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1 Technical Proofs

Proof of Theorem 1. The strong consistency of α̂N can obtained from Lévy’s the-

orem (Resnick, 2019), Lemma 2.2 of White (1980) and Theorem 5.9 of Van der

Vaart (2000). In detail, it remains to verify 1) ||SN(α) − SN(α)|| →a.s. 0 uni-

formly for all α ∈ D; 2) inf
α:||α−α0||=ϵ

||SN(α)|| is strictly positive for any ϵ > 0.
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By Conditions 1-2, the proof of the former result is similar to the proof of con-

sistency under an independent case, readers can refer to the appendix in Li et al.

(2016). We now show the latter result. From the model (3) and the fact that

Pr
{
Tij ≥ t0 + exp(XT

ijα0)|Xij

}
− (1− τ) Pr {Tij ≥ t0|Xij} = 0, we can see that

Pr
{
Tij ≥ t0 + exp(XT

ijα)|Xij

}
− (1− τ) Pr {Tij ≥ t0|Xij}

= Pr
{
Tij ≥ t0 + exp(XT

ijα)|Xij

}
− Pr

{
Tij ≥ t0 + exp(XT

ijα0)|Xij

}
= Pr(eτij ≥ XT

ij(α−α0)|Xij)− Pr(eτij ≥ 0|Xij)

= Fe(0|Xij)− Fe(X
T
ij(α−α0)|Xij)

= fe(0|Xij)X
T
ij(α−α0).

Thus, by Conditions 1 and 3, inf
α:||α−α0||=ϵ

||SN(α)|| > 0 for any ϵ > 0. We now

have completed the proof of the consistency of the proposed estimator under the

multivariate setting.

Proof of Lemma 1. N1/2SN(α0) can be expressed as

N1/2SN(α0) = N−1/2
∑
i

ψi(α0)

+N−1/2
∑
i

∑
j

Xij∆ijI
{
t0 ≤ Yij ≤ t0 + exp(XT

ijα0)
}[ Ĝ(t0)

Ĝ(Yij)
− G(t0)

G(Yij)

]
,

(A.1)

where

ψi(α) =

mi∑
j=1

XijI(Yij ≥ t0)

[
∆ijI

{
Yij ≤ t0 + exp(XT

ijα)
}

G(Yij)/G(t0)
− τ

]
.

The second term in (A.1) involves the estimator of G and can be represented by

virtue of martingale processes. We see from (Fleming and Harrington, 2013) that

Ĝn(s)−G(s) = −G(s) 1
N

∑
i

∫ s

−∞

dMi(u)

y(u)
+ o(1) (A.2)
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whereMi(u) =
∑

j I(Yij ≤ u,∆ij = 0)−
∫ u

0
I(Yij ≥ t)d∧G (t) and at-risk indicator

y(u) = limn→∞N−1
∑

i,j I(Yij ≥ u), ∧G(u) is the cumulative hazard function of

the censoring variables Cij. Through simple algebraic manipulations, (A.1) can be

written as

N1/2SN(α0) = N−1/2
∑
i

ωi(α0) + o(1), (A.3)

where ωi(α) = ψi(α) + ηi(α), and

ηi(α0) =
∑
k,j

XkjδkjI
{
t0 ≤ Ykj ≤ t0 + exp(XT

kjα0)
}

NG(Ykj)/G(t0)

∫ Ykj

t0

dMi(u)

y(u)
.

By Condition 1, the Lyapunov central limit theorem and martingale central limit

theorem, the distribution of N1/2SN(α0) is asymptotically normal with mean zero

and covariance matrix Σ = N−1
∑n

i=1 ωi(α0)ωi(α0)
T .

Proof of Theorem 2. As seen from the proof of Lemma 1, NSN(α) is asymptoti-

cally equivalent to sums of independent random vectors, ωi(α), we then explore

the limiting distribution of α̂N based on the asymptotic properties of ωi(α) =

ψi(α) + ηi(α). Since α̂N satisfies SN(α̂N) = o(N−1/2), we see that

n∑
i=1

ψi(α̂N) =
n∑

i=1

mi∑
j=1

XijI(Yij ≥ t0)

[
∆ijI

{
Yij ≤ t0 + exp(XT

ijα̂N)
}

G(Yij)/G(t0)
− τ

]

= o(N1/2) +
∑
i

∑
j

Xij∆ijI
{
t0 ≤ Yij ≤ t0 + exp(XT

ijα̂N)
}[

G(t0)

G(Yij)
− Ĝ(t0)

Ĝ(Yij)

]

= o(N1/2)−
n∑

i=1

ηi(α̂N) + o(1),

where the second equality is derived from substituting SN(α̂N) into, the third

is from Equation (A.1). Note that ωi(α)’s are independent and
∑
i=1

Eωi(α) =

NSN(α). Thus, by Condition 4, we have
n∑

i=1

ωi(α̂N) = o(n1/2), which is same as

(2.1) in He and Shao (1996). Using the similar techniques in Wang and Fygenson

(2009), we also denote ui(α, d) = sup
||γ−α||≤d

||ωi(γ)− ωi(α)||. According to He and
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Shao (1996), it remains to show conditions B3-B4, B5’ and B8 in their Theorem

2 are satisfied under our setting.

B3. Denote ẽij(α) = log(Yij − t0) − XT
ijα,eij(α) = log(Tij − t0) − XT

ijα.

By the fact that sup
t≤tu

|Ĝ(t) − G(t)| = o(N−1/2+ϵ) for any ϵ > 0, we see that for

||α−α0|| ≤ d0 and d ≤ d0,

ui(α, d)

= sup
||γ−α||≤d

∣∣∣∣∣
∣∣∣∣∣∑

j

Xij∆ijδijI(Tij ≥ t0)
Ĝ(t0)

Ĝ(Yij)

[
I
{
eij(α) ≤ XT

ij(γ −α)
}
− I {eij(α) ≤ 0}

]∣∣∣∣∣
∣∣∣∣∣

≤ c1
∑
j

||Xij||∆ijI(Tij ≥ t0)
G(t0)

G(Yij)
sup

||γ−α||≤d

I
{
eij(α) ≤ max(0,XT

ij(γ −α)
}

≤ c1
∑
j

||Xij||∆ijI(Tij ≥ t0)
G(t0)

G(Yij)
I {eij(α) ≤ d||Xij||}

:= c1Bi,

for some constant c1. From Condition 1, there exists some constant c2 such that

E(B2
i |Xij, Tij ≥ t0) ≤ ni (G(t0))

2
∑
j

||Xij||2 Pr {eij(α) ≤ d||Xij||} /G(Yij)

≤ c2ni

∑
j

||Xij||2 Pr {eij(α) ≤ d||Xij||}

≤ c2ni

∑
j

||Xij||2 [1 + fe(0|Xij)d||Xij||] +O(d2)

Then, results in Condition B3 of He and Shao (1996) follows by fixing ai =

c3d
−1
√
ni

∑
j

||Xij||2 [1 + fe(0|Xij)d||Xij||] for some constant c3.

B4. Under Conditions 3-4, An =
∑
i

ai = O(n), Condition B4 of He and Shao

(1996) can be obtained. Condition B5’ follows by taking dn = n−1/4 log n.

B8. Taking the Taylor expansion of SN(α) at α0 yields

N1/2(SN(α̂N)− SN(α0)) = N1/2(α̂N −α0)ΛG(t0) + o(1),

where Λ is defined in Condition 3. Consequently, Condition B8 of He and Shao

(1996) holds.

4



Therefore, all conditions in Theorem 2.2 of He and Shao (1996) hold, and we

can apply their theorem, yielding the Bahadur representation in the form of

N1/2(α̂N −α0) = −N−1/2Λ−1(G(t0))
−1

∑
i=1

ωi(α0) + op(1) (A.4)

Thus, by the Lyapunov central limit theorem, N1/2(α̂N − α) is asymptotically

normal with covariance matrix as Cov
{
N1/2(α̂N −α)

}
= Λ̃−1ΣΛ̃−1, with Λ̃ =

G(t0)Λ.

Proof of Theorem 3. It can be straightforwardly verified that the difference be-

tween the perturbedG∗ and the truthG can be asymptotically represented by sums

of independent random processes in analogy to Eq(A.2). Then, given E(γi) = 1,

following the arguments in proofs of Lemma 1 and Theorem 2, we can similarly

get

N1/2(α̂∗ −α0) = −N−1/2Λ−1(G(t0))
−1

∑
i=1

γiωi(α0) + op(1). (A.5)

When coupled with Eq (A.4), this implies that

N1/2(α̂∗ − α̂N) = −N−1/2Λ−1(G(t0))
−1

∑
i=1

(γi − 1)ωi(α0) + op(1). (A.6)

Since Var(γi) = 1, we have

Cov

[
N− 1

2

∑
i=1

(γi − 1)ωi(α0)

∣∣∣∣∣{Yij,∆ij,Xij}i=1,··· ,n;j=1,··· ,mi

]

= N−1

n∑
i=1

ωi(α0)ωi(α0)
T = Σ.

It follows that given observed data, the conditional distribution of
√
N(α̂∗ − α̂N)

is asymptotically equivalent to the unconditional distribution of
√
N(α̂N − α0),

thereby justifying the perturbation-based covariance estimation procedure.
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2 Additional Numerical Results

Scenario 5. We consider a Frank copula model for the error terms, keeping

the scheme for data generation the same as in Scenario 2.

Scenario 6. Unlike the exchangeable dependence considered in Scenarios 1-3

and the new Scenario 5, we adopt an AR(1) dependence structure in this scenario.

Particularly, the error terms satisfy exp(ϵij) ∼ Exp(1) marginally and are jointly

modeled by a Guassian copula with AR(1) correlation of 0.7|j−k| between ϵij and

ϵik for j ̸= k. All the other setups remain the same as in Scenario 2.

Scenario 7. A cluster-level covariate xij = xi is considered, where xi is inde-

pendently generated from a Bernoulli(0.5). The error terms (ϵi1, · · · , ϵim) follow

a multivariate normal distribution with mean zero and covariance matrix 0.64Σϵ,

where the (j, k)-th entry of Σϵ is 0.7
|j−k|. The failure time outcomes Tij are gener-

ated from the AFT model log Tij = β0 + β1xi + ϵij with coefficients β0 = 0.5 and

β1 = 1. In this setting, parameters in the QRL model (3) are obtained by

α0(τ, t0) =

 β0 + Φ−1
0.8(τ), t0 = 0,

log
{
− t0 + exp

[
β0 + Φ−1

0.8 {(1− τ)Φ0.8(log t0 − β0) + τ}
] }
, t0 ̸= 0,

α1(τ, t0) =


β1, t0 = 0,

log

{
−t0+exp[β0+β1+Φ−1

0.8{(1−τ)Φ0.8(log t0−β0−β1)+τ}]
−t0+exp[β0+Φ−1

0.8{(1−τ)Φ0.8(log t0−β0)+τ}]

}
, t0 ̸= 0,

where Φ0.8(·) is the cumulative distribution function of a zero-mean normal variable

with a standard deviation of 0.8.

Scenario 8. The multivariate failure times is generated from the model:

log Tij = β0 + β1x1i + β2x2i + β3x3ij + ϵij, where x1i ∼ Bernoulli(0.5), x2i ∼

Uniform[0, 1], x3ij ∼ N(0, 1), β0 = β1 = 0.6, β2 = 0.8, β3 = 0.4. The assumption

for the error terms is the same as in Scenario 2. Under this setup, α0(τ, t0) =

log[−λ−1 log(1− τ)] + β0, α1(τ, t0) = β1, α2(τ, t0) = β2 and α3(τ, t0) = β3.
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Estimation results under Scenarios 5-7 are summarized in Table S.3, which

consistently highlight the outperformance of the proposed marginal method in ad-

dressing diverse dependence structures for multivariate failure times even based

on an independent working model. These promising findings further exhibit a

degree of robustness of the method across different types of copula. Simulation

results for Scenario 8, summarized in Table S.4, also demonstrate that the overall

performance of the proposed estimators is promising compared to the IFR estima-

tor. Particularly, its superiority for the coefficients associated with cluster-level

covariates x1i and x2i is greater than for the individual-level covariate x3ij.
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Table S.1: Estimation results based on 500 replicates for quantile level τ = 0.5

under Scenario 1 with Kendall’s tau=0.

α0(0.5, t0) α1(0.5, t0) runtime

(n,m) t0 = 0 t0 = 1 t0 = 2 t0 = 0 t0 = 1 t0 = 2 (s)

(200,3) bias -0.013 -0.011 -0.015 0.026 0.024 0.028

MCSD 0.13 0.147 0.17 0.238 0.263 0.29

ASE IFR 0.129 0.148 0.175 0.231 0.261 0.300

FR 0.132 0.15 0.176 0.236 0.267 0.305 5.523

CFS 0.128 0.156 0.191 0.23 0.273 0.327 0.285

RBS 0.126 0.143 0.165 0.224 0.251 0.284 3.665

CP IFR 0.946 0.946 0.971 0.952 0.946 0.958

FR 0.96 0.95 0.958 0.95 0.962 0.958

CFS 0.946 0.954 0.978 0.952 0.954 0.972

RBS 0.944 0.94 0.936 0.936 0.942 0.944

(500,3) bias -0.001 -0.003 -0.01 0.006 0.01 0.015

MCSD 0.081 0.092 0.112 0.148 0.164 0.191

ASE IFR 0.082 0.094 0.109 0.148 0.166 0.188

FR 0.082 0.092 0.107 0.147 0.163 0.186 10.104

CFS 0.081 0.098 0.119 0.146 0.173 0.206 0.683

RBS 0.08 0.089 0.103 0.142 0.157 0.178 6.714

CP IFR 0.952 0.958 0.959 0.948 0.938 0.943

FR 0.96 0.954 0.934 0.95 0.956 0.946

CFS 0.952 0.964 0.968 0.946 0.946 0.97

RBS 0.95 0.946 0.922 0.944 0.946 0.938

(200,10) bias -0.004 -0.006 -0.004 0.009 0.014 0.011

MCSD 0.071 0.079 0.092 0.127 0.136 0.155

ASE IFR 0.071 0.082 0.092 0.128 0.145 0.161

FR 0.071 0.081 0.091 0.128 0.143 0.159 11.762

CFS 0.07 0.085 0.101 0.127 0.149 0.176 1.207

RBS 0.069 0.079 0.089 0.124 0.139 0.153 6.511

CP IFR 0.952 0.952 0.962 0.964 0.968 0.964

FR 0.94 0.958 0.95 0.95 0.96 0.952

CFS 0.948 0.962 0.972 0.964 0.968 0.976

RBS 0.938 0.944 0.942 0.946 0.954 0.946

8



Table S.2: Estimation results based on 500 replicates for quantile level τ = 0.5

under Scenario 1 with Kendall’s tau=0.8.

α0(0.5, t0) α1(0.5, t0) runtime

(n,m) t0 = 0 t0 = 1 t0 = 2 t0 = 0 t0 = 1 t0 = 2 (s)

(200,3) bias -0.011 -0.007 -0.023 0.022 0.014 0.017

MCSD 0.145 0.154 0.177 0.229 0.253 0.28

ASE IFR 0.127 0.147 0.171 0.23 0.259 0.295

FR 0.151 0.171 0.16 0.237 0.27 0.255 5.905

CFS 0.15 0.178 0.176 0.232 0.279 0.275 0.288

RBS 0.143 0.162 0.15 0.223 0.251 0.236 3.603

CP IFR 0.914 0.95 0.935 0.94 0.956 0.957

FR 0.958 0.976 0.921 0.954 0.964 0.931

CFS 0.956 0.978 0.947 0.942 0.974 0.945

RBS 0.954 0.96 0.919 0.934 0.946 0.911

(500,3) bias 0.003 0.006 0.007 0 -0.006 -0.005

MCSD 0.091 0.113 0.124 0.143 0.174 0.198

ASE IFR 0.082 0.094 0.107 0.147 0.166 0.187

FR 0.096 0.108 0.113 0.149 0.17 0.181 10.822

CFS 0.095 0.113 0.123 0.147 0.176 0.196 0.636

RBS 0.093 0.104 0.108 0.143 0.163 0.173 5.685

CP IFR 0.926 0.892 0.908 0.954 0.926 0.945

FR 0.96 0.934 0.923 0.956 0.926 0.936

CFS 0.958 0.948 0.947 0.952 0.936 0.949

RBS 0.952 0.928 0.915 0.944 0.924 0.919

(200,10) bias 0.001 0.001 -0.005 0.003 0.004 -0.005

MCSD 0.112 0.124 0.131 0.122 0.144 0.178

ASE IFR 0.069 0.081 0.092 0.125 0.142 0.16

FR 0.114 0.126 0.121 0.13 0.155 0.162 13.032

CFS 0.113 0.131 0.134 0.127 0.159 0.176 0.765

RBS 0.108 0.12 0.116 0.127 0.15 0.156 6.002

CP IFR 0.776 0.8 0.822 0.948 0.938 0.921

FR 0.954 0.944 0.932 0.956 0.948 0.935

CFS 0.954 0.958 0.955 0.952 0.956 0.955

RBS 0.944 0.93 0.926 0.952 0.944 0.917
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Table S.3: Estimation results based on 500 replicates for quantile level τ = 0.5

under Scenarios 5-7 (n = 200,m = 10).

α0(0.5, t0) α1(0.5, t0) runtime

Scenario t0 = 0 t0 = 1 t0 = 2 t0 = 0 t0 = 1 t0 = 2 (s)

5 bias -0.002 -0.006 -0.006 0.001 0.011 0.012

MCSD 0.16 0.159 0.163 0.286 0.281 0.284

ASE IFR 0.071 0.081 0.093 0.129 0.144 0.163 32.295

FR 0.16 0.157 0.162 0.282 0.277 0.284 27.902

CFS 0.161 0.165 0.18 0.282 0.292 0.314 1.234

RBS 0.155 0.151 0.156 0.27 0.265 0.273 11.775

CP IFR 0.6 0.684 0.748 0.598 0.682 0.75

FR 0.956 0.954 0.95 0.954 0.952 0.946

CFS 0.956 0.96 0.964 0.954 0.966 0.97

RBS 0.954 0.94 0.936 0.952 0.942 0.94

6 bias 0.002 0 -0.007 -0.006 -0.007 0.001

MCSD 0.113 0.106 0.121 0.203 0.194 0.213

ASE IFR 0.069 0.081 0.099 0.122 0.141 0.167 31.735

FR 0.116 0.113 0.125 0.204 0.199 0.215 36.391

CFS 0.116 0.12 0.139 0.203 0.21 0.238 1.888

RBS 0.113 0.111 0.122 0.197 0.194 0.209 19.061

CP IFR 0.754 0.872 0.898 0.742 0.86 0.866

FR 0.97 0.966 0.968 0.96 0.95 0.96

CFS 0.968 0.97 0.98 0.956 0.966 0.978

RBS 0.958 0.96 0.964 0.948 0.946 0.942

7 bias -0.006 -0.012 -0.009 0.008 0.013 0.011

MCSD 0.059 0.086 0.099 0.082 0.11 0.132

SE IFR 0.033 0.057 0.083 0.049 0.073 0.101 29.449

FR 0.057 0.08 0.1 0.082 0.108 0.129 28.179

CFS 0.056 0.085 0.112 0.082 0.114 0.143 1.384

RBS 0.056 0.078 0.097 0.08 0.106 0.125 14.203

CP IFR 0.744 0.798 0.896 0.764 0.816 0.874

FR 0.936 0.942 0.948 0.952 0.958 0.946

CFS 0.936 0.956 0.966 0.952 0.966 0.976

RBS 0.932 0.924 0.942 0.95 0.95 0.94
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Table S.4: Estimation results based on 500 replicates for quantile level τ = 0.5

under Scenario 8.

α0(0.5, t0) α1(0.5, t0) α2(0.5, t0) α3(0.5, t0)

(n,m) t0 = 0 t0 = 1 t0 = 2 t0 = 0 t0 = 1 t0 = 2 t0 = 0 t0 = 1 t0 = 2 t0 = 0 t0 = 1 t0 = 2

(200,3) bias -0.015 -0.006 -0.012 0.005 -0.003 0.008 0.016 0.014 0.007 0.004 0.005 0.001

MCSD 0.195 0.206 0.243 0.17 0.179 0.204 0.296 0.307 0.351 0.066 0.084 0.099

ASE IFR 0.151 0.18 0.214 0.138 0.159 0.184 0.242 0.277 0.323 0.07 0.081 0.094

FR 0.203 0.211 0.233 0.184 0.189 0.204 0.322 0.329 0.357 0.07 0.082 0.095

CFS 0.196 0.212 0.245 0.179 0.192 0.217 0.309 0.333 0.379 0.067 0.082 0.1

RBS 0.191 0.199 0.219 0.174 0.177 0.191 0.3 0.308 0.336 0.069 0.081 0.095

CP IFR 0.882 0.918 0.924 0.882 0.926 0.928 0.884 0.928 0.924 0.956 0.948 0.954

FR 0.962 0.954 0.95 0.968 0.96 0.954 0.962 0.966 0.956 0.958 0.952 0.958

CFS 0.952 0.956 0.96 0.964 0.96 0.97 0.954 0.966 0.97 0.944 0.948 0.966

RBS 0.942 0.942 0.938 0.952 0.95 0.934 0.952 0.942 0.94 0.95 0.946 0.958

(500,3) bias -0.007 -0.006 -0.004 0.005 0 -0.006 0.002 0.009 0.016 0.003 0.005 0.002

MCSD 0.127 0.13 0.144 0.119 0.123 0.126 0.195 0.193 0.21 0.044 0.052 0.062

ASE IFR 0.092 0.111 0.133 0.085 0.099 0.115 0.148 0.173 0.2 0.044 0.051 0.059

FR 0.126 0.132 0.146 0.115 0.119 0.129 0.199 0.207 0.224 0.044 0.052 0.059

CFS 0.124 0.135 0.157 0.113 0.122 0.139 0.195 0.212 0.241 0.043 0.053 0.065

RBS 0.12 0.126 0.141 0.11 0.115 0.124 0.189 0.198 0.214 0.043 0.051 0.06

CP IFR 0.85 0.92 0.928 0.842 0.894 0.924 0.86 0.934 0.938 0.936 0.94 0.932

FR 0.944 0.954 0.952 0.94 0.934 0.958 0.962 0.968 0.97 0.936 0.946 0.932

CFS 0.942 0.958 0.966 0.932 0.95 0.972 0.962 0.972 0.978 0.934 0.954 0.946

RBS 0.936 0.948 0.94 0.924 0.932 0.938 0.958 0.96 0.958 0.934 0.94 0.932

(200,10) bias -0.006 -0.01 -0.011 -0.001 -0.002 -0.003 -0.005 0.004 0.01 0.001 -0.001 0.001

MCSD 0.175 0.152 0.15 0.161 0.143 0.142 0.28 0.252 0.244 0.037 0.043 0.051

ASE IFR 0.08 0.097 0.115 0.074 0.086 0.099 0.128 0.15 0.174 0.037 0.044 0.051

FR 0.175 0.161 0.16 0.159 0.147 0.144 0.274 0.256 0.253 0.038 0.046 0.053

CFS 0.172 0.166 0.174 0.157 0.153 0.158 0.269 0.265 0.276 0.037 0.047 0.058

RBS 0.165 0.155 0.155 0.151 0.142 0.139 0.261 0.244 0.244 0.038 0.046 0.054

CP IFR 0.636 0.81 0.862 0.642 0.752 0.836 0.636 0.754 0.834 0.94 0.954 0.952

FR 0.944 0.958 0.978 0.96 0.962 0.95 0.944 0.962 0.97 0.944 0.958 0.958

CFS 0.938 0.97 0.984 0.956 0.972 0.974 0.94 0.968 0.986 0.94 0.958 0.976

RBS 0.932 0.95 0.968 0.946 0.962 0.942 0.932 0.956 0.96 0.944 0.958 0.96
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Figure S.1: Estimation results with different quantile levels and residual time

points for the Framingham heart data.
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Figure S.2: Estimation results with different quantile levels and residual time

points for the Framingham heart data.
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