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This supplement contains technical proofs for the manuscript “Simple In-
ferential Heritability Analyses of Big GWAS Data”, referred to as MS in the

supplement.

Overview

In this supplement, we present the proofs of Theorem 3.1, Theorem 4.1, Lemma
5.1 and Theorem 5.1. Theorem 3.2 and Theorem 4.2 then follow immediately as we
explained in Sections 3 and 4 of MS, and all of the remaining theorems and corollaries
can be derived fairly straightforwardly, given the established results.

Throughout this supplement, ¢ denotes a generic constant, whose value may be
different at different places. The notation ¢ is sometimes used to denote an arbitrary
positive constant, following the mathematical tradition; this should have no confusion
with the error vector § = (0;)1<i<n—q in (3.17) of MS. The spectral norm of a matrix,
A, is defined as || Al = \/m , where A\ denotes the largest eigenvalue; the
Euclidean norm of A is defined as ||Al|s = \/m .

1 Proof of Theorem 3.1

Part (I): For 6%, the denominator can be expressed as tr(S7) — XiL, s7,;. By the

RMT (e.g., Corollary 16.2 of Jiang 2022), we have
1 2\ a.s.
—tr(Sy) — e =1+17. (1)
n

Next, we argue that



It follows from (1), (2) that the denominator of 62, divided by n, converges in prob-
ability to 7. To show (2), note that, for any ¢ > 0, by Marcinkiewicz—Zygmund
inequality [e.g., (5.71) of Jiang (2022)], we have
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applying Jensen’s inequality to the second-to-last step. It follows that

- c
P (max [s.ii — 1/ > 8) < S Pisesi—11>0) <
using (2.14) of MS. Conclusion (2) thus follows by straightforward arguments.

For any symmetric matrix A, which depends only on Z and satisfies
tr(4) =0, (3)

we have E(y'Ay|Z) = E{tr(Ayy)|Z} = tr{AE(yy'|Z)} = wo?tr(AS,). Note that

E(a;) = 0 and var(a;) = wo?, hence
E(yy'|2) = 721, + wo’S, = V. (4)

Because A = S, , satisfies (3), we have

) E(y'S.0ylZ) tr(9.,05%)
2 : _ 2 : _ 2
E(6°|Z) = —tr(SZZ’O) wo 7“(53’0) wo”, (5)

because tr(S.,95:) = tr(S2,). On the other hand, let b = (b;)1<j<, and note that
ylZ,b ~ N(0,%), where ¥ = 721, + 0ZD,Z" and D, = diag(b;,1 < j < p). Thus,



we have (e.g., Jiang 2022, sec. A.3.1)
var(y'Ay|Z) = var{E(y'Ay|Z,b)|Z} + E{var(y'Ay|Z,b)|Z}
= var{tr(AX)|Z} + 2E{tr(AXAY)|Z}
4\ P
= 3w(l—w) (;) Y (ZiAZ;)? + 2{r*tx(A?)
=1

+27%w0o?tr(AS, A) + (wo?)*tr(AS.AS.)}, (6)

where Z; is the jth column of Z. By (1), (2), we have

| | .
Loty = Lugsy - L0 25

hence tr(A?) = ny{1 + op(1)}. Also, we have ||A]| < ||S.]| + ||dS.|| < 2||S.||, hence
Amax(A?) = [|A]> < 4[|S.1? = 4Amax(S2) == 4(1 + /7)* by the RMT (e.g., Theorem
16.5 of Jiang 2022). Therefore, we have

tr(AS,A) = tr(SY2A251%) < Apax(A2)tr(S,) = nOp(1)
(e.g., Corollary 16.2 of Jiang 2022). Similarly, we have [e.g., (5.40) of Jiang 2022]
(A8 AS.)] < s (S AINAS: 1zt Aman(S2) 25 (1+ /7P,

JA]Z = tr(A?) < Amax(A%)n = nOp(1); [|AS |5 = tr(S.A%S.) < Amax(A?)tr(S2) =
nOp(1). Thus, we have tr(AS,AS,) = nOp(1). Finally, we have

SNZAZ) < A2 S (202, = 0(1) 3(2,2,)"

Jj=1 j=1 j=1
and Y°_,(Z;Z;)* = Op(1)n*p, because

p D 1 n 2
> E(72, :n22E<nzz§j>
j=1 j=1 i=1

p n
nQZE< Zzlj>—3np

7j=1 =1

IN

It follows that p=>3°¥_,(Z;AZ;)* = Op(1)n. Therefore, combining (6) and the above
results, we have,

var(y/Ay|Z) _ Op(1)

var(o°|Z) = (A2 n (7)
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For any § > 0, by (5) and (7), we have

P

P(|6% — wo?| > §|Z) < 6 *var(6%|Z) = 6 20Op(n™t) — 0.

Thus, by the dominated convergence theorem, we have
P(|6? — wo?| > §) = E{P(|6* — wao?| > 6|2)} — 0.

It follows, by the arbitrariness of d, that

2

~92 P
o —r wWo".

For 72, we have, by (1.2) of MS, (4), (8), we have
7 = nT'E(y|Z) - 6*n"Mr(S,) + A
= n 'tr(Vyz) — 6>n 'tr(S,) + A
= 72+ (wo? —6H)n Mr(S,) + A

= 72+ op(1){1+o0p(1)} + A,

(9)

where A = n™{y'y — E(y'y|Z)}. Furthermore, applying (6) to A = I,,, noting that

n~tr(A?) = 1 = ||A||, we have, by similar arguments, that

var(y'y|Z) = nOp(1).

It follows that var(n~'y'y|Z) = n~'Op(1); hence, by similar arguments as above, we

have A = op(1). It follows by (9) that

Part (II): For any constants ag, a1, it can be shown that

n+p

ao\/ﬁ(%Q — 72) + al\/ﬁ((}Q — waQ) = Z Mk

k=1

where 1, = v/nlow{&E — B(ED) T 4 20 1<k v ér],

I, > ‘
V = (0u)1<hicnip = ( 7 ) Al 2. 6= ( ) |
A4 “

(10)

(11)



7 = p2Z, A = agAy + a1 Ay with Ay = n7 I, — {tr(Sz)/tr(vao)}Sm], A =
S.o/tr(S2,). It follows that E(¢7) = 72,1 < k < nand E(§}) = wo? n+1 < k < n+p.
Write A = B+ A, where

n

= |la L_l —a tr(SZ) _l Sz,o
- [ l{tr(SE,o) v} °{tr<sz,o> vH n

and let W, D be V with A replaced by B, A, respectively. Then, we have 7,, =

Cok + Ok, where (i, Opr are m,, with V' replaced by W, D, respectively.

By the RMT (e.g., Jiang 2022, sec. 16.2), it can be show that ||A| = n~top(1).
Furthermore, it can be shown that tr(D?) < (1+ ||S.|)[|A]|?{n+tr(S.)} = n~top(1).
It follows that E{(X77F 0,4)2|Z2} = 2P E(02,|2) =

< entr(D?) < op(1).

n+p
ny,
k=1

dipvar (&) + 2 {Z dy B } ) ¢ E(&)

1<k
Thus, by similar arguments as before, it can be shown that Y377 §,, = op(1). There-
fore, we can focus on Zk Pk

It is seen that Cu, Fur = 0(Z,&1,...,&), 1 < k < n+pis a triangular array of
martingale differences. By the martingale central limit theorem (Hall & Heyde 1980,

p. 58), we need to verify the following three conditions:

2, [Gul =0 (12)

n+p P

> G — (a0, a1)(ao, a1’ (13)

k=1

E ( max 2k) is bounded, (14)
1<k<n-+p

and determine the constant 2 x 2 matrix ¥ in (13).
(12): For any K > 0, we have
lwe {6k —E(EH < {K* V7V (wo?) }Hwkl
Huwrl 16 — E(ELggu> )
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< KV TV (wo) MW |

n+p
$ Z w6k — E(ER) 121 (je)>K)- (15)

It can be shown that ||W| < 2(||B|| V |BZ| V |Z'BZ|), and ||B|| = n~'Op(1) by
RMT. It can then be shown that ||W]|| = n~'Op(1). Also, we have

n—+p n+p

szk{fg (fk)}l(\gka) < ”W“ Z |fk; fk)’ 1 (|€k|>K)-
k=1

Combining the above results [note that (15) holds for every k], we have

max [\/ﬁ\wkk{ﬁi - E(&?)}ﬂ

1<k<n+p

Vn §£:|€k E(&) [P Lg 50| - (16)

K2V 12V (wo?) 1777
< n|W] [ \l

If we choose K = n'/®, and denote the term under the square root in (16), with this
choice of K, by u,, then the right side of (16) is bounded by Op(1)(n=* + u}/?),

when n is large. Furthermore, we have
p
E(un) = E{|€% — T2|21(|61|>n1/8)} + ﬁEﬂO{l - w02|21(|a1‘>n1/8)} = 0(1),

using (1.4) of MS. Thus, the left side of (16) is bounded by Op(1){n~'/* + op(1)}.
Next, by the Chebyshev, Marcinkiewicz—Zygmund, and Cauchy-Schwarz inequal-

ities, we have, for any 0 > 0,

>0l Z

P |v/n max

1<k<n-+p

)

<k
n—+p

< Z p ‘(Z wklfl) &k
1<k

2 n+p
54 Z E Zwszl

<k

2 2
<k

)
>7

NGk

| /\

Z | B(&)

| /\




2
cn? P
S 51 > (Zwiz)
k=1 \I<k
cn? Op(1)
< mepwt = 2L,

(17)

Here in the last step we have used the fact that 3, w?, < ¥77F w?, = the kth diago-
nal element of W2, hence is bounded by ||[W||? = n=20p(1), according to an earlier re-
sult, and (1.4) of MS. It follows, by similar arguments, that maxy<x<n+p v/1|(X1cp Wri&i)Ex| =
op(1). (12) has been verified.
(13): We can write

n+p n 2
DG o= ny {wkk(ei —7%) +2 (Zwkzez) €k}
=1 k=1 i<k
n—+p 2
+no Y {wkk(fg —wo?) +2 (Z wkl&) §k}
[— i<k
= L+ (18)

with I, I defined in obvious ways. It can be shown that E(I;|Z) = 2n7*||B||% and,

by an earlier result, we have

tr(Sgo) a; — a 2
PIBIE = a + (- a0 =2 N Vel

Next, it can be shown that E(1,|7) =
1 n+p - ~ ~
, {3 (2 -1) ot 3w+ o823 + 2<w02>2“Z'BZ”§} |
W k=n-+1
Furthermore, it can be shown that n|BZ||? =

tr(S,
a(Q) r(ﬂ )+2

aO(al - aO) . tr(sz,o) + (al - a0)2 . tr(Sz,oSzSz,o)
g n 72 n

We have n=tr(3,) — 1, n~'tr(S2,) 25 ~ by earlier results, and it can be shown

that n=tr(S, 09,5 0) LN (v +1). It follows that

v+1

(a1 — ao)z'

(a1 — QQ)Q = Cl2 +
' v

nHBZHg L, ag + 2ag(a; — ap) +



Similarly, it can be shown that n||Z'BZ||§ =
a%tr(Sf) N 2a0(a1 —ap) tr(S.5.,09:)
n y n
(al - a0)2 tr(sz,OSzSz,oSz)
s
5 ad(1+7) + 2a0(ar — ao) (Y +2) + (a1 — ao)*(y + 4 +~72)
(a1 — ap)®
Y
Finally, it can be shown that n >, 2" wi, = np=2YF_ (Z/BZ;)?, where Z; is the

n

= fycﬁ + (2a; — a0)2 +

jth column of Z. Furthermore, it can be shown that

270 — 77,
(]J) ]J}+A]:QJ+AJ

d a; — Qo
ZiBZ; = —ZZ; + o {tr(Sz) +

with @, defined in an obvious way, where d = ag — v~ (a1 — ag) and

a1 —

1 Qo
Aj =~ Z)(D. — dl)Z; + {75, Z; — tr(S. )}

n
with D, = aol, — v (a1 — ao)dS, and S, _; = S, — p~'Z;Z}. According to earlier
results, we have

lay — ag

||Dz - dIn” -

max 5.5 — 1] = op(1).

Also, by the Hanson-Wright inequality (e.g., Jiang 2022, Lemma 5.4), we have, for

t; = K*max{/2logp/c||S: —jll2, (2log p/ )| 5.1},

P(|Z;S.-iZ; — tr(Sz—5)| > ;] 2-]

< 2exp{ —cmin ) < —,
K4S, 113" K2||S= ]l p?

1 < j <p. It follows that

P {max t;1|Z]/-SZ,7ij —tr(S., ;)| > 1}

1<j<p

p
<> PlZ;S.-iZ; — tx(S. ) > 1]
j=1
p , 2
=Y _E(P(IZ}S.—;Z; — tx(S.,—j)| > 4|Z_;]) < »
=1



Thus, we have |Z}S. ;Z; — tr(S., ;)| = Op(1)t;, where the Op(1) does not depend

on j. Furthermore, it can be shown that
t; < /nlogpOp(1) + O(logp/p) Z;Z;,
< j < p. Therefore, we have

Z {(Z;BZ;)* — Q3} Z 2Q;4; + A7)

'6‘3

n
p
p P
- 2ZQ3A + 2ZAJ’

j=1

and |A;| < n~Hop(1)Z;Z; + Op(1)t;}. It follows that

N e o ()&
o ;A < ];(ZZ)
+On]§1) i{OP (1)nlogp+ O(1)(log p/p)*(Z;Z;)*}
= OP - v 2 log p
i )y (zz,y + Lo (1),

j=1

Furthermore, it is easy to show that

{zp: } < 3n?p.

It follows that np~2 >27_; A% = op(1). Also, we have

, no 1/2 n o 1/2
Z QA < | 520 DAY
=1 I PT =

= Op(1)op(1),

n
p°

where the Op(1) follows from the result below. Write
Uy = (Z;Z;/n){d + (a1 — ao)(vp) " (Z;Z; — 1)}

Then, we have

5o - (a5 {2 (Y)

Z) - (Z) g (19)




where U = p~' 35, U; and U? = p>¥%_, U?. By the RMT, and (1.4) of MS, the
first term on the right side of (19) converges in probability to (a; — ag)?/7. Also,
it is easy to see that Uy,...,U, are i.i.d. with E(U{) bounded. It is then easy to
show that U — E(U;) == 0 and UZ — E(U?) — 0. Finally, it can be shown that
E(U?) — (d+ a1 — ag)®,s = 1,2. It then follows that

2

< (a1 — ap)

+2(a1 — ao)(d +a; — ao) + ’Y(d +a; — a0)2

= ~aji.
Combining the above results and after some algebraic manipulations, we get

n+p _ 2
A
k=1

g
1 212, 2
+3 (cu — 1) (wo®)*vaj
(a1 — ao)”
+Hwo?r? {a% e

+2(wo?)? {fyaf + (2a1 — ag)* +

= (ao,a1)%(ag, a1)’, (20)

(a1 — ao)g}

where the ¥ is the same as in (2.13) of MS.
Next, we can write 377 (2, — 1P E(C3)2) =

n—+p n—+p

Z{Cﬁk (ol Frp—1)} + Z{E wel Fre—1) — B(C12)}

Also, we have E(C2,| Fnr_1) = n{var(&)wi, + 4E(&) (X ek wrié&)?}. Thus, we have

) | (2] 4

It can then be shown that S P {E(C | Fur1) — E(C3|2)} = € A¢ — tr(AD), where
A = 4nW] DWWy, and D = diag(E(£2),1 < k < n + p). By Jiang et al. (2023; Lemma

E(Csku:n,k—l) E( nk'Z) = 4nE( fk
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1 in the supplement), we have the following result:
¢ A€ — tr(AD) -5 0 provided that tr(ADAD) - 0.

Note that tr(ADAD) = 16ntr(W{ DW,DW] DWy,D) < 16)4

max

(D)W WL][3. We

now apply the following matrix inequality (see Lemma 5.3 of Jiang 2022):
IWEWLIE < 2[[W7, + W[5

Note that |W] + Wi|| = [|[W — dW| < 2||W] and, by an earlier result, |[W| =
n~'Op(1). Also, again by an earlier result, it can be shown that ||[W,||2 < (1/2)||W |32 =
n~'Op(1). Tt follows that tr(ADAD) < n~'Op(1), hence Sp P {E(C2 | Fnr1) —
E(¢2,|2)} = 0. On the other hand, we have

(E{cnk (i)

2

Z) _ :ng[{czk B F)P|Z

k=1 k=1 k=1 i<k

2
n+p n+p n+p
= Z E{var(¢}y| Frr-1)|Z} < Z(Cﬁﬂz) < cn? Z {wék + (Z wl%l) }
< en®||W|?[W]5 = n~'Op(1),

by the earlier results. It can then be shown, by the dominated convergence theorem

that
n-+p

Z{an (¢l Foe-1)} = 0. (21)

Combining (20) and (21), (13) has been verified with the limit given by the right
side of (20), and (2.14)—(2.16) of MS.

(14): According to earlier results, we have

n+p
2 2 2
2 (13%25&;; C”’“) < 142::1 E(G) < enE([[W][3), (22)

and ||W||3 = tr[B(I, + S.)B(I,+S.)] = tr(B?) + 2tr(BS,B) + tr(BS,BS,). First, we
have tr(B?) = agn~" + {(a1 — ag) /v}*n?tr(SZ,). It is easy to show that E(s?

zzl zg) -
Yif 4y # iy, and E(s2,,;) < 3. Thus, we have E{tr(S2,)} = > ., B(s2,,.,) =
n(n —1)/p. Tt follows that E{tr(B?*)} = O(n™").

11



Next, using the above result, it can be shown that

2
- 1
E{tr(BS.B)} = % + 2aq (‘“ . “0) ”np

(a1 — ap)?
‘I‘WE{tT(SZ,OSZSZp)}.
Furthermore, the following expression can be derived:
E{tr<SZ,OSzSz,0)} = Z Z E(Sz,il,iQsz,i27i3827i37i1)'
i27i3 ’i1¢{i2,i3}

If iy ¢ {is, i3}, we have
E<Sz,i1,i2 Sz,ig,igsz,ig,il) = E{Sz,ig,igE(Sz,il,iQSz,il,i3 |Zi2a Z’i3)}7

where z; denotes the ith row of Z. Furthermore, we have

p
E _ 1 _ Sz,in,i3
(82,i17i2527i1,i3|zi27 Zi3) - 5 Z RigjRizj — :
P45 p

It follows, by the results mentioned above, that

1
E{tr(Sz,oSzSz,o)} = 72 Z E(Sg,iz,ig)

P iz iy {inis}
1 1
AT o)
p 12713 11 Q{’LQ,ZJ} p 12 41742
nn—1)(n—2) 3n(n—1)

2 + '

p p

Thus, combining the above results, we have E{tr(BS,B))} = O(n™!).

IN

Finally, we have the following expression:

(a1

2 _
tr(BS.BS,) = thr(sg)wmtr(szsz,osz)

_ 2
+Wtr(szsmszszyo).

Using the above results, and similar arguments, it can be shown that

E{tr(S2)} < n(n—1)p~" +3n,

2
1
E{tr(S.5.,5.)} = 71(’;2),
TL4 TLS
E{tr(SZSZ,OSZSZp)} S C <p3 + p2>

12



for some constant c. It follows that E{tr(BS,BS,)} = O(n™!).

Combining the above results, (14) has been verified.

2 Proof of Theorem 4.1

The main task is dealing with M. The conditional mean of M given Z is given by
(3.24) of MS. Also, note that we can write

Zyy = Zy(Za +€) = ZjWE,

where G = (I, Z) and ¢ is as below (11). Define W = (wji)1<j<pi<i<nip as the
matrix whose jth row is W; = ZiG, 1 < j < p. Then, we have the expression

Z]'.y = W;g = ZZZ{’ w;réy; hence, we can write

1 p
M = VAN
3n2p;< i)
1 n+p P
= 3.2 > D Wy Wiy Wik Wiy | Eey s (23)
TP ey ko ke ka=1 \j=1

USiIlg the notation K = (k?l,kg,kg,k4>,.[/ = (ll,lg,l37l4)7 ij = wjklekQMjk3wjk4,
wr = Y5_y Wik, and {x = g, Epy sy We can write

1
WZ’LUK’LULCKL, (24)
K,L

var(M|Z) =
where ¢k = cov(E, EL|Z). Furthermore, for fixed K, L, one can write £1&;, = ABC,
where A, B, C note the products of the £’s that appear in both {x and £y, in {x only,

and in &g, only, respectively. We can further write

S t t
A=gr gy, B=gr g, C=¢r ¢

af7 Ccp?

where ay,...,af, bi,..., by, ci1,...,c, are distinct indexes; as long as f, g, h are
positive, 71,...,7f, 81,..., 54, t1,...,t, are positive integers; in case f, g, or his 0, it

means that the corresponding factor, A, B, or C, does not exist.
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First note that for cx; to be non-zero, all of the r{, ..., ¢, must be even numbers.
The reason is simple, suppose that one of those numbers, denoted by d, is odd, which

corresponds to the factor £2. Then, we have

E(foL) - E(fg)E( ’ ) = 0.

On the other hand, if £ belongs entirely to £k, or &7, then for a similar reason we
have E(£x)E(£L) = 0. If & is split into £7€2 such that dy + dy = d, and &, &2
belongs to &k, &y, respectively, then at least one of the di,ds is odd. Thus, for a
similar reason, we have E({x)E(£,) = 0. It follows that

CKL = E(fKﬁL) - E(ﬁK)E(éL) = 0.

Below we check all the cases and sub-cases for the zero status of ck,.

(0) If f =0, that is, no overlap between £ and &, we have cx; = 0.

(1) If f = 1, there are 4 cases: (I) r; = 2. Then, we have E(¢x) = E(&1) = 0,
hence cxp = E(kér) = E(&))E(B)E(C) = 0, because B is the product of &, &,k
whose expectation is zero no matter what ky, ko, k3; similarly, E(C) = 0. (II) r; = 4.
Then, there are three ways to split the 4 between £x and &;: 1-3, 2-2, 3-1. If 1-3,
we have E({x) = 0, hence ¢k, = E(&; )E(B)E(C)) = 0, because E(B) = 0 for the
reason above. Similarly, we have cxp = 0 if 3-1. If 2-2, the only non-zero scenario is
g=h=1, sy =t; = 2. These are cases such as ky = ko =11 = ls = a1, k3 = k4 = by,
and 3 = Iy = ¢;. (III) ry = 6. Similarly, the only non-zero scenarios are 2-4 and
4-2; the former corresponds to cases like k1 = ko = 13 = I = I3 = 4 = a; and
ks = k4 = by; the latter corresponds to cases like k1 = ko = ks =k, =11 =1y = aq
and I3 = Iy = by. (IV) r; = 8. This corresponds to the case k; = -+ = Iy = ay.

(2) If f = 2, the only non-zero scenarios are (I) max(ry, 1) = 2, which corresponds
to cases like k1 = l; = ay, ks = lo = ag, ks = ky = by, and I3 = Iy = ¢1. (II)
max(r1,72) = 4, which corresponds to cases like ky = ky =13 =y = a; and k3 = ky =

13:l4:a2.

14



(3) If f = 3, the only non-zero scenario is (I) max(ry,r9,73) = 4, corresponding
to cases like k1 =11 = a1, ko =y = a9, and ks = ky = I3 = l4 = as.

(4) If f = 4, the only non-zero scenario is (I) r; = ry = r3 = r4 = 2, corresponding
to cases like k1 =11 = aq, ky = ls = as, az = l3 = a3, and ky = Iy = ay.

Thus, focusing on the nonzero cases, the summation on the right side of (24) is
bounded by the sum of wxwrck over the seven cases below.

Let ¢ denote a generic constant, whose value may be different at different places.

Case 1: 1-1I-2-2. It can be shown that

Z WKWLCKL

1-11-2-2
oL L 2 2 L 2 2

<c (2 winw, || D Wi wi,

a,bi,c1=1 \j=1 Jj=1

p n+p n+p n+p

2 2 2 2
= Z Z wjlale2a1 Z wj1b1 Z wjzcl
J1,j2=1 \a1=1 b1=1 c1=1
A n—+p p ) p )
< HWH Z Z wjlal Z wj2a1
a1=1 \j1=1 Jo=1

< [[W*(n + p).

It can be shown, by the RMT, that ||[IW]|? = pOp(1). It follows that

Z wrwrckr < pt(n+ p)Op(1). (25)
1-11-2-2

Case 2: 1-11I-2-4. By similar arguments, it can be shown that
Z WKWLCK], S pSOp(l) (26)
1-111-2—4
Case 3: 1-111-4-2: Similarly, we have
Z WKWLCKT], S p50p(1). (27)
1-T11—4—2
Case 4: 2-1. It can be shown that

Z WRKWLCKL
2—1

15



n+p P p
2 2
<c Z Z Wja, Wiay Wip, Z Wja, Wijas Wje,

ay,az;b1,c1=1 \j=1 J=1

p ) n+p ) n+p )
=¢c Z (M/]{1WJ'2) Z wjlbl Z wj261

J1,J2=1 b1=1 c1=1
p
<cWt > (WL W,)2
j17j2:1

Furthermore, it can be shown that E(W] W,)* < cn if ji # jo. Thus, we have

E{ Z (M/j{1VVj2)2} < cnp(p - 1)7

J1#j2
hence 3, 5, (W) W;,)? = np”Op(1). Also, we have S, (W/W;)* < [W]*p =
p>Op(1). Tt follows that
ZwKchKL S np40p(1) +p50p(1) (28)
2-1
Case b: 2-11-4-4. Tt can be shown that Y5 114 4 wrwpckxr <

2

Tg (ngal m)Q—C > {:if wjlkwj2k)2} :

ai,a2=1 J1.J2=1
First assume that j; # jp. It can be seen that wj = z;;,1 < i < n and wjnqp =

Z5Zx [ /P, 1 < k < p. It follows that

n+p n P
k=1 =1 k=1

I, I, defined in obvious ways. It can be shown that E(I?) < cn? As for I, define

Uj = Z’Zk/\/_ It can be shown that E(X ¢, 4, U5, xti)* < p?, E(u] ) < en?

and E( Jl]2 3212

follows that Y; 2, { et (W) sw),e)?}? = n*p?Op(1) + p*Op(1). On the other hand,

Jok Uy, jy th

) < en?. It follows that E{> 7P (wj pwipr)?}? < c(n? + p?). Tt then

by similar arguments as in, say, Case 1, it can be shown that Y-0_, (327 w)? <

|W1Bp = p°Op(1). Tt follows that

Z WKWICK], SpSOp(l) (29)
2—11-4—4
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Case 6: 3-1. It can be shown that > 5 _jwgwrckp <

n+p D ) 2 p 2n+p ) )
!
¢ Y | D W Wi wi,, | =c Y (W) W,)2 Y whw,.

ai,az2,az3=1 \j=1 J1,52=1 k=1
It can be shown that, for j; # ja, we have E(W] W;,)* < en®. Thus, by the Cauchy-

Schwarz inequality and a previous result, we have

n-+p
E {(W;l DY wikw?zk} < (en®) P {eln® + )} < en®*(n + p).
k=1
On the other hand, by earlier results, we have

p n+p p
D (WiW5)* > wi < Or(IWII' 3(Z52,)° = n*p*Or(1),
j=1 k=1 =1
because E{>"_,(Z}Z;)*} = n(n + 2)p. It follows that

Z WRWLCKL < n3/2p2(n +p)Op(1) + nngOp(l). (30)
3-1

Case 7: 4-1. It can be shown that >, jwgwrckp <
2
n+p p p , A
c oY (Z wjaleagwmwm) =c Y (W,W;)"
ai,a2,a3,a4=1 \j=1 J1,92=1
By a result mentioned above, we have E{X; ., (W] W,)*} < en®p®. Also, we have
LWt < Op(1) X5-1(Z]Z;)" = n'pOp(1), using the fact that Z/Z; ~ x2,
hence E(Z;Z;)* = n(n + 2)(n + 4)(n + 6). It follows that
ZwKchKL < n*p?0p(1) + n*pOp(1). (31)
4-1
Combining (24) and the subsequent arguments (up to the paragraph above Case
1), and (25)—(31), we have proved the following:

var(M|Z) = n'Op(1). (32)

Now consider n = E(M|Z), with the expression (3.24) of MS. First, we have
E(T1) = 1+ 2/n, and, by independence and the fact that Z;Z; ~ x;, we have

var(Ty) = 7ljp2zpjvar{(Z;Zj)2} = :;(n—|—2)(n+3). (33)
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It follows that T3 L. Next, we can write T, =

ZZ’ZZZ b ——(ZZ; —n) 2, 27' Z; = ltr(S§)+R2,
np? n?p? n
where Ry = (np®) "' X8 A;ZZ2 7' Z; with A; = n~'Z;Z; — 1. By the RMT (e.g.,
Corollary 16.2 of Jiang 2022), we have n~'tr(S?) 5 ~ 4+ 1. On the other hand, we
have |Ry| < (maxi<j<,|A;[)n'tr(S2). By similar arguments as, for example, those
showing (2), we have maxi<;<, |A;| = op(1). It follows that T5 L5 ~ 4+ 1. Next, we
can write

1 & 1
—= > (ZZ) + 5= > (Z;Z,) = L + I,
j=1 P j#k
with I, I, defined in obvious ways. We have

E(l1) = (n+ 2)(n+ 4)(n+6)/(np )

var([;) = s Zvar{ (Z;Z;)'} < ap =—.
p

Thus, we have I; — 2. On the other hand, for j # k, we have E(ZZ)* < en®.
It follows that I, = p~'Op(1). Therefore, we have T L5 42, Finally, can write
Ty = Is—=T,, where Iy = (n*p*) ™' 0_ 1 {301 (Z]Zx)?}?. We can write 3)_,(Z}Z;)* =
(% + 5]', where vy = ZJ,Z](ZJ/Z] —f—p- 1) and 5]' = Zk;ﬁj (Sjk with 5jk = (Z;Zk)2 — Z]/ZJ

Then, we have

I3 =

1 p
P 23Zvﬁ+ 23262 (34)
]:

n2
We have E(07) = E[E{X;.; 0x)*|Z;}] = Xisy E{E(0%]7Z;)}, using the fact that,
conditional on Z;, d;x, k # j are independent with mean 0. Furthermore, it can be

shown that E(d7,|7;) < cn 3 It follows that E(0%) < cn?p. Thus, we have

zlzj

1

n2p3

P
E(97) <
j=1

TIo

Next, we have
E(v}) = E(ZjZ)'+2(p - 1)E(Z;Z;)’ + (p — 1)*E(Z;Z;)?

18



= nn+2)(n+4)(n+6)+2(p—1)n(n+2)(n+4)
+(p— 1)*n(n +2)

= nn+2){(n+4)(n+6)+2(n+4)(p—1)+(p-17°}.  (35)
Thus, in particular, we have E(v}) < en®p?, hence
E(loyl) < (B2 YHBE)2 < antph?,

It follows that the expected absolute value of the second term on the right side of (34)
is bounded by c/,/p. Therefore, we have I3 = J3+op(1), where Js is the first term on
the right side of (34). Now, applying (35), it is easy to show that E(J3) — (v + 1)2.

Furthermore, we have

var(J3) =

g ) < S =

using the fact that var(v?) < E(v}) < {E(Z]Z;)* + (p — 1)'E(Z]Z;)")} < en'p?. Tt
follows that J3 — (v + 1)2, hence Ty N (v +1)2 —4? = 2y + 1. Combining the

above results, we have established the following:
E(S|Z) = 7 +27%0% (v + 1) + (wo?)?(2y + 1)
+Hwo®) 7. (36)

It follows, by (32), (36), and the dominated convergence theorem, that M con-

verges in probability to the same limit as the right side of (36).

3 Proof of Lemma 5.1

We consider the case that p is finite. From the proof, it can be seen that the result
also holds when p = oo
Let D= R — I, and A =I'DI". We have ZZ' =T'RI" =T'T" 4+ A, hence
tr(ZZ') = tr(TT’) + tr(A) = t(TT) + Y ~iDvy; = tr(TT) + 64,
i=1
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01 defined in an obvious way. By the random matrix theory [RMT; e.g., Jiang 2022,
Corollay 16.2 (ii)], we have (np)~tr(I'T’) — 1. Also, we have E(+/Dy;) = tr(D) = 0;
hence, by independence, we have E(6?) = > | E(v/D~;)?. By a martingale expression
of a quadratic form (e.g., Jiang 2022, Example 8.3), we have

P
%{D%‘ =2 Z (Z djk%‘k) Yig
j=1 \k<j
where d;j, is the (j, k) element of D. Thus, we have
G 2 2 - 2
E(/Dv,)> =4 _E > djrva E(v;) = 4% Zdjk <2p(p—1),
=1 \k<j =1 k<j
because the dj, = 7, — 1(j=k), and |rj] < 1, hence |dji| < 1. It follows that
E(0?) < 2np(p — 1), hence E{(np)~'6;}?> < 2/n — 0, implying (np)~'d; = op(1).

Combining the above results, we have
(np) "tr(Z2Z") = (np) "tx(CT) + (np)~'6, = 14 op(1).
Similarly, we have
tr((ZZ')?) = tr((TT)?) + 2tr(I'AT) + tr(A?). (37)

By the RMT (see the above reference), we have (np?)~'tr((I'T")?) == 1+ ~. Next,

denote the jth column of I" by I';, 1 < 5 < p. It is easy to show

p
tI(F/AF) = Z dlekF F/ Fl
J=11<k#I<p
p
= p Z dklI‘;CI‘l + Z Z dle;D]‘Fl
k#l J=1k#l
= 62 + (537

where D; = I‘jl";» — I,,, and 65, 05 are defined in obvious ways. We have

S dul =2 dulily, =2 Z ks (38)

k£l k>l
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where &, = (X dul) Tr, F = 0(Ty, ..., Tk), 1 < k < pis asequence of margingale
differences. It follows that
2
P
E (Z dklr;rl) — 43> E().
kAl k=1

Furthermore, we have

E() = EQT, delrl) (Z%zﬂ) Fk}

<k <k

= E{tr (delrl> (delrl) kaz)}
= tr E{(Z%lﬂ) (delrl) }E(Fk]‘_‘?ﬂ))

I<k

It follows that E(> <, dul',I1)* = 2n Y44 diy < 2np(p — 1), implying

1

> dul, Iy = v/npOp(1); hence (np®)~'d, = Op(1)/v/n = op(1).

k£l
Next, we have 03 = 230, Y dul\ DT = 2345, dly(X5-; D;j)T'y. Further-
more, for k > [, we have 2521 D; =D+ D+ D¢ {k0} D;. It can then be shown that
03 =33, d3 s, where

k=1 \I<k

p p

031 =Y (Z dle;Dl) Ti = 1k
k=1
p p

032 = Z I Z A Dily | = 2772,17
I=1

=1 k>l

ds3= > duliD;ly,
k>1j¢ (k)

with 7y %, 72, defined in obvious ways. Using a similar martingale arguments, we have

E(03,) = Xi_, E(n} ;). Furthermore, we have

E(i,) = tr (E { (Z dle,Fl) (Z dklr;Dl> })

= > dudutr(E(Dy T, Ty, Dy, ).

l1,l2<k
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If Iy # lo, we have E(D;, I, I'),Dy,) = E(D;,I',)E(I'},Dy,). Furthermore, it can be
shown that E(D;I"}) = psl, with ps = E(v4,) for positive integer s. Thus, for I; # Iy,
we have E(D, T,T,D;,) = p31,1), hence tr(E(D,,I', I}, Dy,)) = p3n. Similarly, the

following expression can be derived:
tr(E(D, T, T, Dy)) = n® — 5n? + 5n + (3n — 5n) iy + nss.

It follows that E(n7 ) < en®(k — 1) + p3n(k — 1)(k — 2); therefore, we have

-1

E(63,) <cn3Zk+u3nZk; —1) < e(n’p® + np?).
k=1

It follows that d3; = v/n?p? + np30p(1); thus, we have

In 1
(an)_15371 = ]? + nprp(l) = OP(l).

Next, it can be shown that E(d3,) = X7, E(n3,), and

Emy) = Y diudiitr(E(Dy, Ty, T, Diy )
k1 ko>l

Thus, by similar arguments, we have
E(03,) < c(n’p® +np®),
hence 035 = v/n?p? + np30p(1) and
(np?) 032 = po + —Op(1) = op(1).

Finally, note that & > [ and j ¢ {k, [} imply not only that , k,[ are distinct but
also there are three cases: 1. j >k > [; II. k > j > [; and III. £ > [ > j. Thus, we
have 033 = Y g1 17,111 03,3,5 With 0336 = >2; 1 jes Al DTy

Write S53 1 = 21;:3 & with § = >k Yicp Al DT Let F; be defined as below
(38). Clearly, we have &; € F; (i.e., & is F; measurable),

E(&|Fj1) = > Y duliE(D;|F;j1)Tx

k<jl<k
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and E(D,|F,;_1) = E(D;) = 0. Thus, §;,F;,3 < j < pis a sequence of martingale
differences. Thus, we have E(S3 ;) = X)_3 E(£7).

Furthermore, write E(¢7) = E{E(£|T;)}. For a fix n x 1 vector g, define £, =
(Cien dul) (99" — 1)k, and &, = 2{;11 &k,g- Then, we have

B(§IT; = g) = B(&§,IT; = 9) = B(&,),

due to the independence. Note that &, , € Fj, and

(fgk g|fk 1 (Z d I’ ) 99/ - In)E(Fk’fk—l)

1<k
and E(T'x|Fr_1) = E(T'x) = 0. It follows that §jkg,.7:k, 1 <k <j—11is a sequence
of martingale differences; hence E(¢},) = S BE(E? k). It can also be shown that
E(&ry) = (i di){(9'9)” — 29’9 + n}. 1t follows that E(E|T;) = E(&F,)lg-r,
(Ykot X di){(TT5)° — 2031 + n}, hence

E(é’?) = (ZZd ){E (rir ;) — 2E(I"jTy) +n}

k=11<k

= n(n—2+ ) (iZdil) :

k=11<k

Thus, we have E(S35;) = n(n — 2 + ) Zicpe; diy < cen®p®. It then follows that
53,3,1 =np /2OP( )

Next, we can write Sss77 = Y j_s e With my = (3,2 X il D;)Ty. It is easy
to see that ng, Fr,3 < k < pis a sequence of martingale differences. Thus, we have

E(S3317) = Xk—3 E(1;). Furthermore, we have
k-1
> r(Emm)-
jl7j2:2
It can be shown that E(n;,7),,) = 0 if ji # ja, and
E 77]k773k (Zd )
I<j
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It follows that E(n?) = n(n — 2 + ju4) Z?;Ql > 1< diy, hence

E(S??,SJI) =n(n—2+m) >, dy < n’p’.
1<j<k

Thus, similarly, we have Ss 37, = np*/20p(1).

Similarly, we have S35 17 = >5_3 (& With

Ck = {Z dil (Z Dj) } L;
1<k i<l

E(SSZ»,B,IH) = (gk) and E(Ck) ﬁé=2 tr<E(Ck12C1lgll))7 where
G = dwl}d_ D;.
j<i

It can be shown that for I, # I, we have E((u,(;;,) = 0; and

tr(E(CuC)) = ditr (E (Z Dj) )

— &> B{n(D})

j<l
= n(n—2+pu)(l = 1)dy.
It then follows that E(S34,,,) < cn®p?, hence Sy 3,11 = np*?Op(1).
Thus, in conclusion, we have

1026« = (np?) L2 :OP(l):O
(np°) "33 = (np”) np”“Op(1) 7 p(1).

Combining the above results, we have (np?)~'d3 = op(1). This, again combined

with an earlier results, imply that (np?)~!tr(I"AT') = op(1).
Now consider tr(A?) = tr((I'DI”)?). Tt is easy to show I'DI” = Y"F_ W}, where
Wi = Ui + U}, with Uy, = T'n(31, diil}). Note that Wy, Fi, 1 < k < p is a sequence

of matrix-valued martingale differences. Thus, we have

E{tr(A%)} ( (g Wk> ) =tr (é E(W,?))
Zi: zi: [E{tr(U})} + E{tr(UU)}].
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It is can be shown E{tr(U)} = >, A3, E(T)T) = n Y1 d3;- On the other hand, we
have U]gUk = F;grk(Zl<k dlel)(Zkk dkll“;) Thus, we have

E(ULU,) = E(D,TL)E { (Z dk,n) (Z dkll“;) }

<k <k

=nY dy EI) =n (Z dzl) I,.

1<k 1<k
It follows that E{tr(U,Uy)} = tr(E(U.Uy)) = n* 3, d2;; hence
E{tr(A*)} =n(n+1)>_di, = n(n+ 1)tr(D?) = n(n + 1){tr(R*) — p}.
=y,

Therefore, we have, by the assumptions,

1 [tr(R?
B{(np?) Mtr(a%) = " { A 1} S, (39)
p p
Next, we have tr(A%) = 33, 4, kyrty Dhrty Dgts Ui, 1oL, Tiy s thus, we have
var(tr(A?) = )] Yo A ity gty iy
k11 ka#ls kals katls
XCOV(F;ﬁPle'/IQFll, F;CBFMF;MF&). (40)

The covariance in (40) has the expression

COV(F;Cl Fl2 1—‘232 Fll ’ 1—‘;63 Fl4 F;€4 Fld ) = E( (F;ﬂ FZQ 1—‘;(32 Fll F;i‘g, Fl4 F;€4 Fl3 )

—E (T, L, Ty, Ty )BT, Ty Ty, T )- (41)

Consider the indexes kg, ls, s = 1,2,3,4. There are five cases:
[. An index appears exactly once.
I1. Not I, but an index appears exactly twice.
III. Not I or II, but an index appears exactly three times.
IV. Not I, II, III, but an index appears exactly four times.
V. All indexes are equal.

Note that these are all possible cases because, if an index appears more than 4 times,

25



but not all indexes are equal, it must appear either (exactly) 5, or 6, or 7 times; in
each case, one of the cases I, II, or 1II will happen.

Case I. It is easy to see that, on the right side of (41), the first expectation is zero,
and at least one of the product expectations is zero; thus, the covariance is 0.

Case II. There are two sub-cases.

(A) If the identical indexes appear in the same pair of indexes, j1, jo, corresponding
to some I'; T';,, the first expectation on the right side of (41) is equal to n times the
expectation of the product with I'; T';, removed; one of the product expectations is
equal to n times the expectation with F;lfh removed, and the other product expection

is unchanged. Thus, the covariance reduces to an expression like
n{B(Lg, To, o, Do, I, Ty ) — E(IG, Ty )E(TG, Do, o, T, ) ) (42)

Similarly, there are four cases:
i. An index appears exactly once.
ii. Not I, but an index appears exactly twice.
iii. Not I or II, but an index appears exactly three times.
iv. All indexes are equal.
In case i, (42) is zero. In case ii, if a; = by are the index, again, (42) is zero. Otherwise,
w.l.o.g., let a; = ay = a. Then, it can be shown that the expression inside the {---}
in (42) is equal to E(I'}, I',,I7, T, ). Now there are three cases, still denoted by i, ii,
and iv as above. In case i, the last expectation is zero. In case ii, the expectation
is either something like E(I'}, I'y, )E(I",,T'y,) = n® with b # a3, or something like
E(T}, Ty,)* = n with by # by. In case iv, the expression inside {- - -} in (42) is equal to
something like B(T,T';)* — E(I,T;)E(I';T;)? < en®. It can now be summarized that
the total covariances associated with the non-zero scenarios under II-A-ii is bounded
in absolute value by

en(n®*p® +n’p) = en’p(n + p). (43)

In case iii, it can be seen that the remaining indexes much also be the same (but
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not the same as the other three); otherwise, either i or ii will happen. There are
then two scenarios that the expression inside the {- -} in (42) is either something like

E(T, T, )E(TI,T,) = pin, or something like
E(IIy)? = B(TLT)E(ILL)* = E(TL)" = psn

for some a # b. It follows that the total covariances associated with the non-zero
scenarios under II-A-iii is bounded in absolute value by cn?p?. Finally, the total co-
variances associated with the non-zero scenarios under II-A-iv is bounded in absolute
value by en?p. Thus, in summary, the total covariances associated with the non-zero
scenarios under II-A is bounded in absolute value by (43).

(B) If the identical indexes appear in different pair of indexes, say, I}, I'; and I';T'j,
(note that I}, I';, = I, T';, for any ji, j2). It follows that the first expectation on the
right side of (41) is equal to

B(T), T, ) = BT, B(DT |k, # )T, -} = BT, ),

because E(I';I"|T'y, k # j) = E(I;I;) = I,. Thus, the first expectation reduces to
the same form as in in the expression inside {---} in (42). As for the product of
expectations on the right side of (41), there are three cases. Let us call the original
indexes ks, ls, s = 1,2 Group 1 and kg, [, s = 3,4 Group 2. If ji, jo are both in Group
1, or both in Group 2, the product of expectations are in the same form as in the
expression inside {---} in (42). Then, by the established result, the total covariances
associated with these cases is bounded in absolute value by cn?p(n + p), that is, (43)
with one less n factor. If the j1, jo are in different groups, the product of expectations
is zero. In this case, again according to the established result, it can be shown that
the total covariances associated with these cases is bounded in absolute value by
(43). Thus, in summary, the total non-zero covariances associated with the non-zero
scenarios under II-A is bounded in absolute value by (43).

Case III. It is easy to see the only possible scenario is that the remaining 5 indexes

are the identical, but not the same as the 3. Thus, the covariance is either something

27



like
E(I T E{T,(T50)*} = psn{2(n — Vs + ps}t < en?,

or something like
E{(T.Ty)° T3} = pan{(n — L)ps + ps} < en®

for a # b. It follows tha the total non-zero covariances associated with case III is
bounded in absolute value by cn?p?.

Case IV. It is easy to see the only possible scenario is that the remaining 4 indexes
are also identical, but not the same as the other 4. If the two 4’s are not in the same
index group (see above), the covariance is zero. Now suppose the two 4’s cross the
groups. There are three possible scenarios in this case, where the covariance has the
following forms, respectively, for a # b:

i B{ITT) (TeT)*(Ty0)} < n® + (1 + pa)n® + pin < en?;

it B(I,0,)" — {E(TL0,)2) = (s — D

iii. BT T,)2E(Ty)? — {E(T.TO)E[T) 2 = (g — 1)n?(2n — 1+ ).

Thus, the total non-zero covariances associated with case IV is bounded in absolute
value by cn?p?.

Case V. It is easy to see the total covariances associated with case IV is bounded
in absolute value by cnp.

In conclusion, it follows by (41) and the above results, noting that |dg| < 1, that
var(tr(A?)) < en®p(n + p). Therefore, we have

var((np?)~'tr(A2)) < cn’pn+p) <C> (”) (1 + ”) 0. (44)
n*p? p) \p p

Combining (39) and (44), we have
(np”)~'tr(A%) = (p - 1). (45)

Combining the results, and in view of (37), the proof is complete.
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4 Proof of Theorem 5.1

We focus on the parts of Theorem 3.1 that need to be modified; the other parts
remain unchanged as in the proof of Theorem 3.1.
Part (I): First, we extend (1) in the proof of Theorem 3.1. We have

(s = p 3 (Z)

J1,J2=1

_ 2
Also, we have E(X1; 25, 2ij,)> = n(n — 1)r5 ; . + nryj,j,. Thus, we have

iE{tf(Sf)} = % i E(iziﬁzijz)

L awh j2 1 \i=1
= Z {n TQ ,J1J2 + nry Jl]2}
p J1,J2=1
n—1 &
- p2 Z 2]1]2 p Z T'4,5152-
J1,J2=1 J1,52=1

If |j1 — ja| > O, we have ry, j, = E(215,)E(215,) = 0, and ry 5,5, = E(27)E(27,) = 1;
and 74,5, < {E(z, ) }YH{E(z},)}? < cif |j1 — jo| < C. Tt follows that

1 n—1 d
EE{tr(Sf)} = > it 240 —di+ ke
P* (i ja)esi, P*

ANANANA

o a1 225,25 - 1t is easy to see that the

Next, we can write tr(S?) = p—2
conditions of Lemma 3 of Jiang et al. (2023) are satisfied. By the latter lemma, we

have

var(tr(S?)) = pvar( . 237,77 ) < pc(n\/p) =0(1),

Ji,J2=1

hence var(n='tr(S?%)) = n=2tr(tr(S?)) = O(n™2) — 0.

Combining the above results, we have shown that
1 oy P
;tr(Sz) — dy + v fa. (46)

Next, we have s,;; = p~ Z E(s2,,) = piQE(Zﬁ?ﬂ Zz'zj)za and

zg? 2,0,

2
p ) p
E Zzij = Z Tajijs = dip + 714
j=1

Ji,j2=1
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by the earlier arguments, where |r1 ;| < cp. It follows that

d
QZTM_ plp+0( =

On the other hand, we have, by Jensen’s inequality,

E(s2:,) = ( Zz”) _iE(zg)gc,

Thus, we have var(n™' Y1, s2,,) =n 2> var(s2,; ) <n >0 E(s1,;) <enh.

=1 2,1, 2,041,

Combining the above results, we have shown that
2 P
ZS s, — dl. (47)

It follows that (note that A =S, , in the above)

1 1 1 &
—tr(S2,) = —tr (S2)— =" s i Lo (48)
n 7 Z:l K

§ \

Furthermore, by Corollary 1 of Jiang et al. (2023; supplementary material), we
have Apax(n™1Z'Z) = Op(1) under the C-dependent assumption and A3. Note that
the condition n/p — 7 € (0,1] can be relaxed to 7 € (0,00) for the conclusion
Aax(n™1Z'Z) = Op(1) to hold. With that, it can be shown that Ayu.x(S?) and
Amax(S2,) are Op(1); and tr(S.) = nOp(1). It then follows, by similar arguments as
in the proof of Theorem 3.1, that var(6°|Z) = var(y'S.0y|Z)/{tx(S2,)}* = Op(1)/n.
It then follows, again by the similar arguments, that 62 — wo? and 72 —— 72.

Part (II): Now A = agA¢ + a1 A1 = B+ A, where
a1 — Qo Sz,o

no vfo

A - a15;,0 n _L _aOS&0 tr(.S,) _i
oon (82,) S no \t(S2,)  vf)’

By the previous results, it can be shown that

B = %7, +
n

(a1 — GO)Z'

n||B 2i>a2+
1B]|3 0 -

(49)

30



Next, we have n=tr(3,) — 1, n~'tr(S2,) 25 4 f5 by the previous results. Also,
we have tr(S. 5.9, ,0) = tr(S?) —2tr(52dS,) +tr(dS,S.dS.). By the proof of Theorem
2 in Jiang et al. (2023), it can be shown that

1
ﬁtr(Sf) = fev* + foy + fs

Next, we have tr(S2dS.) = p=2 Y} ,,1 2} Z;,Z;,dS. Z;, and

J27 72
n n
/ . . !
Zj2d5z2j1 = Zsz,i,izijzzijl = Zj2Zj1 —+ Z(‘SZ’M — 1)2“221‘]'1.
=1 =1

Thus, we have the following expression:

1
—tr(52dS.) = 7, 2,77
n ( ) np? 31%: . J2 Jz
Z ZJ/1 Zj2 Z(SZ,i,i - 1)Zijgzij1
Jl ,Jo=1 i=1
1 9 P /
= Rt 72 S200 = 1) D, 75 Zipzipi,
J1,92=1
= I+ I,

I, I defined in an obviou ways. By (46), we have I, LN di1 47 f2. On the other hand,
as argued in the proof of Theorem 3.1 by the Marcinkiewicz-Zygmund inequality (e.g.,
Jiang 2022, p. 161), it can be shown that, for any 6 > 0, we have

c
P<1121ax|szu 1|>5) <W—>0

It follows that maxi<;<p |s..: — 1| = op(1). Thus, we have
p
/
> Zj, Ly Ziga %ig
J1,J2=1

Z E(Z;, Zj, 24, %i5,)

Ji,J2=1

1 n
|| < (W 1H<1&<X |S240 — 1\) Z
=1

OP( Z{

IN

np =1

P p
Yo ZZpziprg — Y. B(Z) Zj,zi%5,)

Ji.g2=1 J1.g2=1

} |
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It can be shown that E(Z}, Z,2ij,2i5,) = (n— 1)73 5 5, (151 —jal<0) + T4,j1jo- Thus, it can

be shown that >3, [0 . _1 E(Z}, Zj, 24,25, )| < enp(n + p). On the other hand, by

Lemma 3 of Jiang et al. (2023), we have

2

p p
Yo ZiZpzinig — Y B(Z) Zj,zi%5,)

Ji1.g2=1 J1,j2=1

p
= var ( Z Z;lszZihZijl) <c(nVp)

Ji,j2=1

E

hence E{| 328 ;,-1 Z), Zj,2ij, 25, — X0 jo1 B(Z} Zj, 215,25, )| < e(n V p)® by Jensen’s

inequality. It follows that

n p p
! !
Y EQ Y Z Zj,zijzig — Y, E(Z Z),75,75)
J1,J2=1 J1,J2=1

i=1

} < cn(n \/p)2.

Therefore, we have |I5] < op(1)[n/p+1+{(n/p)V1}*0Op(1)] = op(1). Thus, combining

the results, we have shown
1 9 p
*’EI‘(SZCZSZ) — dl + fQ’)/.
n
Finally, it is easy to show, by A1, that
1 p
—tr(dS,S,dS,) — fi.
n
Combining the results, we have shown that

1
ﬁtr(szpszsz,o) i> fﬁf}/? + f?f)/ + f8 - 2(dl + f2f>/) + f4

= [+ (fr—=2f)v+ fi+ fs — 2d. (50)

[It can be verified that, in the case of independence entries of Z, the right side of (50)
is equal to y(y + 1).] It then follows that

n|BZ|3 — a2+ 2ag(ar — ap)
fev?+ (fr = 2f2)v + fa+ fs — 2d;
- f37?
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Next, by the established results, it can be shown that
:Ltr(szsz,osz> =5 foV + (fr = f)v + fs — d.
Also, by the proof of Theorem 2 in Jiang et al. (2023), it can be shown that
itr(S“) 5 A7+ 6£577 + (4fs + 2fa + fro)7 + fur.

With this, combined with the earlier results, it can be shown that

1
~0(S4,05:5:,05) =5 A+ 20315 — fo)y?

+(fo +4fs —2f7 +2fs + fr0)y

+di = 2fs + fu.
Combining the above results, it follows that

n|Z'BZ|3 5 (foy + di)a

2<f67+f7—f2+

Js ; d1> aolar — ag)

Jot+4fs = 2fr +2fo + fo
Y

+ {fl’Y +23f3 — fo) +

di — 2
+ ! f)/fs +f11} (a1 — Go)Q.

Furthermore, with some tedious derivations, it can be shown that
P b )
Z Z BZ — {a% + 2f2a0(a1 — ao) + f12(&1 — ao) }’}/

7j=1
+(fo — f13)(a1 — ap)®

2
+(di = 2fs + f14)ml7ao)-

@w‘g

(52)

(53)

(54)

Note that, in the special case of independent SNPs, we have d; = fo = fy = fio =

fi3 = fia = 1; it follows that the right side of (54) reduces to ya?, which is what we

got in the proof of Theorem 3.1.
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Combining the above results, it can be shown that

a1

n+p ap
S E(C]Z) == Moad + 2\ ag(ar — ag) + Aa(ar — ag)? = (ag a1)% ( ) ., (55)
k=1

where Y is defined in Theorem 5.1.

Next, we can write Y37 (2, — S P E(C2|2) =
n+p n+p
Z{an E(GrrlFak-1)} + D ARGl Fup-1) =BG 2)}-
k=1

Furthermore, we have E((2.|Fnx_1) = n{var(&)wi, + 4E(ED) (Xcp wi&)?}. Thus,

we have E( 2k|~Fn7k—l) - E( 2k|Z) =
Z}

(lz;c wszl) —E { (lz; wklgl)

It can then be shown that SV {E(C3 | Fur1) — B(C4|Z)} = € A¢ — tr(AD), where
A = 4nW/ DWy, and D = diag(E(£7),1 < k < n+ p). By Jiang et al. (2023; Lemma
1 in the supplement), we have & A¢ — tr(AD) — 0 provided that tr(ADAD) — 0.

4nB(£3)

It can be shown that

tr(ADAD) = 16n*tr(W] DW,DW] DWy,D) < 16AL . (D)||W{ Wi |l5.
Furhermore, by Lemma 5.3 of Jiang (2022), we have
W W5 < 2[W] + Wi ||?[[Wa 3.
Note that |W] + Wi|| = [|[W — dW| < 2||W] and, by an earlier result, |[W| =

n~'Op(1). Also, again by an earlier result, it can be shown that ||[W,||3 < (1/2)||W |3 =
n~1O0p(1). It follows that tr(ADAD) < n~'Op(1) %50, hence STEPIE(CR, | Frgo1) —
E(¢2,|2)} = 0. Also, we have

([Tip{cnk (i)

2

Z) _ :ng[{czk B F)P|

n+p n+p n+p 2
—ZE{VM Gl Frp—1)12} < Z Gkl Z) < en® Z Wy, + (Zwk;l>

i<k

< e [WIPIIW 2 = n~"Op(D),
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according to the earlier results. It can then be shown, by the dominated convergence
P
theorem that 72 7{¢2, — E(C|Fni_1)} — 0.
n

Combining the above results, we have Y77 ¢2, -5 (ag a;)%(ag a1)'.

Furthermore, with some careful evaluations, it can be shown that

n—+p
b (s Gh) < 3 B(G) < enB(IW ) = O()

Thus, all conditions of the martingale CLT are verified.

5 Additional simulation studies

5.1 Simulation design

We follow the general setting described in Section 1 to generate the simulated SNPs.
Specifically, the SNPs are treated as independent Binomial random variable with
two trials and the allele frequency being the probability of success. The genotype
values for each SNP are thus coded as 0, 1, and 2. We first simulate the minor
allele frequency of SNP j, denoted as f;, such that f; ~ Uniform(0.05,0.5) for all
je{L,2,---,p}. Given f;, we simulate the genotype matrix U € {0, 1,2}"*?, where
the rows correspond to the individuals and columns to the SNPs. According to the
Hardy-Weinberg equilibrium, for the jth SNP, the probabilities of the genotype being
0,1, and 2 are (1 — f;)%, 2f;(1 — f;), and f7, respectively. We then standardize each
column of U so that it has zero mean and unit variance. The standardized genotype
matrix is denoted as Z. We let X = 0 for simplicity. Then, by Section 1 of MS, the
true underlying model describing the relationship between phenotype vector y and

the standardized genotype matrix Z can be expressed as
y=Za+e, a=bo(, e~ N(0,7%1,), (56)

where Z = p 122, b= (by, - - -, b,)’, whose components are independent Bernoulli(w),

¢= (¢, .., ¢) ~ N(0,0%1,), and bo ¢ = (b;¢j)1<j<p- Let S C {1,2,---,p} such that
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bj =1 for j € S and |S| = s. Then, the above model can be expressed as:
Yy = ZSCS + €, <S ~ N(07 0-2‘[8)7 €~ N(07 T2In)7 (57)

where Zg is the sub-matrix of Z consisting columns Z; of Z such that j € S, and (s
the sub-vector of ¢ consisting components ¢; of ¢ such that j € 5.

Under the true underlying model, the (true) heritability is

2

true —

(58)

In practice, the true casual SNPs in S are unknown. Therefore, while we simulate
phenotype value under the true model, but pretend that we do not know the true
causal SNPs. Thus, following the usual practice, we simply utilize all the SNPs in Z
to estimate 0% and 72 (e.g., Jiang et al. 2016). The estimated heritability is thus

. ~2
R —— (59)

o2+ 172

5.2 The all-SNPs-causal scenario

An additional simulation study is carried out to investigate the performance of the
three methods (see Section 6 of MS) when all SNPs being causal. Specifically, we
let w = 1 and 0? = 0.6, with other parameters unchanged. Figure 1 presents the
side-by-side boxplots. In terms of heritability estimation, all three methods have
smaller bias and variance compared to results in the previous simulation study. When
comparing the estimation of 72, the three methods also have smaller variation. Still,
the performance of ANOVA and mmhe keeps improving as n increases, while that of

BOLT-REML remains similar once n is greater than 10000.

5.3 Correlated SNPs

We also investigate the performance of the three methods when SNPs are correlated.

The simulation settings are as follows. We generated the correlted SNPs matrix Z
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Figure 1: Comparison of ANOVA, BOLT-REML and mmhe: p = 1000; All SNPs

causal. (a) Heritability; (b) Environmental Variance (72).

under the first-order autoregressive [AR(1)] structure with parameter p = 0.2. The
other parameters remain unchanged as in Section 6 of MS. To assess the estimation
performance of the three methods under the pruned SNPs setting, we pruned the
correlated SNPs by setting different correlation thresholds, namely, 0, 4 x 107°, and
1x107*, after marginally significant SNPs were identified with 0.005 significance level.
More specifically, in terms of heritability estimation, all three methods have apparent
consistent estimates when directly using the unpruned SNP matrix. However, the
heritability is underestimated when only independent SNPs (i.e., threshold 0) are
retained for all three methods, and a little overestimated when the prune correlation
threshold is 1 x 10™*. The under/overstimated issue is more severe for ANOVA and
mmhe compared to BOLT-REML. When the correlation threshold is 4 x 1075, the
three methods are seen to perform similarly. See Figure 2.

2

We also report the performance of 72 estimation under unpruned and pruned

SNPs with 4 x 107° threshold, as shown in Figure 4. In this case, the BOLT-REML

estimator (with or without prunning) seem to have relatively smaller variation for
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B3 Anova_prune
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(¢)

Figure 2: Estimation of h? using ANOVA, BOLT-REML and mmhe Methods with
unpruned/pruned SNPs Across Different Pruning Correlation Thresholds: p = 1000;
SNPs Are Correlated under AR(1) Structure with p = 0.2. (a) 7> = 0; (b) r? =
4x107% (c) r2=1x 107"

38



smaller n (n = 1000), but much larger variation for larger n (n > 10000).

0.5+

type

' Anova
Anova_prune
BOLT-REML
BOLT-REML_prune

mmhe

mmhe_prune

0.3

1000 10000 30000 50000

Figure 3

Figure 4: Estimation of 72 using ANOVA, BOLT-REML and mmhe Methods with
Unpruned/Pruned SNPs: p = 1000; SNPs Are Correlated with AR(1) Structure with
p = 0.2. SNPs Are Pruned with 2 = 4 x 10~ Correlation Threshold.

The performance of ANOVA confidence intervals based on the asymptotic theory
(Theorem 5.1 in MS) under correlated SNPs is also investigated in a similar way
as described in Section 6 of MS. Here, again, we generated SNPs under the AR(1)

correlation structure with p = 0.2. For the pruned SNPs setting, we use the 4 x 107°

39



correlation threshold. We treat the pruned SNPs as independent and the asymptotic
variance is computed based on Theorem 3.1. For the un-pruned SNPs setting, we
use the empirical estimation of w and keep C' = 5, which are described in Theorem
5.1. Table 1 [the parts under Anova and Anova-prune (r* = 4 x 107°)] reports
the results based on 500 simulations runs. It is seen that ANOVA estimator with
pruning (Anova-prune) has generally smaller ML; however, it is not as accurate in
terms of CP compared to the ANOVA estimator without pruning (Anova) in most
cases. Furthermore, for 72 estimation, there seems to be some over-coverage in CP
by Anova, but severe under-coverage in CP by Anova-prune; for h? estimation, the
CP of Anova is nearly correct, especially for larger n, but that of Anova-prune seems
to be significantly lower than the nominal level (95%) for larger n > 10000.

As in MS (see Table 1 of MS), for comparison purpose, in Table 1 (last four
columns) we also include confidence interval results based on the mmhe method.
As can be seen, in terms of the CP, the performance of the mmhe method is not

comparable to (any of) the ANOVA methods.

Table 1: Empirical Mean Length (ML) and Coverage Probability (CP) of 95% Confi-
dence Intervals for 72 and h? Constructed via Un-pruned ANOVA (Anova), ANOVA with
Prune Threshold 4 x 10~® [Anova_prune (r?> = 4 x 107?)], Matching-pruned ANOVA
(Anova_prune), and Un-pruned mmhe(mmbhe). Methods: p = 1000, w = 0.1, 72 = 0.4,
h? = 0.6, AR(1) SNPs with p = 0.2.

n Anova Anova-prune (4 x 107%) Anova_prune mmbhe
7_2 h2 7_2 h2 7_2 h2 7_2 h2
ML CP ML CP ML CP ML CP ML CP ML CP ML CpP ML CP
1000 287 1992 .336 976 217 .945 .285 .940 217 .924 .285 .950 .067 .353 .169 784
10000 113 L9987 .185 .950 .043 .823 .168 .932 .043 .605 171 .952 .007 273 .017 147
30000 .106 .989 174 .960 .023 .654 .162 .931 .024 617 .164 .945 .002 .082 .006 .075
50000 .102 1995 .180 1958 .018 .561 .160 .936 .018 .548 .163 .946 .001 .147 .003 .069
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5.4 The matching-prune strategy

In this subsection, we carry out another simulation study, this time on the perfor-
mance of the matching-prune strategy proposed in Section 7 of MS. To this end, we
consider a grid of candidate correlation thresholds for the pruning (see Section 7 of
MS), namely, G = {0,5 x 1075,107%,5 x 107*,1073,5 x 1073,1072}. It should be
noted that the grid is not very dense; nevertheless, the goal is to have some idea
on how the matching-prune strategy performs compared to no pruning and a fixed
threshold pruning strategy. From Section 5.3, in particular, Figure 2, it appeared
that the threshold r2

25t = 4 x 107" is optimal among the three thresholds considered

(the subscript opt refers to “optimal”). However, this was based on the simulation
results, in which one knows the truth (that is, the true underlying model that gener-
ates the data). In practice, however, one may not be able to determine the “optimal”
threshold this way. Nevertheless, here, we compare the matching strategy with the
optimal pruning, rop, and with the method without pruning.

We first consider the estimation performance. In Section 5.3, in particular, Figure
2 (b) and Figure 4, we already compared method without pruning (Anova) with
the 7, pruning method and several other methods. Thus, here, we can focus on
comparing the matching strategy with Anova to see their relative performance. The
boxplots for the matching-prune based method (Anova_prune), the method without
pruning (Anova), and the corresponding BOLT-REML methods (with the matching-
prune and without pruning) are presented in Figure 5. It is seen that Anova_prune
does not perform as well as the other three methods for estimating h?, although
for n = 30000 the four methods seem to perform similarly. On the other hand,
for estimating 72, the two ANOVA methods seem to perform much better than the
REML methods once n is greater than 1000, although Anova_prune still appears to
perform slightly worse than Anova.

Next, we compare the inferential performance of the matching-pruned ANOVA
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(Anova_prune) with the un-pruned ANOVA (Anova) and ANOVA with the “optimal”
pruning threshold 2 = 4 x 107® [Anova_prune (r* = 4 x 107°)] in terms of the
confidence intervals. The results are presented in Table 1. It appears that the ANOVA
method with the matching pruning and that with the “optimal” pruning perform
similarly in both ML and CP; both are not as accurate as the un-pruned ANOVA in
terms of CP, but having smaller ML compared to the un-pruned ANOVA. As noted
in MS (see the discussion about Table 1 in MS), because p is fixed (= 1000), the ML

for h? does not necessarily decrease with n.

0.74

0.6+

h?

type type

- Anova o401 - - - - - Anova

ES Anova_prune N B8 Anova_prune
B8 BOLT-REML B8 BOLT-REML

ES BOLT-REML_prune 035 ES BOLT-REML_prune

0.54

0.30

1000 10000 30000 50000 1000 10000 30000 50000
n n

(a) (b)

Figure 5: Estimation of h? and 72 using Un-pruned ANOVA (Anova), Matching-
pruned ANOVA (Anova_prune), Un-pruned BOLT-REML (BOLT-REML), and
Matching-pruned BOLT-REML (BOLT-REML _prune) Methods: p = 1000, w = 0.1,
72 = 0.4, h? = 0.6, SNPs Are Correlated with AR(1) Structure with p = 0.2.

6 Additional results of Big-data application

We applied the variance estimator under the C-dependent assumption (Theorem 5.1)
to real data from the UK Biobank, examining BMI and height in European samples.

The analysis follows the same matching settings as the main big-data application sec-
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tion. We first conducted a genome-wide association study (GWAS) to derive marginal
association p-values for each SNP, retaining those with p < 0.01 as marginally signif-
icant associations. The selected SNPs were then further filtered using a correlation
threshold of 72 < 4 x 10~° and pruned within a 100 kb window.

We note that the ANOVA point estimator is unaffected by the choice of depen-
dence assumption; only the variance estimator and its associated standard error (s.e.)
change. For clarity, we refer to the ANOVA estimator paired with the s.e. derived
under the independence assumption as ANOVA-independent, and the ANOVA esti-
mator paired with the s.e. derived under the C-dependent assumption as ANOVA-
C'-dependent, for C' € {0,5,10,15,20,25,30}. The parameter C' controls the number
of neighboring SNPs incorporated into the dependence structure and represents the
proposed extension of the variance estimation framework. For each trait, we report
the heritability estimates together with both the independence-based and correlation-
adjusted standard errors.

As shown in Figure 6, the estimated standard errors increase monotonically with
C, consistent with the simulation results reported in simulations. While theoretically
the s.e. under C' = 0 and the s.e. under the independence assumption should coincide
(since both rely on the same r values defined in Assumption A.2), this equivalence
holds only for the population-level (theoretical) values of those quantities. In practice,
these expectations are approximated by sample means, which introduces a discrep-
ancy. In the simulation study, the z-scores were generated from a known distribution
with a known dependence structure, so the sample means closely approximated the
corresponding theoretical r values, yielding near-identical results under C' = 0 and
under independence. In the real-data analysis, however, the true distribution of the
z-scores and the true value of C' are unknown, which may explain why the s.e. under
C = 0 does not coincide exactly with the s.e. under the independence assumption.

Additionally, the filtering and pruning procedure is designed to approximate in-
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dependence among retained SNPs (targeting 72 < 4 x 107°), yet the degree to which
this is achieved appears to differ across traits. Specifically, the SNPs appear closer
to independence for BMI than for height, as evidenced by the marginally signifi-
cant difference between the ANOVA and BOLT-REML estimates in the height case
(p < 0.01), compared to the closer agreement observed for BMI. This may further
explain why the s.e. under the independence assumption is nearly indistinguishable
from the s.e. under C' = 0 for BMI, whereas a more pronounced discrepancy is ob-
served for height. Taken together, these results suggest that the appropriate choice of
C' is trait dependent, and that selecting C' based on the observed agreement between
the independence-based and C-dependent standard errors may serve as a practical

diagnostic in applications.

linkage disequilibrium, r2 = 4e-05

0.251
Method
0.201 . Anova independent
D Anova C-dependent (C = 0)
. Anova C-dependent (C = 5)
gﬂ.lﬁ'
E . Anova C-dependent (C = 10)
~ . Anova C-dependent (C = 15)
L
0.10 . Anova C-dependent (C = 20)
. Anova C-dependent (C = 25)
. Anova C-dependent (C = 30)
0.051
[ soLr_RremL
0.00-
BMI Height
Trait

Figure 6: Heritability Estimates for BMI and Height Using ANOVA independent,
ANOVA C-dependent, and BOLT-REML
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7 Other extensions

This section supplements Section 5 of MS to discuss other directions.

First, as in Jiang et al. (2016), we can relax the normality assumption about Z to
sub-Gaussian random variables with mean 0 and variance 1. A random variable, Y,
is sub-Gaussian if there is a constant d > 0 such that for any real number A we have
E(e"Y) < eX®/2. The arguments of the proofs (see the supplement) change slightly,
because now the entries of W and ¢ in (3.17) in MS are not automatically independent
random variables. Nevertheless, it can be shown, as in Jiang et al. (2016; Remark
3.5), that all of the results established in the previous sections remain valid provided

that (3.27) of MS is strengthened to

¢ = o(vn). (60)

Also, as in Jiang et al. (2016), under (60) we can relax the assumption that X is
non-random. Note that this assumption is equivalent to that X is independent with
n = (Z,b,(,¢). However, as argued in Jiang et al. (2016; Remark 3.5), under (60),
the independence of X with 7 is not needed.

Furthermore, as argued in Jiang et al. (2016; 5th paragraph of sec. 1.3), the
above results can be extended to the case where Z is standardized such that the
sample mean and sample variance of each column of Z is 0 and 1, respectively.

Finally, it is possible to extend the asymptotic theory to the case where the
columns of Z are correlated. Typically in GWAS, the entries of Z are standard-
ized so that E(z;;) = 0 and var(z;;) = 1. However, there may be correlations among
2ij,1 < 7 < p. This is reasonable, because the columns of Z, are associated with
the SNPs, and there may be correlations among the nearby SNPs. On the other
hand, the rows of Z correspond to different individuals; it is reasonable to assume
that the individuals are independent, provided that there are no family associations

among the individuals. Let 2] denote the ith row of Z, 1 < ¢ < n. In view of the
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above discussion, we assume that z;,1 < i < n are independent such that E(z;) =0
and Var(z;) = R, where R = (7jx)1<jk<p 1S & non-singular correlation matrix (which
implies that 7;; = 1,1 < j < p). More specifically, let W be a symmetric square
root of R such that R = W?2. We assume that z; = W+;, where v; = (7ij)1<j<p such
E(v};) < oo. It follows that Z = I'W, where the ith row of I" is 4] and jth column of
I' is denoted by I';, and W a non-random, positive definite matrix. It can be shown
that the consistency result, that is, part (I) of Theorem 3.1, remains valid provided
that

p tr(R*) = O(1) and p ' Apax(R?) = o(1). (61)

The asymptotic normality result, that is, part (II) of Theorem 3.1, holds with a
different asymptotic covariance matrix, provided that (61) holds but with the first

part of it strengthened to that
pr(R2) — p (62)

for some constant p € (0,00). The result follows from the proof of Theorem 3.1 with
the help from extensions of some intermediate results such as the following, which
itself may be of interest. The proof is given in the supplement.

Lemma A.1. Under the above setting of correlation structure for Z, we have
(np)~ttr(Z22") 25 1. Furthermore, if (61) holds with the first part strengthened to

(62), where p is either finite or infinity, then, we have
(np?)"Yr((22')%) 25 1+ pr, (63)

which is understood as oo if p = co.

The other main theoretical results can also be extended accordingly. We defer the
details to a future publication.

Condition (61) holds for some of the popular correlation structures, but not for

the others. For example, it holds for exponentially-decaying correlations, that is,
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1] < e~=* for some a > 0, which is often associated with an autoregressive (AR)
process; on the other hand, the condition does not hold for the equal-correlation
structure, that is, 7, = 0, 7 # k for some 0 < p < 1. The latter may arise in the case

of intraclass correlation (e.g., Diggle et al. 2002).
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