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Section S1 are some preliminaries. Section S2 provides important intermediate results, including
the consistency and convergence rates of initial estimators (%, 7) and proofs. Section S3 provides
detailed proofs of Theorems 1-3 in the main text. Section S4 provides additional details and

studies of simulation.

S1 Preliminaries

Notations: Unless otherwise specified, the norm || - || refers to the Eu-
clidean/Frobenius norm for a vector/matrix.

Inverse of a 2 x 2 block matrix: Let a (K + 1) x (K + 1) matrix M be
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partitioned into a block form

A b
M:
b* d

where A is a K x K matrix, b is a K dimensional column vector, d is a

constant. Then, Theorem 2.1 of Lu and Shiou (2002) shows that

A+ 1ATTBBTAT —1ATD

M= , (S1.1)

_%bTA—l

1
k

where k =d — b"A"'b .

S2 Intermediate lemmas

We first prove some intermediate results given in the following lemmas,

which are useful for the proof of main theorems.

Lemma S1. Suppose Assumption 2 and reqularity conditions (C1)-(C4)

in Appendiz A.1 hold. We have ||(%,7) — (7o, 70)|| 0.

Proof. Recall that (¥,7) = argmin , yepxr Qn (7, 7) with

~

Qn(v.7) = Gr(¥. 7)"O 3 1 11y G (7. 7). (S2.1)

where

% Zfil wr(Z;, Ai, Xi)ug(Z;, Ai, X;)" 0

@(K+1)><(K+1) =
o~ 1
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Note that if the basis functions are orthonormalized, then C:)( K4+1)x(K+1) =
Ik 11 as indicated in Remark 2. We maintain this general notation here for
the sake of clarity. Meanwhile, the true value (v, 7) = arg min ., yery7 Q(, 7)

with

Q(y,7) = E{gx(0:7,7)} O 1y (s 1y EAK (057, 7) ],

where

E{ur(Z, A, X)ug(Z,A, X))} 0
Ok 1)x(K+1) =
0T 1

In what follows, we will show that

~

sup QN(77 T) - Q(7a 7—) £> 0. (822)
(v,7)ErXT

Then by the general theory about consistency of M-estimators (van der

Vaart, 1998, p. 45), the consistency of (7, 7) follows immediately. By the
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triangle inequality,

Qv(r,7) = Q)
<[1Gx(v.7) ~ E{grc (0%, )N Ok 1y [Gic(7.7) = B g (057, 7]

(52.3)

+ ’E{QK(OQ v 7 {C:)(_fiﬂ)x(f(ﬂ) - 8(_I§+1)><(K+1)} E{gx(O;~, T)}‘
($2.4)
+2 ‘E{QK(O§ Y. O 1y xsny [Gr (. 7) — E{gx (05, T)}]‘ :

(52.5)

Next we show (52.3)—(S2.5) are all 0,(1). Consider the term (S2.3). Let
Amax(A) (resp. Amin(A)) denote the maximum (resp. minimum) eigenvalue

of a matrix A. Then we have

2

(S23)* < IGk (v, 7) — E{gx (05, 7)}I*

O 1yxiican) (G (. 7) — E{gr (057, 7)}]

< )\max <@(_I?+1)><(K+1)) HGK(77 T) - E{QK(Oa %, T)}”4? (826>

where the last inequality holds due to the inequality of the Frobenius norm

|ABJ|?> < Amax(ATA)||B||* for matrices A, B. Note that

i=1

N
~ ) 1
Amin <@(K+1)><(K+1)> = Inin [)\min {N ZUK(Zi,Ai,Xi)uK(Zi,Az',Xi)T} 71] )
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and

N
1
Amin {N ; UK(Zia Azw Xi)uK(Zia A, Xi)T}

= min "
llvl=1

—_——

N
1
NZ ZzaAwX uK<Zz7A27X) }

= min V' E{ug(Z, A, X)ug(Z, A, X)" }v

[vll=1

N
1
+ min " {N ZUK(Zi, A, Xi)ug (Zi, Ai, Xa)" — E{uk(Z, A, X)uk(Z, A, X)T}} v

=1
il p

Amin (E{ug(Z, A, X)ug(Z, A, X)"})

N
1
- ‘N D un(Ziy Ay, XiJug(Zi, Ay Xi)" = E{ur (2, A, X)uk(Z,A, X)"}

=1

=cC— OP(1)7

for some consistent ¢ > 0, where the last equality is by Assumption 2(i)
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and

N
Z (Zs, Ag, Xi)ug (Zi, A, X))™ — E{ug(Z, A, X)ug(Z, A, X)"}

E{ _
1

_ {HuK (Z. A, X)ug(Z, A, X)" — E{uw(Z, A, X)ug(Z, A X)"

J

N
2
< +E {HuK<Z,A,X>uK<Z,A,X>T }
= NE{’U’K(ZvA7X)TUK(ZvAaX)uK(ZaAaX)TuK(Z7A7X)}
1
Sy sup luk (2, a,2)[* - E {{lux(Z, A, X)|*}
(z,04,2)€Zx{0,1}xX
<L Juk(sa )P K (B {ux(Z, A X)uk(Z, A, X)™})
N (z,04,2)€Zx{0,1}x X
1
=5 O{¢(K)*}-K-O(1) = O {((K)*K/N} = o(1). (S2.7)

Then we have

—~ —~ -2
Amasx <@&?+1)x(K+1)) = Amin <@(K+1)x(K+1)> = Op(1). (52.8)
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Note that

E{HGK<77 ) E{gK YT }H }

N

1

:E —
{N

>_9x(057,7) ~ Elgi(0;,7)]
= E{lgx(0:7.7) ~ Elgi (07, D]}

< VE {llgx(0:7. 7|}

- %E (Y = B(W, 4, X;9)}? lux(Z, 4, X))
N E [{r — h(W,1,X;7) + h(W,0, X; 7)}*]

sup Jug(z,a,2)[2 E[{Y — (W, A, X;:7)}?] + O(1/N)

(z,a,2)eZx{0,1} xX

2= =2l

O {¢(K)*}O(1) + O(1/N) = O {((K)*/N} = o(1). (S2.9)

By Chebyshev’s inequality, we have |Gk (v, 7) — E{gx (O;~,7)}|| = 0,(1).
Combining (52.6), (S2.8) and (S2.9) yields that (52.3) = 0,(1). Next, we

consider the term (S2.4). We have

Y Y NE{gx (v, )}

(K+1)x(K+1) (K+1)x(K+1)

(S2.4)2 < H@
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Note that
~ . 2
‘ @(K+1)X(K+1 @ (K+1)x (K+1)

~ ~ 2
—1 —1
= H@(K+l)><(l(+l) {9<K+1>x(K+1> - @(KH)x(KH)} © (1) (k+1) H
‘2

<Amax < K+1)x K+1)> H{ (K+1)x(K+1) — OK41)x(K+1) }G)(_KJrl ) (K1)
2

<Amax (6 I?'+1)><(K+1)> Amax <@(I?'+1 (K-i-l)) HG)(K—H)X(K—H) - ®(K+1)><(K+1)

= 0,(1)-O(1) - 0, {¢(K)*K/N} = 0,(1). (S2.10)

where the last equality follows Assumption 2(i), (5S2.7) and (52.8). More-

over,

IE{g (v, )}
= EY — (W, A, X5 9)bux(Z, A, X)'EL{Y — h(W, A, X;v) tuk(Z, A, X))
+ [E{r — h(W, 1, X;7) + h(W,0, X;9)}?
Amax{w (2, A, X)ug(Z, A, X)E{Y — h(W, A, X;y)buk(Z, A, X)]"
x E{ur(Z, A, X)ug(Z, A, X)"} T ELY — MW, A, X39) buk (Z, A, X)) + O(1)
Amax{tr (£, A, X)ug(Z, A, X)"JE{Y — h(W, A, X;9)}] + O(1)

= 0(1),
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where the second inequality is because

E[{Y — h(W, A, X; ) ug(Z, A, X)|"E{ug (Z, A, X)ug(Z, A, X)"}
E[{Y B h(VVv A, X 7)}UK<Zv A? X)]
= E[E{Y — h(W, A, X;9)}uw(Z, A, X)|"E{ux (Z, A, X)ug(Z, A, X)"}  ug(Z, A, X)|?

— E{ax(Z, A, X)?},

and ax(Z, A, X) is the least squared projection of Y — h(W, A, X;~) onto
the space linear spanned by {ux(Z, A, X)}. It follows that (52.4) = 0,(1).

We can also show (52.5) = 0,(1) following a very similar procedure as in

calculating (S2.3) and (S2.4). Therefore, for each (v,7) € I' x T, we have

’@N(Va 7—) - Q(’%T)' = Op(l)'

We next derive the uniform convergence. Note that

1 ~ 2
5 [For@n )|

T 2
_% 11_\;1 UK(ZivAivxi)v'yh(WhAi,Xi;’Y)T 0 P
= O (k+1)x(x+1)GK (7, 7)

_LZ?Ll V‘Y {h(WHLXt:’Y)_h<WZ,O7XZ77)}T 1

2 \

N —1
Z (Zs, Aiy, X)) uw (Zi, Ay, Xi)© }

|Mz

h(Wi, Ai, X7 )uk (Zi, Ai, Xi) " }{

N
1
Nz W17A17X177 }UK Z“AZ,X (82.11)

2

2"_‘ f—/H|

N N
Z W’Lvl?X“’Y) WZ,O X’H’y } { Z W’L717X’L77) +h’(WZ’0 X’H’Y)}}

_|_

2‘*—‘ ——

{r —h(W;,1, Xs;v) + h(Wi,Oin,’Y)} .

'MZ

i=1
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Consider the term (52.11). We denote

[I]>

N -1 N
{ Z (Zi, Ai, X5) uK(ZZ,AZ,X)} { Z (Zi, Aiy X))V h(Wi, Ay, X y) ™ }

(52.12)
Then gTuK(z, a,x) is the lyprojection V,h(w,a,x;-) onto the space lin-

early spanned by {uk(z,a,z)}. Thus we have
N

1
PE

Then, by Cauchy-Schwarz inequality, we have

2

uK(ZZ7 Aza X

N
1
< NZ”V h(Wi, Ai, X )|

2

N
1 -
(52.11) = ||N E Y = h(Wi, Ai, Xis9) = ure (Zi, Aiy X3)

HT'U/K Zza Am X; )

1 2

||V h M/ZaAZ7XZ77>|| °

9

oy v

< Nz; h(Wi, A, Xi3 7)) - Z;
By the uniform laws of large numbers, with regularity conditions (C1)—(C4),
Lemma 2.4 of Newey and McFadden (1994) implies that sup,cp (S2.11) =

O,(1). With some similar arguments, we finally obtain sup., - cr«r HV%T@N(% )| =
O,(1). Similarly, we can obtain sup(, ;)erx7 [|V4-Q(, 7)|| = Op(1). Then
the uniform convergence (S2.2) follows immediately from Corollary 2.2 of

Newey (1991), indicating consistency of (%, 7). ]

Lemma S2. Suppose Assumption 2 and regularity conditions (C1)-(C4)

in Appendiz A.1 hold. We have ||(%,7) — (Y0, 70)|| = Op(N~1/2).
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Proof. Recall that (%, 7) minimizes (S2.1), so it should satisfy the first-order

condition

~

v'y,TGK(ﬁla 7v—)@)(_}a_l)><(K_|_1)G"K<;)'7 72) =0.
By the mean value theorem, we have

0= V%TGK(’YOJO)@( 1)><(K+1)\/NGK('70;7—0)

~

+ V., .Gk(7, )@ i)V, Gr(7,7)" (g(’? - '70))

+ \/NGK( ) @ I%+1)><(K+1)
aZGK (;?7 :F)
O110y"

azGK(:?a 77)

5 =) g

(Y = ¥0), 0K+1} ~

(52.13)

where (7, 7) lies between (¥, 7) and (7o, 7). We only need to show

~

VoG (70, 70)O 1) x40y VNG (10, 7o) = Op(1), (S2.14)

~

V‘Y TGK(;%N)@ x(K+1) V'y TGK<;)77N) Op(1)> <8215>

mGK( )" @I%-i-l X (K+1)

PGk(¥.7)

aQGK(%I:?>
P (=),

37138'7T (7 - 70)7 OK+1 - Op(:l)‘

(S2.16)

To show (S2.14), note that by computing the second moment and using
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Chebyshev’s inequality, we have

|Gy, )| = O (VE/N). (52.17)

Ve Gc(90 70) = Blicanyeonl = O (VE/N) . (52.18)
*Gk (Yo, 70) gk (0570, 70) || .
R RN
(S2.19)

Combining (52.10), (S2.17), (52.18) and Assumption 2(i), we have

V4G (Y, 70)9(_}%+1)><(K+1)\/NGK(’70’ 7o)

= Blic 1)o@ w11y x 11y Y NG (0, 70) + 05(1).

Computing the variance of BEFK+1)><(p+1)®(}%+1)><(K+1)\/NGK(’\/O’ 7o) yields
that

Hvar {BFK+1)><(Z)+1)®(_I;+1)><(K+1) VNG Kk (o, 7'0)} H
1 _
- HBEFK_H)X(p+1)®(K+1)X(K+1)E{'gK(O’70’TO)gK(O770’TO)T}G)(I;+1)><(K+1)B(K+1)><(P+1>H

—E HB(TKH)X<P+1>®(;+1>X(K+1>9K(O’70’TO)HQ}

i ) )
—E{uk(Z, A, X)V,h(W, A, X57)"} 0
—E O (k1) x (xc+1)9 (0570, 70)
Vy{h(W, 1, X;590) — (W, 0, X590)} 1

1

‘ E {Voh(W, A, Xivo)urc (Z, A, X)"} {Bugc(Z, A, Xur (Z, A, X)"} ™

x Y — h(W, A, X;~0) Yu (Z, A, X)

2] (S2.20)

+ I BIVA {h(W, 1, X3390) = AW, 0, Xi 7o) M| + 1} E [{r0 = h(W; 1, X330) + A(W; 0, X3 70)}]
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Consider the term (52.20). We denote
= =E{V,h(W, A, X;v)ug(Z, A, X) } {Bug(Z, A, X)ur(Z, A, X)"} ',

Then Z"uk (2, a, ) is the Loprojection V,h(w,a,x;7,) onto the space lin-

early spanned by {uk(z,a,z)}. Thus we have
E HETUK(ZvA,X)Hﬂ < E [[|Va AW, A, X5 70)|°]

Then by Cauchy-Schwarz inequality and the regularity condition (C3), we

have

(52.20) = E [|[Y — h(W, A, X:70) " ug (2, A, X)|]
SE[{Y = (W, 4, X;%0)}] - E | |E urc (2, 4, X) ]

<E[{Y = h(W, A, X;90)}] - E [ Vaoh (W, A, X;50) ] < oc.

Then we have

var {B(TK—H)><(p+1)®(_[§+1)X(K+1)\/NGK(’707TO)} =0(1),

and (S2.14) holds. To show (S2.15), note that

v'y,‘rGK (’77 7_)@(_[$+1)><(K+1) V‘y,TGK (’77 T)T =
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where

N N -1
1
M) () = { Z Wl,Ai,X,-;w)uK(Zl-,Ai,Xi)T}{ S uk(Zi, Ai, Xy (Zi, A, Xi)* }

=1
1 N
— Zi, Ay, X))V h(Wi, Ay, Xy y)™
X{N;m 7h( o
N LN T
{ > VA {h(Wi, 1, Xi57) — h(Wi,O,Xi;Fy)}}{szv{h(wi,l,Xi;'y)h(Wi,O,Xi;Fy)}} ,
i=1 i=1

and

N
1

=1

Recall the definition of = in (S2.12). By the triangle inequality, we have

N

= 2 1

Elug(Zi, Ao Xo)|| + N Z IV {R(Wi, 1, Xi;y) = (W3, 0, Xis9) |
i=1

1
IMZON < Y

N N
1 1
i=1 i=1
where the last inequality is similar to the calculation of (S2.11). Meanwhile,

|M2,00|| < % Z 19, (Wi, 1, X5 ) = R(OW:, 0, X )P
Then (52.15) holds under regularity conditions (C3)-(C4). Finally, prov-
ing (S2.16) is similar to proving SUD(4,1)er T |@N('y,7) — Q(v,7)] 20 in
Lemma S1. We can first obtain that for each (y,7) € IxT and j =1,...,p,
G (% 7) O syuiesn PG (7.7) /0707
~ B{gx(0: %, 7)1} O (g 1) 111y EAD GK (037, 7) 07,077} = 0p(1).

Then, it can be strengthened to achieve uniform convergence over (v, 7) €

I' x 7. Then, in light of the facts that |7 — ol < |9 — 0l = 0 and
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E [9x (O;7,7)] = 0, we can obtain (S2.16). Combining (S2.13)-(S2.16)

vields that ||(¥,7) — (70, 70)|| = O,(N~2), then it completes proof.

O

Lemma S3. Suppose Assumption 2 and regularity conditions (C1)-(C4)

in Appendiz A.1 hold. We have

\/N(ﬁ - 70) d

v, 2 = N (0, Ipr1yx(pr1)) »
\/N(? — To)

where K — 00 as N — 00.
Proof. We define (¥,7) = argmin, cr 7 @n (7, 7) with
QN (77 T) = GK (77 T)TT(}(I‘+1)><(K+1)GK(77 T)'

We prove this lemma by first showing that

VNE# =)
Vi 5 N (0, Tsnyxpen))
\/N(% — T())
and then showing
VNFH-7)
= 0,(1).
VN7 —7)

(S2.21)

(S2.22)

For term (S2.21).  We can show that following a very similar procedure as

Lemma S1 ||(7,7) — (70, 70)|| = 0p(1). By the definition of (%, 7), it should
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satisfy the first-order condition

Vy:Gk(¥, T )T(_K+1 (K+1)GK('77%) =0.

By the mean value theorem, we have

0= V’Y,TGK<'707 T0>T(I<1'+1)X(K+1)\/NGK(70> 7—0)
_ (VN =)
+ Vv,TGK('Ya )T (K+1)x K+1)V"/7TGK('77 T) (\/N(T’ _ 7_0)>
+ \/NGK( ) T Ii+1)><(K+1)
GQGK(:);? /7\:)
Oy10v"

a26"\’1( (:?a 7/\:)

3 =0

(¥ = 70), 0K+1] '

(S2.23)

where (7,7) lies between (%,7) and (7, 7). Note that (S2.23) has the
same structure as (52.13) except that the weighting matrix used in (52.23)
is T(K+1)X(K+1) while the weighting matrix used in (52.13) is ®(I§+1)X(K+1)

Using a similar argument of showing sup ., -yerxr |C§N(7, ) —Q(v,7) 20

in Lemma S1 and (S2.16), we can obtain that

V’Y,TGK (ﬁa ?>T(é+1)x(K+1)v’7,TGK(%/7 ;)T

1
- B(TK+1)X(p+1)T(K+1)><(K+1)B(K+1)><(P+1) + 0p(1), (52.24)
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and

\/NGK( ) T[%H x(K41)

) {WGK(%%) V

aZGK(:Y/a?>
Iyt T Y0)s s

Dy, 0" (¥ =), OK+1:| = 0p(1).

(52.25)

Combining (52.18), (52.23), (52.24) and (S2.25) yields that

\/N(’ﬁ’ - ’70) 1 -1
= {B(KJrl)X o) X K+1)x(K+1)B(K+1)X(P+1>}
\/N(f - 7'0)
X Blics1yxoin) Y iy xiesny VNG (Y0, 70) + 0p(1).
Then
\/N(;Y - ')’0) - 1 -1
var = {B(K+1)><(p+1 iy (K+1) (K+1)B(K+1)X(p+1)} +0p<1)
\/N(? — 7'0)

= VK + Op(l)-

It follows that

VN =)
VN7 — 1)

—1/2 1/2
v = v {B(K+1) i) L (K41)x K+1)\/NGK(70’TO)} +0p(1).

We next follow the multivariate central limit theorem for random linear

VN# =)
VN(T — 1)

vector forms established in Eicker (1966) to show V_l/ 2
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is asymptotically normal. Note that

7 S {Y: = h(Wi, Ai, X y0) buk (Zi, A, X5)

\/Lﬁ Zi\il{ﬁ) - h<Wl7 17 Xi;70> + h(VVZ, 07 XWVO)}

VNGx (v, 70) =

= AV(K+1)><N(K+1)57
where
1% 0y, Oy, - 0y, Of
~ 0?\77 \/LN]-}F\h 0}1‘\/7 0?\/’7 O}FV
A(KF D) N(E+1) = :
0?V7 O?V? e OEFVa OP][‘Vv \/LN]-}FV
E= (VN1 VN w]TV)T,
{1 — h(W1, A1, X15v0) Yukk(Z, Ar, X4)
UNE = : ,
{Yn — h(Wy, An, Xniv0) ukk(Zn, An, Xn)
To — h(Wl7 17X1;70) + h<Wl7 07X1;70)
wN = )
To — h‘(WN7 1>XN;’70) + h(WN7 OvXN; ’70)
for k = 1,...,K, and 1y (resp. Oy) denotes an N-dimensional column

vector whose elements are all of 1’s (resp. 0’s). Let A N(E+1) =
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B(TK+1 )% (p+1) T(K—H )< (K+1) A(K+1 «N(K+1)- We have
B(TKH)X(;DH)T(I%H Yx (K+1) \/_GK(’Yoﬂ'o) Apr)xnE+DE.

Following Eicker (1966), (S2.21) holds if the following three conditions hold:

77777

-1
N(K+1) @ {A(p+1 xN(K+1)A p+1)><N(K+1)} a; — 0, where a;

is the i-th column of A, 1)xn(x+1);

2. SUPeqr,. K} jeqt, .., }E{UNkj (Jon kil > s } — 0 and

sup;cqr.. vy E{w} ;1 (Jwn;| > s)} — 0 as s — oo, where vy, (resp.

...............

Condition 1 is naturally satisfied by the definition of A (K+1)xN(K+1)- Con-
dition 2 is satisfied due to the dominated convergence theorem and the fact
suPreqr, iy Blurn(Z, A, X)?} < Anax(B{ur(Z, A, X)ug(Z, A, X)"}) < o0
by Assumption 2(i). Condition 3 is satisfied due to the fact

infreq, . xy E{ukr(Z, A X)) > Aan(B{ug(Z, A, X)ug(Z, A, X)T}) > 0

by Assumption 2(i). Then (S2.21) holds following Eicker (1966).

For term (52.22). It suffices to prove

= 0,(1).

HT(KH)x(KH) — Y (k1) x(K+1)
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By definition, we have

2

H?(K—H)X(K—H) — Y (k1% (K+1)

N

1

5 2 Y= Wi, A X )Y (2, A X))
=1

—E[{Y — h(W, A, X;v0) Pug(Z, A, X)*?] (S2.26)

N

=1

2

—E[{Y — h(W, A, X)Hr — h(W, 1, X) + h(W,0,X)}ux(Z, A, X)|

(S2.27)

N
1
NZ m717X277)+h(VV“0 X“’Y)}

—E [{70 — h(W, 1, X;v) + h(W,0, X;70)}?] |. (S2.28)

We next show that (52.26) is 0,(1), and we can similarly obtain (S2.27) and
(52.28) are 0,(1). Using the mean value theorem and triangle inequality,

we obtain

N
N D2V = (W, A, X)) (2, Ai, X0 — B [{Y = B(W, 4, X;70) Purc (2, A4, X))

i=1

NZ{Y h(We, A, Xi330) Y e (Zi, i Xa) 2 = B [{Y = h(W, A, X;30) Fuk (2, 4, X))

N
Jr ’7 ’70 : NZ W’LaA’LyX’La’Y )}v h(W’HA’HX’La’y )uK(Z’LyA’LyX)

where v* lies between 4 and 4,. The first term is 0,(1) by directly com-

puting its second-order moment like (S2.7) and using Chebyshev inequal-
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ity. The second term is O,(y/K/N) = o,(1), following from Lemma S2,

Assumption 2 and the fact
HE{U’K(Z7A7X)®2}H2 = )‘max (E {’U'K(Z7A7X)®2}) ||IK||2 = O<1)O(K) = O(K)

Then we complete the proof.

S3 Proofs of main theorems

S3.1 Proof of Theorem 1

V, x
Proof. Following Lemma S3, we only need to show that Vi — ! ,
vV

with V., and V; defined in Theorem 1. It then implies that VNEH —7) 4,

N(0,V,) and VN (7 — 1) < N(0,V;). Recall that

- -1
Vi = {BEFK-H)><(p+1)T(1§+1)><(K+1)B(K+1)><(P+1)} :

Using the inverse matrix formula (S1.1), we have:

-1 1 4-1 T A—1 1 4-1
y-1 AKXK + EAKbeKbKAKxK7 _EAKbeK
(K+1)x(K+1) — )
11T —1 1
_szAKxKv c
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where

Agyx =E[{Y — h(W, A, X)Pug(Z, A, X)*?], (S3.1)
b = E[{Y — h(W, A, X)Hro — h(W,1,X) + h(W,0, X)}ux(Z, A, X)),
(S3.2)

c=E[{ro— h(W,1,X)+ h(W,0,X)}?] — bjc AR} xbx.

Then we have

1
B(K—i-l)x (p+1) T K+1)x(K+1)B(K+1)X(p+1) - )

where

A,y = B{V, h(W, A, X;vo)ux(Z, A, X)"}
X AR e E{ug(Z, A, X)Voh(W, A, X;40)"} + cbybl,  (S3.3)
by = —E{v (W, A, X0 ure(Z, A, X) Y AR cbic

L[ (=D .
——E {vah(w, A,X,%)} . (S3.4)

Using the matrix inversion formula (S1.1) again, we can obtain that

~1
1 B
Vi = (BTK—I—I x(p+1) T (K+1)x (K+1) (K+1)X(p+1)>
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where
-l Ay
€= Z = YUppxpUp
Next, we show that
~ 1~
A le + CApob bTApxlp V, +o(1), (S3.5)
1
z =V, +o0(1). (S3.6)

We first prove (S3.5). Note that

(Ap;p +=A0b, bTApo) (Apeyp — ¢ b,B})

= I, —c- ! b,b"

PXp

Lb,b" 4 = Appr bl — Appr brA-

A5
1oy
= L= {7 A LBb+ o AL b bTApob}+ A b,bT

z pXp pXp
= I, — % Avgxlpg ET} + Appr bT < since cc=1—c- bTApob >
= Ipo
We have
~ ~ -1
Al += Appr b AL, ={ Ay —c bbb (S3.7)

Then, by (S3.1) and (S3.3), we have

A+ Appr brA)

pXp pXp

= [BIVAhV, A, Xivo)un(Z, A, X)) - Al Bux(Z, A, X)Vah(W, A, Xi50)7)]

-1

— [E{px(2,4, X)pic(2,A,X)"}]
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where

pi(Z, A, X) = E [V h(W, A, X;v0)uk (Z, A, X)™] x E [{Y — h(W, A, X)Yuk(Z, A, X)®?]

x VE{Y —h(W, A, X)}2| Z, A, X]uk(Z, A, X)

_ E{V,h(W, A, X ;%) | Z, A, X} 2 T
=F [\/]E T AP [Z AKX VE{Y —h(W,A, X)}2 | Z,A, X|ur(Z, A, X)

x E {{\/IE {Y — h(W, A, X)}2 | Z’AuX]uK(Z,A,X)}m} -1

x VE{Y —h(W,A, X)}2 | Z, A, X|uk(Z, A, X).

E{V,h(W, A, X; Z, A X
Note that pr (Z, A, X) is the least squared projection of (Vyh(W A Xiv0) | 2,4, X}

VER{Y —h(W, A, X)}? | Z, A, X]
onto the space linear spanned by { VE{Y —h(W, A, X)}2 | Z, A, X|uk(Z, A, X)}

By Assumption 2(ii) and (C5), we have

|

Therefore we have that

pK(Z7A7X)

E{V h(W, A, X:v) | Z, A, X}
VERY —h(W, A, X)}? | Z, A, X]

E[pK(ZvA7X)pK(ZvA7X)T] — E

{]E[VVh(W?AaX;'YO) ‘ ZaA’X]}®2
E{Y —h(W, A, X)}? | Z, A, X]

(93.8)

It follows that

-1
{E[V,h(W, A, X;0) | Z,A, X]}*?
Al + Appr Al (]E 7 =V,

E{Y —h(W, A, X)}? | Z, A, X]

(93.9)
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where the last equality is because

V, = E{4(0)4,(0)"}

— {E {Oh(W, A,X;gi:neﬁ(Z,A,X) }}—1

x E{Y —h(W, A, X) Py (Z, A, X)my(Z, A, X)"]
Oh(W, A, X;vo)meeg (Z, A, X)™
<[5 = i
B E{V, h(W, A, X;v) | Z, A, X} A
- (E [E[{Y — 0, A, X)) ] 7,4, x] A X 0) D
{E[V,h(W. A, X;70) | Z,A,XJ}®2]

x FE

OO A O Y — WA X0 Z, A, X]P

E{V,h(W,A, X;v) | Z, A, X} 1\ "
E{Y — h(W,A, X)}?| Z, A, X] D

>_ . (S3.10)

x (]E [V.,h(W, A, X 7)

{E[V»Yh(VV, AaX;7O) | Z’A7X]}®2
E{Y —h(W, A, X)}? | Z, A, X]

Then (S3.5) is obtained.
We next prove (S3.6). By definition of A,,, and b, in (S3.3) and (S3.4),

we have

1 ~~e s ~\! ~ ~ -1~
== (E - b;fA,,;pbp> —c—cb! (—AW n cbpbg) byc

1—A
=c+ (E{th(W, A, Xsv0)uk (2, A, X) AL, bk —E {%

T
-1
x (BVAh(W, A, X;y0)ur (2, A, X)"} AR cE{uic (2, A, X)VAh(W, A, X3 70)"})

\1-A
X (E{V’Yh(W7A7X;70)uK(Za AvX)T}AI_(lbeK - E{WV‘Y}l(VKAvXKyO)}) .

(S83.11)
Recall that

E[{Y — h(W, A, X)H{h(W,1,X) — h(W,0,X) — 15} | Z, A, X]

R(Z, A, X) = E{Y — (W, A, X)}* | Z, A, X]
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In what follows, we show that

c=E [{ro— h(W,1,X) + h(W,0, X)}’]
—E[R(Z, A X)X{Y — h(W, A, X)}*] + o(1), (S3.12)
(-p

E{V,h(W, A, X;v0)uk(Z, A, X)" YA b — E {f(

mvvh(W, A X; ’70)}

— _E |V h(W, 4, X;70) {R(Z,A,X) + %H +o(1).
(53.13)

Consider the term (S3.12). Recall that
c=E [{7'0 — h(W, 1, X) + h(W, O,X)}Z] — b AR b
By the definition of Ax«x and by in (S3.1) and (S3.2), we have

c=E [{ro — h(W,1,X) + h(W,0,X)}?]
—E[{Y — h(W, A, X)}ro — h(W, 1, X) + h(W,0, X) ug(Z, A, X)"]
x E[{Y — h(W, A, X)Pug(Z, A, X)*?]
x E[{Y — h(W, A, X)Hro — h(W, 1, X) + h(W,0, X) hug(Z, A, X)]

— E [{ro — h(W, 1, X) + h(W, 0, X)}*] — E{px(Z, A, X)*},
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where

Pr(Z,A,X) =E[{Y — h(W, A, X)Hmo — h(W,1,X) + h(W,0,X)}ug(Z, A, X)"]

x E[{Y — (W, A, X)Pur(Z,A,X)%]

X wug(Z, A, X)VE{Y — h(W,A, X)}2 | Z,A, X]

= —E|R(Z, A, X)WVE{Y — h(W,A, X)}? | Z, A, X]

x VE{Y —h(W, A, X)}2| Z, A, X]ug(Z, A, X)T

-1

% E [{\/E Y — h(W, A, X)V2 | Z, A, X|uw(Z, A, X)}®2]

x VE{Y —h(W, A, X)}2| Z, A X]ug(Z, A, X).

Note that px(Z, A, X) is the least squared projection of

R(Z,A, X)\JE{Y —h(W,A, X)}2| Z, A, X]

onto the space linear spanned by {\/E[{Y —h(W, A, X)}? | Z, A, X|uk(Z, A, X)}

By Assumption 2(ii) and (C5), we have

E [HIEK(Z, A, X) — R(Z, A, X)VERY — h(W, A, X)12| Z, A, X]m = o(1).

(S3.14)

Therefore,

E{px(Z,A, X)*} = E[R(Z, A, X)’E{Y — h(W, A, X)}* | Z, A, X]]

= E[R(Z, A, X)*{Y — h(W, A, X)}?].
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Then (S3.12) is obtained. Next, we consider the term (S3.13). Note that

E{V,h(W, A, X;v0)ur(Z, A, X)" YA K
— B[V, h(W, A, X;v0)uk(Z, A, X)'] - E [{Y — h(W, A, X)Yux(Z, A, X)*?] "

x B{Y — (W, A, X)H{ro — h(W, 1, X) + h(W, 0, X) }ux(Z, A, X)]

V'Yh(m A7X>’70)
\/E[{Y - h(I/V: AaX)}Q | ZvA’X]

\/E[{Y - h(VVa AaX)}Q | Z, A7X]UK(ZvAaX)T

1

% E [{\/IE Y — h(W, A, X)12 | Z, A, X]ux(Z, A, X)}Qﬂ i

x E|R(Z,A, X)VE{Y —h(W,A, X)}2| Z, A, X]

x VE{Y —h(W, A, X)}2| Z, A X|ug(Z, A, X)

V’Yh(W7A7X;70)

ﬁK(Z7A7X)

Therefore, (S3.14) implies that
E{V,h(W, A, X;v0)ur(Z, A, X) YA b = —E [V h(W, A, X;v)R(Z, A, X)] + o(1).
Then we obtain (S3.13). Combining (S3.11)—(S3.13), and recalling that

k=V,E HR(Z,A,X) 7 (=1~

W} V,h(W, A, X57%)|

and

[E{V,h(W, A, X;y0)uk (Z, A, X) VAR B{ug (Z, A, X)V,h(W, A, X;70)"}] T =V, + o(1),
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from (S3.9), we have

LB [{m - (W, 1, X) + h(W,0, X)}’]

c

—E[R(Z, A, X)*{Y —h(W, A, X)}?] + "V, 'k +0o(1). (S3.15)

To complete the proof of (S3.6), we need to show £+ = E{15(0)?} + o(1).

ol

Recall that

(0) = h(W,1,X) — h(W,0,X) — 10+ t(Z, A, X){Y — h(W, A, X)},

and t(Z,A,X) =k "m(Z, A, X) - R(Z, A, X).
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We have

E{¢»(0)*} = E ([h(W, 1, X) — h(W,0, X) — 7o + t(Z, A, X){Y — h(W, 4, X)}]?)

=E [{h(W,1,X) — h(W,0,X) — 70}?]

+E[H(Z, A, X)) {Y — h(W, A, X)}?]

+ 2R [H(Z, A, X){h(W, 1, X) — h(W,0, X) — 1 }{Y — h(W, A, X)}]
=E [{h(W,1,X) — h(W,0,X) — 7}

+K'E [meg(Z, A, X)mep (Z, A, X){Y — h(W, A, X)}] &

+E [R(Z, A, X)*{Y — h(W, A, X)}?]

—267E [meg (2, A, X)R(Z, A, X){Y — h(W, A, X)}?]

+267E [meg (Z, A, X){h(W, 1, X) = h(W,0, X) = o H{Y — h(W, A, X)}]

—2E[R(Z, A, X){h(W, 1, X) — h(W,0, X) — 1 }{Y — h(W, A, X)}]
=E [{h(W,1,X) = h(W,0,X) — o}*] + K"V, '&

—E[R(Z, A, X)*{Y — h(W, A, X)}?], (S3.16)

where the last equality follows from (S3.10) and the facts

E [meﬁ”(Z7A7X>{h(VV7 LX) - h(VV, O7X) - TO}{Y - h(VVv A’X)}]

= E [mg(Z, A, X)R(Z, A, X){Y — h(W, A, X)}?],
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and
E[R(Z, A, X){h(W,1,X) — h(W,0,X) — o }{Y — h(W, A, X)}]|
— E[R(Z A, X){Y — h(W, 4, X)}].
Then (S3.6) is obtained. This completes the proof. O

S3.2 Proof of Theorem 2

Proof. We first prove (i). Recall that the treatment-confounding bridge

function ¢(z, a, x) satisfies

Efq(Z, A, X) | W, A, X} = m

We have

k=V.E HR(Z,A,X) s (-1

m} Vo h(W, A, X;70)

= VLE [{R(Z, A, X) + (1) ¢(Z, A, X)} E{V,h(W, A, X; %) | Z, A, X}].
Then
KV, =B [{R(Z,A,X) + (1) (2, A, X)) E{V,h(W, A, X; %) | Z, A, X}]"

xE[{R(Z, A, X)+ (-1)""q(Z, A, X)} E{V,h(W, A, X; %) | Z, A, X }]

{E[vﬂyh(w,A,X;q/O) | Z,A,X]}®2 -1
E{Y — h(W, A, X)}? | Z, A, X]

= E{s(Z, A, X)?},
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where

s(Z,A,X)=E|{R(Z, A X)+ (-1)""4¢(Z, A, X)} VE{Y — h(W, A, X)}? | Z, A, X]

E{V"/h(VVa A,X;’Yo) | Z7A7X}
\/E[{Y_ h(VV,A,X)}Q | ZaAvX]'

T

E{V‘Yh(vva AaX;7O) | Z7A>X}
VE{Y —h(W, A, X)}2 | Z, A, X]

E[V,h(W, A, X;7) | Z.4,X] \°
\/IE[{Y —h(W,A, X)}? | Z, A, X]

Note that s(Z, A, X) is the least squared projection of

{R(Z, A, X)+ (-1)""*q(Z, A, X)} VE[{Y — h(W, A, X)}? | Z, A, X]

E{V,h(W, A, X;%) | Z, A, X} }
VE{Y —h(W, A, X)}2[Z, A, X))

the Hilbert projection theorem, we have

onto the space linear spanned by {

E{s(Z, A X)?} <E [{R(Z, A X) + (D)2, A, X) Y {Y — h(W, A, X)}Q] .

(S3.17)
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As a result, by (S3.16), we have

V, = E [{h(W,1,X) — h(W,0,X) — 7}*] + "V 's

—E[R(Z, A, X)Y — h(W, A, X)}?]

<E[{h(W,1,X) — h(W,0,X) — 70}?]
TE[{R(Z,4,X) + (~1)" (2, A, X)}* {Y = h(W, 4, X)}]
—E[R(Z, 4, X)*{Y — h(W, 4, X)}?]

=E [{h(W,1,X) — h(W,0,X) — 7}’]
+E [¢(Z, A, X)X{Y — h(W, A, X)}?]
+ 2B [(=1)'""q(Z, A, X)R(Z, A, X){Y — h(W, A, X)}?]

— E [{h(W,1,X) — h(W,0,X) — 7}?]
+E[¢(Z, A, X){Y — h(W, A, X)}*]
+2E [(—1)"4q(Z, A, X){Y — h(W, A, X)Hh(W,1,X) — h(W,0,X) — 79}]

= E {¢eg(0)*} = V,.op,

where the third equality follows from the definition of R(Z, A, X). Addi-
tionally, the equality V; = V; . holds if and only if the equality in (S3.17)

holds, which happens if and only if

{R(Z, A, X)+ (-1)""q(Z, A, X)} VE[{Y — h(W, A, X)}? | Z, A, X]
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E{V_ h(W, A, X, Z,A X
lies within the space linear spannedby{ (Vyh(W, 4, Xi0) | 2,4, }]},

VE{Y —h(W, A, X)}2| Z,A, X

equivalently, there is a vector of constants a such that

{R(Z, A, X)+ (-1)""q(Z2, A, X)} VE{Y — h(W, A, X)}? | Z, A, X]

_ aTE{v’Yh<W7AaX;7O) ‘ ZaAaX}
VEY — (W, A, X)Y? [ Z, A X]

namely,

aT]E{V’Yh(W AaXa’YO) | Z’A7X}

R(Z, A, X)+ (—1)""4¢(Z, A, X) =

=a'mg(Z, A X).

This completes the proof of (i).

Next, we give a proof of (ii). Recall that under Mg, the model is

E{Y_h(W7A7X770) ‘ ZvAvX}:O7 TOZE{h<W>17X;7O) _h<W707X770)}a

which is a special case of the sequential model studied in Ai and Chen
(2012). So we use result of Remark 2.2 of Ai and Chen (2012) (also Theorem
1 of Brown and Newey (1998)) to derive the semiparametric efficiency bound

of 79 under Mg,;. Let

Then Remark 2.2 of Ai and Chen (2012) showed that the the semiparametric
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efficiency bound of 7y under My, is

9{e(O;7v,70)}
+
oy”T

{e(O;70,m0)}
oy

E{=(0i 90, 1)} v,
=E [{h(W, 1, X;7) — h(W,0, X;v0) — 70}?]
+E[R(Z, A, X)*{Y — h(W, A, X;70)}?]
—2E[R(Z, A, X){h(W, 1, X;40) — (W, 0, X;70) — 7o {Y — h(W, A, X;40)}]
+K'V, 'k
=E [{h(W,1,X;7) — h(W,0,X;%) — 70}°] —E [R(Z, A, X)*{Y — h(W, A, X;70)}’]

+ nTVv_ln

= E{»(0)*}

V"m

where first equality is from the definition of k in Theorem 1, and the third

equality is from (S3.16). This completes the proof of the corollary. O

S3.3 Proof of Theorem 3

Proof. Recall that

N

~plug-in 1 = =
PR (mg) = < D {B(Wi 1, Xi 5 (meg)) — h(W:, 0, X5 3 (meg))}
i=1



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

Following uniform weak law of large number (Newey and McFadden, 1994)

under the regularity conditions, we have

VN{TER (m ) — 70}

N
1
= 7 > {h(Wi 1, Xi3v0) — h(W;, 0, Xi3%0) — 7o}

_I_

(—1)' BTN o
E{RﬂﬁZEVW@KAXﬁw}VN%W%M-%&+%@

N
1

(_1)1714 T
gd =D A X 7 A X,
{f<A|W,X)V”h(W’ Xim) g Vammeg (2 As Xi)

+ R(Zi, Ai, Xi) [{Yi — h(Wi, Ai, Xi)} + 0p(1)

=: 11 + 15 + 0,(1).

Note that

E[{n(W, 1, X;~0) — h(W,0, X;0) — 10 H{Y — h(W, A, X)}]

=E[R(Z, A, X){Y — h(W, A, X)}*].

We have

VSR Z B{(T, + T2} = E(T?) + E(T3).
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Note that

E(T}) = E [{h(W,1,X) — h(W,0,X) — 79}’]
+E [R(Z, A, X)*{Y — h(W, A, X)}?]
—2E[R(Z, A, X){h(W,1,X) — h(W,0,X) — 1o }{Y — h(W, A, X)}]

=E [{h(W,1,X) — h(W,0,X) — 1o}*] —E [R(Z, A, X)*{Y — h(W, A, X)}?],

and

E(T2) = E {%vvh(m@ A X 70)} VLE [mg(Z, A, X)2{Y — (W, A, X)}?]

_1\1-A
x V,E {%vvh(w, A X; 70)} (S3.18)
+E[R(Z, A, X)*{Y — h(W, A, X)}?] (S3.19)

+2E{¢v hW, A, X )}TV
JlATwx) R

X E [meg(Z, A, X)R(Z, A, X){Y — h(W, 4, X)}?] .
(S3.20)

By (53.10), we have

(—1)1-4 NG (- .
(S3.18) =E {vah(w, A, X, »yo)} V,E {vah(w, A, X »yo)} .

Similar to (S3.17), we have

(S3.21)
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By the definition of mg, we have

(S3.20) = 2E {fé%)lw_;)v.,h(w, A X: 70)}T VLE{R(Z, A, X)V. h(W, A, X:70)}

Combining (S3.18)—(S3.20) yields that

E(T?) > E HR(Z,A,X) s (D)~

TWX)} V h(W, A, X ’Yo)} :

x V,E HR(Z,A,X) 7 (=1~

m} VL h(W, A, X; 70)]

= k"V. k.

v

Then by (S3.16), we have

VIS > B [{h(W,1,X) — h(W,0,X) = n}?] + K"V, s
—E[R(Z, A X)H{Y — h(W, A, X)}]

The equality holds if and only if the equality in (S3.21) holds, which happens

if and only if

R(Z, A, X)\/E{Y —h(W,A, X)}?| Z, A, X]

E{vﬁh(vva AaX;'70) | Z7A7X}
VELY —h(W, A, X) 121 Z, A X] |

equivalently, there is a vector of constants a such that

lies within the space linear spanned by {

R(Z, A, X)WVE{Y —h(W, A, X)}2| Z, A, X]

_ Q"E{V,h(W, A, X;v) | Z,A, X}
VE{Y —h(W, A, X)}2 | Z, A, X]’
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namely,
E A X, Z, A X
R(Z,A,X) _ « {V’Yh(m 9 770) | s L1 }
]E[{Y - h(Wa Aa X)}2 ‘ Z> Aa X]
=a'mg(Z, A X).
This completes the proof. n

S4 Supplements to simulation studies

S4.1 Parameterization of bridge functions

In this section, we show that the data generating mechanism in our sim-
ulation study is compatible with the following models of the confounding

bridge functions h and g:

h(w, a,z;9) = Y0 + 1w + Y20 + 73,

q(z,a,2;0) =1+ exp{(—=1)*(0p + 012 + O2a + O5z)} .
Note that

E(W ’ Z7 A7X) = BwO + ﬁsz +6wu]E(U | Z,A,X),

EY | Z,A,X) = Byo+ BypEW | Z, A, X) + ByaA + By X + B E(U | Z, A, X).
It follows that

E(Y | Z,AX)=7%+"EW | Z, A X)+7A+7%X,
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where

'78 = 61/0 - ﬁwOﬁyu/ﬂwua ﬁ)/ik = 5yw + ﬁyu/ﬁwua 7; = ﬁym 75‘: = Bya: - waﬂyu/ﬁwu'
Therefore, h(w, a, x;v*) = v{+7; w+ysa+vix satisfies the integral equation

(2.1).

Next we show that there is a function
q(z,a,2;0") =1+ exp{(—1)*(0; + 07z + O5a + O5x) } ,
which satisfies the integral equation (4.1). Note that we only need to show

/q(z,A,X;O*)f(z|U,A,X)dz:f ! (S4.1)
zZ

(AU X)’
holds. Then we have

;:/ !

flu| W, A, X)du
1

_ /umf(MW,A,X)du

= [{ [tz axionste10a 00| sl woa x)a
u lJz

= /q(z,A,X;H*){/f(z|u,A,X)f(u|W,A,X)du}dz
z u

= /q(z,A,X;G*){/f(z|u,VV,A,X)f(u|I/V,A,X)du}dz
z u

= / q(z, A, X;0") f(z | W, A, X)dz
z

— E{q(Z, A, X;0%) | Z, A, X},
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where the second and fifth equalities are by Assumption 1(iii), and the third

equality is by (S4.1). We next show (S4.1). Recall that by the DGP,

FaTr ) = LoD B+ B X+ ful))} (54.2)

We have

[ e 4,001 | U A, X)ds
z
=1+exp{(— 9*+9*A+9X}/exp{ A0z} f(2 | U A, X)dz
= 1+exp{(=1)"(6; + 03A + 05X)}
1 1
Ae* { K zuU_ zaA_ zxX 2}d
/Zexp{ (2} S exp {5 — B — Bl = Bud = B X s

1
= 1+exp {(—1)A<96‘ +03A+05X) + (—1)20; (Bao + Bl + BraA + B X) + 561‘2} :

(S4.3)

Comparing (S4.2) and (S4.3), we obtain that (S4.1) holds if

* * * 1 *
_<90 + 02) - 91 (BZO + ﬁza) + _912 = _ﬁa(J?
9*+96z0+ 92 ﬁa()?
0§ + Qiﬁzzr = ﬁaw’

eiﬁzu = ﬁaw
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Equivalently,

05 = Bao = 0.584,/ B2, — BeoBau/ Beu,
07 = Bau/Bu

03 = Bau/ B2u = BeaBau/ Beu,

05 = Baw — BzzBau/ Bru-

It implies that ¢(z, a, x; 0*) satisfies the integral equation (4.1).

S4.2 Simulation under model misspecification

In this section, we construct simulations to evaluate the performance of
the proposed method and the proximal DR estimator under a misspecified
bridge function h. Following Kang and Schafer (2007), we simulate the case
of misspecified h by applying a transformation to the observed variables.

Specifically, we consider three levels of model misspecification:
minor misspecification: W; = W + 0.1W?
moderate misspecification: W3 = W + 0.5W?;
and significant misspecification: Wy = |[W/|"? + 1.
These transformed variables are used instead of W to estimate h. We gen-

erate 400 and 800 samples under scenario II in Section 6.1 to implement the

proposed GMM estimator and proximal DR estimator, respectively. Table 1
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Table 1: Summary of absolute bias, standard error (SE), root mean squared error
(RMSE), coverage probability (CP), average length of the 95% confidence interval, and

power under different levels of model misspecification.

n = 400 n = 800

Method Bias SE RMSE Length CP  Power Bias SE RMSE Length CP  Power

(a) Correct specification
GMM 0.01 0.13 0.13 0.48 0.934 0970 0.01 0.09  0.09 0.34 0.956  1.000
PDR 0.03 030  0.30 1.07 0.946  0.508 0.02 0.20 0.20 0.74 0.962 0.744
(b) Minor misspecification
GMM 0.04 018 0.19 0.61 0.876  0.886 0.03 0.12  0.13 0.45 0.938  0.970
PDR 0.03 033 0.33 1.17 0.956  0.472 0.02 0.21 0.21 0.82 0.954 0.638
(c) Moderate misspecification
GMM 028 028 040 0.74 0.598  0.928 0.25 0.18 0.31 0.55 0.516  0.986
PDR 0.03 0.56  0.56 1.89 0.960  0.268 0.05 0.35 0.35 1.35 0.964  0.346
(d) Significant misspecification
GMM  0.76 0.39  0.86 0.78 0.166  0.980 0.69 0.28 0.74 0.56 0.068  1.000

PDR  0.06 1.27 1.27 1.25 0.676  0.272 0.01 071 0.71 1.77  0.724 0.184
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summarizes the bias, standard deviation (SD), average length of 95% con-
fidence intervals, coverage probability, and power across various scenarios.
As expected, the proposed method aims for high estimation efficiency but
is exposed to the risk of model misspecification. When misspecification is
mild, the proposed methods still perform acceptably, but bias increases and
coverage worsens significantly as misspecification becomes more severe. In
contrast, the proximal DR estimator consistently guarantees a slight bias.
However, its variance and coverage performance also deteriorate as one of

the bridge functions becomes more severely misspecified.

S4.3 Simulation with B-splines

To illustrate the performance of the proposed method using different basis
functions, we conducted additional simulations under Scenario II using B-
splines. Table 2 compares the proposed method implemented with power
series versus B-splines. The results indicate that the difference in finite-

sample performance is negligible.
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Table 2: Simulation results: absolute bias, standard error (SE), root mean squared error
(RMSE), coverage probability (CP), average length of the 95% confidence interval, and

power.

n = 400 n = 800

Sieve Bias SE RMSE Length CP  Power Bias SE RMSE Length CP  Power

Power series  0.01 0.13  0.13 0.48 0.936  0.966 0.00 0.09  0.09 0.34 0.956  1.000

B-splines 0.01 0.14 0.14 0.47 0.906  0.960 0.00 0.09  0.09 0.34 0.940  0.994
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