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S1 Discussions about the technical assumptions in

the main body of this article

Assumption 1 imposes some constraints for the regression coefficients. In
addition, from this assumption, we could conclude that the parameter space
© C R? for 0 is compact, which is frequently encountered in the literature
on distributed data analysis, such as [Zhang et al.| (2013), Huang and Huo
(2019) and |Jordan et al. (2019)). Assumption 2 states that the eigenvalues
of Qm) is bounded below and above by some positive constants, which en-
sures that Q) is a positive definite matrix. Assumption 3 imposes certain
moment conditions, which align with the smoothness assumption proposed

in [Zhang et al| (2013]) for the squared loss function. However, we require
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these conditions to hold only at the true value of regression coefficient vec-

tor. This requirement is milder than that of Zhang et al. (2013), which

necessitates these conditions to be satisfied in a neighborhood around the

true value of regression coefficient vector. In addition, Assumptions 2 and 3
T

together guarantee that the Hessian matrix n‘lHk(m)Hk(m) of the empirical

is bounded with

loss function Iy, (0 ) is invertible and Hn_ng(m)Hk(m)
high probability. These results are important for deriving the upper bounds

of the mean squared errors of the distributed estimators for 8g(,).

S2 Proofs of the theorems

Before proceeding to the proofs of the main theorems, we present two
auxiliary lemmas that provide upper bounds for the sums of independent
and identically distributed random vectors and matrices. These lemmas
have appeared in the literature of [Rosenblatt and Nadler (2016) and Huang

and Huo (2019), where detailed proofs can be found.

Lemma 1. Let &,,...,&, € RY be ii.d. random vectors with E€;, = 0.
Suppose there exist some constant a > 0 and ly > 2 such that E ||€;]|% < alo.

Let €, =n"1>"" &, then for 1 <1 <ly, we have

Coet (1, d)al

=l
Ell&.ll, < =75
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where ¢yt (1, d) is a constant depending solely on | and d.

Lemma 2. Let Ay,..., A, € R¥™ be i.i.d. random matrices with EA; =
O4xq. Suppose there exist some constant b > 0 and ly > 2 such that
E|A]" <blo. Let A, =nt 31| A, then for 1 <1<y, we have

Contr (1, )V

iz

— !
E|A <
where Cp(1,d) is a constant depending on | and d only.

Utilizing the aforementioned Lemmas 1 and 2, we are able to derive
the key results that are crucial for our subsequent proofs. These results are

encapsulated in the following lemma.

Lemma 3. Suppose that Assumptions 2 and 3 are satisfied. Then, for
m=12,.... M, k=1,2..., K, we have the following inequalities

1 . : Coet (1, d)cl
E Hngm)Ek LS e

for 1 =2,4,8, (S1)

and

1 l
EHEHE(m)Hk(m) — Q|| < for 1=2,4,8. (S2)

Furthermore, the Hessian matrix corresponding to the mth candidate model

and data on the kth machine satisfies

1
H ﬁHg(m)sz(m) =0,(1) (S3)
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and

= 0,(1). (S4)

1 -1
T
(Gt

Moreover, if the number of machines satisfies K = o(n*), it follows that

1
max || —H ) Hygn || = Op(1) (S5)
and
1 —1
max. (ﬁH;f(m)Hk(m)) = Op(1). (S6)

Proof of Lemma 3: We begin by expressing n 'HJ} g as

1 n
- E lexihi; — E (b)) .
=1

From Lemma 1 and Assumption 3, we could obtain that

1 l

! Coet (1, d)h
W2

E

1
<E H—H’,fek
n

2 2

for [ = 2,4,8. Similarly, it is easy to see that

n

1 1
S Q= LSt ()

i=1
Then, we could get

l l

1

Comtr (1, d)
E HﬁHg(m)Hk’(m) - Q(m) Q

S ’I’Ll/2 )

1
<FE H_Hng -Q
n

for | =2,4,8.
For any ¢t > 0, according to Markov’s inequality, we have that

E

8
1
G Him) — Q(m)H _ Contr (8, d) S
tS - n4t8

1
Pr { HﬁHg(m)Hk(m) - Q(m)H > t} <
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Let t = ¥/coir (8, d)c}/nir with 7 being a positive constant. Then, for any

0 < 7 < 1, with probability at least 1 — 7, it holds that

8 C’mt’r‘(87 d)Ci

<
- nir

1
‘ ' ﬁHg(m) Hk(m) - Q(m)

Moreover, as the sample size of data stored on each machine n tends to

infinity, there exists an integer .J; such that for all n > Ji,

i/cmtr(& d)CZ/TL4’7' < A(m)

Therefore, according to Assumption 2, it follows that

3/ CmtT(& d>0481 1 T 8 Cmtr(& d)ci —

Consequently,
G N - PRI o
8 mtr ) 4 N T 8 mitr ) 4
[ o +)‘<m)] = (EHk(m)Hk(m)) = [— B +A(m)] :
We then could conclude that
_ _ -1
[0y Hiy || = 0,(1) and H(n "HY o Hi) ‘ — 0,(1).

By the union bound, for any 7 > 0, with probability at least 1 — 7,

< 8 CmtT(S,d)CiK

1
ﬁHg(m)Hk(m) — Q)

max
1<k<K

nir

Since K = o(n?), there exist an integer Jo such that for all n > J,,

\S/cmtr(& d)GK/niT < (-
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Thus, we have that

0< ¢ Comir (8, d) G K
nir

1<k<

1
+ Xy < mln Amin (ﬁHg(m)Hk(m)) =

1 e (8, d)EK
MAX Amax (EHE(m)Hk(m)) < ofenur& DGK N

1<k<K ntr
It immediately follows that

1
max EHg(m)Hk(m)

B =0,y(1) and max

1 -1

This completes the proof of Lemma [3]

]

Lemma 4. Let A be a positive definite matriz with minimal eigenvalue
being \, and {Ak}le be a collection of matrices of the same size satisfying

max;<p<x || Agl < ¢ with < X. If S0 | Ay =0, it holds that
RS - ¥
k=1

Proof of Lemma 4: Firstly, we rewrite

K

H[ li (A+A,) "'—A ]AH_HK‘IZ(AJrAk)_lA—I.

k=1

For any 1 < k < K, we have

-1 -1

(A+A)"A=[AI+A7A)] A= (I1+A7'A))

Since

A < A 1A < § <1,
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the following Neumann series expansion holds

I+C)" = i(—l)rc’",

for any ||C|| < 1. Setting C = A~'A} in the expression above, we obtain

that
(A+AN)TTA=) (1) (AT'AL) =T-A7'A+> (-1) (AT'Ay)".
r=0 r=2

Under the condition Zszl Aj = 0, we achieve that

According to the triangle inequality and the convexity of the operator norm,

we could get that

IA IA
M 1]
M=M= =
B
3

VAN
[
ST
VA
%

AT AL

Hence, the desired inequality follows.

Proof of Theorem 1:
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Firstly, we establish the asymptotic distribution of the estimator 91,(m).
According to the definitions of Il,,), Sy and S, we could obtain the

following decomposition

T 1 44T
(HypyHim))  Hyom¥s — 90<m>]

K
= T3 (H ) Hin) By (HiSo (T, = T, M) %, + 1) |

K k=1
\/N K [ 1 T - T 1 T T
= 7 Z ﬁHk(m)Hk(m) S(m) EHk H;, | So (Iq - H(m)H(m)) Yo
k=1 L
K —1
N 1 T 1 T
o ; (ﬁHk(m)Hk(m)) (ng(msk)]
2 T 4+ Ty+Ty+Th, (57)
where
1 & 1 ! 1
Ti=2>, { (HH;CF(m)Hk(m)> - Q(}B] S m) (;Hgﬂk) So (Iy = T I 5} )
k=1

1
— T T T
Ty = QySim (NH H) So (I, — 11, M) 8,

VN ¢ Loyt B —1 Lorr
Ty===) (;Hum)ka) — Q) (gHMm)Ek) :
k=

1

and

1
-1

We proceed to analyze the asymptotic behavior of T to Tj.
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Initially, we show that 77 = 0,(1). By the ¢, inequality, and the product

inequality, we obtain

-1
HQ<m>

H5H2] :

By the ¢, inequality, Cauchy-Schwarz inequality and Inequality (S2), we

H%]

1
HEHEHk

1 T
HﬁHk(m)Hk(m) — Qm)

A
==
[™] =

IN
Y=
&
5

e

1 T
By Him) = Q)

1
H—HEHk
n

could derive that

K
1 1 .+ . J
E E;HgHm)H/@(m)—Q(m) HQ(m) H;Hka H5H2]
1 T -1 1 T
= B ng(m)Hl(m)_Q(M) HQ(m)H ﬁHlHl H5||2

IA

9y 1/2 ] 9y 1/2
} {E H—HlTHl }
n

) 1
Apmydc2 {E H5H1T<m>H1<m) — Qm)

9y 1/2 9 1/2
< A(ni){EH%Hﬁm)Hl(m)—Q(m) } {2EH%H1TH1—Q +2||Q||2}
= O(n Y.

Hence,
iiHEHT Fio ~ Qoo Qg || EiEE 161, = 0,01
K 2<|n k(m) Hk(m) (m) m)|| || kTR 27 P\

which implies that
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according to (S6).
For T5, by the weak law of large numbers, we obtain

1
—H'HZ Q.
N Q

Hence,

Next, we show that T3 = 0,(1). Similarly to the analysis of T, we have

1 - 1
—H! Hium -Qt | (-H!

that

k=1 2
= \/E i lH;fm)Hk:(nz)) 1 H L3 Fay ¢ o HT()
Kk:l n 2
1 -1
< max (nHE(m)Hk(m)>

&=

2]
4 }
(
2
1/2
2\ V -

1 T 1 T

IN

9y 1/2
2}

_ 1
A(;)W{EH ~H ) Him) — Qo

oy
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Hence,
K
VE ZH —H; ) Him HT =O< —>,
5 n
which implies that
Ty = 0,(1), (S10)

according to (S6) and the condition K = o(n),

For T}, by the central limit theorem, we know that

1
—H" % ¢.

VN

Thus,

T, % Q St (S11)

From (S8)-(S11), applying Slutsky’s theorem, we obtain
\/N (él(m) — Oo(m)> i> A(m)é + B(m)c.

Thus, the asymptotic distribution of 91(m) is established.

2

él(m) — Og(m)|| - Define event
2

Next, we establish an upper bound for £ ‘

1
A T
Ewm = {HEHl(m)Hl(m) — Q)

< F&A(m)} ) (512)

with x being some constant satisfying 0 < k < 1, and Efm) denotes the

complement of E,,). Then, it is easy to see that

2 . 2
91(m) - eﬂ(m) ) = K “ Ol(m) - OO(W)H2IE<m>} +E U

él( 00 (m) H IE(m):|
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é L1+L27 (813)

where

L =E ’

. 2 T
01(m) — Oo(m) H2 I | -

and

L,—E ‘

N 2
01(m) — Oo(m) , Te |

Under the event E(,,), the eigenvalues of nilHlT(m)Hl(m) satisfies

1 —
0 <1 —=rK)Aum = EH?(m)Hl(m) = KA () T Apm),s
which implies that

1 —1
(o)

We first provide an upper bound for L;. From (S7), we could derive

< [(1 = KA (S14)

that
. 2
E { 01(m) — Oo(m) 2} < 4(Ly + Lig+ Lis + L), (S15)
where
1< |/1 ! 1 i
Lu=E|+ > [(ﬁHg(m)Hk’(m)> - Q(_ni)] S (m) (EHEH'“) So (I — Moy Mimy) ]|
k=1 2

2
1

Ly=E EHEHO So (I, — I}, i) ¥

bl

2

K

k=1

K 1 1 1 2
Lu=E|2), (gH;ff(m)HMm)) - Q) (gHam)sk)

k=1

2

Y
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and
2

1

We handle L;; to L4 separately under E,). According to the ¢, and

2

Cauchy—Schwarz inequalities, (S2) and (S14), under Assumptions 1 and 2,

we could get that

Lll
. —1]|? 1 2 2|1 2 2
< E (EH"{(m)Hl(mO HEHIT(m)Hl(m)—Q(m) HQ(;}L) HEH?Hl 712
L 1/2 1/2
(1= WA 22203 [ |1 ' e
< (]\)[ ) EH—H?(m)Hl(m)—Q(m) EHﬁHlTHl
1
- o —
()
L12
2
< E|lQ-1sT lHTH S, (I, — IT} \II
< QuySem) |, Hi Hi o (I, — I, ())’72
2)\ ch 1 2
< Dty HEH?Hl—Q QP
-2 732 2
o Rt (1
- N nN /)’
LlS
. 1112 ) 2
T
< F (nHl(m)Hl(m)> HEHNm)Hl(m) (m) HQ H H 181
2

1) 1/2 ] 4 1/2
} {EH —H, & }
2

1
< [(1- li))\ ] 2)\ 2 {E HEHam)Hl(m) — Q(m)
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2 S A(:/rzb)cvct(Q,d)C%.

5 N

2 1
v s P )

Hence,

n2

L, <

2\ 2 XZm g2 + X2 (2, d) 2 1
< T T N_(m) a )3+O< ) (S16)

Now, let’s deal with Ly. From (S2), Assumptions 1 and 2 and Markov’s

inequality, we have
Ly
2
_E “ 21E€m)1
2+q(m)c§ Pr (ES,)
pc N (m)

8
(o i) Elietcs -0
< |pc
1 (“A(m))s

~ 0 (%) | (S17)

From (S13), (S16) and (S17), we could finally conclude that

91(m) — Oo(m)

IN

B —2
< +0 .

[ = o, < ¥ ?

n2

This completes the proof of Theorem 1.

Proof of Theorem 2:
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We firstly establish the convergence rate of é;t;rml)) According to the

definitions of Il,,), So, and S(,,), we could obtain the following decompo-

sition
~ (t+1)
92,(m) — Oo(m)
(1 IS RS 1 — (0
= 050 = B0ty T (F{Haen) | 72 D Hilin ¥ — 72 D Fl Hiim 02,
k=1 k=1

K K
1 1
+ 2 > SGHIHS, (I, — ] T)  + = > H;f(m)sk]

k=1 k=1
[l JR— (1)
= H1(m Hl(m) EHl(m)Hl(m) - NH(m)H(m) (027(m) — 00(m)>
1 1
T T T T

From the product and ¢, inequalities, we achieve that

(t+1)
5o,

~ (1)
(92’(m) B 00(m)> Hz

1 1
T T T

1 T 1 T
+HNH d L HNH<> 2}
< 1HT H H iHT H,, —
> 1(m) 11 (m) 1(m Q(m + N (m) L (m) Q(m)
- (t) T |
<[ (8500 — o) [, + ||| HE - Q)+ QU] Il + | e -
2

(S19)
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Under Assumptions 1 and 2, and invoking (S1) to (S4), we could conclude

that

Hel(m) o Oo(m)HQ = Op(n 1/2) H92,(m) - 00(m)H2 + Op(N 1/2)7

. . S (t+1
which establishes the convergence rate of Oév(m;.

A (t+1
Next, we establish the asymptotic distribution of Bétzrm; Under As-

sumptions 1 and 2, and from (S1) to (S4) and (S18), we could deduce that
5 (t+1) NO)
VN (927(,”,,,) - eo(m)> ~0, {\/K (92,(@ _ eo(m))} YT 4Ty, (S20)

where

1 - 1
T, = (EHf(m)Hl(m)) {S(Tm) (NHTH> So (I, — I}y () 6} :

and

1 AR
Ty = ( —H{,h Him —H_ e|.
2 (n 1(m) L 1( )) ( /_N (m)e)
By the law of large numbers, the central limit theorem, and Slutsky’s the-

orem, it is straightforward to show that
p d
T1 — A(m)é, Tg — B(m)c.

Furthermore, from (520) and the Slutsky’s theorem, under the condition

that K (é;t)(m) - 00(m)> = 0,(1), it follows that

- (t+1)
\/N (02’(m) — Oo(m)> i> A(m)5 + B(m)c.
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1
This completes the derivation of the asymptotic distribution of 0 + )

t+1 2

—Oom

In the following, :
2

Following the strategy analogous to the proof of Theorem 1, we decompose

the target expectation as follows

~ (141) 2
E 927(m) - GO(m) 5
. 2
— B [ 0(t+1) B OO(m) ] L E [ (t+1 ~ Bom IEc ] ,
£ L+ Lo, (S21)

where the event E(,,) is defined in (S12).
We begin by deriving an upper bound for L;. It is noted that under

the event E(,,), inequality (S14) holds. from (S19), we derive

Ly <3[(1=K)Apn] (L + Lip + Lyy),

where
Lll
| B 1 NG
= E|{|[-HigmHiem = Qe || + | 57 HimHom = Qom|| ) ||02,m) = Bom)
1 2
e e I

and
2
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We cope with each term separately. According to Assumptions 1 and 2,

(S2), the Cauchy—Schwarz and the ¢, inequalities, we could get that

1/2
1 4
Ly < { [H Hi,Higm — Q +HNH(Tm)H(m)—Q(m) } }
4y 1/2
{2 o5l 000
_ 0( -l )
2qc?
Ly < 28 < I v uau?)
Z20m) o[
N (N2> ’
and
2
Ly < Cvct(Q,d)Cg)'
Hence,
—2
20Ny + Coet (2, d) 3 1 ®) 2

(522)
Now, let’s turn to L,. Based on (S2) and Markov’s inequality, under As-

sumptions 1 and 2, we could arrive at

L < (pd 4+ 100%) py ()
2 > | PG N (m)

8
< 2. AN H%H%Hh(m) - Q(m)H
C
> |\ PG N (F&A(m))S
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-0 (%) | (323)

From (S21) to (S23), we could draw the conclusion that

A (t+1) 2
702 = o,

3(1 — 5)—2&:2) <2qc§X?m) + Cpet (2, d)c%) o 1
N +

IA

This completes the proof of Theorem 2.

Before the formal proof of Theorem 3, we firstly state a lemma that

will be used in the subsequent proof.

Lemma 5. Suppose that Assumptions 2 and 3 hold, and the number of

machines satisfies K = o(n*), then, we have

o ()
(S24)

form=1,2... M.

Proof of Lemma 5: Under Assumption 3, it is easy to see that (S2) hold
form =1,2,..., M. Therefore, for any 0 < 7 < 1, with probability at least

1 — 7, we have

1
HEHE(m)Hk(m) — Q(m) S 7,/)n(d, 7'), k= 1,2, .. ,K, (825)
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where 1, (d, T) /Cmir(8,d)/n*r.  Applying a union bound over k =

1,2,..., K, we obtain

1

LT B < K1/8 '
12}@&;%{ nHk(m)Hk(m) Q(m) _K 1/}n(d,7') (826)
Consequently,
1 1o (1
T T
N e R DM CL H
1 1 (1
T T
< max | = Hyn Hign) — Qon) || + K 4 1( Hk(m)Hk(m)) — Q)
1
< 2&}&}3{ Hk(m)sz — Q) 2K %4, (m, 1) (S27)

Since K = o(n?), under Asssumption 2, there exist an integer J such that

for all n > Js, it holds that

K
1 1 -
0 < Ay = Yalm, 7) X > (EHg(m)Hk(m)) = Am) T ¥n(m,7), (S28)
1

and

2K, (m, 1) < Ay — Pn(m, 7). (529)

From (526) to (S28) and Lemma 4, it follows that for all n > J3, with

o)

probability at least 1 — 7,

k:l
4K1/4¢n(m, 7)?
< .
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This implies

1 & L 1 &
Ly, = [EZ (g Hlim) ] <§ZH5<m>Hk<m>>
k=1

k=1

which completes the proof.
Proof of Theorem 3: We first investigate the convergence rate of éf(ti;
According to the definitions of Il,),Sy and S, we could obtain the

following decomposition

A (t+1)
03 (m) — Oo(m)
(0 1 — 1 & (0
= O5m) = Ooim) + | 52 > (Hi Hin) ] 7 > HY,Him) (90(m) ~ 0, (m))
k=1 k=1
1 K 1 K
+ = > St HIHLS, (T, — I, M) v + = > Hk(m)sk]
k=1 k=1
K -1 K
1 1 1 1 (1)
B {Id’" - [? 2 (EHE(m)H’“W) ] [? > (5Hg(m)Hk<m>>] } (93,(m) - Oo(m))
k=1 k=1
1 - (1 - | )
T T T T T

(S30)

1 & /1 2t &/ (t)
T T ha
H {Idm - [E Z <5Hk(m)Hk(m)> ] [E Z (ﬁHk(m)Hk(m))] } <93,(m) - 90(m)>

A1)

2
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In addition, from (S6), we have

1 o= (1 ! 1 !
174 > <EHE(m)Hk(m>) < max (EH&m)Hk(m)) = 0,(1)
k=1 ==
(532)
Under Assumptions 1 and 2, (S1) and (S2), it holds that
st (LurH)S, (1, - 0, -
m \ N 0 (Lo = Wiy em)) 7 + m€],
Lot Loor
< NH H\ [[v], + ~HmE )
Loor L oor
< (| prE-af Qi) Il + ||
1
= 0, —=). S33
(%) 55
Hence, from (S30) to (S33), we could conclude that
o (t+1) KY4 1.0 1
03’(m) = Ooem) s Or ( n 03’(m) B 00(m)”2 Oy \/_N '

which establishes the desired convergence rate.
We now derive the asymptotic distribution of 9:(;2;3 From (S24) and

(S30), it follows that

K —1
1 1 1 b
72 (EHg(m)Hk(m)> ] [ng (NHTH) o (L = Tl M) 8 + \/NH(T’")€

K34 /@)
+ 0, {— (Ba) - eo(m))} . (S34)
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From (S6) and (S26), we could obtain that

1 - (1 !
T -1
K > <5Hk<m>Hk<m>) — Q)
k=1
1 - 1
T T -1
< o (oo ) | PP~ Qe )
— Op(K1/8H_1/2).
Thus, under K = o(n?*), we have
1 K/ -1
72 (gHif(m)Hk(m)) = Q) (535)
k=1

Furthermore, by the law of large numbers and central limit theorem, we

have
NT'H™H & Q, (S36)

and
N7VH] e % ST C. (837)

According to the Slutsky’s theorem, (S34) to (S37), under the condition

~(t

K3/4p=1/2 (03 )(m) — OO(m)) = 0,(1), we could arrive at

A (t41)
VN (850) = B0 ) > Aud + B,

which completes the proof of the asymptotic distribution.

In the next step, we consider the mean squared error of the estimator

(t+1) ~ (t+1)

(m)» the proof of which follows a structure analogous to those for 6, )
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and él,(m)- We begin by decomposing the mean squared error as

~ (t+1) 2
E 03,3 — Oo(m) H2
A (t41) 2 A (t41) 2
et E H93,(m) - Ho(m) 5 IE(m) + E “03’(7”) - BO(m) ) IE(Cm)
£ L+ L. (S38)

where E,, is defined in (S13).
Let’s cope with L; in (S38). It is easy to see that inequality (S14) holds

under the event E(,). Then, according to (52), we could derive that

(
K 1 K 4
1 1 1 1
E 14, — e (EHE(m)Hk(mO ] [g < Hg(m)Hk(m))]
k=1 k=
1 1 & !
< B, ( Hl(m>H1<m>) [§Z<;H5<m>ﬂk<m>)]
k=1
1o I I !
< E ﬁHl(m)Hl(m) Hy () Higm) NH(m)H(m)
» 1 * 1
< A1 =8) A E || =HigyHiem) = Q|| + E NH(m)H(m)_Q(m)
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From (S30) and (S39), it is easy to see that
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According to (S1) and (S2), we could find that
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We now proceed to Ly in (S38). From Lemma 3, under Assumptions

1 and 2, it is easy to see that (S2) is valid. Consequently, according to
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Markov’s inequality, we could get that
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Having combined (S38), (S40) and (S41), it follows that
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) 41— R)2A2 <2ch>\(m>+cv0t(2’d>cg> L0 lEHé(t) .y’ H2 o
< N no 730 Pom], nt)’

This completes the proof of Theorem 3.

O
Proof of Theorem 4: We begin by proving the first assertion of this
theorem, the proof of which proceeds along lines similar to that in |Liu

(2015). Define the set

which consists of all parameters ; excluded from mth candidate model.

Accordingly, we may write

1(6o) = M(ﬁm’?’o(m):’?’g(m))a and N(eo(m)) = u(/60770(m)? 0).
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Given that ||v,|l, = O(N~1/2), the Taylor expansion of 1(6) around Yo(m)e

yields

(B, Yo(m)s ’70(m)c) = (B, Yo(m)s 0) + Hzg(mﬂg(m) + O(Nil)

= M(IB()? 70(m)7 0) + [J,Z (Iq - H’(I‘m)H(m)) Yo + O(N_l)a

which implies

11(60) — N(S(Tm)oo(m)) = M;r (Iq - H(Tm)H(m)) Yo t O(Nil)-
Then, by the delta method, we could obtain that
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Furthermore, let’s consider the upper bound of F H,&(m) — ,u0||;. Since

T T
Y

the partial derivatives of 1(6y) are continuous in a neighborhood of (,BOT, 0,51
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there exists a positive constant c5 such that

2 C
5
< =

— Y

2

ou(0) )
H 19— 6

for all 8" in a neighborhood of (BO, qxl) . Therefore,

1(60) — (ST, 800m)||:

2
et 0 st
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where 6(,,) lies between S(Tm)OO(m) and 6y. Similarly, we could also get
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with 67, between S(Tm)é(m) and S, 00(m). From (S42) and (S43), it follows

that
B ||fim) = o
R 2
< 28 (S 00m) — (ST B0, + 2[|1(STrB0m) — (60)
e R

This completes the proof of the second part of this theorem.
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O
Proof of Theorem 6:

As stated in the main body of our article, the proof of the first two
conclusions of this theorem is similar to that in [Liu| (2015). Therefore,
we omit it for simplicity and only need to coupe with the last assertion of
Theorem 6, i.e., the upper bound for the mean squared error of the DFFMA
estimator with data-driven weights. In fact, according to the ¢, inequality

and constraints 0 < ) < 1, we could easily obtain the following result

E || (w) — poll3

M 2
Z W) fh(m) — Mo
m=1

= K

M ’ )
MY @ B |ty = o]

m=

IN

IN

. 2 — 2
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S3 Additional simulation studies

S3.1 Simulation results of the heteroscedastic scenarios of vari-

ous settings in the main body of this article

- #1 1
= i
it
v o < 24 it
3 3 it
4 z it
F 2 g i
g~ g ¢ .
2 T il
E . E o .
5 5 8- P
z z [
o - i
p T 7 e i
S 2 . D N
; T T T T T T T
01 02 03 04 05 05 07 08 09 01 02 03 04 05 06 07 08 09
R’ R
z 2 g 3
© =
4 8 )
E T E”
5 5 P
2 o Z o [
o < i
1 [
. T T T - T T T
01 02 03 04 05 05 07T 08 09 01 02 03 04 05 06 07 08 09
R’ R

(a) N =1x 212 (b) N =2 x 212,

Normalized Risk
Normalized Risk

T T T T T T
01 02 03 04 05 06 07 08 08 01 02 03 04 05 06 07 08 09

R [

=4 Z
H H
g g
s s
£ £
5 5
2 2
Ay Py
A, / AN
e S ~ SN
— T T T T
01 02 03 04 05 05 07T 08 09 01 02 03 04 05 06 07 08 09
R [

(c) N =3 x 212, (d) N =4 x 2'2,

Figure S1: Normalized risks for settings of varying IV with heteroscedastic errors.
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Figure S2: Normalized risks for settings of varying K with heteroscedastic errors.
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In Figures[S1], [S2] and [S3] we offer numerical results about the evaluation of
performances of various approaches by varying values of N, K, ¢, a and p
under the heteroscedastic error case. In those figures, similar observations
are observed as those in the homoscedastic error case.

Table S1: Empirical CPs for different methods with heteroscedastic errors.

Methods
N(x2'2) K R?
DFFMA-OS DFFMA-CSL, DFFMA-DANE,

1 4 0.3 0.908 0.904 0.904
0.6 0.906 0.906 0.906

0.9 0.882 0.888% 0.888

8 0.3 0.882 0.892 0.892

0.6 0.896 0.896 0.896

0.9 0.896 0.906 0.906

16 0.3 0.904 0.914 0.910

0.6 0.914 0.922 0.918

0.9 0.896 0.904 0.902

2 4 0.3 0.904 0.904 0.904
0.6 0.898 0.892 0.892

0.9 0.900 0.894 0.894

8 0.3 0.920 0.918 0.918

0.6 0.898 0.898 0.898

0.9 0.900 0.894 0.894

16 0.3 0.876 0.888 0.886

0.6 0.884 0.892 0.892

0.9 0.878 0.882 0.882

Table|S1|reports the results of empirical coverage probabilities (CPs) of
90% confidence interval over 500 data repetitions under the heteroscedas-

tic error scenario. It is easy to see that the empirical CPs of the three
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distributed model averaging estimators are all close to the nominal level

90%.

S3.2 Influence of number of iterations on the performance of

iterative distributed methods

In this and next sections, simulated data were generated from the same
regression model as that in the main body of this article with different
parameters.

Here, we examine how the performance of our iterative approaches-
DFIC-CSL;, DFIC-DANE,;, DFFMA-CSL;, and DFFMA-DANE;-evolves as
the number of iterations increases. Specifically, the parameters (N, K, R?, a, p, q)
were set to be (2'%,16,0.8,1,0.2,10), while the number of iterations ¢ var-
ied from 1 to 8. The results of normalized risks for the homoscedastic and

heteroscedastic scenarios are presented in Figures [S4] and [S5| respectively.
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Figure S4: Normalized risks for the homoskedastic error scenario.
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Figure S5: Normalized risks for the heteroscedastic error scenario.

The numerical results of Figures [S4] and indicate that, in general,

the normalized risks of all methods decrease as the number of iterations
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increases. All approaches converged rapidly, typically requiring only two
iterations in this setting. Therefore, in Sections 4 and 5 of the main body
of this article and subsequent analysis in this Supplementary Material, the
number of iterations for the iterative distributed methods was set to be
two. Compared to the CSL-based methods, the DANE-based counterparts
exhibit faster convergence rates. Furthermore, DFFMA methods not only
converge more rapidly than both DFIC model selection estimators and full-
model-based distributed estimators, but also achieve a lower final normal-

ized risk within a few iterations.

S3.3 Numerical studies on comparison of DFFMA and distributed
estimators using the full model with identical communica-

tion costs

In the distributed model averaging, the cost of data transmission is typi-
cally heavy. The communication burden stems intuitively from the need for
each site to simultaneously calculate and transmit some relevant estimators
from all candidate models. Furthermore, if iterative estimation is employed,
additional transmission cost arises for every candidate model, such as trans-
mitting the gradient vector. As suggested by one reviewer, it is meaningful

to compare the performance of the DFFMA-CSL; and DFFMA-DANE; es-
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timators against CSL; and DANE; estimators based on the full model in a
fairer and more insightful manner by restricting the number of transmission
bits. Thus, in this section, we conducted some numerical investigations.
The simulated data were generated from the linear regression model
used in Section 4 of main body of this article, in which the parameters
(N, K,a, p) were set to be (212,16,1,0.2). Different values of u were cho-
sen to generate R? = 0.2 and 0.8. In addition, we set the dimension ¢ of
auxiliary covariates to be 5, which resulted in six nested candidate models.
Consequently, in each iteration, DFFMA-CSL; and DFFMA-DANE; incur
approximately six times the communication cost between the central and
local machines compared to CSL; and DANE;,, respectively. Thus, we ex-
pect that CSLg; and DANEg; will incur the communication costs roughly
equivalent to those of DFFMA-CSL; and DFFMA-DANE;,, respectively.
We vary t across {1,2,3}, and report the normalized risks for those four
methods in Tables [S2] and The results indicate that, under the same
communication cost, our proposed DFFMA methods consistently achieve
superior statistical performance compared to their counterparts based on
the full model, especially when R? is small and the errors are heteroscedas-
tic. The underlying reason is that the proposed DFFMA methods converge

more rapidly to a lower risk value as the communication cost (i.e., the num-
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ber of iterations) increases. This pattern aligns with the observation from
numerical results about the influence of number of iterations on iterative

approaches.

Table S2: Normalized risks with homoscedastic errors.

R2

Method
0.2 0.8

CSLg 1.236061 1.088820
DFFMA-CSL, 1.076776 1.196446
CSLi2 1.240099 1.088947
DFFMA-CSLy 0.995879 1.020814
CSLis 1.240129 1.088961
DFFMA-CSL3 1.000228 1.012942
DANE;g 1.240129 1.088962
DFFMA-DANE; 1.002965 0.993413
DANE;; 1.240129 1.088962
DFFMA-DANE, 0.999170 1.003599
DANE;g 1.240129 1.088962

DFFMA-DANE; 1.000039 1.002899
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Table S3: Normalized risks with heteroscedastic errors.

RQ
Method

0.2 0.8

CSLg 1.206742 1.029512
DFFMA-CSL, 1.086634 1.191796
CSLj2 1.207133 1.028894
DFFMA-CSL, 1.009011 1.026441
CSLis 1.207158 1.028862
DFFMA-CSL3 1.004148 1.003453
DANE;g 1.207161 1.028857
DFFMA-DANE; 0.995178 1.009238
DANE;, 1.207161 1.028857
DFFMA-DANE, 1.002539 1.000047
DANE;g 1.207161 1.028857

DFFMA-DANE; 1.002337 1.000001
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S4 Additional details on the analysis of the U.S. Air-

line dataset and further results

S4.1 Formulation of our modeling details

In this subsection, we formulate our full regression model and identify which
variables are core and which are auxiliary. We accomplish this job by eval-
uating the marginal correlation between each regressor and the response.
More specifically, we randomly drew a random subsample with 1,000,000
observations from the entire data and computed marginal Pearson corre-
lation coefficient between each covariate and the response. The values of
these correlation coefficients are presented in Table[S4] It is easy to see that
the covariate DepDelay exhibits a markedly stronger absolute correlation
with ArrDelay than any other covariate. We therefore treated it as the core
variable in our regression model, with the others accordingly assigned as

auxiliary ones. Finally, our full model is specified as

ArrDelay = p; + f:DepDelay + v Month + v, DepTime + y3Distance

+74DayofWeek + 75 CRSElapsedTime + €.
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Table S4: Marginal correlation coefficient between each covariate variable and the re-

sponse.

Covariates DepDelay DepTime DayofWeek Month CRSElapsedTime Distance

Marginal Correlation Coefficient 0.857 0.145 -0.043 0.037 -0.012 0.002

S4.2 Implementation details of various distributed approaches

on the Spark system

To implement the distributed procedures, we deployed a Spark-on-YARN
cluster on the Alibaba Cloud E-MapReduce platform, which is an industry-
standard architecture for distributed computation https://www.alibabacloud.
com/products/emapreduce. The cluster comprises one master node and
two worker nodes, each equipped with 8 virtual CPUs, 32 GB of RAM,
and an 80 GB SSD local drive. The dataset was stored in the Hadoop
Distributed File System (HDFS) and randomly partitioned into 1,139 sub-
sets, each containing approximately 100,000 observations. Each executor
was allocated 14 GB of memory and 4 CPU cores, with an additional 2 GB
overhead memory. The algorithm was developed using the Spark R API
(SparkR) and executed on a Spark system (Version 3.5.3). We executed the
distributed estimation strategies outlined in Section 4, with the exception

of the FIC-OR and FFMA-OR methods, which were instead run on a single
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machine with 6 virtual cores and 16 GB of RAM. The number of iterations

for the distributed iterative methods was set to ¢ = 2.

S4.3 Additional results for the focus parameter y = 5; + 5

Table S5: Estimate and confidence interval for yu = 81 + Bo.

Method EST LB UB
0S 1.00273 1.00256 1.00291
CSL, 1.00049 1.00032 1.00066
DANE, 1.00103 1.00086 1.00121
DFIC-OS 1.00272 1.00254 1.00290

DFIC-CSLy 1.00050 1.00033 1.00067
DFIC-DANE, 1.00078 1.00062 1.00094
DFFMA-OS 1.00270 1.00254 1.00286
DFFMA-CSL4 1.00122 1.00106 1.00138

DFFMA-DANE; 1.00087 1.00071 1.00103

DMAP-SA 1.00193 / /
DMAP-SL, 1.00003 / /
FIC-OR 1.00101 1.00084 1.00118

FFMA-OR 1.00090 1.00075 1.00106

As a supplement to the analysis in Section 5 of the main body of our

article, we report the estimators and 90% confidence intervals for the focus
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parameter u = (3 + P2 from various methods. The results are listed in
Table S5, where EST, LB, and UB denote the point estimate, lower bound,
and upper bound of the 90% confidence interval, respectively. It should
be noted that, as no distributional results are available for DMAP-SA and
DMAP-SLy, confidence intervals cannot be provided and are consequently
absent. From Table [S5] we could see that all methods produce the similar
results. And, the DFFMA-DANE, yields the estimate closest to the gold

standard FFMA-OR.

S4.4 Inferences for the focus parameter p = (3,

Table S6: Relative squared errors of various methods (x107).

Method (O1] CSL, DANE,
Relative Squared Error 33.124 0.45780 0.38125
Method DFIC-0OS DFIC-CSL: DFIC-DANE;
Relative Squared Error 31.454 0.37675 0.37443
Method DFFMA-OS DFFMA-CSL, DFFMA-DANE,
Relative Squared Error 29.582 0.04804 0.00403
Method DMAP-SA DMAP-SL, FIC-OR

Relative Squared Error 27.892 0.08091 0.10001
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Table S7: Estimate and confidence interval for p = gs.

Method EST LB UB
0S 0.94709 0.94701 0.94718
CSL, 0.94543 0.94535 0.94552
DANE, 0.94548 0.94540 0.94556
DFIC-OS 0.94704 0.94696 0.94713

DFIC-CSLy 0.94555 0.94546 0.94563
DFIC-DANE, 0.94546  0.94538 0.94554
DFFMA-OS 0.94699 0.94692 0.94706
DFFMA-CSLy  0.94534 0.94527  0.94541

DFFMA-DANE; 0.94529 0.94522 0.94536

DMAP-SA 0.94694 / /
DMAP-SL,  0.94518 / /
FIC-OR 0.94517  0.94509  0.94525

FMA-OR 0.94527 0.94520 0.94534
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In this subsection, we consider the inferences for the focus parameter
1 = [, representing the coefficient of the core predictor DepDelay, which
allows us to investigate how the departure delay influences the arrival delay
time. Since the true value of the focus parameter ;1 is unknown, we treat
the FFMA-OR estimator computed using the full dataset as a benchmark.
Table [S6) reports the relative squared error of each estimator relative to
this reference. Similar to the results for the focus parameter p = £y + o,
our suggested DFIC-CSL; and DFFMA-CSL; demonstrate superior perfor-
mances over all other strategies, including the impractical FIC-OR.

In Table [ST, we report the estimators and 90% confidence intervals for
the focus parameter 1 = (5 from various methods. From these results,
we could draw the similar conclusions as those for the inference of p =
b1 + B2. In addition, these results indicate that for every one-hour increase

in DepDelay, the arrival delay time increases by approximately 0.9453 hours.
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