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HAR-Itô models and high-dimensional vector HAR modeling

for high-frequency data

Huiling Yuan1, Kexin Lu2, Yifeng Guo2, Lan Li2, and Guodong Li2

1 Donghua University, and 2 University of Hong Kong

Supplementary Material

This online supplementary material contains seven sections. Section S1 introduces tensor notation and the

Tucker decomposition. Section S2 presents the technical proof of Proposition 1 in Section 2. Section S3 provides the

proofs of Theorems 1 and 2 in Section 4, and Section S4 presents four auxiliary lemmas.

Lemma S1 establishes the covering number and discretization properties of low-multilinear-rank tensors. Lemma

S2 establishes the restricted strong convexity (RSC) and restricted smoothness (RSM) conditions, and Lemma S3

derives the deviation bound; these results are used in the proofs of Theorems 1 and 2. Lemma S4 establishes the

contractive projection property (CPP), which is used in the proof of Theorem 2.

Section S5 introduces the univariate HAR-Itô model and the corresponding proposition. Section S6 reports the

selected ranks for the MLR-HAR and VHARI models in the real data analysis. Section S7 presents the definition

and rolling estimates of the coefficient-based total spillover index for the VHAR, VHARI, and MLR-HAR models.

Throughout this paper, C denotes a generic positive constant whose value may vary from line to line.
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S1. Tensor notations and Tucker decomposition Yuan et al.

S1 Tensor notations and Tucker decomposition

This section briefly introduces tensor notation and the Tucker decomposition, and a detailed

review of tensor notations and operations can be found in Kolda and Bader (2009).

Tensors, also known as multidimensional arrays, are higher-order extensions of matrices,

and a multidimensional array A P Rp1ˆ¨¨¨ˆpK is called a K-th-order tensor, where the order

of a tensor is known as the way or mode. This paper concentrates on third-order tensors.

For a third-order tensor A P Rp1ˆp2ˆp3 , its element is denoted by Aijk for 1 ď i ď p1, 1 ď

j ď p2, and 1 ď k ď p3, and the Frobenius norm is defined as }A}F “
´

řp1
i“1

řp2
j“1

řp3
k“1X

2
ijk

¯1{2

.

Matricization, also known as unfolding or flattening, involves rearranging the elements

of a higher-order tensor into a matrix format. Mode-1 matricization treats the first mode

of the tensor as the rows of the matrix, while collapsing all other modes into the columns.

Specifically, the element at position pi1, i2, i3q in the tensor A corresponds to the pi1, jq-th

element in the matricized form Ap1q P Rp1ˆp2p3 , where j “ i2 ` pi3 ´ 1qp2. Similarly, mode-

2 and mode-3 matricizations can be defined. Matricizing tensors allows for establishing

connections between matrix concepts and properties with those of tensors. The mode-1

multiplication, denoted as ˆ1, between a tensor A and a matrix B P Rq1ˆp1 , is defined as

follows

Aˆ1 B “

˜

p1
ÿ

i“1

AijkBsi

¸

1ďsďq1,1ďjďp2,1ďkďp3

.

The mode-k multiplication, denoted as ˆk, where k “ 2, 3, can be defined similarly.
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The multilinear ranks of a tensor A are defined as pr1, r2, r3q, where

r1 “ rank
`

Ap1q

˘

, r2 “ rank
`

Ap2q

˘

, and r3 “ rank
`

Ap3q

˘

.

Accordingly, there exists a Tucker decomposition (Tucker, 1966; De Lathauwer et al.,

2000):

A “ Gˆ1 U1 ˆ2 U2 ˆ3 U3 “ Gˆ3
i“1 Ui, (S1.1)

where Ui P Rpiˆri for i “ 1, 2, 3 represent the factor matrices, and G P Rr1ˆr2ˆr3 denotes the

core tensor. Alternatively, this decomposition can be represented as A “ rrG; U1,U2,U3ss.

Note that the Tucker decomposition is not unique, since

rrG; U1,U2,U3ss “ rrGˆ1 O1 ˆ2 O2 ˆ3 O3; U1O
´1
1 ,U2O

´1
2 ,U3O

´1
3 ss.

for any invertible matrices Oi P Rriˆri with 1 ď i ď 3. As a special case of the Tucker de-

composition, the higher-order singular value decomposition (HOSVD) is defined by choosing

U1, U2 and U3 as the tall matrices that consist of the top pr1, r2, r3q left singular vectors of

Ap1q, Ap2q and Ap3q respectively, and then G “ A ˆ1 UJ
1 ˆ2 UJ

2 ˆ3 UJ
3 . As a result, factor

matrices U1, U2 and U3 are all orthonormal, and G possesses the all-orthogonal property,

i.e., for each 1 ď j ď 3, the rows of Gpjq are pairwise orthogonal. Note that the HOSVD is

still not unique unless we impose more constraints (Wang et al., 2021).

The three ranks, r1, r2 and r3 are not equal in general. In particular, when r3 “ p3,

the multilinear ranks of A are denoted by pr1, r2q instead, omitting the rank of mode-3

matricization. The multilinear ranks are also known as Tucker ranks, as they are closely

related to the Tucker decomposition. There are many other tensor decomposition methods,
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S2. Proof of Proposition 1 in Section 2 Yuan et al.

such as CP decomposition (Kolda and Bader, 2009), and the ranks of a tensor can be defined

in many different ways.

S2 Proof of Proposition 1 in Section 2

Proof of Proposition 1. We define

Ripkq “

ż n

n´1

pn´ tqk

k!
σ2
i,tdt “

σ2
i,n´1

pk ` 1q!
`

ż n

n´1

pn´ tqk`1

pk ` 1q!
dσ2

i,t, 1 ď i ď N,

for all k ě 0 and n ě P ` 1. From Definition 1 and Itô’s lemma, we have

dσ2
i,t “

˜

ωi ` vipn´ tq ´ σ
2
i,n´1 ´ υiZ

2
i,t `

N
ÿ

j“1

α
p1q
i,j σ

2
j,t

¸

dt` 2υipn´ tqZi,tdZi,t

` βiL
2
i,tdΛi,t

for n´ 1 ă t ď n, and

υi

ż n

n´1

pn´ tqk`1

pk ` 1q!
Z2
i,tdt “

vi
pk ` 3q!

` 2υi

ż n

n´1

pn´ tqk`2

pk ` 2q!
Zi,tdZi,t.

As a result, for any k ě 0, let

R
p1q
i pkq “ 2vi

ż n

n´1

pk ` 1qpn´ tqk`2

pk ` 2q!
Zi,tdZi,t, R

p2q
i pkq “ βi

ż n

n´1

pn´ tqk`1

pk ` 1q!
L2
i,tdΛi,t

R
p3q
i pkq “

pk ` 3qwi ` pk ` 1qvi
pk ` 3q!

, and R
p4q
i pkq “

pk ` 1qσ2
i,n´1

pk ` 2q!
,
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and then it holds that

Ripkq “
ωi

pk ` 2q!
`
pk ` 2qvi
pk ` 3q!

`
pk ` 1qσ2

i,n´1

pk ` 2q!

` 2vi

ż n

n´1

pn´ tqk`2

pk ` 1q!
Zi,tdZi,t ´ vi

ż n

n´1

pn´ tqk`1

pk ` 1q!
Z2
i,tdt

` βi

ż n

n´1

pn´ tqk`1

pk ` 1q!
L2
i,tdΛi,t `

N
ÿ

j“1

α
p1q
i,j Rjpk ` 1q

“R
p1q
i pkq `R

p2q
i pkq `R

p3q
i pkq `R

p4q
i pkq `

N
ÿ

j“1

α
p1q
i,j Rjpk ` 1q,

which can be rewritten into

Rpkq “ Rp1q
pkq `Rp2q

pkq `Rp3q
pkq `Rp4q

pkq `αp1qRpk ` 1q, (S2.1)

where Rpkq “ pR1pkq, R2pkq, ¨ ¨ ¨ , RNpkqq
J and Rpjqpkq “ pR

pjq
1 pkq, R

pjq
2 pkq, ¨ ¨ ¨ , R

pjq
N pkqq

J

with 1 ď j ď 4.

Due to the facts that Ripkq ď
şn

n´1
σ2
i,tdt and the spectral radius of αp1q is less than one,

it holds that αp1q
k
Rpkq Ñ 0 almost surely as k Ñ 8. Moreover, by iterating the formula at

(S2.1), we have

Rp0q “

ż n

n´1

σ2
t dt “

8
ÿ

k“0

αp1q
k
Rp1q

pkq `
8
ÿ

k“0

αp1q
k
Rp2q

pkq `
8
ÿ

k“0

αp1q
k
Rp3q

pkq

`

8
ÿ

k“0

αp1q
k
Rp4q

pkq

(S2.2)
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with probability one. It can be verified that

8
ÿ

k“0

αp1q
k
R1pkq “

8
ÿ

k“0

αp1q
k
„

2vi

ż n

n´1

pk ` 1qpn´ tqk`2

pk ` 2q!
Zi,tdZi,t

J

i“1,¨¨¨ ,N

“ 2Vαp1q
´2

ż n

n´1

!

`

pn´ tqαp1q ´ IN
˘

epn´tqα
p1q

` IN

)

ZtdZt

:“ εcn,

8
ÿ

k“0

αp1q
k
R2pkq “

8
ÿ

k“0

αp1q
k
ż n

n´1

„

βi
pn´ tqk`1

pk ` 1q!
L2
i,tdΛi,t

J

i“1,¨¨¨ ,N

“ %2βωLλ` ε
J
n,

8
ÿ

k“0

αp1q
k
R3pkq “ %2ω ` p%2 ´ 2%3qV1N and

8
ÿ

k“0

αp1q
k
R4pkq “ p%1 ´ %2qσ

2
n´1,

(S2.3)

where

εJn “ βα
p1q´1

"
ż n

n´1

´

eαp1qpn´tq
´ IN

¯

rMtdΛt ` ωLpdΛt ´ λdtqs

*

.

Note that σ2
t at integer time point n has the form of

σ2
n “ ω `

P
ÿ

l“1

αplqyn´l`1 ` βJn,

and we then have the autoregressive form at (2.3).

Note that random variables εcn and εJn are both independent of the σ-field Fn´1, and

hence tεcnu and tεJnu are martingale difference sequences (Song et al., 2021), i.e. Epεcnq “

EpεJnq “ 0. We further show that both tεcnu and tεJnu are i.i.d. sequences with mean zero

and finite variance matrices.

Let %4ptq “
`

pn´ tqαp1q ´ IN
˘

epn´tqα
p1q

` IN , and then |%4ptq| ă 2e` IN for all n´ 1 ă

t ď n. Moreover, Zt “
şt

rts
dWt “ Wt ´Wn´1, dZt “ dWt and pdZtqpdZtq

J “ INdt. As a
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result, by Itô isometry,

Epεcnq
2
“E

ˆ

2Vαp1q
´2

ż n

n´1

%4ptqZtdZt

˙2

“ 4V2αp1q
´4
E

ż n

n´1

r%4ptqs
2ZtpdZtqpdZtq

JZJt

ă4V2αp1q
´4
p2e` INq

2E

ż n

n´1

ZtZ
J
t dt.

(S2.4)

Due to Itô lemma and definition of Zt, it holds that dZtZ
J
t “ ZtdZ

J
t ` dZtpZ

J
t q ` INdt,

Zn´1 “ 0, both t
şt

n´1
ZsdZ

J
s u and t

şt

n´1
dZspZ

J
s qu are martingale difference sequences. Thus,

ZtZ
J
t “ ZtZ

J
t ´ Zn´1pZn´1q

J “
şt

n´1
pZtdZ

J
t ` dZtpZ

J
t q ` INdsq, and

E

ż n

n´1

ZtZ
J
t dt “ E

ˆ
ż n

n´1

ż t

n´1

ZsdZ
J
s dt

˙

` E

ˆ
ż n

n´1

ż t

n´1

pdZJs qpZsqdt

˙

` 0.5IN “ 0.5IN ,

which, together with (S2.4), implies that varpεnq ă 2V2αp1q
´4
p2e` INq

2
ă 8.

We next consider εJn. Let %5ptq “ eαp1qpn´tq ´ IN , and then |%5ptq| ă e ` IN for all

n´ 1 ă t ď n. From (S2.3) and the fact that EpεJnq “ 0, it holds that

varpεJnq “ β
2αp´1q´2

E

ˆ
ż n

n´1

%5ptqL
2
tdΛt

˙ˆ
ż n

n´1

%5ptqL
2
tdΛt

˙J

´ p%2βωLλqp%2βωLλq
J.

(S2.5)

Note that tLtu are independent of the Poisson process tΛtu and, by the partitioning method,

we have

E

ˆ
ż n

n´1

%5ptqL
2
tdΛt

˙2

“ E

˜

ÿ

n´1ătďn

%5ptqL
2
t∆Λt

¸˜

ÿ

n´1ătďn

%5ptqL
2
t∆Λt

¸J

ă pe` INq
2E

˜

ÿ

n´1ătďn

L2
t∆Λt

¸˜

ÿ

n´1ătďn

L2
t∆Λt

¸J

“ pe` INq
2EpL2

tL
2
t
J
qE

˜

ÿ

n´1ătďn

∆pdiagpΛ2
t qq

¸

“ pe` INq
2
pdiagpλ2

i ` λiqqEpL
2
t pL

2
t q
J
q, 1 ď i ď N,
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which, together with (S2.5) and the fact that EpL2
t pL

2
t q
J
q ă 8, implies that varpεJnq ă 8.

S3 Proofs of Theorems 1 and 2 in Section 4

Proof of Theorem 1. For simplicity, denote the multilinear low-rank estimator pAMLR by pA,

and let ∆ “ pA ´ A˚, where A˚ is the true parameter tensor. The loss function has the

form of

LpAq “
1

T

T
ÿ

n“1

||ryn ´Ap1qrxn||
2
2,

where rxn “ pry
J
n´1, . . . , ry

J
n´P q

J P RNPˆ1. Due to the optimality of pA, it holds that

1

T

T
ÿ

n“1

}ryn ´ pAp1qrxn}
2
2 ď

1

T

T
ÿ

n“1

}ryn ´A˚
p1qrxn}

2
2,

which implies that

1

T

T
ÿ

n“1

}∆p1qrxn}
2
2 ď

2

T

T
ÿ

n“1

xεn,∆p1qrxny ď 2x
1

T

T
ÿ

n“1

εn ˝ rXn,∆y, (S3.1)

where rXn “ pryn´1, . . . , ryn´P q P RNˆP ,
řT
n“1xεn,∆p1qrxny “ x

řT
n“1 εn˝

rXn,∆y, and ˝ denotes

the outer product.

Denote the set of tensors

Spr1, r2, r3q “ tA P RNˆNˆP : }A}F “ 1, rankipApiqq ď ri, 1 ď i ď 3u.

Note that the Tucker ranks of both pA and A˚ are pr1, r2, r3q, and hence the Tucker ranks

of ∆ are at most p2r1, 2r2, 2r3q. As a result, from (S3.1),

1

T

T
ÿ

n“1

}∆p1qrxn}
2
2 ď 2}∆}F sup

∆PSp2r1,2r2,2r3q
x

1

T

T
ÿ

n“1

εn ˝ rXn,∆y,
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and therefore we can derive the estimation error bound by applying Lemmas S2 and Lemma

S3 with δ being δ ` 1{2 for simplicity. The prediction error bound can also be established

from the above inequality, estimation error bound and Lemma S3.

Proof of Theorem 2. For a fixed 1 ď k ď K, define a linear space,

A “ tα1
pAk ` α2A, α1, α2 P Ru,

and denote by pBqA the projection of B P RNˆNˆP onto the space A, where the dependence

of A on k is suppressed for simplicity. Since A P Θpr1, r2, r3q and pAk P Θpr11, r
1
2, r

1
3q, it holds

that A Ă Θpr1 ` r
1
1, r2 ` r

1
2, r3 ` r

1
3q.

Note that rAk “
pAk´1 ´ η∇LppAk´1q, and r1i ě

´

3

b

1`
κL,A

24κU,A
´ 1

¯´2

ri with 1 ď i ď 3.

From Lemma S4, we have

}pAk ´ p
rAkqA}F ď r

3
ź

i“1

p

c

ri
r1i
` 1q ´ 1s}A´ prAkqA}F ď

κL,A
24κU,A

}A´ prAkqA}F,

which, together with the fact that 1 ă 1`
κL,A

24κU,A
ă 2, implies that

}pAk ´A}F ď}pAk ´ p
rAkqA}F ` }A´ prAkqA}F ď p1`

κL,A
24κU,A

q}A´ prAkqA}F

ďp1`
κL,A

24κU,A
q}pA´ pAk´1 ´ ηr∇LpAq ´∇LppAk´1qsqA}F ` 2η}p∇LpAqqA}F

:“ A1 ` A2,

(S3.2)

where A1 “ p1`
κL,A

24κU,A
q}pA´ pAk´1´ηr∇LpAq´∇LppAk´1qsqA}F, and A2 “ 2η}p∇LpAqqA}F.

We first handle the term of A1. Let H “ T´1
řT
n“1prxnrx

J
n b INq, and it holds that

T´1
řT
n“1 }∆p1qrxn}

2
2 “ T´1

řT
n“1 }prx

J
n b INqvecp∆q}22 “ vecp∆qJHvecp∆q. Then, from
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Lemma S2 and for all ∆ P Θpr1 ` r
1
1, r2 ` r

1
2, r3 ` r

1
3q,

1

8
κL,A}∆}

2
F ď vecp∆qJHvecp∆q ď

8

3
κU,A}∆}

2
F

with a probability at least

1´ 2 expp´CT pκL,A{κU,Bq
2 mintλ´2, λ´4

uq ´ expp´Cd1Mq. (S3.3)

Note that η “ 2{p3κU,Aq, and H is the Hessian matrix of the loss function LpBq with respect

to vecpBq. It holds that vecp∇LpAq ´∇Lp pAk´1qq “ HvecpA´ pAk´1q, and

A1 “ p1`
κL,A

24κU,A
q}ppI´ ηHqvecpA´ pAk´1qqA}2

ď p1`
κL,A

24κU,A
qp1´

κL,A
12κU,A

q}pAk´1 ´A}F

ď p1´
κL,A

24κU,A
q}pAk´1 ´A}F,

(S3.4)

with the probability at (S3.3), where pvecpBqqA “ pBqA, and the first inequality is by

Lemma 4 of Chen et al. (2019).

We next handle the term of A2 and, by Lemma 5 in Chen et al. (2019),

A2 ď
32

κL,A
}p∇LpAqqA}F “

32

κL,A
sup

SPA,}S}F“1

x∇LpAq,Sy ď 32

κL,A
ξ,

where Spr1 ` r
1
1, r2 ` r

1
2, r3 ` r

1
3q “ Θpr1 ` r

1
1, r2 ` r

1
2, r3 ` r

1
3q
Ş

t}S}F “ 1u and

ξ “ sup
SPSpr1`r1

1,r2`r
1
2,r3`r

1
3q

x∇LpAq,Sy “ sup
SPSpr1`r1

1,r2`r
1
2,r3`r

1
3q

C

2

T

T
ÿ

n“1

εn ˝ rXn,S

G

ď C

«

pλ2
b

λmaxpΣεqκU,A ` λ
?
κU,Bq

c

d1M
T
`
T 1`2δ

m1{4

ff

with a probability at least 1´ expp´Cd1Mq ´ 2 expp´CT pκL,A{κU,Bq
2 mintλ´2, λ´4uq. This,

together with (S3.2) and (S3.4), completes the proof.
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S4 Auxiliary Lemmas for the Proof of Theorem 1 and 2

Lemma S1. (Covering number and discretization of low-multilinear-rank tensors). Sup-

pose that S̄pr1, r2, r3q is an ε-net of the set Spr1, r2, r3q :“ tA P RNˆNˆP : }A}F “

1, rankipApiqq ď ri, 1 ď i ď 3u.

(i) The cardinality of S̄pr1, r2, r3q satisfies

ˇ

ˇS̄pr1, r2, r3q
ˇ

ˇ ď p12{εqpr1r2r3`Nr1`Nr2`Pr3q.

(ii) For any tensor N P RNˆNˆP and matrix Z P RNPˆT , it holds that,

sup
∆PSp2r1,2r2,2r3q

xN,∆y ďp1´ 2
?

2εq´1 max
∆̄PS̄p2r1,2r2,2r3q

@

N, ∆̄
D

, and

sup
∆PSp2r1,2r2,2r3q

›

›∆p1qZ
›

›

F
ďp1´ 2

?
2εq´1 max

∆̄PS̄p2r1,2r2,2r3q

›

›∆̄p1qZ
›

›

F
.

Proof of Lemma S1. Result at (i) is from Lemma A.1 of Wang et al. (2020), and we here

prove (ii) only.

Consider an ε-net S̄p2r1, 2r2, 2r3q for Sp2r1, 2r2, 2r3q. Then for any tensor ∆ P Sp2r1, 2r2, 2r3q,

there exists a ∆̄ P S̄p2r1, 2r2, 2r3q such that }∆´∆̄}F ď ε. Since the rank of ĎW “ ∆´∆̄ are

at most p4r1, 4r2, 4r3q, we can split the HOSVD of ĎW into 8 parts such that ĎW “
ř8
i“1

ĎWi,

where rankjpĎWiq ď 2rj for 1 ď i ď 8 and 1 ď j ď 3, and
@

ĎWj,ĎWk

D

“ 0 for any j ‰ k.

Then for any N P RNˆNˆP , we have

xN,∆y “
@

N, ∆̄
D

`

8
ÿ

i“1

xN,ĎWiy “
@

N, ∆̄
D

`

8
ÿ

i“1

@

N,ĎWi{}
ĎWi}F

D
›

›ĎWi

›

›

F
, (S4.1)

where ĎWi{
›

›ĎWi

›

›

F
P Sp2r1, 2r2, 2r3q, and

@

N,ĎWi{}
ĎWi}F

D

ď sup∆PSp2r1,2r2,2r3q xN,∆y.
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Note that
›

›ĎW
›

›

2

F
“

ř8
i“1

›

›ĎWi

›

›

2

F
, and it holds that

ř8
i“1

›

›ĎWi}F ď 2
?

2}ĎW
›

›

F
ď 2

?
2ε,

which, together with (S4.1), implies that

γ :“ sup
∆PSp2r1,2r2,2r3q

xN,∆y ď max
∆̄PS̄p2r1,2r2,2r3q

@

N, ∆̄
D

` 2
?

2γε, or

γ “ sup
∆PSp2r1,2r2,2r3q

xN,∆y ď p1´ 2
?

2εq´1 max
∆̄PS̄p2r1,2r2,2r3q

@

N, ∆̄
D

.

For matrix Z P RNPˆT , it holds that

›

›∆p1qZ
›

›

F
ď
›

›∆̄p1qZ
›

›

F
`

8
ÿ

i“1

›

›pĎWiqp1qZ
›

›

F

“
›

›∆̄p1qZ
›

›

F
`

8
ÿ

i“1

›

›ĎWi

›

›

F

›

›pĎWiqp1q{}
ĎWi}FZ

›

›

F

ď
›

›∆̄p1qZ
›

›

F
`

8
ÿ

i“1

›

›ĎWi

›

›

F
sup

∆PSp2r1,2r2,2r3q

›

›∆p1qZ
›

›

F

ď
›

›∆̄p1qZ
›

›

F
` 2
?

2ε sup
∆PSp2r1,2r2,2r3q

›

›∆p1qZ
›

›

F
,

and we accomplish the proof by taking supremum on both sides.

Lemma S2. (Restricted strong convexity and smoothness). Suppose that (3.2) and As-

sumptions 1 and 2 hold. If T Á maxpλ2, λ4qpκU,B{κL,Aq
2dM, m1{4 Á T 2δ, m1{4T 2δ´1 Á

N2P exppdMq for some δ ą 1{2, then

1

8
κL,A }∆}

2
F ď

1

T

T
ÿ

n“1

›

›∆p1qrxn
›

›

2

2
ď

8

3
κU,A }∆}

2
F ,

for all ∆ P Sp2r1, 2r2, 2r3q with probability at least

1´ 2 expp´CT pκL,A{κU,Bq
2 mintλ´2, λ´4

uq ´ expp´CdMq,

where κ, κL,A, κU,B and dM are defined in Theorem 1.
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Proof of Lemma S2. Denote RT p∆q “
řT
n“1 }∆p1qrxn}

2
2, and it holds that

RT p∆q “
T
ÿ

n“1

›

›∆p1qpxn ` ϑnq
›

›

2

2

“

T
ÿ

n“1

xJn∆J
p1q∆p1qxn ` 2

T
ÿ

n“1

xJn∆J
p1q∆p1qϑn `

T
ÿ

n“1

ϑJn∆J
p1q∆p1qϑn

:“ R1 ` R2 ` R3,

(S4.2)

where ϑn “ rxn ´ xn “ pηJn´1, ¨ ¨ ¨ ,η
J
n´P q

J P RNPˆ1. By the spectral measure of ARMA

processes in Basu and Michailidis (2015), we have λmintEpxnxJn qu ě λminpΣεq{µmaxpA
˚
q “

κL,A and λmaxtEpxnxJn qu ď λmaxpΣεq{µminpA
˚
q “ κU,A, and it then holds that

TκL,A ď EpR1q “ E

˜

T
ÿ

n“1

vecp∆qJpIN b xnx
J
n qvecp∆q

¸

ď TκU,A, (S4.3)

as }∆}F “ 1. Furthermore, RT p∆q ě EpR1q ´ sup∆PSt|R1 ´ EpR1q| ` |R2| ` |R3|u, and

RT p∆q ď EpR1q ` sup∆PSt|R1 ´ EpR1q| ` |R2| ` |R3|u, where S “ Sp2r1, 2r2, 2r3q. We next

first bound |R1 ´ EpR1q| ` |R2| ` |R3| for each fixed ∆ P Sp2r1, 2r2, 2r3q.

Consider the term of R1 ´ EpR1q. Note that xn “ pyJn´1, . . . ,y
J
n´P q

J P RNPˆ1, and

Ap1q “ pA1, . . . ,AP q with each Ai being an N -by-N matrix. From (3.3), we have yn “

Ap1qxn` εn. It can be further rewritten into an VAR(1) form, xn “ Bxn´1` en, and hence

the VMA representation of xn “
ř8

j“0 Bjen´j, or z “ Pe, where

B “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

A1 A2 ¨ ¨ ¨ AP´1 AP

IN 0 ¨ ¨ ¨ 0 0

0 IN ¨ ¨ ¨ 0 0

...
...

. . .
...

...

0 0 ¨ ¨ ¨ IN 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

, P “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

INP B B2 ¨ ¨ ¨ BT´1 ¨ ¨ ¨

0 INP B ¨ ¨ ¨ BT´2 ¨ ¨ ¨

0 0 INP ¨ ¨ ¨ BT´3 ¨ ¨ ¨

...
...

...
. . .

... ¨ ¨ ¨

0 0 0 ¨ ¨ ¨ INP ¨ ¨ ¨

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

,

13
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en “ pεJn , . . . ,0q
J P RNPˆ1, e “ peJT´1, . . . , e

J
P , . . .q

J, and z “ pxJT , . . . ,x
J
1 q
J P RNPTˆ1.

Moreover, by Assumption 2, the error term has the form of e “ Σ̄ξ̄, where ξ̄n “ pξ
J
n , . . . ,0q

J P

RNPˆ1, ξ̄ “ pξ̄JT´1, . . . , ξ̄
J
P , . . .q

J,

Σ̄ε “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

Σε 0 ¨ ¨ ¨ 0

0 Σε ¨ ¨ ¨ 0

...
...

. . .
...

0 0 ¨ ¨ ¨ Σε

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

P RNPˆNP and Σ̄ “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

Σ̄
1{2
ε 0 0 ¨ ¨ ¨

0 Σ̄
1{2
ε 0 ¨ ¨ ¨

0 0 Σ̄
1{2
ε ¨ ¨ ¨

...
...

...
. . .

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

Let κU,B “ λmaxpΣεq{µminpB
˚q, Σ∆ “ Σ̄PJpIT b∆J

p1q∆p1qqPΣ̄, and then

R1 “

T
ÿ

n“1

xJn∆J
p1q∆p1qxn “ ξ̄

JΣ̄PJ
pIT b∆J

p1q∆p1qqPΣ̄ξ̄ “ ξ̄JΣ∆ξ̄.

Note that λmaxpPPJq “ 1{µminpB
˚q, then }Σ∆}op ď κU,B and

}Σ∆}F ď }Σ̄}
2
op}P}op}P

J
}op}IT b∆J

p1q∆p1q}F “
?
TκU,B ď

?
TκU,B.

For any t ą 0, by Hanson-Wright inequality for sub-Gaussian random variables, we can

bound R1 ´ EpR1q below,

P r|R1 ´ EpR1q| ě ts ď 2 exp

˜

´C min

˜

t

λ2 }Σ∆}op

,
t2

λ4 }Σ∆}
2
F

¸¸

ď 2 exp

˜

´C min

˜

t

λ2κU,B
,

t2

λ4Tκ2
U,B

¸¸

.

(S4.4)

We next consider the term of R2, which has the form of

R2 “ 2zJpIT b∆J
p1q∆p1qqc “ 2ξ̄JΣ̄P J

pIT b∆J
p1q∆p1qqc “ 2mJ

1 ξ̄,

where m1 “ Σ̄P JpIT b∆J
p1q∆p1qqc, c “ pϑJT , ¨ ¨ ¨ ,ϑ

J
1 q
J P RNPTˆ1. Let ηmax “ max1ďnďT

max1ďiďN |ηi,n|, and it holds that }c}22 ď NPTη2
max and }m1}

2
2 ď NPTη2

maxκU,B. Moreover,

14
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by the inequality at (3.2) and Markov inequality, we have

P
!

ηmax ě
x

m1{4

)

ď
CNT

x2
, (S4.5)

which can be used to control the rate of ηmax by varying the value of x. By the sub-Gaussian

condition of ξ̄ at Assumption 2 and letting x “ m1{8T δ{N1{2P 1{2 in (S4.5),

P
“

2
ˇ

ˇm1
Jξ̄

ˇ

ˇ ě t
‰

ď 2 exp

ˆ

´
Cm1{4t2

λ2T 1`2δκU,B

˙

`
CN2P

m1{4T 2δ´1
(S4.6)

for any t ą 0.

Finally, for the third term of R3 at (S4.2), it holds that

sup
∆PSp2r1,2r2,2r3q

|R3| “ sup
∆PSp2r1,2r2,2r3q

ˇ

ˇcJpIT b∆J
p1q∆p1qqc

ˇ

ˇ ď NPTη2
max,

and, by letting x “ m1{8T δ{N1{2P 1{2, we have

P

«

sup
∆PSp2r1,2r2,2r3q

|R3| ě
T 1`2δ

m1{4

ff

ď
CN2P

m1{4T 2δ´1
. (S4.7)

Thus, combining (S4.4), (S4.6) and (S4.7), we have

P
„

|R1 ` R2 ` R3 ´ EpR1q| ě t1 ` t2 `
T 1`2δ

m1{4



ď P r|R1 ´ EpR1q| ě t1s ` P r|R2| ě t2s ` P
„

|R3| ě
T 1`2δ

m1{4



ď 2 exp

˜

´C min

˜

t1
λ2κU,B

,
t21

λ4Tκ2
U,B

¸¸

` 2 exp

ˆ

´
Cm1{4t2

λ2T 1`2δκU,B

˙

`
CN2P

m1{4T 2δ´1
.

Let t1 “ t2 “ TκL,A{6 and, from (S4.3), it holds that

P
“

0.5κL,A ď T´1RT p∆q ď 1.5κU,A
‰

ě 1´ 2 exp

˜

´C min

˜

TκL,A
λ2κU,B

,
Tκ2

L,A

λ4κ2
U,B

¸¸

´ 2 exp

˜

´
Cκ2

L,Am
1{4

T 2δ´1λ2κU,B

¸

´
CN2P

m1{4T 2δ´1
,

(S4.8)
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as m1{4 ě 6T 2δ{κL,A. Let S̄ to be an ε-covering net of Sp2r1, 2r2, 2r3q. To construct the

union bound, we rewrite RT p∆q as RT p∆q “ }∆p1q
rX}2F, where rX “ px̃1, ¨ ¨ ¨ , x̃T q P RNPˆT .

Define the event

Epεq “
"

@∆ P S̄p2r1, 2r2, 2r3q :
a

0.5κL,A ď
1
?
T
}∆p1q

rX}F ď
a

1.5κU,A

*

.

Then, by the pointwise bound in (S4.8) and the covering number in Lemma S1 (i),

P rEcpεqs ď 2 exp

˜

CdM ´ C min

˜

TκL,A
λ2κU,B

,
Tκ2

L,A

λ4κ2
U,B

¸¸

` 2 exp

˜

CdM ´
Cκ2

L,Am
1{4

T 2δ´1λ2κU,B

¸

` exppCdMq
CN2P

m1{4T 2δ´1
.

Note that, by Lemma S1 (ii),

Epεq Ă
"

max
∆PS̄p2r1,2r2,2r3q

1
?
T
}∆p1q

rX}F ď
a

1.5κU,A

*

Ă

#

sup
∆PSp2r1,2r2,2r3q

1
?
T
}∆p1q

rX}F ď

a

1.5κU,A

1´ 2
?

2ε

+

.

Moreover, similarly to Lemma S1(ii), we can show that

}∆p1qZ}F ě }∆̄p1qZ}F ´
8
ÿ

i“1

}pĎWiqp1qZ}F

ě }∆̄p1qZ}F ´
8
ÿ

i“1

}ĎWi}F sup
∆PSp2r1,2r2,2r3q

}∆p1qZ}F

ě }∆̄p1qZ}F ´ 2
?

2ε sup
∆PSp2r1,2r2,2r3q

}∆p1qZ}F,

where the last inequality is due to
ř8
i“1 }

ĎWi}F ď 2
?

2ε. Taking infimum on both sides, if
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0 ď ε ď 1
4
?

2
, we have

inf
∆PSp2r1,2r2,2r3q

1
?
T
}∆p1qZ}F ě min

∆PS̄p2r1,2r2,2r3q

1
?
T
}∆p1qZ}F

´ 2
?

2ε
1
?
T

sup
∆PSp2r1,2r2,2r3q

}∆p1qZ}F

ě
a

0.5κL,A ´ 2
?

2ε

a

1.5κU,A

1´ 2
?

2ε
ě
a

0.5κL,A ´ 4ε
a

3κU,A.

When ε is chosen to be 1
8

b

κL,A

6κU,A
,

Epεq Ă

#

inf
∆PSp2r1,2r2,2r3q

1
?
T
}∆p1q

rX}F ě

a

0.5κL,A

2

+

,

As a result, with the above choice of ε,

Epεq Ă

#

κL,A
8

ď inf
∆PSp2r1,2r2,2r3q

1

T
}∆p1q

rX}2F ď sup
∆PSp2r1,2r2,2r3q

1

T
}∆p1q

rX}2F ď
8κU,A

3

+

.

Given the conditions that T Á pκU,B{κL,Aq
2 maxpλ2, λ4qdM, m1{4 Á T 2δ, m1{4T 2δ´1 Á

N2P exppdMq for some δ ą 1{2, we have that for all ∆ P Sp2r1, 2r2, 2r3q,

P

«

κL,A
8

ď
1

T

T
ÿ

n“1

}∆p1qrxn}
2
2 ď

8κU,A
3

ff

ě 1´ 2 exp
`

´CT pκL,A{κU,Bq
2 minpλ´2, λ´4

q
˘

´ exp p´CdMq .

This accomplishes the proof.

Lemma S3. Suppose that (3.2) and Assumptions 1 and 2 hold. If sample size T Á

maxpλ2, λ4q pκU,B{κL,Aq
2dM, m1{4 Á T 2δ and m1{4T 2δ´1 Á N2P 1{2 exppdMq for some δ ą

1{2, then

sup
∆PSp2r1,2r2,2r3q

x
1

T

T
ÿ

n“1

εn ˝ rXn,∆y ď Cpκ2
b

λmaxpΣεqκU,A ` κ
?
κU,Bq

c

dM
T
`

T 2δ

m1{4

17
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with probability at least

1´ expp´CdMq ´ 2 expp´CT pκL,A{κU,Bq
2 mintλ´2, λ´4

uq,

where λ, κL,A, κU,B and dM are defined in Theorem 1.

Proof of Lemma S3. To separate the influence of model error and estimation error, we let

υn “ ηn´
P
ř

j“1

Ajηn´j P RNˆ1, Xn “ pyn´1, . . . ,yn´P q P RNˆP , and Υn “ pηn´1, . . . ,ηn´P q P

RNˆP . Note that εn “ εn ` υn and rXn “ Xn `Υn. As a result,

sup
∆PSp2r1,2r2,2r3q

x
1

T

T
ÿ

n“1

εn ˝ rXn,∆y

ď sup
∆PSp2r1,2r2,2r3q

x
1

T

T
ÿ

n“1

εn ˝ rXn,∆y

` sup
∆PSp2r1,2r2,2r3q

x
1

T

T
ÿ

t“1

υn ˝Xn,∆y ` sup
∆PSp2r1,2r2,2r3q

x
1

T

T
ÿ

n“1

υn ˝Υn,∆y.

(S4.9)

We shall provide upper bounds for the three terms one by one.

For the first term of (S4.9), it is easily verified that xεn ˝ rXn,∆y “ xεn,∆p1qrxny. Denote

Stp∆q “
řt
n“1xεn,∆p1qrxny and Rtp∆q “

řt
n“1 }∆p1qrxn}

2
2, for 1 ď t ď T . By the Chernoff

bound of errors, for any α ą 0, β ą 0 and c ą 0, there exists η ą 0,

P
”

tST p∆q ě αu
č

tRT p∆q ď βu
ı

“ inf
ηą0

P
”

texp pηST p∆qq ě exp pηαqu
č

tRT p∆q ď βu
ı

“ inf
ηą0

P rexp pηST p∆qq I pRT p∆q ď βq ě exppηαqs

ď inf
ηą0

exp p´ηαqE rexppηST p∆qqIpRT p∆q ď βqs

“ inf
ηą0

expp´ηα ` cη2βqE
“

exppηST p∆q ´ cη
2βqIpRT p∆q ď βq

‰

ď inf
ηą0

expp´ηα ` cη2βqE
“

exppηST p∆q ´ cη
2RT p∆qq

‰

.

(S4.10)
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By the tower property for conditional expectations, we have

E
“

exp
`

ηST p∆q ´ cη
2RT p∆q

˘‰

“E
“

E
“

exp
`

ηST p∆q ´ cη
2RT p∆q

˘

|FT´1

‰‰

“E
“

exp
`

ηST´1p∆q ´ cη
2RT´1p∆q

˘

E
“

exp
`

ηxεT ,∆p1qrxT y ´ cη
2
}∆p1qrxT }

2
2

˘

|FT´1

‰‰

.

With the sub-Gaussianity condition in Assumption 2, then xεT ,∆p1qrxT y “ xξT ,Σ
1{2
ε ∆p1qrxT y,

and E
“

exppηxεT ,∆p1qrxT yq
‰

ď exp
`

η2λ2λmaxpΣεq}∆p1qrxT }
2
2{2

˘

. Since rxn is Fn´1-measurable,

εn is Fn-measurable and εn|Fn´1 is mean-zero, let c “ λ2λmaxpΣεq{2, and the following in-

equalities can be easily deduced,

ErexppηST p∆q ´ η
2λ2λmaxpΣεqRT p∆q{2qs

ďErexppηST´1p∆q ´ η
2λ2λmaxpΣεqRT´1p∆q{2qs

ď ¨ ¨ ¨ ď ErexppηS1p∆q ´ η
2λ2λmaxpΣεqR1p∆q{2qs ď 1.

As a result, for any α ą 0 and β ą 0, we can have the following inequality of (S4.10),

PrtST p∆q ě αu
č

tRT p∆q ď βus

ď inf
ηą0

expp´ηα ` η2λ2λmaxpΣεqβ{2q

“ exp

ˆ

´
α2

2λ2λmaxpΣεqβ

˙

.

(S4.11)

Moreover, according to Lemma S2, the following bounds for RT p∆q hold that

T

8
κL,A ď RT p∆q ď

8T

3
κU,A (S4.12)

with probability at least 1´ 2 expp´CT pκL,A{κU,Bq
2 mintλ´2, λ´4uq ´ expp´CdMq.
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By Lemma S1 (ii), for any x ą 0,

P

«

sup
∆PSp2r1,2r2,2r3q

C

1

T

T
ÿ

n“1

εn ˝ rXn,∆

G

ě x

ff

ďP

«

max
∆P sSp2r1,2r2,2r3q

C

1

T

T
ÿ

n“1

εn ˝ rXn,∆

G

ě p1´ 2
?

2εqx

ff

ď|S̄p2r1, 2r2, 2r3q| ¨ P

«C

1

T

T
ÿ

n“1

εn ˝ rXn,∆

G

ě p1´ 2
?

2εqx

ff

,

(S4.13)

which, together with (S4.11) and (S4.12), implies that

P

«C

1

T

T
ÿ

n“1

εn ˝ rXn,∆

G

ě p1´ 2
?

2εqx

ff

ďPrtST p∆q ě T p1´ 2
?

2εqxu
č

tRT p∆q ď CTλ2κU,Aus

` PrRT p∆q ě CTλ2κU,As

ď exp

„

´
p1´ 2

?
2εq2Tx2

2Cλ4λmaxpΣεqκU,A



` 2 expp´CT pκL,A{κU,Bq
2 mintλ´2, λ´4

uq ` expp´CdMq

for any x ą 0. Note that, from Lemma S1, |S̄pr1, r2, r3q| ď p12{εqdM . By letting ε “ 1{10,

and x “ C
a

dMλ4λmaxpΣεqκU,A{T , we then have

P

«

sup
∆PSp2r1,2r2,2r3q

C

1

T

T
ÿ

t“1

εn ˝ rXn,∆

G

ě Cλ2
b

λmaxpΣεqκU,A

c

dM
T

ff

ď expp´CdMq ` 2 expp´CT pκL,A{κU,Bq
2 mintλ´2, λ´4

uq.

(S4.14)

For the second term in (S4.9), since xn “ pyJn´1, . . . ,y
J
n´P q

J P RNPˆ1, it can be

verified that xυn ˝ Xn,∆y “ xυn,∆p1qxny. Denote z “ pxJT , . . . ,x
J
1 q
J P RNPTˆ1, and

υ “ pυJT , . . . ,υ
J
1 q
J P RNTˆ1, and it holds that

T
ÿ

n“1

xυn,∆p1qxny “ υ
J
pIT´P b∆p1qqz :“mJ

2 ξ̄,

where m2 “ Σ̄PJpIT b ∆p1qqυ, z “ Pe, and e “ Σ̄ξ̄. Note that }υ}22 ď CNTη2
max and

20



S4. Auxiliary Lemmas for the Proof of Theorem 1 and 2 Yuan et al.

}m2}
2
2 ď CNTη2

maxκU,B, where ηmax “ max1ďnďT max1ďiďN |ηn,i|. Refer to the proof of

Lemma S2 for more details.

With the sub-Gaussianity condition of ξ at Assumption 2, similar to the proof of Lemma

S2, we can obtain that

Pr|mJ
2 ξ̄| ě t|ηmaxs ď exp

ˆ

´
Ct2

λ2κU,BNTη2
max

˙

for all t ą 0

and, by letting x “ m1{8T δ{N1{2 in (S4.5),

P
“

|mJ
2 ξ̄| ě t

‰

ď exp

ˆ

´
Cm1{4t2

λ2κU,BT 1`2δ

˙

`
CN2

m1{4T 2δ´1
.

Therefore, by a method similar to (S4.13),

P

«

sup
∆PSp2r1,2r2,2r3q

x
1

T

T
ÿ

n“1

υn ˝Xt,∆y ě t

ff

ď P

«

max
∆PS̄p2r1,2r2,2r3q

x
1

T

T
ÿ

n“1

υn ˝Xt,∆y ě p1´ 2
?

2εqt

ff

ď |S̄p2r1, 2r2, 2r3q|P

«

x

T
ÿ

n“1

υn ˝Xt,∆y ě p1´ 2
?

2εqTt

ff

ď exppCdMq
CN2

m1{4T 2δ´1
` exp

ˆ

CdM ´
Cm1{4t2

λ2κU,BT 2δ´1

˙

.

By letting t “ C
a

λ2κU,BT 2δ´1dM{m1{4 and with the conditions that m1{4 Á T 2δ and

m1{4T 2δ´1 Á N2 exppdMq for some δ ą 1{2, we have

P

«

sup
∆PSp2r1,2r2,2r3q

x
1

T

T
ÿ

n“1

υn ˝Xt,∆y ě Cλ
?
κU,B

c

dM
T

ff

ď exp p´CdMq . (S4.15)

Finally for the third term at (S4.9), denote ϑn “ pηJn´1, . . . ,η
J
n´P q

J P RNPˆ1, υn “

ηn ´
P
ř

j“1

Ajηn´j P RNˆ1, Υn “ pηn´1, . . . ,ηn´P q P RNˆP , and it holds that xυn ˝Υn,∆y “
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xυn,∆p1qϑny. Let c “ pϑJT , ¨ ¨ ¨ ,ϑ
J
1 q
J, and

T
ÿ

n“1

xυn,∆p1qϑny “ υ
J
pIT b∆p1qqc,

then, we have

|υJpIT b∆p1qqc| ď CNP 1{2Tη2
max,

as }υ}2 ď C
?
NTηmax and }c}2 ď

?
NTPηmax. Thus, letting x “ m1{8T δ{N1{2P 1{4 at

(S4.5), we have

P

«

sup
∆PSp2r1,2r2,2r3q

T
ÿ

n“1

xυn,∆p1qϑny ě
T 1`2δ

m1{4

ff

ď
CN2P 1{2

m1{4T 2δ´1
. (S4.16)

Combining (S4.14), (S4.15), and (S4.16), with m1{4T 2δ´1 Á N2P 1{2 exppdMq the com-

plete deviation bound can be obtained,

P

«

sup
∆PSp2r1,2r2,2r3q

1

T

T
ÿ

n“1

xεn,∆p1qrxny ě Cpκ2
b

λmaxpΣεqκU,A ` λ
?
κU,Bq

c

dM
T
`

T 2δ

m1{4

ff

ď expp´CdMq ` 2 expp´CT pκL,A{κU,Bq
2 mintλ´2, λ´4

uq.

We hence complete the proof.

Lemma S4 (Lemma 3 of Chen et al. (2019)). Consider three Tucker ranks pr
pjq
1 , r

pjq
2 , r

pjq
3 q

for 0 ď j ď 2, and assume that r
p1q
i ă r

p2q
i ă r

p0q
i for 0 ď i ď 3. For X P Θpr

p0q
1 , r

p0q
2 , r

p0q
3 q, it

holds that

}P
Θpr

p2q

1 ,r
p2q

2 ,r
p2q

3 q
pXq ´X}F ď rΠ

3
i“1pβi ` 1q ´ 1s}Y´X}F (S4.17)

for any Y P Θpr
p1q
1 , r

p1q
2 , r

p1q
3 q, where βi “

b

pr
p0q
i ´ r

p2q
i q{pr

p0q
i ´ r

p1q
i q.
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S5 Univariate HAR-Itô model

When N “ 1, the VHAR-Itô model reduces to the univerate HAR-Itô model. In this section,

we present the univariate HAR-Itô model.

Let Xt be the log price of an asset at time t P R`, where R` “ r0,8q. Denote by Ft the

collection of all information up to time t, and then tFt, t ě 0u is a filtration. To account for

jump components in financial industry, we consider a jump diffusion model,

dXt “ µtdt` σtdBt ` LtdΛt, (S5.1)

where µt is a drift term, σt is an instantaneous volatility process, Bt is a standard Brownian

motion, Λt is a standard Poisson process with constant intensity λ ą 0, the jump sizes

tLt, t ě 0u are i.i.d. with finite fourth moment, the processes of σt, Bt and Λt are all

adapted to the filtration tFtu, and the jump sizes are independent of the three processes.

Moreover, let Zt “
şt

rts
dWt, where Wt is another standard Brownian motion with respect to

Ft such that dBtdWt “ ρdt with |ρ| ă 1 almost surely, and ρ can be seen as the leverage

effect between the log price and the instantaneous volatility. We then define the HAR-Itô

model below.

Definition S1. The log prices tXt, t P R`u at (S5.1) are said to follow an univariate HAR-

Itô model if the instantaneous volatility satisfies

σ2
t “ σ2

rts `pt´ rtsq
´

ω ´ σ2
rts

¯

` α1

ż t

rts

σ2
sds`

P
ÿ

l“2

αl

ż rts´l`2

rts´l`1

σ2
sds

`β

ż t

rts

L2
sdΛs ` υprts ` 1´ tqZ2

t ,

(S5.2)

where rts denotes the integer part of t, i.e. rts “ n ´ 1 for n ´ 1 ă t ď n, P is a positive
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integer, the parameters of ω, β, υ, α1 are all positive, and αl ě 0 with 2 ď l ď P .

Denote α “ pα1, α2, ¨ ¨ ¨ , αP q
J and θ “ pλ, ρ, ω, β, υ,αJqJ, and the above definition

relies on the parameter vector θ. In addition, the instantaneous volatility σ2
t at (S5.2) is a

process with continuous time and is defined for all t P R`. Consider the integer time points

only, and then the process has the form of

σ2
n “ ω `

P
ÿ

l“1

αlyn´l`1 ` βJn,

with probability one, where

yn “ IVn “

ż n

n´1

σ2
sds and Jn “

ż n

n´1

L2
sdΛs

are the integrated volatility and jump variation, respectively. Moreover, from (S5.2), the

daily volatility (or integrated volatility) in the past will contribute to the spot volatility (or

instantaneous volatility) by the introduction of αl with 2 ď l ď P .

As in Song et al. (2021), we denote ωL “ EpL2
t q and Mt “ L2

t ´ ωL. Moreover, let

ωg “ %1ω ` %2βωLλ` p%2 ´ 2%3qv, βg “ p%1 ´ %2qβ and αgl “ p%1 ´ %2qαl

for all 1 ď l ď P , where %1 “ α´1
1 pe

α1 ´ 1q, %2 “ α´2
1 pe

α1 ´ 1´ α1q and %3 “ α´3
1 pe

α1 ´ 1´

α1 ´ α
2
1{2q.

Proposition S1. Suppose that n ě P ` 1 and 0 ă α1 ă 1. Then the integrated volatility

for univariate HAR-Itô models at Definition S1 satisfies

yn “ ωg `
P
ÿ

j“1

αgjyn´j ` β
gJn´1 ` εn (S5.3)
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with probability one, where εn “ εcn ` ε
J
n,

εcn “2vα´2
1

ż n

n´1

 

α1

`

n´ t´ α´1
1

˘

eα1pn´tq ` 1
(

ZtdZt,

εJn “βα
´1
1

"
ż n

n´1

`

eα1pn´tq ´ 1
˘

rMtdΛt ` ωLpdΛt ´ λdtqs

*

,

and εcn and εJn are innovation terms from the continuous diffusion process and the jump

component, respectively. Moreover, both tεcnu and tεJnu are i.i.d. sequences with mean zero

and finite variance.

When there is no jump component, i.e. Lt “ 0 with probability one for all t, the iterative

form at (S5.3) can be further simplified into

yn “ ωg `
P
ÿ

j“1

αgjyn´j ` εn, (S5.4)

and the integrated volatility yn can be estimated consistently by the realized volatility,

denoted by RVn. Let IVn “ yn, IV
pwq
n “ 5´1

ř5
l“1 yn`1´l and IV

pmq
n “ 22´1

ř22
l“1 yn`1´l be

the daily, weekly and monthly integrated volatilities, respectively, and we consider a special

case of (S5.4) below,

IVn “ β0 ` βdIVn´1 ` βwIV
pwq
n´1 ` βmIV

pmq
n´1 ` εn, (S5.5)

where P “ 22, ωg “ β0, pαg1, . . . , α
g
P q “ pβd, βw, βmqU

J
C, and

UJ
C “

¨

˚

˚

˚

˚

˚

˝

1 0 0 0 0 0 ¨ ¨ ¨ 0

1{5 1{5 1{5 1{5 1{5 0 ¨ ¨ ¨ 0

1{22 1{22 1{22 1{22 1{22 1{22 ¨ ¨ ¨ 1{22

˛

‹

‹

‹

‹

‹

‚

P R3ˆ22.

Corsi (2009) made use of model (S5.5) to propose the HAR model for predicting the realized

volatility, and the proposed HAR-Itô model at Definition S1 and Proposition S1 provides a
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probabilistic support for this popular model. On the other hand, the cascade structure at

(S5.5) reveals that there usually exists a low-dimensional structure among the parameters

αj’s and αgj ’s along the direction of lags.

S6 A Table for the selected ranks of the MLR-HAR and VHARI

models in Real data analysis

Table S1 gives the results of the selected ranks for the MLR-HAR and VHARI models.

Table S1: Selected ranks of the VHARI and MLR-HAR models with 150 stocks and 229 stocks during the

first p2017.01´ 2019.12q, second p2020.01´ 2024.12q and full period p2017.01´ 2024.12q

.

Panel A: RV Panel B: MedRV

N period
VHARI MLR-HAR VHARI MLR-HAR

P “ 22 P “ 22 P “ 66 P “ 22 P “ 22 P “ 66

150 first r “ 4 pr1, r2, r3q “ p6, 6, 2q pr1, r2, r3q “ p6, 6, 1q r “ 3 pr1, r2, r3q “ p6, 6, 1q pr1, r2, r3q “ p6, 6, 1q

second r “ 4 pr1, r2, r3q “ p7, 7, 1q pr1, r2, r3q “ p6, 6, 1q r “ 4 pr1, r2, r3q “ p7, 7, 1q pr1, r2, r3q “ p6, 6, 1q

full r “ 5 pr1, r2, r3q “ p3, 3, 1q pr1, r2, r3q “ p4, 4, 1q r “ 5 pr1, r2, r3q “ p5, 5, 2q pr1, r2, r3q “ p5, 5, 1q

229 first r “ 4 pr1, r2, r3q “ p5, 5, 1q pr1, r2, r3q “ p5, 5, 1q r “ 4 pr1, r2, r3q “ p5, 5, 1q pr1, r2, r3q “ p5, 5, 1q

second r “ 4 pr1, r2, r3q “ p6, 6, 1q pr1, r2, r3q “ p6, 6, 1q r “ 4 pr1, r2, r3q “ p6, 6, 1q pr1, r2, r3q “ p5, 5, 1q

full r “ 4 pr1, r2, r3q “ p5, 5, 1q pr1, r2, r3q “ p3, 3, 1q r “ 3 pr1, r2, r3q “ p4, 4, 1q pr1, r2, r3q “ p5, 5, 1q
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S7 Coefficient-Based Total Spillover Index from the VHAR, VHARI,

and MLR-HAR models in Real data analysis

The section examines volatility spillovers among N “ 150 and N “ 229 stocks across three

periods. To quantify dynamic connectedness, we construct a coefficient-based spillover index

from the estimated lag coefficient matrices. Specifically, for each asset pair i and j, we define

Sij “
P
ÿ

p“1

´

pAij,p

¯2

, rSij “
Sij

ř

k

ř

l Skl
, TSI “ 1´

ÿ

i

rSii,

where Sij measures the total lagged transmission intensity from Assets j to i. The resulting

TSI measures the proportion of cross-asset dependence in total system dynamics and can

be interpreted as a time-varying index of structural connectedness. Unlike the generalized

forecast error variance decomposition (FEVD) of Diebold and Yilmaz (2012, 2014), which

is based on multi-step forecast error variance shares from a moving-average representation,

our index is constructed directly from the estimated autoregressive coefficients. This avoids

horizon selection, truncation, and covariance matrix inversion, thereby enhancing numerical

stability in high-dimensional regularized settings.

Using the rolling-window procedure described in Section 6 of the main paper, we track

the evolution of TSI under the three forecasting settings: evaluation in 2019 with T “ 502,

and in 2024 with T “ 1006 or T “ 1760. Figures S1 and S2 present the rolling estimates

for N “ 150 and N “ 229 stocks. Compared with VHAR, MLR-HAR(22) and VHARI

generally exhibit smoother short-term variation in TSI, although the levels and trends differ

across settings. These patterns provide a descriptive comparison of cross-asset connectedness
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reflected in the estimated lag coefficients.
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Figure S1: Plots of TSIs for N “ 150 stocks from VHAR, VHARI, MLR-HAR(22), and MLR-HAR(66).

From left to right, the groups use data from 2017–2019, 2020–2024, and 2017–2024, with the final year of

each period used for rolling evaluation. Panel A uses RV and Panel B uses medRV.
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Figure S2: Plots of TSIs for N “ 229 stocks from VHAR, VHARI, MLR-HAR(22), and MLR-HAR(66).

From left to right, the groups use data from 2017–2019, 2020–2024, and 2017–2024, with the final year of

each period used for rolling evaluation. Panel A uses RV and Panel B uses medRV.
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