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S1. The proof of theorems

This part contains the proofs of THEOREM 1 and THEOREM 2, which depend on

two preliminary lemmas and first we will give the following Lemma 1, a direct result

of de Boor (2001).

Lemma 1 There exists positive constants C, for any functions g(z) ∈ H(r) with

r < h− 1, there exists a function g(z) ∈ S0
n, such that

sup
z

|g(z)− g0(z)| ⩽ CK−r
n .

From Lemma 1, we can find ζ = {ζjk, j = 1, · · · , pn, k = 1, · · · , Kn}⊤, and an

additive spline function h(Z) = B⊤(Z)ζ ∈ Gn, such that

sup
Z

|h(Z)− h0(Z)| ⩽ CpnK
−r
n . (S1.1)



Denote m0(F) =
∫ 1

0
X(t)α0(t)dt+h0(Z), T = (ξ̂,Z), ξ̃ik = ⟨X̂i, vk⟩ and m̃0(T ) =

ξ̂⊤γ0+B⊤(Z)ζ0, where γ0 and ζ0 be the true parameter values of γ and ζ, and define

Γ(ξ̂) =
E[Zρ2{m̃0(T )}|ξ̂]
E[ρ2{m̃0(T )}|ξ̂]

, B̃(Z) = B(Z)− Γ(ξ̂).

Lemma 2 Let Ri = m̃0(T i)−m0(F i) = ξ̂⊤i γ0 −
∫ 1

0
Xi(t)α0(t)dt+B⊤(Zi)ζ0 −

h0(Zi), i = 1, 2, . . . , n. Suppose that conditions C1-C12 hold and the dimension of the

spline space S0
n fulfils Kn = Op(n

1/(1+2r)), then we have

∥Ri∥2 = Op

(
n−a+2b−1

a+2b

)
, i = 1, 2, . . . , n.

Proof of Lemma 2.

∥Ri∥2 = ∥ξ̂⊤i γ0 −
∫ 1

0

Xi(t)α0(t)dt+B⊤(Zi)ζ0 − h0(Zi)∥2

= ∥
mn∑
k=1

ξ̂ikγ0k −
∞∑
k=1

ξikγ0k +B⊤(Zi)ζ0 − h0(Zi)∥2

= ∥
mn∑
k=1

(ξ̂ik − ξik)γ0k −
∞∑

k=mn+1

ξikγ0k +B⊤(Zi)ζ0 − h0(Zi)∥2

= ∥
mn∑
k=1

(ξ̂ik − ξ̃ik)γ0k +
mn∑
k=1

(ξ̃ik − ξik)γ0k −
∞∑

k=mn+1

ξikγ0k +B⊤(Zi)ζ0 − h0(Zi)∥2

⩽ 4∥
mn∑
k=1

(ξ̂ik − ξ̃ik)γ0k∥2 + 4∥
mn∑
k=1

(ξ̃ik − ξik)γ0k∥2

+4∥
∞∑

k=mn+1

ξikγ0k∥2 + 4∥B⊤(Zi)ζ0 − h0(Zi)∥2

≜ 4A1 + 4A2 + 4A3 + 4A4,

By lemma 1 of Kong et al. (2016), we can see that ∥X̂i∥2 = Op(1), ∥X̂i −Xi∥2 =



op(n
−1) and ∥v̂k − vk∥2 = Op(n

−1k2), then we have

A1 = ∥
mn∑
k=1

⟨X̂i, v̂k − vk⟩γ0k∥2

⩽ mn

mn∑
k=1

|γ0k|2∥X̂i∥2 ∥v̂k − vk∥2

⩽ Op(n
−1mn)

mn∑
k=1

k2−2b

⩽ Op

(
n−a+2b−1

a+2b

)
. (S1.2)

A2 = ∥
mn∑
k=1

⟨X̂i −Xi, vk⟩γ0k∥2

⩽ mn

mn∑
k=1

∥X̂i −Xi∥2∥v̂k∥2|γ0k|2

⩽ mnop(n
−1)

mn∑
k=1

k−2b

= op(n
−a+2b−1

a+2b ). (S1.3)

It follows that {⟨Xi, vk⟩}∞k=mn+1 are uncorrelated random variables and condition C2,

we have

E (A3) = E

(
∞∑

k=mn+1

⟨Xi, vk⟩ γ0k

)2

=
∞∑

k=mn+1

γ2
0kE

(
⟨Xi, vk⟩2

)
=

∞∑
k=mn+1

γ2
0kλk

⩽ C

∞∑
k=mn+1

k−2bk−a = O
(
m−(2b+a−1)

n

)
= O(n−a+2b−1

a+2b ).

So

A3 = Op(n
−a+2b−1

a+2b ). (S1.4)



By (S1.1), it is easy to see that

A4 = Op(p
2
nK

−2r
n ) = o(1). (S1.5)

Combining (S1.2)-(S1.5), we obtain that

∥Ri∥2 = Op

(
n−a+2b−1

a+2b

)
.

Proof of Theorem ??. Let ζ = ζ0 + δnT1,γ = γ0 + δnT2 and T = (T⊤
1 ,T⊤

2 )⊤. It

suffices to show that for any given ε > 0, there exists a large constant C such that

P

{
sup

∥T ∥=C

PL(ζ0 + δnT1,γ0 + δnT2) < PL (ζ0,γ0)

}
≥ 1− ε. (S1.6)

This implies that, with probability tending to one, there is local maximum (ζ̂, γ̂) in

the ball {(ζ0 + δnT1,γ0 + δnT2) : ∥(T⊤
1 ,T⊤

2 )⊤∥ ≤ C} such that ∥ζ̂ − ζ0∥ = Op(δn),

∥γ̂ − γ0∥ = Op(δn).

Denote Dn(T1,T2) = PL(ζ0 + δnT1,γ0 + δnT2) − PL (ζ0,γ0) , and Dn,1(T1,T2) =

L(ζ0+δnT1,γ0+δnT2)−L (ζ0,γ0) , Dn,2(T1) = −n
∑s

j=1[pλn(∥ζ0j+δnT1j∥)−pλn(∥ζ0j∥)],

where s is the number of nonzero additive components. Note that pλn(0) = 0 and

pλn(∥ζ∥) ≥ 0 for all ζ, thus PL(ζ0 + δnT1,γ0 + δnT2)− PL (ζ0,γ0) ≤ Dn,1 +Dn,2. We



first deal with Dn,1. Let Ui = (B⊤(Zi), ξ̂
⊤
i )

⊤, then

Dn,1(T1,T2)

=
n∑

i=1

[Q{g−1(B⊤(Zi)(ζ0 + δnT1) + ξ̂⊤i (γ0 + δnT2)), Yi}

−Q{g−1(B⊤(Zi)ζ0 + ξ̂⊤i γ0), Yi}]

=
n∑

i=1

[Q{g−1(m̃0(T i) + δn(B
⊤(Zi)T1 + ξ̂⊤i T2)), Yi} −Q{g−1(m̃0(T i), Yi}]

=
n∑

i=1

[Q{g−1(m̃0(T i) + δnT
⊤Ui), Yi} −Q{g−1(m̃0(T i), Yi}].

By means of a Taylor expansion, we obtain

Dn,1 =
n∑

i=1

q1 (m̃0(T i), Yi) δnT
⊤Ui +

n

2
δ2nT

⊤BnT ,

where the random matrix

Bn =
1

n

n∑
i=1

q2(m̃0(T i) + ςi, Yi)UiU
⊤
i

=
1

n

n∑
i=1

[(Yi − g−1(m̃0(T i) + ςi))ρ
′
1(m̃0(T i) + ςi)− ρ2(m̃0(T i) + ςi)]UiU

⊤
i ,

with ςi between 0 and δnT
⊤Ui, for i = 1, · · · , n, independent of Yi. By Theorem 19.24

of van Der Vaart (1998), it can be shown that

Bn = − 1

n

n∑
i=1

ρ2(m0(F i))UiU
⊤
i + op(1)

= −E[ρ2(m0(F))UU⊤] + op(1) ≡ −B+ op(1). (S1.7)

So

Dn,1 = δnT
⊤∑n

i=1 q1 (m̃0(T i), Yi)Ui − n
2
δ2nT

⊤BT + op(1).



By means of a Taylor expansion, we have

δn

n∑
i=1

q1 (m̃0(T i), Yi)Ui

= δn

n∑
i=1

q1 (m0(F i), Yi)Ui + δn

n∑
i=1

q2 (m0(F i), Yi) (m̃0(T i)−m0(F i))Ui +Op(nδn∥m̃0 −m0∥2)

= δn

n∑
i=1

q1 (m0(F i), Yi)Ui + δn

n∑
i=1

q2 (m0(F i), Yi) (m̃0(T i)−m0(F i))Ui + op(1).

By Lemma 2, the second term on the right hand side of the above is

δn

n∑
i=1

q2 (m0(F i), Yi) (m̃0(T i)−m0(F i))Ui

= δn

n∑
i=1

ρ′1(m0(F i))Ui (m̃0(T i)−m0(F i)) εi − δn

n∑
i=1

ρ2(m0(F i))Ui (m̃0(T i)−m0(F i))

≤ δn

n∑
i=1

| ρ′1(m0(F i))Uiεi | · ∥ m̃0 −m0 ∥ +Op(nδn ∥m̃0 −m0∥) = op(1),

where εi = Yi − g−1(m0(F i)). Therefore, we have

Dn,1 = δnT
⊤∑n

i=1 q1 (m0(F i), Yi)Ui − n
2
δ2nT

⊤BT + op(1), (S1.8)

where the orders of the first term and the second term on the right-hand side of (S1.8)

areOp(n
1/2δn(mn+Kn)) andOp(nδ

2
n(mn+Kn)

2), respectively. By choosing a sufficiently

large C, the second term dominates the first term uniformly in ∥T ∥ = C. Furthermore,

according to known conditions, we have

Dn,2 ≤ −n
s∑

j=1

[δnp
′
λn
(∥ζ0j∥)

ζ⊤
0j

∥ζ0j∥
T1j +

1

2
δ2np

′′
λn
(∥ζ0j∥)T⊤

1jT1j{1 + o(1)}].

From known conditions, we get that Dn,2 is bounded by

√
snδnan∥T1∥+ nδ2nbn∥T1∥2 = Cnδ2n(

√
s+ bnC).



As bn → 0, this is also dominated by the second term of (S1.8) in ∥T1∥ = C. Hence,

(S1.6) holds for sufficiently large C.

Next, we show that

∥ ĥ(Z)− h0(Z) ∥2 =
∥∥∥(ζ̂ − ζ0)

⊤B
∥∥∥2

= (ζ̂ − ζ0)
⊤E

[
n−1

n∑
i=1

B(Zi)B
⊤(Zi)

]
(ζ̂ − ζ0)

≤ C∥ζ̂ − ζ0∥2,

thus ∥ ĥ(Z)− h0(Z) ∥2= Op(δ
2
n).

∥α̂(t)− α0(t)∥2 = ∥
mn∑
j=1

γ̂j v̂j(t)−
∞∑
j=1

γ0jvj(t)∥2

≤ 2∥
mn∑
j=1

γ̂j v̂j(t)−
mn∑
j=1

γ0jvj(t)∥2 + 2∥
∞∑

j=mn+1

γ0jvj(t)∥2

≤ 4∥
mn∑
j=1

(γ̂j − γ0j) v̂j(t)∥2 + 4∥
mn∑
j=1

γ0j (v̂j(t)− vj(t)) ∥2 + 2
∞∑

j=mn+1

γ0j
2

≤ 4∥γ̂ − γ0∥2 + 4∥
mn∑
j=1

γ0j (v̂j(t)− vj(t)) ∥2 + 2
∞∑

j=mn+1

γ0j
2

= 4∥γ̂ − γ0∥2 + 4I1 + 2I2. (S1.9)

By means of ∥v̂j − vj∥2 = Op(n
−1j2) and Cauchy-Shwartz inequality and condition

C2, we obtain that

I1 ≤ mn

mn∑
j=1

∥v̂j − vj∥2 γ0j2 ≤
mn

n

mn∑
j=1

j2γ0j
2

= Op(n
−1mn

mn∑
j=1

j2−2b) = Op(n
−1mn)

= Op(n
−a+2b−1

a+2b ), (S1.10)



I2 ≤ C
∞∑

j=mn+1

j−2b = O(m−(2b−1)
n ) = O(n− 2b−1

a+2b ). (S1.11)

From (S1.9)-(S1.11), we can get that

∥α̂(t)− α0(t)∥2 = Op

(
δ2n
)
.

This completes the proof of the Theorem ??.

Proof of Theorem ??(a). We use proof by contradiction. Suppose that there exists a

s + 1 ≤ k0 ≤ pn such that the probability of hk0(z) being a zero function does not

converge to one. Then, there exists η > 0 such that, for infinitely many n, P (ζ̂k0 ̸=

0) = P (ĥk0(z) ̸= 0) ≥ η. Let ζ̂∗ be the vector obtained from ζ̂ with ζ̂k0 being replaced

by 0. It will be shown that there exists a δ > 0 such that PL(ζ̂, γ̂) − PL(ζ̂∗, γ̂) < 0

with probability at least δ for infinitely many n, which contradicts with the fact that

PL(ζ̂, γ̂)− PL(ζ̂∗, γ̂) ≥ 0.

By Theorem ??, we have ∥ζ̂k − ζk∥ = Op(

√
(mn +Kn)n

−( 2r
1+2r

− 2b−1
a+2b

)). Since ζk = 0

for k = s + 1, · · · , pn, we have ∥ζ̂k∥ = Op(

√
(mn +Kn)n

−( 2r
1+2r

− 2b−1
a+2b

)) for k = s +

1, · · · , pn. So ∥ζ̂k0∥ = Op(

√
(mn +Kn)n

−( 2r
1+2r

− 2b−1
a+2b

)). With probability tending to one,

∥ζ̂k0∥ ≤ λn, since

λn(n
−( 2r

1+2r
− 2b−1

a+2b
))−

1
2/
√
mn + Jn → ∞. By the definition of pλn(·), we have P{pλn(∥ζ̂k0∥) =



λn∥ζ̂k0∥} → 1. Mimicking the proof for Theorem ?? indicates that

PL(ζ̂, γ̂)− PL(ζ̂∗, γ̂)

=
n∑

i=1

[Q{g−1(B⊤(Zi)ζ̂ + ξ̂⊤i γ̂), Yi} −Q{g−1(B⊤(Zi)ζ̂
∗ + ξ̂⊤i γ̂), Yi}]

−n

s∑
k=1

{pλn(∥ζ̂k∥)− pλn(∥ζ̂∗
k∥)}

=
n∑

i=1

q1(m0(F i), Yi)(ζ̂ − ζ̂∗)

−n

2
(ζ̂ − ζ̂∗)⊤E(ρ2(m0(F)))(ζ̂ − ζ̂∗)− nλn∥ζ̂k0∥+ op(1)

= Op(n
1/2∥ζ̂k0∥) +Op(n∥ζ̂k0∥2)− nλn∥ζ̂k0∥

= nλ2
n(−λn

−1∥ζ̂k0∥+Op(
∥ζ̂k0∥2

λ2
n

))

= nλ2
n(−λn

−1∥ζ̂k0∥+Op(
(mn +Kn)(n

−( 2r
1+2r

− 2b−1
a+2b

))

λ2
n

)). (S1.12)

By the fact that λn(n
−( 2r

1+2r
− 2b−1

a+2b
))−

1
2/
√
mn +Kn → ∞, we can conclude that (S1.12) is

dominated by λ−1
n ∥ζ̂k0∥, so PL(ζ̂, γ̂)−PL(ζ̂∗, γ̂) < 0, which contradicts to PL(ζ̂, γ̂)−

PL(ζ̂∗, γ̂) ≥ 0. The proof of the theorem ?? (a) is complete.

Now we prove the Theorem ??(b). By Theorem ??(a), we know that, with proba-

bility tending to one, it follows that ζ̂b = 0. We next establish the asymptotic normality

of ζ̂S . Let θ̂ = δ−1
n (ζ̂S − ζ0S) and m̃0(T iS) = B⊤(ZiS)ζ0S + ξ̂⊤i γ0. For any v ∈ Rsn ,

define m̃v = m̃(T S) + v⊤B̃(ZS) = ξ̂⊤γ − v⊤Γ1(ξ̂) + (ζ̂S + v)⊤B(ZS). Note that

m̃v maximizes the function ln(m̃) = 1
n

∑n
i=1 Q[g−1 (m̃(T iS)) , Yi]−

∑s
j=1 pλn(∥ζ̂j + vj∥)



when v = 0, thus we have

0 =
∂

∂v
ln(m̃v)|v=0

=
1

n

n∑
i=1

[
q1 {m̃(T iS), Yi} B̃(ZiS)

]

−

p′λn

(∥∥∥ζ̂j∥∥∥) ζ̂⊤
j∥∥∥ζ̂j∥∥∥


s

j=1

+ op(1). (S1.13)

For the first term in (S1.13), we get

1

n

n∑
i=1

[
q1 {m̃(T iS), Yi} B̃(ZiS)

]
=

1

n

n∑
i=1

[
q1 {m̃0(T iS), Yi} B̃(ZiS)

]
+
1

n

n∑
i=1

[
q2 {m̃0(T iS), Yi} (m̃(T iS)− m̃0(T iS))B̃(ZiS)

]
+
1

n

n∑
i=1

[
q′2(m̄(T iS), Yi)(m̃(T iS)− m̃0(T iS))

2B̃(ZiS)
]

= I1 + I2 + I3. (S1.14)

We decompose I2 into two terms I21 and I22 as follows:

I2 =
1

n

n∑
i=1

q2 {m̃0(T iS), Yi} B̃(ZiS)ξ̂
⊤
i (γ̂ − γ0)

+
1

n

n∑
i=1

q2 {m̃0(T iS), Yi} B̃(ZiS)B
⊤(ZiS)(ζ̂S − ζ0S)

= I21 + I22.



Mimicking the proof for (S1.7) indicates that

I21 = − 1

n

n∑
i=1

ρ2 {m̃0(T iS)} B̃(ZiS)ξ̂
⊤
i (γ̂ − γ0) + op(1)

= −E[ρ2 {m̃0(T S)} B̃(ZS)ξ̂
⊤(γ̂ − γ0)] + op(1).

By the definition of B̃(ZS), for any measurable function ϕ, E[ϕ(ξ̂)ρ2 {m̃0(T S)} B̃(ZS)] =

0. Hence I21 = op(1). Using similar arguments, we can show that

I22 = − 1

n

n∑
i=1

ρ2 {m̃0(T iS), Yi} B̃(ZiS)B
⊤(ZiS)(ζ̂S − ζ0S) + op(1)

= − 1

n

n∑
i=1

ρ2 {m̃0(T iS), Yi} B̃(ZiS)B̃
⊤
(ZiS)(ζ̂S − ζ0S) + op(1).

According to (S1.6) and condition (C6), we have

I3 =
1

n

n∑
i=1

[
q′2(m̄(T iS), Yi)(m̃(T iS)− m̃0(T iS))

2B̃(ZiS)
]

≤ C ∥ m̃(T S))− m̃0(T S)) ∥2= Op(δ
2
n).

For the second term in (S1.13), we getp′λn

(∥∥∥ζ̂j∥∥∥) ζ̂⊤
j∥∥∥ζ̂j∥∥∥


s

j=1

=

{
p′λn

(∥ζ0j∥)
ζ⊤
0j

∥ζ0j∥

}s

j=1

+

(
s∑

j=1

p′′λn
(∥ζ0j∥) + op(1)

)
(ζ̂j − ζ0j). (S1.15)

Combining (S1.13), (S1.14) and (S1.15), we have

0 =
1

n

n∑
i=1

[
q1 {m̃0(T iS), Yi} B̃(ZiS)

]
−

{
p′λn

(∥ζ0j∥)
ζ⊤
0j

∥ζ0j∥

}s

j=1

−{E[ρ2 (m̃0(T S)) B̃(ZS)B̃
⊤
(ZS)] + op(1)}(ζ̂S − ζ0S)

−

(
s∑

j=1

p′′λn
(∥ζ0j∥) + op(1)

)
(ζ̂j − ζ0j) +Op(δ

2
n).



Therefore,

0 =
1

n

n∑
i=1

[
q1 {m̃0(T iS), Yi} B̃(ZiS)

]
− cn

−(Σλn + ΩS + op(1))(ζ̂S − ζ0S) +Op(δ
2
n).

Note that q1 {m̃0(T iS), Yi} = [Y − g−1(m̃0(T iS))]ρ1(m̃0(T iS)) and

E[ρ21(m̃0(T S))[Y − g−1(m̃0(T S))]
2B̃(ZS)B̃

⊤
(ZS)]

= E[E([Y − g−1(m̃0(T S))]
2|T S)ρ

2
1(m̃0(T S))B̃(ZS)B̃

⊤
(ZS)]

= E[ρ2(m̃0(T S))B̃(ZS)B̃
⊤
(ZS)] = E(ΩS). (S1.16)

Thus

1√
n

n∑
i=1

[
q1 {m̃0(T iS), Yi} B̃(ZiS)

]
=

√
n(Σλn + ΩS)(ζ̂S − ζ0S) +

√
ncn + op(1).

By the Lindeberg-Feller central limit theorem, we have

1√
n

n∑
i=1

[
q1 {m̃0(T iS), Yi} B̃(ZiS)

]
d→ N(0, E[q21 {m̃0(T S), Y } B̃(ZS)B̃

⊤
(ZS)]).

According to (S1.16), we have

√
n(Σλn + ΩS){ζ̂S − ζ0S + (Σλn + ΩS)

−1cn}
d→ N(0, E(ΩS)).

The proof of the Theorem ??(b) is complete.
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