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Section S1 are some preliminaries. Section S2 provides important intermediate results, including

the consistency and convergence rates of initial estimators (γ̌, τ̌) and proofs. Section S3 provides

detailed proofs of Theorems 1–3 in the main text. Section S4 provides additional details and

studies of simulation.

S1 Preliminaries

Notations: Unless otherwise specified, the norm ∥ · ∥ refers to the Eu-

clidean/Frobenius norm for a vector/matrix.

Inverse of a 2× 2 block matrix: Let a (K + 1)× (K + 1) matrixM be
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partitioned into a block form

M =

 A b

bT d

 ,

where A is a K × K matrix, b is a K dimensional column vector, d is a

constant. Then, Theorem 2.1 of Lu and Shiou (2002) shows that

M−1 =

 A−1 + 1
k
A−1bbTA−1 − 1

k
A−1b

− 1
k
bTA−1 1

k

 , (S1.1)

where k = d− bTA−1b .

S2 Intermediate lemmas

We first prove some intermediate results given in the following lemmas,

which are useful for the proof of main theorems.

Lemma S1. Suppose Assumption 2 and regularity conditions (C1)–(C4)

in Appendix A.1 hold. We have ∥(γ̌, τ̌)− (γ0, τ0)∥
p−→ 0.

Proof. Recall that (γ̌, τ̌) = argmin(γ,τ)∈Γ×T Q̂N(γ, τ) with

Q̂N(γ, τ) = GK(γ, τ)
TΘ̂−1

(K+1)×(K+1)GK(γ, τ). (S2.1)

where

Θ̂(K+1)×(K+1) =

 1
N

∑N
i=1 uK(Zi, Ai, Xi)uK(Zi, Ai, Xi)

T 0

0T 1

 .
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Note that if the basis functions are orthonormalized, then Θ̂(K+1)×(K+1) =

IK+1 as indicated in Remark 2. We maintain this general notation here for

the sake of clarity. Meanwhile, the true value (γ, τ) = argmin(γ,τ)∈Γ×T Q(γ, τ)

with

Q(γ, τ) = E{gK(O;γ, τ)}TΘ−1
(K+1)×(K+1)E{gK(O;γ, τ)},

where

Θ(K+1)×(K+1) =

 E{uK(Z,A,X)uK(Z,A,X)T} 0

0T 1

 .

In what follows, we will show that

sup
(γ,τ)∈Γ×T

∣∣∣Q̂N(γ, τ)−Q(γ, τ)
∣∣∣ p−→ 0. (S2.2)

Then by the general theory about consistency of M-estimators (van der

Vaart, 1998, p. 45), the consistency of (γ̌, τ̌) follows immediately. By the
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triangle inequality,

∣∣∣Q̂N(γ, τ)−Q(γ, τ)
∣∣∣

≤
∣∣∣[GK(γ, τ)− E{gK(O;γ, τ)}]T Θ̂−1

(K+1)×(K+1) [GK(γ, τ)− E{gK(O;γ, τ)}]
∣∣∣

(S2.3)

+
∣∣∣E{gK(O;γ, τ)}T

{
Θ̂−1

(K+1)×(K+1) −Θ−1
(K+1)×(K+1)

}
E{gK(O;γ, τ)}

∣∣∣
(S2.4)

+ 2
∣∣∣E{gK(O;γ, τ)}TΘ−1

(K+1)×(K+1) [GK(γ, τ)− E{gK(O;γ, τ)}]
∣∣∣ .

(S2.5)

Next we show (S2.3)–(S2.5) are all op(1). Consider the term (S2.3). Let

λmax(A) (resp. λmin(A)) denote the maximum (resp. minimum) eigenvalue

of a matrix A. Then we have

|(S2.3)|2 ≤ ∥GK(γ, τ)− E{gK(O;γ, τ)}∥2
∥∥∥Θ̂−1

(K+1)×(K+1) [GK(γ, τ)− E{gK(O;γ, τ)}]
∥∥∥2

≤ λmax

(
Θ̂−2

(K+1)×(K+1)

)
∥GK(γ, τ)− E{gK(O;γ, τ)}∥4, (S2.6)

where the last inequality holds due to the inequality of the Frobenius norm

∥AB∥2 ≤ λmax(A
TA)∥B∥2 for matrices A,B. Note that

λmin

(
Θ̂(K+1)×(K+1)

)
= min

[
λmin

{
1

N

N∑
i=1

uK(Zi, Ai, Xi)uK(Zi, Ai, Xi)
T

}
, 1

]
,
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and

λmin

{
1

N

N∑
i=1

uK(Zi, Ai, Xi)uK(Zi, Ai, Xi)
T

}

= min
∥ν∥=1

νT

{
1

N

N∑
i=1

uK(Zi, Ai, Xi)uK(Zi, Ai, Xi)
T

}
ν

= min
∥ν∥=1

νTE {uK(Z,A,X)uK(Z,A,X)T} ν

+ min
∥ν∥=1

νT

{
1

N

N∑
i=1

uK(Zi, Ai, Xi)uK(Zi, Ai, Xi)
T − E {uK(Z,A,X)uK(Z,A,X)T}

}
ν

≥ λmin (E {uK(Z,A,X)uK(Z,A,X)T})

−

∥∥∥∥∥ 1

N

N∑
i=1

uK(Zi, Ai, Xi)uK(Zi, Ai, Xi)
T − E {uK(Z,A,X)uK(Z,A,X)T}

∥∥∥∥∥
= c− op(1),

for some consistent c > 0, where the last equality is by Assumption 2(i)
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and

E


∥∥∥∥∥ 1

N

N∑
i=1

uK(Zi, Ai, Xi)uK(Zi, Ai, Xi)
T − E {uK(Z,A,X)uK(Z,A,X)T}

∥∥∥∥∥
2


=
1

N
E
{∥∥∥uK(Z,A,X)uK(Z,A,X)T − E {uK(Z,A,X)uK(Z,A,X)T}

∥∥∥2}
≤ 1

N
E
{∥∥∥uK(Z,A,X)uK(Z,A,X)T

∥∥∥2}
=

1

N
E{uK(Z,A,X)TuK(Z,A,X)uK(Z,A,X)TuK(Z,A,X)}

≤ 1

N
sup

(z,a,x)∈Z×{0,1}×X
∥uK(z, a, x)∥2 · E

{
∥uK(Z,A,X)∥2

}
≤ 1

N
sup

(z,a,x)∈Z×{0,1}×X
∥uK(z, a, x)∥2 ·Kλmax (E {uK(Z,A,X)uK(Z,A,X)T})

=
1

N
·O
{
ζ(K)2

}
·K ·O(1) = O

{
ζ(K)2K/N

}
= o(1). (S2.7)

Then we have

λmax

(
Θ̂−2

(K+1)×(K+1)

)
= λmin

(
Θ̂(K+1)×(K+1)

)−2

= Op(1). (S2.8)
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Note that

E
{
∥GK(γ, τ)− E{gK(O;γ, τ)}∥2

}
= E


∥∥∥∥∥ 1

N

N∑
i=1

gK(Oi;γ, τ)− E[gK(O;γ, τ)]

∥∥∥∥∥
2


=
1

N
E
{
∥gK(O;γ, τ)− E[gK(O;γ, τ)]∥2

}
≤ 1

N
E
{
∥gK(O;γ, τ)∥2

}
=

1

N
E
[
{Y − h(W,A,X;γ)}2 ∥uK(Z,A,X)∥2

]
+

1

N
E
[
{τ − h(W, 1, X;γ) + h(W, 0, X;γ)}2

]
=

1

N
sup

(z,a,x)∈Z×{0,1}×X
∥uK(z, a, x)∥2 · E

[
{Y − h(W,A,X;γ)}2

]
+O(1/N)

=
1

N
·O
{
ζ(K)2

}
O(1) +O(1/N) = O

{
ζ(K)2/N

}
= o(1). (S2.9)

By Chebyshev’s inequality, we have ∥GK(γ, τ)−E{gK(O;γ, τ)}∥ = op(1).

Combining (S2.6), (S2.8) and (S2.9) yields that (S2.3) = op(1). Next, we

consider the term (S2.4). We have

|(S2.4)|2 ≤
∥∥∥Θ̂−1

(K+1)×(K+1) −Θ−1
(K+1)×(K+1)

∥∥∥2 ∥E{gK(γ, τ)}∥4.
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Note that

∥∥∥Θ̂−1
(K+1)×(K+1) −Θ−1

(K+1)×(K+1)

∥∥∥2
=
∥∥∥Θ̂−1

(K+1)×(K+1)

{
Θ̂(K+1)×(K+1) −Θ(K+1)×(K+1)

}
Θ−1

(K+1)×(K+1)

∥∥∥2
≤λmax

(
Θ̂−2

(K+1)×(K+1)

)∥∥∥{Θ̂(K+1)×(K+1) −Θ(K+1)×(K+1)

}
Θ−1

(K+1)×(K+1)

∥∥∥2
≤λmax

(
Θ̂−2

(K+1)×(K+1)

)
λmax

(
Θ−2

(K+1)×(K+1)

)∥∥∥Θ̂(K+1)×(K+1) −Θ(K+1)×(K+1)

∥∥∥2
= Op(1) ·O(1) ·Op

{
ζ(K)2K/N

}
= op(1). (S2.10)

where the last equality follows Assumption 2(i), (S2.7) and (S2.8). More-

over,

∥E{gK(γ, τ)}∥2

= E[{Y − h(W,A,X;γ)}uK(Z,A,X)]TE[{Y − h(W,A,X;γ)}uK(Z,A,X)]

+ |E{τ − h(W, 1, X;γ) + h(W, 0, X;γ)}|2

≤ λmax{uK(Z,A,X)uK(Z,A,X)T}E[{Y − h(W,A,X;γ)}uK(Z,A,X)]T

× E{uK(Z,A,X)uK(Z,A,X)T}−1E[{Y − h(W,A,X;γ)}uK(Z,A,X)] +O(1)

≤ λmax{uK(Z,A,X)uK(Z,A,X)T}E[{Y − h(W,A,X;γ)}2] +O(1)

= O(1),
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where the second inequality is because

E[{Y − h(W,A,X;γ)}uK(Z,A,X)]TE{uK(Z,A,X)uK(Z,A,X)T}−1

× E[{Y − h(W,A,X;γ)}uK(Z,A,X)]

= E
∣∣E[{Y − h(W,A,X;γ)}uK(Z,A,X)]TE{uK(Z,A,X)uK(Z,A,X)T}−1uK(Z,A,X)

∣∣2
=: E

{
aK(Z,A,X)2

}
,

and aK(Z,A,X) is the least squared projection of Y − h(W,A,X;γ) onto

the space linear spanned by {uK(Z,A,X)}. It follows that (S2.4) = op(1).

We can also show (S2.5) = op(1) following a very similar procedure as in

calculating (S2.3) and (S2.4). Therefore, for each (γ, τ) ∈ Γ× T , we have

|Q̂N(γ, τ)−Q(γ, τ)| = op(1).

We next derive the uniform convergence. Note that

1

2

∥∥∥∇γ,τ Q̂N (γ, τ)
∥∥∥2

=

∥∥∥∥∥∥∥∥
 − 1

N

∑N
i=1 uK(Zi, Ai, Xi)∇γh(Wi, Ai, Xi;γ)

T 0

− 1
N

∑N
i=1 ∇γ {h(Wi, 1, Xi;γ)− h(Wi, 0, Xi;γ)}T 1


T

Θ̂−1
(K+1)×(K+1)GK(γ, τ)

∥∥∥∥∥∥∥∥
2

=

∥∥∥∥∥
{

1

N

N∑
i=1

∇γh(Wi, Ai, Xi;γ)uK(Zi, Ai, Xi)
T

}{
1

N

N∑
i=1

uK(Zi, Ai, Xi)uK(Zi, Ai, Xi)
T

}−1

×

{
1

N

N∑
i=1

{Y − h(Wi, Ai, Xi;γ)}uK(Zi, Ai, Xi)

}∥∥∥∥∥
2

(S2.11)

+

∥∥∥∥∥
{

1

N

N∑
i=1

∇γ {h(Wi, 1, Xi;γ)− h(Wi, 0, Xi;γ)}

}{
1

N

N∑
i=1

{τ − h(Wi, 1, Xi;γ) + h(Wi, 0, Xi;γ)}

}∥∥∥∥∥
2

+

∣∣∣∣∣ 1N
N∑
i=1

{τ − h(Wi, 1, Xi;γ) + h(Wi, 0, Xi;γ)}

∣∣∣∣∣
2

.
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Consider the term (S2.11). We denote

Ξ̂ =

{
1

N

N∑
i=1

uK(Zi, Ai, Xi)uK(Zi, Ai, Xi)
T

}−1 {
1

N

N∑
i=1

uK(Zi, Ai, Xi)∇γh(Wi, Ai, Xi;γ)
T

}
,

(S2.12)

Then Ξ̂TuK(z, a, x) is the ℓ2projection ∇γh(w, a, x;γ) onto the space lin-

early spanned by {uK(z, a, x)}. Thus we have

1

N

N∑
i=1

∥∥∥Ξ̂TuK(Zi, Ai, Xi)
∥∥∥2 ≤ 1

N

N∑
i=1

∥∇γh(Wi, Ai, Xi;γ)∥2 .

Then, by Cauchy-Schwarz inequality, we have

(S2.11) =

∥∥∥∥∥ 1

N

N∑
i=1

{Y − h(Wi, Ai, Xi;γ)}Ξ̂TuK(Zi, Ai, Xi)

∥∥∥∥∥
2

≤ 1

N

N∑
i=1

{Y − h(Wi, Ai, Xi;γ)}2 ·
1

N

N∑
i=1

∥∥∥Ξ̂TuK(Zi, Ai, Xi)
∥∥∥2

≤ 1

N

N∑
i=1

{Y − h(Wi, Ai, Xi;γ)}2 ·
1

N

N∑
i=1

∥∇γh(Wi, Ai, Xi;γ)∥2 .

By the uniform laws of large numbers, with regularity conditions (C1)–(C4),

Lemma 2.4 of Newey and McFadden (1994) implies that supγ∈Γ (S2.11) =

Op(1). With some similar arguments, we finally obtain sup(γ,τ)∈Γ×T ∥∇γ,τ Q̂N(γ, τ)∥ =

Op(1). Similarly, we can obtain sup(γ,τ)∈Γ×T ∥∇γ,τQ(γ, τ)∥ = Op(1). Then

the uniform convergence (S2.2) follows immediately from Corollary 2.2 of

Newey (1991), indicating consistency of (γ̌, τ̌).

Lemma S2. Suppose Assumption 2 and regularity conditions (C1)–(C4)

in Appendix A.1 hold. We have ∥(γ̌, τ̌)− (γ0, τ0)∥ = Op(N
−1/2).
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Proof. Recall that (γ̌, τ̌) minimizes (S2.1), so it should satisfy the first-order

condition

∇γ,τGK(γ̌, τ̌)Θ̂
−1
(K+1)×(K+1)GK(γ̌, τ̌) = 0.

By the mean value theorem, we have

0 = ∇γ,τGK(γ0, τ0)Θ̂
−1
(K+1)×(K+1)

√
NGK(γ0, τ0)

+∇γ,τGK(γ̃, τ̃)Θ̂
−1
(K+1)×(K+1)∇γ,τGK(γ̃, τ̃)

T

(√
N(γ̌ − γ0)√
N(τ̌ − τ0)

)
+
√
NGK(γ̃, τ̃)

TΘ̂−1
(K+1)×(K+1)

×
[
∂2GK(γ̃, τ̃)

∂γ1∂γT
(γ̌ − γ0), . . . ,

∂2GK(γ̃, τ̃)

∂γp∂γT
(γ̌ − γ0),0K+1

]
.

(S2.13)

where (γ̃, τ̃) lies between (γ̌, τ̌) and (γ0, τ0). We only need to show

∇γ,τGK(γ0, τ0)Θ̂
−1
(K+1)×(K+1)

√
NGK(γ0, τ0) = Op(1), (S2.14)

∇γ,τGK(γ̃, τ̃)Θ̂
−1
(K+1)×(K+1)∇γ,τGK(γ̃, τ̃)

T = Op(1), (S2.15)

√
NGK(γ̃, τ̃)

TΘ̂−1
(K+1)×(K+1)

×
[
∂2GK(γ̃, τ̃)

∂γ1∂γT
(γ̌ − γ0), . . . ,

∂2GK(γ̃, τ̃)

∂γp∂γT
(γ̌ − γ0),0K+1

]
= op(1).

(S2.16)

To show (S2.14), note that by computing the second moment and using
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Chebyshev’s inequality, we have

∥GK(γ0, τ0)∥ = O
(√

K/N
)
, (S2.17)

∥∇γ,τGK(γ0, τ0)−BT

(K+1)×(p+1)∥ = O
(√

K/N
)
, (S2.18)∥∥∥∥∂2GK(γ0, τ0)

∂γj∂γT
− E

{
∂2gK(O;γ0, τ0)

∂γj∂γT

}∥∥∥∥ = O
(√

K/N
)
, j = 1, . . . , p.

(S2.19)

Combining (S2.10), (S2.17), (S2.18) and Assumption 2(i), we have

∇γ,τGK(γ0, τ0)Θ̂
−1
(K+1)×(K+1)

√
NGK(γ0, τ0)

= BT

(K+1)×(p+1)Θ
−1
(K+1)×(K+1)

√
NGK(γ0, τ0) + op(1).

Computing the variance of BT

(K+1)×(p+1)Θ
−1
(K+1)×(K+1)

√
NGK(γ0, τ0) yields

that

∥∥∥var{BT
(K+1)×(p+1)Θ

−1
(K+1)×(K+1)

√
NGK(γ0, τ0)

}∥∥∥
=

∥∥∥BT
(K+1)×(p+1)Θ

−1
(K+1)×(K+1)E{gK(O,γ0, τ0)gK(O,γ0, τ0)

T}Θ−1
(K+1)×(K+1)B(K+1)×(p+1)

∥∥∥
= E

[∥∥∥BT
(K+1)×(p+1)Θ

−1
(K+1)×(K+1)gK(O,γ0, τ0)

∥∥∥2
]

= E


∥∥∥∥∥∥∥∥
 −E{uK(Z,A,X)∇γh(W,A,X;γ0)

T} 0

∇γ {h(W, 1, X;γ0)− h(W, 0, X;γ0)} 1


T

Θ−1
(K+1)×(K+1)gK(O,γ0, τ0)

∥∥∥∥∥∥∥∥
2


= E

[∥∥∥∥E{
∇γh(W,A,X;γ0)uK(Z,A,X)T

}{
EuK(Z,A,X)uK(Z,A,X)T

}−1

× {Y − h(W,A,X;γ0)}uK(Z,A,X)

∥∥∥∥2
]

(S2.20)

+
{∥∥E[∇γ {h(W, 1, X;γ0)− h(W, 0, X;γ0)}]

∥∥2
+ 1

}
E
[
{τ0 − h(W, 1, X;γ0) + h(W, 0, X;γ0)}2

]
.
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Consider the term (S2.20). We denote

Ξ = E {∇γh(W,A,X;γ0)uK(Z,A,X)T} {EuK(Z,A,X)uK(Z,A,X)T}−1 ,

Then ΞTuK(z, a, x) is the L2projection ∇γh(w, a, x;γ0) onto the space lin-

early spanned by {uK(z, a, x)}. Thus we have

E
[
∥ΞTuK(Z,A,X)∥2

]
≤ E

[
∥∇γ0h(W,A,X;γ0)∥2

]
.

Then by Cauchy-Schwarz inequality and the regularity condition (C3), we

have

(S2.20) = E
[
∥Y − h(W,A,X;γ0)Ξ

TuK(Z,A,X)∥2
]

≤ E
[
{Y − h(W,A,X;γ0)}2

]
· E
[
∥ΞTuK(Z,A,X)∥2

]
≤ E

[
{Y − h(W,A,X;γ0)}2

]
· E
[
∥∇γ0h(W,A,X;γ0)∥2

]
<∞.

Then we have

var
{
BT

(K+1)×(p+1)Θ
−1
(K+1)×(K+1)

√
NGK(γ0, τ0)

}
= O(1),

and (S2.14) holds. To show (S2.15), note that

∇γ,τGK(γ, τ)Θ̂
−1
(K+1)×(K+1)∇γ,τGK(γ, τ)

T =

 M
(1)
p×p(γ) M

(2)
p×1(γ)

M
(2)
p×1(γ)

T 1

 ,
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where

M
(1)
p×p(γ) =

{
1

N

N∑
i=1

∇γh(Wi, Ai, Xi;γ)uK(Zi, Ai, Xi)
T

}{
1

N

N∑
i=1

uK(Zi, Ai, Xi)uK(Zi, Ai, Xi)
T

}−1

×
{

1

N

N∑
i=1

uK(Zi, Ai, Xi)∇γh(Wi, Ai, Xi;γ)
T

}

+

{
1

N

N∑
i=1

∇γ{h(Wi, 1, Xi;γ)− h(Wi, 0, Xi;γ)}
}{

1

N

N∑
i=1

∇γ{h(Wi, 1, Xi;γ)− h(Wi, 0, Xi;γ)}
}T

,

and

M
(2)
p×p(γ) = − 1

N

N∑
i=1

∇γ{h(Wi, 1, Xi;γ)− h(Wi, 0, Xi;γ)}.

Recall the definition of Ξ̂ in (S2.12). By the triangle inequality, we have

∥M (1)
p×p(γ)∥ ≤ 1

N

N∑
i=1

∥∥∥Ξ̂TuK(Zi, Ai, Xi)
∥∥∥2 + 1

N

N∑
i=1

∥∇γ{h(Wi, 1, Xi;γ)− h(Wi, 0, Xi;γ)}∥2

≤ 1

N

N∑
i=1

∥∇γh(Wi, Ai, Xi;γ)∥2 +
1

N

N∑
i=1

∥∇γ{h(Wi, 1, Xi;γ)− h(Wi, 0, Xi;γ)}∥2 ,

where the last inequality is similar to the calculation of (S2.11). Meanwhile,∥∥∥M (2)
p×p(γ)

∥∥∥ ≤ 1

N

N∑
i=1

∥∇γ{h(Wi, 1, Xi;γ)− h(Wi, 0, Xi;γ)}∥2 .

Then (S2.15) holds under regularity conditions (C3)-(C4). Finally, prov-

ing (S2.16) is similar to proving sup(γ,τ)∈Γ×T |Q̂N(γ, τ) − Q(γ, τ)| p−→ 0 in

Lemma S1. We can first obtain that for each (γ, τ) ∈ Γ×T and j = 1, . . . , p,

GK(γ, τ)
TΘ̂−1

(K+1)×(K+1)∂
2GK(γ, τ)/∂γj∂γ

T

− E{gK(O;γ, τ)}TΘ−1
(K+1)×(K+1)E{∂

2gK(O;γ, τ)/∂γj∂γ
T} = op(1).

Then, it can be strengthened to achieve uniform convergence over (γ, τ) ∈

Γ × T . Then, in light of the facts that ∥γ̃ − γ0∥ ≤ ∥γ̌ − γ0∥
p−→ 0 and
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E [gK (O;γ0, τ0)] = 0, we can obtain (S2.16). Combining (S2.13)–(S2.16)

yields that ∥(γ̌, τ̌)− (γ0, τ0)∥ = Op(N
−1/2), then it completes proof.

Lemma S3. Suppose Assumption 2 and regularity conditions (C1)–(C4)

in Appendix A.1 hold. We have

V
−1/2
K


√
N(γ̂ − γ0)

√
N(τ̂ − τ0)

 d−→ N
(
0, I(p+1)×(p+1)

)
,

where K → ∞ as N → ∞.

Proof. We define (γ̄, τ̄) = argmin(γ,τ)∈Γ×T QN(γ, τ) with

QN(γ, τ) = GK(γ, τ)
TΥ−1

(K+1)×(K+1)GK(γ, τ).

We prove this lemma by first showing that

V
−1/2
K


√
N(γ̄ − γ0)

√
N(τ̄ − τ0)

 d−→ N
(
0, I(p+1)×(p+1)

)
, (S2.21)

and then showing 
√
N(γ̂ − γ̄)

√
N(τ̂ − τ̄)

 = op(1). (S2.22)

For term (S2.21). We can show that following a very similar procedure as

Lemma S1 ∥(γ̄, τ̄)− (γ0, τ0)∥ = op(1). By the definition of (γ̄, τ̄), it should
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satisfy the first-order condition

∇γ,τGK(γ̄, τ̄)Υ
−1
(K+1)×(K+1)GK(γ̄, τ̄) = 0.

By the mean value theorem, we have

0 = ∇γ,τGK(γ0, τ0)Υ
−1
(K+1)×(K+1)

√
NGK(γ0, τ0)

+∇γ,τGK(γ̃, τ̃)Υ
−1
(K+1)×(K+1)∇γ,τGK(γ̃, τ̃)

T

(√
N(γ̄ − γ0)√
N(τ̄ − τ0)

)
+
√
NGK(γ̃, τ̃)

TΥ−1
(K+1)×(K+1)

×
[
∂2GK(γ̃, τ̃)

∂γ1∂γT
(γ̄ − γ0), . . . ,

∂2GK(γ̃, τ̃)

∂γp∂γT
(γ̄ − γ0),0K+1

]
.

(S2.23)

where (γ̃, τ̃) lies between (γ̄, τ̄) and (γ0, τ0). Note that (S2.23) has the

same structure as (S2.13) except that the weighting matrix used in (S2.23)

is Υ−1
(K+1)×(K+1) while the weighting matrix used in (S2.13) is Θ̂−1

(K+1)×(K+1).

Using a similar argument of showing sup(γ,τ)∈Γ×T |Q̂N(γ, τ)−Q(γ, τ)| p−→ 0

in Lemma S1 and (S2.16), we can obtain that

∇γ,τGK(γ̃, τ̃)Υ
−1
(K+1)×(K+1)∇γ,τGK(γ̃, τ̃)

T

= BT

(K+1)×(p+1)Υ
−1
(K+1)×(K+1)B(K+1)×(p+1) + op(1), (S2.24)
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and

√
NGK(γ̃, τ̃)

TΥ−1
(K+1)×(K+1)

×
[
∂2GK(γ̃, τ̃)

∂γ1∂γT
(γ̌ − γ0), . . . ,

∂2GK(γ̃, τ̃)

∂γp∂γT
(γ̌ − γ0),0K+1

]
= op(1).

(S2.25)

Combining (S2.18), (S2.23), (S2.24) and (S2.25) yields that
√
N(γ̄ − γ0)

√
N(τ̄ − τ0)

 =
{
BT

(K+1)×(p+1)Υ
−1
(K+1)×(K+1)B(K+1)×(p+1)

}−1

×BT

(K+1)×(p+1)Υ
−1
(K+1)×(K+1)

√
NGK(γ0, τ0) + op(1).

Then

var


√
N(γ̄ − γ0)

√
N(τ̄ − τ0)

 =
{
BT

(K+1)×(p+1)Υ
−1
(K+1)×(K+1)B(K+1)×(p+1)

}−1

+ op(1)

= VK + op(1).

It follows that

V
−1/2
K


√
N(γ̄ − γ0)

√
N(τ̄ − τ0)

 = V
−1/2
K

{
BT

(K+1)×(p+1)Υ
−1
(K+1)×(K+1)

√
NGK(γ0, τ0)

}
+ op(1).

We next follow the multivariate central limit theorem for random linear

vector forms established in Eicker (1966) to show V
−1/2
K


√
N(γ̄ − γ0)

√
N(τ̄ − τ0)


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is asymptotically normal. Note that

√
NGK(γ0, τ0) =

 1√
N

∑N
i=1{Yi − h(Wi, Ai, Xi;γ0)}uK(Zi, Ai, Xi)

1√
N

∑N
i=1{τ0 − h(Wi, 1, Xi;γ0) + h(Wi, 0, Xi;γ0)}


=: Ã(K+1)×N(K+1)E ,

where

Ã(K+1)×N(K+1) =



1√
N
1T
N , 0T

N , 0T
N , · · · 0T

N , 0T
N

0T
N ,

1√
N
1T
N , 0T

N , · · · 0T
N , 0T

N

...
...

...
...

...

0T
N , 0T

N , · · · 0T
N , 0T

N ,
1√
N
1T
N


,

E =
(
vT

N,1, . . . , v
T

N,K ,w
T

N

)T
,

vN,k =


{Y1 − h(W1, A1, X1;γ0)}uKk(Z1, A1, X1)

...

{YN − h(WN , AN , XN ;γ0)}uKk(ZN , AN , XN)

 ,

wN =


τ0 − h(W1, 1, X1;γ0) + h(W1, 0, X1;γ0)

...

τ0 − h(WN , 1, XN ;γ0) + h(WN , 0, XN ;γ0)

 ,

for k = 1, . . . , K, and 1N (resp. 0N) denotes an N-dimensional column

vector whose elements are all of 1’s (resp. 0’s). Let A(p+1)×N(K+1) =
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BT

(K+1)×(p+1)Υ(K+1)×(K+1)Ã(K+1)×N(K+1). We have

BT

(K+1)×(p+1)Υ
−1
(K+1)×(K+1)

√
NGK(γ0, τ0) = A(p+1)×N(K+1)E .

Following Eicker (1966), (S2.21) holds if the following three conditions hold:

1. maxi=1,...,N(K+1) a
T
i

{
A(p+1)×N(K+1)A

T

(p+1)×N(K+1)

}−1

ai → 0, where ai

is the i-th column of A(p+1)×N(K+1);

2. supk∈{1,...,K},j∈{1,...,N} E
{
v2N,k,jI (|vN,k,j| > s)

}
→ 0 and

supj∈{1,...,N} E
{
w2

N,jI (|wN,j| > s)
}
→ 0 as s → ∞, where vN,k,j (resp.

wN,j) is the j-th component of vN,k (resp. wN);

3. infk∈{1,...,K},j∈{1,...,N} E(v2N,k,j) > 0 and infj∈{1,...,N} E(w2
N,j) > 0.

Condition 1 is naturally satisfied by the definition of Ã(K+1)×N(K+1). Con-

dition 2 is satisfied due to the dominated convergence theorem and the fact

supk∈{1,...,K} E{uKk(Z,A,X)2} ≤ λmax(E{uK(Z,A,X)uK(Z,A,X)T}) <∞

by Assumption 2(i). Condition 3 is satisfied due to the fact

infk∈{1,...,K} E{uKk(Z,A,X)2} ≥ λmin(E{uK(Z,A,X)uK(Z,A,X)T}) > 0

by Assumption 2(i). Then (S2.21) holds following Eicker (1966).

For term (S2.22). It suffices to prove

∥∥∥Υ̂(K+1)×(K+1) −Υ(K+1)×(K+1)

∥∥∥ = op(1).
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By definition, we have

∥∥∥Υ̂(K+1)×(K+1) −Υ(K+1)×(K+1)

∥∥∥2
=

∥∥∥∥∥ 1

N

N∑
i=1

{Yi − h(Wi, Ai, Xi; γ̌)}2 uK(Zi, Ai, Xi)
⊗2

− E
[
{Y − h(W,A,X;γ0)}2uK(Z,A,X)⊗2

] ∥∥∥∥∥
2

(S2.26)

+ 2

∥∥∥∥∥ 1

N

N∑
i=1

{Yi − h(Wi, Ai, Xi)}{τ̌ − h(Wi, 1, Xi) + h(Wi, 0, Xi)}uK(Zi, Ai, Xi)

− E [{Y − h(W,A,X)}{τ0 − h(W, 1, X) + h(W, 0, X)}uK(Z,A,X)]

∥∥∥∥∥
2

(S2.27)

+

∣∣∣∣∣ 1N
N∑
i=1

{τ̌ − h(Wi, 1, Xi; γ̌) + h(Wi, 0, Xi; γ̌)}2

− E
[
{τ0 − h(W, 1, X;γ0) + h(W, 0, X;γ0)}2

] ∣∣∣∣∣. (S2.28)

We next show that (S2.26) is op(1), and we can similarly obtain (S2.27) and

(S2.28) are op(1). Using the mean value theorem and triangle inequality,

we obtain∥∥∥∥∥ 1

N

N∑
i=1

{Yi − h(Wi, Ai, Xi; γ̌)}2 uK(Zi, Ai, Xi)
⊗2 − E

[
{Y − h(W,A,X;γ0)}2uK(Z,A,X)⊗2]∥∥∥∥∥

≤

∥∥∥∥∥ 1

N

N∑
i=1

{Yi − h(Wi, Ai, Xi;γ0)}2 uK(Zi, Ai, Xi)
⊗2 − E

[
{Y − h(W,A,X;γ0)}2uK(Z,A,X)⊗2]∥∥∥∥∥

+

∥∥∥∥∥(γ̌ − γ0)
T · 2

N

N∑
i=1

{Yi − h(Wi, Ai, Xi;γ
∗)}∇γh(Wi, Ai, Xi;γ

∗)uK(Zi, Ai, Xi)
⊗2

∥∥∥∥∥ ,
where γ∗ lies between γ̌ and γ0. The first term is op(1) by directly com-

puting its second-order moment like (S2.7) and using Chebyshev inequal-



S3. PROOFS OF MAIN THEOREMS

ity. The second term is Op(
√
K/N) = op(1), following from Lemma S2,

Assumption 2 and the fact

∥∥E{uK(Z,A,X)⊗2}
∥∥2 = λmax

(
E
{
uK(Z,A,X)⊗2

})
∥IK∥2 = O(1)·O(K) = O(K).

Then we complete the proof.

S3 Proofs of main theorems

S3.1 Proof of Theorem 1

Proof. Following Lemma S3, we only need to show that VK →

Vγ ∗

∗ Vτ

,

with Vγ and Vτ defined in Theorem 1. It then implies that
√
N(γ̂ − γ0)

d−→

N(0,Vγ) and
√
N(τ̂ − τ0)

d−→ N(0, Vτ ). Recall that

VK = {BT

(K+1)×(p+1)Υ
−1
(K+1)×(K+1)B(K+1)×(p+1)}−1.

Using the inverse matrix formula (S1.1), we have:

Υ−1
(K+1)×(K+1) =

 A−1
K×K + 1

c
A−1

K×KbKb
T
KA

−1
K×K , −1

c
A−1

K×KbK

−1
c
bT
KA

−1
K×K ,

1
c

 ,
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where

AK×K = E
[
{Y − h(W,A,X)}2uK(Z,A,X)⊗2

]
, (S3.1)

bK = E [{Y − h(W,A,X)}{τ0 − h(W, 1, X) + h(W, 0, X)}uK(Z,A,X)] ,

(S3.2)

c = E
[
{τ0 − h(W, 1, X) + h(W, 0, X)}2

]
− bT

KA
−1
K×KbK .

Then we have

BT

(K+1)×(p+1)Υ
−1
(K+1)×(K+1)B(K+1)×(p+1) =


Ãp×p b̃p

b̃T
p

1
c

 ,

where

Ãp×p = E{∇γh(W,A,X;γ0)uK(Z,A,X)T}

×A−1
K×K · E{uK(Z,A,X)∇γh(W,A,X;γ0)

T}+ cb̃pb̃
T

p , (S3.3)

b̃p =
1

c
E{∇γh(W,A,X;γ0)uK(Z,A,X)T}A−1

K×KbK

− 1

c
E
{

(−1)1−A

f(A | W,X)
∇γh(W,A,X;γ0)

}
. (S3.4)

Using the matrix inversion formula (S1.1) again, we can obtain that

VK =
(
BT

(K+1)×(p+1)Υ
−1
(K+1)×(K+1)B(K+1)×(p+1)

)−1

=

 Ã−1
p×p +

1
c̃
Ã−1

p×pb̃pb̃
T
pÃ

−1
p×p −1

c̃
Ã−1

p×pb̃p

−1
c̃
b̃T
pÃ

−1
p×p

1
c̃

 ,
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where

c̃ =
1

c
− b̃T

pÃ
−1
p×pb̃p.

Next, we show that

Ã−1
p×p +

1

c̃
Ã−1

p×pb̃pb̃
T

pÃ
−1
p×p = Vγ + o(1), (S3.5)

1

c̃
= Vτ + o(1). (S3.6)

We first prove (S3.5). Note that(
Ã−1

p×p +
1

c̃
Ã−1

p×pb̃pb̃
T

pÃ
−1
p×p

)
·
(
Ãp×p − c · b̃pb̃T

p

)
= Ip×p − c · Ã−1

p×pb̃pb̃
T

p +
1

c̃
Ã−1

p×pb̃pb̃
T

p −
c

c̃
Ã−1

p×pb̃pb̃
T

pÃ
−1
p×pb̃pb̃

T

p

= Ip×p −
1

c̃
·
{
c̃c · Ã−1

p×pb̃pb̃
T

p + c · Ã−1
p×pb̃pb̃

T

p · b̃T

pÃ
−1
p×pb̃p

}
+

1

c̃
Ã−1

p×pb̃pb̃
T

p

= Ip×p −
1

c̃
·
{
Ã−1

p×pb̃pb̃
T

p

}
+

1

c̃
Ã−1

p×pb̃pb̃
T

p

(
since cc̃ = 1− c · b̃T

pÃ
−1
p×pb̃p

)
= Ip×p.

We have

Ã−1
p×p +

1

c̃
Ã−1

p×pb̃pb̃
T

pÃ
−1
p×p =

{
Ãp×p − c · b̃pb̃T

p

}−1

. (S3.7)

Then, by (S3.1) and (S3.3), we have

Ã−1
p×p +

1

c̃
Ã−1

p×pb̃pb̃
T

pÃ
−1
p×p

=
[
E{∇γh(W,A,X;γ0)uK(Z,A,X)T} ·A−1

K×K · E{uK(Z,A,X)∇γh(W,A,X;γ0)
T}
]−1

=:
[
E{pK(Z,A,X)pK(Z,A,X)T}

]−1

,
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where

pK(Z,A,X) = E
[
∇γh(W,A,X;γ0)uK(Z,A,X)T

]
× E

[
{Y − h(W,A,X)}2uK(Z,A,X)⊗2]−1

×
√

E [{Y − h(W,A,X)}2 | Z,A,X]uK(Z,A,X)

= E

[
E{∇γh(W,A,X;γ0) | Z,A,X}√
E [{Y − h(W,A,X)}2 | Z,A,X]

√
E [{Y − h(W,A,X)}2 | Z,A,X]uK(Z,A,X)T

]

× E
[{√

E [{Y − h(W,A,X)}2 | Z,A,X]uK(Z,A,X)
}⊗2

]−1

×
√

E [{Y − h(W,A,X)}2 | Z,A,X]uK(Z,A,X).

Note that pK(Z,A,X) is the least squared projection of
E{∇γh(W,A,X;γ0) | Z,A,X}√
E [{Y − h(W,A,X)}2 | Z,A,X]

onto the space linear spanned by

{√
E[{Y − h(W,A,X)}2 | Z,A,X]uK(Z,A,X)

}
.

By Assumption 2(ii) and (C5), we have

E

∥∥∥∥∥pK(Z,A,X)− E{∇γh(W,A,X;γ0) | Z,A,X}√
E[{Y − h(W,A,X)}2 | Z,A,X]

∥∥∥∥∥
2
 = o(1).

Therefore we have that

E[pK(Z,A,X)pK(Z,A,X)T] → E

[
{E[∇γh(W,A,X;γ0) | Z,A,X]}⊗2

E[{Y − h(W,A,X)}2 | Z,A,X]

]
.

(S3.8)

It follows that

Ã−1
p×p +

1

c̃
Ã−1

p×pb̃pb̃
T

pÃ
−1
p×p →

(
E

[
{E[∇γh(W,A,X;γ0) | Z,A,X]}⊗2

E[{Y − h(W,A,X)}2 | Z,A,X]

])−1

= Vγ ,

(S3.9)
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where the last equality is because

Vγ = E{ψ1(O)ψ1(O)T}

=

[
E
{
∂h(W,A,X;γ0)meff (Z,A,X)

∂γT

}]−1

× E
[
{Y − h(W,A,X)}2meff (Z,A,X)meff (Z,A,X)T

]
×
[
E
{
∂h(W,A,X;γ0)meff (Z,A,X)T

∂γ

}]−1

=

(
E
[
E{∇γh(W,A,X;γ0) | Z,A,X}
E[{Y − h(W,A,X)}2 | Z,A,X]

∇γh(W,A,X;γ0)
T

])−1

× E

[
{Y − h(W,A,X)}2 {E[∇γh(W,A,X;γ0) | Z,A,X]}⊗2

{E[{Y − h(W,A,X)}2 | Z,A,X]}2

]

×
(
E
[
∇γh(W,A,X;γ0)

E{∇γh(W,A,X;γ0) | Z,A,X}T

E[{Y − h(W,A,X)}2 | Z,A,X]

])−1

=

(
E

[
{E[∇γh(W,A,X;γ0) | Z,A,X]}⊗2

E[{Y − h(W,A,X)}2 | Z,A,X]

])−1

. (S3.10)

Then (S3.5) is obtained.

We next prove (S3.6). By definition of Ãp×p and b̃p in (S3.3) and (S3.4),

we have

1

c̃
=

(
1

c
− b̃T

p Ã
−1
p×pb̃p

)−1

= c− cb̃T
p

(
−Ãp×p + cb̃pb̃

T
p

)−1

b̃pc

= c+

(
E{∇γh(W,A,X;γ0)uK(Z,A,X)T}A−1

K×KbK − E
{

(−1)1−A

f(A | W,X)
∇γh(W,A,X;γ0)

})T

×
(
E{∇γh(W,A,X;γ0)uK(Z,A,X)T}A−1

K×KE{uK(Z,A,X)∇γh(W,A,X;γ0)
T}

)−1

×
(
E{∇γh(W,A,X;γ0)uK(Z,A,X)T}A−1

K×KbK − E
{

(−1)1−A

f(A | W,X)
∇γh(W,A,X;γ0)

})
.

(S3.11)

Recall that

R(Z,A,X) =
E[{Y − h(W,A,X)}{h(W, 1, X)− h(W, 0, X)− τ0} | Z,A,X]

E[{Y − h(W,A,X)}2 | Z,A,X]
.
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In what follows, we show that

c = E
[
{τ0 − h(W, 1, X) + h(W, 0, X)}2

]
− E

[
R(Z,A,X)2{Y − h(W,A,X)}2

]
+ o(1), (S3.12)

E{∇γh(W,A,X;γ0)uK(Z,A,X)T}A−1
K×KbK − E

{
(−1)1−A

f(A | W,X)
∇γh(W,A,X;γ0)

}
= −E

[
∇γh(W,A,X;γ0)

{
R(Z,A,X) +

(−1)1−A

f(A | W,X)

}]
+ o(1).

(S3.13)

Consider the term (S3.12). Recall that

c = E
[
{τ0 − h(W, 1, X) + h(W, 0, X)}2

]
− bT

KA
−1
K×KbK .

By the definition of AK×K and bK in (S3.1) and (S3.2), we have

c = E
[
{τ0 − h(W, 1, X) + h(W, 0, X)}2

]
− E

[
{Y − h(W,A,X)}{τ0 − h(W, 1, X) + h(W, 0, X)}uK(Z,A,X)T

]
× E

[
{Y − h(W,A,X)}2uK(Z,A,X)⊗2

]−1

× E
[
{Y − h(W,A,X)}{τ0 − h(W, 1, X) + h(W, 0, X)}uK(Z,A,X)

]
=: E

[
{τ0 − h(W, 1, X) + h(W, 0, X)}2

]
− E{p̃K(Z,A,X)2},
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where

p̃K(Z,A,X) = E
[
{Y − h(W,A,X)}{τ0 − h(W, 1, X) + h(W, 0, X)}uK(Z,A,X)T

]
× E

[
{Y − h(W,A,X)}2uK(Z,A,X)⊗2

]−1

× uK(Z,A,X)
√

E[{Y − h(W,A,X)}2 | Z,A,X]

= − E

[
R(Z,A,X)

√
E[{Y − h(W,A,X)}2 | Z,A,X]

×
√
E [{Y − h(W,A,X)}2 | Z,A,X]uK(Z,A,X)T

]

× E
[{√

E [{Y − h(W,A,X)}2 | Z,A,X]uK(Z,A,X)
}⊗2

]−1

×
√
E [{Y − h(W,A,X)}2 | Z,A,X]uK(Z,A,X).

Note that p̃K(Z,A,X) is the least squared projection of

R(Z,A,X)
√
E[{Y − h(W,A,X)}2 | Z,A,X]

onto the space linear spanned by
{√

E[{Y − h(W,A,X)}2 | Z,A,X]uK(Z,A,X)
}
.

By Assumption 2(ii) and (C5), we have

E
[∥∥∥p̃K(Z,A,X)−R(Z,A,X)

√
E[{Y − h(W,A,X)}2 | Z,A,X]

∥∥∥2] = o(1).

(S3.14)

Therefore,

E{p̃K(Z,A,X)2} → E
[
R(Z,A,X)2E[{Y − h(W,A,X)}2 | Z,A,X]

]
= E

[
R(Z,A,X)2{Y − h(W,A,X)}2

]
.
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Then (S3.12) is obtained. Next, we consider the term (S3.13). Note that

E{∇γh(W,A,X;γ0)uK(Z,A,X)T}A−1
K×KbK

= E
[
∇γh(W,A,X;γ0)uK(Z,A,X)T

]
· E
[
{Y − h(W,A,X)}2uK(Z,A,X)⊗2

]−1

× E
[
{Y − h(W,A,X)}{τ0 − h(W, 1, X) + h(W, 0, X)}uK(Z,A,X)

]
= −

[
∇γh(W,A,X;γ0)√

E[{Y − h(W,A,X)}2 | Z,A,X]

√
E[{Y − h(W,A,X)}2 | Z,A,X]uK(Z,A,X)T

]

× E
[{√

E [{Y − h(W,A,X)}2 | Z,A,X]uK(Z,A,X)
}⊗2

]−1

× E

[
R(Z,A,X)

√
E[{Y − h(W,A,X)}2 | Z,A,X]

×
√

E [{Y − h(W,A,X)}2 | Z,A,X]uK(Z,A,X)

]

= − E

[
∇γh(W,A,X;γ0)√

E[{Y − h(W,A,X)}2 | Z,A,X]
p̃K(Z,A,X)

]

Therefore, (S3.14) implies that

E{∇γh(W,A,X;γ0)uK(Z,A,X)T}A−1
K×KbK = −E [∇γh(W,A,X;γ0)R(Z,A,X)] + o(1).

Then we obtain (S3.13). Combining (S3.11)–(S3.13), and recalling that

κ = VγE
[{

R(Z,A,X) +
(−1)1−A

f(A | W,X)

}
∇γh(W,A,X;γ0)

]
,

and

[
E{∇γh(W,A,X;γ0)uK(Z,A,X)T}A−1

K×KE{uK(Z,A,X)∇γh(W,A,X;γ0)
T}
]−1

= Vγ + o(1),
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from (S3.9), we have

1

c̃
= E

[
{τ0 − h(W, 1, X) + h(W, 0, X)}2

]
− E

[
R(Z,A,X)2{Y − h(W,A,X)}2

]
+ κTV −1

γ κ+ o(1). (S3.15)

To complete the proof of (S3.6), we need to show 1
c̃
= E{ψ2(O)2} + o(1).

Recall that

ψ2(O) = h(W, 1, X)− h(W, 0, X)− τ0 + t(Z,A,X){Y − h(W,A,X)},

and t(Z,A,X) = κTmeff (Z,A,X)−R(Z,A,X).
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We have

E{ψ2(O)2} = E
(
[h(W, 1, X)− h(W, 0, X)− τ0 + t(Z,A,X){Y − h(W,A,X)}]2

)
= E

[
{h(W, 1, X)− h(W, 0, X)− τ0}2

]
+ E

[
t(Z,A,X)2{Y − h(W,A,X)}2

]
+ 2E [t(Z,A,X){h(W, 1, X)− h(W, 0, X)− τ0}{Y − h(W,A,X)}]

= E
[
{h(W, 1, X)− h(W, 0, X)− τ0}2

]
+ κTE

[
meff (Z,A,X)meff (Z,A,X)T{Y − h(W,A,X)}2

]
κ

+ E
[
R(Z,A,X)2{Y − h(W,A,X)}2

]
− 2κTE

[
meff (Z,A,X)R(Z,A,X){Y − h(W,A,X)}2

]
+ 2κTE [meff (Z,A,X){h(W, 1, X)− h(W, 0, X)− τ0}{Y − h(W,A,X)}]

− 2E [R(Z,A,X){h(W, 1, X)− h(W, 0, X)− τ0}{Y − h(W,A,X)}]

= E
[
{h(W, 1, X)− h(W, 0, X)− τ0}2

]
+ κTV −1

γ κ

− E
[
R(Z,A,X)2{Y − h(W,A,X)}2

]
, (S3.16)

where the last equality follows from (S3.10) and the facts

E [meff (Z,A,X){h(W, 1, X)− h(W, 0, X)− τ0}{Y − h(W,A,X)}]

= E
[
meff (Z,A,X)R(Z,A,X){Y − h(W,A,X)}2

]
,
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and

E [R(Z,A,X){h(W, 1, X)− h(W, 0, X)− τ0}{Y − h(W,A,X)}]

= E
[
R(Z,A,X)2{Y − h(W,A,X)}2

]
.

Then (S3.6) is obtained. This completes the proof.

S3.2 Proof of Theorem 2

Proof. We first prove (i). Recall that the treatment-confounding bridge

function q(z, a, x) satisfies

E{q(Z,A,X) | W,A,X} =
1

f(A | W,X)
.

We have

κ = VγE
[{

R(Z,A,X) +
(−1)1−A

f(A | W,X)

}
∇γh(W,A,X;γ0)

]
= VγE

[{
R(Z,A,X) + (−1)1−Aq(Z,A,X)

}
E{∇γh(W,A,X;γ0) | Z,A,X}

]
.

Then

κTV −1
γ κ = E

[{
R(Z,A,X) + (−1)1−Aq(Z,A,X)

}
E{∇γh(W,A,X;γ0) | Z,A,X}

]T
×

(
E

[
{E[∇γh(W,A,X;γ0) | Z,A,X]}⊗2

E[{Y − h(W,A,X)}2 | Z,A,X]

])−1

× E
[{
R(Z,A,X) + (−1)1−Aq(Z,A,X)

}
E{∇γh(W,A,X;γ0) | Z,A,X}

]
=: E{s(Z,A,X)2},
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where

s(Z,A,X) = E

[{
R(Z,A,X) + (−1)1−Aq(Z,A,X)

}√
E[{Y − h(W,A,X)}2 | Z,A,X]

× E{∇γh(W,A,X;γ0) | Z,A,X}√
E[{Y − h(W,A,X)}2 | Z,A,X]

]T

×

E

{ E[∇γh(W,A,X;γ0) | Z,A,X]√
E[{Y − h(W,A,X)}2 | Z,A,X]

}⊗2
−1

× E{∇γh(W,A,X;γ0) | Z,A,X}√
E[{Y − h(W,A,X)}2 | Z,A,X]

.

Note that s(Z,A,X) is the least squared projection of

{
R(Z,A,X) + (−1)1−Aq(Z,A,X)

}√
E[{Y − h(W,A,X)}2 | Z,A,X]

onto the space linear spanned by
{ E{∇γh(W,A,X;γ0) | Z,A,X}√

E[{Y − h(W,A,X)}2 | Z,A,X]

}
. By

the Hilbert projection theorem, we have

E{s(Z,A,X)2} ≤ E
[{
R(Z,A,X) + (−1)1−Aq(Z,A,X)

}2 {Y − h(W,A,X)}2
]
.

(S3.17)
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As a result, by (S3.16), we have

Vτ = E
[
{h(W, 1, X)− h(W, 0, X)− τ0}2

]
+ κTV −1

γ κ

− E
[
R(Z,A,X)2{Y − h(W,A,X)}2

]
≤ E

[
{h(W, 1, X)− h(W, 0, X)− τ0}2

]
+ E

[{
R(Z,A,X) + (−1)1−Aq(Z,A,X)

}2 {Y − h(W,A,X)}2
]

− E
[
R(Z,A,X)2{Y − h(W,A,X)}2

]
= E

[
{h(W, 1, X)− h(W, 0, X)− τ0}2

]
+ E

[
q(Z,A,X)2{Y − h(W,A,X)}2

]
+ 2E

[
(−1)1−Aq(Z,A,X)R(Z,A,X){Y − h(W,A,X)}2

]
= E

[
{h(W, 1, X)− h(W, 0, X)− τ0}2

]
+ E

[
q(Z,A,X)2{Y − h(W,A,X)}2

]
+ 2E

[
(−1)1−Aq(Z,A,X){Y − h(W,A,X)}{h(W, 1, X)− h(W, 0, X)− τ0}

]
= E

{
ψeff (O)2

}
= Vτ,eff ,

where the third equality follows from the definition of R(Z,A,X). Addi-

tionally, the equality Vτ = Vτ,eff holds if and only if the equality in (S3.17)

holds, which happens if and only if

{
R(Z,A,X) + (−1)1−Aq(Z,A,X)

}√
E[{Y − h(W,A,X)}2 | Z,A,X]
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lies within the space linear spanned by

{
E{∇γh(W,A,X;γ0) | Z,A,X}√
E[{Y − h(W,A,X)}2 | Z,A,X]

}
,

equivalently, there is a vector of constants α such that

{
R(Z,A,X) + (−1)1−Aq(Z,A,X)

}√
E[{Y − h(W,A,X)}2 | Z,A,X]

=
αTE{∇γh(W,A,X;γ0) | Z,A,X}√

E[{Y − h(W,A,X)}2 | Z,A,X]
,

namely,

R(Z,A,X) + (−1)1−Aq(Z,A,X) =
αTE{∇γh(W,A,X;γ0) | Z,A,X}
E[{Y − h(W,A,X)}2 | Z,A,X]

= αTmeff (Z,A,X).

This completes the proof of (i).

Next, we give a proof of (ii). Recall that under Msub, the model is

E {Y − h(W,A,X;γ0) | Z,A,X} = 0, τ0 = E {h(W, 1, X;γ0)− h(W, 0, X;γ0)} ,

which is a special case of the sequential model studied in Ai and Chen

(2012). So we use result of Remark 2.2 of Ai and Chen (2012) (also Theorem

1 of Brown and Newey (1998)) to derive the semiparametric efficiency bound

of τ0 under Msub. Let

ε(O;γ, τ) = h(W, 1, X;γ)− h(W, 0, X;γ)− τ −R(Z,A,X){Y − h(W,A,X; γ)}.

Then Remark 2.2 of Ai and Chen (2012) showed that the the semiparametric
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efficiency bound of τ0 under Msub is

E
{
ε(O;γ0, τ0)

2
}
+
∂{ε(O;γ0, τ0)}

∂γT
Vγ

∂{ε(O;γ0, τ0)}
∂γ

= E
[
{h(W, 1, X;γ0)− h(W, 0, X;γ0)− τ0}2

]
+ E

[
R(Z,A,X)2{Y − h(W,A,X;γ0)}2

]
− 2E [R(Z,A,X){h(W, 1, X;γ0)− h(W, 0, X;γ0)− τ0}{Y − h(W,A,X;γ0)}]

+ κTV −1
γ κ

= E
[
{h(W, 1, X;γ0)− h(W, 0, X;γ0)− τ0}2

]
− E

[
R(Z,A,X)2{Y − h(W,A,X;γ0)}2

]
+ κTV −1

γ κ

= E{ψ2(O)2} ≡ Vτ ,

where first equality is from the definition of κ in Theorem 1, and the third

equality is from (S3.16). This completes the proof of the corollary.

S3.3 Proof of Theorem 3

Proof. Recall that

τ̂plug-in(meff ) =
1

N

N∑
i=1

{h(Wi, 1, Xi; γ̂(meff ))− h(Wi, 0, Xi; γ̂(meff ))} .



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

Following uniform weak law of large number (Newey and McFadden, 1994)

under the regularity conditions, we have

√
N{τ̂plug-in(meff )− τ0}

=
1√
N

N∑
i=1

{h(Wi, 1, Xi;γ0)− h(Wi, 0, Xi;γ0)− τ0}

+ E
{

(−1)1−A

f(A | W,X)
∇γh(W,A,X;γ0)

}T √
N {γ̂(meff )− γ0}+ op(1)

=
1√
N

N∑
i=1

[
h(Wi, 1, Xi;γ0)− h(Wi, 0, Xi;γ0)− τ0 −R(Zi, Ai, Xi){Yi − h(Wi, Ai, Xi)}

]
+

1√
N

N∑
i=1

[
E
{

(−1)1−A

f(A | W,X)
∇γh(W,A,X;γ0)

}T

Vγmeff (Zi, Ai, Xi)

+R(Zi, Ai, Xi)

]
{Yi − h(Wi, Ai, Xi)}+ op(1)

=: T1 + T2 + op(1).

Note that

E
[
{h(W, 1, X;γ0)− h(W, 0, X;γ0)− τ0}{Y − h(W,A,X)}

]
= E

[
R(Z,A,X){Y − h(W,A,X)}2

]
.

We have

V plug-in
τ,eff = E{(T1 + T2)

2} = E(T 2
1 ) + E(T 2

2 ).
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Note that

E(T 2
1 ) = E

[
{h(W, 1, X)− h(W, 0, X)− τ0}2

]
+ E

[
R(Z,A,X)2{Y − h(W,A,X)}2

]
− 2E [R(Z,A,X){h(W, 1, X)− h(W, 0, X)− τ0}{Y − h(W,A,X)}]

= E
[
{h(W, 1, X)− h(W, 0, X)− τ0}2

]
− E

[
R(Z,A,X)2{Y − h(W,A,X)}2

]
,

and

E(T 2
2 ) = E

{
(−1)1−A

f(A | W,X)
∇γh(W,A,X;γ0)

}T

VγE
[
meff (Z,A,X)⊗2{Y − h(W,A,X)}2

]
× VγE

{
(−1)1−A

f(A | W,X)
∇γh(W,A,X;γ0)

}
(S3.18)

+ E
[
R(Z,A,X)2{Y − h(W,A,X)}2

]
(S3.19)

+ 2E
{

(−1)1−A

f(A | W,X)
∇γh(W,A,X;γ0)

}T

Vγ

× E
[
meff (Z,A,X)R(Z,A,X){Y − h(W,A,X)}2

]
.

(S3.20)

By (S3.10), we have

(S3.18) = E
{

(−1)1−A

f(A | W,X)
∇γh(W,A,X;γ0)

}T

VγE
{

(−1)1−A

f(A | W,X)
∇γh(W,A,X;γ0)

}
.

Similar to (S3.17), we have

(S3.19) ≥ E {R(Z,A,X)∇γh(W,A,X;γ0)}T VγE {R(Z,A,X)∇γh(W,A,X;γ0)} .

(S3.21)
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By the definition of meff , we have

(S3.20) = 2E
{

(−1)1−A

f(A | W,X)
∇γh(W,A,X;γ0)

}T

VγE {R(Z,A,X)∇γh(W,A,X;γ0)} .

Combining (S3.18)–(S3.20) yields that

E(T 2
2 ) ≥ E

[{
R(Z,A,X) +

(−1)1−A

f(A | W,X)

}
∇γh(W,A,X;γ0)

]T

× VγE
[{

R(Z,A,X) +
(−1)1−A

f(A | W,X)

}
∇γh(W,A,X;γ0)

]
= κTV −1

γ κ.

Then by (S3.16), we have

V plug-in
τ,eff ≥ E

[
{h(W, 1, X)− h(W, 0, X)− τ0}2

]
+ κTV −1

γ κ

− E
[
R(Z,A,X)2{Y − h(W,A,X)}2

]
= Vτ .

The equality holds if and only if the equality in (S3.21) holds, which happens

if and only if

R(Z,A,X)
√

E[{Y − h(W,A,X)}2 | Z,A,X]

lies within the space linear spanned by

{
E{∇γh(W,A,X;γ0) | Z,A,X}√
E[{Y − h(W,A,X)}2 | Z,A,X]

}
,

equivalently, there is a vector of constants α such that

R(Z,A,X)
√

E[{Y − h(W,A,X)}2 | Z,A,X]

=
αTE{∇γh(W,A,X;γ0) | Z,A,X}√

E[{Y − h(W,A,X)}2 | Z,A,X]
,
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namely,

R(Z,A,X) =
αTE{∇γh(W,A,X;γ0) | Z,A,X}
E[{Y − h(W,A,X)}2 | Z,A,X]

= αTmeff (Z,A,X).

This completes the proof.

S4 Supplements to simulation studies

S4.1 Parameterization of bridge functions

In this section, we show that the data generating mechanism in our sim-

ulation study is compatible with the following models of the confounding

bridge functions h and q:

h(w, a, x;γ) = γ0 + γ1w + γ2a+ γ3x,

q(z, a, x;θ) = 1 + exp {(−1)a(θ0 + θ1z + θ2a+ θ3x)} .

Note that

E(W | Z,A,X) = βw0 + βwxX + βwuE(U | Z,A,X),

E(Y | Z,A,X) = βy0 + βywE(W | Z,A,X) + βyaA+ βyxX + βyuE(U | Z,A,X).

It follows that

E(Y | Z,A,X) = γ∗0 + γ∗1E(W | Z,A,X) + γ∗2A+ γ∗3X,



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

where

γ∗0 = βy0 − βw0βyu/βwu, γ∗1 = βyw + βyu/βwu, γ∗2 = βya, γ∗3 = βyx − βwxβyu/βwu.

Therefore, h(w, a, x;γ∗) = γ∗0+γ
∗
1w+γ

∗
2a+γ

∗
3x satisfies the integral equation

(2.1).

Next we show that there is a function

q(z, a, x;θ∗) = 1 + exp {(−1)a(θ∗0 + θ∗1z + θ∗2a+ θ∗3x)} ,

which satisfies the integral equation (4.1). Note that we only need to show

∫
Z
q(z, A,X;θ∗)f(z | U,A,X)dz =

1

f(A | U,X)
, (S4.1)

holds. Then we have

1

f(A | W,X)
=

∫
U

1

f(A | u,W,X)
f(u | W,A,X)du

=

∫
U

1

f(A | u,X)
f(u | W,A,X)du

=

∫
U

{∫
Z
q(z, A,X;θ∗)f(z | u,A,X)dz

}
f(u | W,A,X)du

=

∫
Z
q(z, A,X;θ∗)

{∫
U
f(z | u,A,X)f(u | W,A,X)du

}
dz

=

∫
Z
q(z, A,X;θ∗)

{∫
U
f(z | u,W,A,X)f(u | W,A,X)du

}
dz

=

∫
Z
q(z, A,X;θ∗)f(z | W,A,X)dz

= E{q(Z,A,X;θ∗) | Z,A,X},
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where the second and fifth equalities are by Assumption 1(iii), and the third

equality is by (S4.1). We next show (S4.1). Recall that by the DGP,

1

f(A | U,X)
= 1 + exp

{
(−1)A(βa0 + βaxX + βauU)

}
. (S4.2)

We have

∫
Z
q(z, A,X;θ∗)f(z | U,A,X)dz

= 1 + exp
{
(−1)A(θ∗0 + θ∗2A+ θ∗3X)

}∫
Z
exp

{
(−1)Aθ∗1z

}
f(z | U,A,X)dz

= 1 + exp
{
(−1)A(θ∗0 + θ∗2A+ θ∗3X)

}
×
∫
Z
exp

{
(−1)Aθ∗1z

} 1√
2π

exp

{
−1

2
(z − βz0 − βzuU − βzaA− βzxX)2

}
dz

= 1 + exp

{
(−1)A(θ∗0 + θ∗2A+ θ∗3X) + (−1)Aθ∗1(βz0 + βzuU + βzaA+ βzxX) +

1

2
θ∗21

}
.

(S4.3)

Comparing (S4.2) and (S4.3), we obtain that (S4.1) holds if

−(θ∗0 + θ∗2)− θ∗1(βz0 + βza) +
1

2
θ∗21 = −βa0,

θ∗0 + θ∗1βz0 +
1

2
θ∗21 = βa0,

θ∗3 + θ∗1βzx = βax,

θ∗1βzu = βau.
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Equivalently,

θ∗0 = βa0 − 0.5β2
au/β

2
zu − βz0βau/βzu,

θ∗1 = βau/βzu,

θ∗2 = β2
au/β

2
zu − βzaβau/βzu,

θ∗3 = βax − βzxβau/βzu.

It implies that q(z, a, x;θ∗) satisfies the integral equation (4.1).

S4.2 Simulation under model misspecification

In this section, we construct simulations to evaluate the performance of

the proposed method and the proximal DR estimator under a misspecified

bridge function h. Following Kang and Schafer (2007), we simulate the case

of misspecified h by applying a transformation to the observed variables.

Specifically, we consider three levels of model misspecification:

minor misspecification: W ∗
1 = W + 0.1W 2;

moderate misspecification: W ∗
2 = W + 0.5W 2;

and significant misspecification: W ∗
3 = |W |1/2 + 1.

These transformed variables are used instead of W to estimate h. We gen-

erate 400 and 800 samples under scenario II in Section 6.1 to implement the

proposed GMM estimator and proximal DR estimator, respectively. Table 1
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Table 1: Summary of absolute bias, standard error (SE), root mean squared error

(RMSE), coverage probability (CP), average length of the 95% confidence interval, and

power under different levels of model misspecification.

n = 400 n = 800

Method Bias SE RMSE Length CP Power Bias SE RMSE Length CP Power

(a) Correct specification

GMM 0.01 0.13 0.13 0.48 0.934 0.970 0.01 0.09 0.09 0.34 0.956 1.000

PDR 0.03 0.30 0.30 1.07 0.946 0.508 0.02 0.20 0.20 0.74 0.962 0.744

(b) Minor misspecification

GMM 0.04 0.18 0.19 0.61 0.876 0.886 0.03 0.12 0.13 0.45 0.938 0.970

PDR 0.03 0.33 0.33 1.17 0.956 0.472 0.02 0.21 0.21 0.82 0.954 0.638

(c) Moderate misspecification

GMM 0.28 0.28 0.40 0.74 0.598 0.928 0.25 0.18 0.31 0.55 0.516 0.986

PDR 0.03 0.56 0.56 1.89 0.960 0.268 0.05 0.35 0.35 1.35 0.964 0.346

(d) Significant misspecification

GMM 0.76 0.39 0.86 0.78 0.166 0.980 0.69 0.28 0.74 0.56 0.068 1.000

PDR 0.06 1.27 1.27 1.25 0.676 0.272 0.01 0.71 0.71 1.77 0.724 0.184
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summarizes the bias, standard deviation (SD), average length of 95% con-

fidence intervals, coverage probability, and power across various scenarios.

As expected, the proposed method aims for high estimation efficiency but

is exposed to the risk of model misspecification. When misspecification is

mild, the proposed methods still perform acceptably, but bias increases and

coverage worsens significantly as misspecification becomes more severe. In

contrast, the proximal DR estimator consistently guarantees a slight bias.

However, its variance and coverage performance also deteriorate as one of

the bridge functions becomes more severely misspecified.

S4.3 Simulation with B-splines

To illustrate the performance of the proposed method using different basis

functions, we conducted additional simulations under Scenario II using B-

splines. Table 2 compares the proposed method implemented with power

series versus B-splines. The results indicate that the difference in finite-

sample performance is negligible.
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Table 2: Simulation results: absolute bias, standard error (SE), root mean squared error

(RMSE), coverage probability (CP), average length of the 95% confidence interval, and

power.

n = 400 n = 800

Sieve Bias SE RMSE Length CP Power Bias SE RMSE Length CP Power

Power series 0.01 0.13 0.13 0.48 0.936 0.966 0.00 0.09 0.09 0.34 0.956 1.000

B-splines 0.01 0.14 0.14 0.47 0.906 0.960 0.00 0.09 0.09 0.34 0.940 0.994
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