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ESTIMATING EXTREME L,-QUANTILES
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Supplementary Material

The theoretical statements of CTRELT and dual CTRELT for case of p— % < 1—q are included
in Section @ We provide some auxiliary results in Section @ to support our assertions in the
main paper. All technical details of main results are collected in Section @ Section @ contains

necessary additional simulation results and analyses.

S1 CTRELT and dual TRELT in another case

In this section, we start a discussion of CTRELT and dual CTRELT for

the case of p — % < 1 — q, which can be defined in a similar way to the

case of 1 —qg < p— %Y < 1. Hence, we only exhibit these definitions without

further elaboration. On the one hand, the CTRELT II;, (¢) is a multiplier
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d e [1, 1_;6} solving
0,(1 —ce)=0,(1—¢), e€(0,1—1), (S1.1)
where 7 can be defined by

SUPre(0,1) { T ‘ 6q<7> < ep(T)}7 if { T ‘ eq(T) < ep(T)} # 0,

0, if {7]6,(1)<6,(r)}=0.
(S1.2)

Its formal definition is given by

Il ()= inf {c|6(1—Ce)<b,(1—e)}. (51.3)

e ce [1,?}
On the other hand, the dual CTRELT =, () is a multiplier d' € [1,00)

solving

0,(1—2) =0, (1—%), ce(0,1—7)), (S1.4)

with the formal definition given by

m,,(e) = inf ){ d

d'€[l,00

0,(1—2) <0, (1~ di)} (S1.5)

The analyses of the existence and uniqueness for 1T} (¢), m, (¢) are
quite similar to II,,(¢), m,4(¢) and we just present them below without

proof.

Assumption S1. For all p > q > 1, there exists a threshold 7 such that
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(a) 0,(7)) < 0,(1 —¢) foralle € (0,1 —15);
(b) both 0,(1) and 8,(T) are not constants on [}, 1].

Proposition S1 (Existence and Uniqueness of CTRELT). Suppose F' sat-

isfies both Assumptions@ and@ with p, q satisfying 1 < q < p, p—% <1l—gq.

Then, for all e € (0,1—1), there exists ¢ € [1, 1_;6] such that () holds
for ¢ =1L, (¢) if and only if Assumption @ (a) holds. Moreover, if As-

sumption @ (b) also holds, then the ¢’ € [1, 1_;6] in () is unique.

Proposition S2 (Existence and Uniqueness of dual CTRELT). Suppose F
satisfies both Assumptions @ and@ with p,q satisfying 1 < q < p, p— % <
1 —gq. Then, for all e € (0,1 — 7)), there exists d € [1,00) such that
() holds for d' = m, (¢). Moreover, if Assumption @ (b) holds, then

the d' € [1,00) in () is unique.

S2 Auxiliary results

Lemma S1. Let X be a random variable with distribution I satisfying
Assumption B for some v > 0, then for all —oo < x < U(o0)(U(0) is the
right endpoint of F ),

E (‘X’Lﬂ{x>m}) < 00,

if0<t< % and E (| X["1{x>sy) = 00 if ¢ > %y
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Proof of Lemma @ At first, we notice that
E(|X|'lixsa}) = E (X Iixsay) s if >0,

E (X' Lixsay) = B (X'Lixz)) + B (X[ Ipex<)) , iz <0.
Hence it’s sufficient to consider F (XL]l{X>x}) for x > 0 as the term
E (|X]"L{z<x<0}) can be bounded by |z|* if z < 0. Since X1{x>.y > 0, we

have
E(X'Lixsn) = B (XTixson)')
=2'P(X > x) + L/OO 711 — F(s))ds,
by Fubini’s theorem. Assumption m implies s*71(1— F(s)) is regular varying

WithindeXL—l—%anda—l—%y<—1when0<a<%,Wegets

/:O $7L(1 — F(s))ds = /: ¢ (1 = F(s)) ds + /too SU(1— F(s))ds < oo

for t sufficiently large by Proposition B.1.9 (4) in De Haan and Ferreira

(2006). Otherwise, [~ s~ (1 — F(s))ds doesn’t exist. O

Proposition S3. Let X be a random variable with continuous distribution
function F, z, = inf,ep{ z | F(z) > 0} and z* = infyep{ = | F(z) > 1}
denote the left and right endpoints of X respectively. For p > 1, we have

the following statements.

1. (Ezistence and Uniqueness) For all 7 € (0,1), () has a unique

solution 0,(7) € (x4, x*);
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2. (Monotonicity in level) The mapping 7 € (0,1) — 0,(7) € R is strictly

increasing, and

1:%{1‘91)(7') =T, 1:&)1(91;(7') = Tx;

3. (Continuity) The mapping T € (0,1) — 0,(7) € R is continuous.

Proof of Proposition @ The first statement for existence and uniqueness,
and the second statement for monotonicity are straightforward consequences
of Proposition 3.1 in Mao, Stupfler and Yang (2023) and Proposition 1
in Chen (1996) respectively. It remains to show the continuity. We de-
fine a monotonically increasing sequence {7,} such that 7, T 7. We de-
note 6~ := lim,_, 0,(7,). Obviously, we have 0,(7,) < 6~ < 0,(7). As
shown in Mao, Stupfler and Yang (2023), the mappings 6 — FE ((X — 9)7_3[1)
and 6 — E (X — 9)3_1) are strictly decreasing and increasing on (z., z*).
Then, we have,

1—7

T E ((X - Qp(Tn))‘i_l) > 1B ((X - GP(T))IJ?:I) =Tn E ((X - gp(T))I:_l)

— ; LE((X = 0,(r)" 7).

We take n — oo both sides of the above equation, and we get

TE((X =07 )17) = 7B (X = 0,()7) =(1 = 1) E ((X = 6,(7))"")

=(1-7)E((X —07)""),
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which implies 6= = 6,(7), that is 6,(7) is left-continuous. On the other
hand, we can also take 7,, | 7 and denote 6% := lim,,_, 6,(7,,). Apparently

0,(1,) > 0% > 0,(7), and we also have,

(1—=7)E (X = 0,(r))" ") > (1 = 1) E (X = 0,(7))")

T

= (1 =m) 7= E((X = 6,(m)F)

-7

> (1—1,) T

L ((X - ep(Tn))I:l) :

1—71

We can obtain 6% = 0,(7) by taking the limit on both sides, which shows

the right-continuity of 6, (7).

Proposition S4. Under the conditions of Theorem @, for all ¢ > 1, we

have,

oo [Blgy g+ D) p’

v[B(g,(2) ' =g+ 1)]2)
4 Blgyt—q+1) )

= (wq) gN@(q—l)B(q—l,—(p—1>/fy—q+1> )

(52.6)

Proof of Proposition . In the proofs of Theorem 1 and Lemma 8 in Daouia,

Girard and Stupfler (2019), it is the term I5,, that determines its asymptotic
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distribution, which is given by

n = Z 1—8 q 1@1—571(Xi_9q(1_5n);q)

Z — ep)]a ! {‘Pl en(Xi — Og(1 — £n); Q)]l{xigaq(ken)}

- FE (wl—sn(X —0y(1 = 1); D) Lx,<0,0-20}) }

Z 1 — e, q 1 {Qpl—en (Xz - eq(l - 5n)§ Q)H{Xpeq(l—sn)}

— B (12, (X = 0,(1 — £0); ) Lix:50,(1-2n}) }

= Il,n + -[2,717

where ¢, (y;q) = |7 — Ly<oy||y|? 'sign(y). It has been shown I ,, % 0 and
we need only discuss 15,

q—1
Lix;>0,(1—en)}

q—1
]1{X>9q(1—5n)}> }

1 & X; -t X -t
RS £V T L [ S
en | n = \Og(1 —en) N 0,(1—¢,) .
Then the result follows from () and (),

—1

-1

éq(l — &) _ > q—2 1. 7
nen (m - 1) =g - 1)/1 (s = )W, (3 / B¢,y ' —q+
L AMe=DBla—L—(p=1/y—q+1 A
v lp o [Blgy ' —g+ D
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Proposition S5. Suppose F' is strictly increasing and satisfies both As-
sumption |4 for some~y > 0 and Assumption@ with an orderp € (1,1+1/7).

Then, for all q € [1,p), we have that,

o =000 (12100544 (g ) G =] —1] )

as T T 1, where

_ 7 1 0
R(p,q,7,7) = B —pT 1)A (F(eq(r))) K(p,q,7,p)(1 4 0(1))

—(p = Dr(L(y,p, 0)04(7), 0,7, X),

Bpy ' =p+1]" 1 ) )
[B(%’Yl—qul)} (=B, (= p)/y —p+1)

K(p.¢;7,p) =9 — B(p,v " —p+1)], if p <0,
p—1 o 1 :
5 / (x — 1)P"227 7 log z du, if p=0,
\ 7 1
(E(Xll )
G P2 (1 + o(1)), ify <1,

r(0g(7),p. 7, X) =

F(0y(7))B(p— 1,1 =4 ) (1 +0(1)), ify>1

\

In particular, if ¢ = 1, then () becomes, as T T 1,

ZTE:; = L(y,p,1) (1 —R(p,1,7,7) + A (1 i T) {% HB@’”—IV_M Dr - 1} + 0(1)}) :
(S2.9)
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Proof of Proposition @ From the definition of 6,(7), it follows that,

FE ((ep)(i_) - 1) i ]]-{X>9p(7)}> = (1 - T)E ( ) ) . (8210)

Step 1: we work on the left-hand side of () We first put a

X

6,1

useful result here

—q+1)
-p+1)

_ Blg,v!
B(p,y~!

(1+0(1)), (92.11)

which can be derived from the proof of Proposition 1 in Daouia, Girard and
Stupfler (2019). Then, by regular variation of A (for example, Theorem

2.3.3 in De Haan and Ferreira (2006)), we have

8 (mi(r))) - |5 =

p+1) 1
[ 1)} (m> (1+o0(1)). (S2.12)

If we apply second-order regular variation condition, the left-hand side

of () becomes

X ot
3 (<m 1) H{Wﬂ})

dz(1 + 0(1))]

F o) [yt [ [_ - ] o= 1= 17 ]
o) [P (L) [Ty -t
_F(0,(r) |22 7_17_“ D < ) (0,07, p) (1 + 0(1))1 ,

(S2.13)
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where the last step follows that, by (),

4 ( <ei< >>> / e -1 xp/;p_ e

B(p,y ' —p+1) 1 1
|:B( —q_|_1):| A(F(@( ))) ,7 p[(l—p)B(p,(l—p)/v—p—l—l)

=9 — B,y = p+ D1 +o(1)), if p<0,
( ) 21/1 (x —1)P 22 vlogxdx(l—l— o(1)), if p=0,

4 <W) K(p.a7.p)(1+ (1)),

Step 2: we work on the right-hand side of () It can be

decomposed as,

For I, same arguments in proof of Proposition 1 in Daouia, Girard and

Stupfler (2019) yield I — 0 as 7 1 1.
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For III, we note that

X p—1 X p—1
- ((1 B ep<r>> H{Xﬁ‘%(T)}) wr ((1 B 9,,<T>> ““’“”SXSO})

by dominated convergence theorem.

For II, we also note

E ((1 - ep)(i))pl ]1{0<X<6p<T>}> =B (((1 - Qp)(i))pl - 1) ]1{0<X<9p(7>}>

+1 - F(0,(r)) — P(X < 0).

Let H(z) = —(p — 1)"%(1 — 2)* '1{o<s<1}, we further apply Lemma 1

(#ii), (iv) and (v) given in the supplementary material of Daouia, Girard
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|and Stupﬂex{ (I201£4), to obtain

E (((1 — Qp)(i))p_l — 1) ﬂ{osxsep(ﬂ}>

- (p-1)E <(H < X ) - H<0)> ]1{X>0}> +P(X > 0,(7))

0,(7)
(
%(1+0(1)), ify<lory=1and F(X,) < o0
=—(-1) E(XH{ZE(XT;%(T)}) (1+0(1)), ify=1and F(X,) =00

FO,(r)B(p—1,1—~v1(1+o0(1)), ify>1.

\

We can denote 6,(7) in terms of 6,(7) via (), and let

(

W(l—i—o(l)), ify<lory=1land F(X;) <o
r(0p(7),p,7, X) = E<X]1{(;;():9p(f)}) (14 0(1)), ify=1and F(X,) =00

F(0p(r)B(p—L1—y)(1+0(1), ify>1

E(X]l{(;<€:—;9p(r)}> (14 0(1)), ity <1
P

| FO(m)Blp = 11— (1 +0(1)), ify>1

FlX1
L(v,p,q)" ( {O<Xe<qf§’p’4)9q“)}) (1+ o(1)), iy <1

P(X > L(7,p,0)04(7))B(p — 1,1 =y ") (1 +0(1)), ify>1

\

= T(£(77p7 Q)9q<7_)7p7 s X)
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From above arguments, we can claim that,

- ) =1—(p—Dr(L(v.p.0)0y(7),p,7,X).  (52.14)

Step 3: we derive the final conclusion. Combining (EQ.IH), (5213)

and (M), (%) becomes,

= B(p,y ' —p+1) 1
F(6,(r)) =22l (F( 5 m)) K (pra, ) (1 + o{1))

=(1—=7)(1 = (p—Dr(L(v,p, 0)04(7), p,7, X))

This indicates that,

F(0,(1)  ~(1—1) Blp.y ' —p+1) +A( 1

F(eq(T)) B(Qa yl—q+ 1) v F(Qq(’?'))) K(p’ a4,7, p)] (1 + 0(1))

=(1—=7)1 = (p—=Dr(L(y,p,0)0(7),p,7, X)),

by substituting F(6,(7)) = %(1 + o(1)) (use () again with

qg=1).
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Therefore, it follows that

F(8,(r))

F(0y(7))
_[Blpy ' —p+1) ~ 1 -
= B(qv’y_l —q+ 1) + B(q,v‘l —q+ 1)14 <F(9q(7))> K(p,q,fy”g)]

X(L—(p—Dr(L(y,p,q)04(7), p,7, X))(1 + 0o(1))

_Blg,v ' —q+1) v 1 -
"Bl T —p T ) { B ptr D (mqm)) Sl ﬂ
X(1—=(p—1Dr(L(y,p, 0)04(7), 0,7, X)) (1 + 0(1))

B(g,v ' —q+1) v 1

Blpy i —p+1) { T B pr D) (qum)) K@’q’%p)}
X(1 = (p = Dr(L(y,p,0)04(7), p.7, X)) (1 + o(1))

Blgy ' —q+1) [, y . O
Blpy " —p+1) < B(p,v'—p+ 1)A (F(eq(T))> K(p,q,7,p)(1+o(1))

— (p—=D)r(L(7,p,0)04(7),p,7, X))

B¢,y ' —q+1)
= 1+ R(p,q,7,7)),
B(p,y~! —p+1)( ( )

where the third equality follows from a straightforward Taylor’s expansion
of x = (1 + )~ in a neighborhood of 0. Moreover, it is readily to check

that the remainder term R(p,q,v,7) — 0 as 7 — 1 since A ( > and

1
F(0q(7))

r(L(v,p,q)0,(7),p,7v,X) indeed tend to 0 as 7 — 1. Applying Taylor’s

expansion again, we have

(04(1)) B,y ' =p+1) ] )
o) Blay =g+l fParnFe),
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and the final result follows from the Lemma 2 in the supplementary material
of Daouia, Girard and Stupfler (2019) immediately. O
S3 Proofs of main results

S3.1 Some intermediate lemmas

Lemma S2. Under the conditions of Theorem @, forallae >0 and g > 1,

then we have,
1< X; 0,1 —c)\ " X o(1—20) )
\/ﬁ (EZZI <0q(1 - gn) - Hq(l - 5n)>+ - ((011(1 - 5n) - 0(1(1 B €n)>+>>

(5 ) - () oo

Proof of Lemma @ First, by Chebyshev’s inequality and Proposition @,

it follows, for a e > 0,

~

0 (1 —n) £n) VA9
p(|fal=cn) s ) Zp|yme (G =) )| s me| < YD
( 0,(1 —¢,) - > (‘ ( (1—e,) = Ve | = e’ne,
where V (A, v, q) is the second moment of the limit distribution in Proposi-

tion @ This implies 7, := zgg:z:g P, 1 and hence we can find a § > 0 such

that 7, € [1 — 0,1 + d] in probability. We consider the changing classes

F, = {(m_gi;th:; [1—5,1—|—5}}, which is a sequence of

«

classes of measurable functions =z — <m — t) indexed by the pa-
" +

rameter ¢, belonging to a common index set 7. We note that the absolute
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metric | - | always makes 7" into a totally bounded space such that, for a

positive sequence 9,

() - a0 )

(

2(a—1)

SUp|,_yj<s, B (2a2 (% - 1)+ (t—1)2+0((t — 1)4)> : ifa >0
<

\SUp\t71I<5n {P<t< ﬁ <lt< 1) +IP’(1< ﬁ <t,t> 1)}, ifa=0

( 2(a—1)

20252 (‘ﬁ—l )+0(5;§), fa>0
S q

IP’<1—5 <L<1>+P<1<L<1+5) ifa=0

\ n eq(l_fn) 0,1(1—5”) njo
—0, as 9, | 0.

Here, the first step for a > 0 follows from the Taylor’s expansion on 6 —
(# - 9) and the inequality (a + b)? < 2a? + 2b?, and last step for
" +

a = 0 follows from dominated convergence theorem.

Moreover, for a« > 0, there exists constants M, M, such that, for all
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tt eT,
(oo )
0a(1 = €n) + O4(1 — n) n
a—1
x
=|(=a (——t’) t—t)+O((t—t')
‘ Wam=ay t), -O+o=1
a—1
T
< —t| =t 2 - [t —t
e [t =]+ 00|t =)
a—1
M, ﬁ—(l—@’ it—t|, ifo>1,
< o
a—1
M, m—(lﬂﬂ‘ it—t|, ifa<l,
and
X o) 2(a—1)
Ell———(1— E 1 |
0,1 —z,) (1—9) < oo and —Qq(l—an) (1+49) < 00

Then by Example 19.7 in Van der Vaart (2000), there exists a constant
K, depending on T and its dimension, such that the bracketing numbers

satisfy,
4]
N[ ](E,fn,IQ(P)) S K (—) y

€

for every 0 < € < 24. Then the bracketing integral satisfies

1 1
J1(1, F, Lao(P)) = /0 \/logN[ 1(€, Fn, La(IP)) de < K’/O v/ —logede < 0.
(S3.15)

where K’ is a general constant.

The changing class will reduce to F,, = {]l{ . >t} teT=[1-61+ 5]}

0q(1—en)

when a = 0. Example 19.11 in [Van der Vaart (2000) implies that the brack-
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eting numbers satisfy,

Nij(e, Fu, Lo(P)) < K <1> :

€

and the bracketing integral is given by

1 1

J1(1, Fr, Lao(P)) = / \/IogN[ 1(€, Fn, Lo(IP)) de < K'/ v —logede < 0.
0 0

(S3.16)

Both () and (83.16) imply F,, is a Donsker class for any given n.
Then this result follows from Lemma 19.24 in Van der Vaart (2000).

O

then we have,
1 Xz éq<]. - €n)
ﬂ(nz 0,(1 —¢,) 0,1 —¢p)
1 X, °
(3 Sl -2

i=1
Proof of Lemma @ We consider G,, = {‘m —t

Lemma S3. Under the conditions of Theorem @, forallao >0 and g > 1,
X (1—¢,)
0,(1 —¢,) (1—¢,)

N )
V) ot

X
a:tET:: [1—5,1—{—(5]}.

Oq

-1

04(1 —<u)

We note that, for a positive sequence 9,

sup E((L— Q—L—IQ)Q)
|t—1|<6n 0,(1 — ) 04(1 — )
< sup FE <4a2 — 1 e (t—1)+0((t— 1)4)>
Cjt—1]<én 0,(1 —¢€n)
- X 2(a—1) .
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Moreover, there exists Ms, M, such that, for all ¢,¢' € T,

«

v x o
0,(1 —€5) 0,(1—¢,)
a—1
x
- —t 1 -1 t—t)+O0((t —t)?
) 0(1 — €n) ( {r2ant=} {t’<aq(fsn>}) ( ) +O(( )%)
<0t o] -t + OG- o)
B eq(l _En)
a—1
M eq(f_a_n) —(1-9) [t —1t, ifa>1,
B a—1
M, 9q(11;€n) — (L +9) |t —t|, ifa<l,
and
X 2(a—1) 9(a—1)
Ell————-(1-9% d Bll— _ (145 |
0,(1— 2n) ( ) <00 an 50— =) (149) < 00

Then using Example 19.7 in [Van der Vaart (2000) again, the bracketing

integral is given by

1 1
J[ ](1,Qn,L2(IP’)) = / \/IOgN[ ](E,Qn,Lg(P)) de < K// v/ —logede < 0.
0 0

Thus, G, is a Donsker class for any given n. Then final result follows from

Lemma 19.24 in Van der Vaart (2000).

Lemma S4. Under the conditions of Theorem B, forallae >0 and g > 1,
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then we have,
1 & X; 0,1 —¢,
v (ﬁ; <9q(1 —e) (1 —¢,

(1 o)+ ) 0

Proof of Lemma . This proof is similar to that of Lemma @ and is there-

fore omitted here. O

Lemma S5. Under the conditions of Theorem B, forallao >0 and g > 1,

»

X
gq(l —e)

then we have,
n

1 X; 0,(1 —¢,
ﬁ(—Z _€q< )

n 10,1 —e7)  Og(1—¢p)

i=1
_E(

1 < X;
==Y |1
vn <n Z 6,(1—¢)
Proof of Lemma @ This proof is similar to that of Lemma S3 and is there-

=1

fore omitted here. O

S3.2 Proofs

Proof of Proposition B Note that () is a straightforward consequence
of Corollary 1 in Daouia, Girard and Stupfler (2019). We hence only need

to show the comparison between L(v,p,q) and 1 for the cases of 1 — ¢ <

p— % < landp-— %/ < 1 —gq. First of all, we check the function = F(%;r)a)

is increasing for # > 1 given a ¢ > 0, where I'(s) = [~ ¢*"'e~" dt is Gamma
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function. We notice the fact by Cauchy-Schwarz inequality,

Hence, we have

which implies

that is, [(z + ¢)I'(z) > IV(x)['(z + €).

T(z+e)

X = T@

Next, we let p —

OO

2
t7te tlogtdt)

5,

2
2 e 2logt tT e 2dt)

/ t e~ (log t)? dt/ t et dt
0
I

)T(s).

IN

Therefore, the monotonicity of

is given by

Mz +e)l(z) —T"(x)[(x +¢)
- TP =

g =m+ ¢ where m € N and € € [0,1) and then we
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have
B(p,y' —p+1)

B(g,y ' —q+1)

:I‘(p)I‘(vfl—p+1) _ I'(g+m+e) y Py l4+1—qg—m—e)
My —qg+1) I'(q) Lyt —=q+1)
(g+m+e—1(g+m+e—2)---(¢+)(g+¢)

B I'(q)

y Iy '+1-g-—m—¢)
(V'=g+1-1D( "' =q+1=-2)--(v'—qg+1-mI(y'—g+1-m)

_ (g+m+e—1)---(g+e) LLlate) L(v'+1—p)
(vl=g+1-1)--(y'=qg+1-m) I(g) Tly'+1l-p+e)

On the one hand, if 1 —g<p—1/y,then 1/y—q+1<p=qg+m+e

and 1/y+ 1 — p < g, so by monotonicity, we have

Bp,v'=p+1) o 1x Llg+e) Lyt +1-p)
B(g,vt'=q+1) I'(q) Ly t4+1-p+e)

> 1.

On the other hand, if 1 —¢ >p—1/7,then 1/y —q¢+1>qg+m+e¢

and 1/y+ 1 — p > ¢, so by monotonicity again, we have

B(p,v‘l—p+1)<1xf(q+€) Py t+1-p)
B(g,v'—q+1) I'(q) Iy t4+1-p+e)

< 1.

O]

Proof of Proposition @ For the existence, we use the notation inf{()} = oo.

On the one hand, we have

0,(r0) = inf  6,(1 —ce),

ce[1150]
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by monotonicity of 6,(1 — ce) in c. If 6,(79) > 6,(1 — €), then

inf  6,(1—ce)>6,(1—¢),

cefi ]
which implies the set { ¢ | 6,(1 — ce) < 6,(1 — €)} is empty and hence
c=1I,,4(e) = 0o ¢ [1,=2], leading to a contradiction. On the other hand,
if 0,(10) < 6,(1 — ¢), then { ce (1,0 ‘ O(1 —ce) <0,(1 — e)} is not

empty and hence II, () < oco. Using intermediate value theorem, there

exists ¢ € [1, =] such that () holds since
0,(1 —¢) > 0,(1 —e) > 0,(70). (S3.17)

Moreover, it attains infimum when 6,(1—ce) = 6,(1—¢) holds implying that
c =11, ,(e). If not, we can find a ¢y < ¢ such that 6,(1 — cpe) < ,(1 —¢),
then we have,

0,(1—¢)=0,(1 —ce) <0,(1 — co),

which leads to a contradiction. Even if there are multiple ¢ such that ()
holds, we take the smallest one.

The uniqueness follows from () and the strict monotonicity of
,(1 —¢) on (0,1 — 79) when 6,(7) or 6,(7) are not constants on [7p, 1].

]

Proof of Proposition B For the existence, recall that 0, (1 — 3) is increasing

and continuous in d. By intermediate value theorem, there exists d € [1, 00)



QINGZHAO ZHONG AND YANXI HOU 24

such that () holds since

0,(1—¢) < 0,(1—¢) < 0,(1) := lim 6, (1 - f) . (93.18)

d—00 d

It remains to show d = m,,(¢). Note that d always attains its infimum
when 6,(1 —¢) = 6, (1 — <) holds. If not, we can find dy < d such that

6,(1—¢) <0, (1—;—0),thenwe have 6,(1 —¢) =0, (1—3) >0, (1—%),

which leads to a contradiction. Even if there are multiple d such that ()

holds, we take the smallest one.

The uniqueness follows from (S3.1§) and the strict monotonicity of

6,(1 —¢) on (0,1 — 79) when 6,(7) or 6,(7) are not constant on [y, 1]. [

Proof of Proposition . By the relationship (), we have,
0p(1—ce) Op(1—ce)
1= Qp(l — C&?) ) (91(1 — c&?) _ Bi(1—ce) U(l/(Cé?))

= = X = X :
0,(1—¢) % 61(1 —¢) % U(1/e)

We take limit € — 0 on the right-hand side of the above equation, and the
conclusion follows from (R.11)) and regular variation on U(-). The argument

for m, ,(¢) is completely similar and is therefore omitted here.

Proof of Proposition B The assertion () follows from

0, (1 - %) = 0,(1 — c£) = 0,(1 — ),

where ¢ =11, ,(¢) and d = 7, ,(1L, ,(€)e).
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Then assertion () follows from

ep(1—e):9q(1—2):9 (1-%),

where d = 7, ,(¢) and ¢ =11, ,(e/mp 4(€)). O

Proof of Theorem B We consider the function t — £(t,p,q) = H,

and its derivative is given by,

o () (T =g+ ) (FT —p+ 1)
a0 = g ( GEETESYE
T —p ) (P —g+ 1)
Lt —q+1)

where 2T(t™' —p+1) = —% o s ~Pe¢=5log s ds. Through Taylor’s ex-

pansion and the fact 4y — v = op(1), we have

_ A ) ) .
M, =L(ym,p,q) = L(v,p,q) + a—%(mx qQ)(Ye — ) +o((Ye — 7)),

which implies that, by the asymptotic normality for 45 (for example, we
refer to Theorem 3.2.5 of De Haan and Ferreirg (2006)) and Delta-method

on map: t +— £(t,p,q), it follows from

\/E(ﬁp,q — (7, p, Q)> LN (—ﬁ(%p, )TAP, (%K(v,p, q))272> :
O

Proof of Theorem @ We divide this proof into two scenarios: {¢ > 1} and

{g=1}.
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Case I: g > 1. We consider the following transformation of ﬁm(an) and

1T, 4(€n),
1\ X 0q(1—en) p-1 1 n X; O,(1—en) a1 o A
ﬁ ( ) n ZiZl <9q(1—£n) 0 (1—€n)>Jr n Zz:l 0q(1—en) - 0:(1—en) Anp—l . Bn q—
En) = N — - 1 — =~ ~
n £<i=1 \ 04(1—en) 0q(1—en) L on =1 | 04(1—en) 0q(1—en)
and
p—1 q—1
X X
E (<€q(1—an) o 1>+ ) B ( 0q(1—en) 1 ) A1 Bno
H (gn) X :: »p 7q ,
P.g 5 < ) q—1 5 « p—1 Apg1 Bup
<c9q(1—z-:n) - )+ 0q(1—en)
where
i _ 1y X, 6g(1—cn) \* _ _x__q)"
An,a ~n Zizl <9q(1—an) B 92(1—;))+’ d AW =E ((eq(lsn) 1>+) ’
an
A b b
S 1 n Xi 0, (1_ n) . X
Bup =5 X |aien ~ maen | - Brp =& (‘%(1_%) h 1‘ ) '

We always consider 6,(1 — ¢,,) on the right tail, hence we don’t need to
worry about the negative values of 6,(1 —¢,,). Hence, the main task is to
find asymptotic results for A, 1, Ay 1, Byp-1, Bog—1 separately.

Step 1: we work on An,p—l and An,q_l. By Fubini’s theorem,

regular variation on F and (), we have that,

({7 ) o [ (g ), )

—(p—1) /Ooo 2P (X > (1+1)0,(1 — 2,)) dt

* ol = F(1+)0,(1 —¢,) B(p,fy_l—p—ﬁ—l)8 )
w1 | S ey B g o)
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and
B 0% 2\ * sl = F((1+1)0,(1—¢,))
rs=5((greg 1), ) me-n [T
_ . ’Y(p_2) = p—3 —1/y 0
_ "B(q,v—l—qul)/o P73t + 1) dr(1 + o(1)
1(p,7)

= o)

where I(p,7) =~v(p—2) [, t?73(t + 1)7"/7 dt. Now we need to discuss the

convergence of I(p, ). Obviously, I(p,7) will becomes B(p—1,7"! —p+2)

when p > 2. For 1 < p < 2, it’s sufficient to consider the integral fol (u™7 —

1)P=3u~" du, which is integrable since the order satisfies —y(p—3)—~v > —1.
p—1

Then, by Lemma @ and Delta-method on map: 6 +— F ((ﬁ — 0) ) ,

+

we have the following decomposition,

ne, Anpr 1
An,p—l

p—1
Y .S 9>
e \\B(T=2) ),

0g(1—en)

_ (=) m(zqa—en)_l) 1oy + B —atD)

np T op(1),
Bp,yt—p+1) " oe{1)

(S3.19)
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from which the term 7;, , can also be reformulated as

e (5 G ) - ()

1=

=(p-1) 3/000 21— Fu((t+1)0,(1 —&,)) — (1 = F((t + 1)0,(1 — &,)))] dt.

(S3.20)

0q(1—en)

Recall the asymptotic result in () again: z, := B (e

— L(v,q,1), we

have

@{1 LR+ 08,1~ 20) — (1= F((t + 161 — £))}
— % (1=F, (t+ DzUe) — (1= F ((t+ DzUer)) }

—vim {2 1= A+ 0206 - 6+ Ds 0 o))

n

t+ 1)z, =1
P

W ([t 4 1)zl ™) + i Ao(e )t + 1z

+oe ([(t+1)2] 7).

where the last step follows from Theorem 5.1.4 of De Haan and Ferreira
(2006) with intermediate sequence ne,. Here, Ay(-) is another auxiliary
function with definition in Theorem 2.3.9 of De Haan and Ferreira (2006),
serving a similar role as A(-) and also satisfying \/ne, Ao(1/e,) bounded.

Moreover, W,, are denoted as a sequence of Brownian motions. We substi-
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tute this result into (), and obtain

> _ _ Y
Tn,:p—l/ s—poWn(s 1, )ds
p=@-1) ; (s=1) B(g,v ' —q+1)

+ A(py; 2 {B(q’ 717_ = ﬂ B —1-(— /7 -p+1)

_AMp-1)Bp-1y"'-p+1)
P B¢,y —q+1)

+ O]p(l).
(S3.21)

We combine T, , with () (denote the right-hand side of () as &,) to

get

A
ne, | 222t g
An,pfl
) I(p,7)
B(p,y ' =p+1)

B(g,y"' —q+1) p2 Y v .
Hp- )B(pml—pﬂ)/l (s=1) W”<S / B(q,vl—q+1)>d
AMp—1D[Blgy " =g+ DPBlp—L—(p=1/y=p+1) X

Y p B(p,v'—p+1)

=(1- ~&n

+

The same arguments for An,qfl yield that,
An q—1 ]((L 7)
ne, : —1]=(1- -&n
(An,q—l ) ( Q)B(q, Yl —q+1) :

+(qg—-1) /100(5 —1)7?W, (5—1/7 : B(m_f_ s 1)> ds

Mg=1D)Blg=1—(p=1/v—q+1) X
PP [B(q,y~! —q+1)t-r T + op(1).

_|_
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Step 2: we work on Bn,p_l and Bn,q_l. We first state some limit
relationships,

p—2 X p—2
E 1 e, =F||————-1 — 0asn — oo.
( {X>04(1 )}> <<9q(1 — ) >+ )

Besides of this, since

X

2y
0q(1 —en)

p—2
Lix<o,0-cn)y = 1,

p—2

X
H{ngq(l_en)} < oo and

0,(1 —¢,)

X

1 -
0,(1 —¢,)

-1

then we have that,

X p—2
Pllaa—eay Y oo L, .
0,(1 —¢,) {(X<,(1—e,)} | 7 1, asn — 00
Indeed, it follows that,
X p—1
Brpr = B\ g oy ! L |
p—1 9q<1_€n> — as n — oo

Then, similar to (), by Lemma @ and Delta-method on map:

6»—>E<‘9q%—0

p—1
), we have that,

1—en)
By,
ne, | =221 1
Bn,p—l
p—1 X P2 0,(1—¢,)
E -1 - | . » —1
By p-1 ( 04(1 —en) (xon-enn = Loxzo0-en) | Ve 04(1 —en)
ne, (1< X, -1 X p-1
N 1 —E(||— -1 1
B <n 16,01~ =) ( 6,120 )) oe(l)

—:(p — 1)\/nz, (2‘28—:2:; - 1) (1+ 0(1)) + Syp + op(1).

(S3.24)
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The term S, , also can be reformulated as follows,

Snp = (p— 1)\/7%_671/000 P21 — Eu((t 4 1)0,(1 — £,)) + Fo (1 = 1)8,(1 — &,))
— {1 = F((t+1)8,(1 — &) + F((1 — £)8,(1 — &,)) Y] dt
=(p—1)e / P~ 2\/71— (4 1)0,(1 —e,) — (1 = F((t + 1)0,(1 —&,)))] dt
F (- 1)VE / 2 Fa((1 = 1)0y(1 — £)) — F((1 = 10,1 — £,)))] dt = 0s(1),
(S3.25)

where the last step follows from the arguments (EZ’).QH), (53.2 I) and central

limit theorem for empirical process.

Then () becomes

B,
ney, ( Pl _ 1) =(p—1)-& + op(1), (S3.26)
Bn,pfl
as well as,
Bnuq_l
ne, | =— -1 =(¢—1) & + op(1). (S3.27)
Bn,q—l

Step 3: we work on ﬁp,q(en). Our object can be given by an expres-

sion as follows,

~ An,p—l Bn,q—l
IT, (e Tt Bopa
ne, ( p#]( n) —-1) = ne, n,q—1 n,p—1 -1

H IS An,p—l X Bn,q—l
p#]( ) A'n,q—l Bn,p—l
An,p—l X Bn,q—l _ An,q—l X Bn,p—l
Bn,pfl

_ \/ﬁ An,pfl Bn,qfl An#]*l
" An,q—l Bn,p—l
An,q—l Bn,p—l
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Moreover, we have the following decompositions,

An p—1 Bn qg—1 An p—1 B
NeE, : X : —1] =+/ne, . —1]- +\/n5n
(An,p—l Bn,q—l An,p—l Bn,q— n,q—l

(S3.28)
and
An qg—1 Bnpfl An q—1 np 1 npfl
NeE, : X : —1] =+/ne, . -1 +\/n5n
(S3.29)

Combining (83.22), (83.23), (83.26), (83.27), (83.28), (83.29) and the

fact B"q t 5 1 in () B’”’ : —> lin () and A"q c 5 1in (),

nq— n,g—1

we have that,
I, 4(2n
e pa(En) 1
1L, 4(en)

:{B(l—)f(pﬁ) B El )( ) +q_p}_£n

(p,yt=p+1) Blgy'—q+1)
B(g,v ' —q+1) [* 2 1 y
+p—1 12w, (s ds
( )B(p, L—p+1) B(g,v ' —q+1)

ey /100(8 R (S_m | B(qryl’y— ¢+ 1)) “

LA {(P —D[B(g,y ' ¢+ )PBp—1,—~(p—1)/y—p+1)

vPp B(p,y ' =p+1)

C(@-1)B@g-L-(p-1/y—gq+1)
[B(q,y' —q+ 1)~

} + 01[»(1).
(S3.30)
We get the final result by replacing &, by the right-hand side of ()

If p > q > 2, the coefficient of term &, will vanish in which case I(p,v) =

1>,

_1>,
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B(p—1,v'=p+2)and I(q,7) = B(¢g— 1,7 — ¢+ 2). So far, the proof
for the case of ¢ > 1 is finished.

Case II: ¢ = 1. In this case, /Aln,o = %Z?:l x>0, Bn,O =1 and

(1—en)}
the estimator él(l — &5,) will be taken as X,,_p,.,)» (tail empirical quantile

process) with asymptotic property following from Theorem 2.4.8 in De Haan

and Ferreira (2006),

P
50— — 0. (S3.31)

nen (M — 1) — W, (1)

Step 1: we work on A, , ;. After some similar calculations to

(83.20), (83.21), (83.29), we have,

A,
ne, | 222t g
Anzpil
Y1 —p)I(p,7)

_ v(p—1) I (e 1) ds
_B(p,v—l—p+1)W”(1>+B(p77_1_p+1)/1( 1P W (s™17)d

AMp—1D)Bp—1—(p=1)/y—p+1) A
T B(p,y ' —p+1) W+P(1)'

(S3.32)

Step 2: we work on An,O' Using Proposition 5.1.4 of De Haan and
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34
Ferreira (EOO&) again, we have,

An n 1 "
- (Anﬁ ) 1) R (E > Lo men = PX > (1 - sn>>> +on()

_ /e {iu C (01— 2)) 1} + op(1)

(S3.33)

Step 3: we work on B, ,_;. Similar to (), we have that,

By 1 & X; ol
nl=—"—-11]= |l — — 1 - F
ne <Bn,p1 ) ne (n Z 91(1 - Efn) <

0,(1 — €n
+(p — 1)y/ne, <—01E1 — % — 1) + op(1)

i=1

=(p — DyWan(1) + op(1).

X
01(1 — €n>

")

(S3.34)

Step 4: we work on ﬁp,l(sn). Combining (ISB.QSI), (BB.QQ), (ISB.BQI),

() and (), it follows,

=~ An p—1 AnO B'n p—1
Hp 1<5n) An’ -1 A !0 X B, 1
n b S 1 — ./ n P . H,A n,p
" (Hp,l(gn) " Ano o B
(1 —p)I(p,7) } v(p—1)
= —(p=1)y—=1| W,(1) +
{B(pm‘l—erl) =10 @)

+A(p ~1)Bp—-1,—(p—1)/y—p+1)
p

A
- 1).
B(p,yt—=p+1) Tor(l)

Note that the coefficient of term W, (1) will become —2 when p > 2.
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In a summary, after a series of complex calculations, we can assert that,

e (ﬁp,q(%)_ >i> N(&(p,a.7),Vi(p.q,7)), ifg>1,

N(‘c/‘?(paq”Y)aVQ(]%qa’y))a 1fCZ: ]-a

where the asymptotic means & (p, q,7), £2(p, ¢,7), and variances V; (p, q,7),

VQ (pa q, fy) are given by

[ A=pIp,) (1-q)(q,7)
p.a.7) = {B(pm—l —p+1) Blg,y'—q+1) +q_p}

" [A(q— )B(g—1,—(p—1)/y—q+1) 5}

Y~ 1p [B(g,v ' —q+ 1))t p
A {(p —D[B(g,y ' =g+ )"Blp—1,(1-p)/y—p+1)
P Bp,yt-p+1)
_(q—1)B(q—1,(1—p)/v—q+1)}
[B(g, vyt —q+ D)]t=r ’

(VA A=pip,y) (1 —q)(g,7) 1 Blg,(2y)' —q+1)
Vl(pu%/y) - { 2 |:B<p7 7—1 —p —+ 1) B(q,’}/_l —q + 1) * p] [B((L’Y_l —q + 1)]1/2

[B(g,v ' —q+1]'?B(p,(27) ' —p+1) Blq,(27)' —q+1) }2
/2 (

" 2y/7B(p,y L —p+1) ~ 2,A[B(g. 7t — g+ 1)]
_Ap-1)Bp-1,—-(p-1)/y=p+1) A
e == B(p.y ' —p+1) BT
[ =pIpy) | Be.2)t-p+y ]
VQ(p’q’v)_{B(p,vl—pH) 2B(p,yt—p+1) P =1y 1]'
(S3.35)

Moreover, when 2 < ¢ < p, the asymptotic means and variances will
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reduce to, by noting I(p,v) = B(p — 1,7 —p +2),
A {(p —D[Blg.y ' —¢+D"Blp—1,(1—p)/y—p+1)

gpaq) -
1(#:9,7) VP B(p,y'—p+1)

_(q—1)B(q—1,(1—f))/’Y—Q+1)}
[B(g,v ' —q+ 1)t~ ’
_ Bl —a+ VI'Bp.(20) " —p+ 1)
Vi(p:q.7) = { 2yB(p,y ' —p+1)
B, (29) " g +1) }
27[Blg.y "t —q+ V2]
_AMp=1)Bp-1—(p=D/r-p+1) A
52(1%%7) - P B(p’ 7*1 —-p+ 1) B vp
B(p,(2) ' —p+1) ]°
Vg(}%Qﬁ) = |: 23(]),7‘1 _p+1) —2:| .

Y

(S3.36)

This proof is complete.

]

Proof of Theorem B We divide this proof into four scenarios: {a > 0,q >
1},{a>0,g=1},{a=0,¢> 1} and {a =0,q = 1}.
Case I: a > 0,q > 1. The equivalent formulations for IL,,(¢/) and

11, ,(e)) are given by,

Cn,p—l : Dn,q—l
)
Cn,q—l . Dn,p—l

a7l and I, ,(e) =

A1y X; by(1—ei) \ _ _x )
Cne = n Zizl <eq(175;) - 92(12;)) ) Cne=E ((%(1—8;) 1>+) ’
and
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Step 1: we work on C’n,p_l and C’n,q_l. By Delta-method on

p—1
map: 60 — E ((% — 9) ) and Lemma @, we have the following

0q(1—eh, +

decomposition,

/
nel,

Copr [\ __(=pDIpr) V7 éq<1—e;>_
Chp-1 - B(p,yt—p+1)loglen/el] \ 0,(1 —e,)

LBl gt D) e
T+ op(1).
"By —prD) Ve, o)

(93.37)

Similar to 1), ,, T , can be reformulated as,

T =

n?p

n,

EOL ), = (=))

_1\/;/ 721 — By ((t+1)0,(1— £)) — (1 — F((t+1)8,(1 — £.)))] dt.

(S3.38)

Using () (28 = 2‘118:2/:; ~ L(v,q,1)(en/el,)") and Proposition 5.1.4 of
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lDe Haan and Ferreiral (}ZOOd) with k = ne, again, we have

\F{l — Fu((t+1)0,(1 — 7)) — (1 = F((t+1)6,(1 — ,)))}
{1 —F, (t+DzU(,") — (1= F(t+1zU(EN))}
=V/nen {} 1 Fu (4 D50(")] = 1 F ((+ 1>z;U<s;1))}}
=\/ne, {i [1—F, (t+1)2,U(,")] — [+ )20 (1 + 0(1))}

Lt Dz 1

=W, ([(t + 1)2,)7Y7) 4+ /nea Ao(e; [ + 1))

P
71/2
+oe ([(t+1)2) 7).
We substitute this result into (),
/005—17)21/1/(_1/7 17 -i>ds
¢y —q+1) e

B(q,
(p ){ (9.7 _‘Hl} <l> pB p-1—(p=1)/v=p+1)
+

B Wp‘ D5 %’(; }Y’Z _;fBl) (g> o ((9/) |

(S3.39)

We combine this result with Theorem 1 of h)aouia, Girard and Stupﬂer|
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(2019) to obtain that,

Coup
Cn,pfl

Bl g ) (Y (4
_(p_l)B(pm‘l—erl)/l . Wn<8 " B >> "

+0[p>(1).

The same arguments for C’mq,l yield that,

ne’

(S3.41)

Step 2: we work on lA)n,p_l and ljn,q_l. It follows from Lemma

@ that,

(p—1) X =2
= E . 1 . B »

anfl eq(l — {-j’) (H{Xﬁeq(l e} IL{XZOQ(l €n)})

NER éq<1 —&) log[e, /]

8 — 1] ————(1+o(l

log[e,. /"] <9q(1 —&h) ) \/m ( (1))

ne’ 1 n X p—1 X p—1

=op(1),

(S3.42)

CA’nq—l /OO ) ( -1 Y )
n : —1|= —1 s—1)1 Wn S . d8+0 1).
(Cn,q—l ) (1) 1 (5= Byt —q+1) )
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where the last step follows from,

- F

0,(1 —¢},)
=(p—1) /OO P21 = F((t 4+ 1)8,(1 = €7,)) + Fu(1 = £)8,(1 — <7,))

n

1
n

X

1 N
eq(l —e)

-1

=1

—{1-F((t+1)0,(1 =)+ F((1 —t)0,(1 —¢},))}] dt

=(p—1 \/’?/ t- 2\/;1_F ((t+ 16y (1 = &,)) = (1 = F((t + 1)b,(1 —&,)))] dt

Hp— 1% / P2 F, (1= 1)0,(1 — £1)) — F((1— )0,(1 — £,)))] di

:O]p(l).
(S3.43)

The same arguments for Dn,q,l yield that,

Diyg
nel, ( al_ 1) — op(1). (S3.44)
Dn,qfl
Step 3: we work on Hpq( ’). Our object is given by,

() Vi (G x e = 1) + v

1,4 _
/ Crg— D,
toals) vy (Gt < gt =) + vy,
On the one hand, we have that,
Cop1  Dyg-
nel, N e |
Cn,pfl Dn ,q—1
CAfn —1 n 1
=y/nel, | 22— —1 A+ \/n
(Cn,pl ) an 1 nq 1

B Blg,v " —q+1) p2 iy gl
—(p_l)B(p,v—l—erl)/l (&= L7 Wa <8 / 'B(qm‘l—q+1)> 4+ orll).

(S3.45)
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On the other hand, we also have that,
a1 Doy
nE;L Cn,q 1 « n,p—1 1
Cn ,q—1 Dn p—1
C 1
=/nel, | 71— -1 =P +\/ P
(Cn,q—l ) D < np 1

=(q—1)/loos—1q2W (—1/7 7_q+1)) ds + op(1).

(53.46)

Therefore, the final result follows from,

B(gy t—q+1) [o© _ _
J2) _ = DB e~ 0 (7 ) dstvE 1)
P

(= 1) [ = 1r2W, (5717 s ) ds+va

= A -+ O[p(l).

~

Case II: a > 0,q = 1. In this case, C,y = %Z?:l ]1{Xi>él(1_8/ ) and
Do = 1. The estimator 6;(1 — £/,) will be taken as

. e Yo e, YH
01(1 —¢,) = (5_’) (1 —¢,) = <_> * Xo—nen)

n

and its asymptotic normality is also given in Theorem 1 of Daouia, Girard

and Stupfler (2019).

Step 1: we work on C,,,_1. It follows that,

el C’n,pfl _ _ v(p—1) > s 1)P2 s U7 dsto
gn< 1) Bl 1>/1 (s=1)P72W,, (s77) ds+op(1).

Cn,pfl 7 I — p +
(S3.47)
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Step 2: we work on é’n,O- We have that,

(G ) - [l (o () )2

= W (1) + Op(l)

(S3.48)
Step 3: we work on ﬁn,p_l. We have that,
Dy
ne’, (’—pl - 1) = op(1). (S3.49)
Dn,p—l

Step 4: we work on ﬁp,l(ag). Combining (BS.47|), (53454) and

() yields that,

(1 -1) v

M)  Vrelans
Mpa(eh)  /ner <C Dupt 1) + /el
- B(p?v‘lfpﬂ) fl 5 1)p_2Wn(S_1M) ds+va + op(1)
Wi(1) +va
= A -+ O[p(l).

Case III: a = 0,q > 1. Similar to the above arguments, we have that,
Crp-1 B(g,v ' —q+1) /°° L (1 v )
nel | 22— —-1]=(p—1 ’ s — DP2W, (5717 ds
(Cn,p—l ) ( )B(pﬁ‘l—er 1) /i e-1) Blg,7 "' —q+1)

+ op(1),

(S3.50)

én q—1 /OO -2 ( -1 Y )
nel | =———1] =(¢g—1 s—1)172W, [ s~/ ds+op(1),
(Cn,ql ) =t ) D Blgy™' —q+1) )
(S3.51)
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D
\/ne’ (M - 1) = op(1), (S3.52)
Dn,pfl
and
Do
\V/nel, (Ll — 1) = op(1). (S3.53)
Dn,q—l

Hence, it follows from,

~ CA’n,pfl an 1

I,,(e) V ney, <Cn,p71 X Dna ) +vne, _ Blgy'=q+1)Bp.(2y) ' —p+ 1>—|—o )
pr— ’ P .

Mpolen)  mer (b x Dopor ) + e Byt =p+1)B(g.(29) " —g+ 1)

Cn,qfl D'n ,p—1

Case IV: a = 0,q = 1. Similarly, we have that,

CA"n —1 Y /OO _ _
ne’ P2 1] = (p-1 s—1)P72W, (s7Y7) ds+op(1),
" (Cn,pl ) v )B(p,fy‘l —p+1) )i =0 (5727) detoe(1)

(S3.54)
ne, ( me 1) = Wa(1) + op(1), (S3.55)
Cn,()
and
nel (M - 1) = op(1). (S3.56)
Dn,pfl

Then, it follows from,

1(e) _ \/@@ o ) Ve _ Bp. (29! —p+1)+op(1)‘

p1(en) V/nel (g”’o X % — > + /nel, 2B(p,v ' —p+1)
n,0 n,p—1

So far, the proof is complete.

Proof of Theorem . Firstly, we have the following decompositions,

@m—daz(ma%m)%”@u—%wxrwm(EA%M)”

0,(1— <) e, 01— 012 \ =

n

(S3.57)
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and take the logarithm on both sides,

(n)en

éint 1 — 8, II
log p ( n) _ (AH_,V) log p,q—/+10g

- o eq(l - 5n) (ﬁp,q
(1) %G, =)
(S3.58)

917(]' - 6{”) €n

Secondly, by the asymptotic normality of Hill estimator (for exam-

ple, Theorem 3.2.5 in tDe Haan and Ferreira| (IZ006|), we denote its limit

distribution as (), it follows that

Jne, . ﬁpq(sn)sn Ve, (e — ) ~ ,
_— — )1 : = log I1 |
logle,, /el ] (4 =) log el logle, /el ] (og palEn) + og[sn/en])
1
- S — )41
= (0 (g ) )
=(+op(1).
($3.59)
Thirdly, using (), we have that,
Men g lillmen) o (1 N (S3.60)
loglen/el] C0,(1—eq) " \logleaje]) ~

Finally, using (), Theorem E, () and Assumption E, it follows
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_ViE [ b= G—e) L 6i(1—e) (T )
“loglen /2] _log B—e) 0=z g0 —z) ( = ) ]
B ne, [, 0,1 —¢p) 0,(1—¢l) ~

TEEEEA log 00— log 00— + vlogll, ,(e,) (1 + 0(1))]
B ne, L(v,q,1) ﬁm(en)

Toglen /] _1og COoop 1) + vlog m(l +o0(1)) + vlogll, ,(e,)(1 + 0(1))]
+0 (5 (Rl L — 1) — Rl 11— 20) + A(1/5) - A/

=/ney, log Ep,q(gn) i (1+0(1))+ 0O (ﬂ {R(p,1,7,1—¢,)+ A(l/en)}>

pa(€n)loglen /el loglen/e7]
=0p ( 1) .

(S3.61)

It is worth noting that R(q, 1,v,1—¢,) = O(R(p,1,v,1—¢,)), R(p,1,~v,1—
ey =0(R(p,1,7,1—¢,)) and A(1/e]) = O(A(1/e,)). Combining (S3.58),

n

(E3.5a), (536(1) and () yields the result.

Proof of Theorem B We also note that,

0t(1—el) (HM

_ (e;>en)&”‘” 0,(1—2,) 0,1~ <,) (ﬁp,q<e;>en)”
Op(1 —€7,) & ’

& 0,(1 —€5) 0,(1 — €7,)

n
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and

log

For the second term in (), by (), we have that,

0,(1 —¢,)
0,(1—¢,)

B 0(l—c,) 1 I
= /né, log Qq(l—sn)\/n_sn_OP( ) = op(1).

(S3.65)

For the last term in (), using () and Theorem B again, we have

0ot (1 —¢l,) 10, (e e 0,1 —c,) - 0,01 —¢,) (I,())e
p (A 1 P,g\=n/=n 1 q n 1 q n P,g\=n/=n
o1z, s ) T sy
(S3.63)
For the first term in (), it follows that,
I, 4(2)en . log I, 4(c;,) | log[en/c))]
—v) log MT = ne,(yu—7) \/Z_;n + e = op(1).
(S3.64)
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that,
~ Y
log 0,(1 —¢e,) (1L, ,(c))en
Op(1 —€7) €n
g Bl =) B =) a1 = =) (Tog(e)en )|
PH )bl -e)6(1-2) <,
~ v
0,(1—¢,) 0,(1—¢) 01(1 —e,) [ ,,(eh)en
=1 q —1 p n 1 P,d\~n
=z h(i—z) Bha—e)\ T o
0,(1—¢,) 0,(1—¢)
=log -* — log -~ " log I, 4(£1,) (1 + o(1
B —e) B (e, T IE b))
E(Va q, 1) ﬁp q(€/ ) /
=lo + ylog ———(1+0o(1)) + vlogIl, ,(e,,) (1 4+ o(1
gﬁ(% ’1) Y anq(E;-L)( ( )) 7 log p,q( )( ( ))
1
1,v,1— Al o
+0 (\/nen{R(p, Y1 —e) +A(1/e,)} \/n_sn)
~vlog A, ifa>0
= ‘|’01p>(1).

Blay ' =g+ 1)B(p,(2y) ' —p+1) e
7 1o B(E,Z—l72+1)B(z,(21)—1,§+1), ifa=0.

(S3.66)
Then the final result follows from (53.63), (53.641), (B365|) and (w) ]

Proof of Theorem B This proof is quite similar to that of Theorem @ We

also have the following decompositions,

Slim ’ ~ '?H_’Y N - v
911, (1—¢) _ (Hp,q6n> Oq(1 — en) 0y (1 — &) (Hp,q5n> . (S3.67)

ep(l - 541) e eq(l - 5n) ep(l - gln) en
and

flim(1 — &) e 0,1 —c) . 0,(1—e,) (Tppen )
1 p n — (A, — 1 p,q=n 1 q n 1 q n p,g=n
OB —ay s = Ttos g Ao A Hos g oy \ e
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First, by Theorem El, it follows that

nen ~ ﬁ 3 nan(’yH — ”)/) ~
Vg Dt _ A ———
log[ﬁn/ég] <7H 7) 0g é‘% log[esn/&’n] 0g lpq + Og[€ /8n]

-t (o ()

= C + Olp(l).

(S3.69)

Second, using (), Theoremm (take k = ney,), () and Assumption

B, we have that,

nen 0,(1 —¢,) ﬁp,qgn k
loglen/e] S 0,(1—e) \ 2,

[ = Y
Mn Oy(1 — en) (1—¢) 01(1 —&,) (T, 460
= log —* —log - LZAT| P
loglen/e] | P (T—2n) P th(T—2p) e 01(1—¢,) \ &,
nen [\ Oa(l = en) 0,(1 <)) .
= log 2 —log 2" 4 ylog I, 4(1 4 o(1
gl /e] 1800 —z) a0 _z) " ioell+ol)
Nén ‘C(’Ya q, ]-) ﬁp q
- lo +vlog ———(1+0(1)) + ylog £(v,p,q)(1 + o(1
log[e,. /€] I gﬁ(%pyl) v gﬂ(’y,p,q)( (1)) +~log (v )( (1))

+0 (m {R(p,1,7,1—¢) — R(q,1,7,1 — &,) + A(1/2,) — A(l/siz)})

— iz log 2T (14 o(1)) + 0 (L [R(p 171 — ) + A(l/sm)

(7, P, q) loglen/e7] loglen /)]

(S3.70)

Hence, the conclusion follows from (EB.GQ), (b3.6d), (B36d) and ()

]
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S4 Additional simulation results

S4.1 On Assumption H

There are two sets of conditions (Assumptions @ and H) that are quite
troublesome to verify. Table El has summarized the values of auxiliary func-
tion A(:) and parameter p in second-order regular variation for the three
distributions used in our simulation. Next, we will further illustrate the
feasibility and reasonableness of Assumption E

We continue considering Pareto, Fréchet and Student-t distributions
with parameter v, whose CDF or PDF are given at the beginning of Section
B. Following the expression of R(p,1,v,1—¢,), it is sufficient to verify that
VnenA(l/e,) = O(1) and /ne,r(L(7,p,1)01(1 — €,),p,7,X) = O(1). For

the former, it follows that, by checking the values of A(-),

0, Pareto

VienA(l/en) = { 1\ /mgne,,  Fréchet

Cor/ne,e?,  Student-t,

with a constant Cj, which can be bounded by choosing a suitable ¢, and

meets the condition /ne,A(1/e,) — X\ as n — oo in Theorems El - B For
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the latter, as n — oo, it follows that,

O, /g emintla} Pareto
v

Vnenr(L(y,p, 1)01(1=¢n),p, 7, X) ~ § Oy /nz, max {5,“ <log <1j€n>> } ,  Fréchet

Oy /Epemintla} Student-t,

\
by noting that
4
€ Pareto,

61(1 — 5n) ~

\

n

(log(1/(1 —x))) ™7,

Fréchet,

e Student-t.

n

where C4,Cy, C3 are all constants depending on «, p. The quantities in-

volved above can all be bounded by choosing a suitable €,,. In a summary;,

Pareto, Fréchet, and Student-t distributions can all satisfy Assumption E

S4.2 Simulation results for TRELT

In this section, we provide a brief analysis of experimental results for

TRELT. We implement the following methods for comparison,

o LimTRELT-I: the estimator ﬁw () for I, ,(£,);
o LimTRELT-II: the estimator ﬁm () for I, ,(€,);

« IntTRELT: the estimator IL, ,(c,) () for 11, ,(£,);
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« ExtTRELT: the estimator IL, ,(¢/) () for 11, ,(€).

The values of MSREs are all collected in Tables m and E What can be
observed is that, for the intermediate level, LimTRELT-I usually presents
higher MSREs than Int TRELT when + is smaller. This may be attributed
to the fact that LimTRELT-I is more suitable for smaller levels, whereas
the intermediate level ¢, is not sufficiently small, especially for a smaller
v. For the extreme level, it can be observed that LimTRELT-II usually
reports the lowest MSERs while ExtTRELT reports the highest MSREs.
This could be due to two main reasons: firstly, the extreme level is small
enough to render LimTRELT-II more appropriate and effective; secondly,
as observed, the BM method indeed displays some biases, which may con-
tribute to the unsatisfactory performance of ExtTRELT, since I, (¢/,) is
exactly established by substituting BM into () Overall, the four meth-
ods demonstrate lower MSREs with heavier-tailed populations and larger

sample sizes.

S4.3 Additional analyses for ExtraM-I, ExtraM-II, ExtraM-III

In our simulation, it has been shown that one well-performed extrapola-
tion for 6,(1 — ¢} is the ExtraM-II. It appears to be counterintuitive, as it

is an extrapolation based on ExtTRELT, whose performance is not really
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Table 1: The MSREs of LImMTRELT-I, LImTRELT-II, IntTRELT, and ExtTRELT for
Pareto, Fréchet and Student-t distributions with v = 1/3. The bold numbers are the

smallest values in each row.

Methods LimTRELT-I LimTRELT-II IntTRELT ExtTRELT

en (k) (p,q) n = 2000
Pareto 0.0290(58) (2.4,1.8) 0.08621 0.04659 0.05564 0.14720
(2.4,2.0) 0.04212 0.02356 0.02800 0.06712
Fréchet  0.0385(77) (2.4,1.8)  0.06887 0.03260 0.07509 0.19160
(2.4,2.0) 0.03247 0.01620 0.02952 0.07440
Student-t  0.0265(53) (2.4,1.8) 0.14574 0.13605 0.05006 0.12116
(2.4,2.0) 0.07289 0.06461 0.02530 0.05273

n = 5000
Pareto  0.0110(55) (2.4,1.8)  0.05923 0.04620 0.05719  0.08763
(2.4,2.0) 0.02959 0.02345 0.02841 0.04048
Fréchet 0.0160(80) (2.4,1.8) 0.05337 0.03591 0.07362 0.12345
(2.4,2.0) 0.02590 0.01788 0.02886 0.04643
Student-t  0.0120(60) (2.4,1.8) 0.06626 0.06415 0.05096 0.08526

(2.4,2.0) 0.03317 0.03131 0.02589 0.03842
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Table 2: The MSREs of LImTRELT-I, LImTRELT-II, Int TRELT, and ExtTRELT for
Pareto, Fréchet and Student-t distributions with v = 0.45. The bold numbers are the

smallest values in each row.

Methods LimTRELT-I LimTRELT-II IntTRELT ExtTRELT

en (k) (p,q) n = 2000
Pareto 0.0290(58) (2.0,1.5) 0.04157 0.02456 0.03483 0.12541
(2.0,1.8) 0.00787 0.00516 0.00832 0.02145
Fréchet 0.0385(77) (2.0,1.5) 0.03193 0.01658 0.05719 0.20204
(2.0,1.8) 0.00559 0.00342 0.00855 0.02331
Student-t  0.0285(58) (2.0,1.5) 0.04222 0.03816 0.03614 0.12617
(2.0,1.8) 0.00896 0.00757 0.00862 0.01888

n = 5000
Pareto  0.0108(54) (2.0,1.5)  0.02949 0.02531 0.03804 0.06494
(2.0,1.8) 0.00607 0.00537 0.00861 0.01252
Fréchet  0.0160(80) (2.0,1.5)  0.02460 0.01813 0.04939 0.10478
(2.0,1.8) 0.00469 0.00369 0.00819 0.01375
Student-t 0.0110(55) (2.0,1.5)  0.03075 0.03003 0.04876 0.09202

(2.0,1.8) 0.00628 0.00604 0.01036 0.01431
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satisfactory. Now, we try to provide a reasonable explanation for this ob-
servation from a numerical perspective. To do this, we report the values of

following quantities in Tables E and @,

{IL, 4(en), W, 4(en), 0,(1 —€l,), Ratio;, Ratios, Ratios}, (S4.71)

where . e
Ratio; = < p’qézn 8") i €N)7 (S4.72)
Op(1 —e)
e )en )
Ratio, = ) o gn), (S4.73)
Op(1 —c,)
v
Ratiog = G - (84.74)
Op(1 —c1,)

We consider the decompositions for ExtraM-1, ExtraM-II, ExtraM-III:

;

~. EV N ~ N Hp,q<€n)5n h _
O ch) ()77 i) o Tpglenn  (PHE) GaCen)
Op(1—¢1,) 0q(1—¢n) Hp,q(en) Op(1—ep) ’

_ G N ~ N 71_[?‘1(5")6”)79 1—¢
0§Xt(1_5/n) _ <6n>’YH K X 0q(1—¢n) X Hp,q(en)7H X ( <n al :

Op(1—cr,) — \ &, 0q(1—en) Hp,q(eh)Y Op(1—ep) ’
lim Ao R ~3 l(%p,q)En
=) _ (e,\ 7T dgamen) T ((O5E) 00—

[ Op(1=ch) e Oq(1—en) ~ £(v,p,q)7 0 p(1—ep)

Note that only the last two terms are different in the above decomposi-
tions. It is readily to see that H pq and Hp q(€l,) are more downward biased
below 1 than ﬁp,q(en), and Ratio;, Ratio,, Ratios are almost larger than 1

from Tables E - @, especially for Pareto and Fréchet distributions. Thus, the

b (1—€p) -

1s sometimes
P(l n)

products of the last two terms probably result in that

xt olim 1 _ 7/
upward bias while g (51 fTS) and egp(gl_;g) mostly stabilize around 1.
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Table 3: The true values of quantities given in () for Pareto, Fréchet and Student-¢

with n = 2000, &, = k/n and &, = 0.005.

(;) (p,q) I, 4(en) Iq(e,) 6p(1—¢,) Ratiop Ratiop  Ratios

Pareto 1/3  (24,1.8) 149171 1.30619 553376  1.13952 1.09017 1.02371
(0.0290) (2.4,2.0) 1.36311 1.25541 553376  1.13168 1.10105 1.05675
045  (2.0,1.5) 1.36022 123646  10.72927 1.10970 1.06308 1.01997

(0.0290) (2.0,1.8) 1.18339  1.14471 10.72927  1.09922 1.08291 1.06607

Fréchet 1/3 (2.4,1.8) 1.45972  1.27669 5.45012 1.13905 1.08930 1.03071
(0.0385) (2.4,2.0) 1.18339  1.14471 10.72927  1.09922 1.08291 1.06607
0.45 (2.0,1.5) 1.34688  1.21409  10.58741 1.11111 1.06041 1.02581

(0.0385) (2.0,1.8) 1.17675  1.13418 10.58741  1.10232 1.08419 1.07178

Student-¢ 1/3 (2.4,1.8) 1.06031  1.07328 4.81372 0.92663 0.93040 0.93278
(0.0265) (2.4,2.0) 1.08074  1.09849 4.81372 0.92520 0.93024 0.93344

0.45 (2.0,1.5) 1.10219  1.11855 7.68907  0.95357 0.95991 0.96347

(0.0285) (2.0,1.8) 1.08480  1.09828 7.68907  0.95443 0.95975 0.96259
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Table 4: The true values of quantities given in () for Pareto, Fréchet and Student-¢

with n = 5000, &,, = k/n and £/, = 0.005.

(;) (p,q) I, 4(en) Iq(e,) 6p(1—¢,) Ratiop Ratiop  Ratios

Pareto 1/3 (2.4,1.8) 1.37728  1.30619 5.53376 1.06992 1.04136 0.97787
(0.0110) (2.4,2.0) 1.29794  1.25541 5.53376 1.05613 1.04447 1.00245

0.45 (2.0,1.5) 1.28038  1.23646 10.72927  1.04282 1.02657 0.98494

(0.0108) (2.0,1.8) 1.15913  1.14471 10.72927  1.03778 1.03195 1.01590

Fréchet 1/3 (2.4,1.8) 1.36968  1.27669 5.45012 1.07389 1.04901 0.99259
(0.0160) (2.4,2.0) 1.29205 1.23646 5.45012 1.07033 1.05476 1.01747

0.45 (2.0,1.5) 1.27918  1.21409 10.58741  1.05664 1.03210 0.99842

(0.0160) (2.0,1.8) 1.15633 1.13418  10.58741 1.05160 1.04249 1.03055

Student-t 1/3 (2.4,1.8) 1.06788  1.07328 4.81372 0.97114 0.97277 0.97527
(0.0120) (2.4,20) 1.09110 1.09849  4.81372  0.97022 0.97241 0.97576

0.45 (2.0,1.5) 1.11385 1.11855 7.68907 0.98713  0.98900 0.99267

(0.0110) (2.0,1.8) 1.09437  1.09828 7.68907 0.98751 0.98909  0.99203
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S4.4 On the choice of ¢

In this subsection, we explore the impact of the choice of ¢ on the estimation
of 0,(1 — ¢})) from a simulation-based viewpoint. To describe the influence
on the performance of our proposed methods, we plot the curves of the
MSREs (Mean Squared Relative Error) against a series of discrete q. We
follow the parameters with p = 2.4 for v = 1/3 and p = 2 for v = 0.45.
By setting step as 0.1, the range of ¢ is {1.7,1.8.1.9,2.0,2.1,2.2,2.3,2.4}
for p = 2.4 and v = 1/3 while {1.3,1.4,1.5,1.6,1.7,1.8,1.9,2.0} for p = 2
and 7 = 0.45. Note that the three extrapolative estimations 0}}“ (1—¢l),
5;“ (1 —¢/) and égm (1 —¢&!,) will reduce to the standard one QNISfa(l — )
when p = q.

Figure m shows the curves of MSREs against ¢ for Pareto, Fréchet and
Student-t distributions. It can be observed that under different distribu-
tions or different parameters of the same distribution, the three estimations
exhibit varying performance. To be more specific, the MSREs of ExtraM-
I decrease for Pareto distribution but increase for Fréchet and Student-t
distributions; the MSREs of ExtraM-II show a trend of first decreasing
and then increasing for all three distributions; the MSREs of ExtraM-III
exhibit a increasing trend for Pareto and Fréchet distributions, while for

Student-t distribution, they show a decreasing trend with a small sample
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but first decreasing and then increasing trend with a large sample. Over-
all, for Pareto, Fréchet distributions, ExtraM-III performs better, while for
Student-t distribution, ExtraM-I and ExtraM-II yield better results.

In summary, given a specific distribution along with p and ~, the ex-
perimental results suggest that, ¢ should be chosen as small as possible
to minimize the MSRE. However, this does not always work for all three
extrapolative estimations. For Pareto, Fréchet distributions, if ExtraM-III
is used, ¢ should be chosen as small as possible, whereas for the other two
methods, a larger ¢ would yield better results. For Student-t distribution,
a smaller ¢ is more suitable for ExtraM-I, while ExtraM-II and ExtraM-III

perform better with a larger q.
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Figure 1: The curves of MSRE against ¢ for ExtraM-I, ExtraM-II, and ExtraM-IIT
under Pareto (left column), Fréchet (middle column) and Student-¢ (right column) dis-
tributions. The plots in the top two lines are drawn for v = 1/3 and p = 2.4 with
n = 2000, 5000 while the plots in the bottom two lines are drawn for v = 0.45 and p = 2

with n = 2000, 5000, respectively.
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