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S1 Proof of Theorem 1

For simplicity, we temporarily suppress the transformation function index j. We extend
the definitions of & and G; as functions of a and a general monotone function A (in-
stead of a vector of jumps), such that & (a, A) = fOYi exp(a’ X;)dA(s) and G;(a,A) =

G{&(a,A)}. The (scaled) score statistic for 8 can be written as

Us(@, A7) = n 2> " (@, N){RiSi + (1 — RV Wi},

i=1

where

pi(on A) = A + Aphi(a, A& (e, A) = Gi(e, A&, A).
Let p; be py; for a generic subject. Define the function
Iga(+) = —E[ph (e, No) exp(ag X){ RS + (1 = R)voe Wi }I(- < Y)],

where s (e, A) = An(cr, A)E(er, A)+ At (e, A)—G" (e, A)E(ex, A)—G(ex, A), and G(ex, A)
and G"(a, A) denote G'{¢(ax, A)} and G"{{(e,A)} for a generic subject. Note that we
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can also write the true-measure counterparts of jga and /I\,g,y as

Tgo = —E[ui (a0, Mo)é (e, Ao) X {RS + (1 = R)y5c Wi},

I, = —E{p(0o,No)(1 — R)Wi}.

Let I, be the expectation of TW. Also, let _/T\BA() be the empirical counterpart of Iz (),
with the expectation replaced by an empirical mean. For notational convenience, we
denote 1 (g, Ao) and (e, K) by w1 and fiy, respectively.

To prove Theorem 1, we need to first obtain the limiting distribution of \/n(a— ay, A—

Ap). Define the set

H = { (hg, hp) : hy € Rl Ry s a function with bounded variation on [0, 7];

[hall <1, lhally <1}

Let ¢(a, A) be the log-likelihood for the survival model under Hy for a generic subject,

that is,

Y, A) = A{ log A(Y) + aTX + log ('(a, A)} — G(a, A),

where G(a, A) denotes G{{(ax,A)} for a generic subject. We define the derivative of

(o, A) along (R, hy) as

Can(et, N)[ha, ha] = %6(04 +eha, A+ e/hA(s) dA(s))

e=0

— A{RTX + ha(Y)} + Ad(ct, A) exp(a’X) / (hIX + ha(s)} dA(s)

~ (e A) exp(a X) / {RIX + ha(s)} dA(s).

Clearly, IP’{EQA(aO, Ao)[ha, hA]} = 0 under Hy, where P is the true probability measure.
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S1. PROOF OF THEOREM 1

By the Taylor series expansion, we have

P{ Lo (&, N)[Ra, ha] = Can (o, Mo) [Ra, ha]}
(6 — )P ( X {A{w(ao, Ao) exp(ed X) + (e, Ao) exp(26 X)Ao(Y) }
_ {G’(ao, Ao) exp(ag X) + G (g, Ag) exp(QaOTX)AO(Y)H /OY{th +ha(s)} dAo(s))
n /OTP([(S <Y) {{Aw(ao,Ao) - G’(ao,Ao)} exp(ag X ){hy X + hy(s)}
- {B0(a0, ) — . Ao expi2af X) [ {RIX + (0} dba(n)] ) AR = s +o(1)
=(a — ap)"Wa(ha, ha) + /0 W (B, hia)(s) d(A — Ag)(s) + o(1).
With the above arguments, we can use Theorem 3.3.1 of jvan der Vaart and Wellner| (1996))
to establish the weak convergence of \/n(a—ay, /AX—AO), following the arguments of Zeng,

Lin and Lin (2008)). We obtain the following lemma, which is analogous to Theorem 2 of

Zeng, Lin and Lin| (2008).

Lemma S1. Under Hy and Conditions (C1), (C7), and (C8), for any (hy, hy) € H, we

have
Vahl(@ = a0 + [ ha(9)dE = Aa)(s)} = ~VilPy ~ Pl ( Ao)lFas Pl + 0,(0)
where (ﬁa,%/\) = (W, Wa) L (hy, hy), and P, is the empirical probability measure.

We now turn to the proof of Theorem 1.

Proof of Theorem 1. First we consider the score statistic, Uﬁ(j)(a(j),]\\(j),ﬁ,c), under a

single transformation model. For simplicity, we suppress the index j. Note that for any
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fixed IC, the Taylor series expansion of Us(a, A, i) at (e, Ao, Yor) 18

1 ~T
=—7 [m,i{Rz'Si + (1= R)veucWri} — Lo (& — o)
PN ~ AT ~—1
_ / Ton(s)d(R = Ao)(s) = T, T Wi Ru(Si = 45 W) | + 0,(1)
0
R -
=iz Z [Ml,i{Rz‘Sz‘ + (1= Ri)vox Wit — Iz (@ — o)
i=1

_ / Ion(s) (R = A)(5) = I5, T W aRi(S: = Y5 W k)] + 0,(1)
0

n

1 ~ _
= V) Z [M,z’{Rz‘Si + (1 — Ri)'YoT]CWIC,i + quz} + oy — IE»YI»Y;WIC,iRi(Si - ’Y(};CWICJ)
i=1
+ Op(1)7 (Sl)
where

G (g, Ao)

= — A () = A 2
NQ,Z 2QA< z) ZG;(ao,Ao)

exp(ed X)) [ 15 < V)i(s) dho(s
+ G, Ao) exp(ag X;) /OT I(s <Y;)qa(s)dAg(s),

and (q,,qn) = (W o, Wa) " (I ga, Iga); the existence of the inverse is guaranteed by Con-

dition (C8). The second equality follows from the convergence of 7, Tﬁa and fBA to the

AT ~—1

true values (by Lemma [S2|in Section and the convergence of ™23 (I, I —
I, I W i Ri(Si — Yo W,i) to zero (by Lemma [S4fin Section . The third equality
follows from the convergence of & and A (by Lemma. The first term on the right-hand

side of (S1)) can be written as

n

1 ~
Y7 Z [{Mu — B | R, X3) H{RiSi + (1 = R)vye Wi + @0 X }

=1

+ {12 — B(pz | Ri,Xi)}}



S1. PROOF OF THEOREM 1

n

# Z [(’YOTX + 63){13(#1 | R, X)X, —E(1n X | Rl)}

i=1

+ {E(,u1 | Ri, X)) — E(m | Rz’)}’YoTA,iCAK,i

_|_

+{E(u | Ri, Xi) — I3 I Wi} Ri(S; — e W) + {B(p2 | Ri, X3) — E(pz | Ri)}]

n

1 ~
—5 > { (W + @B X | R + B | R)vdacAx + Bz | R) |
=1

1 1 < 1 <
EWZU1i+mZU2i+WZU3i’
i=1 i=1

i=1

+

where g4 is the subvector of 7 that corresponds to the selected components of A.

Note that Uy;, Uy; and Us; generally depend on the selected model .
We now reintroduce the index 7 = 1,..., ¢ for the transformation function. Let UM ,

UQ(f ) and U3(f ) be Usi, Uy and Us; computed under G, respectively. The score statistic

under ) = 0 and GU) can be written as

Uﬂ(])(a(J)’A( ) = n1/2 ZUlj)Jr nl/2 ZUéZ Tk 1/2 ZU?S +0p(1

Let Uy; = (Uéz),...,Uég))T for k = 1,2 and 3. For j,l =1,...,qand k£ = 1,2 and 3,
il ! il
define o (K)?2 COV(U,cl ,U,ﬁf). Let X3(K) = (a,(j )(K)2>jl:1 7777 ,for k=1,2and 3, and
B(K) = X1 Se(K)-
By the Cramer—Wold device, it suffices to show that tTE(IC*)_l/2ﬁ5(lC*) converges to
a standard normal distribution for any vector ¢t € R? with ||t|| = 1. By a version of the

portmanteau theorem (Pollard, 2002, p.177), it suffices to show that for any g € C3,

E|g{¢"S(C) 2 0(K7 ] — E{g(2)), (52)

where Z is a standard normal random variable. Based on the above results and the
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mean-value theorem,
B[g{t"S0C) 205 }]
_ / E[g{thucrl/?ﬁB(/Q} K = IC] dPy- (K)

where P+ is the probability measure of K*.

Fori=1,...,n,let
~ 1/2
Uy =Var(Uy | R, X, 5, A;) " Zy;,

where Z11,..., 44, arei.i.d. standard multivariate normal variables that are independent

of the observed data. Let V1, = ﬁn + e+ 171,2'_1 +U i+ - +Up fori=1,...,n

Note that
[ {nl/zth 172 U11+U21+U3Z)}
_ g{# ZtTE(IC) 1/2(ﬁ1i + Uy + U32>} | | IC]

i=1

n Blg {W(VMJFZU%JFZU@JFUM-)}
i=1 J J
_g{tTET(LlL/gl/Z<Vu+ZU2j+ZU3j+ﬁM>} | KC* :/C}

:WiE[Q {tTE(Uz - (Vh +ZU2J +ZU3J>} (Ui — fju) | K" =

1/2
1=

ZE( 27 (V1,+ZU2J +ZU3])}
x [{ETS(K) 12U — (£7S(K) 20,02 | K = /c)

6 3/2 ZE[ /// tTE IC)—l/QUM}S ///( ){tTZ(IC)—l/QﬁM}?) | K — IC} (84)



S1. PROOF OF THEOREM 1

for some variables a and a. By construction, Uy; and ﬁli are independent of V1; and

Zj(Ugj + Us,) given Oy = (R;, S;, X, A;)i=1,..n. The expectation in the first term on

.....

the right-hand side of is
(el {2 (v + S0y + 2 Us) 00k <]

x B(Uy; — Uy, | (’)I,IC*:IC)IIC*:IC) =0,

1/2

because E(U1; — U, | 01, K*=K) =EUy; — U, | O1) = 0. Likewise, the second term
on the right-hand side of is 0, because the conditional second moments of Uy; and
Ui given O; match (i = 1,...,n). For K € Q,, the right-hand side of is bounded

above by

id MZn—WZ { s (0P +10P) 167 =K}
for some positive constant M. By Lemma in Section E fQ Clj) dPj« — 0 for
j =1,...,q. Therefore, the Uy;’s in 1’ can be replaced by Uh-’s. Furthermore, note
that n=1/23"" | U, can be written as EI(IC)l/ZZl, where Z; is a standard multivariate
normal random variable independent of the observed data, f]l(lC) = (39 l)(IC)Q)jJ:l 77777 o
and 7Y (K)? is the empirical counterpart of o/” (K)2; the precise definition of " (K)?

is given in Section . By linear expansion, we conclude that the right-hand side of

is equal to

/ Blo{ I/QZtTE (Y2 (K) 22 + Uni + Ugi) | | K = K| dPe-(K) + o(1),
’CEQ'IL

(S5)

up to an additive term bounded above by
sup [[£7 () 2|, sup [[{£:()"* - 1K)} 24 ).
Ke
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which tends to 0 by Lemma [S3]in Section [S3|

Next, we show that Us;’s in can be similarly replaced by normal random variables.

Define

ﬁ% = VaT(Uz | R;, A;,S; — ’YoTXXz‘)l/QZ%

for © = 1,...,n, where Zo,...,Z,5, are ii.d. standard multivariate normal random
variables that are independent of the observed data and Zi4,...,Z,. Note that the
above conditional variance is taken with respect to X. We wish to show that

" TR (K) 2
/Q E[g{ Z %(nlﬂEl(l@le + Ugi + ng)}

=1

o] Z £TS(K) 2

nl/2

(28, (K)Y2Z, + Usy + U?,Z»)} K = /c] AP (K) = o(1).

(S6)
Following the arguments in the proof of Theorem 1 in Wong and Feng| (2023)), the event
{K* = K} in the conditional expectation in (S6) can be replaced by {K§ = K}. Let
Vo = ﬁgl + e+ [727,-_1 +Uszip1 + -+ Uy, for ¢ = 1,...,n. The term inside the
integration of the left-hand side of is up to a vanishing term equal to
S e[ 2O v 02, v+ Y 0,))
J

B g{tTEUC)_I/Q

ni/2

(Vo + 01 220(K) 221 + Ui+ YUy ) } 1 Ky = K]
J

EIS(K) V2 G [ (TR (K) 12
_ TR E@{_LL_

nl/2 nl/2

<V2¢ +n'PSy(K)2 20+ ) U3j> }(U2i ~Uy) | K5 =K
j

i=1

n T —-1/2
+ % ; E(Q”{% <V2i +n! P2 (K)2Z + ZJ: U?’j) }

x [[ETS(K) 12U} — (£"S(K) 20, | K = /c)
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S1. PROOF OF THEOREM 1

n ﬁ z_; E [g///(b){tTE(K)—l/QUQi}?, _ g///('g){tTE(]C)—l/QijQi}?’ | ICS = IC] (87)

.....

is implied by Oy, we have

[ ,{tTZ(/C)_l/Q

Blo{ == (Vo n'"S(K) 22, + 3 Uy,) U = Us) | K5 = K]
J

_ E(E [g’{w (Vgi + 2% (K) 22+ Y Ugj)} | Oy, KE = /c]
J

nl/2

Likewise, the second term on the right-hand side of is 0 because the conditional second
moments of Us; and Us; match. By Lemma in Section , the third term on the right-
hand side of is bounded by a variable »7_ géi'} such that an 2(51) dPx- — 0, so 1)
holds. Furthermore, we can show that Us; in (S6]) can be replaced by n'/23,(K)Y/2Z, for
a standard multivariate normal random vector independent of the observed data and Z;.

Let Us; = Var(Us | Axi)Y2Zs;ifori=1,...,n, where Z3,, ..., Z3, arei.i.d. standard
multivariate normal variables that are independent of the observed data and (Z1;, Z;)i=1
By arguments similar to the proof of Theorem 1 in Wong and Feng| (2023), we can show

that

noT ~1/2
/ E[Q{Z%(nmzl(’c)mzl+”1/222(’C)1/222+U3i)}

' nl/2
n =1

LEEESS —-1/2 B
_ g{ Z t 3(K) (22, (K)Y2Z, + n22(K) V2 Zy + Ugi)} K= IC} dP. (K)

4 n1/2
=1

tends to 0. Combining the above results and applying Lemma [S3| again, we have

E[Q{i%(rjli—FUQi%—U&)} | KC* :]C}

1=
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- E(g [th:(/C)—l/?{z:l(lol/?z1 4KV Z, + 23(/01/223}]) +o(1)

uniformly over K € €, where Z3 is standard multivariate normal random vector indepen-
dent of the observed data and (Z1, Z,). Because 3,(K)/2Z, +35(K)2Z,+35(K)V/2 Z;4
is multivariate normal with mean 0 and variance 3(K), the desired convergence fol-

lows. O

S2 Proof of Theorem 2

Proof of Theorem 2. We establish the consistency of the proposed variance estimator un-
der the case with a single transformation function G; the case with multiple transformation
functions is analogous. Following the arguments in the proof of Theorem 1, for any fixed

~

KC € Q,,, the Taylor series expansion of Ug(a, A, ¥) at (a, Ao, Yor) vields

n

PRI 1 SRS
Us(a, A k) = 7 > [Ml,i(amAO){RiSi + (1= R)vox Wi} — Lari(@o, Mo)[Ga, Gr]

=1

IT I W}C ZR(SZ — ")’OT,CW;QZ')] + 0p<1)

By vy
n1/2 Z 70i(K) + 0,(1

Note that the proposed variance estimator for the score statistic, n=* 7" | {5;(K) —

E(IC)}Q, is equal to

_Z{Uz —00i(K) +00:(K } —a(K
S Z{m — il >}2+§Z{a<ic>—amaq}aoxm—auc)%

(S8)
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S2. PROOF OF THEOREM 2

5.()

To prove the convergence of the proposed variance estimator, we first show that n=!' >~ | {O‘Z‘(

o0i(K } = 0,(1) uniformly over K € €2,,. Note that

_z:{o'Z O'oZ )}2

1 ~ —~
S - Z (11,4 ($){ RiSs + (1 — Ri)'YEWIC} — pi(ow, Ao) { RyS; + (1 — ll%z')’)’gT;gVVIC,iH2

=1

1 o~ (AT ~-1 R )
T Z (T, L, Wi Ri(Si = 3x W) = T, LW iRi(Si = 7o W) }
Afl ~ o
T Z {Iﬂc e Ui = lani(ao, M) [@,, dal}

Using the arguments in the proof of Theorem 2 of Wong and Feng (2023), we can show
that A; and A, converge in mean to zero uniformly over K € €2,,. It remains to show
that A3 converges in mean to zero. Note that Aj consists of the difference between the
derivative of the log-likelihood with respect to (a, A1, . .., A,,) and the derivative of the log-

likelihood with respect to (e, A) (along some direction). Let v, and v be the first ||a||o

and the last m components of TC_CI/I\BO respectively, and partition Ucz = (UM, U fZ)T
correspondingly. Note that
Ui = {2i(Q&(0) - GIO&(O v X,
and
ViU, = ”AA’““ fj 1(Y; > ti)mas{ Ai(Q) — Gi(C) } exp(@” X),
k(i) e
where vy ; is the jth term of v). Define a step function ax that jumps at ¢4, ..., t,,, with

ax(tj) = V,\J»/Xj for j =1,...,m. We have that

AT ~—1 ~

IﬂCICCUCl_V UO(’L+V)\U)\7,_£C!AZ( K)[Va,a//\]

11
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Recall that (W, W) ™! is a continuous linear map from H to H. Thus, A3 can be written

as

P { £ar (@, N)[@n, @] — Lar (@A) [Va, an]}
=P { lan (@ B) [(Was W) { W @ar ). W (@ 1)}
o (@A) [(Wo, W) W (0, an), Wi (v ax) ] }2

=B [fan(@ B [(W o W)™ { (s L) — (Wa(visan). WA(Va,aA))}HZ. (S10)

Consider the difference term on the right-hand side of the above:
(Lo Ia) — (Wa(Va, an), Wa(Va, an))- (S11)
The first component of can be written as
Ig, — Wo(va,an) =1Is, — Tﬁa + f,mua + /I\a)\uA — W (Va,ay).

Since || 1o — TBQHQ = 0,(1) and H/I\,ml/a + Ty — VVQ(I/Q,CLA)H2 = 0,(1), the Ly-norm
of the left-hand side of the above display is 0,(1).

The second component of (S11]) can be written as

AT

Isn — (Tp0)() + Toava) () + @) () = Wa(Va, an),

where for an m-vector a, (a)(-) denotes a step function that jumps at ¢q,...,¢,, with
(a)(tj) equals the jth component of @. By Lemma , | 1sn — (T@\)()H% = [/ {Isa(s) —
(fm)(s)}2 ds = 0,(1). Because the derivatives of the log-likelihood evaluated at (e, PV Xm)

equal 0, we have

1 1 o~ o~ . .
==y > I = t){An(a, A) - Gi(a, M)} exp(@' X;)  forj=1,....m.
nA; i=1

12



S2. PROOF OF THEOREM 2

Therefore,

(Taava)(s)
==Y It <s<t) [GA(tj)% D 1Y > 1)) { Aitbi(o, Ao) — G, Mo) } expleg X ;)

j=1 i=1

+ % Z {Am;i(ew, o) — G (ag, Ao) } exp(20y X ;) /I(YZ« > max(t,t;))an(t) dAO(t)}

=1

+ 0,(1).

Also,

(Torva)(s)

1 & )
I(t]’_l < S8 S t]) |:E Z [(Y; 2 t]){Az’gbl(C\CQ, Ao) — Gi(ao, AQ)} eXp(agX,-)Vin

1 i=1

NE

n

= 5

1(; > ;) { Ao, Ao) — G (cxo, Ao) PA(Y;) exp(2a] Xi)ngi] +o,(1).

1

+

i

We can see that (TZAVQ + /f»\l/)\)(-) is (up to an o0,(1) term) the empirical counterpart of
Wi (Va,an), so by the Glivenko-Cantelli properties of the functions involved, H(fi\ua +
Tov) () = Walva, an)l|z = 0,(1). Because the class of functions {loa (e, A)[hq, hal?}
is Glivenko—Cantelli and (W, W,x)~! is a bounded linear map, we conclude that the
right-hand side of converges to 0 in probability.

Note that the fourth term on the right-hand side of converges to zero in mean
uniformly over L € €, following the proof of Theorem 2 in Wong and Feng (2023]).

Combining the above results, we have

%Z{a(/@— Zam 12+ 0,(1).

13
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Note that 7y;(K) = Zi:l U;. By arguments similar to the proof of Lemma , we have

% Z;: (kzg; Um-) 2 — Var ( kzg; Ukl) +0,(1) = Var(Uy,) + Var(Us; ) + Var(Us; ) + 0,(1),

where the o0,(1) term converges in mean to 0 uniformly over K € €2,,. The desired result

follows.

S3 Additional theoretical results

Lemma S2. Under Conditions (C1)-(C3), and (C7), there exist positive constants C4

and Cy such that the inequalities

N t+ log Tn+ @\ 2 qu(logn)¥é(t +logr, + q,)*¢
KS&I; Yk — Yok ( ) + n ’
() _120) (G170 ) + logrn + @\ 2 qu(logn)¥E(t +logr, + qn)*¢
sup [T — a1 > 6 ) . ,
t+1 12 g% V&(t + log r,, )1/ min(1:€)
sup HI;]&—I(BO)[ {( + ogT + 4 (logn)"/¢(t + logry) }’ and
KEQn n
: : 1/2 t+10 + log(2r,) Y 1/2
705) (4) g1n -+ 10g 2Ty, }
sup sup (I (s)— 15:(s
ICESI;nOSSIS)T sa(8) = Iia(s)] > { nt/4 n

+

1/2{log( n)}l/s{t +logn + log(Q,,,n)}l/min(Lg)]
n

hold with probability at most Cyexp(—t) for j =1,...,q and large enough n and t.
For 5,1 =1,...,q, define
¢ LS REOUY | R X5 4)
o
)? = % zn: E(Uéz)Uz(? | Ri, A, Si — ’YOTXXz‘)
550 (K)? = ZE (U U | Ax).-

14



S3. ADDITIONAL THEORETICAL RESULTS

Lemma S3. Under Conditions (C1)-(C4), for j,l =1,...,q and large enough n and t,

there exist positive constants C7 and Cy such that

t+logr,\1/2 (1 2/€(t + log 1, )2/¢
{sup Z‘Uﬂ) l)(IC)2‘ < CH{(&) ¢n(logn)?¢(t + logry,) H
KeQn 1= - + .
< Cyexp(—t).

Lemma S4. Under Conditions (C1)-(C4), for j =1,...,q,

] = o(1).

[ SUP 1/2 Z{ Iﬁ“{ 7 o (I(ﬁjg)w[gjv))_l}W’CviRi(Si - PYOT/CW’C:Z')

Lemma S5. Assume that Conditions (C1)-(C3) hold. For U,g) and ﬁéf) (k=1,2,3;i=
1,...,n;7=1,...,q) defined in the proof of Theorem 1, there exist positive constants C

and Cy such that

3 n ‘ . 3/2 3/¢ 3/¢

3 1 S (U9P + 09 (t+logr,)'? g (logn)**(t + logry)
P ’SS(I; n3/2 (|Ukz ’3 + ‘Ukz |3) > Cl +

k=1 n =1

n n3/2

is smaller than Cyexp(—t) for large enough n and t.

We omit the proofs of Lemmas[S3|and [S4] which are analogous to the proofs of Lemmas

S2 and S3 in Wong and Feng (2023)).

Proof of Lemma[S3. We refer the proofs of the first, second, and third results to the proof
of Lemma S1 in Wong and Feng (2023). For the fourth result, we consider a single trans-
formation function, and the same arguments can be extended to multiple transformation

functions. Let m = [n'/2] be the integer part of n'/? and ¢,, = {0, Z, 2, ..., 7}. We have

m

sup sup |Iga(s) — Iga(s)| < sup sup |Iga(s) — IBA(S)‘ + sup sup ’[5,\(3) — Iga(s")
KeQ, 0<s<1 KeQn s€lm KeQn s,8":|s—s'|<1/m

+ sup sup ‘IgA(S) — IBA(SI)‘- (S12)
KeQn s,8":|s—s'|<1/m

15
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The second term on the right-hand side of (S12)) can be written as

sup sup \12%1-{1@31@)—1@@3@)})
;=1

KEQn s,8":|s—s'|<m/m | TV

< sup sup ‘(l 5A1>1/2[ Z{]S<Y Y)}Q]l/z‘

KeQn s,8":|s—s'|<m/m | NTV =

1 <& = 1/2 571/2
= sup <ﬁ ]5/\,1') X sup [HZ{I(SSY,-)—](S/SYZ.)} ] :
i=1 i=1

KeQn 8,8":|s—s'|<T/m
where Tgp; = 1t exp(af X;){R:S; + (1 — R)YE Wi}, and the inequality follows from

the Cauchy—Schwarz inequality. Note that

{ - {%}”2 n qn{log(Qn)}l/g{Hlog(zrn)}%}

sup—ZIﬁAZ>M1 o

KeQ, N

with probability at most 3 exp(—t) for any ¢ > 0 and some positive constant M, following
the arguments in the proof of Lemma S1 in Wong and Feng| (2023)). Let I denote the
interval [ (h—2)7 ) for k= 2,...,m. Since |I(s <Y;) — I(s' < Y;)| is equal to 1 if ¥; is

m

between s and s' and is equal to 0 if otherwise, we have

m

P(_, v Fi{f(ssm—f(s’smﬂl/z>(t)W)

s,8":|s—s'|<T/m
:P[ sup 1 z”: I(min(s, s') <Y; < max(s,s')) > i]
s,8":|s—s'|<T/m n i—1 B m

for any positive t. Let pp = P(Y; € I}). By Bernstein’s inequality, we have

PRS0 L <oo { - EESIE

npr +n(- — pr)

By the mean-value theorem, p, = m~!fy(s}) for some s} € I, where fy is the marginal
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density of Y. Then

P( o [t < -] ™= (5))
o {t— fr(sp)? |
2mA{t/2+ 2fy(sy)/3}

< msup exp [ -
k
which is bounded by exp(—t) for large enough ¢ and n. Thus,

sup sup ‘%Zfﬁ/\,i{I(SSYD—](S’SYi)}‘
i=1

KeQy s,8":|s—s'|<1/m

1/2
g (1TEIY L anlloBCuV U logr) /

ni/2 n2 n3/2

with probability at most 4 exp(—t) for any ¢ > 0 and some positive constant M,. Clearly,

because the derivative of Igy is bounded, supieq, SUD; g.js—s/|<r/m ‘IBA(S) — Ipp(S)

O(m™1). Using Theorem A.1 of Kuchibhotla et al. (2021), we have

sup sup |Ig(s) — IgA(s)‘
KEQm 5€¢m

> M [{t logn +log(2r,) 2 *(og(2n)) €4t ogin + 1og<2rn>}1/min<lf>]
3
n n

with probability at most 4 exp(—t). Combining the above results yields the desired result.

O

Proof of Lemma[S3. We consider a single transformation function G. The arguments for
G, j=1,...,qare essentially the same. Recall that Uy; = {/LLZ'—E(/Ll | R;, Xi)}{RZ-SZ-—i—

(1 — Ri)’yg‘KWlC,i -+ ang} -+ {/,LQJJ — E(/,LQ ’ Ri, Xz)} Note that

IO, = O+ [[RiS:i + (1 = Rovie W + @a X, ) < />

n

17
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By Theorem A.1 of Kuchibhotla et al.| (2021)),

sup {3 [0l — B )}
=1

KeQy,

t+log(2r,)Y12 ¢ {log(2n) V¥4t + log(2r, ) V3/¢
>M1H S( )} L4 {log( )}i g(2r,)}

with probability at most 3 exp(—t) for any ¢ > 0 and some positive constant M;. Because

E(|U11]?) is uniformly bounded over K € €,

{t +1og(2r,)}/2  g2/*{log(2n)}3/€{t + log(2r,) }¥/¢
M, [ - +

1 - .
w378 Sup ; Uyl? > —

with probability at most Mjsexp(—t) for any ¢ > 0 and some positive constants M,y and
Ms.

Recall that Usy; is equal to

(vox + @) {E(u | Ri, X)X —E(uX | R)} + {E(uu1 | R, X:) — E(u | Ri) Jvoaxc A

+ {E(u | Ri, X)) + Ty I Wi i }Ri(Si — voxc W) + {E(pz | Ri, Xi) — E(p2 | R}

By~ vy
By the independence of X and Ay, |[I5, T ;71 W || involves only X and thus is bounded,
S0
3 3
1T5l,,, = O + IoancAxilly, + 15 = Yo Wieall,,.) < 0™

By Theorem A.1 of Kuchibhotla et al.| (2021,

sup {3 10 = B(Ua )}
=1

KeQdy,

t + log(2r,,)y /2 ,3{/2 log(2n)Y3/¢{t + log(2r, ) }3/¢
>M4H S( )} L @ log(2n)} i g(2ry)}

with probability at most 3 exp(—t) for any ¢ > 0 and some positive constant M,. Because

18
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E(|U2?) is uniformly bounded over K € €,,,

[{t +log(2r,) 12 | 7 {log(2n) }3/<{t + log(2r,) }¥/¢

1 “ 5
n3/2 ’CS;I; Zzl |Usi|” > M3 13/2

with probability at most Mgexp(—t) for any ¢ > 0 and some positive constants M; and

Mg. Similar arguments show that the same bound applies to the terms involving (711-, (721-,

Ugi, and 631‘. O
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Figure S1: Study 1 — Rejection probabilities under a missing proportion of 30% and the null hypothesis.
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Figure S4: Study 2 — Rejection probabilities under a missing proportion of 30% and the alternative
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Figure S5: Study 3 — Rejection probabilities under a missing proportion of 30% and the null hypothesis.
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Figure S7: Study 3 — Rejection probabilities under a missing proportion of 60% and the null hypothesis.
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Figure S9: Study 4 — Rejection probabilities under a missing proportion of 30% and the null hypothesis.
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Figure S10: Study 4 — Rejection probabilities under a missing proportion of 30% and the alternative

hypothesis.
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Figure S11: Study 4 — Rejection probabilities under a missing proportion of 60% and the null hypothesis.
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Figure S12: Study 4 — Rejection probabilities under a missing proportion of 60% and the alternative

hypothesis.
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