Statistica Sinica: Supplement

Supplementary Material: Kernel-Profile Efficient Estimation in
Generalized Partially Linear Models With Missing Outcomes
in Longitudinal Studies

Zhongzhe Ouyang!, Chang Wang!, and Lu Wang!

IDepartment of Biostatistics, University of Michigan

1 Derivation of Semiparametric Efficiency Bound

From the result of Theorem 4.2 of |Robins and Rotnitzky| (1992)) or Lemma
A.2 of [Robins and Rotnitzky| (1995), we know that the observed-data effi-

cient score S,y satisfies

Sers = Qepr + Y _(Ri— MR )T, H{Qepr — BE(QepslWin)}, (1)
k=1

where Q.; is the unique Q in A%t satisfying
ull u
S!if = Q@+ w(Q)|A/ "], (2)
with Sg}é;l to be the full-data efficient score and v(Q) = kz_:l(l — )T, {Q—
E(Q|W)_1)}. Tt is easy to show that the orthocomplement of the nuisance
tangent space with full data under multivariate normal assumption is

AL — fa(X,T)e : E{a(X,T)|T} = 0}. (3)

Since Q.sp € At there exist ag(X,T) such that Q.;r = ag(X,T)e.

Substitute ag (X, T)e for Q.ss in (1)), we obtain Sy = ag(X,T)e*. Thus,



we remain to show that ag(X,T) = {X — ¢.r;(t)}T X%, which satisfies
E{ag(X,T)|T} =0 from (@).
Since [v(Q.ss) | AW L] € ATlL there exist a, (X, T') such that TI[v(Q. sz )| A*H] =

a,(X,T)e. It follows that v(Q.ss) — a,(X,T)e € A" and satisfies

E[{v(Qcsy) — an(X, T)e}e'a(X, T)"] =0 (4)
for any a(X,T). Recall that Q.;; must satisfy the restriction (2)), we

obtain that

a,(X,T)e=aq(X,T)e— S/}, (5)

In fact, [Wang et al. (2005)) derived the full-data semiparametric efficient

score under the multivariate normal assumption,

ull _
ngf ={X - Soeff(t)}TE ‘e, (6)
where X is the conditional variance of €. Plugging into and after

some calculation, we obtain that

m

Z (1 —m)7, {e — E(e|Wi_1)}e" +ee” X,T] ={X — p.sr(t)}".
k=
Define
t
M(t) =) (Rp — mRe1 )7, {e" — E(e[Wio1)}
k=1
and

E|Y (1 -m)m ' {e— E(e[Wi)}e"
k=1

X,T] |



Then, ag(X,T) = {X —@es(t)} X ifand only if K(X,T)+E(ee’| X, T) =
3*. From the fact (Robins et al., [1995)) that M (¢) is a discrete time mean
zero martingale process with respect to the filtration O'{Wt_l, Ry,...,Ri_1,€},
we have E{e M (T)T} = 0 and Var{M(T)|X,T} = K(X,T) if is
true. Thus,

S =E[{M(T)—e{M(T) —e}"|X,T]

= K(X,T)+ E(ee’| X, T).

2 Lemma

Lemma 1. If (2.1)), (2.2)), and (2.3) are true and either (2.4]) or (2.8)) is

true,

E{XTAvl [Rmﬁml(T*)(Y — )
— i{Rk — (T R} 70 (T e (W1, ") — u}} } =0.
Proof. We write 7
E{XTAv-l {Rm%;f(‘r*)(Y — )
- ;;{Rk — m(T) R} (T ) { ok (Wi, 1) — u}} } =0 — O,

Under assumption of (2.2)), E(Ry|Re_-1 = 1, W,_1,Y) = E(Ri|R_1 =

1,W)_1) = m. After some simple calculation, we have E(Ry|W_;) = Ty.



Furthermore, if (2.4)) is true, then m(7*) = 7. Thus, we have
C,=E [E {XTAV*lRmml(T*)(Y W)W, YH
—F {XTAV—I(Y . u)}
=0

and

Cy=FE

i XTAV YR, — m (7)) Ry }7 (7)o (W o1, m™) — i}

+ XTAV T E{Rym H(77) = R [Wonot, Ry = 13,0 (T ) {0k (W1, m7) — 1}

m—1

> XTAV Ry — mie(m) R} (T (W1, m7) — i}

k=1

=L

=0.

If (2.9) is true, ¢pp(Wi_1;1m*) = E(Y|W,_1). Noting that we can rewrite

the target equations as
E{XTAvl {(Y — )

+ > ARk — m(T) R )7, (Y — (W, 77*)}1 } = Cy + Ca.




Obviously, C; = 0. On the other hand,

Cy=F i XTAV YR — (1) Ryt V7 LY — o(Wir, )}
+ XTAV ! {mum ) = 1} 7, L (T E{Y = ¢0(W o1, )| W 1}]
=F ZﬁXTAV*l{Rk — (T ) Rect }7,  (T)NY — de(Wima,m )}]
= 0.

3 Proof of Theorem [1]

To simplify notation, we define p;; to be the function x(-) evaluated at the
(1)

true parameter value and we can similarly define p;;5.

Vnh{(t, B) — 6o(t)} = Vnh{8(t,B) — 0(t, Bo)} + Vnh{b(t, Bo) — bo(t)}

Vi {%’ﬁﬁ(’)} V(B — Bo) + Vah{8(t, Bo) — Bu(t)} + 0,(1).

The asymptotic property of é(t, ,[;’) is equivalent to the asymptotic property
of 0(t, Bo)} as long as /3 is /n-consistent and (¢, -) is continuous differen-
tiable and its derivative is bounded in a neighborhood of By. Let é[k] (t, Bo)

be the estimator in the kth iteration. At initial, we ignore within-cluster



correlation. Then, by expanding the first component of equations ({2.6)), we

have
. 1 m
0[0](t’/60> o 90<t) = §b[0]( )h + W ZZ 7ﬂll] —t qu])tv
X |Rimyy ' (Yig — i) — Y _ARit — T Rigu—1) } 73, {0k (Wiguo1)) — i}
k=1

+ op(h2 + {log(n)/nh}l/2 + n’l/z),

where by () = 05 (t).

At the kth iteration, where k > 1, é(~,ﬁo) is replaced by é[k_l](~,50).

Define
by (t) = by (t) ZI;E{AM] Auby—y(T)|T; =t} f;(1),
J J
Qt5) = 505 B{A L A (T)IT, = .73 = s}l ),
J=1 l#j5
A(Bit.s) :_igE{AﬂvﬂAuwﬂm (T3, )T, = 115500,
=1 £

Ql,[k] (tv S) = _Q(t7 S) + A(Ql,[kfl]; ta 8)7
and

QQ,[k] <t7 S) = A(QQ,[k—l]; t7 5)7

with Qq1(t,s) = 0 and Qo pny(t,5) = —Q(t, s). After some calculation, we



have

m

ZZKh T‘Z] -1 :uzj)tv

1 j=1 I=1

(R — iR )7 {0 (W z(k—l))—uu}]

1
O1x1 (¢, Bo) — bo(t) = by (t VB? + Wyt (tn~

Msﬁ H:

X |:R'Lm7"->l< 1(}/1'1 - ;uzl) -

Eod
—

n

1(t>n71 Zzlu’zj tU Ql [k] t EJ)

i=1 j=1 I=1

Ms

X [Rmﬁ* (Vi — pa) — T Rik—1))Tp o (W Wig-1)) —Mu}}

k:l

(! Z Z sl Qo (t, T)

i=1 j=1

X [ imTom {Yij — Hij} — Z ik — TR {071, (Wige) —Mij}]
+ 0,(h? + {log(n)/nh}"/* + n=1/2).

At the convergence, we can obtain the asymptotic expansion of é(t, Bo) —
0o(t) by replacing by, Q1. and Qo with b*, Q7F, and Q3, where b*, Q7,

and @5 satisfy the following equations

m m

b*(t) = by (t) ZZE{AMUﬂAllb*(Tl”T = t}f;(0),
J=1 1#j

Qilt,s) = —Q(t,s) + AQi:t,5),

and

Qs(t,s) = A(Q3:t, ).



Noting that all terms except b*(¢)h?/2 are asymptotically 0 if either (2.4)

or ([2.8]) is true.

4 Proof of Lemma [1]

At the convergence, the first component of equations ([2.6)) is

n

0= 133 KTy — @)
. {Ugmimml Vi = {XEB+6(t,8) + (¢ B)(T; — 1) /1 } ]
+ g:vflRimﬁ;,fl [Y;l — {X;lrﬁ +0(Ty, IB)H
J
- i o (B~ i B V7 [0, W) — 0 { X584+ 0(0.8) + (0. 8) (T — 1)/n)]
- i i ' (R = m Rige) )T [d)}il(Wi(k—l)) — {Xﬁﬁ +0(Ty, 5)}} }

145 k=1



Taking derivative with respect to B and evaluated at By on both sides.
After some simple calculation, we obtain

0=n""! Xn:iKh(Tij - t){aufgjl);é )}

i=1 j=1

s { o Ron [¥ = X5 + 000, B0) + (0. BT, — )/}

+ Xm: o} RiT, [Yél —H {X§60 + (T, 50>H

1%

= > oP (R = BT |60 (W) = n{ X80 +0(t By) + an(t, Bo) (T —
k=1

_iivfl(&k o Rige—1) )30 1[%( )_M{XgﬁojLé(Tﬂ’ﬁo)H}

I#j k=1
=7 YN TS KTy — i@l i) (6) X
i=1 j—1 =1
- 0 (t, By)
0 S0 Y Kt — o { PP
=1 j=1
— 1 iq AN A
+n7 YN KTy — Oui (@) ulh (@)@ (t)
i=1 j 1
A~ ] 1 AN A
+n” ZZZM i — (@)l i) (6)@(T)
i=1 j=1 I#j

= Cln - CZn - C3n + C4n + 05n~

When either (2.4)) or (2.8)) is true, Cy,, is asymptotically 0. In addition, if

~

0(-) is consistent, we will have

o)



Con =Y > E(Aj0" Ay X|T; = t) f(t) + 0,(1),

Jj=1 Il=1

an = Op(l)a

Cun = Y B(Dj07 Dy|T; = ) f;()p(t) + 0,(1),

j=1
S / E(Ajv" Au|Ty = )@(T)) f5(Th, 1)dT; + 0,(1).
J=1 I

Thus, we have

D EQGIAGIT =0 f;(0)p(t) = > EB(A v Ay X|T; = t) f(t)
j=1 j=1 I=1
22 / E(Aj07" AulTy = D(T) fis(Ti, )T, = 0,(1).
=1

Since ¢(t) uniformly converge to ¢(t), we can show that these equations is
equivalent to
SN E[A 0 A XL — (T)T; = 1] £5(t) =0,

7j=1 [=1
5 Proof of Theorem [2

It is easy to show that

n 23" DB, el (7,10, 8,0) = 72 Di(B. el (7,1, B,0) + 0,(1).

i=1 i=1

Thus, at the convergence, equations ([2.7)) are equivalent to

n71/2 Z Dl(B’ C*) {Ezﬁ'(%u ﬁv /éu 90) + 5;,@,(%) If’u ﬁ? é) - EZ),Z'<+7 ﬁv /éu 90)} + 0p<1> = 0.



We make Taylor expansion on the first term in the square bracket,
O_nil/QZD /60a €¢7,( *77’*7/80790)
{ ‘1ZD (8o, ¢7)es. (771", Bo, 60) ¢ /(B — Bo)

{ _IZD (Bo. ¢ g (77 M7, 50,90}

+8—{n_lzDi(ﬂ07C* (7", m", Bo, bo)
n i1

é

\/ﬁ

,[%,00)} + 0,(1).

S

+ 02N DB ¢ {4 (7.1, B8.0) — €, (7,
i=1
Therefore, \/ﬁ(B — Bo) = AHV)(Cy,, + Coy + Cs,, + Cyyy), where
_I/QZ-D /307 E(j)z an*vlg();eO)
* 8 * * * 6 * i —-1/2 - *
CQn =k D(BOaC )a_Teqb,z(T N 7ﬂ0780) a_ (T ) n ZSZ(T )
i=1
9, - -
SRl D Y
i=1

Cin =173 Di(B.C) [ X + 6(T)} — X, + O(T;, B)}

ozan{Dwo,c*)% ey ﬂo,eo>} {

By Lemma 1} if either (2.4) or (2.8) is true, E(Cy,) = 0. E(Cy,) =
E(Cs,) = 0 follows from the fact that E{S(7*)} = E{l(n*)} =
We remains to show that Cy, is order of 0,(1). From the result of

Theorem after some calculation, we can write Cy, = —Cy1, — Cyop —



Cyzn — Cuan + 0,(1), where

cm— (n'/2h2) *1222)@]@; ol 16 () + Op(n'/?01Y),

i=1 j=1 [=1

Cion =n""/? Z Z Z Xzyﬂz(gl)”ﬂ“z(ll)
{wg Lon SO S KTy - T, ;lew,m,eo)}

i'=1j5'=10U=1

n m m
o —1/2 (1) j/l/ j/l/ * R “ N
=n"Y ZZZMW,M vy, ey (T,M,8,6)

i'=1j'=11'=1

[Z S E {Xjajjvzlmlwz*m)m - t} fz<t>ltm]

j=1 I=1

X

X

n m

C43n = n_1/2 Z Z Z XZ]l’szl U le

i=1 j=1 I=1
n m m

X { zl nilzZZuZ]’Tl ' ElaT’ ’)5:/1’(+7ﬁ7B700)}

i'=1j'=11U=1

—n_1/2ZZZHz ’tv.’, U/ 8,l,(+7ﬁ’é700)

i'=1j'=11=1

: [Z Z E {XjAjjUglAllWQ_l(ﬂ)Q“{(ﬂt)‘t — Ti/j/}

=1 1=1

i=1 j=1 I=1
x{ > (T nilzzuz]’zﬁ (ﬂl’Ti'j,)E;j/(ﬁ1%'6’90)}
i'=1j5'=1
i'=1j'=1

* [Z > B { X A7 8aW5 (T)Q(TL 1)t = Ty |

j=1 =1




As long as 0 is consistent and nh® — 0, we will have Cy1,, — 0. In
addition, from the result of Lemma [1| it is easy to show that Cys, — Cysn

are all order of 0,(1).

6 Proof of Corollary

Let D*, €3, S, and I}, be the shorts for D(8, "), €3 (7", n*, Bo, b), S(77),
and I(n*). Proof of and [(d)] are straightforward. We only provide proof
of [(a)] and [(c)]

[()]1t is easy to show that if is true, B(D*0e},/0T) = —E(D*e},S5),

E(0S:/01) = —E(S:S:T), and 7(7*) = 7. Thus By(V) reduces to
By (V) =Var {D*€e, — E(D*e,S;)E(S:5:")'S:}.

Instead, if true m;; are known and are used in LAIPW method, the asymp-
totic variance of B is Qg(V) = A" (V)By(V)A (V) with Bg(V) =
Var(D*e},). We conclude that By (V') < By (V) since D*e,—E(D*c},S;)E(S;:S:7)7'Sx
is the residual from the population regression of D*ej, on S7.
Noting that A(V') is not a function of ¢, minimizing Q4 (V) is

equivalent to minimize By(V).

Since (2.4)) is true, we rewrite

B D¢ ey o ] Lse)) s



as B(D*e},S:)E(S;:82")~" S, which is a projection of D*e}, on S%. Thus,

there exist a series of function aj(-) such that

E(De}S;)E(S;8;") 'Sy =) (R — mRi—1)ap (W),
k=1

Define

A= {Z(Rk — T Rp_1)ar(Wi_1) : ai(-) are a series of arbitrary functions} .

k=1
Then, we claim that
D'e}, = R,T,, D'c — 11 [R,T,, D"€|\]

because (i) D*e}y = — R,7,, D(B,¢*)e € A and (ii)

{D*%t}T {i(Rk _ kak_l)ak(Wk_l)}] ~0

k=1

E

for any ax(-). (i) can be verified by definition. From a martingale covariance
calculation, (ii) will hold if ¢kl(Wi(k—1);”7) = E(Yﬂ|Wi(k_1)) is correctly
specified.

Since E(D*e},S5)E(S:S:")1S: € A, we have

Var (D€}, ) = Var {Ru7,'D'e = T [R,7, ' D'e|A]}

<Var{D*}, — E(D*e,S;)E(S:5:")"'S;}.



7 Additional Results for Simulation

7.1 Computational Time Comparison under n = 500

The computational time comparison under n = 500 is summarized in Ta-
ble [ATl

Table Al: Comparison of computational time (in seconds) among naive, LIPW-KPEE,

and LATPW-KPEE estimators based on 100 replications of the simulation with n = 500.

Computational Time

Naive 55.13
LIPW-KPEE
True 7 21.26
Consistent 7 21.28
Wrong 7 21.85

LATPW-KPEE

True 7 and ¢ 25.79
Consistent # and ¢ 25.78
Wrong 7 25.46
Wrong ¢ 24.83

Both wrong 25.28




7.2 Performance Evaluation under Small Sample Size n = 100

0.12 '
L]
1
40 ' BRS '
“ 4 \~ 1
Method = 010 . “~"“-'M-' ' -,'
35 = True <$ Method
—~ =]
© —  LAIPWKPEE 3 — LAIPWKPEE
- LIPWKPEE § = = LIPWKPEE
3.0 S 0.08
« = Naive s
2.5
0.06
0.25 0.50 0.75 0.25 0.50 0.75
t t
(a) (b)

Figure Al: (a) Comparison of the true 6(¢) and point-wise empirical mean of the non-
parametric functions (t) with n = 100. (b) Comparison of point-wise empirical variance

of the nonparametric functions 6(t) with n = 100.
7.2 Performance Evaluation under Small Sample Size n = 100

We further conduct a simulation in the setting of small sample size with
n = 100. As expected, a smaller sample size leads to increased variability,
particularly in the estimation of 6(-). Nevertheless, our proposed methods
still demonstrate reasonable bias control and maintain robustness across
different model specifications. The results in Table [A2] Figure and
Table confirm that, even with a small sample size, the overall patterns

observed remain consistent with the results for n = 500.



7.2 Performance Evaluation under Small Sample Size n = 100

Table A2: Comparison of naive, LIPW-KPEE, and LAIPW-KPEE estimators in terms
of bias, estimated standard error (EST S.E.), empirical standard error (EMP S.E.), and
empirical mean squared error (EMP MSE) of ,é' and empirical mean integrated mean

squared error (EMP MISE) of (-) based on 100 replications of the simulation with

n = 100.
Br1=1 B2 =4 0(-)
Bias EST EMP EMP Bias EST EMP EMP EMP
of i SE. SE.  MSE  off SE SE MSE  MISE
Naive 0.046 0.037 0.055 0.003 0.414 0.234 0.290 0.237 0.153
LIPW-KPEE

True m 0.051 0.063 0.064 0.004 0.296 0.375 0.363 0.130 0.135
Consistent 7 0.050 0.052 0.063 0.004 0.284 0.337 0.355 0.125 0.119
Wrong 7 0.048 0.0564 0.058 0.003 0.475 0.339 0.328 0.302 0.215

LATPW-KPEE
True 7 and ¢ 0.035 0.043 0.045 0.002 0.241 0.284 0.304 0.092 0.064
Consistent 7 and qAS 0.051 0.056 0.065 0.004 0.246 0.297 0.306 0.092 0.072
Wrong 7 0.049 0.057 0.059 0.004 0.249 0.304 0.309 0.096 0.067
Wrong (]S 0.092 0.112 0.126 0.016 0.265 0.322 0.323 0.104 0.122
Both wrong 0.061 0.072 0.078 0.006 0.407 0.309 0.303 0.224 0.247




7.2 Performance Evaluation under Small Sample Size n = 100

Table A3: Comparison of computational time (in seconds) among naive, LIPW-KPEE,

and LAIPW-KPEE estimators based on 100 replications of the simulation with n = 100.

Computational Time

Naive 2.46
LIPW-KPEE
True 7 1.03
Consistent 7 1.04
Wrong # 1.07

LATPW-KPEE

True 7 and ¢ 1.19
Consistent # and ¢ 1.19
Wrong 7 1.18
Wrong ¢ 1.16

Both wrong 1.17




8 Additional Results for Application

The missing data model is constructed as follows:
logit(m;;) = XE;T,

where X;; consist of the function of sex, mean-centered birth weight, preterm,
delivery mode, maternal prenatal ART history, mother’s CD4 count, and
breastfeeding status. For the conditional mean model, we adopt a similar
approach but utilize a quadratic form of age. The curve of #(age) with 95%
confidence interval is displayed in Figure [A2]

In longitudinal studies, transforming the data during model diagnostics
is essential to eliminate within-cluster correlation in the standard residu-
als. We achieve this with Cholesky decomposition, V; = L;Li’. Denote
the residuals of the conditional mean model as r; = Y; — X;n. we apply
the transformation r} = L; 'r;. Figure [A3|demonstrates that the residuals
closely approximate a normal distribution, with no autocorrelation. Ad-
ditionally, Figure [1| shows no obvious systematic trend, and the variance
remains homogeneous over time.

We assess the goodness of fit for the missing data model using the
Hosmer-Lemeshow goodness of fit (Hosmer et al., [1997). The p-value ob-

tained from this test indicates that the model fits the data well.
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Figure A2: Average CD4 count with 95% confidence interval over time, adjusting for

other covaraites, in LEOPARD study derived from naive method, LIPW-KPEE method,

and LAIPW-KPEE method.
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Figure A3: (a) Normal quantile plot of the transformed residuals. (b) Autocorrelation

plot of the transformed residuals.
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Figure A4: Scatterplot of (a) the transformed residuals versus transformed predicted

values, and (b) the transformed residuals versus transformed age.
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