

{
(logN∞/n)1/2 +

1

n

}
+

1

n
B
{
210B2(n logN∞)/9 + 212B2n/9 + 212B2n/(9 logN∞)

}1/2 × (EDn∥f̂n − f∗∥22
)1/2

+
9B
n
.

Since |a− b| ≤ 2a1/2c+ d implies a− 2b ≤ 2d+4c2 for positive numbers a, b, c, and d, we get

EDn

{
EX(f̂n − f∗)

2 − 2En(f̂n − f∗)
2
}

≤2B2

n2

{
210B2(n logN∞)/9 + 212B2n/9 + 212B2n/(9 logN∞)

}
+

2

n
B{32B(n logN∞)1/2/3 + 64B(n/ logN∞)1/2/3}

{
(logN∞/n)1/2 +

1

n

}
+

18B
n

=
logN∞

n

(
211B4/9 + 26B2/3

)
+

1

n

(
213B4/9 + 18B + 27B2/3

)
+

1

n logN∞

(
213B4/9

)
+

(logN∞)1/2

n3/2
26B2/3 +

1

n3/2(logN∞)1/2
27B2/3

≲
logN∞

n
,

where the last inequality holds as N∞ ≥ 3. This completes the proof of Lemma 3.

S5 Proof of Lemma 4

We prove Lemma 4 by five steps. In the first step, we decompose the term T2 into three

terms. In the second, third, and fourth steps, we bound these three terms respectively. Then
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we obtain a bound of the term T2 by combining these three bounds in the last step.

Step 1: Error decomposition. Since εi is not centered as we discussed before, we decom-

pose T2 as given below

T2 =EDn

[
En{εi(f̂n − fn)}

]
=EDn

(
En

[
{εi − EDn(εi | Xi)} (f̂n − fn)

])
︸ ︷︷ ︸

=:T4

+EDn

[
En

{
EDn(εi | Xi)(f̂n − fn)

}]
︸ ︷︷ ︸

=:T5

.

For the term T4, if we directly apply the functional Bernstein inequality (Wainwright, 2019,

Theorem 3.27) to it, the tail probability bound will degenerate to one as the bandwidth b

goes to zero. As an alternative, we truncate εi at a constant Cε > B. We further decompose

the term T4 as below

T4 =EDn

(
En

[
{εi − EDn(εi | Xi)}(f̂n − fn)1(|εi|≥Cε)

])
︸ ︷︷ ︸

=:T6

+ EDn

(
En

[
{εi − EDn(εi | Xi)}(f̂n − fn)1(|εi|<Cε)

])
︸ ︷︷ ︸

=:T7

.

To bound the term T2, it suffices to bound the terms T5, T6, and T7, respectively.

Step 2: Bounding the term T5. The term T5 can be bounded as the following

T5 = EDn

[
En{EDn(εi | Xi)(f̂n − fn)}

]
(i)

≤EDn

[
En

∣∣∣EDn(εi | Xi)(f̂n − f∗)
∣∣∣]+ EDn [En |EDn(εi | Xi)(f∗ − fn)|]

(ii)

≤3 {EDn(εi | Xi)}2 + EX(fn − f∗)
2/4 + EDn

{
En(f̂n − f∗)

2
}
/8

(iii)
= 3C2

Kb
2β + EX(fn − f∗)

2/4 + EDn

{
En(f̂n − f∗)

2
}
/8, (S5.1)
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where (i) is based on the triangular inequality, (ii) is due to ab ≤ a2 + b2/4 and ab ≤

2a2 + b2/8, and (iii) is derived from Lemma 1. The remaining term EX(fn − f∗)
2/4 is the

approximation error which can be incorporated into the term T3 in Lemma 2, and the term

EDn

{
En(f̂n − f∗)

2
}
/8 is the empirical excess risk that can be incorporated into the term T1

in Lemma 2.

Step 3: Bounding the term T6. We first consider bounding the tail probability as follows

E
{
1(|εi|≥Cε)

}
=P (|εi| ≥ Cε)

(i)
=P{Kb(Yi − y) ≥ Cε + f∗(y | Xi)}
(ii)

≤P [K{(Yi − y)/b} ≥ bCε]

(iii)

≤ P[Ce exp{−|Yi − y|/b} ≥ bCε]

= P [|Yi − y| ≤ b log{Ce/(bCε)}]
(iv)

≤ 2Bb log{Ce/(bCε)},

where (i) is derived by noting 0 ≤ f∗ ≤ B and Cε > B, (ii) is due to the definition of the

kernel function, (iii) follows from Assumption 1-(iii) with the constant Ce > 0, and (iv) is

due to the density function f∗(y | Xi) ∈ [0,B]. Thus, the term T6 is bounded by

T6 =EDn

(
En

[
{εi − EDn(εi | Xi)}(f̂n − fn)1(|εi|≥Cε)

])
(i)

≤EDn

[
En

{∣∣εi − EDn(εi | Xi)
∣∣ · ∣∣f̂n − fn

∣∣1(|εi|≥Cε)

}]
(ii)

≤2BEDn

{∣∣εi − EDn(εi | Xi)
∣∣1(|εi|≥Cε)

}
,

(iii)

≤ Ct log(1/b)b, (S5.2)

where (i) follows from taking the absolute value and (ii) is due to |f̂n| ≤ B and |fn| ≤ B.
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Since the expectation of εi and the tail probability P(|εi| ≥ Cε) are bounded, we get (iii)

with the constant Ct.

Step 4: Bounding the term T7. Let us define vj = (logN∞/n)1/2 ∨ ∥fj − fn∥2 and

hi,j = {εi−EDn(εi | Xi)}(fj − fn)1(|εi|<Cε)/vj, and let hn = maxj |
∑

i hi,j|. By the definition

of covering numbers, there exists a j∗ ∈ {1, . . . ,N∞} such that

1

n

n∑
i=1

[
{εi − EDn(εi | Xi)}(f̂n − fn)1(|εi|<Cε)

]
≤2Cε

n
+

1

n

n∑
i=1

∣∣{εi − EDn(εi | Xi)}(fj∗ − fn)1(|εi|<Cε)

∣∣.
The term T7 can be bounded by

T7 =EDn

(
En

[
{εi − EDn(εi | Xi)}(f̂n − fn)1(|εi|<Cε)

])
≤2Cε

n
+ EDn

(∑
i
|hi,j∗|vj∗/n

)
(i)

≤2Cε

n
+ EDn

hnvj∗

n
(ii)

≤ 2Cε

n
+ EDn

[
hn

n

{
∥f̂n − f∗∥2 + (logN∞/n)1/2 +

1

n

}]
(iii)

≤ 2Cε

n
+ EDn

[
hn

n

{
(logN∞/n)1/2 +

1

n

}]
+

1

n

{
EDn(h

2
n)
}1/2 × (EDn∥f̂n − f∗∥22

)1/2
,

where (i) follows from the definition of hn, (ii) is due to the definition of vj∗ , and (iii) follows

from the Cauchy-Schwarz inequality.

According to the definition of hi,j, it holds that |hi,j| ≤ 4BCε/vj. Now we consider the

11
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variance of hi,j as follows

var(hi,j) =var
[
{εi − EDn(εi | Xi)}(fj − fn)1(|εi|<Cε)/vj

]
≤4C2

εE{(fj − fn)
2}/∥fj − fn∥22 = 4C2

ε .

Since εi is truncated and hn is bounded by the definition of vj, it is ready to apply the

Bernstein inequality in Lemma 1, and the tail probability satisfies

P(hn > t) =P

(
max

j

∣∣∣ n∑
i=1

[
{εi − EDn(εi | Xi)}(fj − fn)1(|εi|<Cε)

]
/vj

∣∣∣ > t

)
(i)

≤2N∞ exp
[
−t2/

{
8C2

εn+ 8CεBt/(3vj)
}]

(ii)

≤2N∞ exp
[
−t2
/{

8C2
εn+ 8CεBt

√
n
/(

3
√

logN∞

)}]
,

where (i) follows from the union bound argument and (ii) is due to the definition that

vj ≥ (logN∞/n)1/2. Consequently, the expectation of hn can be bounded as follows

EDn(hn)
(i)

≤
∫
t>0

P

(
max

j

∣∣∣∣∣
n∑

i=1

[
{εi − EDn(εi | Xi)}(f̂n − fn)1(|εi|<C)

]
/vj∗

∣∣∣∣∣ > t

)
dt

(ii)

≤an +

∫ ∞

an

2N∞ exp
[
−t2
/{

8C2
εn+ 8CεBt

√
n
/(

3
√
logN∞

)}]
dt

(iii)

≤ an +

∫ ∞

an

2N∞ exp{−3t(logN∞/n)1/2/(16CεB)}dt

(iv)

≤ an +
32CεB

3(logN∞/n)1/2
N∞ exp

{
−3an (logN∞/n)1/2 /(16CεB)

}
(v)

≤16CεB(n logN∞)1/2/3 + 32CεB(n/ logN∞)1/2/3,

where (i) is due to the property of the expectation, (ii) follows from the truncation at t = an

and the tail probability of Bernstein inequality, (iii) is satisfied when t ≥ 3Cε(n logN∞)1/2/B,

12
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(iv) follows from an integration, and (v) is derived from taking an = 16CεB(n logN∞)1/2/3 ≥

3Cε(n logN∞)1/2/B.

Similarly, the expectation of h2
n can be bounded as follows

EDn(h
2
n)

(i)

≤
∫
t>0

P

(
max

j

∣∣∣∣∣
n∑

i=1

[
{εi − EDn(εi | Xi)}(f̂n − fn)1(|εi|<C)

]
/vj∗

∣∣∣∣∣ > t1/2

)
dt

(ii)

≤a2n +

∫ ∞

a2n

2N∞ exp
[
−t
/{

8C2
εn+ 8CεB(tn)1/2

/(
3
√
logN∞

)}]
dt

(iii)

≤ a2n +

∫ ∞

a2n

2N∞ exp{−3t1/2(logN∞/n)1/2/(16CεB)}dt

(iv)

≤ a2n + 4N∞ exp

{
−3an(logN∞/n)1/2

16CεB

}(
16CεBan

3(logN∞/n)1/2
+

28C2
εB2n

9 logN∞

)
(v)

≤ 28C2
εB2n logN∞

9
+

210C2
εB2n

9
+

210C2
εB2n

9 logN∞
,

where (i) is due to the property of the expectation, (ii) follows from the Bernstein inequality,

(iii) is satisfied by choosing
√
t ≥ 3Cε(n logN∞)1/2/B, (iv) follows from an integration, and

(v) is derived from taking an = 16CεB(n logN∞)1/2/3 ≥ 3Cε(n logN∞)1/2/B.

Combining the results, we can get

T7 ≤
2Cε

n
+ EDn

[
hn

n

{
(logN∞/n)1/2 +

1

n

}]
+

1

n

{
EDn

(
h2
n

)}1/2 × (EDn∥f̂n − f∗∥22
)1/2

≤2Cε

n
+

16CεB logN∞

3n
+

32CεB
3n

+
8CεB(logN∞)1/2

3n3/2
+

16CεB
3n3/2

√
logN∞

+
1

n

(
28C2

εB2n logN∞

9
+

210C2
εB2n

9
+

210C2
εB2n

9 logN∞

)1/2

×
(
EDn∥f̂n − f∗∥22

)1/2
. (S5.3)

Step 5: Combining error bounds. Combining the bounds of T5, T6, and T7 given by

13
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(S5.1), (S5.2), and (S5.3), we can bound the term T2 as follows

EDn

[
En{εi(f̂n − fn)}

]
≤3C2

Kb
2β + EX(fn − f∗)

2/4 + EDn

{
En(f̂n − f∗)

2
}
/8

+ Ct log(1/b)b+
2Cε

n
+

16CεB logN∞

3n
+

32CεB
3n

+
8CεB(logN∞)1/2

3n3/2
+

16CεB
3n3/2

√
logN∞

+
1

n

(
28C2

εB2n logN∞

9
+

210C2
εB2n

9
+

210C2
εB2n

9 logN∞

)1/2

×
(
EDn∥f̂n − f∗∥22

)1/2
≲b2β + log(1/b)b+

1

4
∥fn − f∗∥2 +

1

8
EDn

{
En(f̂n − f∗)

2
}

+
logN∞

n
+

(
logN∞

n

)1/2 (
EDn∥f̂n − f∗∥22

)1/2
.

S6 Proof of Theorem 1

Combining all the terms together, we can get the excess risk

EDn∥f̂n − f∗∥22

≤T1 + 4T2 + 2T3

≤ logN∞

n

(
211B4/9 + 26B2/3

)
+

1

n

(
212B4/9 + 18B + 27B2/3

)
+

1

n logN∞

(
212B4/9

)
+

(logN∞)1/2

n3/2
26B2/3 +

1

n3/2(logN∞)1/2
27B2/3

+ 12C2
Kb

2β + EX(fn − f∗)
2 + EDn

{
En(f̂n − f∗)

2
}
/2

+ 4Ct log(1/b)b+
8Cε

n
+

26CεB logN∞

3n
+

27CεB
3n

+
25CεB(logN∞)1/2

3n3/2
+

26CεB
3n3/2

√
logN∞

+
4

n

(
28C2

εB2n logN∞

9
+

210C2
εB2n

9
+

210C2
εB2n

9 logN∞

)1/2

×
(
EDn∥f̂n − f∗∥22

)1/2
+ 2T3.

Since |a − b| ≤ 2a1/2c + d implies a − 2b ≤ 2d + 4c2 for positive numbers a, b, c, d, we

14
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match each term in the above inequality as follows

EDn∥f̂n − f∗∥22

≤ logN∞

n

(
212B4/9 + 27B2/3

)
+

1

n

(
213B4/9 + 36B + 28B2/3

)
+

1

n logN∞

(
213B4/9

)
+

(logN∞)1/2

n3/2
27B2/3 +

1

n3/2(logN∞)1/2
28B2/3 + 24C2

Kb
2β + EDn

{
En(f̂n − f∗)

2
}

+ 23Ct log(1/b)b+
24Cε

n
+

27CεB logN∞

3n
+

28CεB
3n

+
26CεB(logN∞)1/2

3n3/2
+

27CεB
3n3/2

√
logN∞

+
26

n2

(
28C2

εB2n logN∞

9
+

210C2
εB2n

9
+

210C2
εB2n

9 logN∞

)
+ 6T3.

Incorporating the term EDn

{
En(f̂ − f∗)

2
}
at right by Lemma 3, we can get

EDn∥f̂n − f∗∥22

≤ logN∞

n

(
212B4/3 + 27B2

)
+

1

n

(
213B4/3 + 108B + 28B2

)
+

1

n logN∞

(
213B4/3

)
+

(logN∞)1/2

n3/2
27B2 +

1

n3/2(logN∞)1/2
28B2 + 48C2

Kb
2β

+ 24Ct log(1/b)b+
25Cε

n
+

28CεB logN∞

3n
+

29CεB
3n

+
27CεB(logN∞)1/2

3n3/2
+

28CεB
3n3/2

√
logN∞

+
1

n

(
215C2

εB2 logN∞

9
+

217C2
εB2

9
+

217C2
εB2

9 logN∞

)
+ 12T3

≲
logN∞

n
+ b2β + b log(1/b) + T3.

Then we complete the proof of Theorem 1.

S7 The VC-dimension and the pseudodimension for neural net-

works

We first provide the formal definition of the VC-dimension and pseudodimension.
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Definition 1. (Shattering,VC-dimension, Györfi et al., 2002, Definitions 9.5, 9.6) Let A be

a class of subsets of Rd, and let n ∈ N. For D∗
n = {z1, . . . , zn}, where zi ∈ Rd for i = 1, . . . , n,

define s(A,D∗
n) = |{A ∩ D∗

n : A ∈ A}|. The n-th shatter coefficient of A is defined as

S(A, n) = max
D∗

n

s(A,D∗
n). (S7.1)

Let A be a class of subsets of Rd with A ̸= ∅. The Vapnik–Chervonenkis dimension (VC-

dimension) of A is defined by

VCdim(A) = sup{n ∈ N : S(A, n) = 2n}. (S7.2)

Definition 2. (Pseudodimension, Bartlett et al., 2019, Definition 2) Let F be a class of

functions from X to R. The pseudodimension of F , denoted as Pdim(F), is the largest

integer m for which there exist {z1, . . . , zm} in Xm and {a1, . . . , am} in Rm such that for any

(b1, ..., bm) ∈ {0, 1}m, there exists f ∈ F such that

∀i ∈ {1, . . . ,m}, f(zi) > ai ⇐⇒ bi = 1.

The VC-dimension and pseudodimension are both defined to characterize the complexity

of a functional class. In our context, we specify the functional class Fn as the deep ReLU neu-

ral network functional class and aim to bound the covering numbers supDn
N∞(1/n,Fn,Dn).

Following Bartlett et al. (2019), for a functional class F , we define VCdim(F) = VCdim{sgn(F)},

where

sgn(F) = {sgn(f) : f ∈ F}, (S7.3)

and sgn(x) is an indicator function of whether x is positive or not. It is known that

16
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VCdim(F) ≤ Pdim(F) (Anthony and Bartlett, 1999, Theorem 14.1). Moreover, if F is

a neural network functional class, we can identify another functional class F ′ with one

more parameter and one more layer, such that Pdim(F) ≤ VCdim(F ′). Thus, we can con-

clude that Pdim(F) ≍ VCdim(F). We aim to obtain a bound for the covering number

supDn
N∞(1/n,Fn,Dn). By Theorem 12.2 in Anthony and Bartlett (1999) and the VC-

dimension bounds, the VC-dimension satisfies

ST log(S/T ) ≲ VCdim(Fn) ≲ ST log(S).

According to Bartlett et al. (2019), for n ≥ Pdim(F),

log
{
sup
Dn

N∞(1/n,Fn,Dn)
}
/n ≤Pdim(F) log{en2B0/Pdim(F)}/n

≲ST log(S) log(n)/n. (S7.4)

This inequality implies Corollary 1.

S8 Proof of Corollary 2

Given the error bound in Corollary 1 and approximation error in Lemma 5, to get the

consistency, we let S → ∞, and ST log(S) log(n)/n → 0 as n → ∞.

To get the optimal convergence rate, we need to balance the stochastic error term and

the approximation error term in

EDn∥f̂n − f∗∥22 ≲
1

n
ST log(S) log(n) + n−2β/(2β+d) log n+ (NM)−4β/d.
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From Lemma 5, the network width and depth satisfyW = O(N logN) and T = O(M logM).

Moreover, for a feedforward network, the size satisfies S = O(W2T ). Therefore,

1

n
ST log(S) log(n) ≲ 1

n
W2T 2 log(S) log(n)

≲
1

n
N2M2 log4(n),

where we used logN ≲ log n and logM ≲ log n for polynomial choices of N and M . Thus,

to attain the minimax rate (up to logarithmic factors), it is sufficient to choose (N,M) so

that

(NM)2

n
≍ n−2β/(2β+d) and (NM)−4β/d ≍ n−2β/(2β+d),

which is achieved by taking NM ≍ nd/(4β+2d). We provide two illustrative specifications

corresponding to different width/depth scalings.

Fixed depth, increasing width. Set M fixed and N ≍ nd/(4β+2d). Then Lemma 5 implies

W = O(nd/(4β+2d) log n) and T = O(1), and thus S = O(W2T ) = O(nd/(2β+d) log2 n). The

first term of (4.3) becomes

ST log(S) log(n)/n ≲ nd/(2β+d)−1 log4(n) = n−2β/(2β+d) log4(n).

Fixed width, increasing depth. Alternatively, set N fixed and M ≍ nd/(4β+2d) (so that

still NM ≍ nd/(4β+2d)). Then W = O(1) while T = O(M logM) = O(nd/(4β+2d) log n), and
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hence S = O(W2T ) = O(nd/(4β+2d) log n). Therefore,

ST log(S) log(n)/n ≲ {nd/(4β+2d) log n}{nd/(4β+2d) log n} log n log n/n

≲ nd/(2β+d)−1 log4(n) = n−2β/(2β+d) log4(n).

In both cases, the remaining two terms in (4.3) can be controlled by n−2β/(2β+d) (up to

logarithmic factors), which yields (4.4). Motivated by the common viewpoint that depth

can be more important than width for ReLU networks (e.g., Vardi et al. (2022)), we present

the increasing-depth / bounded-width regime in Corollary 2 as the main-text illustration.

S9 Proof of Corollary 3

According to Jiao et al. (2023), under Assumption 3, by applying Theorem 6.2 in Jiao et al.

(2023) and Corollary 1, we obtain that, given N , M , and the bandwidth b = n−1/(2β+dM) ∧

n−2β/(2β+dM), the excess risk can be bounded by

EDn∥f̂n − f∗∥22 ≲ST log(S) log(n)/n+ n−2β/(2β+dM) log n+ ⌈β⌉4dd3⌈β⌉−2
M (NM)−4β/dM .

By balancing the stochastic error and approximation error, we further establish a bound of

order n−2β/(2β+dM) log4 n.
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S10 Convergence Rate of the NW Estimator for Conditional Den-

sity Estimation

In this section, we provide a self-contained derivation showing that the Nadaraya–Watson

(NW) type kernel estimator for conditional density estimation can achieve the minimax

optimal rate when appropriate higher-order kernels are employed.

Let K(·) and L(·) be kernel functions and by, bx be bandwidths for y and x, respectively.

The NW estimator can be written as the ratio of a joint density estimator and a marginal

density estimator:

f̂NW (y | x) := f̂XY (x, y)

f̂X(x)
=

∑n
i=1 Kby(Yi − y)Lbx(Xi − x)∑n

i=1 Lbx(Xi − x)
,

where f̂XY (x, y) = n−1
∑n

i=1Kby(Yi − y)Lbx(Xi − x) and f̂X(x) = n−1
∑n

i=1 Lbx(Xi − x),

with Kby(u) = K(u/by)/by and Lbx(v) = L(v/bx)/b
d
x.

Assume that f∗(y | x) belongs to the β-Hölder class on [0, 1]d+1, the kernels K and L

are of order β (i.e.,
∫
ujK(u) du = 0 for j = 1, . . . , ⌊β⌋ − 1 and similarly for L), and fX(x)

is bounded away from zero on [0, 1]d.

Using a standard change-of-variables and Taylor expansion argument (similar to the

proof of Lemma 1, but applied to both x and y), the kernel estimators satisfy:

E{f̂XY (x, y)} = fXY (x, y) +O(bβx + bβy ), E{f̂X(x)} = fX(x) +O(bβx).

A Taylor expansion of the ratio f̂XY (x, y)/f̂X(x) around its population counterpart fXY (x, y)/fX(x) =

f∗(y | x) yields a pointwise bias of O(bβx + bβy ) and thus a squared bias of O(b2βx + b2βy ).

Moreover, since
∫
K2

by
= O(1/by) and

∫
L2
bx

= O(1/bdx), we have var{f̂XY (x, y)} =
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O{(nbdxby)−1}. The ratio structure, combined with the assumption that fX(x) ≳ 1, implies

var{f̂NW (y | x)} = O{(nbdxby)−1}.

Consequently, the integrated mean squared error (IMSE) satisfies:

E
∫ ∫ {

f̂NW (y | x)− f∗(y | x)
}2

dy dx ≲ b2βx + b2βy +
1

nbdxby
.

Balancing the bias and variance terms by setting bx ≍ by ≍ n−1/(2β+d+1) yields the minimax

optimal rate:

IMSE ≲ n−2β/(2β+d+1).

This rate matches the minimax lower bound for conditional density estimation when the

risk is integrated over both x and y, where the effective nonparametric dimension is d + 1.

Note that achieving this rate requires kernels of order β; the original analysis by Hyndman

et al. (1996) focused on the case β = 2 with second-order kernels.
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