Supplementary Materials

Supplement A: Additional Numerical Results
Distributed Computing

We compared the runtime of the proposed group LASSO projection-posterior under central-
ized and distributed implementations across increasing sample sizes (n = 10000, . .., 20000)
with the dimensionality fixed at p = 100 and sqg = 5 active groups, each of size 5. In the
distributed version, the full dataset was partitioned into 10 shards, each processed on a
separate core to compute local summary statistics (XTX, XY, YTY), which were sub-
sequently aggregated. As shown in Figure [5], this parallelization yielded a modest reduction
in total runtime for larger n, primarily due to the concurrent computation of local Gram
matrices. However, the subsequent posterior sampling and projection steps, which dominate
the overall computational load, incur similar costs under both centralized and distributed
settings. Thus, while substantial speedups are not expected for the current problem size,
the distributed framework offers two key advantages: firstly, it eliminates the need to access
or share the complete raw data, making it naturally suited to privacy-preserving or data-
federated settings; and secondly, it ensures that the computational time is never worse than
that of the centralized alternative, with potential gains when the local computations can be
efficiently parallelized. We observe similar trends for the group SCAD and adaptive group
LASSO projection-posteriors; the plots are not reported to avoid repetition.

For each n used in our timing study, we decomposed wall-clock time into: (i) the sum-
mary stage (computing local/central X "X, XY, Y'Y and aggregating in the distributed

case), and (ii) the sampling+projection stage (conjugate posterior sampling of 3 and sparse
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Figure 5: Computation time comparison between centralized and distributed implementa-

tions of the group LASSO projection-posterior across increasing sample sizes.

projection for R = 1000 draws). It should be noted that the summary step under both
distributed and central computing requires an inverse of a high-dimensional matrix. In the
distributed implementation with m shards, only stage (i) differs from the centralized case;

stage (ii) should be similar as it mostly depends on the dimension rather than the sample

size.
n Sampling+Projection (Central) Sampling+Projection (Dist) Summary (Central) Summary (Dist) Total (Central) Total (Dist)
10,000 2.70 2.70 0.56 0.57 3.26 3.27
14,000 2.71 2.73 0.64 0.61 3.35 3.34
18,000 2.74 2.74 0.72 0.66 3.46 3.40

Table 4: Runtime (seconds): decomposition of shared sampling + projection and summary

stages under centralized vs. distributed implementations.

In our runs, the summary stage scales near-linearly with n and benefits from distributing

the load, whereas the sampling+projection stage is essentially flat in n (dominated by a single
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Cholesky of X " X +al, and R projections), hence similar under centralized and distributed
setups. This explains the modest but consistent gains in Figure [5]

Let p and R be fixed. We write Teentral(7) = Coumn + Togp, Taist(nsm) = “imnp 4
Tirp + Tovers Where cgypy is the per-sample cost of forming summaries, Ty, is the (nearly n-
independent) cost of sampling+projection, and Ty, is the communication and coordination
overhead cost. Ty is typically small and weakly dependent on n, mostly depending on the
number of communication steps (one step for us) and the number of pieces to be coordinated
(m = 10 for us). Using the empirical runtimes in Table[d] we estimate Ty, & 2.7s (essentially
constant across n), and Cgum ~ 4 X 10~°s per sample for the centralized case. With m =
10 shards and negligible Ty, this implies a near-linear growth in total runtime for both
implementations, but with a smaller slope for the distributed version. Based on these fits,
the distributed approach begins to yield visible savings beyond n & 12,000 (about 1-2 %),
reaching roughly 8 % at n = 50,000, 14 % at n = 100,000, and 20 % at n = 200,000. Hence,
while the difference is modest for the sample sizes used in our experiments, the relative gain
increases linearly with n, and the distributed framework becomes substantially faster for

larger datasets, while never exceeding the cost of the centralized computation.

Simulation Results for s, = 20

Below, we provide the plots for s = 20, keeping all other parameters required for data
generation fixed as in Section . We see exact similar patterns as the so = 10 case (reported

in the main paper), implying that the models are robust to varying sparsity.



Estimation Error (MSE): GL, GS, AGL, BGL, SS, and Projection Posteriors
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Figure 6: MSE comparisons for the four pairs of (K, n), namely (50,100),(50,500),(100,100)

and (100,500) when sy = 20 groups are active, replicated 100 times
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Debiased Bayesian Group ALASSO  Group LASSO  Group SCAD Debiased
Setting Spike and Slab
Group LASSO  Group LASSO Projection Projection Projection Projection
Signal
0.88 (0.013) 0.372 (0.059) 0.823 (0.01) 0.634 (0.027) 0.684 (0.007)  0.69 (0.005)  0.876 (0.021)
Coverage
K =50,
Signal
n =100 1.826 (0.122) 1.9 (0.295) 2.634 (0.104) 1.03 (0.009) 0.95 (0.006) 1.47 (0.24) 1.76 (0.117)
Length
Noise
1 1 1 0.937 (0.016) 0.949 (0.016)  0.985 (0.013) 1
Coverage
Noise
1534 (0.031)  1.84 (0.028)  3.91 (0.054) 0522 (0.007)  0.585 (0.004)  0.704 (0.007)  1.62 (0.024)
Length
Signal
0.952 (0.003)  0.717 (0.017)  0.959 (0.022) 0.962 (0.003) 0.963 (0.004)  0.959 (0.001)  0.949 (0.004)
Coverage
K =50,
Signal
n = 500 1.833 (0.009) 1.16 (0.012) 1.251 (0.012) 2.03 (0.005) 2.38 (0.007)  1.823 (0.019)  1.884 (0.027)
Length
Noise
1 0.969 (0.006) 1 1 1 1 1
Coverage
Noise
1.198 (0.03) 0.97 (0.013) 0.721 (0.006) 2.01 (0.006) 1.78 (0.007) 1.1 (0.029) 1.234 (0.015)
Length
Signal
0.786 (0.034)  0.178 (0.191) 0.68 (0.059) 0.579 (0.067) 0.601 (0.054)  0.632 (0.032)  0.776 (0.03)
Coverage
K =100,
Signal
n =100 1.207 (0.018)  0.457 (0.002) 0.81 (0.003) 0.693 (0.005) 0.782 (0.002)  0.775 (0.005)  1.218 (0.01)
Length
Noise
1 0.986 (0.002) 1 1 1 1 0.999 (0.0001)
Coverage
Noise
0.987 (0.01) 1.783 (0.012) 1.254 (0.008) 0.59 (0.011) 0.578 (0.012)  0.558 (0.013)  1.069 (0.02)
Length
Signal
0.952 (0.001)  0.726 (0.103)  0.923 (0.006) 0.944 (0.003) 0.937 (0.007)  0.951 (0.002)  0.953 (0.001)
Coverage
K =100,
Signal
n = 500 1.357 (0.02) 0.659 (0.004)  0.957 (0.023) 1.297 (0.02) 1.324 (0.021)  1.109 (0.016)  1.364 (0.015)
Length
Noise
1 1 1 1 1 1 1
Coverage
Noise
0.991 (0.02) 1.645 (0.023)  0.791 (0.015) 0.61 (0.008) 0.604 (0.006)  0.598 (0.007)  0.927 (0.024)
Length

Table 5: Average signal and noise coverage and length along with the standard error, aver-

aged over 100 replicates when sy = 20.



Supplement B: Proof of the Theorems

First, we recall all notations introduced throughout the paper that will be used in the proofs.

Symbol Description

Model, data and norms

3,8 € RP Regression coefficients and true coefficient vector
110 s - o Euclidean/, /sup norms

S =nlXTX Gram matrix

Cha Block of Gram on Sy

Group structure

K Number of groups

Gy,...,Gx Groups (disjoint)

e = |Gyl Size of the kth group

p= Zszl Pk’ Pmin;s Pmax Total/min/max group size

X, € R™Px Sub-design for group k; X = [X¢g,, ..., Xg,]
B € RP Group coefficient; B = (87, ..., 8%)T

So C{l,...,K} Index set of signal groups; so = |Sp|

Po= D pe S Pk Total number of active predictors

Unrestricted (conjugate) posterior

a, >0 Prior scale; 8o ~ N,(0,0%a,'1,)

BR = (X"X +a,L,) ' XY Ridge-type posterior mean

H(a,) = X(X"X +a,I,)"' X" Hat matrix; X8 |0, Y ~ N, (X8R, 02H (a,))
n=XB-X3° Posterior error in the mean space

n ’ g, Y ~ Nn(u702H(an>>7 B = X(BR - /80)

Projection map (sparse projection-posterior)

(continued on next page)




Symbol

Description

L: 3~ B*

L(B,u) =n"'| X8 - Xul?
An

An
B GL

K
B = arg min { L(8.u) + Y Pa, (lucl) |
k=1

Loss function used in all maps

Sparsity tuning parameter

Auxiliary tuning for initial GL fit (adaptive map)
Initial group-LASSO estimator

Variance calibration (immersion posterior for o?)

v=0g2

62 =n"'YYI, - H(a,))Y

k = 62 /52 for consistent 52

Precision; noninformative Gamma prior; map v —

V¥ = KU

Residual variance

yields v*|Y ~ Gamma(%, /<F1%>

Debiased projection and precision matrix surrogate

I R(p_pg) XPg

S

Ly
R, = Xg, — X I

Ay = diag(A}, ..., \g)

K,

B = B* + %éTxT(XIB_ Xﬁ*)
A= (0% - L)(B - B

Rates and Constants

T1n, T2n, T'3n

¢(5)

v

Additive model and splines

Constructed to satisfy O3 ~ I,

Group-wise GL coefficients regressing X ¢, on X_
Residual matrix; T, = n~' X4 R, (block scaling)
KKT multipliers

Subgradient matrix from group regressions
Debiased projection

Remainder term in debiased expansion

Contraction rates in ) -, \/p_kHB;; =B, 18* =813,

and n~H| X (8" = B°)|?
Compatibility constant

Irrepresentability margin (GL selection theory)

(continued on next page)




Symbol Description

i True additive component; Y = S5 f9(X;) 4 ¢
B, Number of B-spline basis per covariate

a>0 Smoothness index; typical choice B, = n!/(1+2?)
fx() = Zf:”l By ;(+) Bk spline approximation of f; f* induced by 3*

Credible sets and BvM

C; (1 — o) marginal credible set for f3;

~

m,V BvM centering and covariance for v/n(5* — 3°)

As the immersion posterior for o2 described in Section is consistent, as in [Pal and
Ghosal [2024], it suffices to prove the results conditionally on given ¢*, uniformly in ¢* in a
shrinking neighborhood of the true ¢°, say, U, such that II(c* € U,|Y) — 1 in probability
as n — 00. Since group sparsity is a special case of the general sparse high-dimensional

linear regression problem, the same map used in [Pal and Ghosal [2024] is reasonable.

Proof of Theorem[])(1). Since 8* minimizes (2.1) under the group LASSO penalty, we can

write

1 = 1 =
~1X8 = XB° + A Y _PUBHD < —I1XB-XBP+ XD PUBD- (81)

k=1 k=1

Now, the left-hand side (LHS) of the above can be expressed as

K
1
—llm+ XB° = XB°+ A Y PG
k=1
K

= XB - XB 4+l - X (8 - B+ A PS8

k=1



Then, from (8.1) and (8.2), by choosing A, > 2X, where, \g < \/(logp)/n, we can write

from Lemma [6] that

n X8 - X B

K

< nTX (8- ) +/\n;{7’(HB2H) - P8I} 53
< 2 s 1120l anﬁk Bill+ A {Z\r 1821 - 1811 - Z VR8I

{anﬁk Bl +Z VARG + A {Z\rnﬂk el —Z Vel
- %;mnag 80l - 72 VAl

This then implies by Assumption [3.4)

]‘ * )\n = * - *
~[X8" - XB"|" + 72\/@\@ =Bl <2X ) vrllBL - Bl
k=1 k=1

< 20,1 X B° — X B*[|a/ Zzozlpk. (8.4)
B Vn®(So)
Using 2ab < a? + b? with a = (2¢/n) | X B — X B*||2 and b = (4\,/P(s0)) /D1, Pk and

1 An o 1622 Y50
transposing the terms leads to %HXﬁO — XB** + 7” ; VoillBr = Bhll < 2 k)lpk.

]

Proof of Theorem ( 2). We first need to show an oracle property of the induced posterior
of B* obtained using the group SCAD map to prove this theorem. Consider the ideal
scenario where the true model is known to us. We know exactly the set of signal groups,
So. In such a situation, the best posterior representation would be the conjugate normal
posterior but restricted to the true model Sy. If |Sy| = sp, then the remaining p — s¢
components are set to zero, and we get the oracle projection as Bg, € RP, such that Bg,|(S =
So, Y, X, 0%?) ~ N(B?O, U*ZHSO(CL”)), for o* € U,,, where B?O € R* is the ridge regression

9



estimator with penalty a, !, restricted to the true model and Hg,(a,) is defined in the same
way as H (ay), restricted to the truly active variables according to Sy. Let IIg,(:|Y") be used
to denote the posterior distribution of the oracle projection Bg,. In the following theorem,
we show that when the true value of the coefficient is larger than the specified quantity in
Assumption (B), this oracle posterior itself is the minimizer of the group SCAD operation,
that is, Bs, = t(Bs,), under the group SCAD penalty. This is possible because the SCAD
penalty flattens out for large values of the coefficient, thereby ceasing to contribute to the
minimization of the function. Thus, under a known structure, the group SCAD map returns

the conjugate posterior distribution under a strong signal.

Lemma 1 (Oracle property of group SCAD projection-posterior). Under Assumptions

and[3.6(B), if A\, = o(n~(17e+)/2) and p/(A,n*?) = 0, then |T1(2]Y)—TIs, (2] V)| —

0 asn — oo.
Then, choosing A\, > Ay and following the technique laid out in (8.1)), (8.2)) and (8.3) in
the proof of Theorem[l](1), for the group SCAD penalty n~!|| X 3°— X 8*||*> < 2n~'nT X (B8°—

B + M Sl {P(IBLI) — PUIBEIN}, which can be estimated by

X
2 I G’“HZ\/_Hﬁk ﬁkum{z 8 —Pas) - S PUBI}

n 1<k<K
k=s0+1

<A{Zmrﬁk gl Y VR + 5+ DsoXl = A, > P

k=s0+1 k=so9+1
> Vil - Bl + ST+ Dsorl,
k=1

by [Huang and Xie| [2007] and Lemma . Then, by Assumption we can write

An o
T IXE - B+ S VB - il < o Z VERIIBE = Bill + O(s0A7)
k=1

) 2AnHX60 XBIVS e | o)
- Vi®(S) "

10



The rest follows as in the proof of Theorem [I|(1), after (8.4)). O

Proof of Theorem[1)(3). Let S be the set of variables selected by the group LASSO penalty.
Since we weigh the adaptive LASSO map by the inverse of the group norms of BGL, the
variables not included in S will receive oo penalty and will hence not appear in S* too,
where S* refers to the set of variables selected by the sparse-projection (adaptive group
LASSO) map. Thus, we may only restrict ourselves to S and claim that BE minimizes

under the group adaptive LASSO penalty pertaining only to the variables in S. That is,

Lix8 - XoByI + Znék—u 18 < HIXB — X7 + A, Znék_u 1821
keS keS

Then, we can rewrite the above as

VP g g0

1 . 1
02 JIXB = XgB + Xoff = XsB3l = J1XB = X8l = 0> 2n
k

keS

1
= X8 BN~ X85~ B A Y 8 - g
n AN

Now, it has been shown in|Wei and Huang| [2010] that there exists a positive constant 1, such
that P(mingeg HBkH > 1 mingeg ||B2]]) — 1 as n — oo. Consequently, choosing A, > Ao, by

Lemma [0}, n~ 1| X (8" — B8°)||? can be written as

X485 - BYIP < 0" Xo(8 - B3
w1 X (85— BYIP < ~n" X4(85 %”ﬁ ] ]l
2 "X A
ST 2 VPIA Bi e 2 VP — B

keS

< (14 o) S VAL Bl
kesS

W minges, |8}

Then, using the Compatibility condition in Assumption |3.4] we have,

1 >|\Xﬁ*—Xﬁ°H\/ZZLPk

-1 * _ 20y12
n X8 -8 9"<”¢mmk€so 1821 Vn®(so)

11



Assuming that min{||8|| : k € S} is larger than some positive constant and that the
group sizes do not vary with n, we can show the following bounds holds using the inequality
2ab < a?+b* and tracing the same line of argument undertaken in the proof of Theorem (1)
succeeding (8.4), we have n~'| X (8* — B°)|> = Op(s0A2) and Sp | oxllBt — BY =

Op(So)\n). ]

Proof of Theorem[J(1). Defining &g = vec(\/Przi, k € S) € RXkes Pk we can see that the

theorem will be proved if we can show that the following two hold,

sup I[85, — B, |l < krngn 1B0llsc|Y,0*) — 1 in probability as n — oo, (8.5)
o*EUn €50
sup H(p;1/2\|£k|] <1 for k€ S§|Y,0") — 1 in probability as n — oo, (8.6)
o*eUn

From the first-order subgradient KKT condition of the group LASSO optimization problem

2 ) 2
- ;XCT;kX(ﬁ - B)+ EXE,JI = A /DiZk;

where zj, € RP* is such that ||zx|| < 1 when 8} = 0 and 2z, = B;/||B;|l2 when B} # 0, and

defining Ci,11y) = n' X§, X, and Ca1) = n_lXSTSXg07 we can write
. _ 1
IBSO = /32'0 + Cn(lll) <EX§)T] B >\”£SO)’ (87>
" -1 L o
An€sy = EXSS’O - Cn(21)Cn(11) An€so — EXSOTI . (8.8)
We will prove (8.5]) using the condition in ({8.7)), and similarly, we will show to be true

using (8.8) in Lemma [2| stated below. O
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Lemma 2. Under Assumptions [3.6(A) and[3.7,

(1185, = Bl < min [|81c| Y, 0") = 1 and I1(p, FEl <1 for ke S5|Y,0t) =1
wn probability uniformly in o* € U,, as n — oo.

Proof of Theorem ( 2). The proof of this theorem follows from Lemma , which shows that

the group SCAD map leads to the oracle projection Bg,. n

Proof of Theorem[9(3). With u; = u — 8°, we can write

B* —argmm{—HXﬂ X8+ X8° — Xul®+ A\, ZH\Z:HH kH}
k=1 IlIFk

—argmm{—un— Xl + A, Zﬂn 1+ﬂ2\|},
k:

Defining C,, = n ' X" X and Z, = n~'/2X ", by the KKT conditions for k € S,

1
%(Cn(ll

and for k € S§,

(ux + BY) /D 0
y(Vnui) — Zywy), = — M —— and |luy || < || Bl (a)
" |wir + B 1 Bell

L, < (Cuan(Viwm) = Zuw), < A Yai . (b)
Bl "8l

Recall that py = > ;" pr is the total number of active variables in the model. Then, defining
k=1

the vector Mg, € R? such that Mg, = (M, ..., My,)T, where

My = —Aa(usi + B)v/pr/ (lusk + B IBe)-

Here, the event in @ may be represented as

A={(C 1) Znay = VNCriyMsy )il = Vnlluwll for k€ So} N {Jluw < [I8.] for & € So}
_{H 11) n(l) \/_ n(11 MSo)kH < \/ﬁHﬁl(c]H for k € SO}

13



Similarly, defining Pg, = Xg,(X§,Xs,) ' X3, , the event in (b)) can be simplified to

B ={[|(Cnian) [C,, 11, Zn(r) = VNC, sy Misy) = Zna))ill < Ma(v/mpi/ 1Bl 11}
={lln""* X g Ps,m — VnCu(an)C,, 1 Misy, — > X geml| < Au(v/mpe/ 1 Bil) 115,11}

C{n 2| X & (L = Pl < May/mon/ Bl 11| = vl Cran Gy My [ -
Consequently, for o* € U,,,
(31| # 0 for & € S, |8 = 0 for k € SEY) > T(AN B[Y) > 1 — T(A]Y) — TI(BY[Y).
The theorem then follows from Lemma Bl and Lemma [4] O

Lemma 3. Under Assumptions and [3.0(C), sup,.gy, M(AlY,0*) — 0 as

n — o0.

Lemma 4. Under Assumptions and [3.6(C), sup,.gy, (B|Y,0%) = 0 as

n — oQ.

Proof of Theorem[3. To prove the asymptotic normality of the debiased LASSO projection

B3** cemtered at the truth 3°, we only need to control A, since we already know that
sup E(n"'@X"n|Y,0*) =n'0X p,
o*EUy,

sup var(n '@X Y, 0*) =n" 0" *O X" " H(a,) XO".

o*eUy,
We also know that the j-th sub-vector of the p-dimensional vector A can be written as

A;=(T;72)"A)) K (B —B)) RV
k#j

Then, by the construction of ©, we have for j =1,2,..., K,

K
Al <0 W (s ) o/ > VARl = BRI < Cousn [ ) o
in view of Lemma [10] and Theorem [I|(1). O

14



Proof of Corollary[1. First, we show that the means of the two limiting normal distributions
are the same. That is, we need to show that the mean of the random variable y/n(3** —
BPCL) = \/n(m + B° — BPCL) vanishes as n grows to oo. From (3.7)), we can write the above

quantity as

IV(m — B + 8%)| =V 2P X T (b —e) + AP

=Vn|n ' OXT (XA~ XB° -~ Y + XB°) + AP

<n”'2Y — X8| - 10X [lop + Vall AP,

which is 0p(1) because the first term is a product of two quantities, n~'/2||Y — X 3% ||
and |©X Tlop, of which the first vanishes by Lemma [8 and the second can be shown to
be bounded using the Proposition 5 in Honda| [2021], which says that n '@ XTXOT —
© blockwise in probability. The second term +/n|APSE| has been proven to be o(1) in
Proposition 3 of Honda| [2021]. For completeness and ease of understanding, both these

propositions have been restated in Lemma [J] and Lemma [10] respectively. Finally, since

éXTH(an)X@T B 1‘ _ ‘éXT(Ip - H(an))XéT S tr (Ip . H(an)) B 0(1),

OXTXOr OXTXer
the variances of the two asymptotic normal distributions match as n — oo. O

Proof of Theorem[})(1). Recalling that fi(Xy,;) = Zfﬁl By, ;(Xk ) Bk ; and the corresponding

map-induced version [} (Xy,;) = Zfz"l By. j(Xki)Bs ;, we can write
1f* = f21F < 2(n71BB" = BBY|I* + 1BB" — fol*) = O(s0B.,) + Ols0B,*),

where the first bound follows from theorem Theorem [1f1) and the second bound is due to

approximation by B-spline basis expansion of fo(-). Then, for B, =< n'/®o*t1) and A, <

v/ (logp)/n, we have || f* — f°|> = O(son=2%/+Y]og p). m

15



Proof of Theorem ( 2). We note that, although the true underlying data-generating model
is a nonparametric additive model, we use a B-spline basis expansion followed by a group-
sparsity operation to construct the model. Hence, we need to account not only for random
error but also for the approximation error introduced by misspecifying the model as a B-
spline regression. Thus, besides €, the model error now also includes § = (41, ..., d,)", where
6 = Sy (FXks) — fr(Xes)). We know that ||§]| = O(son'/+2)). The theorem then

readily follows from Theorem (1), replacing € by € =& + 6. O

Proofs of the Lemmas

Lemma 5. Under Assumption we have that

_ (n— H)TXGngk(n — ) B
fn = (77 - H)TXGk (ngH<an)XGk)_1ng (,,7 — N) = O(l) (8.3)

Proof. 1t is easy to see that,

(7 — 1) " X, | Amax (X, H (a) X ,)
(= )" X, [

0<F, < < Amax(H (@) - AmaX(ng,XGk)
is bounded. O

Lemma 6. For all x > 0 and for

8 |4 41 4 41
)\3(55):—(14— T+ ogp+ T+ ogp)’
n Pmin Pmin

In" Xe, l* _ A(2)
H( el ’Y, ) > 1 — exp(—1).
e, { max e 4 Y07 ) 21— exp(-a)

we have,

Proof. From the posterior distribution of X3, we can write

ng (m—p)|(Y,0%) ~ '/\/;719 (Opm U*QngH(an)XGk)'
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Now consider the singular value decomposition of the design matrix given by X = UDV'T,
where the columns of U are the left singular vectors and VT has rows that are the right

singular vectors, such that UTU = I,, and V'V = I,,. Then, we have
I,— H(a,) =U (I, - D(DD" +a,1,) ' D) U",
and consequently I,, — H (a,) is non-negative definite. Now, note that,

T _ T 0 _ T % 0
12%2%{”” Xe, | —1ISI}%>§<HXGk H(a,)(X0°+¢) — Xg, ' X6°||

= max 1 Xc, H(a,)e — Xe, " (I, — H(a,)) X0°|
< max | X, " H(ay)e|| + max 1 X, " (I, — H(a,)) X0°|

< o [ pmase [ei]| X, "H ()| + max [V Xe, ™ (T, — H(a.)]]

E L1<i<n

= O(K+/logn).

Then, defining xi = (n — p)" X¢, (XG5, H(an)Xq,) ' X4 (n — p), and noting that the
posterior distribution of x? given data follows a x*-distribution with p; degrees of freedom,

we get by Cauchy-Schwarz inequality, uniformly in ¢* € U,

sup H({ max In” Xe,|* < Aj(x)/4}|Y 0*)
ol NUISKEE mp T 0 ’

_ TX 2 TX 2 )\2
> s ([ gy MO Xl Xl 2y

orelh, 1<k<K npy 1<k<K NPy
2 TX 2 )\2
gy 1<k<K npj, 1<k<K NP 8
dr +4logp 4z +4logp
1 _ 2 T 2 *)
L e e R e L e
>1 - exp(—x),

because F,, introduced in (8.3), is bounded by Lemma [5| max;<z<r [|pu" X¢, ||* has been
shown to be O(K?logn) and P(xi > pi(1+a)) < exp (—px(a —log(1 + a))/2) by Wallace
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[1959]. Then, taking a = +/4x/py, + 4z /py, and using the estimate a —log(1+a) > a?/2(1 +
a) > 2z /py, it follows as in Biihlmann and van de Geer| [2011] that sup,.c, (X7 > pr(1 +

a)’Y,U*) < et ]

Lemma 7 (Lemma 1 of |Pal and Ghosal [2024]). Under Assumption

&2 a
max |1 — —21—| = —" | =o0(n),
j=1,., n‘ d2—|—an‘ j=1,., n}dJQ—i-an‘ (n™)
where dy, ... ,d, are the singular values of X .

Lemma 8 (Lemma 5 of [Pal and Ghosal [2024]). Under Assumptz’on n 2|y —X6R||, =

OP(l).

Lemma 9 (Proposition 3 of Honda|[2021]). Let m be a fized positive integer, and {ji,. .., jm} C
{1,2,...,K}. If Assumption[3.§ holds, then, uniformly in {j1,...,jm}, as n — oo, we have

that max(|Amin(D)|, [Amas| (D)) — 0 in true probability, where Q=n"'0XTXO" and

©j, j, ©j, .

RUENE Qjpjm | | Ojmia Oj i |

Lemma 10 (Proposition 5 of Honda| [2021]). Under Assumption we have

DGL 2 S0 logn
1A < € max pi- —

uniformly in j = 1,2,..., K, with probability tending to 1 for sufficiently large C.
Proof of Lemma[l We need to show that Bg, is the minimizer of (2.1)) under the group
SCAD penalty. Writing Q = n~|| X B, — Xu|? + Yt Pa, (|Jur]]), for the k-th group,

0 1 P (e
S =~ X (X B, — Xu) 4 e
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where P§ () = Xy (1(¢ < Ap) + A1 (7 = 1) 77, — 04 1(E > Ay)). Now, following|Guo et al.
[2015], for the oracle posterior Bg, to be the minimizer of @, the following second-order

sufficiency conditions should be satisfied with high posterior probability:
1. Vk(ﬁgo) = 0, ||,350,]QH > T)\n for k < S0,
2. [Ve(Bso)ll < A 1Bso.ill < An for k> so,

assuming, for the convenience of notation, that the first sg groups are the active groups.
The first condition holds if II(||Bs, k|| > TA.|Y) — 1 as n — oo for k < sy. By the triangle
inequality we have |[[Bs,kll = |81 — [|Bsox — BRI

Then by invoking Assumption (B) and recalling that A, = o(n~(=%+<)/2) "we observe

that for any e > 0, the first condition boils down to

0 SUp,- ey, E - Ay, o
sup H(ngso {\/ﬁHﬁSo,k —52” > 6n63/2}|Y’0_*) < Z SUPgx* ey, (\/ﬁe‘ﬁfﬁf /BkH’ g )

o*ely k=1

9

and can be bounded by e 1n /23720 {E(\/n||Bsy 1 —B% 41||[Y) —{—E(\/ﬁHBgo;k—ﬁgH Y)} =
o(1).

To prove the second condition, we only need sup,-¢;,, Il(maxys., | Vi(Bsokll < Aa|Y,0%) —
1 as m — oo, the rest is trivial for k > so. First, we denote Bg, 1) as the vector of the
components of the oracle projection Bg, pertaining to the s, active groups only. Then,
Bso.1) € R=#<20 Noting that Bs, i)Y, 0" ~ N (X} Xy +a. L) X5 Y, 0" Hy (a,)),

where H1y(a,) = X1y ( X2, Xy +anL,) ' X}

) (1) by Assumption , we estimate the proba-
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bility by

> sup H(n 2 XG (X8 — XBs, )l > Viak|Y,o7)

*
f>so eUn

1
=(p— SO)O(\/ﬁAnHXa [H (an) + Hy(an)| Xe, ||02)

1
S p—s O( )7
O\ X X
by the non-negative definiteness of I, — H(a,). We know X8 — X(1)Bs,1)|(Y,0%) ~
N, (0,[H(a,) + Hq)(a,)]o*?). Hence, the assertion follows using the lower bound for A,

from Lemma [71 O

Proof of Lemmal[d Using Markov inequality, we have,

sup T1(]185, — 85,1 > min 18}l |¥ . 0")

o*EUn

< SUPoeu, E(HBEO - ﬁgo"OO‘Y’ ‘7*)
- minges, [|GR]]

1
< —| sup E(||”_1C;(111)ng77||oo‘Y"7*) + HAnCn_(lll)és()Hoo

A | o*elty
=I+1I, say.
Now,
1
b= sup E([In™'Cply Xge(n — ) + 07 Criyy X pllo| Y, 0
minges, |8} llo o*eth ( (i Xsg ) Xt )
1

[ sup E(|ln™'Cpiyy X5 (1 — )] Y, 07) + 071 Ciy X5 X (B% = 8°)l1oc]

~ minges, (|88l et

1 1
T Mingeg 1871 [O(Vlogpo/n) + EHC;(IH)X%X((XTX +a,1,) ' XX B+ e) - 8°) ]
1

1
= ingesy 187 [O(V/1ogpo/n) + E(HCJ(ln)ng (L — H(an))Xﬁon + HC;(lu)XgSH(an)aHoo)}

- L o(iogp/n).

minges, || Bl
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since we have that || X g H (a5 )€lloc = maxi<i<y [&i | X g H (a5)[|oo and || X ge (I,—H (a,)) X B0 =

maxi<;<n |E(Y;)| HXgO (I, — H(a,)||. Moreover, following Nardi and Rinaldo) [2008], we can

bound II by

\Y% D ey P
/\n)\ é’ : [€s0lloc < (Any/s p1311/a2x>/)\m1n( (11))
mln( n(11) )

using the (-l norm inequality. This proves (8.5) by Assumption [3.6[A). Next, we consider

(8.6) and express (8.8) as &sc = Wi + A, ' Wa, where
Wi =n"' X5 X5,C, s, and Wo = n™ X (I, — X5sC, 1)) Xge)m.

For simplicity, we assume that the first sy groups are active and the remaining (K —sg) groups
are noise. Then, supposing Wy = (W', (..., Wi )T and Wy = (W), ..., W )T,
and using ||[Wa k|| < /Pel|Wakllco, We can write for some k € S§, following from Assumption

and using Markov’s inequality,

sup II(p, C e > 1Y, 0%) < sup I(p, 1/2||W1k|| + A, Wapllee > 1|Y, 0%)

O'en O'Eun

< sup (A [Woplleo > 1 — 1+ 0|Y,0%)

o*EU,
< Supo.*eunE(||WQ’kHOO‘Y,O'*)
- AV
1
< [l X3 (L — X 5,5 X5,) (0 — 1) ||| Y, 07]

)\I/O'GUn

I X (L — X5, B0 X5 X (B — 8%

= O(V/1og(p — po)/nA2),
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where the first part of the inequality follows, by Assumption [3.3] as

sup var(Wa,|Y) = var(n™' X,/ (I, — X5,3;"' X4 )n|Y,0%)

o*eUy
o n X (T, — X, 50 X3 H (a,) (T, — Xs,5 ' X)X,
< o072 X, H (an) X |

< o2 X2

Thus, for any k € S, sup{Il(p, S2e > 11Y,0%) : 0" € U,} — 0 since log(p —

po)/nA2 — 0 as n — oco. O

Proof of Lemma[d Define the event Ry = {||Bx]| > (8% for k € Sy}. From [Wei and
Huang [2010], we know P(minges, |Gkl > ¢ minges, [|82]) — 1 as n — oo, where the
inverse of || ,ék|| is used as the weight in the group adaptive LASSO projection map, and

hence needs to be controlled. Thus,
sup II(A°lY,0%)
o*EUR

< sup [[(A°NR|Y,0") + P(RY)

o*EUR

< sup I({I(Cpiy Znw)ill + Vall(Cry Mo )il > Vvl Bill - for k € So}

o*EUy

N{IBell = wlIBI for k € S} Y, 07) +o(1)

< sup II({ max [|(C, iy Zn) )il > gislg(\/ﬁllﬁgﬂ = Vnll(Cry M, )ill) }

o* ey
N {8l = w8l for k € So}|Y,0%) + (1)

80/\ \/_)‘mln( n(11) )pmax
Y minges, |G

1
< sup T1({—= max| (i) Xymill > Virpin 18] -

keS

HY o ) + o(1),
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since

. 0 -1 ; 0 -1

P (\/ﬁHBkH - \/EH(Cn(ll)MSO)k“) > \/ﬁgélsré 18kl — \/ﬁlkrggf ”(Cn(n)MSo)k”
> in (|80 — — VTP M
= Vimin Bl = 3 1 Ml

> Vimin |8 - o
keSo )\min(Cn(ll))¢ minges, |Gyl

= v, say.

Under Assumption [3.6(C), we can bound v; as follows:

. \/530)\71(prna)c)g/2
v, = v/nmin |3} — -
V=V B = S )6 mins, BT

— : 0 . 0
= Vnmin |57 + o(vnmin || B)).
Then, using Markov’s inequality followed by a maximal inequality, we will have

c * 1 — — *
sup TAY,0) < - sup B(n max [(Cly XEyml[Y07)

o*eUn U1 o*cl,
* -1 T
< vlﬁ{ﬁﬁgﬁ(ﬂ%’(”(c X0 = w) Y, 07) +max | O X el }
S K \/pmaxlogso N 07
Ul\/ﬁ
by Assumption [3.6(C). O

Proof of Lemma[f. We first define the event Ry = {||Bk||~* > ..}, where r, is the rate of

convergence of the group LASSO estimator 3 = (Bf, o ,B};)T. Then,

sup II(B°|Y,0")

o*eUn

< sup (BN R|Y,0") + P(RS)

o*eUn
< sup n({ Sl X (T = Payell 2 Ao/l | = Vil Cuon oy M I ¥, 0°) + o)
< sup n({ I (T = P > 0, }|¥.07) +o(),
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where

v =Aatny/MPi| L, || = V1| Crgan) C i1y M |

VpgAn /Prmax
Amin (Cr11))% minges, |67
VAR (Pmax)
)\min(Cn(ll))w MiNges, H162H

=/ Pmin (1 + 0(1))

Z \/ﬁ)\nrnpmin -

2 \/ﬁ)\nrnpmin -

by Assumption [3.6[C).
Finally, using Markov’s inequality and recalling that ppa.. log(K — so)/(v/nAuTnPmin) —

0 as n — oo, we can conclude that sup{Il(B°|Y,c*) : c* € U,} — 0. O

Supplement C: Sparse Projection-posterior based on Group MCP penalty

Our existing proof for the group LASSO estimator already provides the appropriate scaffold:
the argument proceeds through the basic inequality, stochastic score control (Lemma @,
the cone condition induced by the penalty, the compatibility condition, and the resulting
estimation and prediction rates. To extend the argument to the group MCP estimator, we
only need to modify the steps involving the penalty algebra. All other ingredients, including
Lemma [f] and Lemma [5], remain unchanged.

For a group k with Euclidean norm ¢ = ||Bx||2, the group MCP penalty with parameters

(A, 7), where v > 1, is defined as

t2
PA,V(t) = "
1
5’}/)\2, t > ’Y)\
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Its group-level derivative is

t
A——, 0t <)
Py (t) = 7
0, t >\
Two key properties will be repeatedly used:
e For any u,v € RP* with ¢, = ||ul| and ¢, = ||v]|2,

1
PAW(tu) - PA,V(tv) < A(tu — 1) — %(tu - tv)a— < P/\W(tu) - P/\W(t?}) < Altu — to);

o if t,, t, > v\, then
Pyy(tu) = Pay(ts) = 370%,

so in this region, the penalty exerts no shrinkage.

These properties imply a locally stronger curvature control than the group LASSO and
complete bias elimination for sufficiently large groups. The fundamental basic inequality

remains identical to the group LASSO case:

1 2 K
5||X6° - XpB; < EnTX(BO =B+ > _{P(18U2) — Pay(18ill2) } -
k=1

The stochastic term is controlled by Lemma [6| with the same choice of A > Ao(z). The
only modification concerns the penalty difference. Where the group LASSO argument uses

Zle AvDe([1Bhll2 = [1Bg]l2) » we replace it with the group MCP bound

1
Py (18ill2) = Prs(I18ell2) < A8z = 185]12) — 5(||ﬂ72\|2 A

Summing over all groups yields
- 1

K K
S { P 182 — P81} < A" V(182 — 18t1) — 5= - (I8¢l — 18211)’.
k=1

k=1 k=1 &
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This preserves the decomposable structure used to establish the cone condition, but with an
additional nonnegative curvature term that sharpens the inequality and reduces estimation

bias. Following the same steps as in the group LASSO case, we obtain

K

—||XA||2+AZ\/_IIBk|Iz+—Z(HBZHQ 18216)% < 2 3™ Varll Al

k¢ So 7=t keSo

where Ay = B; — 32, Dropping the nonnegative curvature term yields the usual inequal-

ity D rgs, VPElIBill2 < (3/2) Xokes, v/PrllAkll2, while retaining it leads to a strictly tighter

constant. Under Assumption [3.4] we have

2oresy Pr || XAl
D Vil Al < e

keSo

Substituting into the basic inequality and applying 2ab < a® + b? yields

1
XA+ meku“ S L

kES

Hence, the estimation and prediction rates match those obtained under the group LASSO
penalty, with improved constants due to the concavity of the MCP penalty.

For exact support recovery, we impose a groupwise S-min condition:

in [|Bpll2 > (14 8)yA
min || Bl > (1+0)yA,

together with the weighted group irrepresentability condition. This ensures that the active
groups lie within the flat region of the MCP penalty (no shrinkage), while inactive groups
are shrunk to zero via the KKT conditions. This is the MCP analogue of Assumption (B)
used for SCAD.

Thus, the overall structure of the proof remains unchanged, and the group MCP yields

identical convergence rates with reduced estimation bias.
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Supplement D: Debiased Projection-posterior for group SCAD and adaptive

group LASSO

Assumption 8.1 (GS and AGL conditions). Assume the design and regularity conditions

used in Theorem |3 hold. In addition:

(GS) Let BGS be any stationary point of the group SCAD objective. Suppose there is a beta-

min constant co > 0 such that mingeg, ||BY]| > co, and B9 is selection consistent and

HBGS — B2 = Op(M D232, P/ \/DPmin) with X, as defined in Theorem (2)

(AGL) Let BSY be the adaptive group LASSO estimator with weights wy, = ||Bi]| ™ (v > 0).

Assume the initial estimator 3 is zero-consistent: for some rater, — oo, MaXye e 1Bk =
Op(r;Y) and minges, ||Bel| > co w.h.p., so that wy, = Op(r?) for k € S5 and wy =
Op(1) for k € Sy. With tuning satisfying the condition in Theorem[1)(3), the estimator

is selection consistent and ||B*Y — B, = Op(\, > iy P/ /Prmin) -
Define the remainder terms
A = (O — L,)(B% - 8°), AM = (@3 - 1,)(8" - ),
and the corresponding debiased projections
Bas= B0+ 07X A%, By =60+ OTX Ty AN

Theorem 5 (BvM for debiased GS/AGL projection-posteriors). Suppose the assumptions
of Theorem@ on the construction of © and the posterior covariance H (a,) hold, and in

addition Assumption [8.1] holds.

(i) Group SCAD. We have ||A%S|| o, = op(n~Y/?) and
Sup ‘H(U_l\/ﬁ( bas —B°) €B ‘ Y) —Np(B; m,V)‘ - 0,
B
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where m = n 20Xy and V = n 'O H (a,)®© are same as in Theorem @

(ii) Adaptive group LASSO. We have ||A2Y| o = op(n~1/?) and
sup ‘H(U‘l\/ﬁ( aL — 8% €eB | Y) —./\/p(B; m, V)‘ — 0,
B
with the same Gaussian limit N,(-;m, V') as in part (i) and Theorem [,

Corollary 2 (Coverage). Under the conditions of Theorem@ component-wise credible inter-
vals and ellipsoidal credible sets obtained from the GS or AGL debiased projection-posteriors

have asymptotically exact frequentist coverage.

The proofs are identical to those of Theorem [3| and Corollary [I| and hence, we skip them

to avoid repetition.
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