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S1 Heterogeneous Linear Regression with Site-Specific
Heteroskedastic Errors

We extend the heterogeneous linear model in Remark 1 to allow each site
j its own error variance Nnj

(
0, σ2

j Inj

)
.

The negative log-likelihood (up to constant) is
nj

2
log σ2

j + 1
2σ2

j

∥∥Yj −

Xjβ0−Wjβj

∥∥2

2
. Profiling out σ2

j or equivalently reparameterizing via weighted
least squares, one obtains the site-wise loss

Lj(β0,βj) =
1
2

∥∥Y′
j −X′

jβ0 −W′
jβj

∥∥2

2
(S1.1)

with Y′
j =

Yj

σj
,X′

j =
Xj

σj
,W′

j =
Wj

σj
. This weighted least squares loss simply

replaces the loss Lj in (5.25). To compute the CMLE for the parameters
{βj}Kj=0 and variances {σ2

j}Kj=1, we use a block coordinate descent (BCD)
algorithm, see Algorithm S1.

By treating the number of sites K as a fixed parameter, the constrained
likelihood–ratio testing procedure and Theorem 2 remain valid without
modification.

S2 Proof of Theorem 1

Proof. We will show that if κ ≥ |A0
H0
|, then {i ∈ [p]\B : β0

i ̸= 0} ⊂
{i ∈ [p]\B : Γ̂i ̸= 0} almost surely, where the estimators Γ̂H0 and Γ̂H1 are
obtained from Algorithm 3. For H0, let A0 = {i ∈ [p]\B : β0

i ̸= 0} and

A[t] = {i ∈ [p]\B : |Γ̃[t]
i | ≥ τ}. For H1, let A

0 = {i ∈ [p]\B : β0
i ̸= 0} ∪ B

and A[t] = {i ∈ [p]\B : |Γ̃[t]
i | ≥ τ} ∪B. Set ε̂ = Y −Xβ̂

ol
, where β̂

ol
is the
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Algorithm S1 BCD for CMLE in Heterogeneous Linear Regression with Heteroskedas-
tic Errors

1: Initialize: Set t = 0 and σ
2(0)
j = 1 for j = 1, . . . ,K.

2: while not converged do

3: Parameter update: Treat (S1.1) (with the current {σ̂2 (t)
j }) as the site-wise loss

and run Algorithm 2 to obtain {β̂
(t+1)

j }Kj=0.
4: Variance update: For each j = 1, . . . ,K,

σ̂
2 (t+1)
j =

1

nj

∥∥Yj −Xj β̂
(t+1)

0 −Wj β̂
(t+1)

j

∥∥2
2
.

5: t← t+ 1
6: end while
7: Output: {β̂j}Kj=0 and {σ̂2

j }Kj=1.

oracle estimate that minimizes ∥Y −Xβ∥22 under the constraint β(A0)c = 0.

Set E =
{∥∥XT ε̂/n

∥∥
∞ ≤ 0.5λτ

}⋂{∥∥∥β0 − β̂
ol
∥∥∥
∞
≤ 0.5τ

}
.

We will show that A0△A[t] is eventually empty set on event E, which
has a probability tending to 1, where △ denotes the symmetric difference.
By the optimality criterion Lee and Lee (2005) for (4.12) and (4.13), we
have

⟨β̂
ol
− Γ̃

[t]
,−XT (Y −XΓ̃

[t]
)/n+ λτ∇

∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1
⟩ ≥ 0. (S2.2)

Rearranging the terms, we have∥∥∥X(β̂
ol
− Γ̃

[t]
)
∥∥∥2

2
/n

≤⟨Γ̃
[t]
− β̂

ol
,XT ε̂/n− λτ∇

∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1
⟩

=⟨Γ̃
[t]

A0\A[t−1] − β̂
ol

A0\A[t−1] ,XT ε̂/n− λτ∇
∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1
⟩

+ ⟨Γ̃A[t−1]\A0 − β̂
ol

A[t−1]\A0 ,XT ε̂/n− λτ∇
∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1
⟩

+ ⟨Γ̃
[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c ,X
T ε̂/n− λτ∇

∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1
⟩

+ ⟨Γ̃
[t]

A[t−1]∩A0 − β̂
ol

A[t−1]∩A0 ,XT ε̂/n− λτ∇
∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1
⟩.

(S2.3)

Let XA0 denote the matrix, whose A0 columns are the same as the A0

columns of X and all other columns are zeros. Similarly, we can define

X(A0)c . Notice that X = XA0 +X(A0)c , β̂
ol

(A0)c = 0, β̂
ol
= (XT

A0XA0)†XT
A0Y ,
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Ŷ = XA0(XT
A0XA0)†XT

A0Y , PA0 = XA0(XT
A0XA0)†XT

A0 , as well as ε̂ = Y −
Ŷ = (I − PA0)Y = (I − PA0)ε. Note that XT ε̂ = XT

(A0)c ε̂.

Thus, we know that the fourth term in the last equation of (S2.3)
vanishes, since

⟨Γ̃
[t]

A[t−1]∩A0 − β̂
ol

A[t−1]∩A0 ,XT ε̂/n− λτ∇
∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1
⟩

=⟨Γ̃
[t]

A[t−1]∩A0 − β̂
ol

A[t−1]∩A0 ,XT
(A0)c ε̂/n⟩

=⟨X(A0)c(Γ̃
[t]

A[t−1]∩A0 − β̂
ol

A[t−1]∩A0), ε̂/n⟩ = 0.

(S2.4)

Note that the third term in the last equation of (S2.3) satisfies

⟨Γ̃
[t]

(A[t−1]∪A0)c−β̂
ol

(A[t−1]∪A0)c ,∇
∥∥∥Γ̃[t]

(A[t−1])c

∥∥∥
1
⟩ =

∥∥∥Γ̃[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c

∥∥∥
1
,

(S2.5)

because β̂
ol

(A[t−1]∪A0)c = 0.
Recalling (S2.3), we have

0 ≤
∥∥∥X(β̂

ol
− Γ̃

[t]
)
∥∥∥2

2
/n

≤⟨Γ̃
[t]

A0\A[t−1] − β̂
ol

A0\A[t−1] ,XT ε̂/n− λτ∇
∥∥∥Γ̃[t]

A0\A[t−1]

∥∥∥
1
⟩

+ ⟨Γ̃A[t−1]\A0 − β̂
ol

A[t−1]\A0 ,XT ε̂/n⟩

+ ⟨Γ̃
[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c ,X
T ε̂/n− λτ∇

∥∥∥Γ̃[t]

(A[t−1]∪A0)c

∥∥∥
1
⟩

≤
∥∥∥Γ̃[t]

A0△A[t−1] − β̂
ol

A0△A[t−1]

∥∥∥
1
· (
∥∥XT ε̂

∥∥
∞ /n+ λτ)

+
∥∥∥Γ̃[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c

∥∥∥
1
· (
∥∥XT ε̂

∥∥
∞ /n− λτ).

(S2.6)

Rearranging inequality (S2.6) implies that∥∥∥Γ̃[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c

∥∥∥
1
· (λτ −

∥∥XT ε̂
∥∥
∞ /n)

≤
∥∥∥Γ̃[t]

A0△A[t−1] − β̂
ol

A0△A[t−1]

∥∥∥
1
· (
∥∥XT ε̂

∥∥
∞ /n+ λτ).

Over event E, we have∥∥∥Γ̃[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c

∥∥∥
1
≤ 3

∥∥∥Γ̃[t]

A0△A[t−1] − β̂
ol

A0△A[t−1]

∥∥∥
1

≤ 3
∥∥∥Γ̃[t]

A0∪A[t−1] − β̂
ol

A0∪A[t−1]

∥∥∥
1
.
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Recall that κ1 =
∣∣∣{i ∈ [p]\B; |Γ̃[0]

i | ≥ τ}
∣∣∣ and κmax = max{κ, κ1}. With-

out loss of generality, we can assume that Γ̃
[0]

B = 0. For the base case, we
know that ∣∣A0△A[0]

∣∣ ≤ |A0\B|+ |A[0]\A0| ≤ 2κmax.

For the induction step, assume
∣∣A0△A[t−1]

∣∣ ≤ 2κmax on event E, for

t ≥ 1. We aim to show that
∣∣A0△A[t]

∣∣ ≤ 2κmax over event E.
Applying Assumption 1 and (S2.6), over event E, we have

c1

∥∥∥β̂ol
− Γ̃

[t]
∥∥∥2

2
≤

∥∥∥X(β̂
ol
− Γ̃

[t]
)
∥∥∥2

2
/n

≤
∥∥∥Γ̃[t]

A0△A[t−1] − β̂
ol

A0△A[t−1]

∥∥∥
1
· (
∥∥XT ε̂

∥∥
∞ /n+ λτ)

+
∥∥∥Γ̃[t]

(A[t−1]∪A0)c − β̂
ol

(A[t−1]∪A0)c

∥∥∥
1
· (
∥∥XT ε̂

∥∥
∞ /n− λτ)

≤3

2
λτ

∥∥∥Γ̃[t]

A0△A[t−1] − β̂
ol

A0△A[t−1]

∥∥∥
1
.

(S2.7)

By Cauchy-Schwarz inequality,∥∥∥Γ̃[t]

A0△A[t−1] − β̂
ol

A0△A[t−1]

∥∥∥2

1
≤

∣∣A0△A[t−1]
∣∣ ∥∥∥Γ̃[t]

− β̂
ol
∥∥∥2

2
. (S2.8)

Combining (S2.7), (S2.8) and the third condition in Theorem 1,∥∥∥β̂ol
− Γ̃

[t]
∥∥∥
2
≤ 3λτ

2c1

√
|A0△A[t−1]| ≤ τ

4

√
|A0△A[t−1]|. (S2.9)

Applying (S2.9) and induction assumption
∣∣A0△A[t−1]

∣∣ ≤ 2κmax, we have∥∥∥β̂ol
− Γ̃

[t]
∥∥∥
2
/τ ≤ 1

4

√
2κmax ≤

1

2

√
κmax ≤

√
κmax. (S2.10)

Because for any i ∈ A[t]\A0, |Γ̃[t]
i − β̂ol

i | = |Γ̃
[t]
i | ≥ τ, we have√

|A[t]\A0| ≤
∥∥∥β̂ol

− Γ̃
[t]
∥∥∥
2
/τ ≤

√
κmax.

Thus, ∣∣A0△A[t]
∣∣ ≤ |A0\B|+ |A[t]\A0| ≤ 2κmax.

By induction, we already showed that over event E,
∣∣A0△A[t]

∣∣ ≤ 2κmax for
any 0 ≤ t ≤ tmax, where tmax denotes the total number of the iteration of
Algorithm 3.
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Note that Algorithm 3 is terminated at t if

supp{Γ̃
[t]
}\B = supp{Γ̃

[t−1]
}\B.

We will show that over event E, for any t ≥ 1,√
|A0△A[t]| ≤ 1

2

√
|A0△A[t−1]|.

If i ∈ A0\A[t], then we know that β0
i ̸= 0 and Γ̃

[t]
i = 0. Over event E,

|β0
i − β̂ol

i | ≤ 0.5τ . According to assumption κ ≥ |A0
H0
| in Theorem 1, we

know that

|Γ̃[t]
i − β̂ol

i | ≥ |Γ̃
[t]
i − β0

i | − |β0
i − β̂ol

i | ≥ τ − 0.5τ = 0.5τ. (S2.11)

If i ∈ A[t]\A0, then we know that β0
i = β̂ol

i = 0 and |Γ̃[t]
i | ≥ τ , which implies

|Γ̃[t]
i − β̂ol

i | = |Γ̃
[t]
i | ≥ τ .

Over event E, we obtain that for any i ∈ A0△A[t], |Γ̃[t]
i − β̂ol

i | ≥ τ −
0.5τ = 0.5τ. Combining (S2.9), we obtain√

|A0△A[t]| ≤ 1

0.5τ

∥∥∥β̂ol
− Γ̃

[t]
∥∥∥
2
≤ 1

2

√
|A0△A[t−1]|. (S2.12)

In conclusion, over event E, we obtain√
|A0△A[t]| ≤ 1

2t
√
2κmax. (S2.13)

If t ≥ ⌈ log(2κmax)
log 4

⌉,
√
|A0△A[t]| < 1, i.e., A0△A[t] = ∅.

Set tmax = ⌈ log(2κmax)
log 4

⌉. We already showed that over event E,

{i ∈ [p]\B : |Γ̃[tmax]
i | ≥ τ} = {i ∈ [p]\B : β0

i ̸= 0}.

This means that for any j ̸∈ {i ∈ [p]\B : |Γ̃[tmax]
i | ≥ τ}, |Γ̃[tmax]

j | < τ , and

for any k ∈ {i ∈ [p]\B : Γ̃
[tmax]
i ≥ τ}, |Γ̃[tmax]

k | ≥ τ . Thus, over the event E

supp{β0}\B = {i ∈ [p]\B : β0
i ̸= 0}

= {i ∈ [p]\B :
∣∣Γ̃[tmax]

i

∣∣ ≥ τ} ⊂ supp{Γ̂}\B.
(S2.14)

Next, we aim to bound the probability of event E. Let a := XT ε̂ =
(a1, · · · , ap)T . It is obvious that a = XT (I − PA0)ε = XT

(A0)c(I − PA0)ε.
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Recall the error ε ∼ N(0,Σ) with Σ = σ2I. By Assumption 2, for any
1 ≤ l ≤ p,

Var(al) = eT
l X

T (I − PA0)Σ(I − PA0)Xel ≤ σ2(XT (I − PA0)X)ll ≤ nσ2c22.
(S2.15)

By the upper-tail inequality for sub-gaussian distribution and the third
condition in Theorem 1, we have

P(
∥∥XT ε̂

∥∥
∞ /n > 0.5λτ) = P(∥a∥∞ /n > 0.5λτ)

≤
p∑

l=1

P(|a|l > 0.5nλτ) ≤ 2p exp

(
−1

8

nλ2τ 2

σ2c22

)
≤ 2

p3n4
.

(S2.16)

Set b := β̂
ol
− β0. A direct calculation implies that

b = (XT
A0XA0)†XT

A0ε = (b1, · · · , bp)T .

By Assumption 2, for any 1 ≤ l ≤ p,

Var(bl) =eT
l (X

T
A0XA0)†XT

A0ΣXA0(XT
A0XA0)†el

≤σ2
(
(XT

A0XA0)†
)
ll
≤ 1

n
σ2c23I(l ∈ A0).

By Assumptions 2 and (4.17), we have

P
(∥∥∥β̂ol

− β0
∥∥∥
∞

> 0.5τ
)
≤

∑
i∈A0

P(|b|i > 0.5τ)

≤2|A0| exp
(
−1

8

nτ 2

σ2c23

)
≤

2(κ0
H0

+ |B|)
p4n4

= o
( 1

p4n3

)
.

(S2.17)

Case 1: κ = |A0
H0
|. In this case, (S2.14) implies that over the event E

supp{β0}\B = supp{Γ̂}\B. (S2.18)

Thus, under the requirement for (τ, λ) in Theorem 1,

P(supp{Γ̂}\B ̸= A0\B)

=P({supp{Γ̂}\B ̸= A0\B} ∩ E) + P({supp{Γ̂}\B ̸= A0\B} ∩ Ec).
(S2.19)

Notice that E ⊂ {supp{Γ̂}\B = A[tmax]\B}, and E ⊂ {A[tmax]\B = A0\B}.
Thus,

P({supp{Γ̂}\B ̸= A0\B} ∩ E) = 0, and
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P(supp{Γ̂}\B ̸= A0\B) ≤ P(Ec) ≤ C ′

n3
, (S2.20)

where C ′ is a absolute constant.

Note that {Γ̂ = β̂
ol
} = {supp{Γ̂}\B = A0\B}. By Borel-Cantelli

lemma, we have {Γ̂ = β̂
ol
} almost surely as n→∞.

It remains to show that β̂
ol
is a global minimizer of (4.8) or (4.9) with

high probability.
Applying Theorem 2 of Shen et al. (2013) and its proof, with the degree

of separation condition 4, we obtain

P
(
β̂

ℓ0 ̸= β̂
ol
)
≤ e+ 1

e− 1
exp

(
− n

18σ2

(
Cmin − 36

log p+ log n

n
σ2

))
≤ e+ 1

e− 1

1

p2n2
,

where β̂
ℓ0
denotes the global minimizer of (4.8) or (4.9). By Borel-Cantelli

lemma, we have {Γ̂ = β̂
ol
= β̂

ℓ0} almost surely as n→∞.

Case 2: κ ≥ |A0
H0
|. Thus, under the requirement for (τ, λ) in Theorem 1,

P(supp{β0}\B ̸⊂ supp{Γ̂}\B)

=P({supp{β0}\B ̸⊂ supp{Γ̂}\B} ∩ E)

+ P({supp{β0}\B ̸⊂ supp{Γ̂}\B} ∩ Ec).

By (S2.14), we know that E ⊂ {supp{β0}\B ⊂ supp{Γ̂}\B}. Thus,

P({supp{β0}\B ̸⊂ supp{Γ̂}\B} ∩ E) = 0 and

P
(
supp{β0}\B ̸⊂ supp{Γ̂}\B

)
≤ P(Ec) ≤ C ′

n3
. (S2.21)

By the Borel-Cantelli lemma, we have {supp{β0}\B ⊂ supp{Γ̂}\B} almost
surely as n→∞.

Under H0, we know that supp{β̂
ol

H0
} ⊂ supp{β0}\B, which implies that

{supp{β̂
ol

H0
} ⊂ supp{Γ̂}\B} almost surely as n→∞.

Under H1, we know that supp{β̂
ol

H1
} ⊂ supp{β0} ∪ B, which implies

that {supp{β̂
ol

H1
} ⊂ supp{Γ̂} ∪B} almost surely as n→∞.
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S3 Proof of Theorem 2

Proof. By Theorem 1, we have

lim
n→∞

P({Γ̂
(0)

= β̂
ls

H0
} ∩ {Γ̂

(1)
= β̂

ls

H1
}) = 1, (S3.22)

where Γ̂
(0)

and Γ̂
(1)

are obtained from Algorithm 3, and β̂
ls

H0
and β̂

ls

H1
are

obtained from (4.10) and (4.11), respectively.
The remainder of the proof follows the argument in Theorem 2 of Zhu

et al. (2020), which establishes the sampling distribution of Λn(B).

S4 Proof of Theorem 3

Proof. By Theorem 1, we have

lim
n→∞

P(Γ̂
(1)

= β̂
ls
) = 1, (S4.23)

where Γ̂
(1)

is obtained from Algorithm 3 and β̂
ls
= β̂

ls

H1
is obtained from

(4.11), supported on A0 ∪B.
Thus, to show (5.26), it suffices to show

√
n(β̂

ls

B − β0
B)

d−→ N(0,Σ), (S4.24)

as n→∞.
Let t ∈ RB and u ∈ RA0∪B such that uB = t and uBc = 0. Note that

β̂
ls

A0∪B = (XT
A0∪BXA0∪B)

†(XT
A0∪BXA0∪B)β

0
A0∪B + (XT

A0∪BXA0∪B)
†XT

A0∪Bε,
(S4.25)

where XA0∪B denotes the sub-matrix with columns of A0 ∪B.
Due to u ∈ {ξ ∈ RA0∪B; ξi = 0, i ̸∈ B} ⊂ R(XT

A0∪B), we know that
there exists vector v such that u = XT

A0∪Bv and

(XT
A0∪BXA0∪B)(X

T
A0∪BXA0∪B)

†u

=XT
A0∪B

(
XA0∪B(X

T
A0∪BXA0∪B)

†XT
A0∪B

)
v = XT

A0∪Bv = u.

By direct calculation of the characteristic function of
√
n(β̂

ls

B − β0
B), we
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know that

EeitT
√
n(β̂

ls
B−β0

B) = Eeiu
T√

n(β̂
ls
A0∪B−β0

A0∪B
)

=EXEεe
iuT√

n(XT
A0∪B

XA0∪B)†XT
A0∪B

ε

=EX exp{−1/2 · σ2uTn(XT
A0∪BXA0∪B)

†XT
A0∪BXA0∪B(X

T
A0∪BXA0∪B)

†u}
=EX exp{−1/2 · σ2uT (1/n ·XT

A0∪BXA0∪B)
†u}

=EX exp{−1/2 · σ2tT (1/n ·XT
A0∪BXA0∪B)

†
B,Bt}.

Under the assumption of Moore–Penrose inverse σ2
(
1
n
XT

A0∪BXA0∪B
)†
B,B

converges in distribution to some positive semi-definite matrix Σ, and by
applying the continuous mapping theorem, we obtain that

EX exp{−1/2 · σ2tT (1/n ·XT
A0∪BXA0∪B)

†
B,Bt} → e−1/2tTΣt, (S4.26)

as n→∞, for any t ∈ RB.
By Lévy’s continuity theorem, we complete the proof of weak conver-

gence (S4.24). Therefore, the proof of Theorem 3 is completed.
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S5 Top-κ index set Selection

Algorithm S2 Threshold-Based Top-κ index set Selection

1: Inputs:

• Current parameter estimates {Γ̃[t]
k,j}(k,j)∈S . Target sparsity level κ.

• Initial thresholds a, b such that∣∣{(k, j) : |Γ̃[t]
k,j | ≤ a

}∣∣ < κ and
∣∣{(k, j) : |Γ̃[t]

k,j | ≤ b
}∣∣ > κ.

2: Initialize: Set c← a+b
2 .

3: while b− a is not sufficiently small do
4: Site-Level Operations: Each site counts how many local parameters satisfy

|Γ̃[t]
k,j | ≤ c and sends only this count to a central location.

5: Aggregation and Update:

• Sum the local counts with the center count to get the total count∣∣{(k, j) : |Γ̃[t]
k,j | ≤ c

}∣∣.
• If the total is exactly κ, break the loop.

• If the total is < κ, set a← c. Otherwise, set b← c. Update c← a+b
2 .

6: end while
7: Finalize Threshold c∗: Let c∗ ← c if the loop ended early due to an exact match,

or set c∗ ← a if we finished the binary search without an exact match.
8: Construct the ℓ0 Projected Set:

• Each site identifies which local parameters exceed |Γ̃[t]
k,j | > c∗.

• Let C be the union of those parameter indices across all sites,

C =
{
(k, j) : |Γ̃[t]

k,j | ≥ threshold c∗
}
.

• If |C| < κ, select additional κ−|C| parameters with |Γ̃[t]
k,j | ∈ (a, b) until |C| = κ.

9: Output: The projected index set C.
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