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This online supplementary material is organized as follows.

• Section S1 characterizes the degenerate cases for the distribution of principal strata.

• Section S3 presents the robust sandwich variance estimators for the estimators based on parametric

models.

• In Section S4, we present the estimators for the principal causal effects defined for the remaining

three principal strata.

• Section S5 provides proofs for the identification formulas.

• In Section S6, we derive the efficient influence function (EIF) to support Theorem 1 of the main

manuscript.

• Section S7 states additional regularity conditions and proves Theorem S1.

• Section S8 contains the proof of Theorem 2 of the main manuscript.

• In Section S9, we prove the consistency of the variance estimator for the debiased machine learning

estimator.

• In Section S10, we refine and prove results assuming monotonicity.
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• Section S11 presents and proves an additional set of sensitivity approaches for assessing principal

ignorability assumption across all principal causal effects (PCEs).

• Section S12 provides additional details for the simulation experiments.

• Finally, we include additional tables and figures referenced in the main manuscript in Section S13.

For brevity, we focus more on the proofs for the survivor average causal effect (SACE) and omit

those for estimands defined on other principal strata, because they follow the almost the same steps.

S1 Characterizing the degenerate cases for the distribution

of principal strata using θ(X)

Note that {e11(X), e00(X), e10(X), e01(X)} jointly solve the following system of

equations:

p1(X) = e01(X) + e11(X),

p0(X) = e10(X) + e11(X),

e01(X) + e11(X) + e10(X) + e00(X) = 1,

e11(X)e00(X) = θ(X)e10(X)e01(X).

We first consider the scenario where only one stratum is excluded. Without loss

of generality, we focus on a point X ∈ X . Clearly, θ(X) = 0 if either e11(X) = 0

or e00(X) = 0. To characterize e11(X) = 0, an additional condition required is√
δ(X) = 1 − p0(X) − p1(X) > 0. To see this, 1 − p0(X) − p1(X) > 0 implies

e00(X) > e11(X). Then, the only possibility to ensure θ(X) = 0 is that e11(X) = 0.
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By similar arguments, to characterize e00(X) = 0, an additional condition required

is
√
δ(X) = p0(X) + p1(X)− 1 > 0. Analogously, θ(X) → ∞ if either e01(X) = 0

or e10(X) = 0. To characterize e01(X) = 0, an additional condition required is

0 < p0(X)−p1(X). To see this, 0 < p0(X)−p1(X) implies e10(X) > e01(X). Then,

the only possibility to ensure θ(X) → ∞ is that e01(X) = 0. By similar arguments,

to characterize e10(X) = 0, i.e., when monotonicity holds, an additional condition

required is 0 < p1(X)− p0(X).

Next, we examine scenarios where either both the always-takers and never-

takers, or both the compliers and defiers, are excluded. For the former case,

the additional constraint is p0(X) + p1(X) = 1. Under this condition, we have

e11(X) = e00(X). Consequently, θ(X) = 0 with e11(X) = e00(X) implies e11(X) =

e00(X) = 0. For the latter case, the additional constraint is p0(X) = p1(X). Un-

der this condition, we have e10(X) = e01(X). Consequently, θ(X) → ∞ with

e10(X) = e01(X) implies e10(X) = e01(X) = 0. Finally, when strata 11 and 10 are

excluded (i.e., under strong monotonicity), this can be characterized by addition-

ally setting p0(X) = 0 in the identification formulas for the principal score under

the monotonicity assumption. In general, the logic to find additional conditions

required for the other degenerate cases is similar to the above and are omitted for

brevity. In summary, Table S1 shows how scenarios with excluded principal strata

map to values of the odds ratio parameter θ(X), subject to additional constraints
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on the principal scores.

S2 Conditional double robustness

To examine the robustness properties of µ̂CDR
11 more generally, we say that the

propensity score model is correctly specified if it is under Mπ; the principal score

model pz(X;βz) is correctly specified if it is under Mz
p; the outcome mean model

mzd(X;γzd) is correctly specified if it is underMzd
m . In addition, both the propensity

score model and the principal score model pz(X;βz) are correctly specified if it

is under Mπ ∩ Mz
p, and so on. Denote α∗,β∗

z ,γ
∗
zd as the probability limits of

α̂, β̂z, γ̂zd, respectively. Then π(X;α∗) = π(X) under Mπ; pz(X;β∗
z) = pz(X)

under Mz
p; mzd(X;γ∗

zd) = mzd(X) under Mzd
m . With these preliminary notations,

we are ready to state the following result.

Theorem S1 (Conditionally doubly robustness and local efficiency). If

[π(X; α̂), π(X;α∗), pz(X; β̂z), pz(X;β∗
z), z ∈ {0, 1}] are uniformly bounded and ad-

ditional regularity conditions for the smoothness of the estimating functions hold,

then µ̂CDR
11 is consistent and asymptotically normal under either Mπ ∩M0

p∩M1
p or

M0
p∩M1

p∩M01
m ∩M11

m . Furthermore, µ̂CDR
11 achieves the semiparametric efficiency

lower bound, E(φ11(O|θ)2), and is asymptotically linear with the influence curve

given by φ11(O|θ) under Mπ ∩M0
p ∩M1

p ∩M01
m ∩M11

m .

In two special limiting cases, the robustness property takes on distinct forms,
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which we summarize below.

Remark S1 (Robustness properties under limiting cases). Under coun-

terfactual intermediate independence such that θ(X) = 1, µ̂CDR
11 is quadruply ro-

bust and consistent under either Mπ ∩ M0
p ∩ M1

p or M0
p ∩ M1

p ∩ M01
m ∩ M11

m or

Mπ∩M0
p∩M01

m or Mπ∩M1
p∩M11

m ; under monotonicity such that θ(X) = ∞, µ̂CDR
11

is triply robust as it is consistent either Mπ ∩M0
p∩M1

p or M0
p∩M1

p∩M01
m ∩M11

m

or Mπ ∩M01
m ∩M11

m ; this latter property was studied in Jiang et al. (2022).

S3 Robust sandwich variance estimators

Suppose that the nuisance model estimators solve the score equationsUα(Z,X;α) =

0, Uβz(D,Z,X;βz) = 0, and Uγzd
(O;γzd) = 0, respectively. For simplicity, we

provide detailed explanations on how the sandwich variance estimators can be con-

structed only for µ̂W
11 and µ̂

CDR
11 . The sandwich variance estimators for all remaining

PCEs can be constructed in a similar manner.

We first derive the robust sandwich variance estimator for µ̂W
11. To facilitate this

process, we observe that the estimator η̂W for the vector containing all the nuisance

parameters used to construct µ̂W
11, denoted as ηW ≡ (α⊤,β⊤

0 ,β
⊤
1 , µ

1
11, µ

0
11)

⊤, is

determined as the solution to the joint estimating equations, Pn{ΦW(O;ηW)} = 0,
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where

ΦW(O;ηW) =


ξW(D,Z,X;α,β0,β1)

ZDe11(X){π(X)p1(X)}−1(Y − µ1
11)

(1− Z)De11(X){(1− π(X))p0(X)}−1(Y − µ0
11)

 ,

µz
11 = E(Y (z)|D(0) = D(1) = 1), z ∈ {0, 1} and ξW = (Uα(Z,X;α)⊤,Uβ0(D,Z,X;β0)

⊤,Uβ1(

D,Z,X;β1)
⊤)⊤. Then the variance of

√
n(η̂W− η̃W) can be consistently estimated

by

V̂(η̂W) ≡ Pn

{
∂ΦW(O; η̂W)

∂ηW⊤

}−1

Pn

{
ΦW(O; η̂W)ΦW(O; η̂W)⊤

}
Pn

{
∂ΦW(O; η̂W)

∂ηW⊤

}−⊤

,

if η̃W uniquely solves Pn{ΦW(O; •)} = 0 and regularity conditions in Theorem

5.41 in van der Vaart (2000) hold. Then by the Delta method, the final sandwich

variance estimator of µ̂W
11 is given by n−1υ⊤V̂(η̂W)υ, where υ = (0, . . . , 0, 1,−1)⊤.

Similarly, for µ̂CDR
11 , the joint estimation equations for the vector of nuisance

parameters, ηCDR ≡ (α⊤,β⊤
0 ,β

⊤
1 ,γ

⊤
01,γ

⊤
11, µ

1
11, µ

0
11)

⊤, can be expressed as

ΦCDR(O;ηCDR) =


ξCDR(O;α,β0,β1,γ01,γ11)

ξ111(O;α,β0,β1,γ11, µ
1
11)

ξ011(O;α,β0,β1,γ01, µ
0
11)

 , (S3.1)

where ξCDR ≡
(
ξW(D,Z,X;α,β0,β1)

⊤,Uγ01(O;γ01)
⊤,Uγ11(O;γ11)

⊤)⊤. One can

obtain the sandwich variance estimator in a similar manner to the weighting es-

timator by replacing ΦW with ΦCDR. However, additional regularity conditions

on the joint estimating functions are necessary (van der Vaart, 2000). For exam-
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ple, we present the additional regularity conditions for ΦCDR(O;ηCDR) in Section

S7.1. In brief, these additional regularity conditions require E(ΦCDR(O; •)) has a

unique and well-separated solution, as well as uniform convergence of Pn{ΦCDR}

to E(ΦCDR) over a compact neighborhood around the solution.

S4 Estimating principal causal effects defined on the re-

maining principal strata

In this section, we present parallel results to the SACE as detailed in the main

manuscript, including: (i) identification formulas; (ii) EIFs; (iii) three estimators—–

a weighting estimator, an outcome regression estimator and a parametric condition-

ally doubly robust estimator based on the EIF; and (iv) a debiased machine learning

estimator. In each subsection, we assume that Assumptions 1-2, and the relevant

parts of Assumption 3 (mean principal ignorability) hold. For example, Assump-

tion 3(a) and Assumption 3(d) must be satisfied for the validity of the results for

the compliers.

S4.1 Complier average causal effect

The complier average causal effect (CACE) is the average treatment effect among

individuals whose received treatment aligns with their assigned treatment, with

the intermediate outcome indicating the treatment received. We formally define
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the CACE as

µ01 = E(Y (1)− Y (0)|D(0) = 0, D(1) = 1) =
E(D(1){1−D(0)}{Y (1)− Y (0)})

E(D(1){1−D(0)})
.

We can show that µ01 is identifiable as follows:

µ01 =
E(e01(X)ZDY/ {π(X)p1(X)})
E(e01(X)ZD/ {π(X)p1(X)})

−E(e01(X)(1− Z)(1−D)Y/ [{1− π(X)}{1− p0(X)}])
E(e01(X)(1− Z)(1−D)/ [{1− π(X)}{1− p0(X)}])

,

(S4.2)

where

e01(X) = −
1 + {θ(X)− 1}{p0(X)− p1(X)} −

√
δ(X)

2{θ(X)− 1}
.

The moment condition (S4.2) suggests the following sample weighting estimator,

µ̂W
01 =

Pn{ê01(X)ZDY/ {π̂(X)p̂1(X)}}
Pn{ê01(X)ZD/ {π̂(X)p̂1(X)}}

−Pn{ê01(X)(1− Z)(1−D)Y/ [{1− π̂(X)}{1− p̂0(X)}]}
Pn{ê01(X)(1− Z)(1−D)/ [{1− π̂(X)}{1− p̂0(X)}]}

,

where ê01(X) is the fitted value of e01(X) based on π̂(X) and p̂z(X). Intuitively,

(S4.2) implies that the CACE is the weighted difference in the final outcome be-

tween compliers in the treatment arm and those in the control arm. On the other

hand, an alternative expression for the CACE is

µ01 =
E(e01(X){m11(X)−m00(X)})

E(e01(X))
, (S4.3)

which motivates an outcome regression estimator based on its empirical analogue.

Furthermore, using (S4.3), the non-parametric EIF for µ01 is given by

φ01(O) = E(e01(X))−1
{
ξ101(O)− ξ001(O)

}
,
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where ξz01(O) = ωz
01(O)− µz

01τ01(O), µz
01 ≡ E(Y (z)|D(0) = 0, D(1) = 1), and

λ01(X) =2{1− θ(X)}e01(X),

τ01(O) =e01(X)− 1

2
√
δ(X)

[
{ψD,0 − p0(X)}{2p1(X)− λ01(X)}+

{ψD,1 − p1(X)}
[
2
[
(θ − 1){p0(X)− p1(X)}+ p0(X)−

√
δ(X)

]
− λ01(X)

] ]
,

ω1
01(O) =

e01(X)

p1(X)
{ψY D,1 −m11(X)ψD,1}+ τ01(O)m11(X),

ω0
01(O) =

e01(X)

1− p0(X)

{
ψY (1−D),0 −m00(X)ψ1−D,0

}
+ τ01(O)m00(X).

Solving the estimating equations Pn{ξz01(O; α̂, β̂0, β̂1, γ̂zz)}, z ∈ {0, 1}, based on the

EIF evaluated at (α̂⊤, β̂⊤
0 , β̂

⊤
1 , γ̂

⊤
zz)

⊤, yields a conditionally doubly robust estimator

µ̂CDR
01 =

Pn {ω̂1
01(O)− ω̂0

01(O)}
Pn {τ̂01(O)}

,

where {τ̂01(O), ω̂1
01(O), ω̂0

01(O)} are the fitted values of {τ01(O), ω1
01(O), ω0

01(O)}

based on parametric working models. Similar conditionally doubly robustness prop-

erties for µ̂CDR
11 in Theorem S1 also apply to µ̂CDR

01 , in the sense that the consistency

and asymptotic normality hold under either Mπ ∩M0
p ∩M1

p or M0
p ∩M1

p ∩M00
m ∩

M11
m . Furthermore, µ̂CDR

01 achieves the semiparametric efficiency lower bound when

all the working models are correctly specified.

Finally, we explicitly write out the expressions for the debiased machine learning

estimator for the CACE:

µ̂ML
01 =

∑K
k=1 nk

(
ω̂1,k
01 − ω̂0,k

01

)
∑K

k=1 nkτ̂ k01
,
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where ω̂1,k
01 = Pk

{
ω1
01(O; Γ̂k(X))

}
, ω̂0,k

01 = Pk

{
ω0
01(O; Γ̂k(X))

}
, τ̂ k01 = Pk

{
τ01(O; Γ̂k(X))

}
,

and Γ̂k(X) ≡ {π̂k(X), p̂k0(X), p̂k1(X), m̂k
00(X), m̂k

11(X)} are based on nuisance func-

tion estimates obtained under cross-fitting. Under slightly modified regularity con-

ditions—specifically, by replacing the outcome mean models with m11(X) and

m00(X) in Theorem 2 of the main manuscript, the estimator µ̂ML
01 is also

√
n-

consistent, asymptotically normal, and locally efficient.

S4.2 PCE for never-takers

The principal causal effect for the never-takers is the local average treatment effect

among individuals who would not have taken the treatment, regardless of their

treatment assignment, which can be formally defined as

µ00 = E(Y (1)− Y (0)|D(0) = D(1) = 0) =
E({1−D(0)}{1−D(1)}{Y (1)− Y (0)})

E({1−D(0)}{1−D(1)})
.

The identification formula for the PCE for the never-takers, based on weighting, is

then given by

µ00 =
E(e00(X)Z(1−D)Y/ [π(X){1− p1(X)}])
E(e00(X)Z(1−D)/ [π(X){1− p1(X)}])

−

E(e00(X)(1− Z)(1−D)Y/ [{1− π(X)}{1− p0(X)}])
E(e00(X)(1− Z)(1−D)/ [{1− π(X)}{1− p0(X)}])

, (S4.4)

where

e00(X) =
1 + {θ(X)− 1}{2− p0(X)− p1(X)} −

√
δ(X)

2{θ(X)− 1}
.
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The moment condition (S4.4) implies a sample weighting estimator

µ̂00 =
E(ê00(X)Z(1−D)Y/ [π̂(X){1− p̂1(X)}])
E(ê00(X)Z(1−D)/ [π̂(X){1− p̂1(X)}])

−

E(ê00(X)(1− Z)(1−D)Y/ [{1− π̂(X)}{1− p̂0(X)}])
E(ê00(X)(1− Z)(1−D)/ [{1− π̂(X)}{1− p̂0(X)}])

.

Similarly, an alternative identification formula based on outcome regression can be

characterized as

µ00 =
E (e00(X) {m10(X)−m00(X)})

E (e00(X))
,

based on which one can derive the outcome regression estimator based on sample

averages.

In addition, the EIF for µ00 is given by φ00(O) = E(e00(X))−1 {ξ100(O)− ξ000(O)},

where ξz00(O) = ωz
00(O)− µz

00τ00(O), µz
00 ≡ E(Y (z)|D(0) = 0, D(1) = 0), and

λ00(X) =2{θ(X)− 1}e00(X),

τ00(O) =e00(X) +
1

2
√
δ(X)

[
{ψD,0 − p0(X)}

[
2
[
p1(X) + (θ − 1){1− p0(X)} −

√
δ(X)

]
− λ00(X)

]
+

{ψD,1 − p1(X)}
[
2
[
p0(X) + (θ − 1){1− p1(X)} −

√
δ(X)

]
− λ00(X)

] ]
,

ω1
00(O) =

e00(X)

1− p1(X)

{
ψY (1−D),1 −m10(X)ψ1−D,1

}
+ τ00(O)m10(X),

ω0
00(O) =

e00(X)

1− p0(X)

{
ψY (1−D),0 −m00(X)ψ1−D,0

}
+ τ00(O)m00(X).

Solving the estimating equations Pn{ξz00(O; α̂, β̂0, β̂1, γ̂z0)}, z = 0, 1, based on the

EIF evaluated at (α̂⊤, β̂⊤
0 , β̂

⊤
1 , γ̂

⊤
z0)

⊤, yields the conditionally doubly robust esti-
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mator

µ̂CDR
00 =

Pn {ω̂1
00(O)− ω̂0

00(O)}
Pn {τ̂00(O)}

,

where {τ̂00(O), ω̂1
00(O), ω̂0

00(O)} are the fitted values of {τ00(O), ω1
00(O), ω0

00(O)}

based on parametric working models. Further, µ̂CDR
00 is also conditionally doubly

robust in the sense that the consistency and asymptotic normality hold under either

Mπ ∩ M0
p ∩ M1

p or M0
p ∩ M1

p ∩ M00
m ∩ M10

m . In addition, µ̂CDR
00 achieves the

semiparametric efficiency lower bound when all the working models are correctly

specified.

Finally, the debiased machine learning estimator for the never-takers is given

by

µ̂ML
00 =

∑K
k=1 nk

(
ω̂1,k
00 − ω̂0,k

00

)
∑K

k=1 nkτ̂ k00
,

where ω̂1,k
00 = Pk

{
ω1
00(O; Γ̂k(X))

}
, ω̂0,k

00 = Pk

{
ω0
00(O; Γ̂k(X))

}
, τ̂ k00 = Pk

{
τ00(O; Γ̂k(X))

}
,

and Γ̂k(X) ≡ {π̂k(X), p̂k0(X), p̂k1(X), m̂k
00(X), m̂k

10(X)} are based on nuisance func-

tion estimates obtained under cross-fitting. Under slightly modified regularity

conditions—–specifically, by substituting the outcome mean models with m10(X)

and m00(X) in Theorem 2 of the main manuscript, the estimator µ̂ML
00 is also

√
n-

consistent, asymptotically normal, and locally efficient.
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S4.3 PCE for defiers

The principal causal effect for the defiers is the local average treatment effect among

individuals who would not have complied with the treatment assignment, which can

be formally defined as

µ10 = E(Y (1)− Y (0)|D(0) = 1, D(1) = 0) =
E(D(0){1−D(1)}{Y (1)− Y (0)})

E(D(0){1−D(1)})
.

The identification formula for the PCE for the defiers, based on weighting, can be

written as

µ10 =
E(e10(X)Z(1−D)Y/ [π(X){1− p1(X)}])
E(e10(X)Z(1−D)/ [π(X){1− p1(X)}])

− E(e10(X)(1− Z)DY/ [{1− π(X)}p0(X)])

E(e10(X)(1− Z)D/ [{1− π(X)}p0(X)])
,

(S4.5)

where

e10(X) = −
1 + (θ − 1){p1(X)− p0(X)} −

√
δ(X)

2{θ(X)− 1}
.

Equation (S4.5) motivates the sample weighting estimator

µ̂10 =
Pn{ê10(X)Z(1−D)Y/ [π̂(X){1− p̂1(X)}]}
Pn{ê10(X)Z(1−D)/ [π̂(X){1− p̂1(X)}]}

− Pn{ê10(X)(1− Z)DY/ [{1− π̂(X)}p̂0(X)]}
Pn{ê10(X)(1− Z)D/ [{1− π̂(X)}p̂0(X)]}

.

Similarly, an alternative identification formula based on outcome regression can be

expressed as

µ10 =
E (e10(X) {m10(X)−m01(X)})

E (e10(X))
,

which motivates an outcome regression estimator based on its empirical analogue.
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Additionally, the EIF for µ10 is given by φ10(O) = E(e10(X))−1 {ξ110(O)− ξ010(O)},

where ξz10(O) = ωz
10(O)− µz

10τ10(O), µz
10 ≡ E(Y (z)|D(0) = 1, D(1) = 0), and

λ10(X) = 2{1− θ(X)}e10(X),

τ10(O) =e10(X)−

1

2
√
δ(X)

[
{ψD,0 − p0(X)}

[
2
[
(θ − 1){p1(X)− p0(X)}+ p1(X)−

√
δ(X)

]
− λ10(X)

]
+

{ψD,1 − p1(X)} {2p0(X)− λ10(X)}

]
,

ω1
10(O) =

e10(X)

1− p1(X)

{
ψY (1−D),1 −m10(X)ψ1−D,1

}
+ τ10(O)m10(X),

ω0
10(O) =

e10(X)

p0(X)
{ψY D,0 −m01(X)ψD,0}+ τ10(O)m01(X).

Solving the estimating equations Pn{ξz10(O; α̂, β̂0, β̂1, γ̂z(1−z))}, z = 0, 1, based on

the EIF evaluated at (α̂⊤, β̂⊤
0 , β̂

⊤
1 , γ̂

⊤
z(1−z))

⊤, yields the conditionally doubly robust

estimator,

µ̂CDR
10 =

Pn {ω̂1
10(O)− ω̂0

10(O)}
Pn {τ̂10(O)}

,

where {τ̂10(O), ω̂1
10(O), ω̂0

10(O)} are the fitted values of {τ10(O), ω1
10(O), ω0

10(O)}

based on parametric working models. µ̂CDR
10 is conditionally doubly robust in the

sense that the consistency and asymptotic normality hold under either Mπ ∩M0
p∩

M1
p or M0

p ∩ M1
p ∩ M01

m ∩ M10
m . In addition, µ̂CDR

10 achieves the semiparametric

efficiency lower bound when all the working models are correctly specified.

Finally, the debiased machine learning estimator for the never-takers is given
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by

µ̂ML
10 =

∑K
k=1 nk

(
ω̂1,k
10 − ω̂0,k

10

)
∑K

k=1 nkτ̂ k10
,

where ω̂1,k
10 = Pk

{
ω1
10(O; Γ̂k(X))

}
, ω̂0,k

10 = Pk

{
ω0
10(O; Γ̂k(X))

}
, τ̂ k10 = Pk

{
τ10(O; Γ̂k(X))

}
,

and Γ̂k(X) ≡ {π̂k(X), p̂k0(X), p̂k1(X), m̂k
10(X), m̂k

01(X)} are based on nuisance func-

tion estimates obtained under cross-fitting. Under slightly modified regularity

conditions–—specifically, by substituting the outcome mean models with m10(X)

and m01(X) in Theorem 2 of the main manuscript, the estimator µ̂ML
10 is also

√
n-

consistent, asymptotically normal, and locally efficient.

S4.4 The special case under counterfactual intermediate independence

with θ(X) = 1

In this section, we present the EIF for µd0d1 under counterfactual intermediate inde-

pendence with θ(X) = 1. Based on the EIF, the construction of quadruply robust

parametric estimators and debiased machine learning estimators follows similar

procedures. As shown in Theorem 1 of the main manuscript, the EIF for µd0d1 is

φd0d1(O|θ) = E(ed0d1(X))−1
{
ξ1d0d1(O)− ξ0d0d1(O)

}
,
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where z, d0, d1 ∈ {0, 1}, ξzd0d1(O) = ωz
d0d1

(O)− µz
d0d1

τd0d1(O), and

ωz
d0d1

(O) =dz
ed0d1(X)

pz(X)
{ψY D,z −mzdz(X)ψD,z}+

(1− dz)
ed0d1(X)

1− pz(X)

{
ψY (1−D),z −mzdz(X)ψ1−D,z

}
+

τd0d1(O)mzdz(X).

Thus, it suffices to specify the forms of τd0d1(O) and ed0d1(X) for d0, d1 ∈ {0, 1} and

substitute them into the expressions above to derive the EIF under the assumption

of counterfactual intermediate independence with θ(X) = 1. We explicitly write

out the forms of τd0d1(O) and ed0d1(X) for d0, d1 ∈ {0, 1} below.

e11(X) = p0(X)p1(X),

e01(X) = p1(X){1− p0(X)},

e00(X) = {1− p0(X)}{1− p1(X)},

e10(X) = p0(X){1− p1(X)},

τ11(O) = p0(X)ψD,1 + {ψD,0 − p0(X)}p1(X),

τ01(O) = ψD,1{1− p0(X)}+ {p0(X)− 1 + ψ1−D,0}p1(X),

τ00(O) = ψ1−D,1{1− p0(X)}+ {p0(X)− 1 + ψ1−D,0}{1− p1(X)},

τ10(O) = p0(X)ψ1−D,1 + {ψD,0 − p0(X)}{1− p1(X)}.
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For the always-takers, using e11(X) and τ11(O), ωz
11(O) and ξz11(O) can be derived

as follows:

ω1
11(O) = p0(X) {ψY D,1 −m11(X)ψD,1}+m11(X) [p0(X)ψD,1 + {ψD,0 − p0(X)}p1(X)] ,

ω0
11(O) = p1(X) {ψY D,0 −m01(X)ψD,0}+m01(X) [p0(X)ψD,1 + {ψD,0 − p0(X)}p1(X)] ,

ξ111(O) = {ψD,0 − p0(X)}p1(X){m11(X)− µ1
11}+ p0(X)(ψY D,1 − µ1

11ψD,1),

ξ011(O) = {ψD,1 − p1(X)}p0(X){m01(X)− µ0
11}+ p1(X)(ψY D,0 − µ0

11ψD,0).

Similarly, for the compliers, we have the following

ω1
01(O) = {1− p0(X)} {ψY D,1 −m11(X)ψD,1}+ τ01(O)m11(X),

ω0
01(O) = p1(X)

{
ψY (1−D),0 −m00(X)ψ1−D,0

}
+ τ01(O)m00(X),

ξ101(O) = ω1
01(O)− µ1

01τ01(O),

ξ001(O) = ω0
01(O)− µ0

01τ01(O).

For the never-takers, we have the following

ω1
00(O) = {1− p0(X)}

{
ψY (1−D),1 −m10(X)ψ1−D,1

}
+ τ00(O)m10(X),

ω0
00(O) = {1− p1(X)}

{
ψY (1−D),0 −m00(X)ψ1−D,0

}
+ τ00(O)m00(X),

ξ100(O) = ω1
00(O)− µ1

00τ00(O),

ξ000(O) = ω0
00(O)− µ0

00τ00(O).
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For the defiers, we have the following

ω1
10(O) = p0(X)

{
ψY (1−D),1 −m10(X)ψ1−D,1

}
+ τ10(O)m10(X),

ω0
10(O) = {1− p1(X)} {ψY D,0 −m01(X)ψD,0}+ τ10(O)m01(X),

ξ110(O) = ω1
10(O)− µ1

10τ10(O),

ξ010(O) = ω0
10(O)− µ0

10τ10(O).

S5 Proof of identification formulas

We present the proof for µ1
11, and the proof for µ0

11 is similar. Recall

µ1
11 =

E(D(0)D(1)Y (1))

E(D(0)D(1))
.

By Equation (6) in Lipsitz et al. (1991) or Equation (5.9) in Geenens (2020), treat-

ment ignorability and SUTVA,

e11(X) =
1 + {θ(X)− 1}{p0(X) + p1(X)} −

√
δ(X)

2{θ(X)− 1}
, (S5.6)

where δ(X) = [1 + {θ(X)− 1}{p0(X) + p1(X)}]2 − 4θ(X){θ(X) − 1}p0(X)p1(X).

Then

µ1
11 =

E(E(D(0)D(1)Y (1)|X))

E(e11(X))
(Law of total expectation (LOTE))

=
E(Pr(D(1) = 1|X)E(D(0)Y (1)|X, D(1) = 1))

E(e11(X))
(LOTE)

=
E(Pr(D(1) = 1|X)E(D(0)|X, D(1) = 1)E(Y (1)|X, D(1) = 1))

E(e11(X))
(LOTE and mean PI)

=
E(e11(X)m11(X))

E(e11(X))
(LOTE, Treatment ignorability and SUTVA), (S5.7)
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which yields the identification formula based on outcome regression. The identifi-

cation formula based on weighting follows from the LOTE:

E

(
e11(X)ZDY

π(X)p1(X)

)
E

(
e11(X)ZD

π(X)p1(X)

) = (S5.7).

S6 Derivation of efficient influence functions

In this section, we derive the EIFs for µz
11, z ∈ {0, 1}. The EIF for the contrast

µ1
11 − µ0

11 is then simply the difference between the individual EIFs (Tsiatis, 2006;

Kennedy, 2022). Subsequently, Theorem 1 of the main manuscript follows immedi-

ately. In particular, we derive EIF in the non-parametric sense, i.e., we impose no

restrictions on the joint density of observed vector O. To facilitate the derivations,

we introduce the following preliminary steps. We first denote f(O) as the joint

density function of O. We then consider the following factorization:

f(O) = f(X)f(Z|X)f(D|Z,X)f(Y |D,Z,X).

Following Theorem 4.4 and Theorem 4.5 in Tsiatis (2006), the tangent space F is

the entire Hilbert space H ≡ {h : E(h(O)) = 0, E({h(O)}2) < ∞} and further-

more,

F = F1 ⊕F2 ⊕F3 ⊕F4,
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where {F1,F2,F3,F4} are mutually orthogonal with

F1 = {h(X) ∈ H : E(h(X)) = 0},

F2 = {h(Z,X) ∈ H : E(h(Z,X)|X) = 0},

F3 = {h(D,Z,X) ∈ H : E(h(D,Z,X)|Z,X) = 0},

F4 = {h(O) ∈ H : E(h(O)|D,Z,X) = 0}.

We consider a parametric submodel for the distribution of O, P = {fυ(O) : υ ∈ R},

where f0 = f is the true density and E0 = E denotes the expectation with respect

to f for ease of notation. Consider the following orthogonal decomposition of the

score vector

S(O) = S(X) + S(Z|X) + S(D|Z,X) + S(Y |D,Z,X),

where

S(O) =
∂logfυ(O)

∂υ
|υ=0, S(Y |D,Z,X) =

∂logfυ(Y |D,Z,X)

∂υ
|υ=0,

S(D|Z,X) =
∂logfυ(D|Z,X)

∂υ
|υ=0, S(Z|X) =

∂logfυ(Z|X)

∂υ
|υ=0, S(X) =

∂logfυ(X)

∂υ
|υ=0.

We define µ1
11,υ as the value of µ1

11 in the submodel and the truth is attained at

υ = 0, i.e., µ1
11,0 = µ1

11. Theorem 3.2 in Tsiatis (2006) implies that the influence

function φ1
11(O) ∈ H for the submodel can be characterized by

E(φ1
11(O)S(O)) =

∂µ1
11,υ

∂υ

∣∣∣
υ=0

. (S6.8)
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Following the convention, we use µ̇1
11(υ)|υ=0 to denote ∂µ1

11,υ/∂υ|υ=0 and apply

this notation to all pathwise partial derivatives with respect to υ. Kennedy (2022)

showed that there is at most one solution to the differential equation (S6.8), without

imposing any restrictions on the distribution of O. By Theorem 4.3 in Tsiatis

(2006), the EIF is indeed φ1
11(O) because the tangent space is the entire Hilbert

space. Subsequently, the EIF solves Equation (S6.8). Equation (S5.7) implies that

µ1
11 can be written as a ratio, i.e., µ1

11 = N/D with

N = E(e11(X)m11(X)), D = E(e11(X)).

Let φN(O) and φD(O) be the influence functions of N and D, respectively. By

Kennedy (2022), if both φN(O) and φD(O) are known, the influence function of

µ1
11 can be explicitly given by

φ1
11(O) =

1

D
φN(O)− N

D2φD(O),

where E(φN(O)S(O)) = Ṅυ|υ=0 and E(φD(O)S(O)) = Ḋυ|υ=0. This is called the

quotient rule for the influence function operator (similar to the quotient rule for

standard calculus). It remains to find the EIFs for the denominator (D) and nu-

merator (N), respectively. We first find the EIF for the denominator. To facilitate

the derivation, we present the following lemmas without proof based on Section

S6.1.1 of the Supplementary Material in Jiang et al. (2022).

Lemma S1. Let Ξz(X) = E(F (Y,D,X)|Z = z,X), z ∈ {0, 1}, where F is a
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random function of (Y,D,X). Then

Ξ̇z,υ(X)|υ=0 = E({ψF (Y,D,X),z − Ξz(X)}S(Y,D|Z,X)|X).

Lemma S2. For z ∈ {0, 1},

ṁz1,υ(X)|υ=0 = E

(
ψY D,z −mz1(X)ψD,z

pz(X)
S(Y |Z,D,X)|X

)
,

ṁz0,υ(X)|υ=0 = E

(
ψY (1−D),z −mz0(X)ψ1−D,z

1− pz(X)
S(Y |Z,D,X)|X

)
.

We have

δ̇υ(X)|υ=0 =2{θ(X)− 1} [1 + {θ(X)− 1}{p0(X) + p1(X)}] {ṗ0,υ(X)|υ=0 + ṗ1,υ(X)|υ=0}−

4θ(X){θ(X)− 1}{ṗ0,υ(X)|υ=0p1(X) + ṗ1,υ(X)|υ=0p0(X)} (Chain rule)

=E

([
2{θ(X)− 1} [1 + {θ(X)− 1}{p0(X) + p1(X)}] [ψD,0 + ψD,1 − {p0(X) + p1(X)}]−

4θ(X){θ(X)− 1} [{ψD,0 − p0(X)}p1(X) + {ψD,1 − p1(X)}p0(X)]
]
S(D|Z,X)|X

)

(Lemma S1)

=2{θ(X)− 1}E

([
{ψD,0 − p0(X)} [1 + {θ(X)− 1}p0(X)− {θ(X) + 1}p1(X)] +

{ψD,1 − p1(X)} [1 + {θ(X)− 1}p1(X)− {θ(X) + 1}p0(X)]
]
S(D|Z,X)|X

)
,
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which, together with Lemma S1, implies

ė11,υ(X)|υ=0 =
1

2
{ṗ0,υ(X)|υ=0 + ṗ1,υ(X)|υ=0} −

δ̇υ(X)|υ=0

4{θ(X)− 1}
√
δ(X)

(Chain rule)

=E

(
{θ(X)− 1}

√
δ(X)

−1

[
{ψD,0 − p0(X)}

{
θ(X)p1(X)

θ(X)− 1
− e11(X)

}
+

{ψD,1 − p1(X)}
{
θ(X)p0(X)

θ(X)− 1
− e11(X)

}]
S(D|Z,X)|X

)
. (S6.9)

The chain rule implies

Ḋθ|υ=0 = E(e11(X)S(X))︸ ︷︷ ︸
(A1)

+E(ė11,υ(X)|υ=0)︸ ︷︷ ︸
(A2)

.

Since E(S(X)) = 0, (A1) is equivalent to E({e11(X)−D}S(X)). It is straightfor-

ward to verify that

e11(X)−D ∈ F1,

θ(X)− 1√
δ(X)

[
{ψD,0 − p0(X)}

{
θ(X)p1(X)

θ(X)− 1
− e11(X)

}
+ {ψD,1 − p1(X)}

{
θ(X)p0(X)

θ(X)− 1
− e11(X)

}]
∈ F3.

Therefore, the EIF for the denominator is given by φD(O) = τ11(O)−D, where

τ11(O)

=e11(X)+

θ(X)− 1√
δ(X)

[
{ψD,0 − p0(X)}

{
θ(X)p1(X)

θ(X)− 1
− e11(X)

}
+ {ψD,1 − p1(X)}

{
θ(X)p0(X)

θ(X)− 1
− e11(X)

}]
.

Similarly, the chain rule implies that

Ṅυ|υ=0 = E(e11(X)m11(X)S(X))︸ ︷︷ ︸
(B1)

+E(ė11,υ(X)|υ=0m11(X))︸ ︷︷ ︸
(B2)

+E(e11(X)ṁ11,υ(X)|υ=0)︸ ︷︷ ︸
(B3)

.
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(B1) equals to E({e11(X)m11(X)−N}S(X)), because E(S(X)) = 0. (S6.9) implies

that

(B2) = E ({τ11(O)− e11(X)}m11(X)S(D|Z,X)) .

Lemma S2 indicates that

(B3) = E

(
e11(X)

p1(X)
{ψY D,1 −m11(X)ψD,1}S(Y |D,Z,X)

)
.

It is straightforward to verify that

e11(X)m11(X)−N ∈ F1,

{τ11(O)− e11(X)}m11(X) ∈ F3,

e11(X)

p1(X)
{ψY D,1 −m11(X)ψD,1} ∈ F4,

based on which the EIF for the numerator is given by φN(O) = −N + ω1
11(O),

where

ω1
11(O) =

e11(X)

p1(X)
{ψY D,1 −m11(X)ψD,1}+ τ11(O)m11(X).

Finally, by the quotient rule, we can show that the EIF for µ1
11 is given by φ1

11(O) =

D−1ξ111(O), where ξ111(O) = ω1
11(O) − µ1

11τ11(O). Applying similar procedures to

µ0
11 yields φ0

11(O) = D−1ξ011(O), where ξ011(O) = ω0
11(O)− µ0

11τ11(O) and

ω0
11(O) =

e11(X)

p0(X)
{ψY D,0 −m01(X)ψD,0}+ τ11(O)m01(X).

This completes the derivation of the EIF in Theorem 1 of the main manuscript.
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S7 Regularity conditions and proof for Theorem S1

S7.1 Additional regularity conditions

We further assume that for ∀ϵ > 0,

SupηCDR∈Θ∥Pn{ΦCDR(O;ηCDR)} − E(ΦCDR(O;ηCDR))∥ = oP(1),

infηCDR:∥ηCDR−ηCDR∗∥≥ϵ∥E(ΦCDR(O;ηCDR))∥ > 0 = ∥E(ΦCDR(O;ηCDR∗
))∥,

where Θ is a compact space of parameters, ∥•∥ is the usual Euclidean norm for

vectors, and ηCDR∗
is the truth. The above regularity conditions follow from The-

orem 5.9 in van der Vaart (2000), which requires (i) the uniform convergence of

the empirical estimating functions to the population estimating functions; (ii) the

truth ηCDR∗
is a well-separated solution of the population estimating equations.

As an alternative to (ii), one can also assume that ηCDR∗
is a unique solution of

E(ΦCDR(O;ηCDR)) = 0. Examples of sufficient conditions on the class of esti-

mating functions that ensure the uniform convergence of the empirical estimating

functions (i.e., condition (i)) can be found in Section 19.2 of van der Vaart (2000).

S7.2 Proof of Theorem S1

Conditional double robustness

Recall that the characterizations of ed0d1(X) depend on whether θ(X) = 1 or

θ(X) → ∞. Without loss of generality, we assume Pr(θ(X) = 1) = 0 and
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Sup
X∈X

θ(X) < ∞, or equivalently, that the distribution of X is restricted to X ∗ ≡

{X ∈ X : θ(X) ̸= 1, θ(X) < ∞} ⊆ X , with its density scaled by Pr(X ∈ X ∗)−1.

The proofs for the cases where Pr(θ(X) = 1) > 0 or Pr(θ(X) > C) > 0 for

∀C > 0 are similar. Briefly, this involves restricting the distribution of X to

{X ∈ X : θ(X) = 1} or {X ∈ X : θ(X) → ∞} and summing all compo-

nents using the linearity of expectations. We present in great detail the proof

for µ̂1
11 ≡ E(ω̂1

11(O))/E(τ̂11(O)), and an analogous procedure applies to µ̂0
11 ≡

E(ω̂0
11(O))/E(τ̂11(O)).

For ease of notation, we denote π∗(X) = π(X;α∗), p∗z(X) = pz(X;β∗
z),m

∗
zd(X) =

mzd(X;γ∗
zd), δ

∗(X) = δ(X; p∗0(X), p∗1(X)) and λ∗11(X) = λ11(X; p∗0(X), p∗1(X), δ∗(X)),

where λ11(X) = 2{θ(X) − 1}e11(X) and α∗,β∗
z ,γ

∗
zd are the probability limits for

α̂, β̂z, γ̂zd. For simplicity, we omit the dependence on X whenever the context is

clear. For instance, we write δ instead of δ(X). Theorem 5.9 in van der Vaart (2000)

implies that ηCDR = η̃CDR + oP(1), where η̃CDR satisfies E
(
ΦCDR(O; η̃CDR)

)
= 0.

Thus, it is sufficient to show that E(ξ111(O;α∗,β∗
0,β

∗
1,γ

∗
11, µ

1
11)) = 0. By LOTE,

E(τ11(O;α∗,β∗
0,β

∗
1))− E(e11(X))

=E

(
1

2
(p∗0 + p∗1 − p0 − p1) +

√
δ −

√
δ∗

2(θ − 1)
+
θ − 1√
δ∗

×

{
1− π

1− π∗ (p0 − p∗0)

(
θ

θ − 1
p∗1 − e∗11

)
+

π

π∗ (p1 − p∗1)

(
θ

θ − 1
p∗0 − e∗11

)})
.

(S7.10)
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Clearly, (S7.10) vanishes under M0
p∩M1

p regardless of whether the propensity score

model is correctly specified or not. Similarly,

E(ω1
11(O;α∗,β∗

0,β
∗
1,γ

∗
11))− E(e11(X)m11(X))

=E

(
πp1
π∗p∗1

e∗11(m11 −m∗
11) + {τ11(O;α∗,β∗

0,β
∗
1)− e11}m∗

11 + e11(m
∗
11 −m11)

)
.

(S7.11)

Under M0
p ∩M1

p,

(S7.11) = E

(
π − π∗

π∗ e11(m11 −m∗
11)

)
,

which implies that µ̂1
11 is consistent under either Mπ ∩M0

p ∩M1
p or M0

p ∩M1
p ∩

M11
m . Applying a similar procedure implies that µ̂0

11 is consistent under either

Mπ ∩M0
p ∩M1

p or M0
p ∩M1

p ∩M01
m . Therefore, µ̂CDR

11 is consistent under either

Mπ ∩ M0
p ∩ M1

p or M0
p ∩ M1

p ∩ M01
m ∩ M11

m . Similarly, one can show that (i)

µ̂CDR
11 is consistent under either Mπ ∩ M0

p ∩ M1
p or M0

p ∩ M1
p ∩ M01

m ∩ M11
m or

Mπ ∩M01
m ∩M11

m under monotonicity (Jiang et al., 2022); (ii) µ̂CDR
11 is consistent

under either Mπ ∩M0
p ∩M1

p or M0
p ∩M1

p ∩M01
m ∩M11

m or Mπ ∩M0
p ∩M01

m or

Mπ ∩M1
p ∩M11

m for θ(X) = 1.

Semiparametric efficiency

To facilitate the proof, we first present the following lemma, which establishes that

the ratio of one-step estimators retains semiparametric efficiency and asymptotic

linearity for estimating the ratio of the corresponding parameters.
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Lemma S3. Suppose the parameter of interest, viewed as a functional of the true

distribution of the data P, is a ratio, R(P) ≡ N(P) × D(P)−1. Suppose the in-

fluence functions for the numerator and the denominator are φN(P) and φD(P),

respectively. Let N̂ and D̂ be the consistent estimators for N and D respectively.

If ϵ1 < D̂ < ϵ2 for some constants ϵ1, ϵ2 > 0 and

√
n(N̂ −N) =

√
n(Pn − P)φN(P) + oP(1),

√
n(D̂ −D) =

√
n(Pn − P)φD(P) + oP(1),

then

√
n

(
N̂

D̂
− N

D

)
=

√
n(Pn − P)φR(P) + oP(1),

where φR(P) = 1
D
φN(P)− N

D2φD(P) is the influence function for R.

Proof. We have

√
n

(
N̂

D̂
− N

D

)
=

1

D̂
×

√
n(N̂ −N)− N

D̂D
×
√
n(D̂ −D)

=
1

D̂
{
√
n(Pn − P)φN(P) + oP(1)} −

N

D̂D
× {

√
n(Pn − P)φD(P) + oP(1)}

=
1

D̂

√
n(Pn − P)φN(P)−

N

D̂D
×
√
n(Pn − P)φD(P) + oP(1)

=

{
1

D
+ oP(1)

}√
n(Pn − P)φN(P)−

{
N

D2 + oP(1)

}
×
√
n(Pn − P)φD(P) + oP(1)

=
1

D

√
n(Pn − P)φN(P)−

N

D2 ×
√
n(Pn − P)φD(P) + oP(1)

=
√
n(Pn − P)φR(P) + oP(1),
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where the third equality is due to that ϵ1 < D̂ < ϵ2, the fourth equality is due to that

D̂ = D+oP(1), and the last equality is due to that φR(P) = 1
D
φN(P)− N

D2φD(P).

Then we define N = E(e11(X){m11(X)−m01(X)}), D = E(e11(X)), and thus

µ11 = N ×D−1. By the proof of Theorem 1 of the main manuscript, the influence

functions for N and D are respectively given by

φN(O) = ω1
11(O)− ω0

11(O)−N, φD(O) = τ11(O)−D.

Let N̂ and D̂ be the one-step estimators (Kennedy, 2022) for N andD, respectively,

where

N̂ = Pn

{
{ω̂1

11(O)− ω̂0
11(O)}

}
, D̂ = Pn {τ̂11(O)} ,

where τ̂11(O) and ω̂z
11(O) are obtained based on parametric working models. We

analyze N̂ by the following arguments. Consider an M-estimator N̂
∗
defined by the

following estimating equation

Pn{φN(O; N̂
∗
, ζ∗)} = 0, (S7.12)

where ζ∗ is the probability limit of ζ̂ (assumed to exist) and ζ̂ ≡ (α⊤,β⊤
0 ,β

⊤
1 ,γ

⊤
11,γ

⊤
01)

⊤

is the collection of all the finite-dimensional nuisance parameters used to construct

N̂ . Recall that ζ̂ is the maximum likelihood estimator (MLE) of ζ, which implies

that
√
n(ζ̂ − ζ∗) = OP(1). By construction, the one-step estimator N̂ is defined by

the estimating equation

Pn{φN(O; N̂ , ζ̂)} = 0, (S7.13)
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where the only difference between (S7.12) and (S7.13) is that the truth and the

plug-in estimator of ζ∗ are used respectively. Applying the first-order Taylor’s

theorem to (S7.13) with respect to ζ∗ gives

Pn{φN(O; N̂ , ζ̂)} = Pn{φN(O; N̂ , ζ∗)}+ Pn

{
∂φN(O; N̂ , ζ̂ ′)

∂ζ⊤

}
(ζ̂ − ζ∗), (S7.14)

where ζ̂ ′ lies between ζ̂ and ζ∗. Similarly, applying the first-order Taylor’s theorem

to Pn{φN(O; N̂ , ζ∗)} with respect to N̂
∗
yields

Pn{φN(O; N̂ , ζ∗)} = Pn

{
∂φN(O; N̂

′
, ζ∗)

∂N

}
(N̂ − N̂

∗
), (S7.15)

where N̂
′
lies between N̂ and N̂

∗
and Pn{φN(O; N̂

∗
, ζ∗)} = 0 by (S7.12). Then

(S7.14) and (S7.15) imply

√
n(N̂ − N̂

∗
) =

Pn

{∂φN(O; N̂ , ζ̂ ′)

∂ζ⊤

}
×
√
n(ζ̂ − ζ∗)

−Pn

{∂φN(O; N̂
′
, ζ∗)

∂N

} .

It is clear that
∂φN(O; N̂

′
, ζ∗)

∂N
= −1. The consistency of N̂ and ζ̂ implies that

Pn

{
∂φN(O; N̂ , ζ̂ ′)

∂ζ⊤

}
= E

(
∂φN(O;N, ζ∗)

∂ζ⊤

)
+ oP(1) = oP(1),

where the last equality follows from the direct algebra. Therefore,
√
n(N̂ − N̂

∗
) =

oP(1)OP(1) = oP(1), which further implies that the influence functions of N̂ and

N̂
∗
are identical. By Equation (3.6) in Tsiatis (2006), the influence function of the

M-estimator N̂
∗
is φN(O). Analogously, one can show that the influence function
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of D̂ is φD(O). Therefore, we conclude from Lemma S3 as D̂ is uniformly bounded

under regularity conditions in Theorem S1.

S8 Proof of Theorem 2 of the main manuscript

S8.1 Preliminaries and useful lemmas

Without loss of generality, we assume sup
X∈X ∗

θ(X) = ϵ1 <∞ and denote inf
X∈X ∗

|θ(X)−

1| = ϵ2 > 0, where X ∗ = {X ∈ X : θ(X) ̸= 1}. The case of θ(X) → ∞,

constrained by p1(X) > p0(X) for all X ∈ X , is discussed in Section S10. Following

the same reasoning as in previous Sections, it suffices to consider the case where

Pr(θ(X) = 1) = 0. We use P to denote the expectation with respect to the true

distribution of the data. To facilitate the proof, we first show the following three

useful lemmas.

Lemma S4. Suppose that f̂k(O) is estimated using the training sample V−k, Pk is

the empirical measure over the validation sample Vk, and Vk and V−k are indepen-

dent. Then

√
nk(Pk − P){f̂k(O)− f(O)} = OP

(
E({f̂k(O)− f(O)}2|V−k)1/2

)
,

where nk is the sample size of the validation sample.
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Proof. We note that

Var
(√

nk(Pk − P){f̂k(O)− f(O)}|V−k
)
= nkVar

(
Pk{f̂k(O)− f(O)}|V−k

)
= Var

(
f̂k(O)− f(O)|V−k

)
(S8.16)

≤ E({f̂k(O)− f(O)}2|V−k), (S8.17)

where the first equality is because f̂k is fixed conditional on V−k. Thus,

P

{√
nk|(Pk − P){f̂k(O)− f(O)}|
E({f̂k(O)− f(O)}2|V−k)1/2

> t

}

= P


√
nk|(Pk − P){f̂k(O)− f(O)}|

Var
(
f̂k(O)− f(O)|V−k

)1/2 >
E({f̂k(O)− f(O)}2|V−k)1/2

Var
(
f̂k(O)− f(O)|V−k

)1/2 t


= E

P

√
nk|(Pk − P){f̂k(O)− f(O)}|

Var
(
f̂k(O)− f(O)|V−k

)1/2 >
E({f̂k(O)− f(O)}2|V−k)1/2

Var
(
f̂k(O)− f(O)|V−k

)1/2 t|V−k




≤ 1

t2
E

Var
(
f̂k(O)− f(O)|V−k

)
E({f̂k(O)− f(O)}2|V−k)

 ≤ 1

t2
,

where the second equality is due to LOTE, the first inequality is due to Chebyshev’s

inequality, (S8.16) and that E((Pk − P){f̂k(O) − f(O)}|V−k) = 0, and the last

inequality is due to (S8.17). We conclude from the fact that an arbitrarily small

upper-bound ϵ > 0 for the tail probability can be achieved by taking t = ϵ−1/2.

Notably, Lemma S4 is an adaptation of Lemma 1 in Kennedy (2022), with the

conclusion modified to hold conditional on the training sample V−k.

Lemma S5. Suppose that f̂k(O) is estimated using the training sample V−k, and
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Vk and V−k are independent. If ∥f̂k(O)− f(O)∥2 = oP(1), then

E({f̂k(O)− f(O)}2|V−k) = oP(1).

Proof. This follows directly from the definition.

Lemma S5 is commonly used in the causal inference literature to establish the

asymptotic linearity of the debiased machine learning estimator (Kennedy, 2022;

Wang et al., 2024). Finally, the following Lemma S6 plays an important role in

relating δ(X) to the mixed bias property of the Neyman orthogonal score (Rotnitzky

et al., 2021; Cheng and Li, 2024).

Lemma S6. For θ ≥ 0, x, y, a, b ∈ (0, 1), define f(x, y) =
√

{1 + (θ − 1)(x+ y)}2 − 4θ(θ − 1)xy.

Then by Taylor expansion, we have

f(x, y) =f(a, b) +
θ − 1

f(a, b)
{1 + (θ − 1)a− (θ + 1)b} (x− a)+

θ − 1

f(a, b)
{1 + (θ − 1)b− (θ + 1)a} (y − b) +

1

2
(x− a, y − b)H(a, b)(x− a, y − b)⊤+

R2(x− a, y − b),

where H(a, b) is the Hessian matrix evaluated at the point (a, b) and

R2(x−a, y−b) =
∑

p+q≥3,p,q∈N

∂p+qf(a, b)

∂xp∂yq
(x−a)p(y−b)q = o((x−a)2+(x−a)(y−b)+(y−b)2)

is the remainder term, which consists of monomials of order at least 3.
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S8.2 Main proof assuming θ(X) ̸= 1 almost surely

Define N = E(e11(X)m11(X)) and D = E(e11(X)). Then µ1
11 = N ×D−1. By the

proof of Theorem 1 of the main manuscript, the influence functions for N and D

are respectively given by

φN(O) = ω1
11(O)−N, φD(O) = τ11(O)−D.

We write φN(O) = φN(O; Γ(X)) to emphasize the dependence on the nuisance func-

tions Γ(X) = {π(X), p0(X), p1(X),m11(X)} and so on. Let Γ̂k(X) = {π̂k(X), p̂k0(X),

p̂k1(X), m̂k
11(X)} be the estimates of the nuisance functions based on the training

sample V−k. Define N̂ = n−1
∑K

k=1 nkω̂
1,k
11 and D̂ = n−1

∑K
k=1 nkτ̂

k
11.

Main Proof: Denominator

We decompose the estimation error of D̂:

√
n(D̂ −D) = T1 + T2 + T3,

where

T1 =
√
n(Pn − P){τ11(O; Γ(X))},

T2 =
K∑
k=1

√
nk√
n

×
√
nk(Pk − P){τ11(O; Γ̂k(X))− τ11(O; Γ(X))},

T3 =
K∑
k=1

√
nk√
n

×
√
nkP{τ11(O; Γ̂k(X))− τ11(O; Γ(X))}.

For brevity, we omit the dependence on X for the nuisance functions. For

example, we write π̂ for π̂k(X). We will use the following two inequalities repeatedly.
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Inequality S1 (Quadratic mean-arithmetic mean inequality). For any finite col-

lection of the real numbers xi, i ∈ {1, . . . , n},

(
n∑

i=1

xi

)2

≤ n
n∑

i=1

x2i .

We will refer to this result as the QM-AM inequality.

Inequality S2. For x, y ≥ 0,

(
√
x−√

y)2 ≤ |x− y|.

Proof. The triangle inequality implies

√
|
√
x−√

y| ≤
√

|
√
x+

√
y|.

Then the claim follows from multiplying both sides by
√

|
√
x−√

y|.

We have that

(√
δ −

√
δ̂
)2

≤|δ − δ̂|

=|4θ(θ − 1)(p̂0p̂1 − p0p1) + {2 + (θ − 1)(p0 + p1 + p̂0 + p̂1)} (θ − 1)(p0 − p̂0 + p1 − p̂1)|

(Inequality S2)

≤4θ|θ − 1||p̂0p̂1 − p0p1|+ (4|θ − 1|+ 2)|θ − 1|(|p0 − p̂0|+ |p1 − p̂1|)

(Triangle inequality). (S8.18)
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Then

E

((√
δ −

√
δ̂
)2

|V−k

)
≤4ϵ1(ϵ1 + 1)E

(
|p̂0p̂1 − p0p1||V−k

)
+ (4|θ − 1|+ 2)|θ − 1|

{
E(|p0 − p̂0||V−k) + E(|p1 − p̂1||V−k)

}
((S8.18) and triangle inequality)

=4ϵ1(ϵ1 + 1)
{
E
(
|p̂0 − p0||V−k

)
+ E

(
|p̂1 − p1||V−k

)}
+ oP(1)

(RCs (1)-(2) and Lemma S5)

=oP(1) (RC (2) and Lemma S5), (S8.19)

where RC refers to the regularity condition. We note

τ11(O; Γ̂k(X))− τ11(O; Γ(X)) = ê11 − e11︸ ︷︷ ︸
(A1)

+
1

2
√
δ̂δ

(√
δQ̂−

√
δ̂Q
)

︸ ︷︷ ︸
(A2)

,

where

λ11 = 2(θ − 1)e11,

Q =
1− Z

1− π
(D − p0)(2θp1 − λ11) +

Z

π
(D − p1)(2θp0 − λ11),

Q̂ =
1− Z

1− π̂
(D − p̂0)(2θp̂1 − λ̂11) +

Z

π̂
(D − p̂1)(2θp̂0 − λ̂11).

For the term (A1),

E
(
(A1)

2|V−k
)

≤ 3

4ϵ22

{
(ϵ1 + 1)

∑
i=0,1

E((p̂i − pi)
2|V−k) + E

((√
δ −

√
δ̂
)2

|V−k

)}
(QM-AM and RC (5))

=oP(1) ((S8.19), RC (2) and Lemma S5). (S8.20)
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One can verify that infX∈X ∗min 0≤p0,p1≤1δ(p0, p1) = infX∈X ∗min{θ, θ2, 1}, which im-

plies that additional regularity conditions are needed to bound δ and δ̂ from below

if Pr(θ(X) = 0) > 0. That is, beyond the regularity conditions stated in Theorem

2 of the main manuscript, we additionally assume the following condition.

Regularity condition S1. There exists ϵ3 > 0 such that, for all 1 ≤ k ≤ K and

all X with θ(X) = 0, {p0(X) + p1(X), p̂k0(X) + p̂k1(X)} /∈ (1− ϵ3, 1 + ϵ3).

In the subsequent proof, for simplicity, we use ϵi with i ≥ 4 to denote constants

that depend on the constants specified in the regularity conditions (i.e., ϵ1, ϵ2, ϵ3).

For example, ϵ4 depends on ϵ3, while ϵ5 depends on ϵ1. Then δ, δ̂ ≥ ϵ4 for some

ϵ4 > 0 with probability one if infX∈X θ(X) > 0. It is also straightforward to verify

that δ ≤ ϵ5 for some ϵ5 > 0. We have

E
(
(Q̂−Q)2|V−k

)
=E

(
Z

π̂2π2

{
π(D − p̂1)(2θp̂0 − λ̂11)− π̂(D − p1)(2θp0 − λ11)

}2

|V−k

)
︸ ︷︷ ︸

(A3)

+

E

(
1− Z

(1− π̂)2(1− π)2

{
(1− π)(D − p̂0)(2θp̂1 − λ̂11)− (1− π̂)(D − p0)(2θp1 − λ11)

}2

|V−k

)
︸ ︷︷ ︸

(A4)

.
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For the term (A3),

E
(
(A3)

2|V−k
)

≤ 1

ϵ41
E

({
π(D − p̂1)(2θp̂0 − λ̂11)− π̂(D − p1)(2θp0 − λ11)

}2

|V−k

)
(RC (1))

=
1

ϵ41
E

([
(π − π̂)(D − p̂1)(2θp̂0 − λ̂11)+

π̂
[
(p1 − p̂1)(2θp̂0 − λ̂11) + (D − p1)

{
2θ(p̂0 − p0) + λ11 − λ̂11

}] ]2
|V−k

)

≤ 4

ϵ41

{
E
(
(π − π̂)2(D − p̂1)

2(2θp̂0 − λ̂11)
2|V−k

)
+ E

(
(p1 − p̂1)

2π̂2(2θp̂0 − λ̂11)
2|V−k

)
+

E
(
4(D − p1)

2π̂2θ2(p̂0 − p0)
2|V−k

)
+ E

(
(D − p1)

2π̂2(λ11 − λ̂11)
2|V−k

)}
(QM-AM)

≤ 4

ϵ41

{
(2− ϵ1)

2ϵ26(1− ϵ1)
2E
(
(π − π̂)2|V−k

)
+ (1− ϵ1)

2ϵ26E
(
(p1 − p̂1)

2|V−k
)
+

4ϵ21(1− ϵ1)
2(2− ϵ1)

2E
(
(p̂0 − p0)

2|V−k
)
+ (2− ϵ1)

2(1− ϵ1)
2E
(
(λ11 − λ̂11)

2|V−k
)}

(RC (1) and triangle inequality)

=oP(1) (RCs (2), Lemma S5, and (S8.20)),

where ϵ6 = 2(2ϵ1 + 1)(1 − ϵ1) + 1 +
√
ϵ5. Similar procedure applies to the term

(A4), which yields E
(
(A4)

2|V−k
)
= oP(1). Therefore, E

(
(Q̂−Q)2|V−k

)
= oP(1).

By the triangle inequality and RC (1), Q2 is uniformly upper-bounded by ϵ7 =
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4/ϵ21(2− ϵ1)
2ϵ26. Therefore, for the term (A2),

E
(
(A2)

2|V−k
)

≤4(ϵ21 + 1)

ϵ24

{
E
(
δ(Q̂−Q)2|V−k

)
+ E

(
Q2
(√

δ −
√
δ̂
)2

|V−k

)}
(QM-AM and δ, δ̂ > ϵ4)

≤oP(1) + oP(1) = oP(1) (Q2 ≤ ϵ7 and δ ≤ ϵ5).

By Lemma S4, QM-AM inequality and the fact that nk/n = 1/K + oP(1) and K

is finite, we conclude that T2 = oP(1). We next show that T3 = oP(1). To see this,

(S7.10) and Lemma S6 imply that

√
nk|P{τ11(O; Γ̂k(X))− τ11(O; Γ(X))}|

≤
√
nk

2ϵ2

[ ∑
p+q≥2,p,q∈N

P

{∣∣∣∣∣∂p+q
√
δ(p̂0, p̂1)

∂pp0∂p
q
1

(p0 − p̂0)
p(p1 − p̂1)

q

∣∣∣∣∣
}
+

P
{∣∣∣∣ π̂ − π

1− π̂
(p0 − p̂0)(2θp̂1 − λ̂11)

∣∣∣∣}+ P
{∣∣∣∣π − π̂

π̂
(p1 − p̂1)(2θp̂0 − λ̂11)

∣∣∣∣}
]

≤
√
nk

2ϵ2

[ ∑
p+q=2,p,q∈N

OP(1)P {|(p0 − p̂0)
p(p1 − p̂1)

q|}+

ϵ6
ϵ1

(P {|(π − π̂)(p̂0 − p0)|}+ P {|(π̂ − π)(p̂1 − p1)|})

]
(RC (1))

≤
√
nk

2ϵ2

{ ∑
p+q=2,p,q∈N

OP(1)oP(−n−1/2) +
ϵ6
ϵ1

(
oP(n

−1/2) + oP(n
−1/2)

)}
= oP(1)

(Cauchy-Schwarz and RC (2)), (S8.21)

where the second inequality follows from the fact that |∂p+q
√
δ(p̂0, p̂1)/∂p

p
0∂p

q
1| is

bounded from above for ∀p+ q ≥ 2, p, q ∈ N by noting that ϵ4 ≤ δ ≤ ϵ5. Thus,

√
n(D̂ −D) =

√
n(Pn − P){τ11(O)}+ oP(1). (S8.22)
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Main Proof: Numerator

Similarly, we can also decompose the estimation error of N̂ :

√
n(N̂ −N) = T̃1 + T̃2 + T̃3,

where

T̃1 =
√
n(Pn − P){ω1

11(O; Γ(X))},

T̃2 =
K∑
k=1

√
nk√
n

×
√
nk(Pk − P){ω1

11(O; Γ̂k(X))− ω1
11(O; Γ(X))},

T̃3 =
K∑
k=1

√
nk√
n

×
√
nkP{ω1

11(O; Γ̂k(X))− ω1
11(O; Γ(X))}.

For simplicity, we denote τ11(O; Γ̂k(X)) as τ̂11. We note that

ω1
11(O; Γ̂k(X))− ω1

11(O; Γ(X))

= (τ̂11 − τ11)m11︸ ︷︷ ︸
(B1)

+
1

p̂1p1

{
p1ê11
π̂

ZD(m11 − m̂11)

}
︸ ︷︷ ︸

(B2)

+
1

p̂1p1

{(
p1ê11
π̂

− p̂1e11
π

)
ZD(Y −m11)

}
︸ ︷︷ ︸

(B3)

.

We conclude that E
(
(B1)

2 | V−k
)
= oP(1) by leveraging the proof for T2 = oP(1)

and RC (4). By RC (1) and ê11 ≤ ϵ6, E
(
(B2)

2|V−k
)
≤ ϵ26ϵ

−4
1 E

(
(m11 − m̂11)

2|V−k
)
=

oP(1), where the last equality follows from the RC (2) and Lemma S5. For the term
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(B3), we have

E
(
(B3)

2|V−k
)

=E

((
p1ê11
π̂

− p̂1e11
π

)2

πp1E((Y −m11)
2|X, Z = 1, D = 1)|V−k

)
(LOTE)

≤3ϵ2(1− ϵ1)

ϵ31

[
(1− ϵ1)

2E
(
(λ̂11 − λ11)

2|V−k
)
+ ϵ6(1− ϵ1)

{
E
(
(p1 − p̂1)

2|V−k
)
+ E

(
(π − π̂)2|V−k

)}]
(QM-AM, RC (1)&(3) and e11, ê11 ≤ ϵ6)

=oP(1) (RC (2) and Lemma S5).

We conclude that T̃2 = oP(1) from Lemma S4, QM-AM inequality and the fact that

nk/n = 1/K + oP(1) and K is finite. We next show that T̃3 = oP(1). To see this,

we note that (S7.11) implies that

√
nk|P{ω1

11(O; Γ̂k(X))− ω1
11(O; Γ(X))}|

≤
√
nk

2ϵ2

[
P


∣∣∣∣∣∣
(π − π̂)p1λ̂11 + π̂

{
λ̂11(p1 − p̂1) + p̂1(λ̂11 − λ11)

}
π̂p̂1

(m11 − m̂11)

∣∣∣∣∣∣
︸ ︷︷ ︸

(B4)

+

P {|(τ̂11 − τ11)(m̂11 −m11)|}︸ ︷︷ ︸
(B5)

+P {|(τ̂11 − τ11)m11|}︸ ︷︷ ︸
(B6)

]
(Triangle inequality and RC (5)).

Then (B5) = oP(n
−1/2) follows from the proof of (S8.21), Cauchy-Schwarz and RCs

(1)-(2); (B6) = oP(n
−1/2) follows from the proof of (S8.21), Cauchy-Schwarz and
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RC (4). By (S8.18), triangle inequality, Cauchy–Schwarz and RCs (1)-(3),

(B4) ≤
(1− ϵ1)ϵ6

ϵ21
∥m̂11 −m11∥2∥π̂ − π∥2 + ∥m̂11 −m11∥2 ×

[[ϵ6
ϵ1

+ {4(2ϵ1 + 1− ϵ1ϵ1) + 3}×

(ϵ1 + 1)
]
∥p̂1 − p1∥2 + {4(2ϵ1 + 1− ϵ1ϵ1) + 3}(ϵ1 + 1)∥p0 − p̂0∥2

]

=oP(n
−1/2) ((S8.21), RC (2) and Lemma S5).

Therefore,
√
nk|P{ω1

11(O; Γ̂k(X))− ω1
11(O; Γ(X))}| = oP(1). We also conclude that

√
n(N̂ −N) =

√
n(Pn − P){ω1

11(O)}+ oP(1).

Main Proof: combine Denominator and Numerator

For z ∈ {0, 1}, we define φz
11(O) = E(e11(X))−1ξz11(O) and µ̂ML,z

11 =
∑K

i=1 nkω̂
z,k
11 /
∑K

i=1 nkτ̂
k
11.

By Lemma S3 and the fact that D̂ is uniformly bounded under regularity condition

(1) (verification is straightforward), we conclude that

√
n
(
µ̂ML,1
11 − µ1

11

)
=

√
n(Pn − P)φ1

11(O) + oP(1). (S8.23)

Analogously, one can prove that

√
n
(
µ̂ML,0
11 − µ0

11

)
=

√
n(Pn − P)φ0

11(O) + oP(1), (S8.24)

under the regularity conditions given in Theorem 2 of the main manuscript. Sub-

sequently, subtracting (S8.24) from (S8.23) yields

√
n
(
µ̂ML
11 − µ11

)
=

√
n(Pn − P)φ11(O) + oP(1),
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where the asymptotic normality and semiparametric efficiency follows from the

standard central limit theorem.

S8.3 Supplementary proof when θ(X) = 1

For θ(X) = 1, the proofs for T2 = oP(1) and T̃2 = oP(1) are similar. We briefly

outline the proofs for T3 = oP(1) and T̃3 = oP(1). First, T3 = oP(1) follows from

√
nk|P{τ11(O; Γ̂k(X))− τ11(O; Γ(X))}|

≤
√
nk

[
P
{∣∣∣∣π(p1 − p̂1)(p̂0 − p0)

π̂

∣∣∣∣}+ P
{∣∣∣∣p0(p1 − p̂1)(π − π̂)

π̂

∣∣∣∣}+ P
{∣∣∣∣ p̂1(p0 − p̂0)(π̂ − π)

1− π̂

∣∣∣∣}]
≤
√
nk

ϵ1

{
∥p1 − p̂1∥2∥p̂0 − p0∥2 + ∥p1 − p̂1∥2∥π − π̂∥2 + (1− ϵ1)∥p0 − p̂0∥2∥π̂ − π∥2

}
= oP(1).

Next, T̃3 = oP(1) follows from

√
nk|P{ω1

11(O; Γ̂k(X))− ω1
11(O; Γ(X))}|

≤
√
nk

[
P
{∣∣∣∣(m̂11 −m11)(π̂ − π)

ϵ1

∣∣∣∣}+ P
{∣∣∣∣(m̂11 −m11)(p0 − p̂0)

ϵ1

∣∣∣∣}+

P
{∣∣∣∣(m̂11 −m11)(p1 − p̂1)(p̂0 − p0)

ϵ1

∣∣∣∣}+ P
{∣∣∣∣(m̂11 −m11)(p1 − p̂1)(π − π̂)

ϵ1

∣∣∣∣}+

P
{∣∣∣∣m11(p̂1 − p1)(p̂0 − p0)

ϵ1

∣∣∣∣}+ P
{∣∣∣∣m11(p̂1 − p1)(π − π̂)

ϵ1

∣∣∣∣}+

(1− ϵ1)P
{∣∣∣∣(m̂11 −m11)(p0 − p̂0)(π̂ − π)

ϵ1

∣∣∣∣}+ (1− ϵ1)P
{∣∣∣∣m11(p̂0 − p0)(π̂ − π)

ϵ1

∣∣∣∣}
]
≤ oP(1).
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S9 Proof of consistency of the variance estimator for debi-

ased machine learning

To simplify the proof, we first present the following lemma, which summarizes the

scenario of linear functionals considered in Wang et al. (2024). Building upon this,

we establish similar arguments for the ratio-type functionals.

Lemma S7. Suppose that the influence function φ(O; Γ(X), β), possibly depend-

ing on a vector of nuisance functions Γ(X), for the parameter β can be charac-

terized by φ(O; Γ(X), β) = φ(O; Γ(X)) − β, where φ(O; Γ(X)) does not depend

on β. If Γ̂(X) is estimated from another independent sample, V−, and satis-

fies E({φ(O; Γ̂(X)) − φ(O; Γ(X))}2|V−) = oP(1), and β̂ = β + oP(1), then the

variance estimator Pn{φ(O; Γ̂(X), β̂)2} is consistent, i.e., Pn{φ(O; Γ̂(X), β̂)2} =

E(φ(O; Γ(X), β)2) + oP(1).

Proof. It follows from the page 24 of the Supplementary Material in Wang et al.

(2024).

The objective is to show that V̂(µ̂ML
11 ) = E(φ11(O)2) + oP(1). We define N =

E(e11(X){m11(X)−m01(X)}) and D = E(e11(X)). Then µ11 = N ×D−1. By the

proof of Theorem 1 of the main manuscript, the influence functions for N and D

are respectively given by

φN(O) = ω1
11(O)− ω0

11(O)−N, φD(O) = τ11(O)−D.
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Then we have

E(φ11(O)2) = D−2E
(
{φN(O)− µ11φD(O)}2

)
,

which reduces the proof to show that Pk{{ξ111(O; Γ̂k(X), µ̂1,k
11 )−ξ011(O; Γ̂k(X), µ̂0,k

11 )}2} =

E({φN(O)−µ11φD(O)}2)+ oP(1) and τ̂
k
11 = D+ oP(1) due to the continuous map-

ping theorem and Slutsky’s theorem. The proof for (S8.22) implies τ̂ k11 = D+oP(1).

We note

E
(
{φN(O)− µ11φD(O)}2

)
= E(φN(O)2)− 2µ11E(φN(O)φD(O)) + µ2

11E(φD(O)2),

and

Pk{{ξ111(O; Γ̂k(X), µ̂1,k
11 )− ξ011(O; Γ̂k(X), µ̂0,k

11 )}2}

=Pk{φN(O; Γ̂k(X))2} − (µ̂k
11)

2Pk{φD(O; Γ̂k(X))2}+ 2µ̂k
11Pk{φN(O; Γ̂k(X))φD(O; Γ̂k(X))}

=E(φN(O)2)− µ2
11E(φD(O)2) + oP(1) + 2{µ11 + oP(1)}Pk{φN(O; Γ̂k(X))φD(O; Γ̂k(X))},

where the last equality follows from µ̂k
11 = µ11 + oP(1) (a stronger result

√
nk(µ̂

k
11 −

µ11) = oP(1) is implied by the proof of Theorem 2 of the main manuscript) and

Lemma S7. Finally, it is left to show that Pk{φN(O; Γ̂k(X))φD(O; Γ̂k(X))} =

E(φN(O)φD(O)) + oP(1). Define ω11(O) = ω1
11(O) − ω0

11(O). To see this, we
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consider the following decomposition:

Pk{φN(O; Γ̂k(X))φD(O; Γ̂k(X))} − E(φN(O)φD(O))

= Pk{{ω11(O; Γ̂k)− N̂
k

11}{τ11(O; Γ̂k)− D̂
k

11}} − E(φN(O)φD(O))

= Pk{{ω11(O; Γ̂k)− N̂
k

11}{τ11(O; Γ̂k)− D̂
k

11}} − Pk{{ω11(O; Γ)−N}{τ11(O; Γ)−D}}+

Pk{{ω11(O; Γ)−N}{τ11(O; Γ)−D}} − E(φN(O)φD(O))

= oP(1) + Pk{{ω11(O; Γ̂k)− N̂
k

11}{τ11(O; Γ̂k)− D̂
k

11}} − Pk{{ω11(O; Γ)−N}{τ11(O; Γ)−D}}

= oP(1) + Pk{{ω11(O; Γ̂k)− N̂
k

11 − ω11(O; Γ) +N}{τ11(O; Γ̂k)− D̂
k

11 − τ11(O; Γ) +D}}+

Pk{{ω11(O; Γ̂k)− N̂
k

11 − ω11(O; Γ) +N}{τ11(O; Γ)−D}}+

Pk{{ω11(O; Γ)−N}{τ11(O; Γ̂k)− D̂
k

11 − τ11(O; Γ) +D}}

≤ oP(1) + Pk{|{ω11(O; Γ̂k)− N̂
k

11 − ω11(O; Γ) +N}{τ11(O; Γ̂k)− D̂
k

11 − τ11(O; Γ) +D}|}+

Pk{|{ω11(O; Γ̂k)− N̂
k

11 − ω11(O; Γ) +N}{τ11(O; Γ)−D}|}+

Pk{|{ω11(O; Γ)−N}{τ11(O; Γ̂k)− D̂
k

11 − τ11(O; Γ) +D}|} (Triangle inequality)

≤ oP(1) + Pk{{ω11(O; Γ̂k)− N̂
k

11 − ω11(O; Γ) +N}2}1/2Pk{{τ11(O; Γ̂k)− D̂
k

11 − τ11(O; Γ) +D}2}1/2+

Pk{{ω11(O; Γ̂k)− N̂
k

11 − ω11(O; Γ) +N}2}1/2OP(1)+

OP(1)Pk{{τ11(O; Γ̂k)− D̂
k

11 − τ11(O; Γ) +D}2}1/2 (Cauchy–Schwarz inequality)

≤ oP(1),

where the third equality follows from the weak law of large numbers; the second

inequality is due to that Pk{{ω11(O; Γ)−N}2} = E({ω11(O; Γ)−N}2) + oP(1) by
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the weak law of large numbers and E({ω11(O; Γ) − N}2) = E(φN(O; Γ)2) < ∞

(because the influence function has the finite variance); the last inequality follows

from the following facts:

Pk{{τ11(O; Γ̂k)− D̂
k

11 − τ11(O; Γ) +D}2}

≤ 2P{{τ11(O; Γ̂k)− τ11(O; Γ)}2|V−k}+ 2(D̂
k

11 −D)2 (QM-AM inequality)

= oP(1) (Proof of Theorem 2 of the main manuscript and consistency of D̂
k

11),

Pk{{ω11(O; Γ̂k)− N̂
k

11 − ω11(O; Γ) +N}2}

≤ 2P{{ω11(O; Γ̂k)− ω11(O; Γ)}2|V−k}+ 2(N̂
k

11 −N)2 (QM-AM inequality)

= oP(1) (Proof of Theorem 2 of the main manuscript and consistency of N̂
k

11).

S10 Additional technical results under monotonicity

S10.1 Estimating functions for the parametric triply robust estimators

We write out the joint estimating functions, ΦTR
d0d1

(O;ηTR
d0d1

), d0d1 ̸= 10, for the

parametric triply robust estimator, µ̂TR
d0d1

, as described in Jiang et al. (2022), based

on which one can derive the sandwich variance estimator accordingly. Define

µz
d0d1

= E(Y (z)|D(0) = d0, D(1) = d1), z = 0, 1. The estimating function for
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the always-takers is given by

ΦTR
11 (O;ηTR

11 ) =


ξTR
11 (O;α,β0,β1,γ01,γ11)

ξ̃111(O;α,β0,β1,γ11, µ
1
11)

ξ̃011(O;α,β0,β1,γ01, µ
0
11)

 ,

where ξTR
11 = ξCDR, ηTR

11 = (α⊤,β⊤
0 ,β

⊤
1 ,γ

⊤
01,γ

⊤
11, µ

1
11, µ

0
11)

⊤, and

ξ̃111 =
p0(X;β0)

p1(X;β1)
ψY D,1 +m11(X;γ11)

{
ψD,0 −

p0(X;β0)

p1(X;β1)
ψD,1

}
− µ1

11ψD,0,

ξ̃011 = ψY D,0 − µ0
11ψD,0.

The estimating function for the never-takers is given by

ΦTR
00 (O;ηTR

00 ) =


ξTR
00 (O;α,β0,β1,γ10,γ00)

ξ̃100(O;α,β0,β1,γ10, µ
1
00)

ξ̃000(O;α,β0,β1,γ00, µ
0
00)

 ,

where ξTR
00 = (ξW

⊤
,Uγ10(O;γ10)

⊤,Uγ00(O;γ00)
⊤)⊤, ηTR

00 = (α⊤,β⊤
0 ,β

⊤
1 ,γ

⊤
10,γ

⊤
00, µ

1
00, µ

0
00)

⊤,

and

ξ̃100 = ψY (1−D),1 − µ1
00ψ1−D,1,

ξ̃000 =
1− p1(X;β1)

1− p0(X;β0)
ψY (1−D),0 +m00(X;γ00)

{
ψ1−D,1 −

1− p1(X;β1)

1− p0(X;β0)
ψ1−D,0

}
− µ0

00ψ1−D,1.

The estimating function for the compliers is given by

ΦTR
01 (O;ηTR

01 ) =


ξTR
01 (O;α,β0,β1,γ11,γ00)

ξ̃101(O;α,β0,β1,γ11, µ
1
01)

ξ̃001(O;α,β0,β1,γ00, µ
0
01)

 ,
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where ξTR
01 = (ξW

⊤
,Uγ11(O;γ11)

⊤,Uγ00(O;γ00)
⊤)⊤, ηTR

01 = (α⊤,β⊤
0 ,β

⊤
1 ,γ

⊤
11,γ

⊤
00, µ

1
01, µ

0
01)

⊤,

and

ξ̃101 =
p1(X;β1)− p0(X;β0)

p1(X;β1)
ψY D,1 −m11(X;γ11)

{
ψD,0 −

p0(X;β0)

p1(X;β1)
ψD,1

}
− µ1

01(ψD,1 − ψD,0),

ξ̃001 =
p1(X;β1)− p0(X;β0)

1− p0(X;β0)
ψY (1−D),0 −m00(X;γ00)

{
ψ1−D,1 −

1− p1(X;β1)

1− p0(X;β0)
ψ1−D,0

}
−

µ0
01(ψD,1 − ψD,0).

S10.2 Debiased machine learning estimator under monotonicity using

sample cross-fitting

In this section, we enhance the debiased machine learning estimators proposed in

Jiang et al. (2022) by incorporating the sample cross-fitting scheme and establishing

their large-sample properties. The sample cross-fitting scheme relaxes regularity

conditions and facilitates the use of more flexible data-adaptive machine learners

for estimating the nuisance parameters, without compromising
√
n-consistency. We

begin by explicitly defining the debiased machine learning estimator:

µ̂ML-MO
d0d1

=

∑K
k=1 nkω̂

k
d0d1∑K

k=1 nkτ̂ kd0d1
,
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where

ω̂k
d0d1

= ω̂1,k
d0d1

− ω̂0,k
d0d1

,

ω̂1,k
11 = Pk

{
p̂k0(X)

p̂k1(X)
ψ̂k
Y D,1 + m̂11(X)

{
ψ̂k
D,0 −

p̂k0(X)

p̂k1(X)
ψ̂D,1

}}
,

ω̂0,k
11 = Pk

{
ψ̂k
Y D,0

}
,

τ̂ k11 = Pk{ψ̂k
D,0},

ω̂1,k
00 = Pk

{
ψ̂Y (1−D),1

}
,

ω̂0,k
00 = Pk

{
1− p̂k1(X)

1− p̂k0(X)
ψ̂k
Y (1−D),0 + m̂00(X)

{
ψ̂k
1−D,1 −

1− p̂k1(X)

1− p̂k0(X)
ψ̂1−D,0

}}
,

τ̂ k00 = Pk{ψ̂k
1−D,1},

ω̂1,k
01 = Pk

{
p̂k1(X)− p̂k0(X)

p̂k1(X)
ψ̂k
Y D,1 − m̂11(X)

{
ψ̂k
D,0 −

p̂k0(X)

p̂k1(X)
ψ̂D,1

}}
,

ω̂0,k
01 = Pk

{
p̂k1(X)− p̂k0(X)

1− p̂k0(X)
ψ̂k
Y (1−D),0 − m̂00(X)

{
ψ̂k
1−D,1 −

1− p̂k1(X)

1− p̂k0(X)
ψ̂1−D,0

}}
,

τ̂ k01 = Pk{ψ̂k
D,1 − ψ̂k

D,0},

and ψ̂k
Y D,1 and ψ̂k

Y (1−D),0 represent the fitted values of ψY D,1 and ψY (1−D),0 respec-

tively, based on Vk and Γ̂k(X). Let φz,TR
d0d1

(O), z ∈ {0, 1} denote the EIFs for the

building blocks of the PCEs, µz
d0d1

, under monotonicity and principal ignorability.

Then φz,TR
d0d1

= ωz
d0d1

− µz
d0d1

τd0d1 , where ω
z
d0d1

and τd0d1 are defined in the previous

equations. The EIFs for the PCEs are given by φTR
d0d1

(O) ≡ φ1,TR
d0d1

(O) − φ0,TR
d0d1

(O).

The following theorem characterizes the large-sample property of µ̂ML-MO
01 .
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Theorem S2. Suppose that the following regularity conditions hold for some con-

stants ϵ1 ∈ (0, 1/2] and ϵ2 > 0:

1. ϵ1 ≤ {π(X), π̂k(X), p0(X), p̂k0(X), p1(X), p̂k1(X)} ≤ 1−ϵ1 for ∀1 ≤ k ≤ K, with

probability one;

2. For z ∈ {0, 1},
{

max
1≤k≤K

∥π̂k(X)− π(X)∥2, max
1≤k≤K

∥p̂kz(X)− pz(X)∥2, max
1≤k≤K

∥m̂k
zz(X)−mzz(X)∥2

}
=

oP(n
−1/4);

3. E({Y −mzz(X)}2|X, Z = z,D = z) ≤ ϵ2, z ∈ {0, 1}, with probability one;

4. For z, z′ ∈ {0, 1}, max
1≤k≤K

∥(π̂k(X)−π(X))mz′z′(X)∥2 = oP(1) and max
1≤k≤K

∥(p̂kz(X)−

pz(X))mz′z′(X)∥2 = oP(n
−1/4);

then µ̂ML-MO
01 − µ01 = Pn{φTR

01 (O)} + oP(n
−1/2), which implies that µ̂ML-MO

01 is
√
n-

consistent and asymptotically linear. Subsequently, the asymptotic normality and

semiparametric efficiency follow from the central limit theorem with

√
n(µ̂ML-MO

01 − µ01)
D−→ N (0, E(φTR

01 (O)2)),

provided that E(φTR
01 (O)2) <∞.

Proof. Define

N = E({p1(X)− p0(X)}m11(X)), D = E(p1(X)− p0(X)),

ω1
11(O) =

p1(X)− p0(X)

p1(X)
ψY D,1 −m11(X)

{
ψD,0 −

p0(X)

p1(X)
ψD,1

}
,

τ11(O) = ψD,1 − ψD,0.



Jiaqi Tong and others

We follow the proof in Section S8. Jiang et al. (2022) already showed that
√
nk|P{ω1

11(O; Γ̂k(X))−

ω1
11(O; Γ(X))}| = oP(1) (arguments are similar except for that our regularity condi-

tion (4) is weaker). It is left to show that
√
nk(Pk−P){ω1

11(O; Γ̂k(X))−ω1
11(O; Γ(X))} =

oP(1). We have

ω1
11(O; Γ̂k(X))− ω1

11(O; Γ(X))

=
Z {πp1(p̂1 − p̂0)(Y D − p̂1m̂11)− π̂p̂1(p1 − p0)(Y D − p1m11)}

ππ̂p1p̂1︸ ︷︷ ︸
(A1)

+

(p̂1 − p̂0)m̂11 − (p1 − p0)m11︸ ︷︷ ︸
(A2)

− (1− Z) {(1− π)m̂11(D − p̂0)− (1− π̂)m11(D − p0)}
(1− π)(1− π̂)︸ ︷︷ ︸

(A3)

+

Z {πp1p̂0m̂11(D − p̂1)− π̂p̂1p0m11(D − p1)}
ππ̂p1p̂1︸ ︷︷ ︸

(A4)

.

Then E((A1)
2|V−k) = oP(1) and E((A2)

2|V−k) = oP(1) follow from similar ar-

guments used in the proof Theorem 2 of the main manuscript. Additionally,

√
nk(Pk − P){τ11(O; Γ̂k(X)) − τ11(O; Γ(X))} = oP(1) can be shown using similar

reasoning as for ω1
11. Finally,

√
nk|P{τ11(O; Γ̂k(X)) − τ11(O; Γ(X))}| = oP(1) has

already been established by Jiang et al. (2022), and these arguments complete the

proof.

Similar large-sample properties can be established and proved for the other

PCEs using the similar arguments; hence, we omit them for simplicity. We then ex-

plicitly write out the forms of the closed-form variance estimators for
√
n(µ̂ML-MO

d0d1
−
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µd0d1) as follows:

V̂(µ̂ML-MO
d0d1

) =
1

n

K∑
k=1

nk(
τ̂ kd0d1

)2Pk

{{
ξ1d0d1(O; Γ̂k(X), µ̂MO,1,k

d0d1
)− ξ0d0d1(O; Γ̂k(X), µ̂MO,0,k

d0d1
)
}2
}
,

where

µ̂MO,1,k
d0d1

=
ω̂1,k
d0d1

τ̂ kd0d1
, µ̂MO,0,k

d0d1
=
ω̂0,k
d0d1

τ̂ kd0d1
.

The consistency of the above variance estimators, i.e., V̂(µ̂ML-MO
d0d1

) = E(φTR
d0d1

(O)2)+

oP(1), follows from the proof in Section S9.

S11 Sensitivity analysis for assessing the mean principal

ignorability assumption

S11.1 Sensitivity analysis for SACE

The validity of the results presented in Section 3 of the main manuscript for the

SACE, as well as in the Supplementary Material Section S4 for the PCEs among

other principal strata, may be compromised if Assumption 3 (mean principal ig-

norability) is violated. To address this, we propose a sensitivity function approach

to quantify the degree of deviation from the principal ignorability. Similar to the

approach considered in Jiang et al. (2022), we can quantify departures from As-

sumption 3 using the following four ratio-type sensitivity functions:

ρzdz(X) ≡ E (Y (z)|D(z) = dz, D(1− z) = 1,X)

E (Y (z)|D(z) = dz, D(1− z) = 0,X)
, z, dz ∈ {0, 1},
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provided that Pr (E (Y (z)|D(z) = dz, D(1− z) = 0,X) ̸= 0) = 1 for any z, dz. For

ease of reference, we summarize the sensitivity parameters required to facilitate the

sensitivity analysis for each estimand in Table S3, noting that again two out of the

four parameters are sufficient for a single PCE estimand. Notably, the mean prin-

cipal ignorability assumption for each estimand is satisfied when the corresponding

sensitivity functions are equal to 1. We illustrate the sensitivity methods for the

SACE and present the results for the PCEs defined on the remaining principal

strata in Section S11.2.

In particular, to assess the sensitivity of Assumption 3(a) and Assumption 3(c)

on estimating the SACE, it is sufficient to specify

ρ11(X) ≡ E (Y (1)|D(0) = 1, D(1) = 1,X)

E (Y (1)|D(0) = 0, D(1) = 1,X)
, ρ01(X) ≡ E (Y (0)|D(0) = 1, D(1) = 1,X)

E (Y (0)|D(0) = 1, D(1) = 0,X)
.

We then derive the parallel results without assuming mean principal ignorability,

while assuming that the sensitivity functions, ρz1(X), z ∈ {0, 1}, are known. Ac-

cordingly, one can propose a working specification for the sensitivity functions,

recalculate the point and interval estimates, and assess the robustness of the orig-

inal results based on Section 3 of the main manuscript (see an example in Cheng

et al. (2023)). A practical recommendation is to set ρz1(X) to some constant val-

ues (or piecewise constant), which implies a log-linear model for the potential final

outcome, conditional on covariates and the potential joint intermediate outcome.

Given ρz1(X), multiplying a factor, Ωz
11 = ρz1(X)/[1−{1−ρz1(X)}p1−z(X)], z ∈
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{0, 1}, in the numerator within the expectation leads to the identification formulas

based on weighting and outcome regression:

µ11 =
E (Ω1

11(X)e11(X)ZDY/ {π(X)p1(X)})
E (e11(X)ZD/ {π(X)p1(X)})

− E (Ω0
11(X)e11(X)(1− Z)DY/ [{1− π(X)}p0(X)])

E (e11(X)(1− Z)D/ [{1− π(X)}p0(X)])
,

µ11 =
E(e11(X) {Ω1

11(X)m11(X)− Ω0
11(X)m01(X)})

E(e11(X))
,

whose empirical analogue induces the bias-corrected weighting estimator and out-

come regression estimator, µ̂PI-W
11 and µ̂PI-OR

11 , respectively. We show that the

non-parametric EIF without principal ignorability can be expressed as φPI
11(O) =

E(e11(X))−1{ξ1
11
(O)− ξ0

11
(O)}, where for z ∈ {0, 1}, ξz

11
(O) = ωz

11(O)− µz
11τ11(O)

and

ωz
11 = Ωz

11(X)ωz
11(O) +

ρz1(X){1− ρz1(X)}
[1− {1− ρz1(X)}p1−z(X)]2

{ψD,1−z − p1−z(X)}e11(X)mz1(X).

Solving the estimating equations of the form Pn{ξ111(O; α̂, β̂0, β̂1, γ̂11)−ξ011(O; α̂, β̂0, β̂1, γ̂01)} =

0 yields a bias-corrected parametric estimator

µ̂PI-BC
11 =

Pn

{
ω̂1
11(O)− ω̂0

11(O)
}

Pn {τ̂11(O)}
,

which is again conditionally doubly robust (a full statement is found in Theorem

S3). Moreover, µ̂PI-BC
11 attains the semiparametric efficiency lower bound when all

working models are correctly specified. One may also derive the joint estimat-

ing equations and compute the sandwich variance estimators for the parametric

estimators.
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Following the procedures in Section 4 of the main manuscript, one can construct

a bias-corrected debiased machine learning estimator, which is defined as:

µ̂PI-ML
11 =

∑K
k=1 nk

(
ω̂1,k
11 − ω̂0,k

11

)
∑K

k=1 nkτ̂ k11
,

where ω̂z,k
11 = Pk

{
ωz
11(O; Γ̂k(X))

}
, z ∈ {0, 1}. Under regularity conditions out-

lined in Theorem S11 and that both the denominator and numerator of Ωz
11 are

uniformly bounded, µ̂PI-ML
11 is

√
n-consistent, asymptotically normal, and semipara-

metric efficient. Finally, a consistent variance estimator for
√
n(µ̂PI-ML

11 − µ11) is

given by

V̂(µ̂PI-ML
11 ) ≡ 1

n

K∑
k=1

nk(
τ̂ k11
)2Pk

{{
ξ1
11
(O; Γ̂k(X), µ̂1,k

11
)− ξ0

11
(O; Γ̂k(X), µ̂0,k

11
)
}2
}
,

where µ̂z,k

11
= ω̂z,k

11 /τ̂
k
11.

S11.2 Sensitivity analysis methods for the remaining PCEs

Under violations of mean principal ignorability, the correction factors for the other

PCEs are given by

Ω1
01 = [1− {1− ρ11(X)}p0(X)]−1, Ω0

01 =
ρ00(X)

1− {1− ρ00(X)}p1(X)
,

Ω1
00 = [1− {1− ρ10(X)}p0(X)]−1, Ω0

00 = [1− {1− ρ00(X)}p1(X)]−1,

Ω1
10 =

ρ10(X)

1− {1− ρ10(X)}p0(X)
, Ω0

10 = [1− {1− ρ01(X)}p1(X)]−1.

To construct efficient bias-corrected estimators and debiased machine learning es-

timators for the other three PCEs, it suffices to provide the characterizations for
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ωz
d0d1

(O):

ω1
01 = Ω1

01(X)ω1
01(O) +

1− ρ11(X)

[1− {1− ρ11(X)}p0(X)]2
{ψD,0 − p0(X)}e01(X)m11(X),

ω0
01 = Ωz

01(X)ω0
01(O) +

ρ00(X){1− ρ00(X)}
[1− {1− ρ00(X)}p1(X)]2

{ψD,1 − p1(X)}e01(X)m00(X),

ωz
00 = Ωz

00(X)ωz
00(O) +

1− ρz0(X)

[1− {1− ρz0(X)}p1−z(X)]2
{ψD,1−z − p1−z(X)}e00(X)mz0(X),

ω1
10 = Ω1

10(X)ω1
10(O) +

ρ10(X){1− ρ10(X)}
[1− {1− ρ10(X)}p0(X)]2

{ψD,0 − p0(X)}e10(X)m10(X),

ω0
10 = Ω0

10(X)ω0
10(O) +

1− ρ01(X)

[1− {1− ρ01(X)}p1(X)]2
{ψD,1 − p1(X)}e10(X)m01(X).

The large-sample properties of the parametric bias-correct estimator, µ̂PI-BC
11 , and

the debiased machine learning estimator, µ̂PI-ML
11 , for the SACE are summarized in

Theorems S3 and S4 below. Similar properties for the other PCEs can be derived

in a comparable manner and are omitted here for simplicity.

Theorem S3 (Conditional double robustness and local efficiency). If

{π(X; α̂), π(X;α∗), pz(X; β̂z), pz(X;β∗
z), z ∈ {0, 1}} are uniformly bounded, Pr(ϵ1 <

{|1−{1− ρz1(X)}p1−z(X;β∗
1−z)|, |1−{1− ρz1(X)}p1−z(X; β̂1−z)|} and |ρz1(X)| <

ϵ2, z ∈ {0, 1}) = 1 for some strictly positive constants ϵ1 and ϵ2, and additional

regularity conditions for the smoothness of the estimating functions hold, then

µ̂PI-BC
11 is consistent and asymptotically normal under either Mπ ∩ M0

p ∩ M1
p or

M0
p ∩ M1

p ∩ M01
m ∩ M11

m . Furthermore, µ̂PI-BC
11 achieves the semiparametric effi-

ciency lower bound, E(φPI
11(O)2), and is asymptotically linear with the influence

curve by φPI
11(O) under Mπ ∩M1

p ∩M0
p ∩M01

m ∩M11
m .
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Theorem S4 (Debiased machine learning). Suppose that infX∈X θ(X) > 0

and the following regularity conditions hold for some constants ϵ1 ∈ (0, 1/2] and

ϵ2, ϵ1, ϵ2 > 0:

1. ϵ1 ≤ {π(X), π̂k(X), p̂k0(X), p̂k1(X)} ≤ 1 − ϵ1 for ∀1 ≤ k ≤ K, with probability

one;

2. ϵ1 < {|1 − {1 − ρz1(X)}p1−z(X)|, |1 − {1 − ρz1(X)}p̂k1−z(X)|} and |ρz1(X)| <

ϵ2, z ∈ {0, 1} for ∀1 ≤ k ≤ K, with probability one;

3. For z ∈ {0, 1},
{

max
1≤k≤K

∥π̂k(X)− π(X)∥2, max
1≤k≤K

∥p̂kz(X)− pz(X)∥2, max
1≤k≤K

∥m̂k
z1(X)−mz1(X)∥2

}
=

oP(n
−1/4);

4. E({Y −mz1(X)}2|X, Z = z,D = 1) ≤ ϵ2, z ∈ {0, 1}, with probability one;

5. For z, z′ ∈ {0, 1}, max
1≤k≤K

∥{π̂k(X)−π(X)}mz′1(X)∥2 = oP(1) and max
1≤k≤K

∥{p̂kz(X)−

pz(X)}mz′1(X)∥2 = oP(n
−1/4);

6. inf
X∈X ∗

|θ(X)− 1| > 0, where X ∗ = {X ∈ X : θ(X) ̸= 1},

then µ̂PI-ML
11 − µ11 = Pn{φPI

11(O)} + oP(n
−1/2), which implies that µ̂PI-ML

11 is
√
n-

consistent and asymptotically linear. Subsequently, the asymptotic normality and

semiparametric efficiency follows from the central limit theorem with

√
n(µ̂PI-ML

11 − µ11)
D−→ N (0, E(φPI

11(O)2)),

provided that E(φPI
11(O)2) <∞.
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S11.3 Proofs of identification formulas under violations of mean prin-

cipal ignorability

We note that

E (Y (z)|D(z) = dz,X)

=
1∑

i=0

Pr(D(1− z) = i|D(z) = dz,X)E (Y (z)|D(z) = dz, D(1− z) = i,X) (LOTE)

=
1∑

i=0

Pr(D = i|Z = 1− z,X)E (Y (z)|D(z) = dz, D(1− z) = i,X) (Assumptions 1-2)

=
1∑

i=0

Pr(D = i|Z = 1− z,X)E (Y (z)|D(z) = dz, D(1− z) = i,X)

=E (Y (z)|D(z) = dz, D(1− z) = 0,X) [1− {1− ρzdz(X)}p1−z(X)] ,

which implies

E (Y (z)|D(z) = dz, D(1− z) = d1−z,X) = Ωz
d0d1

(X)E (Y (z)|D(z) = dz,X) ,

(S11.25)

where

Ωz
d0d1

(X) =
1− {1− ρzdz(X)}d1−z

1− {1− ρzdz(X)}p1−z(X)
.

Therefore,

E(1(D(1− z) = d1−z)Y (z)|X, D(z) = dz) Pr(D(z) = dz|X)

=E (Y (z)|D(z) = dz, D(1− z) = d1−z,X) ed0d1(X) (LOTE)

=Ωz
d0d1

(X)E (Y (z)|D(z) = dz,X) ed0d1(X) (Equation (S11.25)).
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By the proof in Section S5, we obtain

µz
d0d1

=
E(Ωz

d0d1
(X)ed0d1(X)mzdz(X))

E(ed0d1(X))
, (S11.26)

µz
d0d1

=
E
(
1(Z = z)1(D = dz)Ω

z
d0d1

(X)ed0d1(X)Y/{Pr(Z = z|X) Pr(D = dz|Z = z,X)}
)

E (1(Z = z)1(D = dz)ed0d1(X)/{Pr(Z = z|X) Pr(D = dz|Z = z,X)})
,

(S11.27)

where (S11.26) and (S11.27) are the identification formulas based on outcome re-

gression and weighting, respectively.

S11.4 Derivation of EIFs under violations of principal ignorability

We adapt the preliminary notation outlined in Section S6. Equation (S11.26) im-

plies that the denominator of the target estimand remains unchanged, and conse-

quently, the EIF for the denominator also remains the same. We focus on µ1
11 and

the proof for µ0
11 is similar. We find the EIF for the numerator:

N ≡ E(Ω1
11(X)e11(X)m11(X)).

The chain rule implies that

Ω̇1
11,υ(X)|υ=0 =

{1− ρ11(X)}ρ11(X)

[1− {1− ρ11(X)}p0(X)]2
ṗ0,υ(X)|υ=0 (S11.28)

and

Ṅυ|υ=0 =E(Ω1
11(X)e11(X)m11(X)S(X))︸ ︷︷ ︸

(B1)

+E(Ω1
11(X)ė11,υ(X)|υ=0m11(X))︸ ︷︷ ︸

(B2)

+

E(Ω1
11(X)e11(X)ṁ11,υ(X)|υ=0)︸ ︷︷ ︸

(B3)

+E(Ω̇1
11,υ(X)|υ=0e11(X)m11(X))︸ ︷︷ ︸

(B4)

.
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(B1) equals to

E({Ω1
11(X)e11(X)m11(X)−N}S(X)),

because E(S(X)) = 0. Equation (S6.9) implies

(B2) = E(Ω1
11(X){τ11(O)− e11(X)}m11(X)S(D|Z,X)).

Lemma 2 indicates that

(B3) = E

(
Ω1

11(X)
e11(X)

p1(X)
{ψY D,1 −m11(X)ψD,1}S(Y |D,Z,X)

)
.

Equation (S11.28) and Lemma 1 imply

(B4) = E

(
ρ11(X){1− ρ11(X)}

[1− {1− ρ11(X)}p0(X)]2
{ψD,0 − p0(X)}e11(X)m11(X)S(D|Z,X)

)
.

One can verify that

Ω1
11(X)e11(X)m11(X)−N ∈ F1,

Ω1
11(X){τ11(O)− e11(X)}m11(X) ∈ F3,

ρ11(X){1− ρ11(X)}
[1− {1− ρ11(X)}p0(X)]2

{ψD,0 − p0(X)}e11(X)m11(X) ∈ F3,

Ω1
11(X)

e11(X)

p1(X)
{ψY D,1 −m11(X)ψD,1} ∈ F4.

Therefore, the EIF for the numerator is given by

φN(O) = −N + ω1
11(O), (S11.29)

where

ω1
11 = Ω1

11(X)ω1
11(O) +

ρ11(X){1− ρ11(X)}
[1− {1− ρ11(X)}p0(X)]2

{ψD,0 − p0(X)}e11(X)m11(X).
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Finally, the quotient rule implies that the EIF for µ1
11 is given by

φPI,1
11 (O) =

ω1
11(O)− µ1

11τ11(O)

E(e11(X))
.

S11.5 Proof of Theorem S3

We follow the preliminary results provided in Section S7.2. The result that µ̂PI-BC
11

underMπ∩M0
p∩M1

p∩M01
m∩M11

m achieves semiparametric efficiency, i.e.,
√
n(µ̂PI-BC

11 −

µ11)
D−→ N

(
0, E

(
φPI
11(O)2

))
follows from the proof in Section S7.2 because we can

verify E
(
∂φN(O;N, ζ∗)/∂ζ⊤) = 0 for φN defined in Equation (S11.29).

We already showed that the denominator, Pn{ê11(X)}, is consistent for E(e11(X))

under M0
p ∩M1

p. Let µ̂
PI-BC,z
11 = [Pn{τ11(O; Γ̂(X))}]−1Pn{ωz

11(O; Γ̂(X))}. Then

E

(
Ω1

11
∗
ω1
11

∗
+

ρ11(1− ρ11)

{1− (1− ρ11)p0}2
1− π

1− π∗ (p0 − p∗0) e
∗
11m

∗
11

)
− E{Ω1

11ω
1
11}

=E

(
Ω1

11
∗
(ω1

11
∗ − ω1

11) +
ρ11(1− ρ11)

{1− (1− ρ11)p0}2
1− π

1− π∗ (p0 − p∗0) e
∗
11m

∗
11 + ω1

11(Ω
1
11

∗ − Ω1
11)

)
(LOTE) (S11.30)

which vanishes under either Mπ ∩M0
p ∩M1

p or M0
p ∩M1

p ∩M01
m ∩M11

m . Similar

proof applies to µ̂PI-BC,0
11 .

S11.6 Proof of Theorem S4

The proof follows from the arguments in Section S8 by incorporating the additional

regularity condition that for some strictly positive constants ϵ1, ϵ2, Pr(ϵ1 < {|1 −
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{1−ρz1(X)}p1−z(X)|, |1−{1−ρz1(X)}p̂k1−z(X)|} and |ρz1(X)| < ϵ2, z ∈ {0, 1}) = 1;

this uniformly bounds the numerator and denominator of the square of the true

and estimated correction factors, Ωz
11(X) and Ω̂z

11(X). To see this, it is enough

to show that
√
nk|P{ω1

11(O; Γ̂k(X)) − ω1
11(O; Γ(X))}| = oP(1). Lemma S8 below

serves a similar role to Lemma S6, connecting the multiplicative factors Ωz
11 to the

mixed-bias properties of the influence function.

Lemma S8. For x, y ∈ (0, 1) and a ∈ R such that (1− a)x ̸= 1 and (1− a)y ̸= 1,

define f(x) = a/{1− (1− a)x}. Then Taylor expansion implies

f(x) = f(y) +
a(1− a)

{1− (1− a)y}2
(x− y) + o(|x− y|).

By (S11.30) and Lemma S8, we obtain

√
nk|P{ω1

11(O; Γ̂k(X))− ω1
11(O; Γ(X))}|

≤
√
nk

[ ∣∣∣∣P{ ρ11(1− ρ11)

{1− (1− ρ11)p0}2
(p0 − p̂0)

(
1− π

1− π̂
ê11m̂11 − ω1

11

)}∣∣∣∣+
OP(1)P

{∣∣ω̂1
11 − ω1

11

∣∣}+OP(1)P
{
|p̂0 − p0|2

}]
(Triangle inequality)

≤
√
nk

[
OP(1)

∣∣∣∣P{(p0 − p̂0)

(
1− π

1− π̂
ê11m̂11 − ω1

11

)}∣∣∣∣+OP(1)oP(n
−1/2) +OP(1)oP(n

−1/2)

]

=
√
nk

[
OP(1)

∣∣∣∣P{(p0 − p̂0)

(
1− π

1− π̂
ê11m̂11 − e11m11

)}∣∣∣∣
]
+ oP(1) (LOTE)

=
√
nk

[
OP(1)

∣∣∣∣P{(p0 − p̂0)

{
π̂ − π

1− π̂
ê11m̂11 + ê11(m̂11 −m11) + (ê11 − e11)m11

}}∣∣∣∣
]
+ oP(1)

=oP(1) (Cauchy-Schwarz and RCs (1)-(3)),
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where the last equality is established using similar techniques as in Section S8.

Next, we discuss the plausibility of this additional regularity condition when

ρz1 are constant. We first define

l1 =min{inf
X
p1−z(X), inf

X
p̂k1−z(X) : z ∈ {0, 1}, 1 ≤ k ≤ K},

l2 =max{sup
X
p1−z(X), sup

X
p̂k1−z(X) : z ∈ {0, 1}, 1 ≤ k ≤ K}.

Then the condition that there exists a positive constant ϵ1 such that ϵ1 < |1 −

{1 − ρz1}p1−z(X)| is satisfied if ρz1 ̸= [1 − l−1
1 , 1 − l−1

2 ]. To see this, the condition

infu∈(a,b) |h(u)| > 0 can be achieved if h(a)h(b) > 0, where h(u) = 1 − (1 − ρz1)u.

Although the precise range of ρz1 depends on the constants l1, l2, defined by the

supremum and infimum of the principal scores (including their estimates), it is

worth noting that any nonnegative value of ρz1 always satisfies this regularity con-

dition. In practice, nonnegative values of ρz1 imply that the mean of the potential

final outcome does not change sign across distinct principal strata.

S11.7 Proof of consistency of the variance estimator for the debiased

machine learning estimator in sensitivity analysis of principal

ignorability

The proof of the consistency of V̂(µ̂PI-ML
d0d1

) follows directly from the proof in Section

S9, as the EIF satisfies the conditions of Lemma S7.
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S12 Additional information for simulation study

S12.1 Data-generating process

In each scenario, we simulate three continuous covariates, Xi, i ∈ {1, 2, 3}, each

following a truncated standard normal distribution, within the range [−20, 20],

along with one binary covariate, X4 ∼ Bern(0.5). The treatment assignment is

then simulated using logistic regression, with Pr(Z = 1|X) = expit(0.1
∑3

i=1Xi +

0.5X4), where expit(x) = (1+e−x)−1. For θtrue ∈ {0.5, 1, 2}, the marginal potential

intermediate outcomes are simulated from

Pr(D(1) = 1|X) = expit(0.3X1 + 0.4X2 + 0.3X3 + 0.5X4),

Pr(D(0) = 1|X) = expit(0.4X1 + 0.3X2 + 0.4X3 + 0.5X4).

The joint distribution of D(0) and D(1) can be computed based on (S5.6); un-

der monotonicity, the joint potential intermediate outcomes are generated from a

categorical distribution with the following probability mass function:

Pr({D(0), D(1)} = 11|X) = expit(−0.4− 0.2|X1| − 0.2|X2| − 0.2|X3| − 0.2X4),

Pr({D(0), D(1)} = 01|X) = expit(1.2X4)− expit(−0.4− 0.2|X1| − 0.2|X2| − 0.2|X3| − 0.2X4),

Pr({D(0), D(1)} = 00|X) = 1− expit(1.2X4).
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Finally, for θtrue ∈ {0.5, 1, 2}, the potential final outcomes follow

Y (1) ∼ N (−1 +D(1) +X1 + 3
4∑

i=2

Xi, 1),

Y (0) ∼ N (3−D(0)− 1.5X1 + 2X2 + 2X3 − 2X4, 1); (S12.31)

under monotonicity, the data-generating process for the potential final outcomes is

obtained by replacing Xi with |Xi| in equation (S12.31).

S12.2 Transformation of covariates

Specifically, the misspecified models for the parametric estimators are obtained by

fitting regression models on (X̃1, X̃2, X̃3, X̃4) ≡ (log(arctan(X1+X4)+1.57), (X2/5)
3, arctan(X3+

X4), X4), where arctan(•) = tan−1(•), and the nuisance functions for the debiased

machine learning estimators are learned from (X̃1, X̃2, X̃3, X̃4). It is straightforward

to verify that the above covariates transformation is differentiable and bijective.

S13 Additional tables and figures
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Figure S1: Simulation results for the bias of the average treatment effects among never-takers stratum (‘00’) and

defiers stratum (‘10’) when the true odds ratio is θtrue = 0.5. The design matrices (a)-(e) are described in Section 5.1.

The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the debiased machine

learning estimator, respectively. For instance, ‘PAR-0.5’ and ‘PAR-INF’ indicate µ̂CDR
d0d1

based on assuming θ = 0.5 and

monotonicity, respectively.
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Figure S2: Simulation results for the bias of the average treatment effects among always-takers stratum (‘11’) and

compliers stratum (‘01’) when the true odds ratio is θtrue = 1. The design matrices (a)-(e) are described in Section 5.1.

The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the debiased machine

learning estimator, respectively. For instance, ‘PAR-0.5’ and ‘PAR-INF’ indicate µ̂CDR
d0d1

based on assuming θ = 0.5 and

monotonicity, respectively.
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Figure S3: Simulation results for the bias of the average treatment effects among never-takers stratum (‘00’) and

defiers stratum (‘10’) when the true odds ratio is θtrue = 1. The design matrices (a)-(e) are described in Section 5.1.

The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the debiased machine

learning estimator, respectively. For instance, ‘PAR-0.5’ and ‘PAR-INF’ indicate µ̂CDR
d0d1

based on assuming θ = 0.5 and

monotonicity, respectively.
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Figure S4: Simulation results for the bias of the average treatment effects among always-takers stratum (‘11’) and

compliers stratum (‘01’) when the true odds ratio is θtrue = 2. The design matrices (a)-(e) are described in Section 5.1.

The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the debiased machine

learning estimator, respectively. For instance, ‘PAR-0.5’ and ‘PAR-INF’ indicate µ̂CDR
d0d1

based on assuming θ = 0.5 and

monotonicity, respectively.
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Figure S5: Simulation results for the bias of the average treatment effects among never-takers stratum (‘00’) and

defiers stratum (‘10’) when the true odds ratio is θtrue = 2. The design matrices (a)-(e) are described in Section 5.1.

The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the debiased machine

learning estimator, respectively. For instance, ‘PAR-0.5’ and ‘PAR-INF’ indicate µ̂CDR
d0d1

based on assuming θ = 0.5 and

monotonicity, respectively.
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Figure S6: Simulation results for the bias of the average treatment effects among never-takers stratum (‘00’) when

monotonicity holds. The design matrices (a)-(e) are described in Section 5.1. The labels ‘PAR’ and ‘DML’ represent the

parametric conditionally doubly robust estimator and the debiased machine learning estimator, respectively. For instance,

‘PAR-0.5’ and ‘PAR-INF’ indicate µ̂CDR
d0d1

assuming θ = 0.5 and monotonicity, respectively.
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Figure S7: Simulation results for the bias of the average treatment effects among always-takers stratum (‘11’) and

compliers stratum (‘01’) when the true odds ratio is θtrue(X) = |1⊤X| + 0.1. The design matrices (a)-(e) are described

in Section 5.1. The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the

debiased machine learning estimator, respectively. For instance, ‘PAR-t’ and ‘PAR-m’ indicate µ̂CDR
d0d1

based on assuming

θ(X) = θtrue(X) and θ = E(θtrue(X)), respectively.
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Figure S8: Simulation results for the bias of the average treatment effects among never-takers stratum (‘00’) and defiers

stratum (‘10’) when the true odds ratio is θtrue(X) = |1⊤X|+0.1. The design matrices (a)-(e) are described in Section 5.1.

The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the debiased machine

learning estimator, respectively. For instance, ‘PAR-t’ and ‘PAR-m’ indicate µ̂CDR
d0d1

based on assuming θ(X) = θtrue(X)

and θ = E(θtrue(X)), respectively.
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Table S1: Summary of necessary and sufficient conditions that characterize the degenerate cases where certain principal

strata are excluded.

Excluded principal strata
Necessary yet not sufficient Additional constraint to

implication on θ(X) ensure sufficiency

no defiers, e10(X) = 0 θ → ∞ p1(X) > p0(X)

no compliers, e01(X) = 0 θ → ∞ p0(X) > p1(X)

no always-takers, e11(X) = 0 θ = 0 p1(X) + p0(X) < 1

no never-takers, e00(X) = 0 θ = 0 p1(X) + p0(X) > 1

no defiers and compliers, e10(X) = e01(X) = 0 θ → ∞ p1(X) = p0(X)

no always- and never- takers, e11(X) = e00(X) = 0 θ = 0 p1(X) + p0(X) = 1

no always-takers and defiers, e11(X) = e10(X) = 0 θ undefined p1(X) = e01(X) and p0(X) = 0
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Table S2: A summary of the association measures for {D(0), D(1)} that can serve as the sensitivity

parameter. Define e1•(X) = e10(X) + e11(X) and e•1(X) = e01(X) + e11(X) as the marginal

expectations for D(0) and D(1), respectively.

Dependence measure Expression Margin-free?

Odds ratio θ(X) =
e11(X)e00(X)

e10(X)e01(X)
✓

Yule’s coefficient of colligation (Yule, 1912)

√
θ(X)− 1√
θ(X) + 1

✓

Probability ratio (Ding and Lu, 2016)
e10(X)

e01(X)
×

Risk ratio (Bishop et al., 2007)
e11(X)(1− e1•(X))

e01(X)e1•(X)
×

Pearson correlation coefficient e11(X)− e1•(X)e•1(X)√
e1•(X)(1− e1•(X))e•1(X)(1− e•1(X))

×
(a.k.a. ϕ coefficient) (Wu et al., 2024)

Table S3: A summary of the correspondence between sensitivity functions and the mean principal

ignorability assumption for each PCE estimand.

Estimand
Mean principal ignorability and sensitivity functions

(a) ∼ ρ11 (b) ∼ ρ10 (c) ∼ ρ01 (d) ∼ ρ00

Always-survivors ✓ ✓

Compliers ✓ ✓

Never-takers ✓ ✓

Defiers ✓ ✓
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Table S4: Simulation results for the (%) empirical coverage probabilities of 95% confidence intervals for PCEs, under

θtrue = 1. Results are based on two sets of estimators: the parametric conditionally doubly robust estimator (PAR)

and the debiased machine learning estimator (DML), with both correct and incorrect assumptions about θ. The model

misspecifications are represented by different design matrices (a)-(e). The symbol “\” indicates that the approach assuming

monotonicity is inapplicable for estimating the PCE for defiers. Estimators highlighted in bold are theoretically valid

according to asymptotic theory.

PAR-θ DML-θ

Strata Model specification 0.5 1 2 ∞ 0.5 1 2 ∞

Always-takers

(a) 90.6 95.0 91.0 33.7 91.2 95.8 90.8 35.9

(b) 92.2 95.2 91.2 50.0 91.7 95.0 91.6 42.6

(c) 90.6 94.6 90.9 33.4 90.9 95.9 90.4 35.5

(d) 90.3 95.4 91.0 33.1 90.3 95.0 90.8 37.9

(e) 91.6 94.3 91.9 61.4 90.7 94.4 91.2 50.7

Compliers

(a) 93.9 93.3 93.4 99.9 94.0 94.2 94.6 98.4

(b) 94.0 93.8 93.3 99.9 93.7 93.4 93.9 98.1

(c) 93.9 93.7 93.7 99.9 94.1 93.9 93.8 98.2

(d) 93.4 93.1 93.3 99.9 93.6 93.2 94.1 98.1

(e) 81.9 83.0 84.8 100.0 89.4 89.3 90.2 98.0

Never-takers

(a) 89.5 94.7 90.9 13.7 91.0 95.1 90.6 15.1

(b) 90.0 94.7 91.1 25.0 91.0 94.8 90.7 29.6

(c) 89.7 94.5 91.0 13.3 91.0 95.3 90.7 15.3

(d) 86.4 95.0 91.9 13.6 90.2 95.7 92.1 15.5

(e) 93.0 92.8 85.8 24.4 92.2 94.4 87.8 27.5

Defiers

(a) 94.9 95.0 95.0 \ 94.5 95.1 95.7 \

(b) 95.0 95.2 95.0 \ 94.5 95.0 94.6 \

(c) 95.0 95.0 94.9 \ 95.0 95.1 95.6 \

(d) 94.5 94.8 95.0 \ 95.5 95.5 95.2 \

(e) 90.1 91.2 93.0 \ 92.8 93.9 94.9 \
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Table S5: Simulation results for the (%) empirical coverage probabilities of 95% confidence intervals for PCEs, under

θtrue = 2. Results are based on two sets of estimators: the parametric conditionally doubly robust estimator (PAR)

and the debiased machine learning estimator (DML), with both correct and incorrect assumptions about θ. The model

misspecifications are represented by different design matrices (a)-(e). The symbol “\” indicates that the approach assuming

monotonicity is inapplicable for estimating the PCE for defiers. Estimators highlighted in bold are theoretically valid

according to asymptotic theory.

PAR-θ DML-θ

Strata Model specification 0.5 1 2 ∞ 0.5 1 2 ∞

Always-takers

(a) 77.2 91.1 95.7 58.9 78.9 92.0 96.1 61.7

(b) 82.1 91.2 94.0 69.2 79.6 91.7 95.3 65.9

(c) 77.7 91.3 95.9 59.1 77.6 92.0 96.1 60.9

(d) 77.0 91.4 95.7 59.2 75.9 91.3 95.7 62.4

(e) 82.0 89.7 93.3 79.4 77.5 90.8 94.7 71.3

Compliers

(a) 95.0 95.0 95.3 100.0 95.2 95.9 96.4 98.5

(b) 94.9 95.0 95.0 100.0 94.5 94.9 94.9 98.6

(c) 95.4 95.6 95.5 100.0 95.1 95.4 96.3 98.8

(d) 95.5 95.7 95.4 100.0 95.9 96.6 96.6 98.7

(e) 83.7 85.2 86.2 100.0 92.1 92.4 93.2 98.8

Never-takers

(a) 75.0 90.3 94.2 35.5 78.0 91.9 94.6 38.9

(b) 80.9 91.2 93.4 47.4 81.2 91.4 94.1 53.1

(c) 75.2 90.6 94.0 35.8 77.8 92.1 94.9 39.2

(d) 69.9 88.9 94.9 36.0 76.2 90.8 95.6 39.3

(e) 86.7 92.7 92.6 46.0 85.2 93.3 94.1 50.9

Defiers

(a) 94.2 95.3 95.0 \ 94.1 95.3 96.1 \

(b) 94.3 94.3 95.0 \ 94.5 94.3 95.0 \

(c) 94.3 95.1 94.8 \ 94.2 95.3 95.7 \

(d) 94.6 95.0 95.2 \ 94.1 95.2 95.6 \

(e) 87.9 89.3 91.7 \ 92.7 93.3 94.2 \
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Table S6: Simulation results for the (%) empirical coverage probabilities of 95% confidence intervals for PCEs, when

monotonicity holds. Results are based on two sets of estimators: the parametric conditionally doubly robust estima-

tor (PAR) and the debiased machine learning estimator (DML), with both correct and incorrect assumptions about θ.

The model misspecifications are represented by different design matrices (a)-(e). Estimators highlighted in bold are

theoretically valid according to asymptotic theory.

PAR-θ DML-θ

Strata Model specification 0.5 1 2 ∞ 0.5 1 2 ∞

Always-takers

(a) 73.5 78.9 83.5 93.0 78.0 81.5 85.5 94.0

(b) 74.6 78.9 84.7 94.0 77.1 79.6 83.4 93.9

(c) 72.9 78.8 83.6 93.3 78.0 81.0 84.3 93.1

(d) 73.6 79.2 82.6 93.7 76.9 81.1 85.5 93.4

(e) 66.4 71.6 75.8 93.4 72.3 75.8 80.3 93.3

Compliers

(a) 21.5 35.3 55.9 96.4 22.4 38.5 61.2 97.3

(b) 30.0 42.0 60.6 95.0 28.3 43.6 63.1 96.7

(c) 21.5 35.6 55.9 96.0 23.0 38.8 61.4 96.8

(d) 22.0 35.5 54.8 96.1 22.5 39.2 60.7 97.1

(e) 33.4 44.2 59.3 95.1 30.4 45.4 65.7 96.0

Never-takers

(a) 92.5 92.3 92.7 95.0 94.0 92.7 92.3 95.0

(b) 93.1 92.8 92.7 94.9 92.6 91.8 91.9 95.0

(c) 92.4 92.2 92.3 95.1 93.9 93.0 93.1 95.4

(d) 92.7 92.0 92.6 95.0 93.2 92.6 92.6 95.0

(e) 92.4 91.8 92.5 95.1 92.2 92.1 91.7 95.8



Jiaqi Tong and others

Table S7: A summary of the key takeaways from simulation studies, where ‘DGP’ represents the data-generating process

and ‘DML’ represents the debiased machine learning estimator.

θ-specification
θtrue in the data-generating process

Monotonicity Non-monotonicity

Monotonicity

The scenario considered in 1. Largest bias and undercoverage of CI;

Jiang et al. (2022), where we 2. Unstable estimates for CACE;

extend the DML under cross-fitting. 3. Unable to estimate PCE for defiers.

Non-monotonicity

1. Our approaches produce valid inference

Mild bias and undercoverage, with correctly specified θ;

which vanishes with increasing θ. 2. Some bias and undercoverage with

moderate misspecification of θ.
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Table S8: Simulation results for the (%) empirical coverage probabilities of 95% confidence intervals for PCEs, under

θtrue(X) = |1⊤X|+0.1. Results are based on two sets of estimators: the parametric conditionally doubly robust estimator

(PAR) and the debiased machine learning estimator (DML), with both correct and incorrect assumptions about θ. The

model misspecifications are represented by different design matrices (a)-(e). The symbol “\” indicates that the approach

assuming monotonicity is inapplicable for estimating the PCE for defiers. Estimators highlighted in bold are theoretically

valid according to asymptotic theory.

PAR-θ DML-θ

Strata Model specification θtrue(X) E(θtrue(X)) 0.5 1 2 ∞ θtrue(X) E(θtrue(X)) 0.5 1 2 ∞

Always-takers

(a) 94.3 90.1 92.7 94.0 86.2 25.5 95.3 90.5 93.1 94.5 85.8 28.4

(b) 93.6 90.9 91.8 93.3 88.2 40.7 93.9 90.4 92.2 94.3 86.3 31.6

(c) 94.2 90.0 92.1 93.9 86.2 24.9 94.2 90.2 92.8 94.5 85.5 27.5

(d) 94.5 90.3 92.6 93.8 87.0 26.2 94.0 90.2 91.9 93.9 84.9 29.9

(e) 93.0 90.9 92.4 92.7 88.8 54.2 93.4 90.2 90.6 92.6 86.4 38.1

Compliers

(a) 94.8 94.0 94.1 94.1 94.1 99.9 95.4 95.0 94.3 94.6 95.0 98.0

(b) 94.4 94.5 94.5 94.8 94.3 99.9 95.0 94.7 94.1 94.7 94.7 98.5

(c) 94.9 93.9 93.7 93.8 93.9 99.9 95.1 94.8 94.8 94.6 94.7 97.6

(d) 94.4 93.9 93.6 93.6 94.0 100.0 95.4 94.8 94.2 94.7 95.0 98.3

(e) 82.2 77.4 73.5 74.5 78.5 99.8 94.4 92.8 90.6 91.9 93.3 98.2

Never-takers

(a) 94.9 95.1 81.8 93.2 93.8 25.8 94.8 95.3 83.4 93.5 93.7 27.7

(b) 93.0 92.9 86.5 92.6 92.7 36.0 93.8 94.2 84.8 93.9 92.9 35.9

(c) 94.9 95.1 81.5 93.2 93.6 25.1 93.8 94.4 83.4 93.3 93.4 29.7

(d) 94.8 95.2 78.5 92.1 94.8 26.1 95.2 96.0 81.1 93.2 94.3 29.3

(e) 91.7 91.2 90.4 93.3 90.0 36.0 94.1 94.3 85.5 93.8 92.7 37.1

Defiers

(a) 94.7 92.4 93.6 92.8 92.5 \ 95.1 93.4 94.2 94.0 93.6 \

(b) 95.1 93.8 94.5 94.6 93.5 \ 94.9 93.7 94.3 94.2 93.9 \

(c) 94.7 92.6 93.8 92.9 92.6 \ 94.8 93.5 93.9 93.8 93.7 \

(d) 94.5 92.3 93.7 93.0 92.6 \ 95.1 93.0 94.5 93.8 93.0 \

(e) 91.5 94.5 93.4 94.0 94.3 \ 94.6 94.1 94.6 94.4 94.2 \
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