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This supplementary material is organized as follows: In Section [ST], we
illustrate the general theory through three concrete examples. In Section
[S2| we present the numerical studies of testing the correlation coefficient of
autoregressive data. In Section we present all proofs. In Section [S4], we

discuss about model misspecification.

S1 Examples

In this section we investigate three concrete examples: testing the mean
of independent Gaussians with unequal variances, testing the correlation
coefficient of AR(1) series, and testing the transition matrix of Markov
chains. For each example, we derive the expressions of the test statistics

and check all assumptions. The goal is to illustrate the general theory and
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demonstrate its generality.

S1.1 Testing the mean of independent Gaussians with unequal

variances

We first consider an example where, for every k € [K], {Xx(n), n € N} are
independent, Gaussian, with equal but unknown mean 6, € R and unequal
but known variances ox(n)? > 0, i.e., X(n) ~ N (0g,0r(n)?) for n € N.
For every k € [K], consider testing
0, € OF for m € [M],
where Oy, = [0,,0i], M > 2,
Of = [Lod, ... e =[5,

and 0, < 0. <0, <0><.. < §Jk\4—1 <o < 524 < @}, are real numbers.

We would like to find a sufficient condition on {ox(n)*, n € N} so
that Assumption can be satisfied. Note that when oy(n)? = o} for
some constant o7 > 0 and all n € N, this has been checked and extensively
studied in, e.g., Song and Fellouris (2019);|Deshmukh et al.[(2021); Xing and
Fellouris (2025)). However, the case with unequal variances is underexplored
and reveals some interesting findings.

Since the testing problems in all streams are homogeneous, for simplic-

ity of notations, in what follows we suppress the lower index k € [K].
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First of all, for any distinct 0,60 € ©, we have

{(n; ) = ~ 2 los(2r) ~ 1S logo(t)? - % X0 -0
(n:0) —(n:0) = (0 —0)Y ﬁ% + () _29'> ,
where we denote
1
w(n) = Z e
Assuming
lim lim vlan) =1 and ie_w(") < 00, (S1.1)

qg—1 n—oo w<n) !

we claim that, for any m € [M] and 6 € ©\O™, Assumption |1| holds with

I (n;0) = o/in@fm I(n;0,0") = (n) elirgm w,
© © oo (S1.2)
where I(n;0,0") = Eg [(n;0) — {(n;0")] = 1/1(71)%

Indeed, condition ({2.5) follows from the first condition in (S1.1)), and condi-
tion ([2.7) follows from definition. To show condition (2.6]), since |6 — 0’| <

0 — 0, it suffices to show

Y(n) =

1 & 1 X() =0 complete
( >t P, 0 under Py. (51.3)

U(n) = o(t) oft)
To see this, note that Y (n) ~ N(0,1/¢(n)) and, by Mill’s inequality, for
any € > 0,

L 2ym

?

Po(¥ ()] > 0 = P (V0.1 > /i) < /22

whose summation over n is finite provided the last condition in (S1.1)).
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Next, we study the test statistic £(n) — ™(n) where, naturally, we use

the global MLE as the estimator in the adaptive log-likelihood. The global

Ao 1 < X(t) -
n) = ((wn) 2 a<t>2> VQ) o

and the adaptive log-likelihood in (22.8)) is

MLE is

n

1 A 2
X0 =00 1)

N | —

p n 1 <
l(n) = ) log(2m) — 5 Zlog o(t)? —
t=1

— t=1

For every m € [M], the local MLE in the m* hypothesis is

A~

0™ (n) = (9(n) v Qm> N

and the corresponding local generalized log-likelihood in (12.9) is

~

M™(n) =L(n;0™(n)).

We claim that, for any m € [M] and 6 € ©\O™, {(n) — ¢™(n) and I™(n; 6)
in ([S1.2) satisfy Assumption 23] provided that there exists a function g(-) :

(0,00) = (0,00) so that for large n € N and large M > 0,

M1i(n) < w(g(M)n), (S1.4)

and

i i e VM < . (S1.5)

n=0 m=n

It suffices to check condition ([2.11)).
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Before starting, we state and prove the following proposition, which will

be an intermediate step in all three examples.

Proposition 1. Let {(n) and (™(n) be defined as in and (2.9), with

lower index k suppressed to ease the notation. Then,

~

(n) — 0"(n) > () — £(n; ) — ZEQ[ NGO —e(te))]f(t—n]

(. J/

A(n)

+ YK [A(é(t) — 9))] F(n— 1)} + it {0n30) = ((m; 0) = 1(n30,0)} +1"(;6),

\t:1 / v
B‘(:L) C(n)

(S1.6)
where AS(t) = S(t) — S(t — 1). Besides, {A(n), n > 1} is a zero-mean

martingale with respect to filtration F and probability measure Py.

Proof of Proposition [1]. Indeed,

~

n) = £"(n) = i(n) + it {~C(n; ')}

{(n) — €(n;0) + Jnf {0(n;0) = (n:0) = I(n;0,0') + 1(n:0,0)}

v

{(n) — €(n;0) + Jnf {0(n; 0) = £(n:0) = I(n;0,0)} + 1™ (n:0),

and the desired form follows after adding and subtracting the same term.

The second statement can be checked directly by definition. O]



SEQUENTIAL MULTIPLE TESTING, BY YIMING XING

In the example of this subsection, we have

Ey [A(E(n) — U 9))] Fln - 1)]

= o | =g (X0 = 0= 1)) = (X(w) = )| (0 - )
1 A 2
— —W(Q(n—l)—ﬁ) :

It suffices to show A(n)/v¥(n), B(n)/¢¥(n) and C(n)/¢(n) converge to zero
completely, respectively.

For the first, it is clear that

SO

[A(n)] < (6 - 0)

9

> X —0)

t=1

which divided by (n) we have shown to converge to zero completely in
(S1.3]).
For the second, fix € > 0 and define random times

lesup{nGN:(é(n)—9)2>e}+1,
_ 1 &Kt —1)—0)?
Tstup{neN.lp(n)Z 20 (1) >e}.

From, e.g., (Tartakovsky et al., 2014}, Chapter 2.4.3), we know that B(n)/1(n)

completely

0 is implied by B(n)/¢(n) auickly, 0, which is defined as: for all € > 0,

Eg[m] < 0o. Next we show
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so that, based on condition (S1.4)), we have

i< (3 (T=0) ) oo (T2,

and it suffices to show Ey[r] < oo. Indeed, for any n € N that i(n) >

—@;@21/1(71), we have

To show Ey[m] < oo, note that the distance between 6 and the restricted
MLE 6(n) is less than or equal to the distance between # and the unre-

stricted MLE, and

n

1 X o, 1 LXMW =0 _ o .
T 2 or T e e = ) N O1/u(m),
Eo[m] = ZPg(ﬁ >n) = ZPg (Elm > n, (O(m) —0)> > 6)
<3y 3p, ((é<m) —9)? > e) <3N Py(IY(m)] > Ve)

|
]
]
e,
g
=
o
=
Vv
<
2
~—
VAN
]
]
)
—
o
é
2

which is finite provided condition (S1.5)).
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For the third, it is clear that

n

SO

which is the same as the upper bound for |A(n)|.

Combining (S1.1)), (S1.4) and (S1.5)), a set of sufficient conditions on
Y(n) =320 1/o(t)* is

i tim 297 _ L, S Y e <o,

g—1n—o0 ¢<n)

n=0 m=n

and there exists a function g(-) : (0,00) — (0,00) so that for large n € N

and large M > 0,
Mip(n) < o (g(M)n).

Note that this is clearly satisfied by functions with a polynomial rate, i.e.,

Y(n) ~ an® as n — oo for some a,b > 0.

S1.2 Testing the correlation coefficient of AR(1) series

In the second example, we assume that X = {X(n), n € N} follows a

first-order autoregressive model with Gaussian noises, i.e.,

X(n)=0X(n—1)+¢€n), neN,
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where X (0) = 0, {¢(n), n € N} are i.i.d. standard Gaussian, and 6 €

(—1,1) is unknown. Consider testing § € O™ for m € [M], where © =

0,0] C (—1,1) and {©™, m € [M]} are M disjoint closed intervals in ©,

with @™ = [§™, 0

m].
First of all, for any 6 € ©, the conditional distribution of X (n) given

X(n—1)is N(X(n —1),1), so the log-likelihood is

n

£(n;0) = 2 log(2r) — %Z (X(t) — 0X (£ — 1)),

t=1
and, for any distinct 6,60 € O, the log-likelihood ratio is

n

((n;0) — L(n;0') = (0 —0')) <X(t —1)X(¢)

t=1

_0+@

X(t—1)2).

It is shown in Bercu et al.| (1997) that

] — 0 ] — 1
=N X(t—-1)X(t — =y X(t—-1P2 - —— .

with an exponential rate under Py, i.e., there exists a constant Cy > 0 and

positive function ¢y(-), so that
Py (| Statistic(n) — Limit | > €) < Cype "% for all € > 0,

where Statistics(n) and Limit represent the corresponding quantities in
(S1.7)) for simplicity. This convergence rate is clearly stronger than complete

convergence and quick convergence. so

2 AV
l(@(n;&) —{(n;0")) completety, (6 = ') under Py.

n 2(1—0?)
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Therefore, for any m € [M] and 6 € ©\O™, Assumption |1 holds with

I"(n;0) =n inf 0-0r = nmin { (0 -9 (6-6") } . (S1.8)

oeem 2(1 — 62) 2(1—62)" 2(1 — 62)

Next, we study the test statistic /(n) — £™(n). We use the global MLE

as the adaptive estimator, i.e.,

L YLX( - DX
) = ( ST X( 1) VQ) A,

which is known as the Yule-Walker estimator and is shown in [Bercu et al.
(1997) to converge to # with an exponential rate under Py. The adaptive

log-likelihood in (2.8)) is

1

in) =~ 1og(2m) — 5 3~ (X(0) — (¢~ DX (1 - 1))2.

For every m € [M], the local generalized log-likelihood in (2.9)) is £™(n) =
SUPgrcgm (n;0'). We claim that, for any m € [M] and 6 € ©\O™, {(n) —
¢™(n) and I"™(n;0) in (S1.8) satisfy Assumption [213]

We start from the decomposition in Proposition |1} Specifically, we have

where we used the fact that X (n)|F(n —1) ~ N(0X(n —1),1) under Py.
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For the first term in (S1.6)), we have

n

A(n) = (0(t—1) = )X (t — 1)(X(t) — 6X(t — 1)),

t=1

This cannot be dealt with as simply as in the first example. However, as
a martingale, from Stoical (2007) we know that its sequence of averages
converge completely to its mean, i.e., A(n)/n — 0 completely, as long as

its sequence of differences is uniformly bounded in L2, i.e.,

sup Eg[(AA(n))?] < co.

Indeed,
Eol(AA(n))*] < (0 — 0)°Eg[X (n — 1)*(X (n) — 0X (n — 1))’]
= (0 = 9)"Ep [X(n — 1)’Eg[(X (n) — 0X (n — 1))*| F(n — 1)]]
= (0 — 0)’Eg[X (n — 1))
is uniformly bounded in L2, so A(n)/n — 0 completely is proved.

For the second term, we have

n

1 .
B(n)| < - (0(t—1)—0)>°X(t — 1)
B £ 532000 1) 0K (e 1)
Although both 6(n) — 6 and L3 X (t—1)? converge with an exponential
rate, and even 6(n)—@ is uniformly bounded, B(n)/n — 0 completely is not

automatic. A sufficient condition is that sup,~, E¢[X (n)*] < oo for some

p > 1, which is clearly satisfied in this example. To see this is sufficient, fix
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€ > 0 and define

lesup{neN:(é(n)—9)2>eorlE X(t—1)2>v}+1,
n
=1

T = sup {n EN: %i(é(t— 1) — 02X (t— 1) > 6(1—1—1))},

t=1

where v represents an arbitrary real number that is greater than 1/(1 — 6?).
From the exponential converge rates of §(n) — 6 and IS X(E—1)% we
know that Ey[m] < oo. Next we show that Ey[m] < oo, which implies

|B(n)|/n — 0 completely. Indeed, for any n > 257", X (¢ — 1)?, we have

Z (t—1)—0)2X(t — 1)

:%(i(é(t—l)—&) L Z (t—1) —92X(t—1)>

t=1 t=71+1

4
< =Y X(t—1)? < ¢(1
<SS X1 e <L),

so 7 < 231 X (t —1)% It remains to show Eg[} ;1 X(t — 1)%] < oc.

Indeed,

Ey [i X(t— 1)2] =E, [i X(t—1)*1{t< 71}]

t=1 t=1
oo

ZE(, (t—1)21{t <n}] < ZEg — D)ZMYPPy(1y > t)

1/p

< (sup Eg[X(n)zp]> Eg[m1] < o0,
n>1

where in the second equality we could change the order of expectation and

summation because of non-negativity, and in the first inequality we used

Holder’s inequality.
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For the third term, we have, for any 6/ € @™,

(n;0) —l(n;0") — 1(n;6,0")

" <X(t T : "1y %)

SO

> (3 )

Based on (S1.7)) it is clear that C'(n)/n — 0 completely under Py.

S1.3 Testing the transition matrix of a Markov chain

we assume that X = {X(n) : n € N} follows a Markov process with finite
state space [s] = {1,...,s}, initial state X(0) = 1, and transition matrix
I = {I1(i, j) : (,7) € [s]*}. We denote by P a family of irreducible and

recurrent transition matrices that satisfies

11(3, j)
sup sup log ——+% < o0, S1.9
mwep Ggesz () (519

so that the log-likelihood ratio between any two transition matrices is finite

based on finite samples. Consider testing II € P™ for m € [M] where
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{P™, m € [M]} are M disjoint subsets of P so that I{}, defined in (S1.11)),
is positive for all m € [M] and II € P\P™.

First of all, for any II € P, the conditional distribution of X (n) given
X (n — 1) is multinomial with probability II(X (n — 1),4) for i € [s], so the

log-likelihood is

and, for distinct I, IT" € P, the log-likelihood ratio is

(s TD—t(ns ) = 3 log g,g((é:”’)((t)) = 3 Na(ij)log

1, j)
D, X () (i-)€ls)? hJ

(i, j)°

where N, (i,7) = > 1, {(X(t —1),X(¢)) = (4,7)} records the number of
transitions from state 7 to state j up to time n. We denote by m = {n (i), i €
[s]} the stationary distribution of X when the transition matrix is I, and by
my = {my(i,7), (i,7) € [s]*} the stationary distribution of the induced two-
step Markov process Y = {(X(n),X(n + 1)), n > 0}. The existence and
uniqueness of the stationary distributions are guaranteed (see,e.g., (Durrett,
2010, Theorem 5.5.9)). It is shown in (Dembo and Zeitouni), 1998, Chapter

3) that

1
—N,(i,7) — my(i,7) with an exponential rate, for all (i, j) € [s]?,
n

(S1.10)
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SO
1 completel .. H(Z,])
= (UnsTD) = (1)) =222 S | (i) log T ) =
(4,5)€ls]? ’

Therefore, for any m € [M] and IT € P\P™, Assumption |1 holds with
I"(n; 1) = nl{}, where I} = H,iélgm I, (S1.11)

as long as P™ is separated from the rest of the hypothesis space in the sense
that Ij > 0 for all IT € P\P™. A quick example is, when s = 2, testing
I1(1,2) < po v.s. TI(1,2) > p; where 0 < py < p; < 1.

Next, we study the test statistic £(n) — ¢™(n). For any n > 1, it is
natural to use the following estimator:

~ N, (i, 7) .. 9
IL,(i,j) = S Nulin ) for (i,7) € [s]°,

which is shown in Anderson and Goodman| (1957) to be the unrestricted

global MLE and to converge to I1(7, j) with an exponential rate. The adap-

tive log-likelihood in ([2.8]) is

f(n) =) logll, 1 (X(t - 1), X(t))

= 3 S X - 1), X(1) = (4, 1)} log L1 (i, j)-

(i,j)€ls]? t=1

For every m € [M], the local generalized log-likelihood in (2.9)) is ¢™ =
suprrepm £(n;I1). Starting from the decomposition in Proposition (1| and

following similar steps as in the second example, it can be shown that, for
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any m € [M] and I € P\P™, {(n) — £™(n) and I™(n;0) in (S1.11) satisfy

Assumption

S2 Extra numerical studies

In this section, we present a numerical study of testing the correlation coef-
ficient of AR(1) series. Specifically, we consider K first-order autoregressive

series,

Xk(n) :Gka(n— 1)‘{'6].;;(”), n € N,

with correlation coefficient 8, and i.i.d. standard Gaussian noises for k €

[K]. For each of them, consider testing the following hypotheses:

O, = [-0.75,-0.5], ©; =[-0.25,0.25], ©} =[0.5,0.75],
0) = (—0.5,—0.25) U (0.25,0.5),

that is, M = 3 and ©, = [—0.75,0.75]. All statistics, namely, the log-
likelihoods £y (n;0y), the global MLE ék(n), the adaptive log-likelihoods
{(n), the local MLEs 0*(n), and the local generalized log-likelihoods have
been derived in Section [ST.2l

We use ny = 10 pilot samples and the same importance sampling dis-
tribution as the numerical study in the main body. The same set of figures

are presented in Figure . All simulations are based on 10° rounds.
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Figure 1: Relative errors of all estimates are below 5% based on 10° simulation rounds.
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Figure 2: Universal thresholds versus sharp thresholds, showing basically a constant level

of conservativeness.
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Figure 3: Verifications of the asymptotic theory. All curves at the top are asymptotically

equal and all curves at the bottom asymptotically converge to one.
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S3 Proofs

This section includes proofs of all theorems, along with some important

lemmas and remarks.

S3.1 Related to the asymptotic lower bound

Lemma 1. Let {A(n),n € N} be a sequence of random variables and

{a(n), n € N} be a sequence of positive real numbers that increase to infin-

ity. If

P <hm sup A0 1) =1, (93.12)

oo (1)

then, for any q € (0,1),

1 1
am b (a(N) pax, Aln) 2 q) 0
Proof of Lemma([]]. Fix ¢ € (0,1) and N € N. By the union bound and the

condition that {a(n), n € N} is positive and increasing, for any 1 <m < N

)

>+P( L max A(n) >

a(N) m<n<N

aé\m Jax Aln) = é) r (SEE fé:; - é) |

Letting N — oo, we have

we have

S I

)

| =

lim sup P (

N—oo

max A(n) > %) <P (Sup A 1) .

a(N) 12n2n b aln) = q
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Letting m — oo, the right-hand-side is equal to

P (lim sup A(n) > 1) ,
nooo () T q

which is zero based on condition (S3.12)). O

Lemma 2. Let {fy(n),n € N}, k € [K] be K sequences of positive real

numbers that increase to infinity. Let f(n) =3,k fe(n). For anya >0,
let fr.(a)™' = min{n € N : fi(n) > a} and f(a)™* = min{n € N: f(n) >

a}. If

o filga)”
11113% algrolo FATED =1 for all k € [K], (S3.13)

then

-1
lim lim f(qa) =
q€(0,1)—1a—o0 f(a)™!

Proof of Lemma[3. Condition (S3.13)) implies that, for any € € (0,1), there
exist ¢ € (0,1) and a. > 0, so that fy(qa)™'/fr(a)™ > 1 — € for all
q € (g,1), a > a. and k € [K]. Fix a small € and a ¢ € (¢, 1). For any

a > 0, define
ar = fi(f(ga)™") /q for k € [K],
where the dependence on a is suppressed for simplicity of notations, so that
min{n eN: fr(n) > qay for all k € [K]}

= min{n eN: fu(n) > fiu(f(ga)™") for all k € [K]} = f(qa)™".
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Let a be large enough so that a; > a. for all k¥ € [K]. Now, on the one

hand, f(a)™" > f(ga)™!. On the other hand,
f(ga)™" = min {n € N: fi(n) > qay, for all k € [K]}

= i N: > }
l?el% mln{n € fr(n) > qay

— > (1 — 1
max frlgar) ™ > ( E)ig%fk(ak)

:(1—5)?61% mln{nEN fr(n )>ak}

= (1 — €) min {n €N: fr(n) > ay for all k € [K]}

1 1 1
(1—e)m1n{n€N f(n Zak— ka :gf(f(qa) )}

ke[K] 1 vk
> (1 - €)min {n eN: f(n) > a} —(1—)f(a)".
That is to say, we have shown that, for any small €, f(a)™' > f(ga)™* >
(1 —€)f(a)™! for ¢ sufficiently close to 1 and a sufficiently large. Letting

€ (0,1) = 1, a = oo and € — 0 completes the proof. O

Proof of Theorem[1]. Tt suffices to prove (3.13)) since (3.14) follows from
(3.13) and the fact that A(a) = NgeprAs(ow).

Fix arbitrary 1 < s < K and @ € ©. Denote
U= {B e [M":|HyAB| < s},

i.e.; all identifications of hypotheses that make less than s errors when the

truth is Hg. Denote by S* a minimizer of the minimization problem in
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(3.12). Also fix arbitrary a € (0,1) and 6 € Ay(«). It is clear that

l-a<Py(Declyp)= > Po(D=DB).

Bels o

Further fix arbitrary B € U9 and ¢ € (0,1). Let 6 € O be that, for

k € [K],

Hl H//
an element of (0, “* U©, “*)\@* so that

- le(n;0,) — 0, 5 (n
Qk: Pkﬁk lirnsup k< Hf) kﬁk( )S

=1, ifkes”,

<-

O, otherwise,
\

whose existence is guaranteed by Assumption |1, Note that 0 satisfies the

following two properties: (i) S* C HyAB, so Pa(D = B) < a. (ii)

. Lo(n) —Ly(n) _ 1 )
Py [ limsup ——— %~ < —
Ap(n;0p) — 4, 5 (n 1

_ Py [ tim sup 2k Hf) ki) o 1

e Drese I (15 61) Vi

l(n; 0,) — 0, 5 (n 1
>1— Z 1 — Py | limsup 4 H,fc) k’e’“( ) < — =1,
keS* oo I, "% (n; 6, Vi

where in the inequality we used the fact that for real numbers a, and

positive real numbers by,
a . ..a
h > ¢ implies —* > ¢ for some k.
Zk by, by

Further fix arbitrary n € (0,1). We decompose Po(D = B) as

Py (ee(T) — €5(T) < log g D= B) 1Py (eg(T) — €,5(T) > log g D= B) = [+I1.
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By changing measure from Py to Py and applying property (i),

[=E, [exp{ﬂg(T) — €5(T)}: £6(T) — £5(T) < log g D= B]
< gPé(D:B) <.

Meanwhile,

1< Py (T < I(qllogal;0)7, £(T) — £5(T) > log ﬁ)
o
+Py (T > I,(q|loga];0)~", D = B).
The first term in this equation can be upper bounded by

1 1 |log o +10g77>
_ max Lo(n) —Ly(n) > ———~—"—
(q|1oga| 1<n<I,(q|log a|;6) ! o(n) = £p(n) 2 qg |loga|

1 1|1 1
_p, (_ max £o(n) — £5(n) > + 108l 10gn

= S aB7 ) 9
I,(N;0)1<n<N q | log | ) esol q,1)

where we denote N = I,(q|logal;0)™' to make the expression cleaner.
Based on property (ii) and Lemma , we know that €, 9(a, B,q,n) — 0 as
a— 0.

Combining all above results, we have shown that
Po(D =B) <n+e9(a, B,q,n) + Pg (T > I,(q|logal;0)"', D = B) )
Summing over B € U g, we obtain
1—a<2%p+e€0(a,q,n) +Po (T > I(q|logal;0)7"),

where we denote €5 g(av, ¢, 1) = ZBGL{S 5 5.6 (o, q, B, n), which also converges

to zero as a — 0. Applying Markov’s inequality, it follows that

Eo[T] » .
> Py (T > ql,(]1 ;0 >1—a—25p—e, q,m),
Is(q| loga’7 0)—1 — 10 ( Zq (’ 0og OC‘ ) ) = (6] n—e ’e(a q n)
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and, thus,

Eo[T] o Ls(qllogal;0)~"
I (|logal;0)~t = I,(|logal;@)~

(1 - — 2K77 - 6579(04, q, 77))

Based on condition (2.5) and Lemmal2] we know that I(q|log a|; 8)~*/I(|log a|; 8)~' —
1l as @ — 0 and ¢ — 1. Taking infimum over § € A («), first letting o — 0,

then letting ¢ — 1 and n — 0, the proof is complete. O

S3.2 Related to the error control of the proposed test

Lemma 3. For any k € [K] and 6 € Oy,

exp {fk(n) — lr(n; 9)} , neN
is a mean-one martingale with respect to filtration {Fi(n), n € N} and
probability measure Py, .

Proof of Lemma[3. See Lemma D.2 of [Song and Fellouris (2019)). O

Remark 1. By this lemma and independence across streams, for any 8 € ©

and B C [K], we can define a probability measure Qg 5 so that

dQe 5
dPg

(F(n)) = H exp {ék(n) — li(n; «9)} .

keB

Proof of Theorem[3. Fix @ € ©® and a € (0,00)*. To show (4.16)), it suffices

to note that, for any k € [K],

~

=0p(n) — MYV (n) > 0. (n) — (m(n), n €N,
Er(n) = Le(n) — £, '(n) > lr(n) e w(n), n
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which goes to infinity as n — oo a.s. under Py provided Assumption 2
To show ([@.17)), we fix s € [K] and note that {|HoAD| > s} occurs if
and only if there exist (i) B C [K] that |B| = s and Hy, # 0 for all k € B,

and (ii) {mg, k € B} that my € [M|\Hyyg, for all k € B, so that event
T'(B, {my, k € B}) = {Dy =my, Yk € B}

occurs. Since there are at most (*)(M — 1)* such combinations, it suffices
to show Py (F(B, {mu, k € B})) < e~ for each of such combinations.
Fix such a combination. Note that for any k € B, D;, = argmax (7"(T)) #
me[M]

Hy p, implies é,(ﬁMfl)(TA) > ﬁka’g’“ (T) > 0x(T'; 6, so on the event of I'(B, {my, k €

B}) we have

> (8@ a(@500)) = S (@) = (1)) = S &ulT) = a

keB keB keB

By Remark , changing measure from Py to Qg 5, we have

Po(I(B, {my, k € B}))

= EQB,B

—exp {Z (ék(f) - gk(T;ek))} T(B, {mu, k € B})

keB

< e Qup(l(B, {my, k€ B})) <e,

where Eq, , represents the expectation under Qg p. ]
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S3.3 Related to the asymptotic upper bound of the proposed

test

Lemma 4. Let {Ax(n), n € N}, k € [K] be K > 1 sequences of random
variables and {ax(n), n € N}, k € [K| be K sequences of positive real
numbers that increase to infinity. Let ¢ € (0,1). For any b= (by,...,bk) €

(0,00)%, let

T(b) =inf{n € N: Ax(n) > ay for all k € [K]}.

If, for any k € [K],

ai(n)

gP (Ak(n) < q) < 00,

then as maxe(x by, — 00,

E[T(b)] < max ar(by/q) ™.

Proof of Lemma[j. Fix b € (0,00)". Denote N(b) = maxyex) ar(be/q) "
It is clear that

E[T(b)] =Y P(T(b)>n) < N(b)+ >  P(T(b)>n).
n=0 n=N(b)

For any n > N(b), which implies b /ax(n) < ¢ for all k € [K], we have
P(T(b) >n) <P 3k € [K], Ax(n) < by)

< D P(An) <hi) < )P (f:((;l)) = q)'

ke[K] ke[K]
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Thus,

E[T(b)] ZZP(A’f: )

ke[K] n=1

Since the latter term is finite by condition, letting maxe(x) by — 00 gives

the desired result. O

Proof of Theorem[3. Fix 6 € ©. Denote by T the following stopping time:

inf {n eN:Vse K], Y (mn) - z;%(n)) > q, for all B C [K] that |B| = s

keB

and all {my, k € B} that m; € [M]\H,,, for k € B}.

Note that since E,EM_I)(n) < maXpeppmy, Ci(n), we have T < T for all a,
0
so it suffices to show Eg[T] < max.eqx) Is(as/q;0)" as @ — oc.

Assumption (3| implies that, for any such s, B, {my, k € B}, and ¢ €

(0,1),
keB G (n
>r, (szf aeuad gq)
< ZZP — Gt )< <
e ]mk(n Qk) q oQ,

so by Lemma we have, for any ¢ € (0,1), as @ — oo,

Eo[T] <  max min{nEN:ZI,Z"k(n;é’k) Zas/q}

S»Ba{mlmkeB} keB

= max min{n € N: I,(n;0) > a,/q} = maxI,(a,/q;0) "
se[K] s€[K]

Letting ¢ — 1 and applying Lemma |2| gives the desired upper bound. [J
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S4 Model misspecification

One of our reviewers raised the concern about model misspecification and
asked how the proposed test performs under misspecified models. Since the
problem caused by model misspecification is basically the same, we focus
on the setup of sequential single testing with two hypotheses, in which
case the proposed test reduces to the well-known adaptive SPRT (see, e.g.,
(Tartakovsky et al., [2014, Chapter 5)). We also assume for simplicity that
the data are i.i.d., so that the information functions are linear in time.

We first explain what model misspecification means in this setup. Let
Osma ; Oig be parameter spaces and ©!, 02 be disjoint subsets of Ogya,
and consider the following two models:

Model 1: Assume that 8 € O, and test

0 cO! versus 6 ©2

Model 2: Assume that 6 € Oz and test the same hypotheses.

Then, if the truth is 6 € Oy \Osma, Model 1 is misspecified and Model
2 is correctly specified.

We then study how the adaptive SPRT under these two models differs

in form and performance. First of all, under model O € {sma, big}, the
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test takes the following form:
Th = inf {n > 1:0n(n) — £5(n) A E3(n) > a} ,
Dp = argmax (7%(T).
me{1,2}

It is clear that (7}, = (73, = (™ for m € {1,2}, because the hypotheses are
the same under the two models, but @Sma < @big, because the global MLE
in the latter model is taken with respect to a bigger parameter space. So
a first observation is that, the expected sample size of the test increases
under misspecified models.

A second observation is that, as long as Assumption [I| holds under the

true parameter, i.e.,

~

loma(n) — £*(n) A €%(n) — oo almost surely under Py, (S4.14)

the test under the misspecified model still terminates almost surely, i.e.,
Pg(Tsma < o0) = 1. Note that the requirement of error control does not
apply, because 6 does not belong to any of the hypotheses. Further, if

Assumption [3| holds under the true parameter, i.e., if there exists some

J* > 0 such that
1 /. 1 2 completely "
il (gsma(n) — ' (n)At (n)) —— J* under Py, (54.15)
n

then the test under the misspecified model still admits an asymptotic ap-

A

proximation to its expected sample size, i.e., Eg[Tima] ~ a/J* as a — oc.
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However, the optimal expected expected sample size under the correctly
specified model is asymptotically a/I*, where constant I* is characterized

by

inf B [0(1;0) —£(1;0)] = I",
0'celuo (S416)
1

- (ébig(n) — M(n) A z2(n)) completely, px nder P,

which, generally speaking, satisfies I* > J*. Therefore, the test under the
misspecified model terminates almost surely as long as condition ([S4.14))
holds and admits an asymptotic approximation as long as condition ([S4.15|)
holds, but the asymptotic approximation is, generally speaking, suboptimal.

In what follows, we present a concrete example for illustration.

S4.1 Example

We use (Normal, §), § € R to mean N(6,1), i.e., Normal distribution with
mean 6 and unit variance, and (Laplace,#), 6§ € R to mean L(0,1), i.e.,
Laplace distribution with mean 6 and scale parameter 1, and consider the

following two models:

Model 1: Assume that the distribution of X belongs to
Ogma = {(Normal, §) : 0 € R},
and test

' = {(Normal,f) : § < —§} versus ©? = {(Normal, 0) : § > §}.
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Model 2: Assume that the distribution of X belongs to
Obig = {(Normal, #) : § € R} U {(Laplace, 0) : 0 € R},

and test the same hypotheses.

Suppose that the true distribution of X is (Laplace,0), so Model 1 is
misspecified and Model 2 is correctly specified.

In this case, based on similar methods as in the examples of Section [S1],

it can be shown that condition (S4.15)) holds with J* = §2/2, where

~

foma(n) = ésma(n—n—% log(27r)—% (X(n) — foma(n — 1))2 and Oona(n) = X(n)

always adopt the form of log-likelihood and MLE of Normal distributions,
although the true data-generating distribution is Laplace. So the test un-
der the misspecified model, i.e., Model 1, terminates almost surely and its
expected sample size ~ a/J* as a — oo under X ~ L(0,1).
Besides, we have, for any 6 € R,
2 T

I(L(0,1),N(0,1)) = Ex~r01) [¢(1; L(0,1)) — £(1; N(0,1))] = % + %log 5

and it can be shown that condition (S4.16|) holds with [* = % + 3 log(2m) >
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_|—=— Misspecified
—&—  Correctly specified
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Figure 4: Expected sample size of the adaptive SPRT under misspecified model (Model
1 in Section [S4.1) and that under the correctly specified model (Model 2). The gray

lines represent asymptotic approximations.

62/2 = J*, where

lus (n) =y, (n—1)+ _%log<2ﬂ->_%(X(n)_ébig(n—1)>2’

—log2 — |X(n) — fyig(n — 1)),

and

n

1

ébig (n) = 25 t=1

XMedian(n), otherwise.

So the test under the misspecified model is suboptimal with asymptotic
relative efficiency J*/I*. Figure |4] visualizes this phenomenon, where we

select 6 = 0.5.

X(n), if - S log(2m) = 5>~ (X(H) = X(n)” > —nlog2 = Y [X(t) = Xntetian(n)]
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