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This online supplementary material contains seven sections. Section introduces tensor notation and the
Tucker decomposition. Section [S2] presents the technical proof of Proposition [I]in Section[2] Section [S3|provides the
proofs of Theorems [T] and [] in Section [d] and Section [S4] presents four auxiliary lemmas.

Lemma[ST]establishes the covering number and discretization properties of low-multilinear-rank tensors. Lemma
establishes the restricted strong convexity (RSC) and restricted smoothness (RSM) conditions, and Lemma
derives the deviation bound; these results are used in the proofs of Theorems 1| and Lemma establishes the
contractive projection property (CPP), which is used in the proof of Theorem

Section introduces the univariate HAR-It6 model and the corresponding proposition. Section [S6] reports the
selected ranks for the MLR-HAR and VHARI models in the real data analysis. Section [S7] presents the definition
and rolling estimates of the coefficient-based total spillover index for the VHAR, VHARI, and MLR-HAR models.

Throughout this paper, C' denotes a generic positive constant whose value may vary from line to line.
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S1 Tensor notations and Tucker decomposition

This section briefly introduces tensor notation and the Tucker decomposition, and a detailed
review of tensor notations and operations can be found in Kolda and Bader| (2009).

Tensors, also known as multidimensional arrays, are higher-order extensions of matrices,
and a multidimensional array A € RP1**PK jg called a K-th-order tensor, where the order
of a tensor is known as the way or mode. This paper concentrates on third-order tensors.

For a third-order tensor A € RP**P2*Ps 'jts element is denoted by A;j;, for 1 <@ < p;,1 <
Jj < pe2,and 1 < k < ps3, and the Frobenius norm is defined as |A|p = < PSS X?ﬂ;) 1/2.

Matricization, also known as unfolding or flattening, involves rearranging the elements
of a higher-order tensor into a matrix format. Mode-1 matricization treats the first mode
of the tensor as the rows of the matrix, while collapsing all other modes into the columns.
Specifically, the element at position (iy,is,43) in the tensor A corresponds to the (i1, 7)-th
element in the matricized form Ay € RPY*P2P3 where j = iy + (i3 — 1)p,. Similarly, mode-
2 and mode-3 matricizations can be defined. Matricizing tensors allows for establishing
connections between matrix concepts and properties with those of tensors. The mode-1
multiplication, denoted as xi, between a tensor A and a matrix B € R*P1 is defined as
follows

Pp1
A X1 B = (Z Azngsz)
1<s<qi,1

i=1 1<j<p2,1<k<ps

The mode-k multiplication, denoted as xj, where k = 2,3, can be defined similarly.
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The multilinear ranks of a tensor A are defined as (11,79, 73), where
r1 = rank (A(l)) , 1o =rank (A(g)) , and r3 =rank (.A(g)) .

Accordingly, there exists a Tucker decomposition (Tucker, 1966; De Lathauwer et al.,
2000):

A =G x,U; x, Uy ><3U3=9><?:1 U;, (Sl'l)

where U; € RPi*"i for ¢ = 1, 2, 3 represent the factor matrices, and G € R"*"2*" denotes the
core tensor. Alternatively, this decomposition can be represented as A = [[G; Uy, Uy, Us].

Note that the Tucker decomposition is not unique, since
[G; U1, Uy, U]l = [S x1 O1 x2 02 x5 03; U071, U057, U305

for any invertible matrices O; € R™*" with 1 < ¢ < 3. As a special case of the Tucker de-
composition, the higher-order singular value decomposition (HOSVD) is defined by choosing
Uy, U, and Uj as the tall matrices that consist of the top (ry,re, r3) left singular vectors of
A1y, Ay and A3 respectively, and then G = A x; U] x5 Uy x5 UJ. As a result, factor
matrices Uy, Uy and Ujz are all orthonormal, and G possesses the all-orthogonal property,
i.e., for each 1 < j < 3, the rows of G(;y are pairwise orthogonal. Note that the HOSVD is
still not unique unless we impose more constraints (Wang et al., 2021).

The three ranks, 71,75 and r3 are not equal in general. In particular, when r3 = p3,
the multilinear ranks of A are denoted by (r1,72) instead, omitting the rank of mode-3
matricization. The multilinear ranks are also known as Tucker ranks, as they are closely

related to the Tucker decomposition. There are many other tensor decomposition methods,
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such as CP decomposition (Kolda and Bader| [2009), and the ranks of a tensor can be defined

in many different ways.

S2 Proof of Proposition [1] in Section

Proof of Proposition [l We define

" o(n—t)k OFn1 Jn (n—t)** -
(k) — 2 gt — i VY 4o, 1<i<N,
Ri(k) f TR (k +1)! - o (k1 7 '

n—

for all £ > 0 and n > P + 1. From Definition [I] and It6’s lemma, we have

N
dait = (wi +vi(n —t) — O’in_l - viZzt + Z agj)ait) dt +2v;(n — t)Z;,dZ; 4

=1

+ BiLE A

forn—1<t<n, and

U, [ o0
D T Aedt = 20 | o ZidZy.
1}L4 R R e R N ey

As a result, for any k£ > 0, let

"kt D(n - 1) ()b

RY(k) =2 f Z:,dZ;,. RP(k) = f L2 dA,;
i ( ) v - (k’+2)‘ it 12 ) ( ) 6 - (k+1)' it it
k + 3)’11]1 + (lf + 1)1)@ 4 (k + 1)Jz2n—1
RO (k) = | d  RY(k) =ttt
i (k) (k + 3)! ’ an i (k) (k+2)! 7
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and then it holds that

W (k+2wv; (k+1)o7,
B =gt e T e

n —t k+2 n — ¢t k+1
+ 2'07; f udeZm — V; J uZitdt

ne1 (K+1)! o1 (E+ 1)
n (TL o t)k-i—l ) (1)
: —L dA\; R;(k
+6L—1 (k+ 1)t t+2a +1)

j=1

N
=RV (k) + R (k) + R (k) + RV (k) + > ol Ri(k + 1),
j=1
which can be rewritten into
R(k) = RV (&) + RP(k) + R¥(k) + RY(E) + aYR(E + 1), (S2.1)

where R(K) = (Ri(k), Ra(k), -+ Ry (k)T and RO(k) = (R (k). RS (k). - BY) ()T
with 1 < j <4.
Due to the facts that R;(k) < Sn L 07,dt and the spectral radius of a is less than one,

it holds that a(l)kR(k) — 0 almost surely as k — o0. Moreover, by iterating the formula at

(S2.1]), we have

n oo oo oo
R@:f o2dt = > alV M o' RA (k) + ) o RO (k)
n—1 k=0 k=0 k=0
- (S2.2)
+ Y o™ R (k)
k=0
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with probability one. It can be verified that

0 o0 n k+2 T
YoV Ry(k) = D [21)1 L iy Z;1d7Z;,

k=0 k=0 =1, N
= 2Va® ™ f {((n — 1V —Iy) el 4 IN} Z,dZ,
n—1
= gfﬂ
)k k[ (n—=t)*' !
k=0 k=0 n—1 Z—l, 7JV

= 0Bwr A + E;{,

0
k
Z aV"Ry(k) = 0w + (02 — 203)V1y and

0
k
Z "Ry (k) = (01 — 0:)o; 1,

e = BaV ! {J <ea“)<”*t> - IN) [MLdA; + wy (dA; — Adt)]} .

n—1

Note that o7 at integer time point n has the form of

P
O_Z =w+ Za(l)ynfl+l + /BJna
=1

and we then have the autoregressive form at .

Note that random variables € and &; are both independent of the o-field F,,_;, and
hence {e¢} and {€/} are martingale difference sequences (Song et al. 2021)), i.e. E(g) =
E(e!) = 0. We further show that both {€¢} and {€/} are i.i.d. sequences with mean zero
and finite variance matrices.

Let g4(t) = ((n — t)aV —Iy) e L T\ and then |g4(t)| < 2e + Iy for alln—1 <
t < n. Moreover, Z; = {(, AW, = W, = W,,_y, dZ, = dW, and (dZ)(dZ,)7 = Tydt. As a

6
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result, by Ito isometry,

n 2 n
E(e¢)? =E <2Va(1)_2J 94(t)thZt) = 4V2a(1)_4EJ [04()?Z¢(dZ,)(dZ,) " 2]
n—1 n—1
<4V2aW ™ (2e + Iy)* E f 7.7/ dt.

n—1

(S2.4)

Due to It6 lemma and definition of Z;, it holds that athZtT = thZtT + dZt(ZtT) + Iydt,
Z,_, = 0, both {S Z.dZ!} and {S Z,(Z!)} are martingale difference sequences. Thus,

72T = ZZ] — Zoy 1(Zn 1)" = (ZydZ] + dZ,(Z]) + Tyds), and

EJ 7,7 dt = (J f y4 dszt> +FE <J f (dZ])( ) +0.5Iy = 0.51,
n— n—1Jn—1 n—1Jn—1

which, together with (S2.4)), implies that var(e,) < 2V2a(M ™! (2e + Iy)* < 0.
We next consider €. Let gs5(t) = e — Iy and then |os(t)] < e + Iy for all

n—1<t<n. From (S2.3) and the fact that E(e]) = 0, it holds that

n n T

(e = a0 B ([ astonzan) ([ L) - (eudwiX) (b
n—1 n—1

(52.5)

Note that {L;} are independent of the Poisson process {A;} and, by the partitioning method,

we have

E (fn 1 95(t)LfdAt)2 - F ( > 95(t)LfAAt> ( > g;,(t)LfAAt) T

n—1<t<n n—1<t<n

.
< (e +1Iy)? ( Z LZAAt>< Z LfAAt>
n—l<t<n n—l<t<n
~eenrennd s 3 o)
n—1<t<n

= (e +Iy)*(diag(\ + M) E(LI(LY) '),  1<i<N,
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which, together with (S2.5) and the fact that E(L2(L2)") < oo, implies that var(e’) < oo,

n

]

S3 Proofs of Theorems [1] and [2| in Section [4l

Proof of Theorem [1. For simplicity, denote the multilinear low-rank estimator .ZIMLR by .2[,
and let A = A — A*, where A" is the true parameter tensor. The loss function has the

form of
1z
L) = = 3 50— Al
n=1
where X, = (¥, _,,..., ¥ p)T € R¥"*1 Due to the optimality of A, it holds that
1 « - 1 «
T Z Hyn - ‘A(l)inug < T Z Hyn - A?1)§n||g,
n=1 n=1
which implies that
1 o 2 « 1 & >
Y IAGRE < 2 e Apk) <20 Y e o K A) (53.1)
n=1 n=1 n=1

where X,, = (Ynt,---Yn_p) € RN*P, Z::1<en, AnX,) = <Z::1 €,0X,, A), and o denotes
the outer product.

Denote the set of tensors
S(T’l,rg,?”g) = {.A, € RNXNXP : H‘A’HF = 1,ranki(.fl(2-)) < Ty, 1< < 3}

Note that the Tucker ranks of both A and A* are (r1,7r2,73), and hence the Tucker ranks

of A are at most (2r,2ry,2r3). As a result, from (S3.1)),

1 & N 1 & ~
= Z |A0X.|5 < 2|Alp sup (= Z €,0X,, A),

AGS(2T1,2T2,2T3
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and therefore we can derive the estimation error bound by applying Lemmas [S2| and Lemma
with § being ¢ + 1/2 for simplicity. The prediction error bound can also be established

from the above inequality, estimation error bound and Lemma [S3] O
Proof of Theorem[3. For a fixed 1 < k < K, define a linear space,
A = {041.2[]@ + OéQ.A,, Qap, 0 € R},

and denote by (B)4 the projection of B € RY*N*F onto the space A, where the dependence
of A on k is suppressed for simplicity. Since A € ©(ry,72,73) and A, e O(r},rh, %), it holds

that A < ©(ry + 11,72 + 15,73 + 1%).

~ ~ ~ —2
Note that Ay = Ag—1 — nVL(Ak_1), and 7, > (3 1+ kA 1) r; with 1 <1 < 3.

24HU,A
From Lemma [S4] we have
3

s =l < ([T 35+ 1 =104 = il < 524~ (ol

which, together with the fact that 1 < 1 + 22?{;1,4 < 2, implies that

A~ A~ ~ ~ K ~
[ As = Ale <[ As — (A)allp + 1A = (A)alr < (14 55| A = (Ae)ale
Ry,A

RL.A
24I<JU?A

<(1+ (A — Ay = n[VL(A) — VL(A)]) allr + 20| (VL(A)) 4l
= A1 + AQ,

(53.2)

where A = (1+ 522 )||(.A—flk_1—n[VL(.A)—VL(.Z[k_l)])AHF, and As = 2n|(VL(A)) alr-

24Ky, A

We first handle the term of A;. Let H = T! Z:Zl(in;(; ® In), and it holds that

T3 JAWX); = T3 (K] @ In)vec(A)|3 = vec(A)THvec(A). Then, from
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Lemma and for all A € ©(ry + 1y, ro + 15,15 +15%),

1 8
gﬁL,AHAH% < vec(A) THvec(A) < §/€U,AHAH%
with a probability at least
1 —2exp(—CT(kpa/kup)* min{A 2, A\™1}) — exp(—Cd),). (S3.3)

Note that n = 2/(3kp,4), and H is the Hessian matrix of the loss function L(B) with respect

to vec(B). It holds that vec(VL(A) — VL(./A[k_l)) = Hvec(A — flk_l), and

Rp A ~
Av= (1 5= ) (= pH)vee(A = A1) allz
KL,A KrL,A ~
< (1 ’ 1-— : A — A S3.4
0+ g )0~ At = Al (53.4)
KL A ~
< (1— =) Ap_y — Allr,
(= gy At = Al

with the probability at (S3.3), where (vec(B))4 = (B)4, and the first inequality is by
Lemma 4 of Chen et al.| (2019).
We next handle the term of Ay and, by Lemma 5 in (Chen et al.| (2019),

32 32 32

RLA 8ea,|8|p=1 RL.A

where S(ry 4+ 74,79 + 15,13 + 14) = O(ry + iy, 2 + 15,73 + 15) (){[I8]r = 1} and

2 « >
€= sup (VL(A),8) = sup <? nz_ll €,0X,,, S>

SES(T1+7“'1,7“2+T’2,T3+T§) SES(T1+T’1,7'2+7"2,7'3+T§)
) d,/\/l T1+26
<C ()\ )\max(Es)/@aA + AVHU,B) T + W
with a probability at least 1 — exp(—Cd',) — 2exp(—CT (k1 a/ku5)* min{A~2, A=*}). This,

together with (S3.2) and (S3.4)), completes the proof. O

10
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S4 Auxiliary Lemmas for the Proof of Theorem [I] and

Lemma S1. (Covering number and discretization of low-multilinear-rank tensors). Sup-
pose that S(ry,me,73) is an e-net of the set S(ry,ro,r3) = {A € RVNF o |A|, =

1, rank;(Aq)) < 7, 1 <i <3}
(i) The cardinality of S(r1,72,73) satisfies

‘S(Tla To, 7"3)‘ < (12/6)(7’17"27“3+Nr1+Nr2+Pr3)‘

(ii) For any tensor N € RNVN*E and matriz Z € RNP*T it holds that,

sup (N, A <(1—2v26)7' max <N, A>, and

AES(27‘1,27’2,27‘3) AGS(2T1,2T2,27’3)

sup )HAu)ZHF <(1-2v2e)7"  max )HA(UZHF'

AGS(2T1,27’2,27‘3 AGS(2T1’2T272T3

Proof of Lemma[S1 Result at (i) is from Lemma A.1 of [Wang et al.| (2020)), and we here
prove (ii) only.

Consider an e-net S(2ry, 2ry, 2r3) for S(2ry, 2r9, 2r3). Then for any tensor A € S(2ry, 279, 2r3),
there exists a A € S(2ry, 27y, 2r3) such that ||A—A|p < e. Since the rank of W = A—A are
at most (4ry, 4ry, 4r3), we can split the HOSVD of W into 8 parts such that W = Z?Zl W;,

where rank;(W;) < 2r; for 1 <i < 8and 1 < j < 3, and <W]~,Wk> = 0 for any j # k.

Then for any N € RV*N*P we have
i=1 i=1

where Wz/ HWZ € 8(27“1, 27’2, 27’3), and <N, WZ/HW’LHF> < supAeS(thQm,zrg) <N, A>

I

11
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Note that HWH? = 3% |[Wi|,. and it holds that > | |[W;|r < 2V2|W|, < 2v/2¢,

2
joll

which, together with (S4.1)), implies that

o= sup (N,;A)< = max (N,A) + 2v/2ve, or
A€eS(2r1,2r2,2r3) AeS(2r1,2r2,2r3)

v = sup (N,AY < (1—2v2¢)7! max <N, A>.
A€eS(2r1,2r2,2r3) A€eS(2r1,2r2,2r3)

For matrix Z € R¥?*T it holds that
— 8 JR—
|awz]; < [Awz]; + X [(W) w2,
i=1

8
= [AwZ]5 + 2, Wil [(Wi) /I Wil 2]

i=1

8
<|BwZlp+ 2 Wile sw  [AZ]y

i=1 68(27‘1,27'2,27'3)

<|AwWZ|, +2v2e  sup )HAu)ZHw

AE$(2T1,27‘2,2T3

and we accomplish the proof by taking supremum on both sides. O

Lemma S2. (Restricted strong convexity and smoothness). Suppose that (3.2) and As-
sumptions [1] and [4 hold. If T 2 max(\2, X*)(ku.p/kr.a)2dm, m"* 2 T%, mAT?1 >
N2Pexp(da) for some § > 1/2, then

1 IS 2 _8
2 3 2
grealAle < 7 2 [Awkl, < grual Al

for all A € S§(2ry,2ry, 2r3) with probability at least
1 —2exp(—CT (ki a/kup)* min{A "2, A\™*}) — exp(—Cdp),
where K, K A, Ky and dy are defined in Theorem .

12
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Proof of Lemma[S3 Denote Rp(A) = 310 |A1X,[3, and it holds that

T
2
Rp(A) = ) [ Aw (xa + 90)|,
n=1
T T T
— N xTALAwx, +2 Y XA AW, + Y 9T AL A, ($4.2)
n=1 n=1 n=1
=Ry + Ry + Rg,

where 9, = X, —x, = () _;,---,n)_p)T € R¥P*1 By the spectral measure of ARMA
processes in [Basu and Michailidis| (2015)), we have Apin{E(x,X])} = Amin(X2)/ tmax (A*) =

k.4 and Apa{E(x,%X,) )} < Anax (Ze)/tmin (A*) = Kpa, and it then holds that
T
Tk s <ERy) =E (Z vec(A) (Iy ® x,,x, )Vec(A)> < Trya, (S4.3)
n=1

as |Alp = 1. Furthermore, Rr(A) > E(R;) — supacs{|R1 — E(R1)| + |R2| + |R3|}, and
Rr(A) < E(Ry) 4+ supacs{|R1 — E(Ry)| + |Rz| + |Rs|}, where S = S(2r1, 2r9, 2r3). We next
first bound |Ry — E(Rq)| + |Rz| + |Rs| for each fixed A € (211, 219, 2r3).

Consider the term of Ry — E(R;). Note that x, = (y} ;,...,y) p)T € R¥P*1 and
Aqy = (A4,...,Ap) with each A; being an N-by-N matrix. From (3.3)), we have y,, =
Aq)X, + €. It can be further rewritten into an VAR(1) form, x,, = Bx,_1 + e,, and hence

the VMA representation of x,, = Z;O:O Ble,_j, or z = Pe, where

A Ay -+ Apy Ap In» B B? ... BT!

In 0 -~ 0 0 0 Iyp B ... BT2
B=10 Iy - o o] P=lo0o o0 Iy, --- BT ...,

0O O Iy 0 0 0 0 Inp

13
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e, =(g),...,0)T e RNl e = (el ,,...,ep,...) , and z = (x,...,x])" € RNPTxL,

n?

Moreover, by Assumption[2] the error term has the form of e = £&, where &, = (£!,...,0)" €

n’

RNPXL ¢ = (&1 ... &h,.. )T,
. 0 --- 0 2 0 o
) 0% - 0 ) o =% o
3. = e RVPXNP and X =
L : 0o o0 %
0 0 ¥,

Let k0.5 = Amax(2e)/fimin(B*), Za = SPT(Ir ® A(TI)A(D)PX_), and then
T — —_ — —_ —
Ri= ) % AlhAnx, = 'SP (I ® Al)A0))PEE = £TEAE.
n=1
Note that Apax(PPT) = 1/pimin(B*), then |Zallyp < kvp and
1Zalp < ISP loplP MoplTr @ Al Al = VThus < VTky,s.

For any ¢ > 0, by Hanson-Wright inequality for sub-Gaussian random variables, we can

bound R; — E(R;) below,

t 2
P[|R1 —E(R1)| = t] < 2exp | —C'min :
o N[Zaly, M [Sal;

(S4.4)
<2 C mi ! r
< 2exp [ —C'min , .
P /\QIQU’B )‘4T’%2U,B
We next consider the term of Ry, which has the form of
RQ = QZT(IT ® A(TI)A(D)C = QFEPT(IT ® A(TI)A(l))C = leTé,
where m; = ZPT(Ir ® A[)Aw))e, ¢ = (I, ,9])" € RV Let iy = maxicper

maxi<;<n |7in|, and it holds that |c|3 < NPTn2.. and |m4|3 < NPTn2, kv Moreover,

14
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by the inequality at (3.2)) and Markov inequality, we have

° } < ONT (S4.5)

]P){nmax 2 m1/4 QZ‘Q )

which can be used to control the rate of 9. by varying the value of x. By the sub-Gaussian

condition of & at Assumption [2 and letting = m!/®7°/N/2 P2 in (S4.5)),

(S4.6)

- 1/442 2
P[Q‘mlTﬁ‘Zt]<Qexp< Cm 't ) CN"P

T2, mi/AT20-1
for any ¢t > 0.

Finally, for the third term of Ry at (54.2)), it holds that

sup Rs3| = sup }CT(IT ® A(Tl)A(l))c‘ < NPTR2..,
A€eS(2r1,2r2,2r3) A€eS(2r1,2r2,2r3)
and, by letting x = m'/*T°/N'/2P/2 we have

CN?P
mi/AT2e-1"

(S4.7)

~

T1+26
Pl s [Ryfz
AES(2T1,2T2,2T3) m

Thus, combining (S4.4)), (S4.6) and (S4.7)), we have

1+26
]P)|:|R1 + Ry +R3—E(R1)| =t + 1+ W]

T1+25
<P [|R1 - E(R1)| = tl] + P[’R2| = t2] + P l|R3| = —]

mi/A

<y Omi t t2 9 Cm'/4t? . CN?P
< 2exp | —C'min , exp | ————%— _—.
p Nrup NTRE p NT 2, m1/AT26—1

Let t; =ty = Tk /6 and, from (54.3)), it holds that

P[05k1,4 < T 'Rp(A) < 1.5kp,4]

i . Trpa TKi, ) Cr3 ym** CN2pP
- P i )\%U,B’)\‘*HZU,B P T2\ ky g mi/AT2-1

(S4.8)

15
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as mY* = 6T% /k; 4. Let S to be an e-covering net of S(2ry,2ry,2r3). To construct the
union bound, we rewrite Rp(A) as Rp(A) = |AqX |3, where X = (%, --- , %) € RVPXT,

Define the event

_ 1 -
8(6) = {VA € 8(27’1,27’2,27’3) . «/0.5/€L7A < \/_THA(UXHF < M} .

Then, by the pointwise bound in (S4.8)) and the covering number in Lemma [S1| (i),

T 2
P[E(e)] < 2exp (C’dM — C'min <THL’A , "L >>

2

Ck2 ym'4 CN?P
+ 2exp (OdM — m + eXp(CdM)—ml/llTQé*l‘

Note that, by Lemma [S1] (ii),

e, qma Tl XWT}

AGS 27‘1 27’2 27"3
A/ 1. 5IiUA

c sup A X|r <

{AES (2r1,2r2,2r3) \/7H H 1-— 2\/7 }

Moreover, similarly to Lemma [S1fii), we can show that

8
IAWZIE = [AWZE = ) [(W) ) Z]e
i=1
- 8 _
> [AwZIe =), [Wile  swp [AwZ]e

i=1 AES(2T1,2T2,27"3)

> |AmZlr —2V2e  sup 1AW Z],

AES(2T1,2T2,27’3)

where the last inequality is due to Z?:l IW;i|r < 2v/2¢. Taking infimum on both sides, if
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1
0<6<m,wehave

1
inf —|[AwmZ|r = min AnZ
AES(QTLQT%QTS)\/TH (1) HF AcS(2m 2r.2r3) \FH HF
—2v2 6— s |AWZ|e

AES 27"1,27‘2,27‘3)
7/ 1.5k
2\/0.5%[/’14 - 2\/567\/(%1: = '\/0.5/@[/,14 — 46W/3/€U,A-

KL,A
6HU,A )

When € is chosen to be %

Ag >
5(6) < {AGS 2r1 2r9,2r3) \/7” HF 2

As a result, with the above choice of ¢,

Kp, A 112 2 8Ku,A
E(e) o —= < HxX su —[Aq X < — b
© { st plaaRiE s s 1a0KE < }
Given the conditions that T 2 (kpp/kr.a)? max(A2 A\ )dy, mY* = T2 mUAT?P-1 >
N2Pexp(dy,) for some § > 1/2, we have that for all A € §(2ry, 21y, 2r3),
KL A 1 r 8K A
L, ~ U, N2 -
P [T < T Z 1A X5 < 3 >1—2exp (—CT(kpa/ku,p)* min(A72, A7)
n=1
—exp (—Cdp) .
This accomplishes the proof. m

Lemma S3. Suppose that (3.2) and Assumptions |1 and @ hold. If sample size T =
max(A\2, M) (kp.p/kp.a)?dp, mY* 2 T? and mY*T*~1 = N2PY2exp(dy) for some § >
1/2, then

1< ~ d T2
sup {= Z €,0X,,A) < C(K;Q Amax(X:)ku,A + H\/%) TM + —7
-1

AGS(27’1,27‘2,2T3)

17
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with probability at least
1 —exp(—Cdpq) — 2exp(—CT(kpa/kyp)? min{ A2, A74}),
where A, kp4, Ky, and dy are defined in Theorem 1]

Proof of Lemma[S3. To separate the influence of model error and estimation error, we let

P
Up = MNn— Z Aj'r]n—j € RNX17 Xn = (Yn—la . ,yn_p) € RNXP, and Tn = (’I’]n_l, . ,’I’]n_p) €
j=1

RV*P_ Note that €, = €, + v, and X,, = X,, + Y, As a result,

A€$(2T1,27’2,27"3)

o <
sup <T Z €,0X,,A)
n=1

1 o <
< sup <T Z €,0X,,A) (54.9)
n=1

A€S(2T1,27‘2,2T3)

1 1
+ sup (= Z v, 0 X, A) + sup {
AES(2T1,2T2,27'3) T t=1 AES(2T1,2T272T3)

T
Dlv, 0, A).
n=1

=l

We shall provide upper bounds for the three terms one by one.

For the first term of , it is easily verified that (g, o)zn, A) = (e,, A)X,). Denote
SiA) = X len, AyXa) and Ry(A) = 37 |[AmX,|3, for 1 < ¢ < T. By the Chernoff
bound of errors, for any a > 0,3 > 0 and ¢ > 0, there exists n > 0,

P[{Sr(A) = a} () {Rr(A) < 8}]
= inf P | {exp (n57(A) > exp (n0)} () (Rr(A) < 3}

= inf P[exp (nSt (A)) L(Rr(A) < B) > exp(na)]
! (S4.10)
< inf exp (—na) E [exp(nSr(A))I(Rr(A) < 6)]

n>0
— 71]15) exp(—na + cn*B)E [exp(nST(A) —en?B)I(Rp(A) < 5)]

< inf exp(—na + cn’B)E [exp(nSt(A) — en*Rr(A))] .

n>0
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By the tower property for conditional expectations, we have

E [GXP (UST(A) - CﬁzRT(A))]
=E [E [exp (nSr(A) — e’ Rr(A)) | Fr_1]]
=E [exp (nSr-1(A) — e’ Rr_1(A)) E [exp (nler, Aq)Xr) — en’| Aq)Xr|3) [Fr-1]] -
With the sub-Gaussianity condition in Assumption , then (ep, AyXr) = (&7, 2 »2A AXr),
and E [exp(n{er, An)Xr))| < exp (12 A Amax(Ee) [A@)X7[3/2). Since X, is F,,_;-measurable,

€, is Fp-measurable and €,|F,_; is mean-zero, let ¢ = A\?\,.x(2:)/2, and the following in-

equalities can be easily deduced,

E[exp(nST(A) - UQ)\QAmaX(EE)RT(A)/2)]
<Elexp(nSr_1(A) — UZAQ)‘maX(EE)RT—I(AWm]

< < E[exp(S1(A) — M Anax () R1(A)/2)] < 1
As a result, for any o > 0 and § > 0, we can have the following inequality of ((S4.10)),

P[{Sr(A) = o} [ |{Rr(A) < B}]
< inf exp(—na + A Amax (22)3/2) (S4.11)
n>
=e _ &2
IR NIP O WNGSRT A
Moreover, according to Lemma the following bounds for Rr(A) hold that

T 8T
ghiLa < Rr(A) < 5 huA (S4.12)

with probability at least 1 — 2exp(—CT (k1 a/ky.p)? min{ A2, \™*}) — exp(—Cd ).
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By Lemma [S1| (ii), for any = > 0,
_ T N
P sup =y e,oX,,A )=z
_AES(2r1,2r2,2r3) <T 7;1 > ]
- T N
<P _ max <— Z €, 0 X, A> > (1- Qﬁe)x] (S4.13)
A€$(2T1,27‘2,27"3) T n—1
_ 1 & ~
<|S(2rq, 2rg, 2r3)| - P [<? Z €, 0 Xy, A> > (1-— Zﬁe)x] ,
n=1

which, together with (S4.11)) and (S4.12)), implies that

1 < <
P [<T DlenoX,, A> > (1— 2[26):5]

n=1

<P[{S7(A) = T(1 - 2v2e)z} [ {Rr(A) < CTNky,a}]

+ P[RT(A) = CT)\2I£U’A]

1 — 2¢/2€)*T2? N2y
<exp [_Qé)\‘l)\max(z):g)liU,A] + 2exp(—CT(kp a/ky.p)? min{ A2, A™*}) + exp(—Cd )

for any = > 0. Note that, from Lemma [S1} |S(r1, 79, 73)| < (12/€)%. By letting € = 1/10,

and z = C\/dM)\‘*)\maX(EE)/ﬁU,A/T, we then have

1 < - [d
sup — Y e,0X,,,A ) > C’)\2W —-—
AeS(2r1,2r2,2r3) T ; > ( ) A T

< exp(—Cdp) + 2exp(—CT(kp a/kp.p)> min{ A2, A™4}).

P

(S4.14)

For the second term in (S4.9), since x, = (y, 1,...,y! )7 € R¥"*1 it can be

verified that (v, o X,,A) = (v,, Aq)X,). Denote z = (xJ,...,x])" € RNPTx1

X, .- and

v=(v},...,v])" e R¥1 and it holds that

T
Z<Un, Anyx,) =0 (Ir_p® Ag))z := mj €,
n=1

where my = XPT(Ir ® Ag))v, z = Pe, and e = X€. Note that |[v|3 < CNT#2,, and
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Ims|3 < CNTR2, kv, Where Npax = Maxicp<r MaXi<i<n |Mnil. Refer to the proof of
Lemma [S2] for more details.
With the sub-Gaussianity condition of & at Assumption [2] similar to the proof of Lemma

, we can obtain that

Ct?
)\2 KU,B NTnﬁlaX

]P’[\m;é] > t|Nmax| < €xp ( ) forall t >0

and, by letting x = m'/®T°/N'/2 in ((S4.5)),

- C’ml/4t2 CN?
T
P [\mz = t] < exp (— )\QKU’BTHQ(;) mlAT26-1°

Therefore, by a method similar to (S4.13]),

1
P sup — v,o Xy, A) >t
Le&( T 21 e ]

2r1,2r2,2r3) n—

| T
<P [ max )<f Z v, 0 Xy, A) = (1 — Qﬁe)t]
n=1

AES(2T1,2T2,2T3
B T
< |S(2r, 219, 2r3) |P [<Z v, 0 Xy, Ay = (1— Qﬂe)Tt]
n=1

CN?

Cm1/4t2

+ exp (C’dM T N TP

By letting t = Cy/A2kppT?-1dp/m'/* and with the conditions that m'* > T2 and

mY4T2=1 > N%exp(d,,) for some § > 1/2, we have

1 & d
P sup <? Z v, 0 Xy, A) = C)\ﬁ/nU,B\/gl <exp(—Cdpy) . (S4.15)
n=1

AES(2T1,27’2,27‘3)
Finally for the third term at (S4.9), denote ¥, = (n, ,...,n) )T € RVNP*X1 o, =

P
M — D2 Am,; e RYU Y, = (M1, ..., Ma_p) € RV*Pand it holds that (v, 0 X, A) =
j=1
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(U, AyDy,). Let ¢ = (9],--- ,9])", and
T
D vn Ay = v (Ir @ Ag))e,

n=1

then, we have

v (Ir ® Aw)e| < ONPYTop,,,

as |v]z < CV NThmax and |clls < VNT Pimax. Thus, letting . = mY8T°/NY2PY4 at
(S4.5), we have

T T1+26

P sup (U, A9, =
[A€$(2T1727"2,2T3) 7;1 " " m1/4

CN2p/2
ml/AT20-1"

(S4.16)

~

Combining (S4.14)), (S4.15)), and (S4.16), with m'/4T?~' > N2PY2 exp(d) the com-

plete deviation bound can be obtained,

1 T - d./\/l T26
P [ Sup 2 Z_:l<€”’ AmXn) = C(8*4 ) Amax(Be)kv,a + AEuU,B) \ T + —y

A€eS(2r1,2ra,2r3)

< exp(—Cdpa) + 2exp(—CT(kp a/kyp)? min{ A2, A71}).
We hence complete the proof. O]

Lemma S4 (Lemma 3 of Chen et al| (2019)). Consider three Tucker ranks (r'?,r$) v

for 0 < j <2, and assume that rgl)

< rl@) < rl@) for0<i<3. ForXe @(rgo),ré ),réo)), it
holds that

|Por v, (X) = Xl < [T (B; + 1) = 1] — X[ (S4.17)

for any' € O 0 A0), where 5, =[O — 2/ D)
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S5 Univariate HAR-It6 model

When N = 1, the VHAR-It6 model reduces to the univerate HAR-It6 model. In this section,
we present the univariate HAR-It6 model.

Let X, be the log price of an asset at time ¢ € R, , where R, = [0,00). Denote by F; the
collection of all information up to time ¢, and then {F;,t > 0} is a filtration. To account for

jump components in financial industry, we consider a jump diffusion model,
dX; = pdt + o dBy + LidAy, (S5.1)

where y, is a drift term, o; is an instantaneous volatility process, B; is a standard Brownian
motion, A; is a standard Poisson process with constant intensity A > 0, the jump sizes
{L;,t = 0} are i.i.d. with finite fourth moment, the processes of o;,, B; and A, are all
adapted to the filtration {F;}, and the jump sizes are independent of the three processes.
Moreover, let Z; = Sz[ft] dWy, where W, is another standard Brownian motion with respect to
F; such that dB,dW, = pdt with |p| < 1 almost surely, and p can be seen as the leverage
effect between the log price and the instantaneous volatility. We then define the HAR-It6

model below.

Definition S1. The log prices {X;,t € R} at (S5.1)) are said to follow an univariate HAR-

[t6 model if the instantaneous volatility satisfies

t P [t]—1+2
ol = 0[2t] +(t —[t]) <w—0[2t]> +a1f Jgds—FZalf olds
[t] —~ [f]—1+1
, 1=2 (S5.2)
+[3J L2dA, +o([t] + 1 —1)Z7,
(1]

where [t] denotes the integer part of ¢, i.e. [t] =n—1forn—1 <t < n, P is a positive
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integer, the parameters of w, £, v, oy are all positive, and o; > 0 with 2 <[ < P.

Denote a = (v, 0, -+ ,ap)’ and 8 = (A, p,w,B,v,a’)’

, and the above definition
relies on the parameter vector 8. In addition, the instantaneous volatility o2 at ((S5.2) is a

process with continuous time and is defined for all £ € R,. Consider the integer time points

only, and then the process has the form of
P
0-721, =w+ Z A Yn—i+1 + 6Jn7
I=1
with probability one, where

Yp =1V, = f o’ds and J, =f L2dA,

n—1 n—1
are the integrated volatility and jump variation, respectively. Moreover, from (S5.2)), the
daily volatility (or integrated volatility) in the past will contribute to the spot volatility (or

instantaneous volatility) by the introduction of a; with 2 <[ < P.

As in [Song et al/ (2021)), we denote wy, = E(L?) and M; = L? — wy,. Moreover, let

w! = 01w + e2BwrA + (02 — 203)v, (7= (01 —02)f and Oéf] = (01 — 02)

for all 1 <1< P, where o1 = a7 '(e® — 1), 02 = a;*(e* — 1 — ) and g3 = a7 (e® — 1 —

a; —a3/2).

Proposition S1. Suppose that n = P+ 1 and 0 < ay < 1. Then the integrated volatility

for univariate HAR-It6 models at Definition [S1] satisfies
P

Yp = w9 + Z Oégyn_j + 691+ en (S5.3)
j=1
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with probability one, where €, = ¢ + &7,

£ =2va;? {on (n—t—0a7") er(n=t) 4 1} Z,dZ,,

n—1

el —Ba7! {J (eal(n*t) _ 1) [MydA; + wr(dA; — )xdt)]} ,

n—1

and €€ and €. are innovation terms from the continuous diffusion process and the jump
component, respectively. Moreover, both {c¢} and {&} are i.i.d. sequences with mean zero

and finite variance.

When there is no jump component, i.e. L; = 0 with probability one for all ¢, the iterative

form at (S5.3]) can be further simplified into

P

Yp = w9 + Z fYn—j + €n, (55.4)
j=1

and the integrated volatility g, can be estimated consistently by the realized volatility,
denoted by RV,. Let IV, = gy, IV, = 57230 gy and TV,'™ = 227152 4 1 be

the daily, weekly and monthly integrated volatilities, respectively, and we consider a special

case of (S5.4)) below,
IV, = Bo + Bal Vs + Bl V) + B VI + 4, (S5.5)

where P = 22, w9 = By, (af,...,a%) = (B4, Bu, Bm) U, and

1 0 0 0 0 0 0
U=\ 15 15 15 15  1/5 0 0 [eR¥™*
122 1/22  1/22  1/22  1/22  1/22 ... 1/22

Corsi (2009) made use of model (S5.5|) to propose the HAR model for predicting the realized

volatility, and the proposed HAR-It6 model at Definition [ST| and Proposition [S1| provides a
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probabilistic support for this popular model. On the other hand, the cascade structure at

(S5.5)) reveals that there usually exists a low-dimensional structure among the parameters

a;’s and of’s along the direction of lags.

S6 A Table for the selected ranks of the MLR-HAR and VHARI

models in Real data analysis

Table [S1] gives the results of the selected ranks for the MLR-HAR and VHARI models.

Table S1: Selected ranks of the VHARI and MLR-HAR models with 150 stocks and 229 stocks during the

first (2017.01 — 2019.12), second (2020.01 — 2024.12) and full period (2017.01 — 2024.12)

Panel A: RV Panel B: MedRV
VHARI MLR-HAR VHARI MLR-HAR
N period
P =22 P =22 P =66 P =22 P =22 P =66
150 first r=4 (r1,7m2,7r3) = (6,6,2) (r1,7r2,73) = (6,6,1) r=3 (r1,7m2,7r3) = (6,6,1) (r1,7r2,73) = (6,6,1)
second r=4  (ri,ro,r3) =(7,7,1)  (r1,72,73) =(6,6,1) r=4  (rq,ro,73) = (7,7,1) (r1,72,73) = (6,6,1)
full r=>5 (r1i,r2,73) = (3,3,1)  (r1,7r2,73) = (4,4,1) r=>5 (r1,7r2,73) = (5,5,2)  (r1,7r2,73) = (5,5,1)
229 first r=4 (r1,7r2,73) = (5,5,1)  (r1,7r2,73) = (5,5,1) r=4 (r1,7r2,73) = (5,5,1)  (r1,7r2,73) = (5,5,1)
second r=4  (ry,ra,r3) =(6,6,1) (r1,72,73) =(6,6,1) r=4  (ry,ra,r3) =(6,6,1) (r1,72,73) = (5,5,1)
full r=4 (r1,7m2,73) = (5,5,1)  (r1,7r2,73) = (3,3,1) r=3 (r1,7m2,7r3) = (4,4,1)  (r1,7r2,73) = (5,5,1)
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S7 Coefficient-Based Total Spillover Index from the VHAR, VHARI,

and MLR-HAR models in Real data analysis

The section examines volatility spillovers among N = 150 and N = 229 stocks across three
periods. To quantify dynamic connectedness, we construct a coefficient-based spillover index

from the estimated lag coefficient matrices. Specifically, for each asset pair ¢ and 7, we define

P
) ()" 8= g, TSI-1 LS

where S;; measures the total lagged transmission intensity from Assets j to . The resulting
TSI measures the proportion of cross-asset dependence in total system dynamics and can
be interpreted as a time-varying index of structural connectedness. Unlike the generalized
forecast error variance decomposition (FEVD) of Diebold and Yilmaz (2012, 2014), which
is based on multi-step forecast error variance shares from a moving-average representation,
our index is constructed directly from the estimated autoregressive coefficients. This avoids
horizon selection, truncation, and covariance matrix inversion, thereby enhancing numerical
stability in high-dimensional regularized settings.

Using the rolling-window procedure described in Section [6] of the main paper, we track
the evolution of TSI under the three forecasting settings: evaluation in 2019 with 7' = 502,
and in 2024 with T" = 1006 or T' = 1760. Figures [S1] and [S2| present the rolling estimates
for N = 150 and N = 229 stocks. Compared with VHAR, MLR-HAR(22) and VHARI
generally exhibit smoother short-term variation in TSI, although the levels and trends differ

across settings. These patterns provide a descriptive comparison of cross-asset connectedness
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reflected in the estimated lag coefficients.

Panel A: RV Panel B: MedRV
2017-2019 2020-2024 2017-2024 2017-2019 2020-2024 2017-2024
1.007 .00
e e T AT R TN

| % @ % \C
n 17}
= -

0.961 V W ]

0.94 A\/V\’m 094

1 50 100 150 200 250 1 50 100 150 200 250 1 50 100 150 200 250 1 50 100 150 200 250 1 50 100 150 200 250 1 50 100 150 200 250
Trading Days (1-252) Trading Days (1-252)

VHAR

VHARI

MLR-HAR(22)

MLR-HAR(66)

Figure S1: Plots of TSIs for N = 150 stocks from VHAR, VHARI, MLR-HAR(22), and MLR-HAR(66).
From left to right, the groups use data from 2017-2019, 2020-2024, and 2017-2024, with the final year of

each period used for rolling evaluation. Panel A uses RV and Panel B uses medRV.

Panel A: RV Panel B: MedRV
2017-2019 2020-2024 2017-2024 2017-2019 2020-2024 2017-2024
1.007 1.009
0.99 5 — 0.99
0.98 0.98
0 0.97 0 097
=4 =
0.96 0.96
o1 w P 0959 M
0.94 0.944 I\\N"‘—\ﬂ'—h’\
1 50 100 150 200 250 1 50 100 150 200 250 1 50 100 150 200 250 1 50 100 150 200 250 1 50 100 150 200 250 1 50 100 150 200 250
Trading Days (1-252) Trading Days (1-252)
—— VHAR —— VHARI —— MLR-HAR(22) —— MLR-HAR(66)

Figure S2: Plots of TSIs for N = 229 stocks from VHAR, VHARI, MLR-HAR(22), and MLR-HAR(66).
From left to right, the groups use data from 2017-2019, 2020-2024, and 2017-2024, with the final year of

each period used for rolling evaluation. Panel A uses RV and Panel B uses medRV.
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