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The supplementary material includes technical conditions, proofs of the theorems from the
main paper, additional sensitivity analysis results, and descriptions of variables used in the auto

insurance claims data analysis.

S1 Technical Conditions and Theoretical Proofs

We present technical conditions in Subsection S1.1, followed by the proofs of
Theorems 1, 2, and 3 in Subsections S1.2, S1.3, and S1.4, respectively. Each
subsection also includes relevant lemmas and remarks to further clarify the
results.

We first introduce some notations. For simplicity, we denote p, ; =
k(1 =70n), k = 1,2 and ¢ > 0, and f;(:) :== fy(- | Xi), i = 1,...,n.
For any w = (w1, ug,...,upt1)’ € RPTL denote up) = (uo, ... Upyq)| €

RP. For a random variable X, we use || Xy, to denote its sub-Gaussian
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

norm, ie., [|X|y, = inf{t>0:FEexp(X?/t?) <2}. For a random vec-
tor X € R? we use ||X||y, to denote its sub-Gaussian norm, that is,
X4, = supyegar [[(X,%)]|y,, where S4! = {x € R?: ||x|], =1} is Eu-
clidean sphere. Note that Fy(y | Z) = Fy(y | X) as Z = (1, X")7. Let
X=(X1,....X),Z=(Z1,....2Z,)", and Y = (Y1, Vs, ..., Y,)".

For an empirical process f — (E, —P)f =n"'>" (f(X;)— Pf),
we define the symmetrized process f +— Eof = n~ ' 3" & f(X;), where

€1,...,&, beiid. Rademacher random variables independent of (X1, ..., X,,).

Let Q:(8) =E {p, (Y = 2"8)}, Q-(8) = E. {p (Yi = ZIB) } . Define

M, (u,T) :—%{Zm (Y, —2/B(1) - Z]u) —p, (m—zmm)},

E{M, (u,T)

LSt 0 g -2} -2 i 2o )|

S1.1 Conditions

Condition C1. For i = 1,2,...,n, f;(:) is continuous differentiable, and
there exist constants f, f/ > 0, such that |f; (v)| < f, |0f:(y)/0y| < f' for

all y € R.

Condition C2. (1) Suppose covariance matrix ¥ := E(X;X7) satisfies that

Yu=1Li=1,2...;pand 0 < Crin < Anin () < Aoz (2) < Crgz < 00

2



S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

for some Ciin, Crax > 0. (2) X is sub-Gaussian with [ X[, < , where

is some positive constant.

In order to state the next condition, for some ¢y > 0 and 7 € [7,, 1), de-

fine A, = {u c Rrtl HuTTC

, < collur, ||, }, where T = support(8(r)) :=

{j €{0,1,...,p}: B;(7) # 0}. A, is referred to as the restricted set. Define

T (u,m) C {1,...,p}\T; as the support of the m largest in absolute value

components of the vector u outside of T;.. Obviously, T, (u,m) is the empty

set if m=0.

Condition C3. For some constants m > 0 and ¢y > 9, the matrix Y =
diag (1,Y) satisfies
u’Su

K2 = infT inf 5 >0
1-7¢€ Ju£0 _
TP A g g, am |

and log (Lk2) < Crlog (p V n) for some constant Cr. Moreover,

712 3/2
q:= inf £ [|Ziu| }

inf ————=—>0.
1-7€Tn ueA-,u#0 [, “Z;u| ]

Condition C4. The density fy(:|X) is monotone in its upper tails for any
given X € X.
Condition C6. For each j = 0,1,...,p, 5;(-) is continuous and differ-

entiable for all 7 € [r,,1). Moreover, for any sequence 7, — 1, we have
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

maxi <<, {8 (2) |} < (1 —7,)77"", where 8 (1) = 9;(r)/0r.

Remark S.1 (Additional Explanation of Condition C5.). Condition C5
introduces an auxiliary parameter vector @, to characterize the tail behav-
ior of Y | X in high-dimensional settings. The linear component X'0,
captures the central location, and the residual is defined as U =Y —X'0,..
The condition then describes the tail behavior of the conditional distribution

Fy(t, | Z) and density fu(t, | Z) as t, — 0o, assuming

1= Fy(tn [ Z) ~ K(Z){1 = Fo(tn)},  fultn | Z) ~ K(Z) fo(tn),

along with second-order terms involving K1(Z) and K5(Z), which capture
higher-order deviations in the distribution and density, respectively. These
functions serve as covariate-dependent generalizations of the expansion coef-
ficients used in fized-dimensional models (e.g., Chernozhukov 2005, Wang,
Li & He 2012).

Unlike these works, our framework allows the covariate dimension to
grow with the sample size. Accordingly, K(-), Ki(+), and Ks(+) are permitted
to dwerge with n, and we impose additional high-dimensional conditions
(e.g., dp{1l — Fy(t,)} — 0 and d,, fo(t,) — 0 as n — oo) to control their

influence.



S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

Importantly, our theoretical analysis only relies on the first-order ex-
pansion of fu (see Lemma 3 in the Supplementary Material), so we do not
impose any specific condition on the rate of Ky(-). Although these func-
tions may vary over Z, we assume that K(-) and Ki(-) share common
convergence rates d, and dy,, respectively. This assumption facilitates the
theoretical analysis. For instance, in Example 1 with compact Z, the rate of
K(Z) is determined by the sparsity of &. Even if K(Z) lies within a range,
e.g., dy < K(Z) < D, our results remain valid with minor modifications.

The second-order condition of Uy implies that Uy(tz)/Uy(t) — 27, which
can be interpreted as a first-order condition (see Condition C6 for the defi-
nition). The first-order condition is a necessary and sufficient condition for
Fy to belong to the maximum domain of attraction D(G.) for heavy-tailed
distributions (de Haan & Ferreira 2006). Most commonly used families of
continuous distributions satisfies the second-order condition. Although both
the extreme value index estimator and the extreme quantile estimator are
based on the first-order condition, the second-order condition is essential
for deriving their theoretical results.

Note that Condition C5 is a sufficient but not necessary condition for
establishing the rate at which fy(Qy (7|X)|X) — 0. Nevertheless, it serves

as a practical and verifiable condition under commonly used models, such



S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

as the location-scale-shift models (see Example 1 in Section 2.3).
In summary, Condition C5 decomposes the tail quantile of Y | X into a

univariate baseline and covariate-dependent components through 6,, K(-),

Ki(v), and Ks(+).

Remark S.2. Conditions C1-C3 are standard in the literature on high-
dimensional quantile regression. Condition C1 imposes mild smoothness
assumptions on the conditional density of the response variable given co-
variates. Similar conditions appear in Belloni & Chernozhukov (2011) and
Wang, Wu & Li (2012), but our assumption is even weaker since we do
not require the conditional density to be bounded away from zero. This is
more general than the commonly assumed Gaussian or sub-Gaussian con-
ditions. Condition C2 posits a natural probabilistic model for the design
matrix, assuming a well-behaved covariance structure and that X has sub-
Gaussian rows. This setup is widely adopted in high-dimensional inference
(e.g., Battey et al. (2018), Javanmard & Montanari (2014)). Condition C3
is a stronger version of the restricted eigenvalue condition and restricted
nonlinear impact condition in Belloni & Chernozhukov (2011) because it
necessitates a positive uniform lower bound for all vectors in A, when 1 —71
equals different values in T,,. Various primitive conditions that imply bounds

on K, can be found in the same reference. Actually, this condition is mild
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

since we consider 1 — T € T, is at the same rate. Condition C} assumes
reqularity of the distribution function and its deriwatives. It is a techni-
cal condition imposed to simplify the derivations, and is also assumed in
Zhang (2018) (Assumption 4). Condition C6 is a regularity assumption
on the tail behavior of the functions B;(T), requiring that they do not vary
too rapidly as T — 1. This is a mild condition, satisfied by both the lo-
cation shift model and the location—scale shift model. If, however, there
exists a coefficient function B;(7) that violates this condition — for exam-
ple, Bj(t) = (1 — 7)™ with v/ > v — then the extreme value index of
Y | X would necessarily be ', which contradicts the assumed tail behav-
tor. The mazimum domain of attraction condition covers a broad range of
commonly encountered distributions. Specifically, many well-known distri-
butions (e.g., Pareto, Student’s t, Fréchet with v > 0; normal, gamma,

exponential with v = 0; uniform with v < 0) satisfy this condition.

Remark S.3. Here we provide some guidance on how to verify Conditions
C1-C6 in Example 1 of the main paper. Condition C1 and C} are regular-
ity assumptions on the conditional distribution of Y | X, and are typically
easy to satisfy. For instance, one can let the error term e follow a Stu-
dent’s t-distribution with degrees of freedom v. Condition C2 and C3 holds

under mild assumptions on the distribution of X. For example, C2 is sat-
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

isfied if the components of X are independently and uniformly distributed.
Condition C5 can be verified using the techniques presented in the proofs
of Lemmas 4 and 5, under the configuration specified in Example 1 of the
main paper. Condition C6 is satisfied when the quantile function takes the
form B;(1) = 6;F, ' (1), where Fy '(1) satisfies a first-order condition, and
the effective sparsity level s* depends on the number of nonzero entries in

g.

S1.2 Proof of Theorem 1

In order to prove Theorem 1, we first introduce Lemmas 1-9. To obtain a

uniform penalty level over the tail region, we define the random variable

5 (XiA(T—l(uigT))>'\/ 5 <7‘—1(ui§7)>‘}7
ok 7(1—7)

oi/T(1—7)
where uy,...,u, are i.i.d. random variables from uniform(0, 1), indepen-

A=n sup {max

1—reT, | 1<i<p

dently distributed from the regressors, Xy, ..., X,,.

Lemma 1 provides an asymptotic upper bound for A, which is O,((nlogp)/?
(1 — 70,)"'/?), and this bound is used to determine the order of A in the
proof of Theorem 1. Lemma 2 shows that the error vector 3(7) — B(7) lies
within a restricted set, uniformly for all 1 — 7 € 7, with high probability
if A > (co+3)/(co—3)A. Lemma 4 and Lemma 5 build on the founda-
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

tional result in Lemma 3 to derive second-order Taylor expansions for the
conditional distribution and quantile functions at the tail. Lemma 6 of-
fers a quadratic lower bound for E {M,, (u,7)} when n is large. Lemma 7
establishes a bound for the empirical error, M,, (u,7) —E{M, (u,7)}, uni-
formly across all vectors in the restricted set A, where 1 — 7 € 7,,. Lemma
8 and Lemma 9 are auxiliary results that establish relationships between
sub-exponential and sub-Gaussian squared random variables and provide a

Bernstein-type inequality for exponential random variables, respectively.

Lemma 1. Assume 1 — 1y, — 0. There exists a universal constant Cz > 0

such that,
P (f\ > KCiv/nlogp/vV1— 7o, | X) <p B

for any K > 1.
Proof. We first consider G,, (Z;;(7 — 1(u; < 7))/5;) for 1 < j <pand 1 —
7 € T,. Applying Lemma 1.5 in Ledoux & Talagrand (2013), we have

P (|G A{Zij(r — L(u; < 7)) /0,3 > K | X) < 2exp (—K%/2),

for any K > 0.

Therefore, by Lemma 2.3.7 in van der Vaart & Wellner (1996), for
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

Ky > 2\/5, we have

P (A > Ko/ | x) < dp max P < sup |G {(r — 1(u; < 7)) Z;;/5;}| > Ko/ (4W,) | x) ,

1—7€Tn

where G¢(f) = v/nE2(f) and ¢, = maxy_,er, (r(1—7)) 2.

Next, we adapt the proof of Theorem 1 in Belloni & Chernozhukov
(2011) by replacing u € U with 1 — 7 = ¢(1 —19,), ¢ € T, where T = [c1, ¢2]
is a compact set in R. Specifically, for each 7 = 1,2,...,p, the function

class
Fi =A{Zij(t —Uu; <7))/0;: 1 =7 =c(1 — 700), ¢ € [c1, 2]}

is a VC class. For k > 1, we obtain P </~X > kCycny/nlogp | X) < pRHL
where Cy > 0 is a constant, and ¢,, = maxy_,e7, (7(1 — 7-))_1/2 = (pna(1— pm))_lﬂ,
with pn1 = c1(1 — 7o,).

Since 1 — 7y, — 0 as n — oo, for sufficiently large n and k£ > 1, we have
P (A > kCyv/nlogp/VT= 7o, | X) < p 41,

where C'; > 0 is a constant. O

Lemma 2. (i) Under Condition C2, for any € € (0,1), there exists some

N, > 0, such that for all n > N., we have that, for every u € RPT!,

10



S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

2
lullin < full < 2fluljya, (S1.1)

with probability at least 1 — €.

(ii) Moreover, conditional on event {\ > (co+3)/(co — 3)A}, we have
that, for n > N, uniformly in 1 — 7 € T,, B(T) — B(1) € A, holds

with probability at least 1 — €.

Remark S.4. We emphasize that part (ii) contains the main result, and

its proof crucially depends on the conclusion established in part (i).

Proof. (i) By Condition C2, X; is sub-Gaussian, which implies that X? is
sub-exponential by Lemma 8 (see below). Moreover, by the concentration
inequalities for sub-exponential random variables in Lemma 9 (see below),

we conclude that, for £ > 0 and j =1,2,...,p,

1 (ot
Pll|= —1|>t] <2exp | —cnmin | —, — 5
n & kK2

n
DX
i=1
where ¢ and k are some positive constants. Therefore, for t = 1/2,

1 1
<2 —enmin [ —,— 1)) =0
g |23) s (cenmin (gh.55)) o

as log(p)/n — 0. Hence, for any € € (0,1), there exists some N, > 0 such

gZ

that for all n > Ne7 P(maXlgjgp ’(/T\J — 1’ S 1/2) >1—ce
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

Therefore, for all n > N, 1/2 < o; < 3/2, which implies the statement
(i).

(ii) The proof of this part is similar to that of Lemma 6(ii) in Belloni &
Chernozhukov (2011). However, there are some differences since we include
the intercept term but do not penalize it.

By the convexity of Q,(-), we have E, {Z;a(7)} € 8Q, (8(r)), where

al(t) =7 — 1 (Y; <Z'B(7)) are the rank scores. Therefore,
Q-(B(7)) 2 Q+(B(r)) + En (Zia} (7)" (B(r) — B(7)) .

Denote D = diag[y,...,5,]. Note that A\y/7(1 —7)(co — 3)/(co +3) >
n|D~'E, (Z;a: (7)) || holds with probability at least 1 — .. By the defini-

tion of B(T), we have

0< Qu(B(r) - Q:(Blr)) + VLT iaj (18,1 - 1B,
< [, @i () (B(r) - ()| + 2TU=D Za] (w] )= 1B,
< DB, (2 () 11D (B(r) — B(r ) AV Z (187

12
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

Thus, we have

< 2 a8 OB (150] - ).

(1 — 3) f}mm—@w

co+3 =
Since 22_, 8, (18;(7) = Bi(0)| + 18, = Bi(T)]) < 25,1101 B5185(7) -

Bj (7)], we have

JET,

00—3 P ~ ~ R ~
(1-2535) >l (r) = B <233l = Ao

which implies that ||Bze (7)1, < (co/3)|1Br (T) — Br, (7)]|10-

Finally, by part (i) of this Lemma, the result follows.

Before presenting Lemmas 4 and 5, we first introduce a foundational

lemma on which they are built.

Lemma 3. Assume Condition C5, we have

a1z (2)7 e SR () 0}

Uy (t| Z) =ct {1 + %ﬁz)ﬂ* (1 +0(1))},

and fy(y | Z) = coK(Z)y= "1 (1+0(1)), uniformly for Z € Z ast,y — oo,

where ¢* = cK (Z)", p* = max(p, —9),
13
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dK(Z)?, if p> —o,
d*(Z) =

—(6/p)AK\(Z)K(Z)0,  if p < —0.

¢, co are some positive constants, and d is the same as in Condition C5 (iii).
This means that Uy (t|Z) satisfies the second-order condition in Condition
C5 (iii) indezed by (7, p*,d*) where d* plays the same role as d in A;.

Proof. By Condition C5 (iii), we have Uy (t) = ct" {1+ A; (t)/p (1 +0(1))},

1Py (2) = (/)7 {1 () (2/)""" (14 0 (1) } and fof) = cpa 27 (14
o(1)), as t,x — oo, where A; (t) = vdt” and ¢, ¢y > 0 are some constants.

By Condition C5 (ii), we have that, with notation U =Y — Z19,,

1— Fy(u|Z)=K(Z )(1—Fo ) (1+0(1))
_ 1/'y{1 p/'y 1+0(1))}

( ) (1+6 /w{ N g <%>p/7(1+0(1))}
B )
and fy(u | Z) = K(Z) fo(u)(14+0(1)) = coK(Z)u=7"1(140(1)), uniformly

for Z € Z, where ¢* = ¢K (Z)", p* = max(p, —0), and

dK(Z)", if p > —3,
4" (Z) =

—(8/p)dK\(Z)K(Z)™, if p < —4.
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Thus, by straight forward calculation, we have Uy (t | Z) = c*t7 {1+
vd* (Z)t”" /p* (1 + 0(1))}, see Lemma 2 in Wang, Li & He (2012) for exam-

ple. Therefore, we have

Uy (t| Z) = 270, + Uy (t | Z) = ¢t {1 + (vd" (Z)/p" )" (1 +0(1))}

and fy(y | Z) = coK(Z)(y + 276,)"/7 (1 + o(1)) = coK(Z)y~ /71 (1 +

0(1)), uniformly for Z € Z. Hence, uniformly for Z € Z, we have
1= B (y]Z) = (/) {14 @ (2))0") (/) (1 +0 (1)}

O

Lemma 4. Assume the condition of Lemma 3. If t,, — 0o, d;%dy,t;° — 0,

and Z76, = o ((K (Z)P+e) v (K (Z)° K, (Z) tﬂ)), we have

as (7)) .
Uy (| Z) = 276, + Uy (b, | Z) = c*F) {1+ 1% (2),; <1+0<1>>},

*

£1
where
3 if (dty)PTody, — oo,
Pl =
_57 Zf (dntn)p+5d1_n1 = 0(1)7
dK(Z)*, if (dpt,)PHodyt — oo,

SK(Z)K(Z)%,  if (duto)?Hdt = O(1).
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

1/v /7

Proof. Consider a sequence u,, — oo such that d,u, " — 0 and dy,u,

0. Notice that 1—Fp (u,) ~ un " and fo(un) ~ u;7"1, thus d, (1 — Fy (un)) —
0 and d, fo(u,) — 0.

By Condition C5 (ii), we have

L= Fy(uy | Z) = K (Z 1”{ ) p/7(1+o(1))}
K2 (f) (1+8)/ { g<_>p/v(1 —i—o(l))}
:(F)”{Hd;z)( )”2”<1+o<1>>},

and fy(u, | Z) = coK(Z)un""""" (1 + o(1)), uniformly for Z € Z, where

1+6

(

3 1fup+6/7dfnl—>oo,
py =
—5, it = 0(1),
(
)
dK (Z)", if w7 dT - oo,
d3 (Z) =
—§K\(Z)K(Z)™, it ulTa = 0(1).

Let t, = (1—Fy (uy | Z))~'. Obviously, ¢, — oo and t;' ~ K (Z) un /.
By di,un’" — 0, we have d%dnt,;? — 0 and thus Uy (t, | Z) = c*t] {1+
Nt (2 [t (140 (1))}, where
p, i (data)? Py, — oo,
—6, if (dut,)PHdy = O(1),
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dK(Z)*, if (dt,)PHodyt — oo,
dy(Z) =
—6K\(Z)K(Z)~°,  if (dut,)"*0d;;} = O(1).

Since Z70, = o ((K (Z)"P17+0) v (K (Z)° K, (Z) tﬂ)), we have
Uy (tn | Z) = 270, + Uy (t, | Z) = ¢t {1 + 7dp(z)tpl (140 (1))} .
1

Thus, the statement is proved. O

1

Lemma 5. Assume the condition of Lemma 3. If dny;; — 0, dlny;(SM

0, and Z70, = o <<y§[y+p)/v) v <K1 (Z) yr(ly_(s)/v)), we have

1= Fy (1 2) = (%) 1/”{1+%*Z) (i_j)”w(uo(l))}

P2

and fy(yn | Z) = COK<Z)y;1M—1(1 +0(1)), where

p, o if Tl oo,
py =
| if T = 0(1),
dK(Z)*, if y(pﬂs Mdl’nl — 00,
ds (Z) =
| OK(2)K(Z), if g = 0(1).

Moreover, if we only need the first-order expansion, the conditions Z10, =
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

o (K (Z)"1+0) v (K (Z)"° K, (Z) tﬁ)) and 270, =
0 ((yr(frp)/v) v (K1 (Z) yff_é)/'Y)) can be replaced by weaker conditions Z10, =

o(K(Z)'t)) and Z10, = o(y,), respectively.

Proof. Similar to proof of Lemma 4, if ZT0, = o <<y7(lv+p)/v> V (Kl (Z) y,(ﬂ*é)/g ),

1= Fy (y, | Z) = <z—j>m {1 + %;*X) (%)pm (1+ 0(1))}

and fy (yn | Z) = coK(Z)yn """ (1 + 0(1)), uniformly for Z € Z, where

p if yy(fﬂs)/vdl_l — 00
Py =
_57 if yglp+6)/’yd1_111 = O<1)7
dK(Z)", if O - oo,
dy (Z) =
—§K\(Z)K(Z)™0, ity = 0(1),
which completes the proof. n

Remark S.5. Under Condition C5, by Lemma 3, we have ZTB(1o,) ~
(1—=7)"" ~cdl(1—7)"7. Therefore, with the additional conditions t, —
00, d,t171 — 0o, and d;°dy,t;° — 0, we have fy(ZTB(19,) | X) ~ d;7(1 —
Y+

TOn)

Lemma 6. Assume Condition C5, s,d;” (1 — 7,)" — 0 and d;°dy, (1 — Tgn)6 —

0. Then, for any Cg > (207)‘%%“ > 0 and Cp > 0, there exists some pos-
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

itive integer N such that, forn > N,

E{M, (u,7)} 2 Csd,” (1 = 70,)"" E{(Z"0)*}~Cr (1 — 70,) VE{(ZT0)?},

uniformly for any u such that Hil/gu‘ < b, and for 1 — 7 € T,, where

by, = o(d) (1 = 7o,)" ") and c is the same as in Lemma 3.

Proof. We first derive the lower and upper bounds for 1 — Fy(Z73(7) | Z)
and 1 — Fy(ZFB(7) +t | Z) for any 1 — 7 € T,,.

Given that d;%dy, (1 —70,)° — 0 and Z70, = o(K(Z)(1 — 16,)7")
and by Condition C5, we apply Lemmas 3 and 5 and have that, for any
constants d1, 92, 93,94 € (0, 1), there exists a positive integer N; such that,

for all n > Ny,

(1=7)(1=61) <1=F(Z{B(1) | Z) < (1 = 7)(1+ b2),

—1/y
(1—1) (1 + K(Zy(1 = 7_)_7) (1—03) <1 —F(ZIB(T)+t]|7Z),

+ —1/v
1 - R (ZIB(r)+t|Z) < (1—7) <1 + K (Z) (1= 7_)_7> (14 04)

hold uniformly for all 1 — 7 € 7,, and for t € (0,b,), where ¢ > 0 is defined

in Lemma 3.

Specifically, by Lemma 3, we have ZI 3(7) +¢ = ¢*(1 — 7)77(1 4+ o(1)),
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

uniformly for ¢ € (0,b,). Therefore, by Lemma 5, we have

1-— FY(erﬁ(T) +t|Z)
(1—7)(1+tK(Z)(1—71)7/c)

LB (1) (LK (@) (=)o) (10(1),

=1+

where o(1) holds uniformly for Z € Z. Since d*(Z)(1—7)~" (1+tK(Z)7(1—
) /e) 1 ) p* < d*(Z)ea(1 — To,)/p* uniformly for all 1 — 7 € T, and for

t € (0,b,), we have

1— Fy(ZIB(r) + 1| Z)
(1—7) (L +tK(Z)(1—7)/c)”/

=1+o0(1),

uniformly for all 1 — 7 € 7, t € (0,b,) and Z € Z.

By the definition of E{M,,(u,7)}, we have
E{M,(u,7)}
= E {p.(¥; — ZIB(r) — ZIw)} ~ E {p.(v; ~ Z7B(7)))

=E

/0 ) {F(Z"B(r)+t|Z)— Fv(Z"B(1) | Z)} dt]

Z"u —1/y
/0 <(1—7’)(1—51)— (1—7) <1+ cK(z)V(tl—T)—7> (1—1—54)) dt] :

Since ZTu < b, and b, = o(d)(1 — 70,)77), we have, for any ¢t < Z7u and

>E

1—7eT,, t{cK(Z)(1—-7)"}" =0.
Therefore, for any constant d5 € (0,1), there exists a positive integer

Ny such that, for all n > N,

20
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E{ M, (u,7)}

/OZTu {(1 —7)(1=06)—-(1~-7) (1 - c'yK(Z)’Yt(l = (1+ 55)) (14 54)} dt]

_(1+55)<1+54>uT 77V — (1 — + Tu)2
= Sl E(K(Z)7VZZ")u — (1 — 7) (04 + 05)/E{(ZTu)?}

> z(clchZ?i)Els—%zlE{<ZTu)2} — (1= 7)1+ 0)VE{(Z"w)}.

>E

Thus, for any 01,604,905 € (0,1), there exists N = max(Ny, Ny) such

that, for all n > NV,

(14 05)(1 4 04)
E{M,(u,7)} > .

2002_%17(%( — Ton) Y1

— 01(1 — Ton)(51 + (54)\/ E{(ZTU)Z},

E{(Z"n)*}

holds uniformly for any u such that |XY2ul| < b,, and for 1 — 7 € T,.

Therefore, the lemma follows. O

Lemma 7. For any t > 0, let

€(t) = sup [ My, (u, 7) = EA{M, (u,7)}.
177'67;1,u€A.,—,||i31/2u||§t
Under Conditions C1, C2, C3 and CJ, there exists a universal constant
Cg > 0 such that for any A > 1 and € € (0,1), there exists positive integer
N such that, for all n > N, with probability at least 1 — 3e — 3p*A2,

t CEAC()+1

1 Llio 1
<
_\/’71 Ko

@+ -a - Vo flog{pv (] o)},

t
6() tCo-i—l(l—Ton

(S1.2)
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where 1) = max; <<, {]6; (1—c(1—700)) |}, 5; (1) = 0B;(r)/0r, L =

cy—cp > 0.

Proof. Let
A(t) = sup Vne (t)
17767—71,u€A7-,||i1/2u||§t
— sup G {pr (Yi = Z{ By (1) = Z{u) — p; (Yi = Z{ By (7)) }

1—767—71,u€A7—,||2~31/2u|| <t

Notice that, for u satisfying Hf]l/ 2u” < t, it follows that
Var {p, (¥; ~ 2 B, (7) ~ Z]w) — pr (Y, 2] B (1) } < E{(Z/u)’}y < £

by the convexity of p,. Then by Lemma 2.3.7 in van der Vaart & Wellner

(1996), we have that, for every « > 0,

2 o

- _Lg {P (Ao(t) > }Lx | Ql> +P(Qf)}
where
A% (t) = sup Gy {pr (Yi =2/ By (1) = Zjw) — p; (Yi = Z{ By (7)) }

1—76%,ueAT,‘|Sl/2u]‘ <t

and §; is the event that Z||ully,, < |[ul|; < 2|[u|;,, holds for every u € RP*.
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By Lemma 2, for any ¢ € (0,1), there exists positive integer N, such
that, for all n > N, P(Qf) < e. Notice that p, (y; — Z7 (B(1) +u)) —
Pr (yi — ZZT,B(T» = TZZTu+wi (Z?u, 7'), where w;(b, 7) = (yi — ZZT,B(T) — b)_—

(vi — ZT'B(7)) . Additionally, for u € A, ||=/?u

‘ < t, we have ||ul|; =

g, -+ el < oo + 1) Il 1y < (co + 1) Vallur, [l < (o + 1)/} /5 | £420| <

at, where a = (co + 1)Ko~ 'y/s. Therefore, we have A°(t) < B°(t) + C°(t),

where
B°(t) = sup ‘Gg (TZ;Fu)} ,
1—7€Tn,ueAr ||ul1<at
Co(t) = sup |G? {w; (Z]a,7)}].
1-7€Tn,ueA ||ul1<at
For any M > 0,

P(BO (t) > M | Ql) < I}\lzi{)l{@*)‘ME (eABO(t) | Ql)}

< I)\Ilzl[r)l {e M 2pexp (2\%a**(1 — ¢1 (1 — Ton))2)}

M2
= 2pex —
b p( 8a2t? (1 — e (1—7%))2)

and
PCo(t)>M | Q) < r/{gg {eME (6,\co(t) 1)}

< Iilzlgl {e_)‘MQchS_l exp (8)\2a2t2) }

2pL M?
= —¥ eX —_——
5 TP\ T30 )
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where 0 (see below) satisfies s6 (1 — 79,) 3" < at. Hence,

PLA(t) > (24 (1 — cr(1 — 700)))M | 1)
<SP{B(t) > (1—cr(1—100)) M |} + P(CO(t) > 2M | Q)

_ M?
<2p (1 + Lo 1) exp (— 8a2t2> .

Recall that

P(A(t) > M) < 1%{13 (.A"(t) > ;lM y Ql) +P(Qf)}.

M2

Let M = (4M;)V My, where My = A{2+ (1 —¢; (1 — 79,))} aty/log {2p% (1 + Lé—1)}

for any A > 1, and M; = 2v/3t. Then, for all n > N,
1
P(A(t)> M) < 3{P (AO (t) > ZM | Ql) +P(Qf)} < 3p_A2 + 3e.

Therefore, there exists a universal positive constant C'g such that

%OEACO o (1 (1= 700)) ﬁ\/log {p v (1 L ! ) ﬁﬁm) }

t) <
6()_ Ko tCo—i—l(l—Ton

and thus the statement follows.

For B°(t), we have
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(070 ) =8 (oot )

IN

E eASUPT|2atTG%(maX1£jSPZij/aj)| |Ql>
<E (e,\|2at(1—cl(1—70n))G%(maX15j5p Zi;/5;)| | Ql>

< 2p max E <e>\|2at(1—01(1—7’0n))G$L(Zij/a'j)| | Ql)

<2p max E ((32’\2“%2(1_61(1_7‘)"))2 | Q1>
1<5<p

= 2pexp (2N°a*t*(1 — 1 (1 — TOn))Z) )

where the first inequality is by Holder’s inequality, the third and forth
inequalities are due to the following facts.

For any symmetric random variable Z;,5 = 1,2,...,p, we have

1<j<p 1<j<p 1<j<p 1<j<p

E (max e'Zj|) <pmax E (eIZJ") <pmax E (er + e*Zj) < 2p max E (er)

and E {exp 2MI'G? (X;;) /7;) | €1, X} < exp ((2M\I')?/2) by the proof of
Lemma 2.2.7 in van der Vaart & Wellner (1996).

For C°(t), we first construct a d—net for interval [c1, co]: Cx = {¢1,¢o, ..., CK },
where § < ats™ (1 — 79,)"" (BM) ! and K6 < L. For each 1—7 € T,,, there
exists a ¢ € Cg, such that [(1 —7)/(1 —71,) —¢| <6 .

For any i € {1,2,..., K} and any c in ¢;’s 0 neighborhood, i.e. [c—¢;| <
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d,let 1 —17=c(l—=19,) and 1 —7; =1 — ¢ (1 — 79,,). We have

1B(1) = B(F) |1 < slB(1) = B(F) oo < 86 (1 —700) BY,

where 1) = max {|8; (1 —c2 (1 —70,)) | : 7 =1,2,...,p} and the second
inequality follows by monotonity of fy (+|X) in Condition C4.
Since 560 (1 —79,) B < at, we have ||B(7) — B (%) |1 < at for all

1 — 7 € 7T,. Therefore, we have

co(t) < sup sup |Gy, {wi (Z] (u+B(r) — B(7)), %) }]
|5 —ail<b.é €0k lluli<at
+ o osw (G {wi (Z{B(r) ~Z]B(R), 7) }
|t —&|<8.8€Ck

<2 sup Go {w; (Z]u,7)}| = D° ().

[[ull1<2at,é;€Cx

Since

E (AP0 Q) < KmaxE{exp (20 sup |G {wi (ZFu, %)} | |
¢ eCx [[ull1<2at
L T
< = maxEqexp |2\ sup |G (Z{u)|] |
O éieCx l|ull1<2at
< LE 4)at |G Zi;|o Q
< SE |exp y4hat |Gy | max ii/0j 1
< @ max E {ex (4)\(115@0 (Z/A)) | ©2 }
= 5 1<i<p P n 2l '

% exp (8)\2a2t2) ,

IN
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it follows that E (e’ | ;) < (2pL/0) exp (8A\2a?t?). O

Lemma 8. A random variable X is a sub-Gaussian if and only if X? is

sub-exponential. Moreover, || X7, < [|X?||,, < 2[[X|3,, where | X||y, and

| X ||y, are respectively sub-Gaussian and sub-exponential norm of X.

Proof. The proof of this lemma can be found in Lemma 5.14 in Chapter 5

of Vershynin (2012). O
Lemma 9. Let Xq,..., X, be independent centered sub-exponential random
variables, and M = maxi<;<, || Xill,,,- Then for every a = (ay,...,a,) € R"

and every t > 0, we have

= t2 t
P a; X; > 1| <exp (—02 min ( , )) .
(Z ) M7l Ml

=1

Proof. The proof can be found in Proposition 5.16 in Chapter 5 of Vershynin

(2012). 0

Proof of Theorem 1.

Let Cg, Cs, Cr and C be some positive constant such that Cr > 1, Cg >

(2¢7) 7)™, Cp < 2/ AZ 1 1C5(co + 1)/ ko and

. (2VA2+1C;) v (3OE\/(1 +log Cr) V (20L + %))

Cs ’
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where A > 1 is any positive constant, and Cj, ¢ and Cg are positive con-

stants defined in Lemmas 1, 3 and 7, respectively. Denote A = v/ A2 + 1C}

vnlogp/v1—Ton.

Consider the following three events:

(i) ©4: The event that (S1.1) holds and B(T) — B(7) € A; uniformly for

1—7€7,;

(i) Q9: The event that (S1.2) in Lemma 7 holds;

(iii) Q3: The event that X > (co + 3)/(co — 3)A holds.

By Lemmas 1 and 2, there exists a positive integer /N, such that, for all
n> N, P(Q)>P(QNQ3)>1 —p* —¢. By Lemma 7, for all n > N,
P(Q) >1—3e— 3p~4*. By Lemma 1, P (Q3) > 1— p~**. Thus, for all
n > N,

P (M2 ) >1—4de—5p~4" (S1.3)

By Condition C6, there exists a positive integer Ny such that, for all
n > Np,
BY < Op(1 — 79,) (S1.4)
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By Lemma 6, there exists a positive integer Ngr such that, for all n > Ngr,

E{M, (u,7)} > Csd;" (1 — 76,)" ' E{(Z7)?} —Cr (1 — 70,,) VE{(ZT0)?},

(S1.5)
uniformly for 1 — 7 € 7,, and for any u such that Hil/ 2u‘ < b, where
bn = O(d;yl(l — Ton)_’y).

Let N = max(N,, Ng, Ngr) and
~ 1 1 \Y,
t = 4CADT L (1 — gty /B Y ) og(p v n) (S1.6)
Ko n

We will show that, conditional on N3_,€);, for alln > N, Hi% (,8 (1)—p (T)) H <
t, holds uniformly for 1 — 7 € 7,,. We prove it by contradiction. Suppose
that there exists 1 — 7 € 7, such that Hi% (ﬁ( )— B (7')) H > t. By the

definition of 3 (1), we have

n

min | Y {pr (Y~ Z] By (7) = Zu) — p, (Yi = Z{ By (7))}

~ 1
ueAs [X2ul|2t | =1

AT =) (w+ B (7)) lin = AVT(L = 7)[| (B ]||1n]<0.

By the convexity of the objective function, we have
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n

min Z{pT (Y;—ZZTBO(T)—ZZ'TU)—M (Y;—ZiTBo(T))}

~ 1
ucA, ||¥2u||=t| ;=1

AT =) (a+ 8 (7)) [hn = AVTA =) (B (7)) lln| <O.

Since || (w+ B (7)) ha=Il (B (7)) l1n = =llullin = =2[[ully = =2(co + 1) Juz. |, >

_—2\/555(?“)||i%u||2, for some ¢y > 0 and ko > 0 and u € €y, we have

min Z{pT( i — 7] By (1) — ZZ-TU)—PT(Y;—ZZB()(T))}

ucA- ||E§u|| t| i=1

52 1) e
/T ( \[ (ot D) siup,| <o

Note that since t > (rkgy/n)~' and 1 — 19, > +/slog(p)/n, it follows

that,

1 Lko 1 (1) RRALT
Z < T _()<CL2(7+3)/
TS e sy rort

where the second inequality holds by (S1.4). Since

log n,

1 Lk 1 9
log [ = (1) 1 21 L
og( )\/35 > < log (CFr) + og<\/_no>+7+3

t Co + 1 (1 — Ton
it follows that

log {p Vv GCOL_’?’I = Ttn> \/55“)) } < {(1+1logCr)logp} v { (2(JL + %) log (p V n)}
< {<1+10goF> v (QCH%)}log(pvm.
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By Lemma 7, we have

C()—l—l
Ko

(24 (1 —pn1))/slog(pVn),

2
Vne(t) < tCE\/(l +log Cr) v <2OL + Py 3)A

and thus

T(1—=7)2ys(co+1) 15,

n Ko

min {IE {M,, (u,7)} = A

<1
ucA.,||X2ul|=t

2
—tC 1+ logCr)V | 2C A
E\/( + log F) ( L+7+3>

Co+1
Ko

(24 (1 —pn1)) /slog (p\/n)} < 0.

By the definition of A\, we have

min {E {M, (u,7)}

~ 1
ueA- £ 2 ul=t

)2 +1
—VA2Z+ 105 i ——+/nlogp \/ \/_ (o |22u||2
- On

Co+1
Ko

—tCE\/(l +log Cr) Vv (2CL + 7?_3)%1 (24 (1 —pp1)) /slog (p\/n)} < 0.

By (S1.6) and the condition 1 — 79, > \/slogp/n, we have t < b,.

Therefore, by (S1.5), we have

1
Csd" (1= 700)" ™ 1% = (1 = 70n) Ot — VA2 +12C5 (o +1) slogp t
Ko

Co+1
Ko

2
— tCE\/(l +log Cr) V (2CL + poary 3>A (24 (1 —pn1)) Vslog(pVn) <O0.
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S1. TECHNICAL CONDITIONS AND THEORETICAL PROOFS

By the choice of C, and 1 — 7,, < 1 < v/slog p, we have,

Co—|—1

0=d;"(1—10,)""t2—-CA slog(pVvn)t<0,

which brings a contradiction.
Therefore, we have proven that, with ¢ defined in (S1.6), conditioned

N

Vi-reT, IS (BM-BM) <t

Let A =2, C = 4CA(co + 1)/ko. Combining this with (S1.3) completes
the proof. O
S1.3 Proof of Theorem 2

Recall that k& = n(1 — 79,). The conditions in Theorem 1 on 79, can be
expressed in terms of k: k — oo, k/n — 0, k/n > /slogp/n, d)(k/n) — 0
and s,d;Y(k/n)" — 0. Before proving Theorem 2, we present Corollary 1,

which follows directly from Theorem 1.

Corollary 1. Under the conditions of Theorem 1, we have

1—7€Tn k n

sup_||Br) - 8| = 00 (dg ()" L) |

Proof. Note that 1 — 79, = k/n and that the conditions k£ — oo, k/n —
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0, k/n > /slogp/n, d} (k/n) — 0 and s.d,” (k/n)” — 0 imply that
1 — 700 > /slogp/n, s.d;7 (1 —10,)" — 0 and d} (1 — 79,) — 0, which
are the required conditions in Theorem 1. Substituting 1 — 79, = k/n into

Theorem 1 leads to the result. O

Proof of Theorem 2.

By the definition of 4, we have

1-1;(1—7pn)|x
o) {log (24 ) —ylog (1) |

Y=
ST (1) log (1/1))
J Oy (115 (1= 7)) Oy (=L (1=m)]) Qv (-1 (1-7)}x)
2= ¢ () {10g (Q§<1—1§-<1—Tn>|x>> — log (Q;Y»(l—zi(l—mnx)) +log (Q:(l—li(l—Tn)\X) 4 )}
S 6 (1) log (1/1))
= Anl - AnZ + An37
where

J Qy (1-1;(1=73)|x)
_ > ;=19 (1) log (Q:j(lfl;(lf‘rnﬂx))

nl )
S ¢ (1) log (1/1))
J @ 1-l1(1—7p)|x
B ijl ¢ (l;)log (Qiglfﬁglwﬂxw
n2 — )
Sy ¢ (1) log (1/1))
J Qy (1-1;(1=7n)[x)
B >j=1 (1) log <—Q§(1711(177n)|x) l])
n3 — :

S 6 (1) log (1/1))

We first claim that
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By Lemma 3, d;,"n/k — oo and s,d,,” (k/n)” — 0, we have Qy (1 — ¢; (1 — 7,) | x) ~
AV (1—m7,) 7.
Denote d; = ,@(1 —li(1—-71,)) —B(1—4;(1—m7,)). Since for j =
L1185 = Op (dg (n/k)+ \/W) holds by Corollary 1, it

follows that, conditional on the event in Lemma 2 (ii), |z <

Cleo+1 H{d }TT

C' is a constant such that |x;| < C;i = 1,2,...,p. Therefore, for j =

< Cleg+ 1)/ ||{5j}TTH2 < C(co + 1)y/5]|0;]|,, where

1,2,...,J, we have

Qv (1= 4(1—=7) | %) = Qy (1 = 4;(1—7,) | X)‘ =[2"9;| = Or (d’z (%)”18 log(g;_v n)> ,

and hence A,; = Op ((ns/k:) log(p v n)/n) and A,» = Op ((ns/k) log(p vV n)/n)
Now consider A,3. By Lemma 3 and d;;°d,(n/k)™° — 0, s, = 0 ((d;’ﬁ” (n/k)wp)
V (d7 Oy, (n/k)7™ 6)), we have that, for each j,
I

7 %)

I
o8 (Qy(l—l1 l—Tn

= log

st 3 010
_ ﬁ) { +wd (=) (11(1 Tn)) (1))} ’

(e
el {52 () oo} {252 (i) e
— log {1 + % 1—7)" (l;P* - 1) (1+o (1))}

- % (1=7) ™ (17 = 1) (1 +0(1)),
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where ¢* = ¢K (z)”,

Py if df (1 — )~ dy, — oo,
p=
=0, (1= 7))y, = O(1),
\
(
dK (z), if dt(1 —7,)7"0d;, — oo,
d*(z) =
—6K1(z)K(z)™°,  if d?T(1 —7,,)7P7%d,, = O(1).
\

Therefore, uniformly for x € X, A3 = Op (dg (k/n)* V dind: (k/n)5).

To summarize, the condition d? (k/n) *Vdi,d;® (k/n)’ = o ((ns/k‘) log(p v n)/n)

. 1 Vv
,Y_VZOP(%,/M).
n

We demonstrate that for x =n='> " X,

. n [slog(pVn)
o200 (3 F7T)

Since X is nonzero at only one position, for j =1,2,...,.J, we have

implies that

Qy (1 —i(1—7) %) —Qy (1 —4;(1—7,) | )—()‘ — Op (d;; (%>v+1 M) :

by the Cauchy inequality. Using similar methods used before, we can verify
the result. a
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S1.4 Proof of Theorem 3

Notice that Qy (7, | x) = {(1 — 7o) /(1 — 7)}" ZT,B(T()”), where 1 — k/n =
Ton and Qy (7, | x) = Uy ((1 — 7,,) 7! | x). By the regularly varying property

of Uy (t | x), that is, Uy (tz | x)/Uy(t | x) — 7, as t — oo, we have

SR (e R

= (1 + Rln) (1 + R2n> (1 — Rgn) .

By Theorem 2 and Taylor expansion of the function f(x) = {k/n(1 —7,)}"
at = 0, we have [Rin| = Op <log[k/{n(1 . Tn)}](ns/k)\/w>.
Similar to the proof of Theorem 2, we have |Ry,| = Op <(ns//’<:)7+1 V9ogp/n/ (n/k)7> =
Op ((ns/k)\/m) For Rs,, we have |Rs,| = op [{n (1 —1,) /k}"] =
op (1), since v > 0 and n(1 — 7,) = o(k).
To sum up, the leading term of Qy (7, | X)/Qy (7 | X) — 1 is |Run).
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Combining with the condition logl[k/{n (1 — 7,)}](ns/k)\/log(p vV n)/n —

0, we conclude the results. O

S2 Sensitivity Analysis in the Simulation Study

In Section 3, we conduct a sensitivity analysis to evaluate the stability of
the proposed method, denoted as HEQR, with respect to the choices of ¢y,
01, and d in the rule of thumb k = |con®®1 (logp)*>+92|. To illustrate the
results, we present the following figures for all six cases. Figures S.1 present
the Mean Integrated Squared Error (MISE) of the compared estimators for
extreme conditional quantiles at 7, = 0.995 for Cases 1-6, plotted against
co € [0.4,3], with (d1,92) fixed at (0.01,0.05). The compared estimators
include the extreme quantile regression (EQR) method without assuming a
common slope in Wang, Li & He (2012), and the high-dimensional quantile
regression (HQR) method from Belloni & Chernozhukov (2011). The pat-
tern of MISE for 7, = 0.999 is similar and is therefore omitted. Figures S.2
present the MISE of HEQR as a function of 6; € [0.005,0.03], with ¢q = 0.8
and 0, = 0.05, while Figures S.3 present the MISE of HEQR as a function
of 6, € [0.02,0.08], with ¢ = 0.8 and 6; = 0.01. The figures indicate that
our proposed method remains stable for ¢y € [0.5,2.3], 6; € [0.005,0.016],

and 02 € [0.01,0.08], across various scenarios and sample sizes.
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Figure S.1: The MISE of estimators for the extreme conditional quantile at 7, = 0.995
against ¢y in Cases 1-6 with n = 1000 and n = 5000.
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Figure S.2: The MISE of HEQR estimator for the extreme conditional quantile at 7,

(h) Case 5, 7, = 0.999 (i) Case 6, 7, = 0.995
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0.995 and 0.999 against ¢; in Cases 2-6.
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S3. VARIABLES IN THE AUTO INSURANCE DATA

S3 Variables in the Auto Insurance Data

Tables S.1 and S.2 describe the continuous and binary variables in the auto

insurance claims data analyzed in Section 4, respectively.

Table S.1: Description of continuous variables in the auto insurance data

Abbreviation Varaible Description Mean(SD)
Age Age 44.70(8.65)
HC Home Children | count of children currently residing in a | 0.74(1.13)
household
YoJ Years on Job 11.68(9.53)
TiF Time In Force the duration the insurance policy has | 5.34(4.13)
been in effect
Income log(Income) 9.83(3.16)
TravelTime log(Travel Time) 3.37(0.60)
VValue log(Vehicle Value) 9.46(0.63)

Note: SD refers to standard deviation.
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Table S.2: Description of binary variables in the auto insurance data

Abbreviation Varaible Description

Hvaluel Home Value 1 home value € (0, 150000]

Hvalue2 Home Value 2 home value € (150000, 200000]

Hvalue3 Home Value3 home value € (200000, co)

Rural Rural Population | living in rural areas
DC Driving Children | there is at least one child in the vehicle while driving
SP Single Parent raising one or more children alone, without the support of
a partner or spouse living in the household
MS Marital Status equals 1 if not married
Red Red Car

License License Revoked

Edu.L1 Bachelor’s Degree

Edu.L2 Higher Education | education level higher than Bachelor’s degree

0ldC1 0Old Claims 1 total claims in last five years € (0, 5000)
0ldC2 Old Claims 2 total claims in last five years € (5000, c0)

FreqC1 Claims Freq 1 claim frequency in the last 5 years is 1

FreqC2 Claims Freq 2 claim frequency in the last 5 years is 2

FreqC3 Claims Freq 3 claim frequency in the last 5 years € (2, 00)

VPoint1 Vehicle Points 1 | vehicle points € {1,2} (vehicle points refer to a score or
classification used by insurers to help determine the risk
associated with insuring a specific vehicle. )

VPoint2 Vehicle Points 2 | vehicle points € {3,4,...}

VAgel Car Age 1 car age € [5,10)

VAgel Car Age 2 car age € [10,00)

VTypel is commercial

VType2 is van

VType3 is sportcar

VTyped is minivan

VTypeb is paneltruck

VTypeb is pickup

Jobl is homemaker
Job2 is student
Job3 is Clerical
Job4 is Manager
Jobb is Professional
Job6 is Doctor
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