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In this supplemental file, we provide the proofs of Theorems 1–5 and Propositions 1–2,

as well as three tables, where Tables S.1, S.2, and S.3 list the invariant OA(81, 9, 9, 2),

mirror-symmetric OA(9, 4, 3, 2), and MSOLH(81, 32) in Example 2, respectively.

S1. Proof of Theorem 1

Following Hedayat, Sloane and Stufken (1999, Section 9.3), H is an OA(n,m1m2, s,

2).

Next, we consider the mirror symmetry of H. According to the definition, each

Hi is obtained from the ith column of A by replacing the levels with the rows of

B and thus has the same rows as B for i = 1, . . . ,m1. B is mirror-symmetric and

thus each Hi is mirror-symmetric. A is invariant, thus there exists a mirroring per-

mutation τ such that τ(A) = A up to row permutations. The rows of A can be

paired such that A can be written as (rT1 , τ(r1)
T , . . . , rTp/2, τ(rp/2)

T )T for even p, or

(rT1 , τ(r1)
T , . . . , rT(p−1)/2, τ(r(p−1)/2)

T , rT0 )T for odd p. Therein r1, . . . , rbp/2c are bp/2c
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distinct rows of A. r0 is the 1 × m1 row vector with all elements being αz0 (where

τ(αz0) = αz0) when p is odd. It is clear that two paired rows of A (with size 2 ×m1)

become two rows of H (with size 2×m1m2), where the paired two levels in each column

of A are replaced by two mirror-symmetric rows of B. Thus, any two paired rows of

A become two mirror-symmetric rows of H. When p is even, A has p/2 paired rows

and thus H is mirror-symmetric. When p is odd, A has (p − 1)/2 paired rows and a

row r0, where the row r0 (with size 1 × m1) becomes the row (r0, . . . , r0) (with size

1×m1m2) in H. Note that r0 = (αz0 , . . . , αz0), where τ(αz0) = αz0 , and αz0 is replaced

by the centered level of {0, . . . , s− 1}. Then H is mirror-symmetric when p is odd. In

summary, H is mirror-symmetric.

Now we only need to show that any four columns obtained by taking two columns

from Hi1 and two columns from Hi2 with i1 6= i2 must form an OA(n, 4, s, 4). This can

be deduced from the Proposition 1 of Shi and Tang (2017a).

In summary, design H is a mirror-symmetric OA(n,m1m2, s, 2), and any four

columns obtained by taking two columns from Hi1 and two columns from Hi2 with

i1 6= i2 must form an OA(n, 4, s, 4).

S2. Proof of Theorem 2

Following Sun and Tang (2017b), E∗iRk is an OLH(n, 2k+2) while (E∗1Rk, . . . , E
∗
l Rk)

an OLH(n, l2k+2). Therefore, we only need to prove that (E∗1Rk, . . . , E
∗
l Rk) is mirror-

symmetric. We first consider the mirror symmetry of each E∗iRk. It is clear that the

rows of E∗i can be partitioned into bn/2c pairs such that two rows in each pair are

mirror-symmetric. When n is odd, there is one row left, where all elements of this
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row are zero. It is easy to verify that two rows in each pair of E∗i are rotated into

two mirror-symmetric rows of E∗l Rk. Thus, E∗l Rk is mirror-symmetric for i = 1, . . . , l.

Recall that E = (E1, . . . , El) is a mirror-symmetric orthogonal array of strength two.

Ei1 have the same row pairing as Ei2 with any 1 ≤ i1 6= i2 ≤ l, and this row pairing is

equivalent to that of E. In this way, the n rows of (E∗1Rk, . . . , E
∗
l Rk) can be partitioned

into n/2 pairs for even n, or partitioned into (n−1)/2 pairs and one row of all elements

zeros for odd n, where two rows in each pair are mirror-symmetric in either case. That

is, (E∗1Rk, . . . , E
∗
l Rk) is an MSOLH(n, l2k+2).

S3. Proof of Theorem 3

It is easily checked that (F100···0 , . . . , F1(ζ−1)(ζ−1)···(ζ−1)
, . . . , Fq00···0 , . . . , Fq(ζ−1)(ζ−1)···(ζ−1)

)

is a mirror-symmetric OA(sk+4, qζk2k+2, s, 2). For l = 1, . . . , q, j1, . . . , jk = 0, 1, . . . , ζ−

1, each Flj1···jk is an OA(sk+4, 2k+2, s, 2) and has the property that all subarrays of k+4

factors corresponding to the nonzero entries in each column of Rk are full factorials. Fol-

lowing Theorem 2, we can obtain that design T = (F ∗100···0Rk, . . . , F
∗
1(ζ−1)(ζ−1)···(ζ−1)

Rk, . . . ,

F ∗q00···0Rk, . . . , F
∗
q(ζ−1)(ζ−1)···(ζ−1)

Rk) is an MSOLH(sk+4, qζk2k+2). Design W is obtained

from T by column permutation, and thus W is also an MSOLH(sk+4, qζk2k+2). There-

fore we only need to prove that W enjoys the properties (i), (ii) and (iii).

(i) First we prove the space-filling property in any two dimensions. It is easy to

see that W becomes F̃ = (F100···0 , . . . , F1(ζ−1)(ζ−1)···(ζ−1)
, . . . , Fq00···0 , . . . , Fq(ζ−1)(ζ−1)···(ζ−1)

)

after collapsing the factors into s levels up to column permutation. Design F̃ is an

OA(sk+4, qζk2k+2, s, 2), and thus any two columns of W can be collapsed into an

OA(sk+4, 2, s, 2).
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(ii) Next we prove the space-filling property of two columns selected from different

groups. Let wi1j1 and wi2j2 be two columns from different groups Wi1 and Wi2 with

i1 6= i2, where wij represents the jth column of Wi for i = 1, . . . , 2λ1 and j = λ2ζ
k2k+1.

Then the leading columns of wi1j1 and wi2j2 must be in Hi1 and Hi2 respectively, say

hi1j′1 and hi2j′2 , where hij is the jth column of Hi. After collapsing the sk+4 factors into s2

levels, wi1j1 and wi2j2 become sf1(hi1j′1)+f1(hi1j′′1 ) and sf2(hi2j′2)+f2(hi2j′′2 ) respectively

for some j′′1 , j
′′
2 ∈ {1, . . . λ2} with j′1 6= j′′1 and j′2 6= j′′2 . Therein f1(x) and f2(x) are two

functions defined on vector x which perform multiple Kronecker sums via the columns of

the difference scheme Ds. According to Theorem 1, (hi1j′1 , hi1j′′1 , hi2j′2 , hi2j′′2 ) is an s-level

orthogonal array of strength four, and so do (f1(hi1j′1), f1(hi1j′′1 ), f2(hi2j′2), f2(hi2j′′2 )). In

this way, (sf1(hi1j′1) + f1(hi1j′′1 ), sf2(hi2j′2) + f2(hi2j′′2 )) must be an s2-level orthogonal

array of strength two. In other words, (wi1j1 , wi2j2) with i1 6= i2 can be callapsed into

an OA(sk+4, 2, s2, 2). Thus, any two columns from different groups can be collapsed

into an OA(sk+4, 2, s2, 2).

(iii) Now we consider the three-dimensional space-filling property. Let wi1j1 , wi1j2 ,

and wi2j3 be three columns from two different groups of W , with i1 6= i2 and j1 6= j2,

where wij represents the jth column of Wi. Then the leading columns of wi1j1 , wi1j2

and wi2j3 must be in Hi1 , Hi1 and Hi2 respectively, say hi1j′1 , hi1j′2 and hi2j′3 , where hij

is the jth column of Hi. After collapsing the sk+4 factors into s levels, wi1j1 , wi1j2 and

wi2j3 become f1(hi1j′1), f2(hi1j′2) and f3(hi2j′3) respectively with j′1 6= j′2. f1(x), f2(x) and

f3(x) are three functions defined on vector x which perform multiple Kronecker sums

via the columns of the difference scheme Ds. According to Theorem 1, (hi1j′1 , hi1j′2 , hi2j′3)
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is an s-level orthogonal array of strength three, and so do (f1(hi1j′1), f2(hi1j′2), f3(hi2j′3)).

In other words, for any i1 6= i2 and j1 6= j2, (wi1j1 , wi1j2 , wi2j3) can be callapsed into an

OA(sk+4, 3, s, 3). Thus, any three columns from two different groups can be collapsed

into an OA(sk+4, 3, s, 3).

S4. Proof of Theorem 4

For s = 2, 3, 4, 5, the Reed-Solomon type OA(s4, s2, s2, 2) can be easily obtained

by taking the first p columns of the OA(pγ, p + 1, p, γ) in Lemma 1 with p = s2 and

γ = 2; while the Reed-Solomon type OA(s2, s, s, 2) can be obtained by taking the first p

columns of the OA(pγ, p+1, p, γ) in Lemma 1 with p = s and γ = 2. We can check that

the Reed-Solomon type OA(s2, s, s, 2) is mirror-symmetric. Let τ = ((s2 − 1), · · · , 0)

for even s2 and τ = (0, (s2 + 1)/2, . . . , s2 − 1, 1, . . . , (s2 − 1)/2) for odd s2. By a

comprehensive examination, τ maps the Reed-Solomon type OA(s4, s2, s2, 2) to itself

up to row permutations, and thus A is invariant under the mirroring permutation τ.

S5. Proof of Proposition 1

Accoding to Theorem 3, any two columns from different groups of design W can

be collapsed into an OA(sk+4, 2, s2, 2). Therefore, we only need to prove that any

two columns from different classes within the same group can be collapsed into an

OA(sk+4, 2, s× s2, 2) and an OA(sk+4, 2, s2 × s, 2). Let wi1j1 and wi1j2 be two column-

s from different classes within the same group with j1 6= j2, where wij represents

the jth column of Wi for i = 1, . . . , 2λ1 and j = 1, . . . , (2ζ)k+1. Then the leading

columns of wi1j1 and wi1j2 must be in Hi1 , say hi1j′1 and hi1j′2 respectively, where
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hij is the jth column of Hi. After collapsing the sk+4 factors into s2 levels, wi1j1

and wi1j2 become sf1(hi1j′1) + f1(hi1j′′1 ) and sf2(hi1j′2) + f2(hi1j′′2 ) respectively for some

j′′1 , j
′′
2 ∈ {1, . . . , λ2ζk2k+1} with j′1 6= j′′1 and j′2 6= j′′2 . f1(x) and f2(x) are two func-

tions defined on vector x which perform multiple Kronecker sums via the columns of

the difference scheme Ds. Recall that wi1j1 and wi1j2 are from different classes, and

thus there are only two possible cases: (a) f1 6= f2 and {j′1, j′′1} = {j′2, j′′2}, and (b)

f1 6= f2 and {j′1, j′′1} ∩ {j′2, j′′2} = ∅. It can be easily checked that four possible three-

column subarrays of (hi1j′1 , hi1j′1 , hi1j′2 , hi1j′′2 ) have strength three in either case. In other

words, both (sf1(hi1j′1) + f1(hi1j′′1 ), f2(hi1j′2)) and (sf2(hi1j′2) + f2(hi1j′′2 ), f1(hi1j′1)) are

OA(sk+4, 2, s2 × s, 2)’s. Therefore, any two columns from different classes within the

same group can be collapsed into an OA(sk+4, 2, s× s2, 2) and an OA(sk+4, 2, s2× s, 2).

S6. Proof of Proposition 2

Proposition 2 can be directly derived from Theorem 3.

S7. Proof of Theorem 5

According to Theorem 3, W in Algorithm 1 is an MSOLH(2k+4, 2k+3). That is, W

is a mirror-symmetric LH(n,m) with n = 2m, and it is orthogonal. Following Lemma

3, W has the maximin L2-distance among all mirror-symmetric LH(n,m) designs for

n = 2k+4 and m = 2k+3.



SUPPLEMENTARY MATERIAL 7

S4. Three Tables

Table S.1: The invariant OA(81, 9, 9, 2) A = (a1, . . . , a9) in Example 2.

Run a1 a2 a3 a4 a5 a6 a7 a8 a9 Run a1 a2 a3 a4 a5 a6 a7 a8 a9
1 0 0 0 0 0 0 0 0 0 41 4 3 7 1 0 6 5 2 8
2 1 1 1 1 1 1 1 1 1 42 5 1 4 8 2 0 7 6 3
3 2 2 2 2 2 2 2 2 2 43 6 4 2 5 1 3 0 8 7
4 3 3 3 3 3 3 3 3 3 44 7 8 5 3 6 2 4 0 1
5 4 4 4 4 4 4 4 4 4 45 8 2 1 6 4 7 3 5 0
6 5 5 5 5 5 5 5 5 5 46 0 6 7 8 1 2 3 4 5
7 6 6 6 6 6 6 6 6 6 47 1 3 2 7 5 8 4 6 0
8 7 7 7 7 7 7 7 7 7 48 2 0 4 3 8 6 1 5 7
9 8 8 8 8 8 8 8 8 8 49 3 8 0 5 4 1 7 2 6
10 0 2 3 4 5 6 7 8 1 50 4 7 1 0 6 5 2 8 3
11 1 8 4 6 0 3 2 7 5 51 5 4 8 2 0 7 6 3 1
12 2 6 1 5 7 0 4 3 8 52 6 2 5 1 3 0 8 7 4
13 3 1 7 2 6 8 0 5 4 53 7 5 3 6 2 4 0 1 8
14 4 5 2 8 3 7 1 0 6 54 8 1 6 4 7 3 5 0 2
15 5 7 6 3 1 4 8 2 0 55 0 7 8 1 2 3 4 5 6
16 6 0 8 7 4 2 5 1 3 56 1 2 7 5 8 4 6 0 3
17 7 4 0 1 8 5 3 6 2 57 2 4 3 8 6 1 5 7 0
18 8 3 5 0 2 1 6 4 7 58 3 0 5 4 1 7 2 6 8
19 0 3 4 5 6 7 8 1 2 59 4 1 0 6 5 2 8 3 7
20 1 4 6 0 3 2 7 5 8 60 5 8 2 0 7 6 3 1 4
21 2 1 5 7 0 4 3 8 6 61 6 5 1 3 0 8 7 4 2
22 3 7 2 6 8 0 5 4 1 62 7 3 6 2 4 0 1 8 5
23 4 2 8 3 7 1 0 6 5 63 8 6 4 7 3 5 0 2 1
24 5 6 3 1 4 8 2 0 7 64 0 8 1 2 3 4 5 6 7
25 6 8 7 4 2 5 1 3 0 65 1 7 5 8 4 6 0 3 2
26 7 0 1 8 5 3 6 2 4 66 2 3 8 6 1 5 7 0 4
27 8 5 0 2 1 6 4 7 3 67 3 5 4 1 7 2 6 8 0
28 0 4 5 6 7 8 1 2 3 68 4 0 6 5 2 8 3 7 1
29 1 6 0 3 2 7 5 8 4 69 5 2 0 7 6 3 1 4 8
30 2 5 7 0 4 3 8 6 1 70 6 1 3 0 8 7 4 2 5
31 3 2 6 8 0 5 4 1 7 71 7 6 2 4 0 1 8 5 3
32 4 8 3 7 1 0 6 5 2 72 8 4 7 3 5 0 2 1 6
33 5 3 1 4 8 2 0 7 6 73 0 1 2 3 4 5 6 7 8
34 6 7 4 2 5 1 3 0 8 74 1 5 8 4 6 0 3 2 7
35 7 1 8 5 3 6 2 4 0 75 2 8 6 1 5 7 0 4 3
36 8 0 2 1 6 4 7 3 5 76 3 4 1 7 2 6 8 0 5
37 0 5 6 7 8 1 2 3 4 77 4 6 5 2 8 3 7 1 0
38 1 0 3 2 7 5 8 4 6 78 5 0 7 6 3 1 4 8 2
39 2 7 0 4 3 8 6 1 5 79 6 3 0 8 7 4 2 5 1
40 3 6 8 0 5 4 1 7 2 80 7 2 4 0 1 8 5 3 6

81 8 7 3 5 0 2 1 6 4
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Table S.2: The mirror-symmetric OA(9, 4, 3, 2) in Example 2.

Run B B∗

1 0 0 2 1 −1 −1 1 0

2 0 1 0 0 −1 0 −1 −1

3 0 2 1 2 −1 1 0 1

4 1 0 0 2 0 −1 −1 1

5 1 1 1 1 0 0 0 0

6 2 2 0 1 1 1 −1 0

7 2 1 2 2 1 0 1 1

8 2 0 1 0 1 −1 0 −1

9 1 2 2 0 0 1 1 −1
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Table S.3: The MSOLH(81, 32) W = (W1, . . . ,W8) in Example 2.

Run W1 W2 W3 W4

1 −40 −20 30 −10 −32 −16 24 −8 −40 −20 30 −10 −32 −16 24 −8
2 −30 10 −40 −20 −24 8 −32 −16 −30 10 −40 −20 −24 8 −32 −16

- 3 −20 40 10 30 −16 32 8 24 −20 40 10 30 −16 32 8 24
4 −10 −30 −20 40 −8 −24 −16 32 −10 −30 −20 40 −8 −24 −16 32
5 −3 1 −4 −2 −27 9 −36 −18 −19 33 7 31 −7 −31 −19 33
6 −35 −15 29 −13 13 29 15 −35 −6 −28 −14 38 28 −6 38 14
7 −24 8 −32 −16 30 −10 40 20 −32 −16 24 −8 40 20 −30 10
8 −22 34 12 26 −34 −22 26 −12 15 −35 −13 −29 −29 13 −35 −15
9 −5 −25 −21 37 37 21 −25 5 −26 12 −34 −22 12 26 22 −34

10 38 14 −28 6 14 −38 −6 −28 25 −5 37 21 −21 37 5 25
11 27 −9 36 18 −3 1 −4 −2 11 23 17 −39 17 −39 −11 −23
12 17 −39 −11 −23 −11 −23 −17 39 −4 −2 3 −1 −36 −18 27 −9
13 7 31 19 −33 −19 33 7 31 36 18 −27 9 −4 −2 3 −1
14 −2 4 1 3 −18 36 9 27 −5 −25 −21 37 37 21 −25 5
15 −37 −21 25 −5 −5 −25 −21 37 27 −9 36 18 −3 1 −4 −2
16 −31 7 −33 −19 −33 −19 31 −7 38 14 −28 6 14 −38 −6 −28
17 −16 32 8 24 20 −40 −10 −30 −24 8 −32 −16 30 −10 40 20
18 −12 −26 −22 34 −26 12 −34 −22 7 31 19 −33 −19 33 7 31
19 39 17 −23 11 23 −11 39 17 −22 34 12 26 −34 −22 26 −12
20 28 −6 38 14 6 28 14 −38 17 −39 −11 −23 −11 −23 −17 39
21 18 −36 −9 −27 −2 4 1 3 −35 −15 29 −13 13 29 15 −35
22 13 29 15 −35 35 15 −29 13 −3 1 −4 −2 −27 9 −36 −18
23 −1 −3 −2 4 −9 −27 −18 36 39 17 −23 11 23 −11 39 17
24 −33 −19 31 −7 31 −7 33 19 −2 4 1 3 −18 36 9 27
25 −23 11 −39 −17 39 17 −23 11 18 −36 −9 −27 −2 4 1 3
26 −21 37 5 25 −25 5 −37 −21 28 −6 38 14 6 28 14 −38
27 −8 −24 −16 32 10 30 20 −40 −16 32 8 24 20 −40 −10 −30
28 34 22 −26 12 −22 34 12 26 −37 −21 25 −5 −5 −25 −21 37
29 29 −13 35 15 15 −35 −13 −29 −12 −26 −22 34 −26 12 −34 −22
30 14 −38 −6 −28 −38 −14 28 −6 13 29 15 −35 35 15 −29 13
31 9 27 18 −36 −1 −3 −2 4 −31 7 −33 −19 −33 −19 31 −7
32 4 2 −3 1 36 18 −27 9 29 −13 35 15 15 −35 −13 −29
33 −36 −18 27 −9 4 2 −3 1 −21 37 5 25 −25 5 −37 −21
34 −25 5 −37 −21 21 −37 −5 −25 −1 −3 −2 4 −9 −27 −18 36
35 −15 35 13 29 29 −13 35 15 9 27 18 −36 −1 −3 −2 4
36 −11 −23 −17 39 −17 39 11 23 14 −38 −6 −28 −38 −14 28 −6
37 32 16 −24 8 −40 −20 30 −10 −8 −24 −16 32 10 30 20 −40
38 26 −12 34 22 −12 −26 −22 34 −23 11 −39 −17 39 17 −23 11
39 19 −33 −7 −31 7 31 19 −33 34 22 −26 12 −22 34 12 26
40 6 28 14 −38 −28 6 −38 −14 −33 −19 31 −7 31 −7 33 19
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Table S.3 continued: The MSOLH(81, 32) W = (W1, . . . ,W8) in Example 2.

Run W5 W6 W7 W8

1 −40 −20 30 −10 −32 −16 24 −8 −40 −20 30 −10 −32 −16 24 −8
2 −30 10 −40 −20 −24 8 −32 −16 −30 10 −40 −20 −24 8 −32 −16
3 −20 40 10 30 −16 32 8 24 −20 40 10 30 −16 32 8 24
4 −10 −30 −20 40 −8 −24 −16 32 −10 −30 −20 40 −8 −24 −16 32
5 39 17 −23 11 23 −11 39 17 19 −33 −7 −31 7 31 19 −33
6 −2 4 1 3 −18 36 9 27 −25 5 −37 −21 21 −37 −5 −25
7 18 −36 −9 −27 −2 4 1 3 −11 −23 −17 39 −17 39 11 23
8 28 −6 38 14 6 28 14 −38 4 2 −3 1 36 18 −27 9
9 −16 32 8 24 20 −40 −10 −30 −36 −18 27 −9 4 2 −3 1

10 −37 −21 25 −5 −5 −25 −21 37 6 28 14 −38 −28 6 −38 −14
11 −12 −26 −22 34 −26 12 −34 −22 32 16 −24 8 −40 −20 30 −10
12 13 29 15 −35 35 15 −29 13 −15 35 13 29 29 −13 35 15
13 −31 7 −33 −19 −33 −19 31 −7 26 −12 34 22 −12 −26 −22 34
14 29 −13 35 15 15 −35 −13 −29 5 25 21 −37 −37 −21 25 −5
15 −21 37 5 25 −25 5 −37 −21 22 −34 −12 −26 34 22 −26 12
16 −1 −3 −2 4 −9 −27 −18 36 −17 39 11 23 11 23 17 −39
17 9 27 18 −36 −1 −3 −2 4 35 15 −29 13 −13 −29 −15 35
18 14 −38 −6 −28 −38 −14 28 −6 3 −1 4 2 27 −9 36 18
19 −8 −24 −16 32 10 30 20 −40 −27 9 −36 −18 3 −1 4 2
20 −23 11 −39 −17 39 17 −23 11 −38 −14 28 −6 −14 38 6 28
21 34 22 −26 12 −22 34 12 26 24 −8 32 16 −30 10 −40 −20
22 −33 −19 31 −7 31 −7 33 19 −7 −31 −19 33 19 −33 −7 −31
23 19 −33 −7 −31 7 31 19 −33 −39 −17 23 −11 −23 11 −39 −17
24 −25 5 −37 −21 21 −37 −5 −25 37 21 −25 5 5 25 21 −37
25 −11 −23 −17 39 −17 39 11 23 12 26 22 −34 26 −12 34 22
26 4 2 −3 1 36 18 −27 9 −13 −29 −15 35 −35 −15 29 −13
27 −36 −18 27 −9 4 2 −3 1 31 −7 33 19 33 19 −31 7
28 6 28 14 −38 −28 6 −38 −14 2 −4 −1 −3 18 −36 −9 −27
29 32 16 −24 8 −40 −20 30 −10 −18 36 9 27 2 −4 −1 −3
30 −15 35 13 29 29 −13 35 15 −28 6 −38 −14 −6 −28 −14 38
31 26 −12 34 22 −12 −26 −22 34 16 −32 −8 −24 −20 40 10 30
32 5 25 21 −37 −37 −21 25 −5 −29 13 −35 −15 −15 35 13 29
33 22 −34 −12 −26 34 22 −26 12 8 24 16 −32 −10 −30 −20 40
34 −17 39 11 23 11 23 17 −39 23 −11 39 17 −39 −17 23 −11
35 35 15 −29 13 −13 −29 −15 35 −34 −22 26 −12 22 −34 −12 −26
36 3 −1 4 2 27 −9 36 18 33 19 −31 7 −31 7 −33 −19
37 −27 9 −36 −18 3 −1 4 2 21 −37 −5 −25 25 −5 37 21
38 −38 −14 28 −6 −14 38 6 28 1 3 2 −4 9 27 18 −36
39 24 −8 32 16 −30 10 −40 −20 −9 −27 −18 36 1 3 2 −4
40 −7 −31 −19 33 19 −33 −7 −31 −14 38 6 28 38 14 −28 6
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Table S.3 continued: MSOLH(81, 32) W = (W1, . . . ,W8) in Example 2.

Run W1 W2 W3 W4

41 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
42 40 20 −30 10 32 16 −24 8 40 20 −30 10 32 16 −24 8
43 30 −10 40 20 24 −8 32 16 30 −10 40 20 24 −8 32 16
44 20 −40 −10 −30 16 −32 −8 −24 20 −40 −10 −30 16 −32 −8 −24
45 10 30 20 −40 8 24 16 −32 10 30 20 −40 8 24 16 −32
46 3 −1 4 2 27 −9 36 18 19 −33 −7 −31 7 31 19 −33
47 35 15 −29 13 −13 −29 −15 35 6 28 14 −38 −28 6 −38 −14
48 24 −8 32 16 −30 10 −40 −20 32 16 −24 8 −40 −20 30 −10
49 22 −34 −12 −26 34 22 −26 12 −15 35 13 29 29 −13 35 15
50 5 25 21 −37 −37 −21 25 −5 26 −12 34 22 −12 −26 −22 34
51 −38 −14 28 −6 −14 38 6 28 −25 5 −37 −21 21 −37 −5 −25
52 −27 9 −36 −18 3 −1 4 2 −11 −23 −17 39 −17 39 11 23
53 −17 39 11 23 11 23 17 −39 4 2 −3 1 36 18 −27 9
54 −7 −31 −19 33 19 −33 −7 −31 −36 −18 27 −9 4 2 −3 1
55 2 −4 −1 −3 18 −36 −9 −27 5 25 21 −37 −37 −21 25 −5
56 37 21 −25 5 5 25 21 −37 −27 9 −36 −18 3 −1 4 2
57 31 −7 33 19 33 19 −31 7 −38 −14 28 −6 −14 38 6 28
58 16 −32 −8 −24 −20 40 10 30 24 −8 32 16 −30 10 −40 −20
59 12 26 22 −34 26 −12 34 22 −7 −31 −19 33 19 −33 −7 −31
60 −39 −17 23 −11 −23 11 −39 −17 22 −34 −12 −26 34 22 −26 12
61 −28 6 −38 −14 −6 −28 −14 38 −17 39 11 23 11 23 17 −39
62 −18 36 9 27 2 −4 −1 −3 35 15 −29 13 −13 −29 −15 35
63 −13 −29 −15 35 −35 −15 29 −13 3 −1 4 2 27 −9 36 18
64 1 3 2 −4 9 27 18 −36 −39 −17 23 −11 −23 11 −39 −17
65 33 19 −31 7 −31 7 −33 −19 2 −4 −1 −3 18 −36 −9 −27
66 23 −11 39 17 −39 −17 23 −11 −18 36 9 27 2 −4 −1 −3
67 21 −37 −5 −25 25 −5 37 21 −28 6 −38 −14 −6 −28 −14 38
68 8 24 16 −32 −10 −30 −20 40 16 −32 −8 −24 −20 40 10 30
69 −34 −22 26 −12 22 −34 −12 −26 37 21 −25 5 5 25 21 −37
70 −29 13 −35 −15 −15 35 13 29 12 26 22 −34 26 −12 34 22
71 −14 38 6 28 38 14 −28 6 −13 −29 −15 35 −35 −15 29 −13
72 −9 −27 −18 36 1 3 2 −4 31 −7 33 19 33 19 −31 7
73 −4 −2 3 −1 −36 −18 27 −9 −29 13 −35 −15 −15 35 13 29
74 36 18 −27 9 −4 −2 3 −1 21 −37 −5 −25 25 −5 37 21
75 25 −5 37 21 −21 37 5 25 1 3 2 −4 9 27 18 −36
76 15 −35 −13 −29 −29 13 −35 −15 −9 −27 −18 36 1 3 2 −4
77 11 23 17 −39 17 −39 −11 −23 −14 38 6 28 38 14 −28 6
78 −32 −16 24 −8 40 20 −30 10 8 24 16 −32 −10 −30 −20 40
79 −26 12 −34 −22 12 26 22 −34 23 −11 39 17 −39 −17 23 −11
80 −19 33 7 31 −7 −31 −19 33 −34 −22 26 −12 22 −34 −12 −26
81 −6 −28 −14 38 28 −6 38 14 33 19 −31 7 −31 7 −33 −19
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Table S.3 continued: The MSOLH(81, 32) W = (W1, . . . ,W8) in Example 2.

Run W5 W6 W7 W8

41 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
42 40 20 −30 10 32 16 −24 8 40 20 −30 10 32 16 −24 8
43 30 −10 40 20 24 −8 32 16 30 −10 40 20 24 −8 32 16
44 20 −40 −10 −30 16 −32 −8 −24 20 −40 −10 −30 16 −32 −8 −24
45 10 30 20 −40 8 24 16 −32 10 30 20 −40 8 24 16 −32
46 −39 −17 23 −11 −23 11 −39 −17 −19 33 7 31 −7 −31 −19 33
47 2 −4 −1 −3 18 −36 −9 −27 25 −5 37 21 −21 37 5 25
48 −18 36 9 27 2 −4 −1 −3 11 23 17 −39 17 −39 −11 −23
49 −28 6 −38 −14 −6 −28 −14 38 −4 −2 3 −1 −36 −18 27 −9
50 16 −32 −8 −24 −20 40 10 30 36 18 −27 9 −4 −2 3 −1
51 37 21 −25 5 5 25 21 −37 −6 −28 −14 38 28 −6 38 14
52 12 26 22 −34 26 −12 34 22 −32 −16 24 −8 40 20 −30 10
53 −13 −29 −15 35 −35 −15 29 −13 15 −35 −13 −29 −29 13 −35 −15
54 31 −7 33 19 33 19 −31 7 −26 12 −34 −22 12 26 22 −34
55 −29 13 −35 −15 −15 35 13 29 −5 −25 −21 37 37 21 −25 5
56 21 −37 −5 −25 25 −5 37 21 −22 34 12 26 −34 −22 26 −12
57 1 3 2 −4 9 27 18 −36 17 −39 −11 −23 −11 −23 −17 39
58 −9 −27 −18 36 1 3 2 −4 −35 −15 29 −13 13 29 15 −35
59 −14 38 6 28 38 14 −28 6 −3 1 −4 −2 −27 9 −36 −18
60 8 24 16 −32 −10 −30 −20 40 27 −9 36 18 −3 1 −4 −2
61 23 −11 39 17 −39 −17 23 −11 38 14 −28 6 14 −38 −6 −28
62 −34 −22 26 −12 22 −34 −12 −26 −24 8 −32 −16 30 −10 40 20
63 33 19 −31 7 −31 7 −33 −19 7 31 19 −33 −19 33 7 31
64 −19 33 7 31 −7 −31 −19 33 39 17 −23 11 23 −11 39 17
65 25 −5 37 21 −21 37 5 25 −37 −21 25 −5 −5 −25 −21 37
66 11 23 17 −39 17 −39 −11 −23 −12 −26 −22 34 −26 12 −34 −22
67 −4 −2 3 −1 −36 −18 27 −9 13 29 15 −35 35 15 −29 13
68 36 18 −27 9 −4 −2 3 −1 −31 7 −33 −19 −33 −19 31 −7
69 −6 −28 −14 38 28 −6 38 14 −2 4 1 3 −18 36 9 27
70 −32 −16 24 −8 40 20 −30 10 18 −36 −9 −27 −2 4 1 3
71 15 −35 −13 −29 −29 13 −35 −15 28 −6 38 14 6 28 14 −38
72 −26 12 −34 −22 12 26 22 −34 −16 32 8 24 20 −40 −10 −30
73 −5 −25 −21 37 37 21 −25 5 29 −13 35 15 15 −35 −13 −29
74 −22 34 12 26 −34 −22 26 −12 −8 −24 −16 32 10 30 20 −40
75 17 −39 −11 −23 −11 −23 −17 39 −23 11 −39 −17 39 17 −23 11
76 −35 −15 29 −13 13 29 15 −35 34 22 −26 12 −22 34 12 26
77 −3 1 −4 −2 −27 9 −36 −18 −33 −19 31 −7 31 −7 33 19
78 27 −9 36 18 −3 1 −4 −2 −21 37 5 25 −25 5 −37 −21
79 38 14 −28 6 14 −38 −6 −28 −1 −3 −2 4 −9 −27 −18 36
80 −24 8 −32 −16 30 −10 40 20 9 27 18 −36 −1 −3 −2 4
81 7 31 19 −33 −19 33 7 31 14 −38 −6 −28 −38 −14 28 −6


