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This online supplementary material is organized as follows.

e Section S1 characterizes the degenerate cases for the distribution of principal strata.

e Section S3 presents the robust sandwich variance estimators for the estimators based on parametric
models.

e In Section S4, we present the estimators for the principal causal effects defined for the remaining
three principal strata.

e Section S5 provides proofs for the identification formulas.

e In Section S6, we derive the efficient influence function (EIF) to support Theorem 1 of the main
manuscript.

e Section S7 states additional regularity conditions and proves Theorem S1.

e Section S8 contains the proof of Theorem 2 of the main manuscript.

e In Section S9, we prove the consistency of the variance estimator for the debiased machine learning
estimator.

e In Section S10, we refine and prove results assuming monotonicity.
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e Section S11 presents and proves an additional set of sensitivity approaches for assessing principal
ignorability assumption across all principal causal effects (PCEs).
e Section S12 provides additional details for the simulation experiments.

e Finally, we include additional tables and figures referenced in the main manuscript in Section S13.

For brevity, we focus more on the proofs for the survivor average causal effect (SACE) and omit

those for estimands defined on other principal strata, because they follow the almost the same steps.

S1 Characterizing the degenerate cases for the distribution

of principal strata using 0(X)

Note that {e11(X), eqo(X), e10(X), €01 (X)} jointly solve the following system of

equations:

pi(X) = en(X) + e (X),

po(X) = e10(X) + e11(X),

e01(X) + e11(X) + e10(X) + ego(X) = 1,

e11(X)ego(X) = 0(X)e1o(X)ep (X).
We first consider the scenario where only one stratum is excluded. Without loss
of generality, we focus on a point X € X. Clearly, (X) = 0 if either e;;(X) = 0
or eg(X) = 0. To characterize e;;(X) = 0, an additional condition required is

0(X) = 1 —po(X) — p1(X) > 0. To see this, 1 — po(X) — p1(X) > 0 implies

eoo(X) > e11(X). Then, the only possibility to ensure #(X) = 0 is that e1;(X) = 0.
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By similar arguments, to characterize ego(X) = 0, an additional condition required
is v/3(X) = po(X) + p1(X) — 1 > 0. Analogously, 0(X) — oo if either ey (X) =0
or e1p(X) = 0. To characterize eg;(X) = 0, an additional condition required is
0 < po(X) —p1(X). To see this, 0 < po(X) — p1(X) implies e19(X) > eg;(X). Then,
the only possibility to ensure (X) — oo is that eg; (X) = 0. By similar arguments,
to characterize e1o(X) = 0, i.e., when monotonicity holds, an additional condition
required is 0 < p1(X) — po(X).

Next, we examine scenarios where either both the always-takers and never-
takers, or both the compliers and defiers, are excluded. For the former case,
the additional constraint is po(X) 4+ p1(X) = 1. Under this condition, we have
e11(X) = ego(X). Consequently, §(X) = 0 with e;1(X) = ego(X) implies e1;(X) =
epo(X) = 0. For the latter case, the additional constraint is po(X) = p;(X). Un-
der this condition, we have e19(X) = ep1(X). Consequently, §(X) — oo with
e10(X) = ep1(X) implies e19(X) = ep1(X) = 0. Finally, when strata 11 and 10 are
excluded (i.e., under strong monotonicity), this can be characterized by addition-
ally setting po(X) = 0 in the identification formulas for the principal score under
the monotonicity assumption. In general, the logic to find additional conditions
required for the other degenerate cases is similar to the above and are omitted for
brevity. In summary, Table S1 shows how scenarios with excluded principal strata

map to values of the odds ratio parameter §(X), subject to additional constraints



Jiaqgi Tong and others

on the principal scores.

S2 Conditional double robustness

To examine the robustness properties of PR more generally, we say that the

propensity score model is correctly specified if it is under M,; the principal score
model p.(X; B3.) is correctly specified if it is under M?; the outcome mean model
m.q(X;7.q) is correctly specified if it is under M??. In addition, both the propensity
score model and the principal score model p,(X;3,) are correctly specified if it
is under M, N M7, and so on. Denote a*,3;,7],; as the probability limits of
&,B\Z,ﬁzd, respectively. Then 7(X;a*) = 7(X) under M;; p.(X;85) = p.(X)

under MZ; m.q(X; %) = m.q(X) under MZI. With these preliminary notations,

we are ready to state the following result.

Theorem S1 (Conditionally doubly robustness and local efficiency). If
T(X; @), 7(X; a*),pZ(X;BZ),pZ(X;ﬁj), z € {0,1}] are uniformly bounded and ad-
ditional reqularity conditions for the smoothness of the estimating functions hold,
then nCPE is consistent and asymptotically normal under either M, ﬂ./\/lg ﬂ./\/ljlo or
MOAMENAMO M. Furthermore, PR achieves the semiparametric efficiency
lower bound, E(p11(0|0)?), and is asymptotically linear with the influence curve

given by ©11(0|0) under My 0 M)A MIN M) NM,.

In two special limiting cases, the robustness property takes on distinct forms,
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which we summarize below.

Remark S1 (Robustness properties under limiting cases). Under coun-
terfactual intermediate independence such that 0(X) = 1, pSPE is quadruply ro-
bust and consistent under either My N M) 0 M} or M) VM, NO MG QML or
MOAMIAMO! or MNMINM, ; under monotonicity such that (X) = oo, fif?"
is triply robust as it is consistent either Mz N MO M, or M)A M NMO NM,)

or M, N M 1 MIY- this latter property was studied in Jiang et al. (2022).

S3 Robust sandwich variance estimators

Suppose that the nuisance model estimators solve the score equations U, (Z, X; &) =
0, Ug, (D, Z,X;8,) = 0, and U,_,(O;v.4) = 0, respectively. For simplicity, we
provide detailed explanations on how the sandwich variance estimators can be con-
structed only for 71}V and i$PR. The sandwich variance estimators for all remaining
PCEs can be constructed in a similar manner.

We first derive the robust sandwich variance estimator for f1}}. To facilitate this
process, we observe that the estimator n" for the vector containing all the nuisance

parameters used to construct 7}y, denoted as nV = (a',By,8], i, 17", is

determined as the solution to the joint estimating equations, P,{®Y(O;n"V)} = 0,
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where
EV(D,Z,X; e, By, B1)
oV (O0;n"Y) = ZDeyy (X){x(X)py (X)} (Y — pudy) :
(1 = Z)Deny(X){(1 = m(X))po(X)} 1Y — pufy)
i = E(Y(2)|D(0) = D(1) = 1),z € {0,1} and &V = (Ua(Z, X; &) ", Up, (D, Z, X; Bo) ", Up, (
D, Z,X;3,)")". Then the variance of v/n(n"V —7"V) can be consistently estimated
by

o2V (0;n")

oW (0; W) '
877WT ’

-1
bor (eNoaeoa e P

V(AY) = P, {
if 7V uniquely solves P,{®V(O;e)} = 0 and regularity conditions in Theorem
5.41 in van der Vaart (2000) hold. Then by the Delta method, the final sandwich
variance estimator of AW is given by n~'0TV(HV)v, where v = (0,...,0,1,—1)7.

Similarly, for #$PR, the joint estimation equations for the vector of nuisance

CDRE<

T 3T 4T ~T ~T 1 0T
parameters, 1 o' By, 061 Yo, Y11 15 H11) |, can be expressed as

€CDR(O;04>,307ﬁ17’701,’711)
(I)CDR(O; nCDR) = | &1(0;e, B0, Bi, v, p111) | (53.1)
£Y1(0; a, Bo, Br, You, 1131)
where £°PR = (EW(D,Z,X;a,BO,ﬁl)T,U701(0;701)T,UVH((’);')/H)T)T. One can
obtain the sandwich variance estimator in a similar manner to the weighting es-
timator by replacing ®WV with ®“PR. However, additional regularity conditions

on the joint estimating functions are necessary (van der Vaart, 2000). For exam-
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CDR)

ple, we present the additional regularity conditions for ®“PR(O;n in Section
S7.1. In brief, these additional regularity conditions require E(®°PR(0O;e)) has a

unique and well-separated solution, as well as uniform convergence of P, {®°PR}

to E(®“PR) over a compact neighborhood around the solution.

S4 Estimating principal causal effects defined on the re-

maining principal strata

In this section, we present parallel results to the SACE as detailed in the main
manuscript, including: (i) identification formulas; (ii) EIF's; (iii) three estimators—
a weighting estimator, an outcome regression estimator and a parametric condition-
ally doubly robust estimator based on the EIF; and (iv) a debiased machine learning
estimator. In each subsection, we assume that Assumptions 1-2, and the relevant
parts of Assumption 3 (mean principal ignorability) hold. For example, Assump-
tion 3(a) and Assumption 3(d) must be satisfied for the validity of the results for

the compliers.

S4.1 Complier average causal effect

The complier average causal effect (CACE) is the average treatment effect among
individuals whose received treatment aligns with their assigned treatment, with

the intermediate outcome indicating the treatment received. We formally define
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the CACE as

E(DM{1 - DO)}NY(1) - Y(0)})

por = E(Y(1) = Y/(0)|D(0) = 0, D(1) = 1) = E(D(){1—D(0)})

We can show that p; is identifiable as follows:

E(en(X)ZDY/{n(X)p1(X)})  E(en(X)(1 = Z)(1 = D)Y/ {1 = 7(X)}{1 — po(X)}])

)
E(en(X)ZD/{n(X)p1(X)})  Elea(X)(1 = Z)(1 = D)/ [{1 = m(X)H1 - po(X)}]) ’
(54.2)

Ho1r =

where

1L {0X) — Hpo(X) = pi(X)} — VO(X).

%)= 2(60%) ~ 1)

The moment condition (S4.2) suggests the following sample weighting estimator,

AW _ Po{en(X)ZDY/ {7(X)p1(X)}}  Pufen(X)(1 = Z)(1 — D)Y/ {1 - 7(X)}{1 — po(X)}]}
U P {en(X)ZD/{FX)p (X)) Pu{en(X)(1 - Z)(1 - D)/ [{1 = F(X)H1 — po(X)}]}

where €y1(X) is the fitted value of eg;(X) based on 7(X) and p,(X). Intuitively,
(S4.2) implies that the CACE is the weighted difference in the final outcome be-
tween compliers in the treatment arm and those in the control arm. On the other

hand, an alternative expression for the CACE is

E(ep (X){m11(X) — mpo(X)})
E(en (X)) 7

Ho1 = (843)

which motivates an outcome regression estimator based on its empirical analogue.

Furthermore, using (S4.3), the non-parametric EIF for ug; is given by

p01(0) = Eeai (X)) {£1(0) — &,(0)
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where &G, (0) = wgy (0) — pi701(0), 16 = E(Y (2)|D(0) = 0, D(1) = 1), and

N_
{1 = pi(X)} [2](0 = D{po(X) = ni(X)} + po(X) = VOX)| = Mu (X)) ] ,

[{%o = Po(X) H{2p1(X) = Aou (X) }+

1 eo1(X)
w1 (0) = (X ){wm m11(X)Yp1} + 701 (O)ma (X)),

eo1(X)

W81(O) :To(X)

{wY(lfD),O - mOO(X)¢1—D,O} + 701 (O)mgo(X).

Solving the estimating equations P, {&5,(O; &, Bo, B1,7..)}, = € {0,1}, based on the

EIF evaluated at (', B:r , ﬁ{ ,4.) ", yields a conditionally doubly robust estimator

~CDR __ n{wm( ) wgl(O)}
for = TR u(0))

where {70,(0),04;(0),@9,(0)} are the fitted values of {791(O),wi; (0),w (O)}

based on parametric working models. Similar conditionally doubly robustness prop-
erties for i{PR in Theorem S1 also apply to ASPR, in the sense that the consistency
and asymptotic normality hold under either M, N M9 M, or M) N M, N M N
ML Furthermore, a§PR achieves the semiparametric efficiency lower bound when
all the working models are correctly specified.

Finally, we explicitly write out the expressions for the debiased machine learning
estimator for the CACE:
Zszl Tk (@élk @81k>

Ho1~ = ’
Zk:l ”k7'01
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where 51 = P, {wél((’); fk(X))}, ook = Py {wgl(o; fk(X))}, =P, {Tm(o; fk(X))},
and TF(X) = {7%(X), pE(X), p¥(X), mk, (X), mk, (X)} are based on nuisance func-
tion estimates obtained under cross-fitting. Under slightly modified regularity con-
ditions—specifically, by replacing the outcome mean models with mq;(X) and
mgo(X) in Theorem 2 of the main manuscript, the estimator ) is also /n-

consistent, asymptotically normal, and locally efficient.

S4.2 PCE for never-takers

The principal causal effect for the never-takers is the local average treatment effect
among individuals who would not have taken the treatment, regardless of their

treatment assignment, which can be formally defined as

oo = E(Y(1) - Y(0)|D(0) = D(1) = 0) = 201 _15(({()1)&)?0%({11)5{};((11))}_) Yo,

The identification formula for the PCE for the never-takers, based on weighting, is

then given by

g — ElewX)Z(1 = DY/ [r(X){L = p(X)})
® 7 E(eqo(X)Z(1 — D)/ [n(X){1 — p1(X)}])
FE

)
Blew(X)(1 = Z)(1 = D)Y/ [{1 = 7()H1 = p(X)}) S
(cooX)(1 = 2)(1 = D)/ [{1 = 7(X) HT = no(X)}) |

where

1 +H{0(X) = 112 — po(X) = p1(X)} — V/o(X)
B 2{0(X) — 1} '

600(X)
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The moment condition (S4.4) implies a sample weighting estimator

n_BG(X)Z( = DY/ [FX)(1 - (X))
E@w(X)Z(1 - D)/ FX) {1 - n(X)}])
E(@w(X)(1 - 2)(1 = D)Y/[{1 = FX)}H1 - (X))
E@wX)(1 - 2)(1 - D)/ {1~ #X)HL - »o(X)}])

Similarly, an alternative identification formula based on outcome regression can be

characterized as

E (ego(X) {m10(X) — moo(X)})
E (egn(X)) 7

Hoo =

based on which one can derive the outcome regression estimator based on sample
averages.
In addition, the EIF for pgq is given by ¢go(O) = E(ego(X)) ™ {5 (O) — £ (O)},

where £G,(0) = wio(O) — pGoT00(O), 150 = E(Y (2)|D(0) = 0, D(1) = 0), and

)\00(X) :2{0(X) — 1}600(X),

Tgo(O) 2600<X) —+ 2 5<X)

{¥n1 =X} 2 [Po(X) + (6 = D{L = pi(X)} = VK] = Ao(X)) ] 7

wéo(@) = 600( ) {@by 1-p)1 — Mip(X )¢1—D,1} + 700(O)mao(X),

1— (X
wpo(O) _% {"¢Y(1—D),o — moo(X)wlfD,o} + 700(O)mgo(X).

Solving the estimating equations P, {&,(O; &, Bo, Bl, ~:0)},z = 0,1, based on the

EIF evaluated at (a', ﬁOT , ,é\lT .. ", vields the conditionally doubly robust esti-

[{wm — (X} [2 [p1(X) + (0 = D{L = po(X)} = VOX)| = Ao(X)| +
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mator

~CDR __ n{%o( ) — Wgo(o)}
Moo = P, {700(O)} )

where {700(0), 0 (0),w5,(O)} are the fitted values of {790(O),wi,(O),wy(O)}
based on parametric working models. Further, f§PR is also conditionally doubly
robust in the sense that the consistency and asymptotic normality hold under either
Mz MO M) or MON ML MPNMY In addition, 5" achieves the
semiparametric efficiency lower bound when all the working models are correctly
specified.

Finally, the debiased machine learning estimator for the never-takers is given

by

where &5 = By {wl(O: T (X)) , & = i {w(O: T*(X)) . 7y = B {moo( O TH(X)) .
and TF(X) = {7F(X), pr(X), ¥ (X), mk, (X), @ik, (X)} are based on nuisance func-
tion estimates obtained under cross-fitting. Under slightly modified regularity
conditions—specifically, by substituting the outcome mean models with mqo(X)
and mgo(X) in Theorem 2 of the main manuscript, the estimator zi)i- is also v/n-

consistent, asymptotically normal, and locally efficient.
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S4.3 PCE for defiers

The principal causal effect for the defiers is the local average treatment effect among
individuals who would not have complied with the treatment assignment, which can

be formally defined as

jan = E(Y(1) ~ Y(|p(0) = 1.0(1) - 0) - LEOLZ BN YO,

The identification formula for the PCE for the defiers, based on weighting, can be
written as

E(e1o(X)Z(1 = D)Y/[x(X){1 = p1(X)}]) _ E(ewnX)(1 = Z2) DY/ [{1 = n(X) }po(X)])

1 0
M0 BlenX)Z(1— D)/ n(X{1 - p(X)}])  ElewX)(1 — 2)D/ {1 - a(X)}po(X)])
(S4.5)

where

L+ (0 - D{pu(X) — po(X)} — V(X))

ol = 2(603) - 1)

Equation (5S4.5) motivates the sample weighting estimator

fip = PofenX)Z2(1 - D)Y/[x(X){1 - (X)}}  PufennX)( = 2) DY/ [{1 — 7(X) }po(X)]}
P {ewnX)Z(1 = D)/ [m(X{1 =p (X3} Pu{enX)(1 = 2)D/[{1 - 7(X)}3po(X)]}

Similarly, an alternative identification formula based on outcome regression can be

expressed as

E (e10(X) {m10(X) — mo1(X)})
E (e10(X)) ’

Hio =

which motivates an outcome regression estimator based on its empirical analogue.
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Additionally, the EIF for y;0 is given by (19(O) = E(e19(X)) ™ {£],(O) — £,(0)},

where £(0) = wiy(O) = piy710(0), pip = E(Y (2)|D(0) = 1, D(1) = 0), and

)\IO(X) = 2{1 — 0(X>}610(X),

’7'10(0) 2610<X) —

1
W [{wp,o o)} [2[(0 — D{pa(X) — po(X} + 21 (X) — VEK)| — Ao(X)] +

{¢D,1 - pl(X)} {QPO(X) - AlO(X)}] )

€10(X)

0 e10(X)
wip(0) = o (X) {¥ypo —moe1(X)¥po} + 110(O)me1 (X).

wip(0) = {¢Y(1—D),1 - m10<X)wlfD,1} + 710(O)m1o(X),

Solving the estimating equations P, {£7,(O; a,éo,ﬁl,ﬁz(l,z))}, z = 0,1, based on
the EIF evaluated at (& ,ﬁo ,BlT , 'Asz(l 2) ) , yields the conditionally doubly robust

estimator,

FCDR _ P, {©1,(0) = &% (0)}
10 P, {710(0)} ’

where {710(0),©1,(0),@%(0)} are the fitted values of {710(O),wi,(O),w?,(O)}

based on parametric working models. 5P is conditionally doubly robust in the
sense that the consistency and asymptotic normality hold under either M, N ./\/lg N
M or MO MEN MO N MP. In addition, g’ achieves the semiparametric
efficiency lower bound when all the working models are correctly specified.

Finally, the debiased machine learning estimator for the never-takers is given
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ZK ny (@1,]6 . @O,k)

o Lkl 10 10

Hio = K P )
Zk:l Nk T10

where 01 = P, {w%o((’); fk(x>)}, % = P, {wgo(o; fk(x>)}, =P, {Tw(o; fk(x»},
and TF(X) = {7%(X), pE(X), p¥(X), ik, (X), Mk, (X)} are based on nuisance func-
tion estimates obtained under cross-fitting. Under slightly modified regularity
conditions——specifically, by substituting the outcome mean models with m;o(X)
and mg;(X) in Theorem 2 of the main manuscript, the estimator " is also /n-

consistent, asymptotically normal, and locally efficient.

S4.4 The special case under counterfactual intermediate independence

with 0(X) = 1

In this section, we present the EIF for 4,4, under counterfactual intermediate inde-
pendence with #(X) = 1. Based on the EIF, the construction of quadruply robust
parametric estimators and debiased machine learning estimators follows similar

procedures. As shown in Theorem 1 of the main manuscript, the EIF for ji4,4, is

Pdodr (O|0> = E(edodl (X))il {gcllodl (O) - égodl (O)} )
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where z,do, d; € {0,1}, &5 4,(0) = Wi 4,(O) — pd, a4, Tdod, (O), and

Wi, (O) =d. ej;d(l}%() {Yyp,: — Mea. (X)¥p .} +
X
(1 - dz)% {wY(l—D),z — Myq, (X)wlfD,z} +
Taody (O) M4, (X).

Thus, it suffices to specify the forms of 74,4, (O) and egyq4, (X) for do, d; € {0,1} and
substitute them into the expressions above to derive the EIF under the assumption

of counterfactual intermediate independence with 6(X) = 1. We explicitly write

out the forms of 74,4, (O) and egyq, (X) for dy, d; € {0,1} below.

e11(X) = po(X)p1(X),

eo1(X) = pr(XN{1 = po(X)},

eo0(X) = {1 = po(X) H{1 = p1(X)},

€10(X) = po(XN{1 — p1(X)},

711(0) = po(X)p1 + {¥p,0 — po(X) }p1(X),

701(0) = ¥p {1 = po(X)} + {po(X) = 1+ ¢1-po}p1(X),

700(0) = ¥1-pa{l = po(X)} + {po(X) = L+ ¢1_po {1 — p1(X)},

710(0) = po(X)Y1-p1 + {¥p,0 — po(X)H1 — p1(X)}.



S4. ESTIMATING PRINCIPAL CAUSAL EFFECTS DEFINED ON THE REMAINING
PRINCIPAL STRATA

For the always-takers, using e (X) and 711(0), wf; (O) and &5, (O) can be derived

as follows:

w11(0) = po(X) {typ1 — mu(X)¥p1} + mar(X) [po(X)p,1 + {¥p0 — po(X)}p1(X)]
wi1(0) = p1(X) {tbyp,o — mor(X)¥p0} + mor(X) [po(X)bp1 + {¢po — po(X)}p1(X)]
£41(0) = {¥p o — po(X) 11 (X){ma1(X) = a1, } + po(X) (Yy D1 — 11 ¥p1),

£1(0) = {1 — p1(X)}po(X){mor(X) — i3 } + p1(X) (Yypo — 111 ¥n.0)-

Similarly, for the compliers, we have the following

wiy (0) = {1 = po(X)} {¢oyp1 — mi1(X)¥p 1} + 701(O)ma1(X),
wo, (0) = pi(X) {¢y1-p)y0 — Moo (X)Y1-po } + T01(O)meo(X),
5&1(0) = Wél(0> - N(lJlTOl(O)a

&01(0) = wyy (0) = gy 701 (0).

For the never-takers, we have the following

wip(0) = {1 — po(X)} {y1-py1 — m1o(X)1_p 1} + T00(O)mio(X),
woo(0) = {1 = p1(X)} {¥y1—py.0 — Moo (X)1-po } + T00(O)meo(X),
f&o(o) = W(l)o(o) - H(IJOTOO(O)a

580(0) = Wgo(o) - NgoTOO(O)-
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For the defiers, we have the following

W%o(o) = PO(X) {¢Y(1—D),1 - m10(X)¢1—D,1} + TIO(O)mIO(X)v
wip(0) = {1 = p1(X)} {y .o — mor (X)¥po} + T10(O)m1(X),
fio(o) = W%D(O> - N%oﬁo(o%

£10(0) = wiy(0) = 1em0(0).
S5 Proof of identification formulas
We present the proof for u};, and the proof for pd; is similar. Recall

4 _ EDODOY (1)
T T E(D0)D()

By Equation (6) in Lipsitz et al. (1991) or Equation (5.9) in Geenens (2020), treat-

ment ignorability and SUTVA,

en(X) = LX) - 1}2{@)8(() —i__ﬁ i (S5.6)

where 0(X) = [1 4 {8(X) — 1}{po(X) + p1(X)}]* — 40(X){A(X) — 1}po(X)p1(X).

Then

b= E(E(D0)D)Y(1)[X))
H E(en (X))
_ EPr(DA) = 1X)E(DO)Y(1)[X, D(1) = 1))
E(en(X))
EPr(D(1) = 1X)E(D(0)[X,D(1) = )EY(1)|X,D(1) =1))

= ’ LOTE and mean PI
Blen (X)) ( )

(Law of total expectation (LOTE))

(LOTE)

= Blen(X)mu(X)) (LOTE, Treatment ignorability and SUTVA), (S5.7)
E(en(X))
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which yields the identification formula based on outcome regression. The identifi-

cation formula based on weighting follows from the LOTE:

b (w<x>p1 <X>)

= (95.7).

S6 Derivation of efficient influence functions

In this section, we derive the EIFs for uj,,z € {0,1}. The EIF for the contrast
pl, — pdy is then simply the difference between the individual EIFs (Tsiatis, 2006;
Kennedy, 2022). Subsequently, Theorem 1 of the main manuscript follows immedi-
ately. In particular, we derive EIF in the non-parametric sense, i.e., we impose no
restrictions on the joint density of observed vector O. To facilitate the derivations,
we introduce the following preliminary steps. We first denote f(O) as the joint

density function of O. We then consider the following factorization:

FO) = FX)f(ZX)f(D|Z,X) [ (YD, Z, X).

Following Theorem 4.4 and Theorem 4.5 in Tsiatis (2006), the tangent space F is
the entire Hilbert space H = {h : E(h(O)) = 0, E({h(O)}?) < oo} and further-

more,

F=FFdF3D Fu,
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where {F1, Fs, F3, F4} are mutually orthogonal with

Fi ={hX) € H: E(h(X)) = 0},

Fo={hZ,X) e H: E(h(Z,X)|X) =0},

Fs=A{h(D,Z,X)eH: E(h(D,Z,X)|Z,X) =0},

Fi={h(O) e H:EO)D,Z X)=0}.
We consider a parametric submodel for the distribution of O, P = {f,(O) : v € R},
where fy = f is the true density and Ey = E denotes the expectation with respect

to f for ease of notation. Consider the following orthogonal decomposition of the

score vector

S(0) = S(X) + S(2Z|X) + S(D|Z,X) + S(Y|D, Z,X),

where
_ 8logfv((’)) . 810ng(Y|D7 Z, X)
S(O) - a—U‘UZ(]; S(Y|D7Z7 X) - 31} ’U=07
dlogf,(D|Z,X dlogf,(Z|X dlog f,(X
S(DlZ, X) = (av‘ )|U=O7S(Z|X) - %h:m S(X) = #"UZO'

We define uh’v as the value of pi, in the submodel and the truth is attained at
v =0, ie., pij; o = p1;.- Theorem 3.2 in Tsiatis (2006) implies that the influence

function ¢1,(0) € H for the submodel can be characterized by

iy,
E(pn(0)8(0) = —=| .

(56.8)
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Following the convention, we use fij;(v)|y—o to denote duy,,,/0v],—o and apply
this notation to all pathwise partial derivatives with respect to v. Kennedy (2022)
showed that there is at most one solution to the differential equation (S6.8), without
imposing any restrictions on the distribution of O. By Theorem 4.3 in Tsiatis
(2006), the EIF is indeed ¢1,(O) because the tangent space is the entire Hilbert
space. Subsequently, the EIF solves Equation (S6.8). Equation (S5.7) implies that

(1, can be written as a ratio, i.e., u; = N/D with
N = E(en(X)m11(X)), D = E(en(X)).

Let on(O) and ¢p(O) be the influence functions of N and D, respectively. By
Kennedy (2022), if both ¢y (O) and ¢p(O) are known, the influence function of

g1, can be explicitly given by

@%1(0) =

where E(pn(0)S(0)) = N, |u—o and E(¢p(0)S(0O)) = D, |,—o. This is called the
quotient rule for the influence function operator (similar to the quotient rule for
standard calculus). It remains to find the EIFs for the denominator (D) and nu-
merator (IN), respectively. We first find the EIF for the denominator. To facilitate
the derivation, we present the following lemmas without proof based on Section

S6.1.1 of the Supplementary Material in Jiang et al. (2022).

Lemma S1. Let Z,(X) = E(F(Y,D,X)|Z = 2,X),z € {0,1}, where F is a
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random function of (Y, D,X). Then

Zew(X)omo = E{Urvipx).: = Z:(X)}S(Y, D|Z, X)[X).

Lemma S2. For z € {0,1},

VYyp,. — M (X)Yp
p=(X)
wY(lfD),z - mzo(X)ka,z
1 —p.(X)

o (X)|uco = E ( sz D,X)|X) |

1M20,0(X)|p—0 = E ( S(Y|Z,D, X)|X) .

We have

Gu(X)lumo =20(X) = TH[1+{80X) = THpo(X) + 11(X)} {00 (X) oo + 51X oo}~
40(X){0(X) — 1Hou(X)l=op (X) + pro(X)luzomo(X)} ~ (Chain rule)
-F ( [2000%) — 111+ {60X) = 1H{po(X) + 21 (X)}) [0 + Y01 — {m0(X) + 11 ()} -
40(X){0(X) — 1} [{no — (X) 1 (X) + {01 — (X }po(X)] | S(DIZ, X>|X)
(Lemma S1)

—2{0(X) - 1}F ( {0 — po(X)} (14 {0(X) — 1po(X) — {6(X) + Lpu(X)] +

{pa —p(X)} [+ {00X) — 1 (X) — {8(X) + Lpo(X)] | S(D)2. X>|x) ,
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which, together with Lemma S1, implies

éll,v(X)|v=O :%{pO,U(X”U:O +p1’U(X>|U:0} B 4{9 5 (_ )1|]1’} \/0

-E ({9 S 1VAX [{wm - (X)) {Héf%’l_(? - (X))} +

(Chain rule)

{wna - OO} { G — e

The chain rule implies

S(D|Z, X)|X). (S6.9)

Dylu=o = E(e11(X)S(X)) + E(é11,0(X)|v=o) -
(A1) (42)

Since E(S(X)) =0, (Ay) is equivalent to E({e11(X) — D}S(X)). It is straightfor-

ward to verify that

en(X) — D € F,
0(X) —
6(X)

Therefore, the EIF for the denominator is given by ¢p(O) = 71(O) — D, where

oo - meoy { G - ) | + o - e { S5O - oo} e 7

T11 (O)

—=€11 (X)+
0(X) —
0(X)

Similarly, the chain rule implies that

*twmo - moy { G - ) | + o - o { S5O0 - o}

Ny Jomo = Blen(X)min(X)S(X)) + E(é1,0(X)|o=omii (X)) + E(eny (X)rin,0(X)|o-o) -

(B1) (Ba) (Ba)
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(By) equals to E({e11(X)mq1(X) —N}S(X)), because E(S(X)) = 0. (S6.9) implies

that
(B2) = E ({m11(0) — enn(X)}mn1(X)S(D|Z, X)) .

Lemma S2 indicates that

e11(X)
pi(X)

(Bg) = E ( {¢YD,1 — mll(X)@bDJ}S(Y‘D, Z, X)) .

It is straightforward to verify that

e11(X)m (X) — N € Fi,

{m1(0) — e11(X) }mq1(X) € F3,

e11(X)
p(X)

{Yyp1 —mu(X)Yp.} € Fu,

based on which the EIF for the numerator is given by ¢n(0) = —N + wi,(O),

where

! _enX) —m T m
w1 (O) (X {¢vp, 1 (X)Ypa} + 111(O)mar (X).

Finally, by the quotient rule, we can show that the EIF for ui, is given by ¢l,(0) =
D¢l (0), where €1(0) = w! (0) — ubym1(O). Applying similar procedures to
pf yields 9, (0) = D™0,(O), where £7,(0) = wf,(0) — ;711 (0) and

0 _enX) -m T m
wi (O) _po(X) {Yvpo 01 (X)¥p o} + 111 (O)me (X).

This completes the derivation of the EIF in Theorem 1 of the main manuscript.
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S7 Regularity conditions and proof for Theorem S1

S7.1 Additional regularity conditions

We further assume that for Ve > 0,

Supeonce B {@H(O;n )} — B@PHO; 1) = op(1),

cone5 [ B(@PHO;nPM))|| > 0 = || B(@PH(O;n )],

Hﬁ%CDRwWCDR,n

where © is a compact space of parameters, ||e| is the usual Euclidean norm for

CPR* i5 the truth. The above regularity conditions follow from The-

vectors, and n
orem 5.9 in van der Vaart (2000), which requires (i) the uniform convergence of
the empirical estimating functions to the population estimating functions; (ii) the

CDR*

truth n is a well-separated solution of the population estimating equations.

CDR*

As an alternative to (ii), one can also assume that n is a unique solution of

E(®PR(O;nPR)) = 0. Examples of sufficient conditions on the class of esti-
mating functions that ensure the uniform convergence of the empirical estimating

functions (i.e., condition (i)) can be found in Section 19.2 of van der Vaart (2000).

S7.2 Proof of Theorem S1

Conditional double robustness

Recall that the characterizations of egyq4,(X) depend on whether #(X) = 1 or

0(X) — oo. Without loss of generality, we assume Pr(f(X) = 1) = 0 and
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iu% 0(X) < oo, or equivalently, that the distribution of X is restricted to X* =
€

{XeX:0X)+#1,0X) < oo} CX, with its density scaled by Pr(X € X*)~1.
The proofs for the cases where Pr(f(X) = 1) > 0 or Pr(0(X) > C) > 0 for
VC' > 0 are similar. Briefly, this involves restricting the distribution of X to
{X e X :60X) =1} or {X € & : §(X) - oo} and summing all compo-
nents using the linearity of expectations. We present in great detail the proof
for i, = E(@H(0))/E(711(0)), and an analogous procedure applies to 1}, =
E(@9,(0))/E(711(0)).

For ease of notation, we denote 7%(X) = m(X; a*), pi(X) = p.(X; 3%), m’,(X) =
maalXi 72, 8°(X) = 80X p3(X), (X)) and X, (X) = A (X p5(X), 55 (X), 6°(X)),
where Aj1(X) = 2{0(X) — 1}e11(X) and a*, 8%, v}, are the probability limits for
Q, Bz,ﬁzd. For simplicity, we omit the dependence on X whenever the context is
clear. For instance, we write § instead of §(X). Theorem 5.9 in van der Vaart (2000)
implies that n°PR = PR 4 op(1), where PR satisfies E (®“PR(0; nPR)) = 0.

Thus, it is sufficient to show that E(&1,(0;a*, 35, B, i1, 11,)) = 0. By LOTE,

E(mi(0;a%, By, B7)) — E(enn(X))
:E<1 Vo —VE -1

- * *_ _ ><
2(p0+p1 Po—p1) + +\/6_*

1—7 . o ., . T . o ., .
1—7T*(p0_p0) mlh_eu "‘F(pl_pl) mpo_ell :
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Clearly, (S7.10) vanishes under M9NM, regardless of whether the propensity score

model is correctly specified or not. Similarly,
E(w,(0; ", 85, B1,711)) — Elen(X)mn (X))
=E (W*_p*en(mll —myy) +{m1(O; a”, By, B7) — enn}mi; + en(mi; — m11)> :
1

(S7.11)
Under ./\/lg N M}D,

T ="

(S7.11) = E( — e1r(myg — mil))?

which implies that fij, is consistent under either M, N M9 N M, or MJ N M, N
MM Applying a similar procedure implies that 7, is consistent under either
Mz MM, or MO N MEN MO Therefore, afPR is consistent under either
Mz N MM, or MYN M0 M) N M. Similarly, one can show that (i)
PR is consistent under either M, N MY N M) or M) N M, N MO N M, or
M, N MO N ML under monotonicity (Jiang et al., 2022); (i) a{PR is consistent
under either M, N M) N M, or M)A MIN M) NM or M0 M)N M or

Mz MM, for §(X) = 1.

Semiparametric efficiency

To facilitate the proof, we first present the following lemma, which establishes that
the ratio of one-step estimators retains semiparametric efficiency and asymptotic

linearity for estimating the ratio of the corresponding parameters.
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Lemma S3. Suppose the parameter of interest, viewed as a functional of the true
distribution of the data P, is a ratio, R(P) = N(P) x D(P)~'. Suppose the in-
fluence functions for the numerator and the denominator are ¢y (P) and ¢p(P),
respectively. Let & and E be the consistent estimators for N and D respectively.

If 1 < D < €5 for some constants €1,¢e5 > 0 and

~

V(N = N) = v/n(Py — P)on (P) + op(1),

~

V(D = D) = vn(Py, — P)ep(P) + op(1),

then

where pr(P) = ﬁgpﬂ(ﬂ”) - %QOQ(]P) is the influence function for R.
Proof. We have
N N\ 1 ~ N .
ﬁ<5—5> —E X\/E(M—N)—E x v/n(D — D)
= 5 (VAP ~P)onP) + on(1)} = - x (VAP ~ B)go(P) + or(1)
= 5 VAP~ Pion(P) — £ x V(P ~ P)eoP) + on(1)

021 b VilEs ~ Plo(P) ~ { T+ 0n(1) | x VPs - PlepP) + ox(1)

|
—_ —
S|~

VAP, ~ B)on(B) — 55 X VAl ~ Plop(P) + ox(1)

= (P, — P)pgr(P) + op(1),

S|
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where the third equality is due to that ¢; < @ < €9, the fourth equality is due to that

D= D+op(1), and the last equality is due to that pr(P) = %@M(P)—%@Q(P). O

Then we define N = E(e11(X){m11(X) — mn(X)}), D = E(e11(X)), and thus

p1 = N x D', By the proof of Theorem 1 of the main manuscript, the influence

functions for N and D are respectively given by
pn(0) = w1 (0) = wii(0) = N, ¢p(0) =1 (0) - D.

Let & and @ be the one-step estimators (Kennedy, 2022) for NV and D, respectively,

where
N =P, {{&},(0) - &%,(0)}}, D=P,{7:1(0)},

where 711(0) and @7, (O) are obtained based on parametric working models. We
analyze & by the following arguments. Consider an M-estimator & " defined by the

following estimating equation
P.{pn(O; N, (")} =0, (S7.12)

where ¢* is the probability limit of E (assumed to exist) and E = (a", 84,8/, 71, "
is the collection of all the finite-dimensional nuisance parameters used to construct
N. Recall that ¢ is the maximum likelihood estimator (MLE) of ¢, which implies
that \/ﬁ(f —¢*) = Op(1). By construction, the one-step estimator N is defined by

the estimating equation

~

P.{on(0;N,{)} =0, (S7.13)



Jiaqgi Tong and others

where the only difference between (S7.12) and (S7.13) is that the truth and the
Applying the first-order Taylor’s

plug-in estimator of ¢* are used respectively.

}(E —¢), (S7.14)

theorem to (S7.13) with respect to ¢* gives
N,C N 9 Oa &7 6,
Pofon(O; N, Q)} = Pu{on (O N, ()} + Py, { SDN(@CT )

where E’ lies between E and ¢*. Similarly, applying the first-order Taylor’s theorem

(S7.15)

to Pn{goﬂ((’);ﬁ, ¢*)} with respect to N yields
(& - N )7

don(O: N’ ¢¥)

where N lies between N and N and P, {oyn(O; N, ¢*)} = 0 by (S7.12). Then

(O; N, ¢) >
x v/n(¢ —¢")
~i)- ac; (O}N' DI
Soﬂ y 4V,
_P”{ ON }

(S7.14) and (S7.15) imply

P { N

=)

Vn(
—1. The consistency of & and E implies that

~/
don(O; N, ¢
It is clear that 2 8’M_’C ) _
den(0; N, {) don(O; N, ¢")
P, { 5T —E 5eT + 0p(1) = op(1),
where the last equality follows from the direct algebra. Therefore, /(N — N *) =

op(1)Op(1) = op(1), which further implies that the influence functions of N and
N’ are identical. By Equation (3.6) in Tsiatis (2006), the influence function of the

M-estimator & " s ©n(0). Analogously, one can show that the influence function
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of D is ¢ p(O). Therefore, we conclude from Lemma S3 as D is uniformly bounded

under regularity conditions in Theorem S1.

S8 Proof of Theorem 2 of the main manuscript

S8.1 Preliminaries and useful lemmas

Without loss of generality, we assume sup 6(X) = ¢; < oo and denote _inf |§(X)—
XeXx* XeXx*

1| = ¢ > 0, where &* = {X € X : 0(X) # 1}. The case of §(X) — oo,
constrained by p;(X) > po(X) for all X € X, is discussed in Section S10. Following
the same reasoning as in previous Sections, it suffices to consider the case where
Pr(f(X) = 1) = 0. We use P to denote the expectation with respect to the true

distribution of the data. To facilitate the proof, we first show the following three

useful lemmas.

Lemma S4. Suppose that j/%((’)) is estimated using the training sample V=, Py, is
the empirical measure over the validation sample V¥, and V¥ and V=F are indepen-

dent. Then

ViR(®r = P){JH(0) = F(O)} = O (E({F*(0) — F(O)IVH)"2),

where ny, is the sample size of the validation sample.
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Proof. We note that

Var (Vi(Pe = PI{FH(0) = FO)} V) = mVar (B{ F(0) = F(O)}V )
— Var (ﬂ(@) - f(0)|v—’f) (S8.16)
E{f*(0) - FO)IVv7h), (88.17)

J?k is fixed conditional on V. Thus,

where the first equality is because

{W\(Pk P){f*(0) — f(O)}| . t}
E({f*(0O) — f(O)}2|V-Fk)1/2
_p V1| (P, — P){f*(0) — f(O )}] E({f*(0) _f<0)}2|v—k)1/2t
1/2 ~ 7z

| Var <fk( f(O)] ) Var <fk(0) _ f(0)|V_k>

| ) VEIE PO - FOY | BUHO > < mv o2
Var (fk((/)) _f(o)w_k) / Var( O0)|v- k>

var (F4(0) - f<o>w)] 1

ty=*r

1

StQ

E

E{fH0) = fO)py| ~

where the second equality is due to LOTE, the first inequality is due to Chebyshev’s

inequality, (S8.16) and that E((P, — P){f¥(O) — f(O)}[V*) = 0, and the last
inequality is due to (S8.17). We conclude from the fact that an arbitrarily small

upper-bound e > 0 for the tail probability can be achieved by taking t = e /2. O

Notably, Lemma S4 is an adaptation of Lemma 1 in Kennedy (2022), with the

conclusion modified to hold conditional on the training sample V=*.

Lemma S5. Suppose that f’“(@) is estimated using the training sample V=, and
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VE and V= are independent. If \\]/”7“((9) — f(O)|l2 = op(1), then

E{J*(0) = F(O)Y|VTF) = ox(1).

Proof. This follows directly from the definition. O

Lemma S5 is commonly used in the causal inference literature to establish the
asymptotic linearity of the debiased machine learning estimator (Kennedy, 2022;
Wang et al., 2024). Finally, the following Lemma S6 plays an important role in
relating §(X) to the mixed bias property of the Neyman orthogonal score (Rotnitzky

et al., 2021; Cheng and Li, 2024).

Lemma S6. Forf > 0,z,y,a,b € (0,1), define f(z,y) = /{1 + (0 — 1)(z +y)}> — 40(0 — 1)xy.

Then by Taylor expansion, we have

0—1

{1+ —1a—(0+1)b}(x—a)+

0—1 1 ]
F(a,b) {1+O@—-1)b—(0+1)a} (y—0>)+ 5(:13 —a,y—bH(a,b)(z —a,y —b) '+
Ry(x —a,y — ),

where H(a, b) is the Hessian matriz evaluated at the point (a,b) and

o f(a,b)

oy Lm0 (y=0)" = o((z—af*+(z—a)(y=b)+(y=b)")

Ry(z—a,y—b) = Z

p+9>3,p,gEN

is the remainder term, which consists of monomials of order at least 3.
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S8.2 Main proof assuming 0(X) # 1 almost surely

Define N = E(e1;(X)m11(X)) and D = E(e;,(X)). Then pi, = N x D™'. By the
proof of Theorem 1 of the main manuscript, the influence functions for N and D

are respectively given by

S
=
S
Il
»—AEH
S
|
=

, ¢p(0) =m:(0) - D.

We write pn(O) = pn(O; (X)) to emphasize the dependence on the nuisance func-
tions ['(X) = {n(X), po(X), p1(X), m11(X)} and so on. Let fk(X) = {7*(X), pE(X),
PY(X), mk (X)} be the estimates of the nuisance functions based on the training

_ 3 _ K ~1.k N — K ~
sample V7F. Define N =n=1 Y mio; and D =n=' > g7y
Main Proof: Denominator

We decompose the estimation error of @:
V(D — D) =T, + T, + Ty,
where
T = Vn(P, = P){m(O; T(X))},
T, = g % X /g (P, — P){r11(O0; TF(X)) — 71(O; T(X))},

K
vn ~
Ty =Y Y2 x ymP{r(0;TH(X)) — 71 (O; T(X))}.
o v
For brevity, we omit the dependence on X for the nuisance functions. For

example, we write 7 for 7%(X). We will use the following two inequalities repeatedly.
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Inequality S1 (Quadratic mean-arithmetic mean inequality). For any finite col-

lection of the real numbers z;,i € {1,...,n},
n 2 n
() <n3oat
i=1 i=1
We will refer to this result as the QM-AM inequality.

Inequality S2. For z,y > 0,

(Vz = y)* <o —yl.

Proof. The triangle inequality implies

VIVE = Vil <\ Ve + Vil

Then the claim follows from multiplying both sides by 4/|v/z — \/y|. O

We have that

(Vo- \/3)2 <[6 — 3|
=|46(0 — 1)(pop1 — pop1) + {2+ (6 — 1)(po + p1 + Do + 1)} (0 — 1)(po — Po + p1 — p1))|
(Inequality S2)
<4610 — 1|[popr — popr| + (416 — 1] + 2)|0 = 1|([po — Po| + [p1 — 1))

(Triangle inequality). (S8.18)
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Then
B ((v5-V3) )

<de, (e + 1)E ([popr — popul V™) + (410 — 1] +2)|0 — 1 {E(Jpo — Bol[V™*) + E(lps = Bul[VT)}
((S8.18) and triangle inequality)

=de (e + 1) {E (o — ol V") + B (Ipr = mal[VTF) } + 02(1)
(RCs (1)-(2) and Lemma S5)

=op(1) (RC (2) and Lemma S5), (S8.19)

where RC refers to the regularity condition. We note

T11(O§fk(X>) —m(0;T(X)) =en — e+ = <\/5@ — \/?Q),

(A1) AL ~
(A2)
where
A = 2(0 — 1)eq,
1-Z Z

Q= E(D —po)(20p1 — An) + ;(D — p1)(20po — A1),
~ 1-Z7 R o~ A . ~ 2
Q= ﬁ(D —po)(20p1 — A1) + ¥(D — P1)(20p0 — A11).

For the term (A;),

E((4)*V7F)

3
< — 1
T 4ey? {(ﬂ+ )

1=0,1

B((Bi —p) IV + E ( (f - \/5)2 |v-k) } (QM-AM and RC (5))

=op(1) ((S8.19), RC (2) and Lemma S5). (S8.20)
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One can verify that infxey«min g<p, p,<10(po, p1) = infxer-min{6, 62, 1}, which im-
plies that additional regularity conditions are needed to bound § and § from below
if Pr(A(X) = 0) > 0. That is, beyond the regularity conditions stated in Theorem

2 of the main manuscript, we additionally assume the following condition.

Regularity condition S1. There exists e3 > 0 such that, for all 1 < k£ < K and

all X with 6(X) =0, {po(X) + p1(X), 55(X) + Pi(X)} ¢ (1 — €3, 1+ €3).

In the subsequent proof, for simplicity, we use ¢; with ¢ > 4 to denote constants
that depend on the constants specified in the regularity conditions (i.e., €1, €, €3).
For example, €, depends on €3, while ¢5 depends on €;. Then (5,3\ > ¢4 for some
€4 > 0 with probability one if infxcx0(X) > 0. It is also straightforward to verify

that & < €5 for some €5 > 0. We have

E(@-qv)

—F ( 2Z {W(D — 1) (20D — X11) —7(D — p1)(20p — )\11)}2 |V_k) "

(A3)
1-Z7

L ((1 —7)2(1 — )2 {(1 —m)(D — po)(20p1 — /)\\11) — (1 =7)(D — po)(20p1 — All)}Q |Vk> .

[ J/

(Aq)
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For the term (Aj3),

E ((A3)*v7")

<28 ({0~ s~ 2) ~ 7D — p)2m — ) V) (RC (1)
:éEG@=ﬁxD—@xwm—Xm+

7 (o = 51)(2050 — ) + w—mﬂw%—mwmn—%ﬂfw*>

<§{ (7w = F(D = 52050~ X’ V™) + B (o1 = 52650 — )’ V) +

E (4(D = p1)* <m—mHV)+EQD—mWﬂMr&m%r%} (QM-AM)

{ (2 — )% (1 — €)*F ((7T — %)2|V_k) + (1 —€)*6¢E ((pl —1/7\1)2|V_k) +

»—Am»J>| =~

1—q>@—a)E«@—mwmfﬂ+wz—afu—afE(uu—Xnﬂv*)}

(RC (1) and triangle inequality)

=op(1) (RCs (2), Lemma S5, and (S8.20)),

where €5 = 2(2¢; + 1)(1 — €;) + 1 + /€5. Similar procedure applies to the term
(Ay), which yields E ((A4)*V7*) = op(1). Therefore, E <(@ — Q)zlv_k> = op(1).

By the triangle inequality and RC (1), @? is uniformly upper-bounded by €; =
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4/€2(2 — €1)%€e2. Therefore, for the term (As),
E ((A2)* V)

b+ {E (5@ -V *) + B (Q2 (Vo - \/§>2 |Vk)} (QM-AM and 6,3 > )

€4
<op(1) +o0p(1) = 0p(1) (Q* < €7 and § < ¢5).
By Lemma S4, QM-AM inequality and the fact that ng/n = 1/K + op(1) and K

is finite, we conclude that 75 = op(1). We next show that T3 = op(1). To see this,

(S7.10) and Lemma S6 imply that

ViRP{r (0:TH(X)) = 711 (O; (X))}
. g_n—k[ S { 0" V5 (fo, )

q (Po - ﬁo)p(Pl - ﬁl)q
- p+q9>2,p,geEN (9]783]71

\

g@[ ST e {I(po — o) (1 — P17} +

}+
} HP){'W ; %(p1 — 51)(2650 — M)

T—m

1 A<p0 - ]/7\0)(28]/9\1 - /)\\11)
-7

1

26 p+9=2,p,gEN
Z—T(P{I(w —7)(Po = po)|} + P{[(@ = ) (pr —p1)[}) | (RC (1))

s\g { ) ; . Op(L)op(—n""?) + E—f (0p(n™72) + 0p(n/?)) } = op(1)
(Cauchy-Schwarz and RC (2)), (S8.21)

where the second inequality follows from the fact that [0PT9v/8(Po, Py )/Ophopi| is

bounded from above for Vp + ¢ > 2, p,q € N by noting that ¢, < 9§ < e5. Thus,

~

V(D — D) = Va(B, — P){r1,(O)} + op(1). (58.22)
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Main Proof: Numerator

Similarly, we can also decompose the estimation error of & :

~

V(N —N) =T+ T + Ty,
where

Tl = \/E(]P)n - ]P){Wil((/); (X))},
To= 32 (B = Pl (O: (X)) - wh (O (X)),

K
~ /My ~
Ty = 32 X VPl (O:T(X) — el (O;T(0)},
k=1
For simplicity, we denote 711(O; T%(X)) as 711. We note that

wi (0;TH(X)) — wi, (0;T(X))

. 1 € . 1 €
= (T11 — T11)mag + — {plfn ZD(mqy — mn)} + = { (plfn — p1€11) ZD(Y — m11)} .
——— i | 7 Pip1 7 m |

(Bl) ~ ~~
(B2) (Bs)

We conclude that E ((By)? | V™) = op(1) by leveraging the proof for T5 = op(1)
and RC (4). By RC (1) and €11 < €, E ((B2)?|VF) < €2e;*E ((myy — g )2V 7F) =

op(1), where the last equality follows from the RC (2) and Lemma S5. For the term
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(Bj3), we have

E ((Bs)*|V™)

o~

™ ™

~ ~ 2
_E <(p1€“ - ple“) T E((Y —mn)¥X,Z=1,D = 1)]1/’“) (LOTE)

§3€2<1 - 61)

& (1= e)E (G = M) V) +eo(1 =) {B (o = 50)*IVTH) + B (= 72V )}
(QM'AM, RC (1>&(3) and 611,/6\11 S 66)

=op(1) (RC (2) and Lemma S5).

We conclude that Ty = op(1) from Lemma S4, QM-AM inequality and the fact that
np/n = 1/K + op(1) and K is finite. We next show that T3 = op(1). To see this,

we note that (S7.11) implies that

VIR[P{w]y (0: TH(X)) — wi, (O; (X))}

<\/ﬁk P (m— %)pl/xll +7 {Xll(pl 2 +1/?\1(/):11 - >\11)}

—— mi —m -
-~ 252 7Tp1 ( 11 11)

(B1)

(Triangle inequality and RC (5)).

?{‘(?11 — 711) (M1 — mll)‘}/"‘lp{’(?ll - 7'11)77111!];

-~

(Bs) (Bo)

Then (Bs) = op(n~"/?) follows from the proof of (S8.21), Cauchy-Schwarz and RCs

(1)-(2); (Bg) = op(n~"/?) follows from the proof of (S8.21), Cauchy-Schwarz and
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RC (4). By (S8.18), triangle inequality, Cauchy—Schwarz and RCs (1)-(3),

1 —e€)es ~ N €
(By) <L a)% 62” 21 ar — ma |2l = w2 + [[Aar — maa 2 X E + {4026, + 1 — ye1) + 3}
1 1

(&1 + D|[P1 = pillz + {42, + 1 — 1) + 3} (& + 1)[|po — ﬁ0||2]
—op(nY?)  ((S8.21), RC (2) and Lemma S5).

Therefore, \/ng|P{w{;(O; T*(X)) — wh (0;T(X))} = op(1). We also conclude that

~

V(N — N) = vn(P, — P){w;,(O)} + op(1).
Main Proof: combine Denominator and Numerator

For 2 € {0, 1}, we define ¢5,(0) = Elen (X)) 165,(0) and 7% = S5 mil /55, nerh.
By Lemma S3 and the fact that E is uniformly bounded under regularity condition

(1) (verification is straightforward), we conclude that

Vi (A = k) = V@, ~B)ehi (0) + oe(D). (58.23)
Analogously, one can prove that

Vi (A = i) = VB = P (O) + op(L), (58.24)

under the regularity conditions given in Theorem 2 of the main manuscript. Sub-

sequently, subtracting (S8.24) from (58.23) yields

Vi (i = pn) = V(P = P)en(0) + op(1),
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where the asymptotic normality and semiparametric efficiency follows from the

standard central limit theorem.

S8.3 Supplementary proof when 6(X) =1

For A(X) = 1, the proofs for Ty = op(1) and Ty = op(1) are similar. We briefly

outline the proofs for T3 = op(1) and T3 = op(1). First, Ty = op(1) follows from

VIR P{r1(0: TH(X)) — 71 (O; T(X)) }]

| oo (e pte=) o e o)

< Yipy = Billalfo = polla + Ipr = Bulalim =7z + (1 = 0)llpo = Bolla 7 = 12} = 02(1).

I/?\l(po —ﬁo)(% - 7T)
1—-7

W(pl - ]/?\1)(170 - po)

pO(pl - @)(77 - /ﬁ)
= —

(e

Next, Ty = op(1) follows from

Vi P{wi (0;TH(X)) = wiy (O3 T(X))
} oPp { ' (mn - mn)(po - ﬁo)

€1

(T/flll — mn)(% — 7T>

€1

smlp{

bt

} +IP’{‘ (11 — ma)(p1 — p1) (7 — 7)
} +JP>{ ma1(p1 — p1)(m —7) 1

P {‘ (1 mn><p;— )P — mo)

L
)

} +(1—a)P {‘m“(ﬁo —po)(T — )

P{‘mll(ﬁl — p1)(Po — po)

€1

(1—e)P {‘ (1 = mn)(z:; — Po)(7 — )

€1

}] < op(1).
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S9 Proof of consistency of the variance estimator for debi-

ased machine learning

To simplify the proof, we first present the following lemma, which summarizes the
scenario of linear functionals considered in Wang et al. (2024). Building upon this,

we establish similar arguments for the ratio-type functionals.

Lemma S7. Suppose that the influence function p(O;1(X), ), possibly depend-
ing on a vector of nuisance functions I'(X), for the parameter [ can be charac-
terized by p(O;T'(X), ) = p(O;T'(X)) — B, where B(O;T(X)) does not depend
on B. If f(X) 15 estimated from another independent sample, V™, and satis-
fies E{@(0;T(X)) — B(O;T(X)}2|V7) = op(1), and B = B + op(1), then the
variance estimator P,{o(O;T(X), B)?} is consistent, i.e., P,{p(O;T(X), B)?} =
E(p(O:T(X), 8)%) + ox(1).

Proof. 1t follows from the page 24 of the Supplementary Material in Wang et al.

(2024). 0

The objective is to show that V(iME) = E(p11(0)?) + op(1). We define N =
E(GH(X){TRH(X) — m01(X)}) and Q = E(en(X)) Then 11 = M X Q_l. By the
proof of Theorem 1 of the main manuscript, the influence functions for N and D

are respectively given by
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Then we have

E(p11(0)*) = D°E ({n(0) — pn1ep(0)}?)

which reduces the proof to show that P, {{¢L (O; T*(X), i) €9, (O; fk(X), a2y =
E({en(0) = 1119p(0)}?) + 0p(1) and 7, = D + op(1) due to the continuous map-
ping theorem and Slutsky’s theorem. The proof for (S8.22) implies 7y = D +op(1).

We note

E ({¢n(0) — m19p(0)}?) = E(on(0)?) — 2p11 E(pn (0)p(O)) + 13, E(pp(0)?),

and

P {{&h(O;TH(X), i) — €% (0; THX), alY) 1)
=P {on(O; TH(X))?} — (1) Prf{op(O; TH(X))?} + 285 P {on (0; TH(X) o p(O; TH(X))}

=E(pn(0)*) = 111 B(en(0)*) + 0p(1) + 2{ i1 + 06(1)}Pifon (O TH (X)) (O; TH(X)) },

where the last equality follows from fif; = 111 + op(1) (a stronger result \/ng (1§, —
p11) = op(1l) is implied by the proof of Theorem 2 of the main manuscript) and
Lemma S7. Finally, it is left to show that Pk{goﬂ((ﬂ;fk(X))goQ(O;fk(X))} =

E(on(0)pp(0)) + op(1). Define wi1(0) = wi;(0) — W (0). To see this, we
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consider the following decomposition:

Pi{on (0: TH(X))op(O0; TH(X))} — E(on(0)¢p(0))
= Pi{ {wna (O;T%) — Ny Hra (O;T%) = Dy} — Een(©)en(0))
= Pi{{wnn(0: %) — K, Hra (0:T%) - D1y} — Bef{wn (O:T) — N}Hr(O:T) — DI+
P {wn(O:T) — N}{ru(O;T) — D}} — E(pn(0)op(0))
= op(1) + P {{wn (O;T%) = N\ Hm(O:T%) — Dy, }} — Pi{{wnn(O:T) = N}{ra(O:T) — D}}
= 0p(1) + Pe{ {wna(0:T%) — Ny, — wn(O:T) + N}{ra(O;T%) — D, — ma(O;T) + DI+
Pl {wn(0:T*) — N}, — wn(O;T) + NHru(O:T) — D+
Pl {wn(O:T) = N}{ru(0; ) — Dy, — i (O;T) + DY}
< 0p(1) + B {wn (O; ) — K, — wna (O;T) + N} (O; %) — Dy, — 7 (O:T) + D} }+
Pe{[{wn (O;T%) — MYy — wna(O;T) + N}y (O;T) — DY }+
Pu{[{wn(O:T) — N} (O;T%) — Db, — 71(O:T) + DY} (Triangle inequality)
< 0p(1) + Py {{wna (O;T%) = Ny, — wna (O:T) + NP2y ({0 (0: %) — Dy, — 71 (O:T) + DY} 2+
Pef {wn (O;T%) — N}, — wnn(O:T) + N}*}200(1)+
Op(1)P{{r11(O;T*%) — D}, — 71,(O;T) + D}2}Y?  (Cauchy-Schwarz inequality)

< op(1),

where the third equality follows from the weak law of large numbers; the second

inequality is due to that Pr{{w11(O;T) — N}*} = E({w11(O;T) — N}?) + op(1) by
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the weak law of large numbers and E({w;;(O;T) — N}?) = E(pn(0;T)?) <
(because the influence function has the finite variance); the last inequality follows

from the following facts:

Pu{{ru(0;T%) — D, = 7 (O:T) + D}*}
< P{{r1 (O;T%) — 7y (O;T) PV FY 4+ 2(Dy, — D) (QM-AM inequality)
=op(1) (Proof of Theorem 2 of the main manuscript and consistency of @Ifl),
Pi{{wn(05T%) = By, = wn(O:T) + NJ?)
< 2P{wn(O5T) —wn (O D)V} +2(8), — N)*  (QM-AM inequality)

~k
=op(1l) (Proof of Theorem 2 of the main manuscript and consistency of N;;).

S10 Additional technical results under monotonicity

S10.1 Estimating functions for the parametric triply robust estimators

We write out the joint estimating functions, ®;% (O;n.% ),dody # 10, for the
parametric triply robust estimator, ﬁdTOl}h, as described in Jiang et al. (2022), based

on which one can derive the sandwich variance estimator accordingly. Define

Paa, = E(Y(2)|D(0) = do,D(1) = dy),z = 0,1. The estimating function for
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the always-takers is given by
1T1R(O;047507,31,7017’Y11)
TR/, . TR\ _ | =
¢11 (O’nll ) - flll(o;aw@OuBl)’YllaM%l) ’
5?1(0; a>ﬁojﬁ1>’)’01,/i(1)1)

where ElTlR = ECDR? 771T1R = (aT>50T?51T7’70T1,’Y1T17M11a ,u(l)l)—ra and

po(X; Bo) po(X; Bo)
pl(X; 51) pl(X; ,31)

5%1 = Yyp1+ mu(X;yi1) {wD,o - ¢D,1} - M%le,o,

&l = Yypo — 11¥p,.
The estimating function for the never-takers is given by

(?OR<O;04750,,@1,’Y107700)
04 (O5mg0") = &6 (O; . Bo, Br, 110, 11d0) | -
580((9; a, Bo, B1, Yoo, o)
where £55' = (ﬁwT, U'm(o;’Ylo)T, U, (0 Y00) )T M0t = (@, By, BT Yios Yoos Hoos 1400)

and

féo = Q/JY(lfD),l - M(l)o%—D,l,

1 —pi(X;61)

_ 1 —pi(X;81)
1 — po(X; Bo)

ggo ¢Y(1—D),o + moo(X§’)’oo) {1/11—17,1 - 1_ po(X;,@;)%_D’O} - M80¢1—D,1-

The estimating function for the compliers is given by

0 (O; e, Bo, Br, Y11, Yoo)
TR/ ~. TRy _ | ~
Doy ((9,7701 ) = 551((')%0‘750,,31»711,#(1)1) ’

581((9; a, Bo, B1, Yoo Mgl)



S510. ADDITIONAL TECHNICAL RESULTS UNDER MONOTONICITY

T
where €E)FIR = <€W 7U’711 (O;7II)T> U’YOO(O; 700)T)Ta 770T1R = (aTaﬁOTvlngaplel?’Y(;[)v M(1)17M81)T7

and

py X B1) — po(X; X;

o1 = il Zl()X,gi( BO)wYD,l — ma1 (X5 y11) {wD,o - %wal} — 11 (¥p1 — ¥po),
~ X; — po(X; 1 —p (X

581 = il 1 ?1;0()?;0( ) '80)¢Y(1—D),o — moo(X; Yo0) {¢1—D,1 — %%—D@} -

1101 (Y1 — ¥pyo)-

S10.2 Debiased machine learning estimator under monotonicity using

sample cross-fitting

In this section, we enhance the debiased machine learning estimators proposed in
Jiang et al. (2022) by incorporating the sample cross-fitting scheme and establishing
their large-sample properties. The sample cross-fitting scheme relaxes regularity
conditions and facilitates the use of more flexible data-adaptive machine learners
for estimating the nuisance parameters, without compromising /n-consistency. We

begin by explicitly defining the debiased machine learning estimator:

K ~L
~ML-MO __ D ket NEWaod,

dody - K ~k
Zk:l nde0d1

Y
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where

~k _ ~lk ~0,k
wdodl wd0d1 wdodl ’

~ DE(X) ~ . ~ (X)) ~

o =P { o}
= Pu{dho),
@éok—Pk{ZDY )1},
R e

/7\00 = Pk{wlf—D,l}>

- PH(X) — pF(X) ~ - ~ DE(X) ~

e n [POLTG  f F0G 1

. PF(X) — pE(X N ~ 1 — 9%(X) ~

oop =Py {P1(1 — %g)(() >¢Y(1 D)o — Moo(X) {wlf—D,l - ﬁ%gxg%—ao}} ,

7/:01 = Pk{wlng - Z/11113,0}7

and 12{“/ D1 and 123"}(1_ D)0 represent the fitted values of ¥y p; and ¢y (1_p)o respec-
tively, based on V¥ and T*(X). Let gpfl@?((’)),z € {0,1} denote the EIFs for the
building blocks of the PCEs, 1 ;4 , under monotonicity and principal ignorability.
Then gpflgl? = Wiya, — Miod, Tdod1, Where wg 4 and 74,4, are defined in the previous
LTR 0,TR
equations. The EIFs for the PCEs are given by g% (O) = ¢, . (O) — ¢z, (O).

The following theorem characterizes the large-sample property of fiyi-MO.
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Theorem S2. Suppose that the following reqularity conditions hold for some con-
stants ¢, € (0,1/2] and e > 0:

1. < {W(X)a%k(X%pO(X)v%(X)apl(X>vﬁ’1€(X)} <l-e fOT’Vl <k< K, with

probability one;

~Fk _ & _ ~ _ _
2. Forz € {0,1}, {g}cgﬂg(llﬂ (X) =1 (X)ll2, maz [|pz(X) — p=(X)[l2, maz [, (X) mzz(X)Hz}

OIP’(n_l/4)7'
3. E{{Y —m..(X)}*|X,Z =2,D = z) < e,z € {0, 1}, with probability one;
/ Tk — 1ot = D —
b Forz, 2 € (0,1}, mas FH(X) (X)) (X)lls = 05(1) and mas | (F5(X)

P=(X))mzrzr (X2 = op(n”1*);

then uMEMO — o1 = P {pEE(O)} + op(n=1/?), which implies that id=MO is \/n-
consistent and asymptotically linear. Subsequently, the asymptotic normality and

semiparametric efficiency follow from the central limit theorem with
V(s = o) 2 N0, E(eg{(0)%)),
provided that E(oE(0)?) < .

Proof. Define

N = E({Pl(X) _p0<X)}m11(X))a D= E(pl(X> - PO(X))7

Ly Pi(X) — po(X)
11(0) - p1<X)

7'11(0) = wD,1 - wD,o-

¢YD,1 - mn(X) {¢D,o - i?gi;wD,l} )
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We follow the proof in Section S8. Jiang et al. (2022) already showed that +/my |P{w?, (O; T*(X))—
wi (O;T(X))} = op(1) (arguments are similar except for that our regularity condi-
tion (4) is weaker). It is left to show that /miy (P, —P){wi, (O: TH(X))—wl, (O; T(X))} =

op(1). We have

Wh(O; fk<X)) - W%l((l)é ['(X))

_ Z {Wpl (ﬁl - ﬁo)(YD - ﬁﬂ%n) - %]/9\1(]?1 - Po)(YD - P1m11)}

E—— +
N TTP1P1 )
(A1)
S 1= 2){(1 - @) (D — po) — (1 — F)mar (D —
fpl—PO)mn:(pl—po)mn—( ) ) 12§_7T>p(01)_%(> ) ( PO)}+
(A2) @ y

(As)
Z {Wplﬁoﬁln(D - ﬁl) - %ﬁlpomn(D - p1)}
W%plﬁ

(A1)

J/

Then E((A;)?|VF) = op(1) and E((A2)*|V7*) = op(1) follow from similar ar-
guments used in the proof Theorem 2 of the main manuscript. Additionally,
N IP’){TH(O;fk(X)) — m1(O0;T(X))} = op(1) can be shown using similar
reasoning as for wi,. Finally, \/n_k\]P’{TH(O;fk(X)) — m1(O; (X))} = op(1) has
already been established by Jiang et al. (2022), and these arguments complete the

proof. O

Similar large-sample properties can be established and proved for the other

PCEs using the similar arguments; hence, we omit them for simplicity. We then ex-

plicitly write out the forms of the closed-form variance estimators for \/n(fy5Me —
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doa, ) as follows:

K

S ML 1 Ny ~ R ~ R 2

V(ﬂ%IélMo) -~ Z ka {{g}lodl(o; 'y (X), M%S{l’k) - fgodl(O; ['w(X), uﬁﬁggo"“)} } )
k=1 Td0d1

where
~1,k ~0,k
~MO, 1,k Wdody ~MO,0,k _ Wdody
dod - =k dody - =~k
Tdody Tdod,

The consistency of the above variance estimators, i.e., i\’(ﬁ%iMO) = E(p35 (0)%)+

op(1), follows from the proof in Section S9.

S11 Sensitivity analysis for assessing the mean principal

ignorability assumption

S11.1 Sensitivity analysis for SACE

The validity of the results presented in Section 3 of the main manuscript for the
SACE, as well as in the Supplementary Material Section S4 for the PCEs among
other principal strata, may be compromised if Assumption 3 (mean principal ig-
norability) is violated. To address this, we propose a sensitivity function approach
to quantify the degree of deviation from the principal ignorability. Similar to the
approach considered in Jiang et al. (2022), we can quantify departures from As-

sumption 3 using the following four ratio-type sensitivity functions:

E(Y()D(:) = d.,
pe-X) = 0D () = d.

D(1—2)=1,X)

d. € {0,1
Di-z=0x) ==l
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provided that Pr (E (Y (2)|D(z) =d.,D(1 — z) = 0,X) # 0) = 1 for any z,d,. For
ease of reference, we summarize the sensitivity parameters required to facilitate the
sensitivity analysis for each estimand in Table S3, noting that again two out of the
four parameters are sufficient for a single PCE estimand. Notably, the mean prin-
cipal ignorability assumption for each estimand is satisfied when the corresponding
sensitivity functions are equal to 1. We illustrate the sensitivity methods for the
SACE and present the results for the PCEs defined on the remaining principal
strata in Section S11.2.

In particular, to assess the sensitivity of Assumption 3(a) and Assumption 3(c)
on estimating the SACE, it is sufficient to specify

(1) =1,X) E(

p1(X) =

D
D

I
<=

1
E(()ID0) =0.01) = 1.x) ")
We then derive the parallel results without assuming mean principal ignorability,
while assuming that the sensitivity functions, p.;(X),z € {0,1}, are known. Ac-
cordingly, one can propose a working specification for the sensitivity functions,
recalculate the point and interval estimates, and assess the robustness of the orig-
inal results based on Section 3 of the main manuscript (see an example in Cheng
et al. (2023)). A practical recommendation is to set p,1(X) to some constant val-
ues (or piecewise constant), which implies a log-linear model for the potential final

outcome, conditional on covariates and the potential joint intermediate outcome.

Given p,1(X), multiplying a factor, Q3 = p.1(X)/[1—{1—p.1(X)}p1_.(X)], z €
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{0,1}, in the numerator within the expectation leads to the identification formulas

based on weighting and outcome regression:

_E©(X)en(X)ZDY/ {x(X)pi(X)})  E (9} (X)en(X)(1 = Z)DY/ [{1 — 7(X) }po(X)])

M en(X) 2D/ {r(X)p ( )}) - E(aX)1-2)D/[{1 - m(X)}p(X))
. _ E(en(X) {9, (X)m (X) — O (X)ma (X)})
Elen (X)) ’

whose empirical analogue induces the bias-corrected weighting estimator and out-

~PI-OR

come regression estimator, utiWV and piIOR| respectively. We show that the

non-parametric EIF without principal ignorability can be expressed as p!l(O) =

E(e11(X))7H{€;,(0) — £1,(0)}, where for = € {0, 1}, £}, (0) = w§,(0) — pi; 711 (O)

and

pzl( ){1 pzl( )}

wi; = 0f wp; (O
w KO T X (X))

s1Up1—2 — P1—=(X) fer (X)m 1 (X).

Solving the estimating equations of the form ]P’n{g1 (0; &, BO, Bl, ﬁll)—g(l)l (0; &, B\O, Bl, Yo1)} =

0 yields a bias-corrected parametric estimator

~PI-BC _ ]Pn {QL(O) - Q(l)l((9>}
f P, {0}

which is again conditionally doubly robust (a full statement is found in Theorem

PIBC attains the semiparametric efficiency lower bound when all

S3). Moreover, fi;
working models are correctly specified. One may also derive the joint estimat-

ing equations and compute the sandwich variance estimators for the parametric

estimators.
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Following the procedures in Section 4 of the main manuscript, one can construct
a bias-corrected debiased machine learning estimator, which is defined as:
~1k  ~0k
Zk 17k <W11 — Wi >

Zk:l nk‘?n

~PI-ML _
11

Y

where 07 = P, {gfl(O;lA“k(X))} ,2 € {0,1}. Under regularity conditions out-

lined in Theorem S11 and that both the denominator and numerator of (2, are

~PI- ML

uniformly bounded, 77 n-consistent, asymptotically normal, and semipara-

metric efficient. Finally, a consistent variance estimator for /n(aii™Y — p1y) is
given by
1« 2
~ _ = 1k = ~0,k
T = {{ £, (0T, 2 - £, 0. 220} .
where E’i =y /7'11

S11.2 Sensitivity analysis methods for the remaining PCEs

Under violations of mean principal ignorability, the correction factors for the other

PCEs are given by

poo(X)
1 —{1 = poo(X) }p1(X)’

Qo = [1— {1 — p1o(X)}po(X)] ™, Qo = [1 = {1 = poo(X) }p1(X)] 1,

p10(X) 0 1 _1f1_ -1
e 3 e T

To construct efficient bias-corrected estimators and debiased machine learning es-

Qo = [1 = {1 = pu(X)}po(X)]7!, Qo) =

1
Q10_

timators for the other three PCEs, it suffices to provide the characterizations for
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Hfzodl (0):

1 — p1i(X)
[1—{1— pu(X)}po(X)]?
oy = O (X8 (0) + M ) = 1 (0o (X (X),

1- sz(X)

[1 - {1 - sz( )}pl Z(X)]z
Q%O = Q%O(XW%O(O) + il 51?(1 —){plw( p)lii)o()})]Q {¥po — po(X) fe1o(X)mi0(X),
1 — po1(X)

(1= {1 = por(X) }p1(X)]?

The large-sample properties of the parametric bias-correct estimator, i1,

%él = Q(ln(X)Wél(O) +

{¥p.0 — po(X) feor (X)mi1(X),

woo = Q5o (X)weo(O) +

{¢D,1—z — P12z (X) }€OO<X)sz (X),

{¥p1 — p1(X) fero(X)mo (X).

~PI- BC’ and

the debiased machine learning estimator, i}, ™M, for the SACE are summarized in
Theorems S3 and S4 below. Similar properties for the other PCEs can be derived

in a comparable manner and are omitted here for simplicity.

Theorem S3 (Conditional double robustness and local efficiency). If
{n(X; &), 7(X; o), p.(X; B.), p-(X; B87), z € {0, 1}} are uniformly bounded, Pr(e, <
(1= 1= s () }p1 (6 BE)], 11— 11— ot (XD} 1+ (X3 By o)} and |1 (X)) <
€,z € {0,1}) = 1 for some strictly positive constants €, and €,, and additional
reqularity conditions for the smoothness of the estimating functions hold, then
ulPIBC s consistent and asymptotically normal under either My N ./\/lg N ./\/lll, or
MO MLN MO N ML Furthermore, [if{ %€ achieves the semiparametric effi-

ciency lower bound, E(ptl(0)?), and is asymptotically linear with the influence

curve by o1{(O0) under My 0 M, N M) M NM,.
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Theorem S4 (Debiased machine learning). Suppose that infxc0(X) > 0
and the following regularity conditions hold for some constants ¢, € (0,1/2] and

€2, €1, 6 > 0:

1. 6 < A{n(X),7%(X), pE(X), ¥ (X)} <1 —¢€ for V1 < k < K, with probability

2. & < {1 = {1 = pa(X)}p1-=(X)], 11 = {1 = pa(X)}P_.(X)[} and |p1(X)] <

€,2 € {0,1} for V1 < k < K, with probability one;

3. Forz € {0,1}, { maz [|7(X) = 7(X)|l2, maz ||pE(X) = p=(X)l2, maz ||k (X) - mzl(X)IIQ} =

1<k<K 1<k<K 1<k<K

O]P’(n_l/él);
4. E{Y —ma(X)}}X,Z =2,D =1) < &,z € {0,1}, with probability one;
’ =~k _ , —_ - _
5. Forz,z €{0,1}, 123;%%”{” (X)—7(X) }m 1 (X)||2 = op(1) andlgcg{H{pz(X)
p=(X)}man(X)|l2 = 0p(n=1/%);
6. inf |0(X) — 1| >0, where X* = {X € X : §(X) # 1},
XeX
then OPIME — 1y = P {oP(O)} + op(n™2), which implies that piFME s \/n-
consistent and asymptotically linear. Subsequently, the asymptotic normality and

semiparametric efficiency follows from the central limit theorem with
~PL D
V(™ = ) = N0, E(¢1{(0)?)),

provided that E(of(0)?) < oo.
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S11.3 Proofs of identification formulas under violations of mean prin-

cipal ignorability
We note that
E(Y(2)|D(z) = d-, X)

:i;Pr(D(l —2) =i|D(2) = d., X)E (Y(2)|D(2) = d., D(1 — 2) =i,X) (LOTE)

= zl:Pr(D —ilZ=1-2X)E(Y(2)|D(2) =d., D1 —z) =i,X) (Assumptions 1-2)
:Zl;pr(p —ilZ=1-2X)E(Y(2)|D(2) = d., D(1 — 2) = i, X)

=E(Y(2)|D(2) = d., D(1 = 2) = 0, X) [1 = {1 = pza.(X) }p1-=(X)],

which implies

E(Y(2)|D(2) = d, D(1 — 2) = dy ., X) = Q30 (X)E (Y (2)|D(2) = d., X) ,
(S11.25)

where

1—{1 = pa.(X)}di—

Q20d1 <X) - 1 — {1 — Pzd, (X)}p17z<X) .

Therefore,
E(U(D(1 - 2) = di )Y ()X, D(z) = dz) Pr(D(2) = d.|X)
=FE(Y(2)|D(z) =d,,D(1 —2) =d1_,,X) egoq, (X) (LOTE)

=02, (X)E (Y (2)|D(2) = dz, X) a0, (X)  (Equation (S11.25)).
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By the proof in Section S5, we obtain

E(Q5 4, (X)edqa, (X)ma, (X))

Hdod, = Elena (X)) : (S11.26)
o E (1(Z = 2)1(D = d.)%, 4, (X)eapa, (X)Y/{Pr(Z = 2|X) Pr(D = d.|Z = 2,X)})
doch E(1(Z = 2)1(D = d.)eqyq, (X)/{Pr(Z = 2|X) Pr(D = d.|Z = z,X)}) ’
(S11.27)

where (S11.26) and (S11.27) are the identification formulas based on outcome re-

gression and weighting, respectively.

S11.4 Derivation of EIFs under violations of principal ignorability

We adapt the preliminary notation outlined in Section S6. Equation (S11.26) im-
plies that the denominator of the target estimand remains unchanged, and conse-
quently, the EIF for the denominator also remains the same. We focus on p}; and

the proof for 1Y is similar. We find the EIF for the numerator:
N = By (X)en (X)mu (X)).

The chain rule implies that

{1 = pu(X)}pn(X)

0 (K)om0 = [1—{1 = p11(X) }po(X)]

500.0(X) |v=0 (S11.28)
and

N, fu=o = E(Q1; (X)en (X)mi (X)S(X)) + B(Q11(X)érn,o(X)fu=omii (X)) +

(B1) (B2)

B (X)en (X)muno(X)|o=o) + B(Qy, (X)u=oent (X)mu (X))

(Bs) (Ba)
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(B1) equals to
E({Q1;(X)en (X)min (X) — N}S(X)),

because E(S(X)) = 0. Equation (S6.9) implies
(Bz) = E(Q4; (X){m11(0) — en(X)}m11(X) S (D] Z, X)).
Lemma 2 indicates that

(By) =E<9h< x)uX)

n(X) {yp1 —mu(X)Yp1}S(Y|D, Z, X)> .

Equation (S11.28) and Lemma 1 imply

(B4):E< P11 (X1 — p11(X)}
[T —{1 = pua(X) }po(X)]

One can verify that

{0 — po(X) Yen (X)ma (X)S(D|Z. X)) |

Q1 (X)er1 (X)my1 (X) = N € Fy,

Q1 (X){r11(0) — enn(X)}m1 (X) € Fs,

P (X){1 — p11(X)}
[1— {1 = p1:(X) }po(X)]

0},(X )21(( )){¢YD1 mi1(X)Yp1} € Fu.

Therefore, the EIF for the numerator is given by

2{¢D,0 — po(X) Fern (X)mq1 (X) € Fs,

pn(0) = =N 4wy, (0), (S11.29)

where

wh:Qth}h(’) PN — pu (X)) D0 — Po(X) fer1 (X)mq (X).
why = 0 (00 (0) + 2 i s W = () e (X)ma (X
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Finally, the quotient rule implies that the EIF for ui, is given by

&%1(()) - /ﬁhﬁl(o)‘

90?1171(0) = E(en(X))

S11.5 Proof of Theorem S3

We follow the preliminary results provided in Section S7.2. The result that it} BC

under M NAMONMNM) MM, achieves semiparametric efficiency, i.e., /n(fif P9 —
i) 2 N (0, E (#11(0)?)) follows from the proof in Section S7.2 because we can
verify E (0pn(O; N,¢*)/0¢T) = 0 for oy defined in Equation (S11.29).

We already showed that the denominator, P,,{€e;;(X)}, is consistent for E(eq1(X))

under MO M. Let ity 2% = [P {11 (O; T(X))}] ' Po{w?, (O; T(X))}. Then

- 1 —pn) I—m
E(Qr Wl * & pr( —of) ef ) — QL !
( 11 W11 {1 ~ (1 — p11)p0}2 1 — 7 (po po) 111 { 11 11}

x, 1 pu(l—pn) 1-m o s *
=L (Qil (wii —wiy) + (1—(1— Pll)p0}2 e (Po = Pp) €11miy +wiy (4, — Q1)

(LOTE) (S11.30)

which vanishes under either M, N M) N M, or M) N M, N M) N M. Similar

proof applies to ﬁlfll'Bc’o

S11.6 Proof of Theorem S4

The proof follows from the arguments in Section S8 by incorporating the additional

regularity condition that for some strictly positive constants €, €5, Pr(e; < {|1 —
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{1—pa(X)}p1—-(X)|, 1={1=p1(X)}P}_(X)[} and |p.1(X)] < &5, 2 € {0,1}) = 1;

this uniformly bounds the numerator and denominator of the square of the true
and estimated correction factors, 27, (X) and Qfl(X). To see this, it is enough
to show that \/ng|P{wl, (O;T*(X)) — w},(O;T(X))}| = 0p(1). Lemma S8 below
serves a similar role to Lemma S6, connecting the multiplicative factors (27, to the

mixed-bias properties of the influence function.
Lemma S8. For z,y € (0,1) and a € R such that (1 —a)x # 1 and (1 —a)y # 1,
define f(z) = a/{l — (1 —a)x}. Then Taylor expansion implies

) = 50) + == )+ olle = o),

By (S11.30) and Lemma S8, we obtain

ViR[P{wl, (O TH(X)) = wh (O T(X)}

pu(l = pi) o fl=T 1
<\/ng ‘P{ (po — Po) (—Aenmu —w +
[ {1—(1— pu)po)’ 1-7 .

Op(1)P {|@h — wi |} + Op(1)P {|po — p0|2} (Triangle inequality)

<y 01(0) [P { =7 (T= 500 ) |+ On(hormt) + o]p(l)oﬂ»(n—l/?)]

1—m .

| 0e(1) [P { (3 o) (1= S —m)}‘ +os(1) (LOTE)

+ 0]}»(1)

PN e N S .
=/ny | Op(1) |P {(po — Do) { [z + e (myy —maq) + (e — 6’11)m11}}‘

=op(1) (Cauchy-Schwarz and RCs (1)-(3)),
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where the last equality is established using similar techniques as in Section S8.
Next, we discuss the plausibility of this additional regularity condition when

p.1 are constant. We first define

I :min{ir)éfpl_z(X),igfﬁ’ffz(X) :2€{0,1},1 <k <K},

I, = max{sup p;_.(X),supp*_(X):2z¢€{0,1},1 <k < K}.
X X

Then the condition that there exists a positive constant €; such that ¢ < |1 —
{1 — p.1}pi_.(X)] is satisfied if p.; # [1 — ;1,1 —1;']. To see this, the condition
inf,e(ap) |P(uw)| > 0 can be achieved if h(a)h(b) > 0, where h(u) =1 — (1 — p.1)u.
Although the precise range of p.; depends on the constants [y, ls, defined by the
supremum and infimum of the principal scores (including their estimates), it is
worth noting that any nonnegative value of p,; always satisfies this regularity con-
dition. In practice, nonnegative values of p.; imply that the mean of the potential

final outcome does not change sign across distinct principal strata.

S11.7 Proof of consistency of the variance estimator for the debiased
machine learning estimator in sensitivity analysis of principal

ignorability
~PI-ML

The proof of the consistency of \A"(,udo 2, ) follows directly from the proof in Section

S9, as the EIF satisfies the conditions of Lemma S7.
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S12 Additional information for simulation study

S12.1 Data-generating process

In each scenario, we simulate three continuous covariates, X;,i € {1,2,3}, each
following a truncated standard normal distribution, within the range [—20,20],
along with one binary covariate, Xy ~ Bern(0.5). The treatment assignment is
then simulated using logistic regression, with Pr(Z = 1|X) = expit(0.137_, X; +
0.5X,), where expit(z) = (1+e7*)7. For b4 € {0.5, 1,2}, the marginal potential

intermediate outcomes are simulated from

Pr(D(1) = 1|/X) = expit(0.3X; 4 0.4X5 + 0.3X;3 + 0.5X,),

Pr(D(0) = 1|1X) = expit(0.4X; + 0.3X5 4+ 0.4X3 + 0.5X,).

The joint distribution of D(0) and D(1) can be computed based on (S5.6); un-
der monotonicity, the joint potential intermediate outcomes are generated from a

categorical distribution with the following probability mass function:

Pr({D(0), D(1)} = 11|X) = expit(—0.4 — 0.2]X;| — 0.2|X,| — 0.2|X3] — 0.2X}),
Pr({D(0), D(1)} = 01|X) = expit(1.2X,) — expit(—0.4 — 0.2|X;| — 0.2|X,| — 0.2 X3] — 0.2X)),

Pr({D(0), D(1)} = 00|X) = 1 — expit(1.2X,).
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Finally, for 6. € {0.5,1,2}, the potential final outcomes follow

Y(1) ~N(=1+D(1) + X1 +3) X, 1),

1=2

Y (0) ~ N (3 = D(0) — 1.5X; + 2X5 + 2X;3 — 2X,, 1); (S12.31)

under monotonicity, the data-generating process for the potential final outcomes is

obtained by replacing X; with |X;| in equation (S12.31).

S12.2 Transformation of covariates

Specifically, the misspecified models for the parametric estimators are obtained by
fitting regression models on (X1, Xa, X3, X4) = (log(arctan(X;+X,)+1.57), (X»/5), arctan( X3+
X4), X4), where arctan(e) = tan~!(e), and the nuisance functions for the debiased
machine learning estimators are learned from ()N( 1 )Z'g, 5{:3, )~(4). It is straightforward

to verify that the above covariates transformation is differentiable and bijective.

S13 Additional tables and figures
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Figure S1: Simulation results for the bias of the average treatment effects among never-takers stratum (‘00’) and

defiers stratum (‘10’) when the true odds ratio is O¢rue = 0.5. The design matrices (a)-(e) are described in Section 5.1.

The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the debiased machine
~CDR

learning estimator, respectively. For instance, ‘PAR-0.5" and ‘PAR-INF’ indicate Bagd, based on assuming 6 = 0.5 and

monotonicity, respectively.
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Figure S2: Simulation results for the bias of the average treatment effects among always-takers stratum (‘11’) and

compliers stratum (‘01’) when the true odds ratio is 6¢yue = 1. The design matrices (a)-(e) are described in Section 5.1.

The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the debiased machine
~CD

learning estimator, respectively. For instance, ‘PAR-0.5" and ‘PAR-INF’ indicate p‘dod? based on assuming 6 = 0.5 and

monotonicity, respectively.
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Figure S3: Simulation results for the bias of the average treatment effects among never-takers stratum (‘00’) and

defiers stratum (‘10’) when the true odds ratio is ftrue = 1. The design matrices (a)-(e) are described in Section 5.1.

The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the debiased machine
~CDR

learning estimator, respectively. For instance, ‘PAR-0.5" and ‘PAR-INF’ indicate Bagd, based on assuming 6 = 0.5 and

monotonicity, respectively.
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Figure S4: Simulation results for the bias of the average treatment effects among always-takers stratum (‘11’) and

compliers stratum (‘01’) when the true odds ratio is 6¢yue = 2. The design matrices (a)-(e) are described in Section 5.1.

The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the debiased machine
~CD

learning estimator, respectively. For instance, ‘PAR-0.5" and ‘PAR-INF’ indicate p‘dod? based on assuming 6 = 0.5 and

monotonicity, respectively.
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Figure S5: Simulation results for the bias of the average treatment effects among never-takers stratum (‘00’) and

defiers stratum (‘10’) when the true odds ratio is Otrue = 2. The design matrices (a)-(e) are described in Section 5.1.

The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the debiased machine
~CDR

learning estimator, respectively. For instance, ‘PAR-0.5" and ‘PAR-INF’ indicate Bagd, based on assuming 6 = 0.5 and

monotonicity, respectively.
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Figure S7: Simulation results for the bias of the average treatment effects among always-takers stratum (‘11’) and
compliers stratum (‘01’) when the true odds ratio is @irue(X) = |17 X| + 0.1. The design matrices (a)-(e) are described
in Section 5.1. The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the
debiased machine learning estimator, respectively. For instance, ‘PAR-t’ and ‘PAR-m’ indicate ﬁdc(?dfi based on assuming

0(X) = Orue(X) and 0 = E(Ogrue (X)), respectively.
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Figure S8: Simulation results for the bias of the average treatment effects among never-takers stratum (‘00’) and defiers

stratum (10’) when the true odds ratio is Ogrue(X) = |17 X|40.1. The design matrices (a)-(e) are described in Section 5.1.

The labels ‘PAR’ and ‘DML’ represent the parametric conditionally doubly robust estimator and the debiased machine

learning estimator, respectively. For instance, ‘PAR-t’ and ‘PAR-m’ indicate ﬁg(?;} based on assuming 6(X) = O¢rue(X)

and 0 = E(04rue(X)), respectively.
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Table S1: Summary of necessary and sufficient conditions that characterize the degenerate cases where certain principal

strata are excluded.

Necessary yet not sufficient Additional constraint to
Excluded principal strata
implication on 6(X) ensure sufficiency
no defiers, e19(X) =0 0 — oo p1(X) > po(X)
no compliers, eg1(X) =0 6 — oo po(X) > p1(X)
no always-takers, e11(X) =0 0=0 p1(X) +po(X) <1
no never-takers, ego(X) =0 =0 p1(X) +po(X) > 1
no defiers and compliers, e19(X) = e01(X) =0 0 — oo p1(X) = po(X)
no always- and never- takers, e11(X) = ego(X) =0 =0 p(X)+po(X) =1
no always-takers and defiers, e11(X) = e10(X) =0 0 undefined p1(X) = ep1(X) and po(X) =0
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Table S2: A summary of the association measures for {D(0), D(1)} that can serve as the sensitivity
parameter. Define e14(X) = e10(X) 4 €11(X) and ee1(X) = €p1(X) + e11(X) as the marginal

expectations for D(0) and D(1), respectively.

Dependence measure Expression Margin-free?
Odds ratio 0(X) = Zi;gi;:?gi; v
Yule’s coefficient of colligation (Yule, 1912) \/ZE%)Q v
Probability ratio (Ding and Lu, 2016) Z;TE§§ X
. . . e11(X)(1 — e14(X
Risk ratio (Bishop et al., 2007) Héolz;)ehzx() ) X
Pearson correlation coefficient e11(X) — e1e(X)ear (X)
X

(a.k.a. ¢ coefficient) (Wu et al., 2024) VerX)(1 = e (X))ear(X) (1~ car(X))

Table S3: A summary of the correspondence between sensitivity functions and the mean principal

ignorability assumption for each PCE estimand.

Mean principal ignorability and sensitivity functions

Estimand
(@) ~p1n (b) ~pro (c) ~ por (d) ~ poo
Always-survivors v v
Compliers v v
Never-takers v v

Defiers v v
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Table S4: Simulation results for the (%) empirical coverage probabilities of 95% confidence intervals for PCEs, under
Otrue = 1. Results are based on two sets of estimators: the parametric conditionally doubly robust estimator (PAR)
and the debiased machine learning estimator (DML), with both correct and incorrect assumptions about 6. The model
misspecifications are represented by different design matrices (a)-(e). The symbol “\” indicates that the approach assuming
monotonicity is inapplicable for estimating the PCE for defiers. Estimators highlighted in bold are theoretically valid

according to asymptotic theory.

PAR-0 DML-6
Strata Model specification 0.5 1 2 00 05 1 2 00

(a) 90.6 95.0 91.0 33.7 91.2 958 90.8 359
(b) 922 95.2 91.2 50.0 91.7 95.0 91.6 426
Always-takers (c) 90.6 94.6 909 334 909 959 904 355
(d) 90.3 954 91.0 33.1 90.3 95.0 90.8 379
(e) 91.6 943 919 614 90.7 94.4 91.2 50.7
(a) 939 93.3 934 999 940 94.2 946 984
(b) 94.0 93.8 933 999 93.7 93.4 939 98.1
Compliers (c) 93.9 93.7 937 999 941 93.9 938 982
(d) 934 931 933 999 936 93.2 941 981
(e) 81.9 83.0 848 100.0 89.4 89.3 90.2 98.0
() 895 94.7 909 137 910 951 90.6 151
(b) 90.0 94.7 91.1 250 91.0 94.8 90.7 29.6
Never-takers (c) 89.7 94.5 91.0 133 91.0 95.3 90.7 153
(d) 86.4 95.0 919 136 90.2 95.7 921 155
() 930 928 858 244 922 94.4 8T8 275

(a) 949 95.0 950 \ 945 95.1 957 \

(b) 950 95.2 950 \ 045 95.0 946 \

Defiers () 950 95.0 949 \ 950 95.1 95.6 \

() 945 948 950 \ 955 955 95.2 \

() 901 912 930 \ 92.8 93.9 949 \
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Table S5: Simulation results for the (%) empirical coverage probabilities of 95% confidence intervals for PCEs, under
Otrue = 2. Results are based on two sets of estimators: the parametric conditionally doubly robust estimator (PAR)
and the debiased machine learning estimator (DML), with both correct and incorrect assumptions about 6. The model
misspecifications are represented by different design matrices (a)-(e). The symbol “\” indicates that the approach assuming
monotonicity is inapplicable for estimating the PCE for defiers. Estimators highlighted in bold are theoretically valid

according to asymptotic theory.

PAR-0 DML-6
Strata Model specification 0.5 1 2 00 05 1 2 00

(a) 772 91.1 95.7 589 789 920 96.1 61.7
(b) 82.1 91.2 94.0 69.2 79.6 91.7 95.3 65.9
Always-takers (c) 777 913 959 591 77.6 92.0 96.1 609
(d) 77.0 914 957 59.2 75.9 91.3 95.7 62.4
(e) 82.0 89.7 933 794 775 90.8 94.7 713
(a) 95.0 95.0 95.3 100.0 952 959 96.4 985
(b) 94.9 95.0 95.0 100.0 945 949 94.9 98.6
Compliers (c) 954 95.6 95.5 100.0 951 954 96.3 988
(d) 95.5 95.7 954 100.0 959 96.6 96.6 98.7
(e) 83.7 85.2 86.2 100.0 92.1 924 93.2 988
(a) 75.0 90.3 94.2 355 78.0 91.9 94.6 389
(b) 80.9 91.2 93.4 474 812 914 94.1 53.1
Never-takers (c) 75.2 90.6 94.0 358 77.8 92.1 94.9 39.2
(d) 69.9 88.9 949 36.0 76.2 90.8 95.6 39.3
(e) 86.7 92.7 92.6 46.0 852 933 94.1 509

(a) 942 953 95.0 \ 941 953 96.1 \

(b) 943 943 95.0 \ 045 943 95.0 \

Defiers () 943 951 94.8 \ 94.2 953 95.7 \

() 946 950 952 \ 941 952 95.6 \

\ \

(e) 87.9 89.3 91.7 92.7 933 94.2
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Table S6: Simulation results for the (%) empirical coverage probabilities of 95% confidence intervals for PCEs, when
monotonicity holds. Results are based on two sets of estimators: the parametric conditionally doubly robust estima-
tor (PAR) and the debiased machine learning estimator (DML), with both correct and incorrect assumptions about 6.
The model misspecifications are represented by different design matrices (a)-(e). Estimators highlighted in bold are

theoretically valid according to asymptotic theory.

PAR-0 DML-6
Strata Model specification 0.5 1 2 00 0.5 1 2 00

(a) 73.5 789 835 93.0 78.0 81.5 855 94.0

(b) 746 789 847 94.0 771 79.6 834 93.9

Always-takers (c) 729 788 836 93.3 780 81.0 843 93.1
(d) 73.6 79.2 826 93.7 769 81.1 855 93.4

(e) 66.4 71.6 758 934 723 758 80.3 93.3

(a) 21.5 353 559 96.4 224 385 612 97.3

(b) 30.0 42.0 60.6 95.0 283 43.6 63.1 96.7

Compliers (c) 215 356 559 96.0 23.0 388 614 96.8
(d) 22.0 355 548 96.1 225 392 60.7 97.1

(e) 334 442 593 951 304 454 657 96.0

(a) 92.5 923 92.7 95.0 940 92.7 923 95.0

(b) 93.1 92.8 92.7 949 926 91.8 919 95.0

Never-takers (c) 924 922 923 95.1 939 93.0 931 954
(d) 92.7 920 92.6 95.0 932 926 92.6 95.0

(e) 924 91.8 925 951 922 921 91.7 95.8
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. summary of the key takeaways from simulation studies, where represents the data-generating process
Table S7: A f the key tak £ imulati dies, where ‘DGP’ he d i

and ‘DML’ represents the debiased machine learning estimator.

Oirue in the data-generating process
f-specification

Monotonicity Non-monotonicity
The scenario considered in 1. Largest bias and undercoverage of CI;
Jiang et al. (2022), where we 2. Unstable estimates for CACE;

Monotonicity
extend the DML under cross-fitting. 3. Unable to estimate PCE for defiers.
1. Our approaches produce valid inference
Mild bias and undercoverage, with correctly specified 0;
Non-monotonicity

which vanishes with increasing 6. 2. Some bias and undercoverage with

moderate misspecification of 6.
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Table S&: Simulation results for the (%) empirical coverage probabilities of 95% confidence intervals for PCEs, under
Otrue(X) = |1TX| +0.1. Results are based on two sets of estimators: the parametric conditionally doubly robust estimator
(PAR) and the debiased machine learning estimator (DML), with both correct and incorrect assumptions about 6. The
model misspecifications are represented by different design matrices (a)-(e). The symbol “\” indicates that the approach
assuming monotonicity is inapplicable for estimating the PCE for defiers. Estimators highlighted in bold are theoretically

valid according to asymptotic theory.

PAR-0 DML-6
Strata Model specification  Opue(X)  E(firue(X)) 0.5 1 2 1) Ourue(X)  E(fpue(X)) 0.5 1 2 00

(a) 94.3 90.1 92.7 940 86.2 255 95.3 90.5 93.1 945 858 284
(b) 93.6 90.9 91.8 93.3 88.2 40.7 93.9 90.4 922 943 86.3 316
Always-takers (c) 94.2 90.0 92.1 939 86.2 249 94.2 90.2 92.8 945 855 275
(d) 94.5 90.3 92.6 93.8 87.0 26.2 94.0 90.2 91.9 939 849 299
(e) 93.0 90.9 924 927 888 54.2 93.4 90.2 90.6 92.6 86.4 38.1
(a) 94.8 94.0 941 941 941 999 95.4 95.0 943 946 950 98.0
(b) 94.4 94.5 94.5 94.8 943 99.9 95.0 94.7 94.1 947 947 985
Compliers (c) 94.9 93.9 93.7 93.8 939 99.9 95.1 94.8 94.8 946 94.7 97.6
(d) 94.4 93.9 93.6 93.6 94.0 100.0 95.4 94.8 94.2 94.7 950 98.3
(e) 82.2 774 735 745 785 99.8 94.4 92.8 90.6 91.9 933 982
(a) 94.9 95.1 81.8 932 938 258 94.8 95.3 83.4 935 93.7 277
(b) 93.0 92.9 86.5 92.6 92.7 36.0 93.8 94.2 84.8 939 929 359
Never-takers (c) 94.9 95.1 815 932 93.6 25.1 93.8 94.4 834 933 934 29.7
(d) 94.8 95.2 785 921 948 26.1 95.2 96.0 81.1 932 943 293
(e) 91.7 91.2 90.4 93.3 90.0 36.0 94.1 94.3 85.5 93.8 927 371

(a) 94.7 92.4 93.6 928 925 \ 95.1 93.4 942 94.0 936 \

(b) 95.1 93.8 945 946 935 \ 94.9 93.7 94.3 942 939 \

Defiers (c) 94.7 92.6 93.8 929 926 \ 94.8 93.5 93.9 938 93.7 \

(d) 94.5 92.3 93.7 93.0 926 \ 95.1 93.0 945 938 93.0 \

(e) 91.5 94.5 934 94.0 943 \ 94.6 94.1 94.6 944 942 \
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