Statistica Sinica: Supplement

Supplement to “A VARIATION-RATIO TEST FOR VOLATILITY
JUMPS USING NOISY HIGH FREQUENCY DATA”

Guangying Liu, Kewen Shi and Zhiyuan Zhang
Nanjing Audit University, Nanjing Audit University

Shanghai University of Finance and Economics

Supplementary Material
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In this supplementary material, K denotes a generic constant that may change from line
to line. We shall from time to time use K, instead of K to emphasize that it depends on
an additional parameter p. By a standard localization procedure of, e.g., Ait-Sahalia and
Jacod (2014), the local boundedness of the processes b,g, b,0,o and & can be replaced by
the boundedness (uniformly in (w,t)) condition: b,b,b,0,5 and & are bounded. Following
Jacod and Protter (2012), we also assume that X is bounded.

Note that the following notation are adapted from that of [Li, Liu, and Zhang (2022).

To further simplify our notation, we define
O, =1/n and A, =16, =1,/n.

In what follows, we shall use £ to denote the conditional expectation with respect to the

o-field F;s, . For each n, we define the function

kn—1
() = D G5 (G-1)50.36,1(5);
j=1

which is bounded uniformly in n and equals zero for s > (k, — 1), and s < 0. Define

s+t s+t
X(n,s) = / bugn(u — s)du + / Tugn(u — 8)dW,,
0 0
Fen—1

s+t t
C(n,s) = / o2gn(u— 5)’du, C; = / olds, = Z (g?)QA?HC.
0 0

Jj=1

Note that the processes X (n,s); and C(n,s); vanish for ¢ < 0 and are constant for ¢ >

(ky — 1)6,. It is also readily seen that X, = X (n,i0,)k,s,. Additionally, we define

s+t s+t
B(n,s); = 2/ X(n,$)ybugn(u — s)du and M(n,s), = 2/ X(n, $)yougn(u — s)dW,.
0 0
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By 1to’s formula, we have

X(n,s)* = B(n,s) +C(n,s) + M(n,s). (S0.1)

S1 A Lemma

We need a lemma to prove Proposition 1 of the main text. To this end, we make the following

notations for decomposing V(;41,)5, — Vis,.:

In—kn—1
n 1 " ~ 3 T
n(L,0); = Dakld D et — il
1 In—kn—1
n Yt 2 n ot
n2,0); = Dokildn D X)) = ey — (X)) + ],
=0
9 In—kn—1
M3 W)= Yokl Y Kot — X i)
1 In—kn—1

n(4, ) = Dokild, > (@) = @),

05, 1)} = —W i Z FetntsY)* = (ALY,
1 lnfkn 1

n(6,1,); = W Z [(X + €4, +j) 1|Yl+ln+]\>u1n (X +€z+]) 1|Y |>u1n]
ke 3

n(7,0)i = okl 0 Z [(Ji+ln+j)21|??+ln+j\<u1,n—(Ji+j)21\?§‘+j|<u1,n]a
y i

N8, 1) = Dok ld, > X+ € it o, cu, = X° +€z+j<]z+y1|yzﬂ\<u1n]-

Jj=0
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With the above notations, we can rewrite the increment 7/(;14,)s,

We further define:

where

When m = i, we simply write 7(j, [,,)7 instead of 7(j, [,,);

of {n(j4,1

Zw,

(H—l Vzdn

v n E,:mén An 17 A7
1L )im = X Wiitt)suts — Wis,+5)ds,
n 0
v n 2072n§ ln_kn_l v n ~ n
02, 1) = Yok A (121,15 — 12)i ),
2hvpnB=an =0
9 In—kn—1
o n mén T T/ =n
13, )i Yok A W ittnts€istnrs — Witi€is)s

i+kn
= / / nls — i6,)dW,ogn(u — i6,)dW,.
is 5.

— Uy, as follows,

(S1.2)

for j = 1,2, 3, which are estimates

n)i h<j<s. The following lemma, which provides estimates for the bounds of relevant

approximation errors and quantities, is adapted from Lemma 1 of Li, Liu, and Zhang (2022)

and contains additional new results. We provide it and its proof below for completeness.

Lemma 1. Suppose that Assumption 1 with 9 > r, and conditions r > 0,

0<by < % hold. Then,

103, )7 "

N3

En(3, )i — < K (k,')2,

%<91<1, and

(S1.3)
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and

)

Ei"’n(l, ln)?V < Kr(ln(sn)%> E?|77(2’ln)?‘7" < Kr(kn/ln)%a

EPn(3,1)7" < Kr(kaladn) ™2, E7|n(4,1L)71" < Ko (k3lady) "2, (S1.4)

and for a positive integer q with q < r,

1
Ern(6,1,)70 < Koy ", (SL5)

q—1
E'nG, )" < K[ufgﬁﬂu(%) uf?;ﬁll, j=T1.8, (S1.6)

where inequalities ) also hold when 1(j,1,,)? is replaced by 1(j,1,)? for j =1,2,3. For

r <1, then

(L —B1602)+(r—1)01

En(6,0,)7" < Kobn : (S1.7)

K5£L€1_%)T—91(kn5n)%7 r < BI/Q’
E7 (i )7 " < j=7,8  (SL8)

—Lyr— r—
Kéiz,el 20 (knén)uin IBl; (e ﬁ1/27

Proof. When J = 0, a straightforward adaptation of the proof of Lemma 1 in [Li, Liu, and

Zhang (2022) yield the results in (M) and (M) under the condition ¥ > r. It also readily

follows from the proof of Lemma 1 in Li, Liu, and Zhang (2022) that the results in ()

and () hold when J # 0.

We next prove the result in (S1.6). By equation (2.1.47) of Jacod and Protter (2012),
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similarly to the procedure used for obtaining (A.4) in Jing, Liu, and Kong (2014), we have

. K (kn0,)™Pr, for r < f,
EX|[Ti I A nl” < (S1.9)

K (kn6,)uy nﬁl, for r > 5.

By noting that Lyri<urn < 17t <ou, + 1lm?l>m,n’ we obtain

. X+ 71T _ o (Radn) ppt
E |1 [(X<ete), |>u1n’ Ez W <K o < Kn( 214 (8110)
1771 l,n
for any ¢ > 0. Then, set
In
ﬁ(77l Z JH—] 1\J2+]\<2u1n (Slll>
§=0

To obtain the result in () for j = 7, by Holder’s inequality, the arbitrariness of ¢ in

(), and the condition 0, < 1/4, it suffices to show the result in (S1.6) with n(7,1,)"

being replaced by 7(7,1,)". For 1 < j; < jo, by (), we have

Ezn(‘]z—l—jl)21\JZ+]1|<2u1,n(‘]z+j2) |JZ+32|<2u1,n
- Ein[(j?*jl>21|Jz+11‘<2“1,nE?+j2*1<‘_]?+J2) 1|Jz+12\<2ul,n] < K(ky 5nu% n61> . (S1.12)

Similarly, for any positive integer ¢, we have

Eﬂﬁ(ﬁ k)i |

IN

kqlq [Oq (enbut257 )+ CI (b8t 252 )02, 4 O (kb2 2

n \!
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Hence, we have proved the result in () for j = 7. The result in () for j = 8 follows
similarly.
We now turn to the result in () It suffices to prove that the result in () holds

with (6, 1,)" being replaced with

Yo" \2
c >N
Z(X + €4 j) Lyr s,

For any positive integer ¢, by 15 < Hmﬁﬂlmmﬂ T LT s 2 and Holder’s

n
i+j|2u1,n i

inequality, we have

l q
n L S~eer e
B (k:nlnén jZO(X +€iy;) 1Yz1j2u1,n>

!
1 n S 2
N (knln0,)? Z B (X +€yy) 1‘??+]-1|2u17n (X F €y, 1|7?+jq\2u1,n
j17"'7jq:1
1 I
S K q Z EZLl‘Vln+]1|2U1,n e ]_l?Zqu'Zul,n
(1)

jlz"' 7jq:1

I q
mn 1 -
| & ! 1 & q
KE}! (E Z; 1lﬂ+jlzu1,n/2> R (E 2 llwﬁjpm’m) |
j:

j=1

IN

By (), it suffices to show that the result in () holds with 7(6,1,)! being replaced

with

!
IR
1(6,1,); = T E 1|j?+j|2ul’n- (S1.13)
J=1
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. N1
Letting of" = 1775, , we have

EP||T7| A w1l

EMa" < K < Kkpbpup 2t < Ko(1/25102), (S1.14)
Ui,n ’
Hence, for 0 < j; < jo, we obtain
En‘CkH-jl H—p‘ En(‘gz—i—jl‘ l-‘r‘jz‘&l-‘r‘jz‘)
< KEP(|af, ;, |0/200)) < o 520/2=002), (S1.15)

Similarly, for any positive integer ¢, by (), it follows easily that

En|az+31 itjz z+j | < Koy (/2= 6102) (81'16>

where n, is the number of distinct elements in the set I, = {ji1,j2, - - , jq}. Thus, by ()

and (), we have

BV, KTIT < Ko (1003500 4 g G Bm0) g gl

< K [57(11/2*5192)11_|_(57(11/2*5192)+(Q*1)91)} < K57(11/2*/5192)q’ (81.17)

where we use the fact % — (109 — 01 < 0 in the last step. Hence, we complete the proof of

the result in () O

S2 Proof of Propositions 1, 2 and 3

Proof of Proposition 1. We only prove the result in (3.9) of the main text for §; = 3/4. The

proofs of the rest results are quite similar and hence omitted.
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We prove the result in (3.9) for 6; = 3/4 when J = 0. Recalling () and by triangle

inequality (for p < 1) and Minkowski inequality (for p > 1), one readily sees that it suffices

to show

P_1 _g[”ﬂ—ﬂn . . n|p P ¢ 2~2 2 2 g

il Y Y 0GPy (500 507 ) ds: (52.18)
=0  j=1 0 1
nt|—2l,

- 7g[ ] 8 b

ns et YD n( l)pP — 0. (S2.19)
i=0  j=5

We prove the result in () first. Using the notations listed right before Lemma 1 and by

simple calculations, we obtain

B2 GHL 1)1 = 257, A, \

B = S B 0p (),

B, )0 = 250 0t 1 0n (15 ). (52.20)
B, 1,)7)? = 83;” ;*,fgll 7+ 0r (5 )

For notational convenience, we let n(],ln)? = n(j,1,)" for j = 4. Then, by Lemma 1, we

have

njw

4 2 . 1\ 2
n Y n _ 2 E
+Op (z;%) +Op (zn )
Note that each (I,,6,)~ /2 2?21 1(J,1,)" has (conditionally on F;5, ) mean zero and a variance

of the form 2675 + 27 /i + op(1) and is (conditionally on Fi;,) asymptotically normal.
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Then,
4 P 5 \ B
n _p 2. 2%’5” :
E} (1) ZZ = up(gafm 2 ) +op (1)
Therefore, we obtain, for 6, = 3/4,
[nt]—2l, p , [nt]—21, 4 P
o D =ntlet ) B\ i)
i=0 = =0 j=1
2, 2 5\
Lup/ ( §+—27§> ds. (S2.21)
0o \3 €1
Now in order to obtain (), it remains to show
[nt]—2l, 4 4
p_ n v n P
nS7H D onG LT =1 G L) = 0, (52.22)
i=0 | j=1 j=1
[nt]—2l, 4 4
D __ v/ o n n . n P
ns! (I > 010, W) = B i, ) Ip) — 0. (52.23)
i=0 j=1 J=1

For (), it suffices to prove ns ! ZEZ];QZ" (g, L) — (7, 1,)r P L 0forj=1,--- .4,
which are direct consequences of Lemma 1. As to (), by Lemma 2.2.11 of Jacod and

Protter (2012), it is sufficient to prove

—2ln

Z I 0, =120 4,
=0

mw

which are again direct consequences of Lemma 1.

We now turn to deal with () To this end, it suffices to prove

[nt]—2l,
ni-1 Z 110G, 1) L0, j=5,---,8 (52.24)

1=0
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It is easily seen that the result in () with j = 5 is a direct consequence of Lemma 1.

Let [p] be the ceiling function in p, i.e., the minimum integer greater than or equal to p.

Hence, 0 < ( 7 < 1 for p > 0. In order to prove () with j = 6, by (), we have, for

p >0,
[nt]—2lx [nt]—2l,
nf70 ST BN 6, L) < nfT N (B n(6,1,)7] ") B
1=0 1=0

< Kns (5(1/2 B102)p _ K(s(g B102— 8)

Therefore, by 03 < 1/4 and ; < 1, we obtain the result in () with j = 6 for p > 0.

We now prove the result in () with 7 = 7. When p > 1, by Lemma 1, we have

L
[p]

nS B |n(7,0.)7 P < n¥ (B} |n(7,1,)7|™)

IN

Kn¥ (n_92(2—ﬁ1)p + n(l_el_%)(p_%)_ez’@p_%ﬁl))

| /\

—02(2—B1)+3) +n( —01—202+3 )P+(9251*%+91)ﬁ>

| /\

( p(—02(2—B1)+ % +n3 **91 202+3 )P+(9251*%+91))

IN

K (np-02-80+1) Jrn((%—91)p—é+61)—92(2p—ﬁ1))’

where we use the fact that 6,8, — 3 4+ 0; > 0. Hence, we obtain the result in () with

7 = Tfor p > 1 provided that the condition 6, >

(5—861 )p—4+80
o B)\/ 8(;ppﬁ ! holds. When 6, = 3/4

and (5—860;)p—4+860, =2—p < 1for p > 1 hold, the condition 05 > ST readily implies

8(2— 5
that () holds with j = 7 for p > 1. When p < 1, we have

ns EPn(7,1,)' P < (Enyn n(7,1,)7)? < KnP*~ 02(2-P1)+5)
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Hence, the condition 0, > m readily implies that () holds with j = 7 for p < 1.
Therefore, under the condition 6, > ) ﬁ , we have that () holds with j = 7 for p > 0.

The result in () with j = 8 follows similarly. Therefore, we have proved the results in

(52.24) and (52.19). O

Proof of Proposition 2. We prove the result in (3.11) when J~7é 0. Setting a,, = Zfl;l(g;?)Q,

we have

ln—kn+1 In—kn+1 j1+kn—1 IN(kpn—1)
n _ n n\2
E : Citj = 2 : 2 : (gl—h l-HC E :Al-&-z § : (gj)
71=0 71=0 l—j1+1 J=1v(l+kn—1-1y)
In—Fkn+2 kn—2 kn—1
= E : Az—l—lo—'_ E § g] l+zO+ § : E (gj) l+zC
l=kp—1 =1 j=1 I=ln—kn+3 j=l+kn—1-1y
(ln—kn+2)6x kn—2
= an/ s+u5nds+ § : E g] l—H
(kn—2)n =1 j=1
kn—1

+ Z Z (gg ) l-HC

I=ln—kn+3 j=l+kn—1-1p

Hence, we have

1 (ln—kn+2)8
n(1,0,)r = Dok AL (p, /(kn2)6 (U(Qi+zn)5n+s - 0§6n+s)d3
kn—2 1
+ Z Z Al C = AlLC)

kn—1

+ Z Z (g?)Q( it C — AZ_HC) . (52.25)

I=ln—kn+3 j=l+kn—1-1n
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Noting that

kn—2 1 kn
LY Z 93 A?Jrzﬂ C— AL C)| < Kk EP Z ‘AlnwLiJrlnC - Al+zc‘
=1 j=1 =1
kn (i4+1)on L L
<K@§yw/ wmﬁ,mﬂngmm%@%pg K(1,6,)2,
i+1—1)6

and a, = Zflfl(g?)Q = ok, + O(1), we obtain that

n(L ) = A_/( (U(2i+ln)5n+s_Ui25n+s)d8+OP

fon—2)0

1 B 2 2 (lnén)%
= A_n . (U(i+ln)5n+s - Ui5n+s>d5 + Op A, | (52.26)

Furthermore,

(L) = (1 0L)7 + A / (Jatt)onts — Jionrs)ds
(i+1n)on +s __ (i4+1n) n—i—s .
/ / b duds + — / / — 045, ) AW, ds
n+$ n+s

1,6,)3
= ﬁ(l,w+ﬁ<1,zn>?+0p<<znan>%>+op<(k R ) (s2.27)
where
1[5 ~ ~
n(1,0,); = A_/ ((ittn)6nts — Jisn+s)ds. (52.28)
n J0O

Then, we have, for p > s,

[nt]—2l, [nt]—2lx

— — - n 1 — n T
atn Y ML = Y ML Y AP, (52.29)

i=0 =0 0<s<t
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Hence, to obtain the result in (3.11), it suffices to show
[nt]—2l,
'™ ST (L L) - 0, (S2.30)
=0
[nt]—2ln
'™ N G L) 0, =2, 8. (S2.31)
i=0

By Lemma 1 and p > max{2, 42%1__91)}, we obtain () and results in () with j =

2,3,4,5. Similarly to the proof of the result in () with j = 6, by the condition

p > 1292_5?2)2, we obtain the result in () with j = 6. However, the condition p >

4(1—01)
7 201—1

2(1—61)
1-28162

max{2 } suggests p > since 1/2 < 0; < 1,60, < 1/4, and ; < 1. By the same

arguments as that used in the proof of the result in () with j = 7, we have that

[nt]—2ly,
e S G < K () o)
=0

< K (n1791*p92(2*51) + n(%*Gl)er%*@z(?p*Bﬂ) )

Hence, the condition # > p(12_—0511) Vv (12?22&)5;;1 readily implies the result in () with j = 7.

Similarly to the proof of the result in () with j = 8, we obtain the result in ()

with 7 = 8. Therefore, we complete the proof of the result in (3.11) of the main text. [J

Proof of Proposition 3. We only prove the result in (3.9) for TV, (v; ¢1, 61)} when j;«é 0. The

proofs of the other results are similar and hence omitted.

By the proof of Proposition 1, (), and (), we obtain

[nt]—2l, | 8 p

TR D DD ST AR (WA

i=1 |j=1
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Then, it remains to prove

p p

8

ZU(J} ln)?

J=1

8

S 06 ) - AL L)Y

J=1

5.

[nt]—2ly
p—8
n% Z
=1

L nGiinypi<usn —

Note that we have, for any p > 0 and v > 0, the following inequality,

Pt Pyl

o i

12+ Y lpsyy — 27| < K { + ([l AP+ LpsalzP (Jyl A 7)} (52.33)

where r; and 7, are two arbitrary positive constants. By (), setting x = Z?:g n(g, 1)+
n(1,0,)}, yv=mn(1,0,)" and v = uy, in (), one readily sees that it suffices to prove the

following,

[nt]—2ly, P -
p_8 nG WL P .
n's )™+ 9(1,1 Sl 250, j=2,---,8 (S2.34
; Z" 7y bn)i (1, 1) o J (52.34)
[nt]—2In p U(l I )n -
DY Z” G )2+ (L, L) | [ —— 50, (S2.35)
=1 2n
[nt]—2l, 4 ﬁ(l I )n o
n's S 16 T 1 I A A2 Ny} $2.36
ZZI Zn Gy )it + 711 1) o (52.36)
[nt]—2l,
p—8
n's 3 (L 1)I] A us)? — 0, (52.37)
=1
[nt]—2lp, 8 p—1

n's Z Z ALY (7L L) A ugw) = 0. (S2.38)

We deal with the above statements one by one. For the result in (), by Holder’s
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inequality, we have

[nt]—2l, | 8 P 77(1 I )n -
=8 - n 4 n ym Jq
WY S nGr ] |
=1 j=2 2,n
: !
[nt]—2lp 8 apy o [nt] =20 | br
. & L)+ (1, 1,)" 1 UICTD
~ D [ QoG LT+ (L L)) oo ] (s23)
i=1 J=2 i=1 n

where a,b > 1and 1 + 1 =1. By () and letting a — 1, we obtain that the first term

in () is bounded in probability. Then, by the arbitrariness of r1, it is enough to prove

r

TI(].; ln)z < Kn*’}g i = 1’ 2’ cee [nt] — 2ln7 (S240>

U2 n

B

7

for some r > 0 and v > 0. This is a direct consequence of Eii(1,1,)"| = Op((1,6,)2) =

Op(nolgl) and 0y < =%, Hence, we have proved the result in ()

1-61

Similarly, by Lemma 1, one readily sees that the condition 6, < =

in () with j = 2,3,4,5,6. As to the results in () with j = 7 and j = 8, due to

implies the results

Lemma 1, it suffices to deal with the case of j = 7. To this end, by (S1.6) and £; < 1, we

obtain that

77<77 ln)?

u2,n

< K(S(Q*ﬁl)92*94 ]

— n

L}

Hence, the condition 6, < (2 — (31)0; leads to the result in () with 7 = 7.
We next turn to (S52.36¢). Similarly to the proof of the result in (), it suffices to
prove the result in () with 7(1,1,)? being replaced by 7(1,1,)". By (), we have

Ern(1,1,)7| < K(1,6,) < Kn®~1. Then, the condition 6, < =% implies (52.36).
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As to (), similarly to how we obtain result in (), we obtain that, for r > 0,

K(1,0,)7/%2,  for r < f3s,
EF|(L L) | A ugn|” < (S2.41)

K(1,6,)ub,”,  for r > Bs.

When p < 5, we have

[nt]—2ly
_ _ (B2+861—8)
En's " (L0 A ug, )| < Kn'S n(l,8,7/% < Kn" 5%
=1

where note that §, + 801 — 8 < 0 because ¢; = 3/4 and B < 1. Hence, we obtain the result

n () when p < 8. When p > 3, we have

[nt]—2l,
L n% Z (17(1, )3 | A ugn)?| < Kn%gn(lné )ugnﬁ2 < KnE+t01-1)=01(p—B2) (S2.42)

i=1

Hence, the condition 6, > & J(rsf 7y implies the result in () when p > fs.

We finally deal with () By Holder’s inequality and p > 1, we have

_8 _ n
ST Lot Y00 L)+ AL (AL L)Y A us)
=1 7j=2
p—1 1
1 [nt]—2l, 8 P\ P 1 [nt]—2l, » P
<= D |t Q0 )i+ (L)) =D R L) A )(5943)
i=1 j=2 =1

By (), we obtain that the first term in () is bounded in probability. Then, we

obtain the result in (E23§) by (5243) and the condition 6, > pgel&)s O
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S3 Proofs of Theorems 1 and 2

Proof of Theorem 1. By delta method, (3.12) and (3.8) of the main text, it suffices to prove

1-6;
n 2

t
_1lyp_q1 2 n S
oy, n 2V (v e, 01), —szg/o veds

t
Uz, @ =81(20)) 5V, (v; 200, 017 — Mp2§/ yids
0

28 ['S.dB,,  (S3.44)

where
2 2
(e i a2 [ i) (s,
Zt Zt: 9 _2 = R
a2 [ mE)ds o2 [ o]\ S
—4 0

and B is a standard two-dimensional Brownian motion. We need some additional notations.
Let ¢ be an arbitrary positive integer, which is allowed to go to infinity. Let J,,(¢) = Ju.(q) =
[([nt] —4l,)/(2(q+2)l,,)] denote the number of big blocks with common time span 2(g+2)A,,.

Define

am(q) == (m—=1)2(q+2)l,,  bn(q) == am(q) +2ql,,  Sm = an(q),
form=1,2,---,J,(q). Define the set of integers:
Am(q) ={i 2 am(q) <@ <bn(@)},  Bm(q) ={i:bnlq) < i <amii(g)}

For i€ An(q)UBm(q),j = 1,2, define

261 —1

g(j)Zm = (jcl)in 4 (ﬁ(27jln)2am(q) + ﬁ(gajln)Zam(q) + 77(47jln)?) :
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Note that, conditional on F;, 5., £(j)i,, is asymptotically normal with mean zero and vari-

ance of the form 292 s + op(1). Moreover, we have
Er |€O)ma" = w284 5 +op(1). (S3.45)
For j = 1,2, by (), we can now decompose U7, in () as follows:

t
Un=ns (nwl—%)’z’—l(jcl)%(u;jcl,eo?—up2’z’ / ) M“uzfzyw,
0

ji=1
where
- Jn(q) bm(q) JIn(q)
M = S (G — BRIEG)P) | 60 =n2" S D
m=1 i:am(q) m=1
. [nt]—2jlp , » ] p
1— o1 20p-1
RO, = n7 )| )(]Cl)zn i (Z (41, 5ln) 1, 5ln) >6n
i=0 =1 =

l\.‘)\»—ﬂ

]C1

1-6, nt] =2l 291 1 4
rop, = Y ( IR

Jn(q) [am+1(q)—1

n = 61 A\ n A\
R(S)j,t = Z (|§(])z,m|p - Esm|§(j)z,m|p) 671
m=1 i=bm (q)+1
[nt]—2jln
1-6;

i=Jn(9)2(q+2)ln+1
In(2)2(g+2)ln

n 1-0y n AN 4 ¢
RER, = oS B0 — 2t / \ds | |
0

1=0

and
bm (CI)

Dro= Y (166Gl = B2 1€G)EIP) | 6.

i:am(q)
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Hence, it suffices to prove

e L (D, .
Yl Y L= / 5. dB,. (S3.46)
My "\ D5, ’

as ¢,n — oo; and, for any v > 0,

lim limsup P(|R(j1)5;| >v) =0, j=12, ji=1,---,5. (S3.47)

=0 psoo
For (), we only prove the case of j = 1. The case of j = 2 can be treated similarly.

By (), it follows from the property of Riemann integral that () holds for j; = 5.
It is also straightforward that () holds for j; = 3,4. For the case of j; = 1, it suffices

to show

[nt]—2ly
e VE G N i )i 50, =158, (33.48)
=0

as n — oo. The result in (83.48) with jo = 1 follows straightforwardly from () and
1/2 < 0; < 3/4. The result in (83.4§) with jo» = 5 is a direct consequence of ()
Similarly to how we obtain the result in () with j = 6, the conditions p > 1, §; < 1,

and 6, < 1/4 imply p > % and hence the result in () with jo = 6. By similar

arguments to that used in proving () with j =7, we have

[nt]—2l,

n®P-DF-(G+5) Z E™ |n(7, 1)
1=0
< Kne-D3-G+p+1 (n—pe2(2—,61) +n(%—el—zez)pﬂazﬁl—%wl))

< K (n(p—l)%(%—g)—p%@—ﬁn 4 n—(p—l)%+g—e2(2p—ﬁl>> ‘
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. 201 (p—1)+2— 201 (p—1) N with 4
Hence, the condition 6, > 1i§(2 );1) BV e pﬂ leads to the result in () with j, = 7.

Likewise the similar arguments to that of obtaining () with j = 8 leads to the

result in () with jo = 8. We finally turn to proving () with j; = 2. By Minkowski

inequality, it suffices to prove, for any fixed ¢,

[nt]—2lx,

0 DFGED ST G, 1) = i ) 20, 2 =2,3,  (83.49)

=0

as n — oo. This is a direct consequence of the result in () and p > 1. Hence, we have
proved the result in () It remains to deal with ()
We now prove the result in () To proceed, we need to introduce sequences (indexed

by n and ¢) of continuous-time filtrations (J"?);>o defined by

Fo, for t € [0,2ql, + 81,0,);
A (83.50)

Fons, fort € [am(q)on + 4lnon, @mi1(q)0n + 41,0,), m=2,...
Note that J,,(q) = Jn+(q) = m — 1 for t € [a;n(q)dn + 41000, Ams1(q)0n + 41,0,), m=2,... It
is easily verified that, for fixed n and ¢, (M J" 0,7 = 1,2, are martingales with respect to
the filtration (74,"?);>¢ defined in () Hence, by Theorem 2.2.15 in Jacod and Protter

(R012), it suffices to show that

i t
— n D P ..
n'=" Z Esm ( ji,m ]2 m) } /0 2321]2 sds,  Ji1,J2=1,2, (S3.51)
Jn(q
S (o) oo s o2

Jn(q
1— 0
' Z E" (D, (Now@én — Nan@sn)) — 0, j=1,2, (S3.53)
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as n and ¢ go to infinity, where N is either one of the entries of (W, W) or any other bounded
martingale orthogonal to both W and w.

Recall that, conditional on F, s, , §(j)7,, is asymptotically normal with mean zero and
variance of the form 27§m5n + op(1). Additionally, it is easily verified that the sequences
£(7)7,,|7 are uniformly integrable under the condition ¥ > 2p. To illustrate, straightforward

calculations yield that, for a,,(q) < i1,i2 < b,(q),

( - k2
22 ! |“ LI (—;) 0 < |i1 — ia] < Ly,
m n n 2 l - |Zl - Z2| 7% . .
Esm (6(1)11,m§<1)12,m) = T Ysmon o1 2l O Z_Q ) l'ﬂ S ‘7'1 - 12| S 2ln7
k2
Op (l—;) , otherwise;

EY (6@ 6D ) =

=2y + (ia —11), 1y <idg —iy < 2,
—(ig—11), 0<iy—1i5 <l,,

— 2y — i), —lp <iy—iy <0,

Op (%) + %% X Qdl, —2(ig — 1), —2l, <iy—iy < —ly,
Uy + (ia —i1), —3lp <ip—iy < =2,

— 4, — (ig —17), —4l, < iy — i3 < =3,

0, otherwise.
\

Therefore, the result in () is an immediate consequence of the classical result that

convergence in distribution, supplemented by uniform integrability, entails convergence in
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moments.

By Lemma EI and Holder’s inequality, we have ET (D;fm)zl < Kn*®=Y_ Hence, the
result in () follows. Similarly to how (A.12) is proved in Vetter (2015), the result in
() is an easy consequence of an application of Itd’s lemma and properties of normal

distributions. We are done. L]

Proof of Theorem 2. The reasoning is largely analogous to the proof of Theorem 6 in Ait-
Sahalia and Jacod (2009). Nevertheless, for the sake of completeness, we present the proof
in full detail below.

We first prove the result lim,_,o, P(T), < z4|S210) = o under the null hypothesis. It
follows from Theorem 1 that, when o is continuous, 7T, converges stably to N(0,1). This

further implies that for any F-measurable subset B of €2,
P({T, < zo} N B) — aP(B). (S3.54)

Nonetheless, we are primarily concerned with the case where o is discontinuous but the

observed path is continuous on [0, 7. To this end, we introduce the process

t t
I/t(c) =+ / by ds + / os dWs.
0 0

By changing v to (% in the price-volatility model (2.1), we obtain a price process X with

continuous volatility. Put an additional superscript (c) for the variables defined on the basis

—_— C)

of X, writing, for example, Téc), fOT ¥2ds , and T, Then, by applying () to the
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price process X(©, we have P ({T,Sc) < zZap N B) — aP(B) for any B € F. However,
on the set Q7 where X9 = X, for all ¢ € [0,7], we have T, = T,”, and hence {T}\ <
20} N Qo = {T,, < zo} N Qrp. Therefore, P ({T}, < 2o} N Qro) — aP(Qrp), completing
the proof of the result under the null hypothesis as long as P(Qr() > 0.

We next turn to the result under the alternative hypothesis. It follows from Proposition 3
and the construction of the estimator for the asymptotic variance in (3.16) that, irrespective

of whether the volatility process ¢ is continuous,

—

T b [T
/ ¥2ds —» / Y2ds
0 0

3 201—1 1
<t <3, 4(2151) < th <3, B <

19—61 and p(201—1)+4(6:1—1) <

i 1
under the conditions 20, 1 1052

2

20, —1

0, < 1

. By the consistency of the asymptotic variance estimator, Proposition 3, and the

results in (3.13), we readily obtain that for any € > 0,

P M >e,Qr1 | =0, (S3.55)

\/ fOT Y:2ds

—

or equivalently, (Tn — 2_1> /( fOT ¥2ds)'/? = op(1), conditional on 7, and provided that
P(Qr,) > 0. Additionally, we have that, for any p > 2,

(27t —2%) (271 —2%)

VT I

Therefore, conditional on Q7 and provided that P(£21;) > 0, we obtain
o (B2 o)

\/fOT Y2ds \/fOT Y2ds

op(1). (S3.56)

Op(1),
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1-61

completing the proof of T,, = Op(n™2 ).

For any fixed p > 2 and € > 0, we introduce the following positive constant

(2t —2t)
K=————+1——=
\/fOT Y:2ds
and events
(Tu” - 2_1> (271 —2%)
gl,n,s = ——| > € and 52,11,5 = — + K|>¢
7 x2ds i w2ds
It follows directly from () and () that
P(€17n75, QTJ) — 0 and P((F/‘Q’n,a) —0 (8357)

for any € > 0. Let &, . and &

fne 55, denote the complements of &, . and &, .. Now for any

M > 0, we have that, under the conditions p > 2 and % < < %,

P(Tn 2 _M7 QT,I)

- (Tn -~ 2—1>
1
= P n 2 +

p

(27t —22

) + K| -K > _Ma glc,n,K/37 5267717K/37 QT’l

\/fOT Y2ds \/fOT Y2ds
o [(B-27) o2y

+P|nz2 ——~ + ——
\/fOT Y2ds \/fOT Y2ds

1-6
<P <_nTlK/3 > —M> + P(&1n,x/3: 11) + P(Eanic/3)

+K | —K| >2-M,& ,k3UE K3, Q)

— 0,

where the last convergence follows from () and the fact that —n 2 K /3 < —M
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for sufficiently large n. This completes the proof of T, £ _~ conditional on Qr, and

lim,, oo P(T}, < 24|Q71) = 1 as long as P(Qr;) > 0.
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