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This supplementary material is organized as follows: In Section S1, we

illustrate the general theory through three concrete examples. In Section

S2, we present the numerical studies of testing the correlation coefficient of

autoregressive data. In Section S3, we present all proofs. In Section S4, we

discuss about model misspecification.

S1 Examples

In this section we investigate three concrete examples: testing the mean

of independent Gaussians with unequal variances, testing the correlation

coefficient of AR(1) series, and testing the transition matrix of Markov

chains. For each example, we derive the expressions of the test statistics

and check all assumptions. The goal is to illustrate the general theory and
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demonstrate its generality.

S1.1 Testing the mean of independent Gaussians with unequal

variances

We first consider an example where, for every k ∈ [K], {Xk(n), n ∈ N} are

independent, Gaussian, with equal but unknown mean θk ∈ R and unequal

but known variances σk(n)
2 > 0, i.e., Xk(n) ∼ N (θk, σk(n)

2) for n ∈ N.

For every k ∈ [K], consider testing

θk ∈ Θm
k for m ∈ [M ],

where Θk = [θk, θk], M ≥ 2,

Θ1
k = [θ1k, θ

1

k], . . . , ΘM
k = [θMk , θ

M

k ],

and θk ≤ θ1k ≤ θ
1

k < θ2k ≤ · · · ≤ θ
M−1

k < θMk ≤ θ
M

k ≤ θk are real numbers.

We would like to find a sufficient condition on {σk(n)2, n ∈ N} so

that Assumption 1-3 can be satisfied. Note that when σk(n)
2 ≡ σ2

k for

some constant σ2
k > 0 and all n ∈ N, this has been checked and extensively

studied in, e.g., Song and Fellouris (2019); Deshmukh et al. (2021); Xing and

Fellouris (2025). However, the case with unequal variances is underexplored

and reveals some interesting findings.

Since the testing problems in all streams are homogeneous, for simplic-

ity of notations, in what follows we suppress the lower index k ∈ [K].



S1. EXAMPLES

First of all, for any distinct θ, θ′ ∈ Θ, we have

ℓ(n; θ) = −n
2
log(2π)− 1

2

n∑
t=1

log σ(t)2 − 1

2

n∑
t=1

1

σ(t)2
(X(t)− θ)2,

ℓ(n; θ)− ℓ(n; θ′) = (θ − θ′)
n∑
t=1

1

σ(t)

X(t)− θ

σ(t)
+ ψ(n)

(θ − θ′)2

2
,

where we denote

ψ(n) ≡
n∑
t=1

1

σ(t)2
.

Assuming

lim
q→1

lim
n→∞

ψ(qn)

ψ(n)
= 1 and

∞∑
n=1

e−ψ(n) <∞, (S1.1)

we claim that, for any m ∈ [M ] and θ ∈ Θ\Θm, Assumption 1 holds with

Im(n; θ) ≡ inf
θ′∈Θm

I(n; θ, θ′) ≡ ψ(n) inf
θ′∈Θm

(θ − θ′)2

2
,

where I(n; θ, θ′) ≡ Eθ [ℓ(n; θ)− ℓ(n; θ′)] = ψ(n)
(θ − θ′)2

2
.

(S1.2)

Indeed, condition (2.5) follows from the first condition in (S1.1), and condi-

tion (2.7) follows from definition. To show condition (2.6), since |θ − θ′| ≤

θ − θ, it suffices to show

Y (n) ≡ 1

ψ(n)

n∑
t=1

1

σ(t)

X(t)− θ

σ(t)

completely−−−−−−→ 0 under Pθ. (S1.3)

To see this, note that Y (n) ∼ N(0, 1/ψ(n)) and, by Mill’s inequality, for

any ϵ > 0,

Pθ (|Y (n)| ≥ ϵ) = P
(
|N(0, 1)| ≥ ϵ

√
ψ(n)

)
≤
√

2

π

1

ϵ
√
ψ(n)

e−
ϵ2

2
ψ(n),

whose summation over n is finite provided the last condition in (S1.1).
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Next, we study the test statistic ℓ̂(n)− ℓm(n) where, naturally, we use

the global MLE as the estimator in the adaptive log-likelihood. The global

MLE is

θ̂(n) ≡

((
1

ψ(n)

n∑
t=1

X(t)

σ(t)2

)
∨ θ

)
∧ θ,

and the adaptive log-likelihood in (2.8) is

ℓ̂(n) = −n
2
log(2π)− 1

2

n∑
t=1

log σ(t)2 − 1

2

n∑
t=1

1

σ(t)2
(X(t)− θ̂(t− 1))2.

For every m ∈ [M ], the local MLE in the mth hypothesis is

θ̂m(n) ≡
(
θ̂(n) ∨ θm

)
∧ θm,

and the corresponding local generalized log-likelihood in (2.9) is

ℓm(n) = ℓ(n; θ̂m(n)).

We claim that, for any m ∈ [M ] and θ ∈ Θ\Θm, ℓ̂(n)− ℓm(n) and Im(n; θ)

in (S1.2) satisfy Assumption 2-3 provided that there exists a function g(·) :

(0,∞) → (0,∞) so that for large n ∈ N and large M > 0,

Mψ(n) ≤ ψ
(
g(M)n

)
, (S1.4)

and
∞∑
n=0

∞∑
m=n

e−ψ(m) <∞. (S1.5)

It suffices to check condition (2.11).
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Before starting, we state and prove the following proposition, which will

be an intermediate step in all three examples.

Proposition 1. Let ℓ̂(n) and ℓm(n) be defined as in (2.8) and (2.9), with

lower index k suppressed to ease the notation. Then,

ℓ̂(n)− ℓm(n) ≥ ℓ̂(n)− ℓ(n; θ)−
n∑
t=1

Eθ

[
∆(ℓ̂(t)− ℓ(t; θ))

∣∣∣F(t− 1)
]

︸ ︷︷ ︸
A(n)

+
n∑
t=1

Eθ

[
∆(ℓ̂(t)− ℓ(t; θ))

∣∣∣F(n− 1)
]

︸ ︷︷ ︸
B(n)

+ inf
θ′∈Θm

{ℓ(n; θ)− ℓ(n; θ′)− I(n; θ, θ′)}︸ ︷︷ ︸
C(n)

+Im(n; θ),

(S1.6)

where ∆S(t) ≡ S(t) − S(t − 1). Besides, {A(n), n ≥ 1} is a zero-mean

martingale with respect to filtration F and probability measure Pθ.

Proof of Proposition 1. Indeed,

ℓ̂(n)− ℓm(n) = ℓ̂(n) + inf
θ′∈Θm

{−ℓ(n; θ′)}

= ℓ̂(n)− ℓ(n; θ) + inf
θ′∈Θm

{ℓ(n; θ)− ℓ(n; θ′)− I(n; θ, θ′) + I(n; θ, θ′)}

≥ ℓ̂(n)− ℓ(n; θ) + inf
θ′∈Θm

{ℓ(n; θ)− ℓ(n; θ′)− I(n; θ, θ′)}+ Im(n; θ),

and the desired form follows after adding and subtracting the same term.

The second statement can be checked directly by definition.
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In the example of this subsection, we have

Eθ

[
∆(ℓ̂(n)− ℓ(n; θ))

∣∣∣F(n− 1)
]

= Eθ

[
− 1

2σ(n)2

(
(X(n)− θ̂(n− 1))2 − (X(n)− θ)2

)∣∣∣∣F(n− 1)

]
= − 1

2σ(n)2
(θ̂(n− 1)− θ)2.

It suffices to show A(n)/ψ(n), B(n)/ψ(n) and C(n)/ψ(n) converge to zero

completely, respectively.

For the first, it is clear that

A(n) =
n∑
t=1

1

σ(t)2
(θ̂(t− 1)− θ)(X(t)− θ),

so

|A(n)| ≤ (θ − θ)

∣∣∣∣∣
n∑
t=1

1

σ(t)2
(X(t)− θ)

∣∣∣∣∣ ,
which divided by ψ(n) we have shown to converge to zero completely in

(S1.3).

For the second, fix ϵ > 0 and define random times

τ1 ≡ sup
{
n ∈ N : (θ̂(n)− θ)2 > ϵ

}
+ 1,

τ2 ≡ sup

{
n ∈ N :

1

ψ(n)

n∑
t=1

(θ̂(t− 1)− θ)2

2σ(t)2
> ϵ

}
.

From, e.g., (Tartakovsky et al., 2014, Chapter 2.4.3), we know thatB(n)/ψ(n)
completely−−−−−−→

0 is implied by B(n)/ψ(n)
quickly−−−−→ 0, which is defined as: for all ϵ > 0,

Eθ[τ2] <∞. Next we show

ψ(τ2) ≤
(θ − θ)2

ϵ
ψ(τ1),
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so that, based on condition (S1.4), we have

ψ(τ2) ≤ ψ

(
g

(
(θ − θ)2

ϵ

)
τ1

)
⇒ τ2 ≤ g

(
(θ − θ)2

ϵ

)
τ1,

and it suffices to show Eθ[τ1] < ∞. Indeed, for any n ∈ N that ψ(n) ≥

(θ−θ)2
ϵ

ψ(τ1), we have

1

ψ(n)

n∑
t=1

(θ̂(t− 1)− θ)2

2σ(t)2

=
1

ψ(n)

(
τ1∑
t=1

(θ̂(t− 1)− θ)2

2σ(t)2
+

n∑
t=τ1+1

(θ̂(t− 1)− θ)2

2σ(t)2

)

≤ 1

ψ(n)

(
(θ − θ)2

2

τ1∑
t=1

1

σ(t)2
+
ϵ

2

n∑
t=τ1+1

1

σ(t)2

)

≤ (θ − θ)2

2

ψ(τ1)

ψ(n)
+
ϵ

2
≤ ϵ.

To show Eθ[τ1] < ∞, note that the distance between θ and the restricted

MLE θ̂(n) is less than or equal to the distance between θ and the unre-

stricted MLE, and

1

ψ(n)

n∑
t=1

X(t)

σ(t)2
− θ =

1

ψ(n)

n∑
t=1

1

σ(t)

X(t)− θ

σ(t)
≡ Y (n) ∼ N (0, 1/ψ(n)) ,

so

Eθ[τ1] =
∞∑
n=0

Pθ(τ1 > n) =
∞∑
n=0

Pθ

(
∃m ≥ n, (θ̂(m)− θ)2 > ϵ

)
≤

∞∑
n=0

∞∑
m=n

Pθ

(
(θ̂(m)− θ)2 > ϵ

)
≤

∞∑
n=0

∞∑
m=n

Pθ(|Y (m)| ≥
√
ϵ)

=
∞∑
n=0

∞∑
m=n

P
(
|N(0, 1)| ≥

√
ϵψ(m)

)
≤

∞∑
n=0

∞∑
m=n

√
2

π

1√
ϵψ(m)

e−
ϵ
2
ψ(m),

which is finite provided condition (S1.5).
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For the third, it is clear that

ℓ(n; θ)− ℓ(n; θ′)− I(n; θ, θ′) = (θ − θ′)
n∑
t=1

1

σ(t)2
(X(t)− θ),

so

|C(n)| ≤ (θ − θ)

∣∣∣∣∣
n∑
t=1

1

σ(t)2
(X(t)− θ)

∣∣∣∣∣ ,
which is the same as the upper bound for |A(n)|.

Combining (S1.1), (S1.4) and (S1.5), a set of sufficient conditions on

ψ(n) =
∑n

t=1 1/σ(t)
2 is

lim
q→1

lim
n→∞

ψ(qn)

ψ(n)
= 1,

∞∑
n=0

∞∑
m=n

e−ψ(m) <∞,

and there exists a function g(·) : (0,∞) → (0,∞) so that for large n ∈ N

and large M > 0,

Mψ(n) ≤ ψ
(
g(M)n

)
.

Note that this is clearly satisfied by functions with a polynomial rate, i.e.,

ψ(n) ∼ anb as n→ ∞ for some a, b > 0.

S1.2 Testing the correlation coefficient of AR(1) series

In the second example, we assume that X = {X(n), n ∈ N} follows a

first-order autoregressive model with Gaussian noises, i.e.,

X(n) = θX(n− 1) + ϵ(n), n ∈ N,
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where X(0) = 0, {ϵ(n), n ∈ N} are i.i.d. standard Gaussian, and θ ∈

(−1, 1) is unknown. Consider testing θ ∈ Θm for m ∈ [M ], where Θ =

[θ, θ] ⊆ (−1, 1) and {Θm, m ∈ [M ]} are M disjoint closed intervals in Θ,

with Θm = [θm, θ
m
].

First of all, for any θ ∈ Θ, the conditional distribution of X(n) given

X(n− 1) is N(θX(n− 1), 1), so the log-likelihood is

ℓ(n; θ) = −n
2
log(2π)− 1

2

n∑
t=1

(X(t)− θX(t− 1))2 ,

and, for any distinct θ, θ′ ∈ Θ, the log-likelihood ratio is

ℓ(n; θ)− ℓ(n; θ′) = (θ − θ′)
n∑
t=1

(
X(t− 1)X(t)− θ + θ′

2
X(t− 1)2

)
.

It is shown in Bercu et al. (1997) that

1

n

n∑
t=1

X(t− 1)X(t) → θ

1− θ2
,

1

n

n∑
t=1

X(t− 1)2 → 1

1− θ2
, (S1.7)

with an exponential rate under Pθ, i.e., there exists a constant Cθ > 0 and

positive function ϕθ(·), so that

Pθ(| Statistic(n)− Limit | > ϵ) ≤ Cθe
−nϕθ(ϵ) for all ϵ > 0,

where Statistics(n) and Limit represent the corresponding quantities in

(S1.7) for simplicity. This convergence rate is clearly stronger than complete

convergence and quick convergence. so

1

n
(ℓ(n; θ)− ℓ(n; θ′))

completely−−−−−−→ (θ − θ′)2

2(1− θ2)
under Pθ.
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Therefore, for any m ∈ [M ] and θ ∈ Θ\Θm, Assumption 1 holds with

Im(n; θ) = n inf
θ′∈Θm

(θ − θ′)2

2(1− θ2)
= nmin

{
(θ − θm)2

2(1− θ2)
,
(θ − θ

m
)2

2(1− θ2)

}
. (S1.8)

Next, we study the test statistic ℓ̂(n)− ℓm(n). We use the global MLE

as the adaptive estimator, i.e.,

θ̂(n) ≡
(∑n

t=1X(t− 1)X(t)∑n
t=1X(t− 1)2

∨ θ
)
∧ θ,

which is known as the Yule-Walker estimator and is shown in Bercu et al.

(1997) to converge to θ with an exponential rate under Pθ. The adaptive

log-likelihood in (2.8) is

ℓ̂(n) = −n
2
log(2π)− 1

2

n∑
t=1

(
X(t)− θ̂(t− 1)X(t− 1)

)2
.

For every m ∈ [M ], the local generalized log-likelihood in (2.9) is ℓm(n) =

supθ′∈Θm ℓ(n; θ′). We claim that, for any m ∈ [M ] and θ ∈ Θ\Θm, ℓ̂(n) −

ℓm(n) and Im(n; θ) in (S1.8) satisfy Assumption 2-3.

We start from the decomposition in Proposition 1. Specifically, we have

Eθ

[
∆(ℓ̂(n)− ℓ(n; θ))

∣∣∣F(n− 1)
]

= Eθ

[
1

2
(θ̂(n− 1)− θ)X(n− 1)

(
2X(n)− (θ̂(n− 1) + θ)X(n− 1)

)∣∣∣∣F(n− 1)

]
= − 1

2
(θ̂(n− 1)− θ)2X(n− 1)2,

where we used the fact that X(n)|F(n− 1) ∼ N(θX(n− 1), 1) under Pθ.
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For the first term in (S1.6), we have

A(n) =
n∑
t=1

(θ̂(t− 1)− θ)X(t− 1)(X(t)− θX(t− 1)).

This cannot be dealt with as simply as in the first example. However, as

a martingale, from Stoica (2007) we know that its sequence of averages

converge completely to its mean, i.e., A(n)/n → 0 completely, as long as

its sequence of differences is uniformly bounded in L2, i.e.,

sup
n≥1

Eθ[(∆A(n))
2] <∞.

Indeed,

Eθ[(∆A(n))
2] ≤ (θ − θ)2Eθ[X(n− 1)2(X(n)− θX(n− 1))2]

= (θ − θ)2Eθ
[
X(n− 1)2Eθ[(X(n)− θX(n− 1))2|F(n− 1)]

]
= (θ − θ)2Eθ[X(n− 1)2]

is uniformly bounded in L2, so A(n)/n→ 0 completely is proved.

For the second term, we have

|B(n)| ≤ 1

2

n∑
t=1

(θ̂(t− 1)− θ)2X(t− 1)2.

Although both θ̂(n)− θ and 1
n

∑n
t=1X(t−1)2 converge with an exponential

rate, and even θ̂(n)−θ is uniformly bounded, B(n)/n→ 0 completely is not

automatic. A sufficient condition is that supn≥1 Eθ[X(n)2p] < ∞ for some

p > 1, which is clearly satisfied in this example. To see this is sufficient, fix
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ϵ > 0 and define

τ1 ≡ sup

{
n ∈ N : (θ̂(n)− θ)2 > ϵ or

1

n

n∑
t=1

X(t− 1)2 > v

}
+ 1,

τ2 ≡ sup

{
n ∈ N :

1

n

n∑
t=1

(θ̂(t− 1)− θ)2X(t− 1)2 > ϵ(1 + v)

}
,

where v represents an arbitrary real number that is greater than 1/(1−θ2).

From the exponential converge rates of θ̂(n)− θ and 1
n

∑n
t=1X(t− 1)2, we

know that Eθ[τ1] < ∞. Next we show that Eθ[τ2] < ∞, which implies

|B(n)|/n→ 0 completely. Indeed, for any n ≥ 4
ϵ

∑τ1
t=1X(t− 1)2, we have

1

n

n∑
t=1

(θ̂(t− 1)− θ)2X(t− 1)2

=
1

n

(
τ1∑
t=1

(θ̂(t− 1)− θ)2X(t− 1)2 +
n∑

t=τ1+1

(θ̂(t− 1)− θ)2X(t− 1)2

)

≤ 4

n

τ1∑
t=1

X(t− 1)2 + ϵv ≤ ϵ(1 + v),

so τ2 ≤ 4
ϵ

∑τ1
t=1X(t − 1)2. It remains to show Eθ[

∑τ1
t=1X(t − 1)2] < ∞.

Indeed,

Eθ

[
τ1∑
t=1

X(t− 1)2

]
= Eθ

[
∞∑
t=1

X(t− 1)21{t ≤ τ1}

]

=
∞∑
t=1

Eθ
[
X(t− 1)21{t ≤ τ1}

]
≤

∞∑
t=1

Eθ[X(t− 1)2p]1/pPθ(τ1 ≥ t)

≤
(
sup
n≥1

Eθ[X(n)2p]

)1/p

Eθ[τ1] <∞,

where in the second equality we could change the order of expectation and

summation because of non-negativity, and in the first inequality we used

Hölder’s inequality.
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For the third term, we have, for any θ′ ∈ Θm,

ℓ(n; θ)− ℓ(n; θ′)− I(n; θ, θ′)

= (θ − θ′)
n∑
t=1

(
X(t− 1)X(t)− θ + θ′

2
X(t− 1)2 − θ − θ′

2(1− θ2)

)
= (θ − θ′)

n∑
t=1

(
X(t− 1)X(t)− θ

2
X(t− 1)2 − θ

2(1− θ2)

)
+ (θ − θ′)θ′

n∑
t=1

(
−1

2
X(t− 1)2 +

1

2(1− θ2)

)
,

so

|C(n)| ≤ 2

∣∣∣∣∣
n∑
t=1

(
X(t− 1)X(t)− θ

2
X(t− 1)2 − θ

2(1− θ2)

)∣∣∣∣∣
+ 2

∣∣∣∣∣
n∑
t=1

(
−1

2
X(t− 1)2 +

1

2(1− θ2)

)∣∣∣∣∣ .
Based on (S1.7) it is clear that C(n)/n→ 0 completely under Pθ.

S1.3 Testing the transition matrix of a Markov chain

we assume that X = {X(n) : n ∈ N} follows a Markov process with finite

state space [s] = {1, . . . , s}, initial state X(0) = 1, and transition matrix

Π = {Π(i, j) : (i, j) ∈ [s]2}. We denote by P a family of irreducible and

recurrent transition matrices that satisfies

sup
Π,Π′∈P

sup
(i,j)∈[s]2

log
Π(i, j)

Π′(i, j)
<∞, (S1.9)

so that the log-likelihood ratio between any two transition matrices is finite

based on finite samples. Consider testing Π ∈ Pm for m ∈ [M ] where
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{Pm, m ∈ [M ]} are M disjoint subsets of P so that ImΠ , defined in (S1.11),

is positive for all m ∈ [M ] and Π ∈ P\Pm.

First of all, for any Π ∈ P , the conditional distribution of X(n) given

X(n− 1) is multinomial with probability Π(X(n− 1), i) for i ∈ [s], so the

log-likelihood is

ℓ(n; Π) =
n∑
t=1

log Π(X(t− 1), X(t)) =
∑

(i,j)∈[s]2
Nn(i, j) log Π(i, j),

and, for distinct Π,Π′ ∈ P , the log-likelihood ratio is

ℓ(n; Π)−ℓ(n; Π′) =
n∑
t=1

log
Π(X(t− 1), X(t))

Π′(X(t− 1), X(t))
=

∑
(i,j)∈[s]2

Nn(i, j) log
Π(i, j)

Π′(i, j)
,

where Nn(i, j) ≡
∑n

t=1 1{(X(t − 1), X(t)) = (i, j)} records the number of

transitions from state i to state j up to time n. We denote by π = {π(i), i ∈

[s]} the stationary distribution ofX when the transition matrix is Π, and by

πY = {πY (i, j), (i, j) ∈ [s]2} the stationary distribution of the induced two-

step Markov process Y = {(X(n), X(n + 1)), n ≥ 0}. The existence and

uniqueness of the stationary distributions are guaranteed (see,e.g., (Durrett,

2010, Theorem 5.5.9)). It is shown in (Dembo and Zeitouni, 1998, Chapter

3) that

1

n
Nn(i, j) → πY (i, j) with an exponential rate, for all (i, j) ∈ [s]2,

(S1.10)
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so

1

n
(ℓ(n; Π)− ℓ(n; Π′))

completely−−−−−−→
underPΠ

∑
(i,j)∈[s]2

πY (i, j) log
Π(i, j)

Π′(i, j)
≡ IΠ,Π′ .

Therefore, for any m ∈ [M ] and Π ∈ P\Pm, Assumption 1 holds with

Im(n; Π) = nImΠ , where I
m
Π ≡ inf

Π′∈Pm
IΠ,Π′ , (S1.11)

as long as Pm is separated from the rest of the hypothesis space in the sense

that ImΠ > 0 for all Π ∈ P\Pm. A quick example is, when s = 2, testing

Π(1, 2) < p0 v.s. Π(1, 2) > p1 where 0 ≤ p0 < p1 ≤ 1.

Next, we study the test statistic ℓ̂(n) − ℓm(n). For any n ≥ 1, it is

natural to use the following estimator:

Π̂n(i, j) ≡
Nn(i, j)∑
k∈[s]Nn(i, k)

for (i, j) ∈ [s]2,

which is shown in Anderson and Goodman (1957) to be the unrestricted

global MLE and to converge to Π(i, j) with an exponential rate. The adap-

tive log-likelihood in (2.8) is

ℓ̂(n) =
n∑
t=1

log Π̂t−1(X(t− 1), X(t))

=
∑

(i,j)∈[s]2

n∑
t=1

1{(X(t− 1), X(t)) = (i, j)} log Π̂t−1(i, j).

For every m ∈ [M ], the local generalized log-likelihood in (2.9) is ℓm =

supΠ′∈Pm ℓ(n; Π′). Starting from the decomposition in Proposition 1 and

following similar steps as in the second example, it can be shown that, for
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any m ∈ [M ] and Π ∈ P\Pm, ℓ̂(n)− ℓm(n) and Im(n; θ) in (S1.11) satisfy

Assumption 2-3.

S2 Extra numerical studies

In this section, we present a numerical study of testing the correlation coef-

ficient of AR(1) series. Specifically, we consider K first-order autoregressive

series,

Xk(n) = θkXk(n− 1) + ϵk(n), n ∈ N,

with correlation coefficient θk and i.i.d. standard Gaussian noises for k ∈

[K]. For each of them, consider testing the following hypotheses:

Θ1
k = [−0.75,−0.5], Θ2

k = [−0.25, 0.25], Θ3
k = [0.5, 0.75],

Θ0
k = (−0.5,−0.25) ∪ (0.25, 0.5),

that is, M = 3 and Θk = [−0.75, 0.75]. All statistics, namely, the log-

likelihoods ℓk(n; θk), the global MLE θ̂k(n), the adaptive log-likelihoods

ℓ̂(n), the local MLEs θ̂mk (n), and the local generalized log-likelihoods have

been derived in Section S1.2.

We use n0 = 10 pilot samples and the same importance sampling dis-

tribution as the numerical study in the main body. The same set of figures

are presented in Figure 1-3. All simulations are based on 105 rounds.
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Figure 1: Relative errors of all estimates are below 5% based on 105 simulation rounds.

Figure 2: Universal thresholds versus sharp thresholds, showing basically a constant level

of conservativeness.
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Figure 3: Verifications of the asymptotic theory. All curves at the top are asymptotically

equal and all curves at the bottom asymptotically converge to one.
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S3 Proofs

This section includes proofs of all theorems, along with some important

lemmas and remarks.

S3.1 Related to the asymptotic lower bound

Lemma 1. Let {A(n), n ∈ N} be a sequence of random variables and

{a(n), n ∈ N} be a sequence of positive real numbers that increase to infin-

ity. If

P

(
lim sup
n→∞

A(n)

a(n)
≤ 1

)
= 1, (S3.12)

then, for any q ∈ (0, 1),

lim
N→∞

P

(
1

a(N)
max

1≤n≤N
A(n) ≥ 1

q

)
= 0.

Proof of Lemma 1. Fix q ∈ (0, 1) and N ∈ N. By the union bound and the

condition that {a(n), n ∈ N} is positive and increasing, for any 1 ≤ m ≤ N

we have

P

(
1

a(N)
max

1≤n≤N
A(n) ≥ 1

q

)
≤ P

(
1

a(N)
max

1≤n≤m
A(n) ≥ 1

q

)
+ P

(
1

a(N)
max

m≤n≤N
A(n) ≥ 1

q

)
≤ P

(
1

a(N)
max

1≤n≤m
A(n) ≥ 1

q

)
+ P

(
sup
n≥m

A(n)

a(n)
≥ 1

q

)
.

Letting N → ∞, we have

lim sup
N→∞

P

(
1

a(N)
max

1≤n≤N
A(n) ≥ 1

q

)
≤ P

(
sup
n≥m

A(n)

a(n)
≥ 1

q

)
.
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Letting m→ ∞, the right-hand-side is equal to

P

(
lim sup
n→∞

A(n)

a(n)
≥ 1

q

)
,

which is zero based on condition (S3.12).

Lemma 2. Let {fk(n), n ∈ N}, k ∈ [K] be K sequences of positive real

numbers that increase to infinity. Let f(n) ≡
∑

k∈[K] fk(n). For any a > 0,

let fk(a)
−1 ≡ min{n ∈ N : fk(n) ≥ a} and f(a)−1 ≡ min{n ∈ N : f(n) ≥

a}. If

lim
q→1

lim
a→∞

fk(qa)
−1

fk(a)−1
= 1 for all k ∈ [K], (S3.13)

then

lim
q∈(0,1)→1

lim
a→∞

f(qa)−1

f(a)−1
= 1.

Proof of Lemma 2. Condition (S3.13) implies that, for any ϵ ∈ (0, 1), there

exist qϵ ∈ (0, 1) and aϵ > 0, so that fk(qa)
−1/fk(a)

−1 ≥ 1 − ϵ for all

q ∈ (qϵ, 1), a > aϵ and k ∈ [K]. Fix a small ϵ and a q ∈ (qϵ, 1). For any

a > 0, define

ak ≡ fk
(
f(qa)−1

)
/q for k ∈ [K],

where the dependence on a is suppressed for simplicity of notations, so that

min
{
n ∈ N : fk(n) ≥ qak for all k ∈ [K]

}
= min

{
n ∈ N : fk(n) ≥ fk

(
f(qa)−1

)
for all k ∈ [K]

}
= f(qa)−1.
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Let a be large enough so that ak > aϵ for all k ∈ [K]. Now, on the one

hand, f(a)−1 ≥ f(qa)−1. On the other hand,

f(qa)−1 = min
{
n ∈ N : fk(n) ≥ qak for all k ∈ [K]

}
= max

k∈[K]
min

{
n ∈ N : fk(n) ≥ qak

}
= max

k∈[K]
fk(qak)

−1 ≥ (1− ϵ) max
k∈[K]

fk(ak)
−1

= (1− ϵ) max
k∈[K]

min
{
n ∈ N : fk(n) ≥ ak

}
= (1− ϵ)min

{
n ∈ N : fk(n) ≥ ak for all k ∈ [K]

}
≥ (1− ϵ)min

{
n ∈ N : f(n) ≥

∑
k∈[K]

ak =
1

q

∑
k∈[K]

fk
(
f(qa)−1

)
=

1

q
f
(
f(qa)−1

)}
≥ (1− ϵ)min

{
n ∈ N : f(n) ≥ a

}
= (1− ϵ)f(a)−1.

That is to say, we have shown that, for any small ϵ, f(a)−1 ≥ f(qa)−1 ≥

(1 − ϵ)f(a)−1 for q sufficiently close to 1 and a sufficiently large. Letting

q ∈ (0, 1) → 1, a→ ∞ and ϵ→ 0 completes the proof.

Proof of Theorem 1. It suffices to prove (3.13) since (3.14) follows from

(3.13) and the fact that ∆(α) = ∩s∈[K]∆s(αs).

Fix arbitrary 1 ≤ s ≤ K and θ ∈ Θ. Denote

Us,θ ≡
{
B ∈ [M ]K : |Hθ△B| < s

}
,

i.e., all identifications of hypotheses that make less than s errors when the

truth is Hθ. Denote by S∗ a minimizer of the minimization problem in
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(3.12). Also fix arbitrary α ∈ (0, 1) and δ ∈ ∆s(α). It is clear that

1− α ≤ Pθ(D ∈ Us,θ) =
∑
B∈Us,θ

Pθ(D = B).

Further fix arbitrary B ∈ Us,θ and q ∈ (0, 1). Let θ̃ ∈ Θ be that, for

k ∈ [K],

θ̃k =



an element of (Θ
H′

k,θk
k ∪Θ

H′′
k,θk

k )\ΘBk
k so that

Pk,θk

lim sup
n→∞

ℓk(n; θk)− ℓk,θ̃k(n)

I
H′′

k,θk
k (n; θk)

≤ 1
√
q

 = 1, if k ∈ S∗,

θk, otherwise,

whose existence is guaranteed by Assumption 1. Note that θ̃ satisfies the

following two properties: (i) S∗ ⊆ H θ̃△B, so Pθ̃(D = B) ≤ α. (ii)

Pθ

(
lim sup
n→∞

ℓθ(n)− ℓθ̃(n)

Is(n;θ)
≤ 1

√
q

)

= Pθ

lim sup
n→∞

∑
k∈S∗ ℓk(n; θk)− ℓk,θ̃k(n)∑

k∈S∗ I
H′′

k,θk
k (n; θk)

≤ 1
√
q


≥ 1−

∑
k∈S∗

1−Pθ

lim sup
n→∞

ℓk(n; θk)− ℓk,θ̃k(n)

I
H′′

k,θk
k (n; θk)

≤ 1
√
q

 = 1,

where in the inequality we used the fact that for real numbers ak and

positive real numbers bk,∑
k ak∑
k bk

> c implies
ak
bk
> c for some k.

Further fix arbitrary η ∈ (0, 1). We decompose Pθ(D = B) as

Pθ

(
ℓθ(T )− ℓθ̃(T ) < log

η

α
, D = B

)
+Pθ

(
ℓθ(T )− ℓθ̃(T ) ≥ log

η

α
, D = B

)
≡ I+II.
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By changing measure from Pθ to Pθ̃ and applying property (i),

I = Eθ̃

[
exp{ℓθ(T )− ℓθ̃(T )}; ℓθ(T )− ℓθ̃(T ) < log

η

α
, D = B

]
≤ η

α
Pθ̃(D = B) ≤ η.

Meanwhile,

II ≤ Pθ

(
T ≤ Is(q| logα|;θ)−1, ℓθ(T )− ℓθ̃(T ) ≥ log

η

α

)
+Pθ

(
T ≥ Is(q| logα|;θ)−1, D = B

)
.

The first term in this equation can be upper bounded by

Pθ

(
1

q| logα|
max

1≤n≤Is(q| logα|;θ)−1
ℓθ(n)− ℓθ̃(n) ≥

1

q

| logα|+ log η

| logα|

)
= Pθ

(
1

Is(N ;θ)
max

1≤n≤N
ℓθ(n)− ℓθ̃(n) ≥

1

q

| logα|+ log η

| logα|

)
≡ ϵs,θ(α,B, q, η),

where we denote N ≡ Is(q| logα|;θ)−1 to make the expression cleaner.

Based on property (ii) and Lemma 1, we know that ϵs,θ(α,B, q, η) → 0 as

α→ 0.

Combining all above results, we have shown that

Pθ(D = B) ≤ η + ϵs,θ(α,B, q, η) +Pθ

(
T ≥ Is(q| logα|;θ)−1, D = B

)
.

Summing over B ∈ Us,θ, we obtain

1− α ≤ 2Kη + ϵs,θ(α, q, η) +Pθ

(
T ≥ Is(q| logα|;θ)−1

)
,

where we denote ϵs,θ(α, q, η) ≡
∑

B∈Us,θ
ϵs,θ(α, q,B, η), which also converges

to zero as α→ 0. Applying Markov’s inequality, it follows that

Eθ[T ]

Is(q| logα|;θ)−1
≥ Pθ

(
T ≥ qIs(| logα|;θ)−1

)
≥ 1−α−2Kη− ϵs,θ(α, q, η),
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and, thus,

Eθ[T ]

Is(| logα|;θ)−1
≥ Is(q| logα|;θ)−1

Is(| logα|;θ)−1

(
1− α− 2Kη − ϵs,θ(α, q, η)

)
.

Based on condition (2.5) and Lemma 2, we know that Is(q| logα|;θ)−1/Is(| logα|;θ)−1 →

1 as α→ 0 and q → 1. Taking infimum over δ ∈ ∆s(α), first letting α→ 0,

then letting q → 1 and η → 0, the proof is complete.

S3.2 Related to the error control of the proposed test

Lemma 3. For any k ∈ [K] and θ ∈ Θk,

exp
{
ℓ̂k(n)− ℓk(n; θ)

}
, n ∈ N

is a mean-one martingale with respect to filtration {Fk(n), n ∈ N} and

probability measure Pk,θk .

Proof of Lemma 3. See Lemma D.2 of Song and Fellouris (2019).

Remark 1. By this lemma and independence across streams, for any θ ∈ Θ

and B ⊆ [K], we can define a probability measure Qθ,B so that

dQθ,B

dPθ

(F(n)) =
∏
k∈B

exp
{
ℓ̂k(n)− ℓk(n; θ)

}
.

Proof of Theorem 2. Fix θ ∈ Θ and a ∈ (0,∞)K . To show (4.16), it suffices

to note that, for any k ∈ [K],

ξk(n) ≡ ℓ̂k(n)− ℓ
(M−1)
k (n) ≥ ℓ̂k(n)− max

m∈[M ]\Hk,θk

ℓmk (n), n ∈ N,
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which goes to infinity as n→ ∞ a.s. under Pθ provided Assumption 2.

To show (4.17), we fix s ∈ [K] and note that {|Hθ△D̂| ≥ s} occurs if

and only if there exist (i) B ⊆ [K] that |B| = s and Hk,θk ̸= 0 for all k ∈ B,

and (ii) {mk, k ∈ B} that mk ∈ [M ]\Hk,θk for all k ∈ B, so that event

Γ
(
B, {mk, k ∈ B}

)
≡ {D̂k = mk, ∀ k ∈ B}

occurs. Since there are at most
(
K
s

)
(M − 1)s such combinations, it suffices

to show Pθ

(
Γ
(
B, {mk, k ∈ B}

))
≤ e−as for each of such combinations.

Fix such a combination. Note that for any k ∈ B, D̂k ≡ argmax
m∈[M ]

ℓmk (T̂ ) ̸=

Hk,θk implies ℓ
(M−1)
k (T̂ ) ≥ ℓ

Hk,θk
k (T̂ ) ≥ ℓk(T̂ ; θk), so on the event of Γ

(
B, {mk, k ∈

B}
)
we have

∑
k∈B

(
ℓ̂k(T̂ )− ℓk(T̂ ; θk)

)
≥
∑
k∈B

(
ℓ̂k(T̂ )− ℓ

(M−1)
k (T̂ )

)
=
∑
k∈B

ξk(T̂ ) ≥ as.

By Remark 1, changing measure from Pθ to Qθ,B, we have

Pθ

(
Γ
(
B, {mk, k ∈ B}

))
= EQθ,B

[
− exp

{∑
k∈B

(
ℓ̂k(T̂ )− ℓk(T̂ ; θk)

)}
; Γ
(
B, {mk, k ∈ B}

)]

≤ e−as Qθ,B

(
Γ
(
B, {mk, k ∈ B}

))
≤ e−as ,

where EQθ,B
represents the expectation under Qθ,B.
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S3.3 Related to the asymptotic upper bound of the proposed

test

Lemma 4. Let {Ak(n), n ∈ N}, k ∈ [K] be K ≥ 1 sequences of random

variables and {ak(n), n ∈ N}, k ∈ [K] be K sequences of positive real

numbers that increase to infinity. Let q ∈ (0, 1). For any b = (b1, . . . , bK) ∈

(0,∞)K, let

T (b) ≡ inf {n ∈ N : Ak(n) ≥ ak for all k ∈ [K]} .

If, for any k ∈ [K],
∞∑
n=1

P

(
Ak(n)

ak(n)
≤ q

)
<∞,

then as maxk∈[K] bk → ∞,

E[T (b)] ≲ max
k∈[K]

ak(bk/q)
−1.

Proof of Lemma 4. Fix b ∈ (0,∞)K . Denote N(b) ≡ maxk∈[K] ak(bk/q)
−1.

It is clear that

E[T (b)] =
∞∑
n=0

P(T (b) > n) ≤ N(b) +
∞∑

n=N(b)

P(T (b) > n).

For any n ≥ N(b), which implies bk/ak(n) ≤ q for all k ∈ [K], we have

P(T (b) > n) ≤ P (∃ k ∈ [K], Ak(n) < bk)

≤
∑
k∈[K]

P(Ak(n) ≤ bk) ≤
∑
k∈[K]

P

(
Ak(n)

ak(n)
≤ q

)
.



S3. PROOFS

Thus,

E[T (b)] ≤ N(b) +
∑
k∈[K]

∞∑
n=1

P

(
Ak(n)

ak(n)
≤ q

)
.

Since the latter term is finite by condition, letting maxk∈[K] bk → ∞ gives

the desired result.

Proof of Theorem 3. Fix θ ∈ Θ. Denote by T̃ the following stopping time:

inf

{
n ∈ N : ∀ s ∈ [K],

∑
k∈B

(
ℓ̂k(n)− ℓmk

k (n)
)
≥ as for all B ⊆ [K] that |B| = s

and all {mk, k ∈ B} that mk ∈ [M ]\H ′
k,θk

for k ∈ B

}
.

Note that since ℓ
(M−1)
k (n) ≤ maxm∈[M ]\H′

k,θk
ℓmk (n), we have T̂ ≤ T̃ for all a,

so it suffices to show Eθ[T̃ ] ≲ maxs∈[K] Is(as/q;θ)
−1 as a → ∞.

Assumption 3 implies that, for any such s, B, {mk, k ∈ B}, and q ∈

(0, 1),
∞∑
n=1

Pθ

(∑
k∈B ℓ̂k(n)− ℓmk

k (n)∑
k∈B I

mk
k (n; θk)

≤ q

)

≤
∑
k∈B

∞∑
n=1

Pk,θk

(
ℓ̂k(n)− ℓmk

k (n)

Imk
k (n; θk)

≤ q

)
<∞,

so by Lemma 4 we have, for any q ∈ (0, 1), as a → ∞,

Eθ[T̃ ] ≲ max
s,B, {mk,k∈B}

min

{
n ∈ N :

∑
k∈B

Imk
k (n; θk) ≥ as/q

}

= max
s∈[K]

min {n ∈ N : Is(n;θ) ≥ as/q} = max
s∈[K]

Is(as/q;θ)
−1.

Letting q → 1 and applying Lemma 2 gives the desired upper bound.
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S4 Model misspecification

One of our reviewers raised the concern about model misspecification and

asked how the proposed test performs under misspecified models. Since the

problem caused by model misspecification is basically the same, we focus

on the setup of sequential single testing with two hypotheses, in which

case the proposed test reduces to the well-known adaptive SPRT (see, e.g.,

(Tartakovsky et al., 2014, Chapter 5)). We also assume for simplicity that

the data are i.i.d., so that the information functions are linear in time.

We first explain what model misspecification means in this setup. Let

Θsma ⫋ Θbig be parameter spaces and Θ1,Θ2 be disjoint subsets of Θsma,

and consider the following two models:

Model 1: Assume that θ ∈ Θsma and test

θ ∈ Θ1 versus θ ∈ Θ2.

Model 2: Assume that θ ∈ Θbig and test the same hypotheses.

Then, if the truth is θ ∈ Θbig\Θsma, Model 1 is misspecified and Model

2 is correctly specified.

We then study how the adaptive SPRT under these two models differs

in form and performance. First of all, under model □ ∈ {sma, big}, the
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test takes the following form:

T̂□ ≡ inf
{
n ≥ 1 : ℓ̂□(n)− ℓ1□(n) ∧ ℓ2□(n) ≥ a

}
,

D̂□ ≡ argmax
m∈{1,2}

ℓm□ (T̂ ).

It is clear that ℓmsma = ℓmbig ≡ ℓm for m ∈ {1, 2}, because the hypotheses are

the same under the two models, but ℓ̂sma ≤ ℓ̂big, because the global MLE

in the latter model is taken with respect to a bigger parameter space. So

a first observation is that, the expected sample size of the test increases

under misspecified models.

A second observation is that, as long as Assumption 1 holds under the

true parameter, i.e.,

ℓ̂sma(n)− ℓ1(n) ∧ ℓ2(n) → ∞ almost surely under Pθ, (S4.14)

the test under the misspecified model still terminates almost surely, i.e.,

Pθ(T̂sma < ∞) = 1. Note that the requirement of error control does not

apply, because θ does not belong to any of the hypotheses. Further, if

Assumption 3 holds under the true parameter, i.e., if there exists some

J∗ > 0 such that

1

n

(
ℓ̂sma(n)− ℓ1(n) ∧ ℓ2(n)

)
completely−−−−−−→ J∗ under Pθ, (S4.15)

then the test under the misspecified model still admits an asymptotic ap-

proximation to its expected sample size, i.e., Eθ[T̂sma] ∼ a/J∗ as a → ∞.
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However, the optimal expected expected sample size under the correctly

specified model is asymptotically a/I∗, where constant I∗ is characterized

by

inf
θ′∈Θ1∪Θ2

Eθ [ℓ(1; θ)− ℓ(1; θ′)] ≡ I∗,

1

n

(
ℓ̂big(n)− ℓ1(n) ∧ ℓ2(n)

)
completely−−−−−−→ I∗ under Pθ,

(S4.16)

which, generally speaking, satisfies I∗ ≥ J∗. Therefore, the test under the

misspecified model terminates almost surely as long as condition (S4.14)

holds and admits an asymptotic approximation as long as condition (S4.15)

holds, but the asymptotic approximation is, generally speaking, suboptimal.

In what follows, we present a concrete example for illustration.

S4.1 Example

We use (Normal, θ), θ ∈ R to mean N(θ, 1), i.e., Normal distribution with

mean θ and unit variance, and (Laplace, θ), θ ∈ R to mean L(θ, 1), i.e.,

Laplace distribution with mean θ and scale parameter 1, and consider the

following two models:

Model 1: Assume that the distribution of X belongs to

Θsma ≡ {(Normal, θ) : θ ∈ R},

and test

Θ1 ≡ {(Normal, θ) : θ ≤ −δ} versus Θ2 ≡ {(Normal, θ) : θ ≥ δ}.
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Model 2: Assume that the distribution of X belongs to

Θbig ≡ {(Normal, θ) : θ ∈ R} ∪ {(Laplace, θ) : θ ∈ R},

and test the same hypotheses.

Suppose that the true distribution of X is (Laplace, 0), so Model 1 is

misspecified and Model 2 is correctly specified.

In this case, based on similar methods as in the examples of Section S1,

it can be shown that condition (S4.15) holds with J∗ = δ2/2, where

ℓ̂sma(n) = ℓ̂sma(n−1)−1

2
log(2π)−1

2

(
X(n)− θ̂sma(n− 1)

)2
and θ̂sma(n) = X̄(n)

always adopt the form of log-likelihood and MLE of Normal distributions,

although the true data-generating distribution is Laplace. So the test un-

der the misspecified model, i.e., Model 1, terminates almost surely and its

expected sample size ∼ a/J∗ as a→ ∞ under X ∼ L(0, 1).

Besides, we have, for any θ ∈ R,

I(L(0, 1), N(θ, 1)) ≡ EX∼L(0,1) [ℓ(1;L(0, 1))− ℓ(1;N(θ, 1))] =
θ2

2
+

1

2
log

π

2
,

and it can be shown that condition (S4.16) holds with I∗ = δ2

2
+ 1

2
log(2π) >
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Figure 4: Expected sample size of the adaptive SPRT under misspecified model (Model

1 in Section S4.1) and that under the correctly specified model (Model 2). The gray

lines represent asymptotic approximations.

δ2/2 = J∗, where

ℓ̂big(n) = ℓ̂big(n− 1) +


− 1

2
log(2π)− 1

2

(
X(n)− θ̂big(n− 1)

)2
,

− log 2− |X(n)− θ̂big(n− 1)|,
and

θ̂big(n) =


X̄(n), if − n

2
log(2π)− 1

2

n∑
t=1

(
X(t)− X̄(n)

)2 ≥ −n log 2−
n∑
t=1

|X(t)−XMedian(n)| ,

XMedian(n), otherwise.

So the test under the misspecified model is suboptimal with asymptotic

relative efficiency J∗/I∗. Figure 4 visualizes this phenomenon, where we

select δ = 0.5.
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