Statistica Sinica: Supplement

Supplementary Material for “Gaussian variational approximation

with composite likelihood for crossed random effect models”

Libai Xu, Nancy Reid and Dehan Kong

Soochow University and University of Toronto

The supplementary material contains the notation and assumptions in proofs of the main
theorems for the Poisson regression model in and proofs of the main theorems for the
Gamma regression model in §54] and additional detailed simulation results in §S6] and

additional details on real data analysis in

S1 Notation and Assumptions

First, recall the Poisson regression model with crossed random effects,

Yij | Xij; Ui; V} ~ POiSSOIl(,LLZ'j), Hiz = exp(XiTjﬁo + Uz + Vj), (Sll)

Ui ~ N(0, (02)?),V; ~ N(0, (¢2)°),U; and V; are independent.
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and the Gamma regression model with crossed random effects,
Yij | Xij, Ui, Vy ~ Gamma(a, pi;),
pij = exp(Xy;B8° + Ui + Vj), (S1.2)

U; ~ N(0, (62)%),V; ~ N(0, (62)°), U; and V; are independent,

where the shape parameter « is assumed known.

S1.1 Assumptions

Our proofs rely on the following assumptions:

e (Al) The sets of variables S; = {(X;;,Y:;,U;,V;) : j=1,...,n}, for i =
1,...,m, are conditional independent on {V1, ..., V,,} and identically dis-

tributed, and for any given Vj, the elements (X,;;,Y;;,U;),i = 1,...,m,

R
are identically distributed as (X, Y, U).

e (A2) The sets of variables S} = {(Xy;,Y;,U;,V;) : i = 1,...,m}, for
j = 1,...,n, are conditional independent on {Uj,...,U,,} and identi-
cally distributed, and for any given U;, the elements (X;;,Y;;,V;),j =
1,...,n, are identically distributed as (X, Y, V).

e (A3) The quadruples (X;;,Y:;,U;,V;) and (X, Yia, Ug, V) for k £ 4,1

j are multually independent and identically distributed as (X, Y, U, V).

e (A4) The random variables X, U, and V are mutually independent.
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e (A5) The true values 8%, (¢2)°, and (02)° of 3, 02, and o2, respectively,
lie in R?, (0,00), and (0, 00); when choosing (E, @i,@i,gu,gu,gv,gv)
we search in the rectangular region [—C}, C1]P x [C 1, C1] x [C] 1, O] x
[—Cy, Co]™ x [=C1, C1]™ x [=Cy, Co]™ x [—=C, C1]™, where C] is a con-
stant satisfying Cy > max{|5j], ..., |Bp], (02)% 1/(02)% (07)°,1/(07)°}

and C5 is a sufficiently large but finite positive constant.

e (A6) The moment generating function of X = (Xi,..., X,)", ¢(t) =

E{exp(X™t)} is well defined in RP.
e (A7) The functions
alt) = Bx{Xexp(X")},
$o(t) = Ex{XX"exp(X"1)},
are well defined for all vector ¢. For simplicity, we denote ¢(-) = ¢o(-);
e (A8) In some neighborhood of 3°, = (89, ..., BS)T, (d*/dB?) log{o(3:)}
does not vanish, i = 1, ..., p;
e (A9) The mapping that takes 3 to ¢1(8)/o(B) is invertible.

The assumptions (A6), (A8) and (A9) were used explicitly by [Hall et al.
(2011), whilst (A1)-(Ab) are the extensions of (A1)-(A3) and (A11) of Hall
et al.| (2011). Assumption (A7) was used to make the results representation

concise by |Ormerod and Wand, (2012).
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S1.2 Notation

Denote " = (6{7 657 /8’517 0-12” 0-12))T7 £ = (/’Luu ooy gy s Hogy ooy Hugy s >\u17 L} )‘um7
Aogs ooy Auy, ) s E the variational composite likelihood estimate (VCLE) of
0= pY+02/2; E the VCLE of 8{° = 89 +02/2; El the VCLE of intercept

6Y; EZ the VCLE of the covariate coefficient 82,7 = 2, ...,p; 6 the VCLE

of variance of random effect U, (02)°; &> the VCLE of variance of random

effect V, (62)°; Eu’zuz the VCLEs of parameters of the i-th variational dis-
tribution N (pty,, Au,), i = 1,...,m; 1 ,zvj the VCLEs of parameters of the
—v;

J-th variational distribution N (i, Ay,),7 =1, ..., n.

S2 Proof of Theorem 1 for Poisson regression model

The proof for the consistency and rates of convergence for the estimators

~

3 ~2 ~2 . .
B8 D 8 |» 0y and 0, involves two main steps:

Stepl. Establish the consistency of estimators 39, 8", (¢2)°, and (02)° in

§o2.1f
Step2. Extend the consistency results to a rate of convergence by controlling

the remainder terms in §52.2
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S2.1 Consistency

The variational lower bound of the CL for the Poisson regression model

with crossed random effects is

cl(P, )

= D ) AViu(XEB" + ) — exp(XijB" + i, + M, /2)}

=1 j=1
m ) 1 &, 1
) log(oy,) — 302 ;(uu + A\y,) + 5 log A\,

+ > > AY(XEB + ) — exp(XEB + p, + Ao,y /2)}
j=1 i=1

n 9 1 9 1
_§ lOg(UU) - T‘_g ;(Mvj + )\vj> + 5 log )\vj'

To derive the consistency of the estimates, we take derivatives of cf(¥", )

with respect to the parameters.

Ocl(¥,€) Z’” - T A
B jzl( Vi = ST ), (52.3)
Icl(T™, &) v T B b, A,
o & ijl (v — Xt (524)
ac_g(qlrcﬁs) _ Em - ;T " Uy Uy
0B, i=1 j=1 <Y;]_exjﬂ e /2> Xij1 (52.5)

m
+ Z (Yz‘j - GX"TjﬁCw”jH”jﬂ) Xij~1,
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Del(T7, €) mo1
u u U =1

Dcl(¥, €) no 1 g

=5 = gt > (4 M), (S2.7)
v v v ]:1

for each p,, and A,

Del(W,6) XTB 0, /2] _ P
o =3 () 2

=1 “

Dcl(P, §) 1™ XTam 4 i g 1 1
= _ _ - i ARV — 52.9
a/\w 2 Z € 205 + 2)\1“-’ ( )

=1

for each Ho; and )\Uj,

acg(\Ich 5) e XT 5T /’L’U .

—— =) (Ve +uvj+kvj/2> ) $2.10

acé(‘l’m, s) 1 o XT,3T+M 4+ /2 1 1

=\ s 2 ij R T — . (S2.11
I, 2 ; ‘ 207 "oy, 52

Setting equations ([S2.6)) and (S2.7)) to zeros and solving we obtain

~2 1 ~2 N
- =3 \ 32.12

~2 1 ~2 N
= = A ). 2.1
8 = @ +3,) ($2.13)
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Setting (S2.3), (S2.4), (S2.8)), and (S2.10|) to zeros we have

n

ZZ( U_exwwuﬁkui/?) — 0, (S2.14)
=1

7=1
Y (yij _ exzﬂﬂ%uvjmj/?) — 0, (S2.15)
i=1 j=1
Z (YU _ XE Bt s /2) _ % = 0,i=1,...,m, (S2.16)
j=1 “
Z Y — ex?jﬁrwuﬁ,\ui/z) _ “_“QJ = 0,5=1,...,n. (S2.17)
O—’U

=1

By (52.16f), we have

Y (YU _ ex?jﬂwuuﬁkui/?) _ “7;1' —0. (S2.18)
i=1 j=1 i1 Tu
Combining ((S2.14]) and (S2.18) we have
Z i, = (S2.19)
By (B2T7), we have
Z Z (Yij _ exiTjﬁr+uui+Aui/2> _ u_v; = 0. (52.20)
i=1 j=1 i1 v
Combining ((S2.15)) and (S2.20) we have
Y A, =0. (S2.21)
=1

Setting equations (52.9) and (S2.11]) to zeros we have Xul and ij satisfy

n -1
/_Xu = {(71:2 + Z exp(X58" + 1, + XUZ/Q)} , (52.22)
j=1



L. XU, N. REID AND D. KONG

and

m -1
= {gv—?—i-Zexp(X’ijC—i—Evj —l—AUj/Z)} ,
i=1

from which it is obvious that 0 < zuz <o2and 0 < zvj < ol

Since X has a finite moment generating function ¢ on R?, 8_, €
[—Cy, C1]P, exp(XF; ,8_,) is continuous in [—Ci, C1]P~" with probabil-
ity one, and exp(Xj; ,8_;) < exp(C1[|Xy;]|), by the uniform law of large

numbers in |Jennrich| (1969)), we have

sup — 0,

0cO

nzexp 5aB) — 6(BL)

in probability, i.e., for all € > 0, we have

lim P sup
n—oo ﬁ_1€[ Cl Clp 1

nZeXp i, 1B-1) —o(B1)

>e}:O.

For the compact interval [—C4, C1]P~!, we can find a finite sub-cover such

that [—C, C1]P~" is covered by Uf_ B(B_,4,9), and

P { sup % Z exp(Xj;_18_1) — #(B_1)

B_1€[-C1,Ci]P~1

= P{ sup —ZeXp ii—18) — o(B_1)

B_1€[-C1,Ci]P~1

q
>eq}.

In each interval B(B_,;,d), we can find a sub-sequence SF = {8_, ;.1 =

b { s Zexp LB 0By

kell,...K] g_ 1eB(ﬁ 1,k0)
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1,...,Con%"}, Cy and C” are positive constants, such that
q

el < sup
B_1€B(B_1 1,9)

Zexp T8 — (B

q
< ¢!

— sup
B_,€Sk

Then by (S2.23)), we have

P sup
B_1€[-C1,C1]P1

ZGXP LBy —(B)

7j=1
1 — 4
: P{kegl,?i{K}gsueI?szc n 4 exp(Xi;18-1) = ¢(B-1) >26q}
7j=1
1 — 4
C/
< P UkalUlC:O? {w - exp(X}; _18.1) — ¢(B_,) >2€q}]
7j=1

VAN
M)~
M=
o
—N—
3|
WE
@D
1
:N
©
T
>
»

< 0.5KCn% e 9E |~
n

Since for any B_,,

% Z exp(X}; _18_1) — o(B_y) = 0, (n~12),
j=1

taking e =n=",p € (0,1/2), and by

we have

2

1 n
P sup — exp(XZ . B_,) — (B
{516[—01,01}1’1 n ]Zl ( J—1 1> ( 1)

< 05KCon™ 7 0(n1%) = O(n~),
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where ¢ satisfies Cy = ¢/2 — (1 4 gp)C" > 0.

Therefore, under assumption m = O(n®) , we have following properties

> n_p}
cin®
< Z P { sup

-P
= |BuBl<a ZeXp boB) —o(B_y)| >n }
o (52.24)

Zexp L _1By) — o(B_y)

P { max sup

Isismg_ 8, l1<c

where Cy = q/2 —C — (1+¢p)C" > 0. Since we always can choose a large ¢
such that Cy > 0, without loss of generality, we will assume C5 > 0 changes

with lines. By the similar proof process of ((S2.24]), we derive that

1 m
P X B V- (B )| >mr
{lrg%‘ﬁ W< ;exp Fumafo) = 0B = m }
= O(m™), (52.25)

and (|S2.25)), respectively,

The following two properties follow the similar proof process of (S2.24))
1 - T T
- Z Xij,—l eXp(Xz’j,—l/@—l) - ¢1(18—1)

> n_p}
n <
J=1

= O(n ). (S2.26)

> m_p}

P { max sup

Isismg B4 lI<cn

and

ZXU _q exp( ;2‘,715—1) — ¢1(B_41)

P { max sup

Isisng y:8,l<C

= O(m™ ). (S2.27)
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Since Xi; -1, U;, and V; are mutually independent, E{exp(X7; ;8_; +

Vi)} = 6(B_y) exp{(07)°/2} and E{exp(X}; 18_1+Ui)} = ¢(B_,) exp{(07)°/2}.

Then we can derive analogously that

n

1
P{ max sup —Zexp( B+ V)

lsisn 5—1:”ﬁ—1”§01 n j=1

—¢(B_y) exp(o;/2)| >

n"’} = O(n™). (S2.28)
and

P{ max sup Zexp 1B+ Us)

1<]<mﬂ 1° ||5 1||<Cl

~6(B1) expla /)| > m-ﬂ} — O(m%). (52.20)

For the independent normal random variables Uy, ...,U,,, they have the

following property,
P{lrgz?;U > au(QDlogm)l/Q} < m' P,
by assumption m = O(n%), there exists C’ > 0 such that
P Lrélizgnexp(Ui) > exp{C”(logn)lm}} — 0. (52.30)
Similarly, by the assumption n = O(m®"), there exists C” such that
P Lr%zg%exp(‘/) > exp{C”(log m)1/2}} — 0. (52.31)

Since for each 1 < ¢ < m, conditional on X;;,U;, and Vj, Y;; follows

independent Poisson with mean exp(X7;8+U;+Vj),1 < j < n. It therefore



L. XU, N. REID AND D. KONG

can be proved using Markov’s inequality that there exists a positive constant

C4 and for p € (0,1/2),

>n"?| =0(n~%).

max P
1<i<m

Z{ —exp(X};8° + Ui + V))}

Hence, by the assumption m = O(n%),

%Z{Y —exp(X Z-Tjﬁo—i-Ui—i-V})} > n_p]

= P(U?‘1 w: —Z{ — exp( ;FJ-BO+UZ-+V]-)} >n_p>

1
e Z{Yij — exp(X;rj,BO + Ui+ V))}
j=1

< O(nY %) = 0(n ), (S2.32)

IN
=. Q
! 3
. Q

S
R/
E 1

V

S
L = ]
S~

where C} is a positive constant. Combining (S2.28), ((52.30), and (S2.32)),

we can choose C such that Cy = C), — C' > 0 and for any p € (0,1/2), we

have

173{121;2051 EZY” exp {ﬁl ( 2)’ Uz}¢(501)

= 0O(n ), (S2.33)
which implies

1
p{_
m

- Z ZYM‘ — exp {5? + %(ai)o + %(03)0} »(B°))
= O(n ).

i=1 j=1

Combining results (52.29)) and (S2.31)), similar to the derivation of ((S2.33)),
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1 & 1 _
P{f;% E;Ej—exp{ﬁ?JrQ(Ui)OJFVj}Gb(ﬂ(L) >m p}

_ O<m702)’ (8234>

>m_p}

By the similar derivation of ([S2.33|) again, we can also obtain that

we have

which implies

|

= O(m_c2).

L i ” exp{ + 500+ %(aif} 6(82,)

7j=1

max E XY
1<i<m

—exp {B? 52+

%@)0} 61(8%)

> n‘p} = O(n™),

which implies

P{H%iixijyﬁ (52.35)
0 1 2\0 1 2\0 0
— exp {51 + 5(%) + 5(%) } $1(82,)

> n‘P} = O(n™%),

and

Pl X
—exp {3+ 300"+ 61" an(8%)

> m‘p} = O(m™),
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which implies

P{H% iiXinij (S2.36)

i=1 j=1

—oxp {4 50D+ 5P b o) = | = om

In the following content, we denote 5{° = Y + (62)?/2 and B = Y +
(02)°/2.
Equating equations (52.8)), (S2.9), (52.10)), and (S2.11)) to zero and

solving, the estimates i ,XU,,ﬁ , and Xu]- can be obtained. And then
u; i’y

plugging them into the equations, we have

—ZYW exp(fy + 1, A Zexp ij—18-1) + _"1 , (52.37)
T -~ - 1
3 exp(B] + 7, + X, /2) - Z xp(Xfj1B1) + 5 (5238)
and
1 m . R 1 m ) EUJ
E;Yij = exp(f] +ij +A /Q)E;eXP(ij,—LBD > , (52.39)
— —op(B +, +A /2>1fj (X518 + —
Y = exp(f; HUJ_ m XP{A; 1P -1 mo?
L =
where (B_,,02,02) = [-C1,C1P~ x [~Cy,Cy] x [C*, C1]. According to

(S2.28), (S2.29), (S2.33)), (S2.34), and (S2.37)), we obtain

exp(B1° + U;)(B2,) + Op(n™")

~

= exp (B + 7, + X, /2{0(B1) + Op(n ")} + 5. (5240)

u
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where the remainders O, (+) are of the stated orders uniformly in 1 <i <m
and in (7,8 _,,02) € [-2C1,2C] x [-Cy, C1]P~ x [C7!, C4]. Since (S2.22)
implies Xul < 02, the right-hand side of ([S2.40)) equals
{@, /(n02)} + exp(8] + 71, + R, /2){6(8_) + Opln ")}
= {R, /(no3)} + exp(p; + wi){d(B_1) + Op(n™*)}, (52.41)

where 3] —02/2 < w; < 7 +02/2. By the assumption (A5), |w;| is bounded

uniformly in i. Together with uniformly bounded |w;|, (S2.41]), and (S2.40)),

we can derive that
exp(B] + 71, +X,,/2{6(B_1) + 0,(1)}
= exp(B” + Ui){e(B21) + 0,(1)} (52.42)
uniformly in 1 < i < m and in (8], 8_;,02%) € [-2C},2C,]| x [-Cy, C1]P~! x

[C;1,C1]. The detailed derivations of (S2.42)) is similar to the process of

getting the equation (4.13) in Hall et al.| (2011)).

By (52.25) and (S2.38]), we have

(nd,,) ™" = (no3) ™+ exp(B] + 7, + Ay /2{(B_y) + Op(n ")} (52.43)

uniformly in 1 <4 < m and in (87,8_,,02%) € [-2C1,2C,] x [-C},Cy] x

[C;t, Cy]. Combining (S2.42) and ([S2.43)) we derive that

-~

Ay, = o +nexp(B° + Un)d(BL){1 + 0, (1)}] 7,
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2

which implies that 0 < zu < o;. Using the fact maxj<;<;, exp(—U;) =

O(n°), we have
A, = {n(B%) exp(B° + Ui)} ™!+ 0,(n) = O, (n™). (S2.44)

Combining ((S2.42)) and (S2.44) we have

n = Uﬁﬁfo—ﬁi’ﬂog{

—U;

By (52.29)) and (S2.34)), we have

} +o0,(1). (S2.45)

exp(B7” + V;)(BLy) + Op(m™")

~

~ "o
= exp (BHEUj + X, /2){¢(B_1) + Op(n™ ")} + —5  (S2.46)

2
mos

uniformly in 1 < j <n and in (55, 8_,,02) € [—-2C4,2C,] x [-Cy, Cy]P~* x
[C;1,Cy]. The following properties can be derived by analogy (S2.42),

SZH), and (5210).

exp(B; + 7, +4,,/2) = exp(B + V){6(82) + 0,(1)},

A, = {mo(B2) exp(BP + V;)} '+ 0p(m L) = O, (m 1) (S2.47)

$(B2,)
¢(B_1)

By (52.19), (S2.21)), (52.45)), and (S2.48)), we have

B, =i+ 550 5 + lox |

v

} +0,(1). (S2.48)

r0 ar 0 (b(ﬁ(il) - 0
i — B +log {¢@_1>} (1), (S2.49)
0 — 5 + log {zgi; } = o,(1). (S2.50)
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Combining ((52.5)), (S2.35)), (S2.36), (S2.40)), and (52.46])) we have

I e 1
S S X ¥ e (X587 e+ )} (s251)
mn <— = 2
+iiix-- Yy, — oxp ( Xii8 + o, + A

nm g 1] 1] p 1] ,uvj 9 v

= 2t { G - G feo {4 o

By the assumption (A9), (S2.51)) implies the consistency of E_ .- Combining

(1S2.49) and (S2.50|) with (S2.51)), respectively, we obtain the consistency of

E and E

Note that results ((S2.12)), (52.44)), and (S2.45)) imply

¢(B_1)

by consistency of E and E_l, and m™t Y U2 = (02)° + O, (m~1/?), fur-

m 0 2
7= v s { G2 ] o)

ther we have
. = (62 +0,(1), (S2.52)

. . . ~2 . .
which implies o, is consistent.

For the consistency of Qz, it can be derived from the results (S2.13]),

(52.47), (S2.48), (52.49), (S2.50), and n~' Y7 | V? = (02)° + Op(n™/?)

analogously:

" IS
5t = EZVJ.Q+OP(1):(U§)O+OP(1). (S2.53)
j=1
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Due to 3% = 8 + (¢2)°/2 and B = BY + (02)°/2, we have

1 (02)° (02)°
0o _ = r0 v c0 u
Pio= 3 { 1 T 5 (S2.54)
and can define the estimator of 3? by
v (% 6 = 0.
B, = 5 §1_7+§1_7 : (S2.55)

Together, equations (52.49)), (S2.50)), (52.52)), (S2.53), (52.54)), and ([52.55))

imply that
El = 5?“—017(1)7

and Y can be estimated consistently.

S2.2 Convergence rate for variational estimators

Since ([S2.24), (S2.26)), and (S2.33) hold, we can define A;1,A; 2, and A3

by

n

%ZGXP(X%,—hB—l) = ¢(B_1)exp{Ai1(B_1)},  (52.56)

=1

LS Xy rep(X560) = o) ep{An(By)}, (5257
j=1

1 (ZY%J-—@> = $(8",) exp{U; + Ai3(87)},(52.58)

nexp(S7?) o
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uniformly in 1 < ¢ < m; since (S2.25)), (52.27), and (S2.34) hold, we can

define A’ ;. A/

31 =02

and A’ 5 by

%ZGXP(XZ-,&_J = ¢(B_)exp{A],(B_)}, (S2.59)
=1

%ZXijemX?jﬁ_l) BB (AL (B L)) (52.60

mexp(59) (ZYW —) = ¢(B%,) exp{V; + Al 5(B8°)}(S2.61)

’U

uniformly in j, and where A; 1, A9, A; 3, AL A

i1, AL, and Al 5 satisfy, for all

C1 > 0 and each p € (0,1/2),

max sup !Ai,s (B")| = Op(nip%

Isisn|gr| |Bal,...|8p|1<C1

max  sup AL (8] = Oy(m ).
1SGSm | ge| | By)..... | Bp| <Ch

By Taylor series expansion of (S2.56)), we have

1 n
=3 exp(X,8,)/6(B-)
=1

A% (B)

= 14+ AunB)+—

+ O{A (B} (52.62)
uniformly in 1 <7 < m, then squaring on both sides (52.62)), we have
I i
{5 ZeXP(Xz'Tj,AIB—O/Qb(/B—l) - 1} = A?,l(ﬁ—l) + O{A?J(/B—l)}a
j=1
which implies that for any € > 0,

max sup A7 (B_,) =O0,(n). (52.63)

1<Z<m@ 1° ||[3 1||<Cl
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Combining ((S2.63) and

m n

|
3D exn(XG 8L/ (B) - 1
i=1 j=1
ly 1O A2 (B
= L3 A+ Y S oan 6
=1 i=1
we have
1 m

sup — = O {(mn)? £ n1}.(S2.64)

B_1€[-C1,Cq]P1 m

D A8y

=1

Similar to the derivation process of (52.64)), for any € > 0, we have

1 m
sup — ZAiQ(IBfl) = Ozo{(mn)e_l/2 +n1}, (S2.65)
B_1€[-C1,C1]P~1 m i=1
1| _ -
sup - ZA;’J(B—l) = Op{(mn)* 2 tm s
B1€[-Ci,Cilp—1 TV |5
1 - €— €—
sup - ZA9,2</B—1> = Op{(mn) Y em '}
Boiel-Cr.ert S

Using Taylor expansion of ((S2.58)) we have

1 Lo
— Yii — — 52.66
W 2 (52.66)

= S el + %) {1+ BuaB) + AL + O,8%(8") |

uniformly in 1 < i < m. By (52.45), we have max;<;<, |pu,| = O(n¢) for
each € > 0. Combining this result and (52.66]) we have
1 - — T €e—
LS ) expl(—Us — )Yy — O ) — 1
j=1

= AulB) + GA%(B) + O,{AL(8). (5267
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uniformly in 1 < ¢ < m, for each € > 0. Squaring on both sides (52.67]) we

1
n
A2

23(87) + 0 {A75(87)} (52.68)

have

3

2
¢ H(B°,)) exp(—=U; — 7 )Y;j—Op(nEl)—l}

=1

uniformly in 1 <7 < m, for each ¢ > 0. Using the fact

2
1 n
pll ~1/30 —U;, — 7Y, — 1 = Oy(n"
{n;¢ (B~) exp( B1)Yi } b(n ),
and ([S2.68|) we have
max sup O{A73(8")} = Op(n ).
1<i<m |BT1<2C1,B% €[ Ch,Ch P2

Combining the facts

{mnzz¢ (B°,) exp(—U; — B°)Yi; —1} = O{(mn) "} +0(n™"),

i=1 j=1

and
Lizﬂjgﬁ ! Yexp(=U; — B°)Y;; —O(n 1) — 1
mn ! L/
=1 j=1
- Ly izm‘, 2 oat e
om — m < P ’
we have
1 m

sup — Z Ai’g(ﬂr)

|B71<2C1,B8_,€[-Ca,Colp~1 T |

= O0,{n~V?+ (mn)<1/?}, (S2.69)
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for each € > 0. Similar to derivation of (S2.69)), we can obtain
su

A /81761
1871<2C1,B_ 16[ C2,05]P~1 n Z

= O {m™2 + (mn)~ 1/2}, (52.70)

for each € > 0.

By the notation of ((S2.56)-(S2.61)), (S2.37)) is equivalent to

exp {81 42, + 3+ (B} 6(8)

= exp{B" + Ui + Ai3(8")}o(BL), (52.71)

uniformly in 1 <7 < m, and (52.39)) is equivalent to

exp {5542, + 53, + Aia(8) b ol

= exp{B{" +V; + Al4(89)}o(8). (52.72)

uniformly in 1 < 57 < n. Taking logarithms of both sides of (52.71)) and

(1S2.72)), respectively, we have

5(8.1)

r __ Qr0 1

o=+ { S

= Ui, gt Au() —Aa(Ba),  (S273)

o
S VS f - SR+ AL(B) A8 (52.74)
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uniformly in 1 < j < m. Adding (S2.73)) over i and adding (S2.74)) over j,

BY, By, B_, satisty the following equations,

(i)

1 « 1~
= ~Sui-a -+ As(87) — A,
m - {Uz Huz ZAUZ + 1,3(/3 ) z,l(ﬁl)}a

e e ¢(61)}
— B9 4
bt Og{cb(ﬁfil)

1 R /
- EZ{‘G—HU _§Av +A (ﬁc)_Aj,1(ﬁ1)}-
=1

J

By m™t 3" U; = O,(m~*/?), (52.19), (S2.44)), and the following property,

Z{Al3 - ll(ﬂ—l)}‘
‘61|<Clﬁ 16[ Cy,Cq) T

= O0,{n V*+ (mn)~ 1/2}, (52.75)

which can be derived from (S2.64]) and (S2.68)), we have

~

-1

nt YT Vi = Op(n17?), (S2.21)), (S2.47), and the following property,

A 70 A/-
sel Cho 1 Z{ 5(B7) = A5 (B-1)}
= O,{m~ /2 4 + (mn)~ 1/2}, (52.77)

which can be derived from (S2.65|) and (S2.69), we have

E €+ log {¢( B.,) } = O, (m™Y? +n71/2), (S2.78)
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Define

and

m n

1

A = o0 YN XYy —exp(X58° + U}, (S2.79)
i=1 j=1
1 &

Be = oo DY Xi{Yy —exp(X5B0 + V). (S2.80)
j=1 i=1

Since the variance of A, is

var(4A,) =

where

i=1j

1 = "
mn Y EIXE X {Yi —exp(X;87 + U}

i=1 j=1
1

m2n2

Z Z Z E[X%’_lxil,—l{y;‘j - eXp(Xz‘TjBTO + U
i=1 j=1 I#j

x{Yy — exp(XuB™ + U;)}]

+

1 m n m :
tonn? Z Z Z EXG 1 Xy —1{Yy; — exp(X;;8™ + Ui}

i=1 j=1 ki
x{Yy; — exp(XEj,@TO + Ui)}]
1 1 1
m2n? + m?2n? 1+ m2n?2 L,

EX: X -1{Yi; — exp(X},8" + U))}?]
1

= mngs(BL,) exp{B + (07)°/2 + (07)°/2}

+mngy(28Y,) exp{28] + 2(03)° + (07) Hexp{(c7)*} — 1]

= O(mn), (52.81)
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I (S2.82)

= YN EXGXaa{Yy - ep(X587 + Ui))
i=1 j=1 I#j
x{Yir — exp(X387 + U))}]

= D3> 6HBY) exp{2(02)  E{exp(B) + V) — exp(B°)}
i=1 j=1 I#j

x{exp(B) + Vi) — exp(B]°)}]

= 0 (52.83)
and

III

= Y YD EXG Xy {Ys — exp(X87 + Uy}

i=1 j=1 ki
< {¥i; — exp(Xp; 8" + Uk)}]

= >SN BIXE (X By — exp(X587° + Un)}
i=1 j=1 keti
x{Ys; — exp(X3;8" + Up) }Xij, Xy, Us, Up, V]
= Z Z Z E[ng,—1ij,f1{eXp(XiTjﬁ0 +U+V;) — exp(ngBrO +U;)}
i=1 j=1 ki
x{exp(ijﬁo + Ui +V;) — exp(ijﬂ’"O + Ui}
= m(m—1)ngi(8°,) exp{26) + (0)° + (03) }Hexp{(07)"} — 1]

= O{m(m —1)n}. (52.84)

Combining (52.79)), (52.81)), (S2.83)), and (S2.84) we have

A, = 0,(n?).
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The bound of A, can be derived analogously,
A, = Op(m_1/2).
Setting (S2.5) equal to zero we have

T gr 1
% Z Z X1 { —eXp (ijﬁ + o, + 5)\%) } (52.85)

11]1

Z ZXU . { — exp (XZTJ,BC + f; + %)\v].)} = 0.

]111

By (52.57), (S2.60), (52.79), and (S2.80)), (S2.86) is equivalent to

A, + exp(B°)¢1(824) ZeXP{U +Ai(6)}
+A, + exp(p° ZGXP{V + A7, (82,)}

= exp(fi)¢n (B Zexp{/vbunL 5w+ Aia(B- )}

+exp(B7) o1 (B Zexp {uv] + 2)\% + A (ﬁ_l)} (52.86)

] 1

By equations ((S2.71)) and (S2.72)), respectively,

Eu, + ééuz (52.87)
Qs(ﬁgl) ar 3
= B -5 +1 { B }+U1+A,~7 N =N (B ),
1 , T1og ¢<é_1> 3(8") i 1>
i, + %zv] (S2.88)
P(B~;)
= Co—ﬂchlog{ =~ }+‘/}+A§p (B9 = Aj.(8_)),
LTS 6(B_) ! e
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we have the derivations of the two exponential terms on the right of ((52.86)),

exp {u + ;Au + Am@_l)} (S2.89)
= ; = 1 982)
= e {80 =5+ Ui+ 0is(B) ~ Au(B_) + 2B )} B
exp {H + %XUJ + Aj,g(Bl)} (S2.90)
¢(82,)

= exp {80 = B+ Vi + 4,89 — AL, (B_) + 20, }

Combining ([52.86)), (52.89)), and (52.90|) we have

m

0
Ao(82,)" + exp(ar) LB L > expil+ Aua(B)

)
O Zexp{v+A (8”1} (5291)
— ex or ¢1(5_1)
e G )

><— Zexp { ﬁ +U; + A 3(,3T) — Am(é_l) + Az’,2(§_1)}

- ¢1(/3 1)
P0G )

x= Z exp { 317 — 55 + Vs + &)3(8°) = A7, (B_) + 8a(B_) }

By (S2.79), (S52.80)), (S2.77)), (S52.77)), and (S2.91), we have
0 m
Zl (('50_11)) {exp % Z exp(U;) + exp( Z exp(V; }
¢1@,1) {

~

¢(B_,)
+0,(n7V? +m 1/2). (S2.92)
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Substituting exp@?) = exp(ﬁ{){l—k(@— {0)+OP(E—BIO)} and exp(E) =

exp(B){1 + @E — B9 + Op@f — B9} into equation ([S2.92)), we have

¢1(ﬁgl) 0
o(67,) {eXp( )

6(B_)) 1 & 1<
= ~— exp(B])— exp(U;) + exp(B5%)— exp(V;
S e S s+t Yo

+0,(n M2 4 m?),

which implies that

01(8°1)9(8%) " = A1(B_)d(B_,) " + Op(m™ 2 4 07 2).

By the invertible mapping ¢'(-)/¢(:) and continuous mapping theorem, we

have

B_, =B +O0p(m 2 40712, (S2.93)

Combining (52.76]), (52.78)), and (52.93)) we have

B = B+ Oy(m VP, (S2.94)

B = B+ Op(m 4071, (S2.95)

Combining (52.87)), (52.93), and (52.94)) we have

A= Uit As(B) = Ain(B_) + Op(m 2 4 n71/2), (S2.96)

Ty = _
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uniformly in 1 <14 < m. Together with (52.75) and ([S2.96) imply that

J N 1 o=~ . _
—> = =) U}+0 /2 1/2
< o m 2 24 Op(m +n )

= (02 + 0,(m~ Y2 4712, (52.97)

And combining (S2.88)), (S2.93)), and (S2.95) we have

i,o= Vi A8 = AL (B )+ Op(m 2 0 12), (52,98

uniformly in 1 < j7 < m. Equations (S2.77)) and (52.98) imply that

IR 1 < _ _
R, = LV A0 )
j=1 i=1
= () +0,(m V24 n7/?). (S2.99)

Combining (S2.12)), (52.44)), and (52.97)) we have

o2 = (03 +0,(m V24 n7Y?), (52.100)

Zu

and combinig (S2.13)), (52.47)), and (52.99)), we have

2 = (6)°+ 0 (m 2+ n71/2). (S2.101)

Zov

Together, (52.94)), (S2.95)), (52.100)), (S2.101), (S2.54), and (S2.55) give

2 1 (= r 812}_0-30 e c /O-\’lQL_ 0-12LO
él_ﬁ? — 5(@;_ 10_++§‘i_ 10_%>

— Op<m71/2+n71/2>'

This completes the proof of consistency at rate m~=1/24n=1/2 for the Poisson

regression model in Theorem 1.
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S3 Proof of Theorem 2 for the Poisson regression

model

The proof of Theorem 2 includes 7 steps:

Stepl. formulas for estimators in :

Step2. initial approximation to E — B E — B39 and §—1 — 3%, in §53.2,

-~

Step3. approximate formulae for U;, A, , V;, and /_):vj in §53.3¢

) 7

Step4. approximations to ¢,, and (,, in §53.4}

Step5. final approximations to o2 — (¢2)° and 02 — (¢2)° in §53.5

Step6. approximations to &u,, M, §u;, and 7, in §53.6}

Step7. final approximations to §1 — Y and @_1 — 3%, in §93.7

We first derive the initial approximation to E — B0, E — B, and

E_ . —591, and get the remainder terms of them , then control the remainder

terms in §53.2] §53.3] §53.5 and §53.6] At last, and prove the

asymptotic results of theorem by the results of remainder terms.

S3.1 Formulas for estimators

Based on the consistency results, we define ,,, n,,, and (,, by, respectively,

1 n
" g Xij—1 eXP(X;;Fj,qﬁq + VJ)
7j=1

= 61(8)) exp{(3)°/2} exp(&u,), (53.102)
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1 n ~
H Z Xz‘j,fl eXp<X;Fj,flg—1)
7=1

= 61(B_) exp(,), (83.103)

and

- &
oxp (B 42, + 33 ) = D {e0(X50B) — 0B )} + 2

j=1 Fu

= 3 (Y- e+ U)o}
e+ U)o(B%) {1 - explu)} (83104

uniformly in 1 <4 < m; define §,,,7,,, and ¢, by,

il Z Xij—1 exp(XG;. B+ U
= ¢ ([391) exp{(07)"/2} exp(&y,), (53.105)
1 & ~
E Z Xij,—l eXp<X;1;',—1é,1)
i=1

= 6:(B_,)exp(n.,), (S3.106)

and

m N . I,
( Lo, + —_UJ) %Z {exp(X?j,_ll_i'_l) - cb(é_l)} + ==

=1 =—v

- mZ{i@ exp(557 + V)6(8%)}

+exp(B° + V;)o(B,) {1 —exp(¢) } (S3.107)
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uniformly in 1 < j < n. By equations (52.79)) and (S2.80)), (S2.5)) is equiv-

alent to

1 m n
2A -+ % Z Z Xz'j’_l exp(XiTjﬂO + Uz + V})
i=1 j=1
1 m n
+— 3 Xy exp(XEB°+ U + V) (S3.108)

mn < .
=1 j=1

- o ;nz

1=

1j=
1 m n ) R R 1~
+exp(B; - — > D Xiaexp (X5 6, tH, 5, ),
7j=1

27
=1

n

1~
X’L] 1exp< 15,— 1/8 ‘1‘# +2Auz)

1

where

n

1 m
- — Zl leij,l{yjij —exp(Xy;8 + Ui + V)1,
1= J]=

using the notation in ((S3.102))-(S3.107)), we can write (S3.108)) as

2A + 61 (B Zexp P+ Ui+ &u)

+61(82,) exp( P +Vi+E,)

1
i

~

— (B

ME i

1~
(6 +u + =\ +77u1->

1
m 4 2w

Mzu

+¢1(f3 ) (ﬁ +;z +1A +nvj>, (S3.109)

1
nl 274

J
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and write (52.8) and (S2.10)) as

exp (y +, + ;Au ) ¢@_1)
= exp(B° + U + Cu,)0(BY,),
exp (ﬁc +0, + ;Av]) 6B,

= exp(8°+V; + va)(b(ﬂgl)

Substituting (S3.110) and (S3.111)) into (S3.109)) we obtain

2A ¢ i 0
X U, w
o687 " alB Zep Tl
1
+ﬁj((§)))— <p(B° + V; +£,)
— )1 (B0 + U; + u, + Cuy)
m
1 c0
P+ Vi, +Gy)
~_ n]:l

S3.2 Initial approximation to E — B, E — B and §_1

To derive the approximation to @_1 —B°,, write y(B_,) = ¢1(B

we have

($3.110)

(S3.111)

(S3.112)

- 8%

~1)/0(B-1),

Y(B_) = 1B+ BB, - B+ 008 - 8%

= (B) + {1+ O, (m ™2 407/ (B2)(B,

- /6(11)’
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where

a0y 92(82)8(8Y) — 61(B21)91(BL))
v(B) = Qb(ﬂ(il)Q )

$2(B_1) = E{Xi X} exp(Xi; _18.1)} (S3.113)

Therefore, by equation ([S3.112)),

2A/¢(5g1> + 7(621)§U,$u + 7(/631)§V7€v

= [(B°) + {1+ 0,(m 2+ 0 ) (B°)(B_, — B° ) (Sviucs + v,

where

Sve, = %zm:exp B+ Ui+ &),
=1
Stmuta = %iexp( 10+ Ui+ N, + Cuy)
=1
gV,fv = %iexp( fo—i_‘/j +£’Uj) )
j=1
§V,77v7<v = % il exp ( fo + V] + 771)]' _'_ gl}j) :
j=

And further, we have

BB, = B°)(Svmc. + Svanc)

2A _ . B B
B ¢<,391) " 7(631){(5[]’5“ = Svmuc) + (Sve, = Svinc)}

+O0{(m™ 2+ 07 (B - B} (93.114)
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Taking logarithms of both sides of (S3.110)) and adding over ¢ from 1 to m,

then dividing by m we have

log{¢(B_,)/6(8°,)} (93.115)

_ pr0_ar b , a5 _ =
= BB+ - El (UZ + Cu — B, QAUZ.) ;

which implies that

g~ B0 (S3.116)
= (BB, - B%)

1 — N 1~ ~
=3 (Ui +Cu — B, — 531”) +0,{IIB_, - B11).
=1

Taking logarithms of both sides of (S3.111]) and adding over j from 1 to n,

then dividing by n we have

log{6(B_)/6(8%)} = BT+~ (vj TR ) ,
j=1

which implies that

B-B = =" (BB, - B%)
n 1/\ N
=53 (V} + Gy — R, ~ 5%) +0,{18_, - B%IPD).
j=1
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S3.3 Approximate formulae for UZ-,XW V; and Xv]-

Note that (52.8)) implies that

{1+ 0, (n*)}o(B)) exp (B + Uy)

i,
(0ol e (55 +3, + 3, ) + 5,

no,
uniformly in 1 < i < m, for each € > 0. Based on (52.93) and ((52.94)), we

have

{14+ 0p(n2)}o(BL,) exp(57° + Ui) (53.117)

i,
(0, ol e (503, + 33, ) + 2,

uniformly in 1 < i < m, for each € > 0. Since max;<<,, |Ui| = O,{(logm)/?},
and (S2.22)) implies that 0 < Zuz < 2, we have max; i<, i, | = Op{(log m)/2}.

Therefore, by (S3.117)),
1~
{1+ Op(ne—1/2)}exp( ) = {1+ 0,(n 1/2)}eXp (Eu + —Auz) (S3.118)
uniformly in 1 <7 < m, for each € > 0, taking logarithms, we have

1~
Ui = B, + 5A, + Opn” 12y, (S3.119)

uniformly in 1 < ¢ < m, for each ¢ > 0. Combining (S2.9)), (52.93), and

(152.94) we have

(3,07 = (O o) exp (B, + A+ A + (02
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uniformly in 1 < i < m, for e > 0. By , we have
(nA,)™ = {1+ 0, )}0(B%,) exp (Ui + Bi°) + (ng2) ",
uniformly in 1 <7 < m, for € > 0. Hence,
Ay = {ne(B%) exp(U; + B°)} " + O,(n"3/?),  (S3.120)

uniformly in 1 <7 < m, for ¢ > 0. Based on (52.9), (52.93)), and (S2.95)),

we can derive the formulae for V; and /_Xv]- analogously,

Vi = B, + 5k, +0(mT),

~

Avj = {me(ﬂ(il) eXp(‘/} + Bfo)}_l + Op(m6_3/2>7

uniformly in 1 < j <n, for € > 0.

S3.4 Approximations to (,, and (,,

Define the random variable 9, from (S3.119) by
(S3.121)

Denote BY, , = Y7, XF;_y exp(X58°+V)), By, . = 27, X§; 1 exp(X;87)
Bl = Y Xk exp(X87) for k = 0,1, and A,, = Y7V —

BY jexp(U;) with zero mean and variance ng(B82,)exp{s) + (02)°/2 +
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(02)°/2}. We can write (S2.8)) as

~

. - [,
Z Yi; — Z eXp(XiTj,BT + Hy + Ay /2) — =5
j=1 j=1

T

I,
Ay, + By gexp(U;) — B, gexp(U; 4 0,,) — =5,  (S3.122)

g

—Uu

uniformly in 1 < ¢ < m. By Taylor expansion of exp(U; + d,,), we have

1
exp(U; +0y,) = exp(U;) {1 + 0y, + 5521 + Op(n5_3/2)} ’

uniformly in 1 <7 < m, for each € > 0. By Taylor expression of B; , =

> exp(X8"), we have

B;,O = BZ?,O —+ Xu; -+ Op{(m_1/2 + n_1/2)3n6+1}7

uniformly in 1 <7 < m, for each ¢ > 0, where

Z_go L r
N = B 5 - e el

+H{B_, -8+ B, -8B, - B}y BY,
1 ~ ~
+5(B, = BL)" BB — AL,

where

By = Xy 1 Xj_ exp(X};87). (S3.123)
7j=1
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Therefore, (53.122)) implies that

~

n K,
> Y= Bl gexp(Ui +6,,) — =5
j=1

Ty

1
= A, + (thO — BZ?,O) exp(U;) — BZE{O eXp(Ui){(Sui + 5531 + Op(ne—3/2)}
1 1~ R
—Xu; eXp(Ui){l + Oy, + 553 + Op(ne’?’/Q)} —(U; — §Au + 0u,) gi

+Op{(m_1/2 + n_l/Q)?’nEH},

uniformly in 1 <7 < m, for each ¢ > 0, and further

Lo (Bl +xu) exp(Ui)

2% (B% + Xu:) exp(Us) + 1/@%

A, + (B2 — Bi2y) exp(Us) — xu, exp(U3) — (Ui — A, /2) /5
(B2 + Xu,) exp(U;) + 1/52

+Op(n673/2) + O {(m™ ' +n1)ncY,

S, +

uniformly in 1 < ¢ < m, for each ¢ > 0, which implies that

5 _ But (Buo— Bilo) exp(Us) — xu, exp(Ui) (S3.124)
u (B + ) exp(U5) |

+0,(n1) + O]g{(rrfl/2 + n71/2)3n6}

= {nexp(B°)6(8,)} ' Ay, exp(~U;)
+{mn exp( Io)ﬁb(ﬁ%)}_l(Bgi,o - BZ?,O)
~(B" = 8% =7 (B°)(B_, — B%) + Op(n<Y)

+Op{(m71/2 + n71/2)3ne}'
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uniformly in 1 < ¢ < m, for each ¢ > 0. Hence, combining (S3.116]),

(1S3.120)), ((S3.121), and (53.124]) we have

A, = Ui=U+ G+ {nexp(8")0(82)} (B0 — Bilo)
Hnexp(B7°)o(BL1)} " Ay, exp(=U;) + Op(n)
FO{(m™? + n71/%)3n Y}

= Ui = U+ {nexp(5°)¢(821)} (B0 — Bito)
+H{nexp(67°)6(BL,)} Ay, exp(=U;)

+0,(n1) + 0, {(m™ Y2 4 n~12)3neY, (S3.125)

uniformly in 1 <7 < m, for each € > 0, where the second equality uses the

property (,, = O,(n°"!) from the definition of ,,.

To derive the expansion of (,,, we substitute (S3.120) and (S3.125)) into

(53.10),

o (B, 3~ ) 2 3 {en(X55 + el @06 )}

Jj=1

= > (Y exp(=Us) — exp(H00(8%) } + exp(B0)0(8%) {1 — exp(Gu)}

Ui o
—exp(—U;) e~ + O,(n 3/2),
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uniformly in 1 < ¢ < m, for each € > 0, where

1~
exp (u + QAM - Ui)

= 1+ {nexp( fo)ﬁb(ﬂgl)}_l(B&,O - BZ?,O)

Hnexp(B")¢(B21)} " Ay, exp(=U:) = U

+O0, (1) + Op{(m ™12 4+ 07120},

uniformly in 1 <7 < m, for each € > 0, therefore, we have

1+ {nexp(8°)¢(821)} " (By,o — Bito)

+{nexp(B°)6(B8%,)} ' Ay, exp(=U;) — U]

oL > {en(xi8) - e B)olB,)}
= — Z { exp — eXp( )¢(521)}

—exp(5)6(62,) (c +5¢)

Ui -
—exp(—U)—g5 + Op(n“*"?),

—Uu
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uniformly in 1 < ¢ < m, for each ¢ > 0. Further we have

exp(5)0(68%,) (G + 562 (58.126)

= —[1+ {nexp( Io)qb(ﬁgl)}_l(Bgi,o - BZ?,O)

-~ Z{Ymexp ) = exp(BNO(BL)} — exp(—Ui)- + Opn2),

Zu

uniformly in 1 < ¢ < m, for each ¢ > 0. Define

Dy(by,b_y) = —Z{X cexp(X7Lb) — exp(b1)dx(b_1)}

= Op(ne U2 k=01, (S3.127)

uniformly in 1 < ¢ < m, for each ¢ > 0. Using the Taylor expression to

exp(X BT) - exp(ﬁr)gb(ﬂ ,)» we deduce that

D _{exp(X587) — exp(B)o(B )
= 1{Du0(B) + (5 — B1°)Du0(B°) + (B, — 89D (B7)}

+O,{(m 12 4 n=V/2) et/ (S3.128)

uniformly in 1 < i < m, for each € > 0. Substituting (S3.127) and (S3.128)
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to ((S3.126)), and notice that,
Z{ sexp(=Ui) — exp(B;°)6(82,)}

= A, exp —|— Z{exp XTB + V - eXp( )¢(ﬁg1)}>

we have

2 exp(~U) [, {1~ exp(~B1")0(82,) " Do(B7)} ~ U:/87)
~(B] — B)Do(B) — Di(B™)(B_, — B°))" — UDo(B™)
+O0{(m ™12 407122, (93.129)

uniformly in 1 <17 < m, for each € > 0, and therefore,

+—exp(—=U;) [Ay, {1 = exp(=5{°)0(8L,) " Do(B)} — Ui/3,]

—(B" — B Do(B™°) — (B, — B D1(8™°) — UDy(B™)

1
—ﬁ eXP( )¢ (ﬁo )(Bgi,o - BZ?,O)z

1
—5 exp(= )0~ (B21)(Bu, 0 — Bilo) exp(=Ui)A,,

1
— 53 XP(= 1971 (B%,) exp(—2Ui) AL, + Oy (n?/?)
+0,{(m™Y? 4 n=1/2) 212y, (S3.130)
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uniformly in 1 < ¢ < m, for each ¢ > 0. Equation (S3.130]) implies that

exp(B6(8%) - S Uik,
=1

1 «— 1 «—
= — > Ui(B),—Bi’g)+ — > Uiexp(—U)A,,
mn — ( u;,0 uz‘,O) + mn P exp( ) i

m _ Rr0\ 4—1/230 m
1 Z Ui2 exp(—U;) — exp(—07")o~ (By) Z Ui(Bgi,o B 32?70)2
i=1 j

1
~mn (02)0 2mn?

exp(— r0)¢—1(16(i ) m r

_ ;71”2 L 2 Uz(tho — Bu?,o) exp(_l'jl)AuZ
eXp(_ IO)gb—l(IB(ll) m 2
2mn? Ui exp(—2U;) Ay,

i=1
+0,(m™ 20ty + O, {(m™ V2 4 n V2 ym V212 (S3.131)

for each € > 0. Since

m 2
E [ ST OB, — B
=1

= mn(02)6(28°,) exp(28] + (02} [exp{(#2)°) — 1].
we have

1 § _
N B, — Bi2) = Op{(mn) 72}, (3.132)
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Due to

var{ Z U; exp(—Ui)Aui}
i=1

m n

= Z Z E{U? exp(—2U;)

i=1 j=1

xE [{Yij — exp(X38° + U; + V) Y [X;, Ui, Vi ] }
1
= () P exp {9+ 520 + 5D
we have
1 ¢ _ —1/2
— ; U exp(—=U;) Ay, = Op{(mn)~/?}. (S3.133)
By (S3.132)) and ([S3.133]), we have

1 m
Z Ui{Bgi,O - BZ?,O}Q = Op(m71/2”671>(83-134>
i=1

mn? 4

1 m
> UABY o= Bilotexp(—=U)A,, = O,(m~"?n1)(S3.135)
=1

mn? 4

for each € > 0. Together with (S3.131)), (S3.132), (S3.133)), (S3.134),

(S3.135)), and the following facts

E{Uf exp(=Ui)} = exp{(03)"/2}(0y)"{1 + (0)"},

P S viesa-200as L = a8 o + (2012 + (02)12),

i=1

imply that

3 Uik = Opflmn) 24 571,

i=1
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Using (S3.130) and the following facts

1 m

— —U)A,, = O 172
mn 2 exp(—=U;) Ay, p{ (mn)~" 7},
= Emjexp(—w)A? = 0,(1)
mn < RO PATD

we obtain the following property,

l Y = 1 . 0 _ nro
w2 T g e 2 P = Bil)

=1

+0,{(mn)? £ n71}. (S3.136)
The following properties can be derived analogously:

exp(7°)p(821)¢,,

_ l 0 _ pc
- m{ij,O ij,O
o exp(=V;) [Au, {1 - exp(=67)0(8%,) " Do(5) } — Vi/6)

—(B° — B°)Do(B) — Di(BO)(B_, — B%) — VDo(BY)

5 p(— )0 (B ym (B o — mexp(57)6(82,))
— exp(—B1)6 (B2 )m A {BY, o — mexp(B0)6(8L) } exp(—V)A,,
1

— 5 exp(= B0 (B )m ™ exp(~21)) A%

_i_Op(mefS/Z) +Op{(mfl/2 _'_nfl/Q)Zmefl/Q}’
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uniformly in 1 < j < n, for each € > 0, and

1 n
=D Vit = Op{(mn)™2 w71,
j=1

1< w1 I .
n ; Co, = {QS(B%) exp(87°)} 1% ]Z:;(ng,o - Bu?,o)
+0,{(mn) ™2 + m~1}.

where ng,o =", exp(XiT]ﬂ0 + U;) and ng_{o =5 exp(X;ijCO).

S3.5 Final approximations to ¢2 — (¢2)° and o2 — (02)°

Equations (S3.110)), (S3.115)), and (S3.120)) imply that

A, = Uit Gu—3a, —log{6(B_)/6(8")} — (B — ) ($3.13)
= Ui+ Co — %Xu,. (BB B~ (B - )
+0,{(B_, - B°)"(B_, - 8°))}
= Uit G~ {200(82,) exp(U; + B0} — (0 +C.)
[masw >exp{ 8 %w}}l O {2 1Y),

uniformly in 1 < i < m, for each € > 0. Therefore, squaring both sides of

(S3.137) and adding ¢ from 1 to m, for € > 0,

1 & 1 <& o
EZE = E;(Ui+Cui_U_Cu)2

—{mne(B2,) exp(51°)} Zexp Ui+ G, — U = Cu)

+0,{(m™Y? 4 n=1/%)%} (S3.138)
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Combining (S2.12)), (S3.115)), and (S3.138]) we have

5 - i a
= Z (U + Cu, — U = C)? + O {(m ™2 + n7/%)2}(S3.139)
By (S3.130)),
0 X r0O\1—2
Var<<_u) — {¢(/8—1)7§252< 1 )}
x Y > Efexp(X[8° + V) — exp(X[;87)}
i=1 j=1
+{¢(ﬂ91)exp< )}
m2n?
XD DS B{ep(X[8° + V) — exp(X[87°)}
i=1 k#i j=1
x{exp(Xy;8” + V;) — exp(Xj;8)}
_ mm;l lexp{(62)°} — 1] + O{(mn) 1, (S3.140)
which implies that
G = Op(n~'?). (S3.141)

Moreover, by (S3.130)),

m

1

=1

= ¢%(BY)) exp(—

_ Op(mfl/zn /2 4 1)'

— B o} + O, (m™ 1212 4 n~

)
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Combining ([S3.139), (S3.140)), (S3.141)), and (S3.136) we have

2 — (o

—Uu

1« 5z
= =Y Ui+ G =T =G = (@)
i=1

Hk
= % zm:{Uf — (62} + Op{(mn) "2 +m~' + n~'}. (S3.142)

By the assumption logm/logn — 9, § € (1/2,2), (S3.142) implies the
asymptotic normality result of @3 in Theorem 2. The expression of @3 can

be derived analogously:
. 1< - _ _
82 = VG, V=L O lm P,
j=1
and
~2 . 2\0 __ l - V2 o 2\0 O 71/2 71/2 2 SS 143
g, —(0,)" = nz{ 7= (0,)"} + Op{(m™ " +n7 /)7 }(S3.143)
j=1

which implies the asymptotic normality result of 3> for the Poisson case in

Theorem 2.

S3.6 Approximations to &, 1., &; and n,,

By (53.102)), we have
1 n
=S Xy exp{X5 8%+ V; — (072}
j=1

= BB+ + 58+ Oyl
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therefore,

(&M + lﬁi) (S3.144)
%ZXU L epIXG B +V; — (0272}~
+0p(|€ul),

uniformly in 1 < ¢ < m. By (53.130), we can derived that the term

max; <i<m |£u;| = Op(nY2). Squaring both sides of (S3.144)), we have

1
5512%
1
2H¢1(ﬁ0 )2 exp{(02)°}

<[5 ZXU B (K] B+ V5) = 6081 exp (022

[ ZX” L1 exp(XE LB 1+Vj)—Hdn(ﬂo1)||26Xp{(05)°/2}]

+Op( €— 3/2)’
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uniformly in 1 <7 < m, for each ¢ > 0. Hence

gui
1
16182 1)II? exp{(03)°/2}

[ ZX@ (B2 exp(XE, 1B+ V) — ||<b1(ﬁ91)||2exp{(ai)O/Q}}

1
_2||¢1< O DI exp{(c2)°}

[ sz L 61(8",) exp(X z-];_l,e_le)—||¢1<ﬂ0_1>||2eXp{<as>°/2}}

[ sz 6n(8°,) exp(X u,—1ﬂ1+Vj)—H¢1(ﬁ91)ll2exp{(cfﬁ)o/?}}

+Op( €— 3/2)’

uniformly in 1 < ¢ < m, for each ¢ > 0.

By (53.103)), we have
BN T 72 2 L 3
- D Xiyjrexp(X[ 1B ) =B ) L+, + 3+ Op(nail”) -
j=1
Based on the following fact,

ZX;FJ _191(BZ;) exp(X Z,flﬁ_l) —1

n(bl(//é )¢ (

]_ n
— m Z [Xz‘Tj,1¢1<,6(1)) eXp(Xz‘Tj,qﬁgl)

+exp(X]; 1ﬁ°) LB, = B%) — 6i(B%) 61(BY))
—p1(8%,)" 4 (B°)(B_, — B%) + O {IB_, — 8% 1*}

= D1(0,8°1)61(8°)"/61(B° ) I? + Op{n2B_, — B, I},
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uniformly in 1 <7 < m, for each ¢ > 0, we obtain that

Mt gt = Du(0.B2) 618 /16182

+0,{n2|B_, — B[l + [}, (S3.145)

uniformly in 1 < ¢ < m, for each ¢ > 0. Squaring both sides of (|S3.145)),

we can deduce that

Mo, = {D1(0,82) 61 (82)}/lle (B2

+0,{nYB_, — B[l + Inu,*}, ($3.146)

uniformly in 1 < i < m, for each € > 0. Combining (S3.145|) and ({S3.146))

we have

me = D08 680 (B2
5 {D0.8%) 6 (B2l (B2

3, (S3.147)

+O{lIB_, = B 12 + I,

uniformly in 1 <1 < m, for each € > 0.
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For the approximations of §,; and 7,,, we can derive them analogously,

1
H¢1(ﬁ° )I? exp{(07)°/2}

ZX D) exp(XE 8L + V) — [[é1(BL)1° exp{(e7)"/2}

1
2]01(B2)IP exp{(03)°)

X —ZX” 1eXp U 1501+V) ¢1(ﬁ21)eXP{<Ui)O/2}

Svj =

X —ZX” _rexp(XE 8L + V) — 61(BL)) exp{(07)°/2}

+Op( €— 3/2>’

My = D1(0,B°1)¢1(601)/||¢1(ﬂ°1)|I2—%{Dl(O,ﬁO1)¢1(ﬂ01)}2/|!¢1(601)ll4

_i_Op{(mfl/Q + 7171/2)7”671/2}7

uniformly in 1 < j < n, for each € > 0.

S3.7 Final approximations to El — 3 and @_1 — ,8(11

For a true value 3%, and the bounded random variable X;; _;’s, we have
1« 0
ar m Z Dy(0,82,)

= ngmzZZE{XU Lexp(XE_18%)) — dk(BY)}T

=1 j5=1
X{Xz] -1 eXp( ;1;’7—1/8(11> - ¢k(/8(11)}]
1

= %Var{X]ileXp(Xilﬁ D} =0(m a7,



L. XU, N. REID AND D. KONG

furthermore,

% > Di(0,8°,) = Op(m™*n7'7?). (S3.148)
=1

By the equations ([S3.130)), (S3.147), and (S3.148]), we have

1 m
— ZeXp( 71n0 + Ui + 1, + Cuz)
m =1

= eXp{ 04 ;( 3)0} + 0, (n~1?). (S3.149)

Analogously,

1 n
o DB+ Vi + )
=1

= exp{ @04 ;( 3)0} + O, (m™17?). (S3.150)

Combining ([S3.130)), ((S3.144]), (S3.147)), and (S3.148) we have

§U7§u - §U777u ,Cu

1 m
= EZ{exm Ui+ &) — exp(B7° + Ui+, + Gu,)

1 1

—l—Op { m~ % 4 n 1/2)m’1/2n671/2 + 02 (53.151)
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for each € > 0. By (S3.144)) and (S3.145|), we have

! —n2,

5 + Suz - /r/uz 2

¢1(B°,)"
161(8°))|I? exp{(02)°/2}

1 n
X D Kijrexp(X]; 8% + V) — Xyj_1exp(X],_,8°,) exp{(02)°/2}]
j=1

+Op{n€_3/2}'
Furthermore,
2 1 2
_Zexp +U fuz—i— fu = Nu; — 277ui>

= ZZ{XW 1exp(X56° + Ui + V)

mn|r¢1 AP & 2

—Xij-1exp(X;;8 B+ U)o (B%) + Op(n™/%).  (S3.152)

By (S3.129), we have

m

1 1
~ Z exp(B7° + Ui) (Cu, + §Ci)

= ¢ (B % ; ;exp ){exp( fjﬂo +V;) — exp(ijﬂTO)}
F67H B2 D" (A1~ 67 (B expl(— A1) Do(B7)} — Ui/22)
=1

678, % >B, - BL)DE ) el + V)

—¢ 1B ZUDO (87) exp(B1° + U;)

+0,{(m~ 1/2—|—n 12 2pest/2y, (S3.153)
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By (S3.130)) and (|S3.147]), we can derive that

]' — r0 ]‘ = r0
—_ X U’L u; Su; = X Uz
o 2 P+ U = S g 2 o + U

X Z{Xz‘j,—l eXp(X;’l;',—l/B(il) - ¢1(531>}T¢1(581)

7j=1

X Z{Ym exp(—U;) — exp(X[;,87)} + O, (n?/?).

Since
E m — ex 1 l: 2 ‘}ul Uq I

and

r0 2 1
{ ZeXp ”U)”“C“} 2t G B )2 B

(Z {Z{XU Srexp(X3_i82) — o1(BL)} e (BL)

=1 =

1
m2nto(B21)%¢1 (82 )I*

xXE ( > [Z{Xz‘ay—l exp(X}; _18%)) — 61(82))} 01 (82,)

i=1 k#i - j=1

X Z{YU — exp(X};87° + Ul)}} > +

x Y {Vy —exp(X[87° + Ui)}}
Jj=1

Y [Z{X@,l exp(XE, 18%1) — (B2} u(6%)

j=1

X Z{ij - exp(XEjﬁro + Uk)}} >
=1
= Op(m™'n?+n7?),
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we derive that

m

1
— 3 (B + UG = Op(m ™0 0 72). (S3.154)

i=1

Combining (S3.151)), (S3.152)), (S3.153)), and (S3.154) we have

EU,&L - gU e

= H?ZZ{X’J )

=1 j=1

x{exp(X ,3 +U; +V;) —exp(X -ﬂTOJrUi)}

T ||2227ﬁ0 "o1(8L)

mn||qz51 i=1 j=1

x{exp( --,80 + U+ V) —exp(X587° + Uy)}

B 2 ¥ X + )

’L].j].

1 0
=l \PZZ{ R

=1 j=1

x{exp( LB+ U+ V) —exp(X58™° + Us)}

ST ZZ% exp(X[8 + Ui+ V)

lel

Jrop(wf*”/2 +n<3?), (S3.155)
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for each € > 0. We can derive the following property analogously

§V,§v - gvnv Cv

T 2 2 s TN

=1 j=1
X{eXp(Xij/B +U; + ‘/j) _eXP(XijﬁCO +‘/J)}
1 n
Tl @ 2 VPR B0A

+0,(m 3% 4 n3/2), (S3.156)

for each € > 0, where A,, = > {Yy; — exp(X58° + U; + V;)}.

Combining with (53.114)), (53.149), (53.150), (S3.155), and (53.150) we

have

Y (B2)(B_, — B1)2exp(B) exp{(02)°/2 + (02)°/2}
= T/6(8%) + Op{(m 2+ n™V2)(B_, — B°))}, (S3.157)

where

= % Z Z{Xij,—l - 7(1390}

i=1 j=1

x{2Y;; — exp(X};,8" + U;) — exp(X[;8° + V))}.
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T is asymptotically normally distributed with zero mean and variance

var(T")

= (a8 18268 exp (8 + (0272 + (02)°/2)
P {0a(280) — 28 2827 + 2B () 6(262)
x exp(26] + (02)° + (72)°}

x[dexp{(c7)" + (07)"} — 3exp{(07)"} — Bexp{(07)"} + 2].

Therefore,

vmnT — N(0, %), (S3.158)
in distribution, as n — oo, m — 0o, where

h

= H{0a(BL) = 7(BL1)¢1(BL))" Y exp{B7 + (02)°/2 + (02)°/2}
+{¢2(2581) - 27(/331)¢1(2:3(11)T + 7(681)’7(:30—1)T¢(25(11)}
x exp{26) + (02)° + (7)°}

(2

x[dexp{(0)” + (03)"} — Bexp{(07)"} — Bexp{(07)"} +2].

Combining (S3.157) and (S3.158) we have

@_1 _,30_1 _ (mn)_1/223+0p(m_1n_1/2 —I—m_l/2n_1),



L. XU, N. REID AND D. KONG

where Z3 is a normal distribution with zero mean and variance

X3

$*(8°) o
(B T (0202 1 (o272} (P2(BL)0(8%) — 61(B%)n(6,)"}

{#2(821) = 1(B2)61(BL1) Hea(BL1)o(BL1) — 61(BL1)1(BL1)"}

2B ){0()0(87) — 01(8%)n (8%}
X{¢2(2631) - 27(:691)¢1(2,3(11)T + 7(631)’7(/3(11)T¢(25g1>}
X {¢2<:3(11)¢(B(11) - ¢1(531)¢1(:891)T}_1

x[dexp{(oy)" + (07)"} = Bexp (07)"} — Bexp{(0})"} + 2].

By (S3.116)), (S3.117)), (S3.142)), and (S3.143)), we have

~ 1 &
= BB, =B+ 5D Uit G)
=1

+2i S +6) — 185~ (02 +8% — (o))

7j=1
+0,{(mn)~ 12 4o~ —i—n_l}

= Sy + Sy +S3+ Sy + S5+ Sg+ Op{(m™2 + 07122} (S3.159)
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where

S
Sa

S3

S4

Ss

S6

— ECuu
1-
- §Cv7
1. 1 —
AT I
1. ] —
= —V:%ZVJ,
7j=1
_ Lo
4mi:l 7 u Y
_ 1 - V2 2\0
= > (17— (@)

By the requirements of multivariate central limit theorem, we need to check

the boundedness of covariances of (Sy, Sq, S5, S4, S5, .56). The diagonal ele-

ments can be calculated as follows,

var(S;)
var(Ss)
var(Ss)
var(S,)
var(S;)

var(Sg)

lexp{(02)) — 1]+ Of(mn) '},
1

- lexp{(03)°} = 1]+ Of (mn) ™'}

(S3.160)
(S3.161)
(S3.162)
($3.163)
(S3.164)

(S3.165)
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The covariances can be computed as follows,

COV(Sl, SQ)

exp(—B7° — BY9) < )
T 50 LYY El{exp(X58° + V) - exp(X567)}
=1 j=1

X{exp(XT»,B +U;) — eXp(ngﬁco)}]

eXp( ’l"O fO)

4m2n2¢(ﬁ_1)2
>N Bl{exp(X58° + V;) — exp(X5687)}

i=1 ki j=1
x{exp(ijﬂO + Uy) — eXP(XiTjIBCO)}]

eXp( rO 130)

FRCRERITCUNE
<> NTN T Bl{exp(X58° + V) — exp(X5687)}

i=1 j=1 I#j

x{exp(X38" + Ui) — exp(X387)}]

= Oflmm)™) (S3.166)
cov(St, 54)
exp(— mon i -
T dmn2e( 50 ZI;E Vi{exp(X[8° + V) — exp(X[87)}]

240
= 1
4n(0”) , (S3.167)
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COV(Sl R S@)

- 8:5% BO > Elfep(X;8° + V) — exp(X[87)}
{V? = (oD)"}]

_ % E{V} = (02)°} exp(V})
1

= — {0 (83.168)

=1 j=1

1

cov(Sy, S3) = R(‘73)07 (S3.169)
1

cov(Sy,S5) = ~%m (02)°}%, (S3.170)

and others are zeros.

For simplicity, combining (S3.160))-(S3.170) we define two matrices by

2lexp{(07)°} —1] 2(07)° —{(0})°}*
I = 2(02)0 2(02)0 0 (83.171)

0| =

and

co| —

r, = 2(02)° 2(02)0 0 . (S3.172)

Combining (S3.172)-(S3.171)) and following the multivariate central limit
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theorem we deduce that

(v/m(Ss, 83, S5), v/n(S1, Sa, 96))"

0; Iy, 0
—~ N , , (S3.173)

03 0 I

as m,n — oo, where 03 = (0,0,0)". By results (S3.159)), (S3.173)), and

delta method, we obtain
21 - B = m_l/Ql;fZg + n_1/21§Zl + Op(m_l/2 + n_l/Q),

where Z; and Z5 are normal distributions with mean zeros and variances

I'y and T's, respectively.

S4 Proof of Theorem 1 for Gamma regression model

The proof for the consistency and rates of convergence for the estimators

~

3 ~2 ~2 . .
8 D G |» 0y and 0, involves two main steps:

Stepl. Establish the consistency of estimators 39, 8", (¢2)°, and (02)° in

§o4.1f
Step2. Extend the consistency results to a rate of convergence by controlling

the remainder terms in §54.2]
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S4.1 Consistency

The variational lower bound of the CL for the Gamma regression model

with crossed random effects is

(P, €)
— - T Qr )\ul XT s
= DD (oY e (—XEBT— g+ ) ¢~ o(XG0+ )

i=1 j=1

My, (&)-ii( 2 4 )+ S log(h)
n m Av_

+> Y |:04Y;j {—eXp (—X;ﬂﬂc — i, + 7”)} — a(X5B° + /ubvj)}
j=1 i=1

My (ﬁ)-ii( 2 0 ) 4+ Tlog
2 VBT T g LMy T ) TG 108 Ay

v ]:1

To derive the consistency of the estimates, we take derivatives of c/(¥", )

with respect to parameters,

M Z Z aYi; eXp<_XiTjﬁT — fuy + A, /2)
oeH i1 =1
—amn, (S4.174)
%ﬁcjg) > > af¥yexp(=XE8° — u, + Ay, /2) — 1}
1

j=1 i=1

—amn, (S4.175)
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Ocl (W' €)
=\= 5%/ 54.176
0B ( )
D> afYiexp(=X58" = piu, + A /2) — 13X
i=1 j 1
+ Z Z oYy exp(—=X58° — po; + Aoy /2) — 1} X45 1,
j=1 =1
Ol (T, €) .
g — Z 1 4 Auy)s (S4.177)
u i=1
Ocl(®™, &) IS
e = 202 501 ; fa + Ay, (S4.178)
for each p,, and A,
Ocl(We €)
=\= 5%/ 4.1
o (54.179)
= ZO‘{YU eXp(_Xz'TjIBT — ;T A /2) — 1} — l:;iv
j=1 u
Ocl(W'e €)
—_ > 4.1
a)\m (54.180)

) 11
= __Za eXp /6 _Muz+)‘uZ/2)_20_2+2)\ s

for each p,; and A,

Ocl(P', §)
o (S4.181)
S c 'uUJ
= Z { eXp( /8 = Ho; + )‘UJ/Q) 1} - g2’
i=1 Tu
Ocl(P', §)
oW (S4.182)

1 — c ! |
_ ‘52% XP(= X8 =ty + M, /2) = 555 + 2X,
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Setting equations ((S4.177)) and (S4.178) to zeros and solving we have

5 = %Z@iﬁza»,
Q?) - Z —UJ _UJ

(S4.183)

(54.184)

Setting (S4.174), (S4.175)), (|S4.179|), and (S4.181)) to zeros we have

ZZ&{ i exp(—X8" — pu; + A, /2) — 1}

’Ll_]l

Zza{ eXp _,Uv] +)\v]/2) - 1}
=1 =1

D afYy exp(—X58" — p, + M /2) — 1} = B2

u

=1

— c Foo;
> afYijexp(—=X[8° — pu, + Ao, /2) — 1} — py
=1 v

for 1 < 7 <n. By (54.187)), we have

0,

0,

ZZQ{ S exp(—=X58" — py, + Ay, /2) — 1} = Zuul.

i=1 j=1

Combining ((S4.189) and (|S4.185)) we have
2L, =
By (S4.188)), we have

j=1 Y

i=1 j=1

Combining ((S4.191)) and (S4.186)) we have

n
ﬁvj =0.
j=1

(54.185)

(54.186)

(S4.187)

(S4.188)

(54.189)

(S4.190)

(54.191)

(S4.192)
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Setting equations ((54.180) and (54.184)) to zeros we have A, and Avj satisfy

n —1
A, = {0;2 +) aYiexp(-X[8 — 4+ Xui/2)} o (S4.193)

J=1

and

-1
Ay, { —i—Za jexp(— ﬁC—HU‘—FAUj/Q)} :

from which it is obvious that 0 < XU'L <o2and 0 < zvj < ol
Since conditional on Xj;;, U;, and Vj, Y;;’s are independent Gamma

regression with mean exp(ijﬁo +U; +V;),1 <i<m,1<j<n, we have

E{Y; exp(=X{;8 — Ui = Vj)} = exp(B) — 1)6(BL, — B_y). (S4.194)

By (54.194)), the Markov’s inequality and m/n = O(1), for all Cy, Cy, and

€ (0,1/2), we have

Z{ jexp(—X1B - U; — Vj}

max
1<i<m

—exp(8 — B)o(B, — ﬁ_1>}\ > n} — O(n~%). (54.195)

Combining (52.28)), (52.30), and (S4.195)), for all C,Cy > 0 and p €

(1,1/2), we have

1
- Z Yijexp(—X;8" — Us) (54.196)

e {8+ 3102 = 8 bole?, — 1) > v b = 06,
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which implies

P{ % > Vijexp(-X[8 - Uy

i=1 j=1

—exp {8+ 50200~ 5t bol?, ~ L)

> n”} =O0(n=®),

and

1
P X;;Y; X0 —U; 4.1
23> xwenxs -0 (s1197

i=1 j=1

e {ﬁ? - 5;}@(5'21 —8.)

> n‘p} = 0(n~ ).

Equating equations (54.179)-(S4.183) to zeros and solving, the esti-

mates 1, Xu_, i, and X,Uj, can be obtained. Then plugging them into the
—u; i vy

equations, we have

~

1 L i

and

N 1,1 1
—— Zoz exp(A, 2= X508" _Eui) = ﬁ<§ - )\—), (S4.199)

uniformly in 1 <7 < m, and

~

—Za{ jexp(— —u +A, /2) =1} = EZ;JQ, (S4.200)

<

and

R 1
__Za exp )\ /2 X ﬁ _Hv]-) = E(; - \ ), (S420l)
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uniformly in 1 < j < n, where (87, 85, 8_,,02,02) = [-2C, 2C,| x[-2C}, Cy] x

ur v

[C7h CP~t < (O, Cy). By (S4.196), (S4.198) and (S4.199) can be written

as
exp(B° = B + Ui — i, + A, /2)6(8% — B_) + Op(n™") — 1
m
= —4 4.202
nao?’ (S4.202)
and

exp(B° — B7 + U — i, + Ay, /2)0(8%, — B_1) + Op(n ")

1 1
= - (54.203)

= B
noo

where the remainders O, (-) are of the stated orders uniformly in 1 <i <m

and in (87, B_,,07) € [2C1,2C1] x [=Cy, G177 x [CTF, C1]. By (54.202),

we have

exp(B1° + Ui)o (B2, — B_y)

= {1+ g,/ (naoy) + Op(n™*) } exp(By + ftu, — Au;/2) (84.204)

By (S4.193), Ay, < o2. Therefore, the term exp(8]+ fty, — Ay, /2) in the right-
hand side of equals exp(p,, +w;), where 87 —02/2 < w; < 37+02/2,
Since 2 and ] are in compact sets and bounded, |w;| is bounded uniformly
in .. We can show that fi,, exp(p,, +w;)/(nac?) = 0,(1) we call this result

R1. If R1 fails for some n > 0, then it can be shown that "for some
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i€{1,2,....m}, both p,, >0 and i, exp(pty, + w;)/(nao?) > n, for all o2,
Br, and B satisfying o2, |85, |Be| < C1,k = 2,...,p, and 02 > C;'.” Since
|w;| is bounded then i, > logn+0,(loglogn), and ¢(B°,—B_,) is bounded
away from zero and infinity uniformly in 3°, € [~Cy, C1]P~}, so for this 4,
the term i, in the right-hand side of is of order n¢ for some ¢ > 0.
Hence for this i, exp(8]° + U;) = O,(n°), and so the probability that the
latter bound holds for some i € {1,2,...,m} must itself be bounded away
from zero along an infinite subsequence of values of n diverging to infinity;
call this result R2. Since P [max;<i<,, exp(U;) > exp{C(logn)'/*}] — 0.
Since exp{C(log n)'/2} is of strictly less order that n° for any ¢ > 0, property

R2 is violated, and so R1 must be true.

Combining R1 and (S4.202)) we have
exp(B° — B7 + Us — i, + Ay, /2)0(B%, — B_1) = 1+ 0,(1)  (S4.205)

uniformly in 1 < i < m. Taking logarithms of both sides of (S4.205)), we

have
10— Br Ui =, + A, /2 + log{a(BY, — B)} = 0,(1)  (S4.206)
uniformly in 1 <7 < m. By (54.203), we have

+O,(n )} (S4.207)
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uniformly in 1 < i < m, for any p € (0,1/2). Substituting (S4.205|) into

(154.207)), we have
A = 022+ naf{l+0,(1) + Oy(n' )}t = O, (). (S4.208)
uniformly in 1 < ¢ < m. Combining ([S4.206|) and (S4.208)) we have

I =B =B+ U +log{e(B%, — B_1)} + 0p(1). (S4.209)

Us

uniformly in 1 <4 < m. Similarly, we can derive that

o~

Ny = [0+ maf{l+o0,(1)} +O0,(m' ")) = 0,(m™),(54.210)

;i

i = B0 — B+ Vi +1log{o(B°, —B_)} + 0,(1). (S4.211)

—v;

uniformly in 1 < j < n. Combining (54.190)), (S4.192), (54.209), and

(54.211)) we have

0 5+ 1og{o(B% —B_ )} = o,(1), (84.212)
0~ B +log{6(8%, — B_,)} = 0,(1). (84.213)

Combining (S4.176)), (S4.197)), and (S4.206)) we have

1 m n
— SN oV exp(=X5B" — pru, + A /2) — 11Xy
i=1 j=1
F S S ¥y (XG0 — g, + A /2) — 11Ky
j=1 i=1
2a{1 + 0,(1)} 0 o 20 S
= - P\ G + - — Xij—
SB% ) T B)mT e Ty = ) D K
0
- 2001821 — B1) 200y |+ 0,(1). (S4.214)

o(BL —B_1)
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By Taylor’s expansion of ¢1(8%, — 8_,)/¢(8%, — B_,), we have

¢1(/60_1 - /371)
¢(BL — By)

By the assumption (A9) and (S4.214)), (S4.215|) implies that the consistency

— iy, + S (B2 — BLy) +op(1). (54.215)

of é_l. Combining (S4.212)), (S4.213)) with (S4.214)), respectively, we obtain

the consistency of E and E

Note that results (S4.183)), (S4.208)), and (S4.209) imply

m

. 1
Go = > (Ui B = 57+ log{0(8% — B} + 0(1),

=1

by consistency of E and 571’ and m~1 Y " U2 = (02)° + O,(m™1/?), fur-

ther we have
. = (62" +0,(1), (S4.216)

which implies &~ is consistent.
For the consistency of Qi, it can be derived analogously:

_ 1 &
g = =) Vito(1) = (07)" +0,(1). (S4.217)
7j=1

=
Since 87 = Y + (62)°/2 and B = Y + (62)°/2, we have

L (54.218)

and can define the estimator of 3? by

s 1 (% o = o
§1=§<§1—?+g1—?). (54.219)
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Equations (S2.212), (54.213), (S4.210)-(S4.219) imply that

B, = B +o0,(1),

and 3) can be estimated consistently.

S4.2 Convergence rate for variational estimators
Since (S4.175|) and the results of consistency, we can define A, ; by
1 . T T
o Z Yij eXP(_XijB )
j=1
= ¢(BL — B_y) exp(B” — A7 + Ui+ Ayy), (54.220)

uniformly in 1 < ¢ < m; similarly, we also can define A’ by

Z jexp(—X58%) = ¢(B%, — By) exp(B° — Bf + V; + Al),

uniformly in 1 < j < m. By Taylor’s expansion of exp(4,; ;) and (S4.220)),

we have
1 n
o ZYz‘j eXP(—X;'FjﬁT —U;) - ¢(,30—1 — B_1) exp( {0 - 1)
j=1
0 r0 T 1 2 3
= ¢(B2, — B_y) exp(B]” — B){Ai1 + §Ai,1 + Op(A74)}
uniformly in 1 < ¢ < m. Therefore,

1
A+ —A2 + O (A?1)

B no(8°, — Z j exp(— X181 — U;) — 154.221)
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uniformly in 1 <4¢ < m. By (54.221)) and the following fact, for each ¢ > 0

2
E {n¢ Z eXp z] IB 1 l) - 1} = Op(nﬁ—l)

uniformly in 1 < ¢ < m, we deduce that A, satisfies, for all ' > 0 and

each p € (0,1/2),

max  sup  |A;1] = O0y(n77"), (54.222)

1<i<
ST BYLIBLI<Ch

Similarly, we can deduce that A’ satisfies, for all C' > 0 and each p €

(0,1/2),

max  sup |AL,| = O,(m™"). (54.223)

1<5<
=TS BBl <Cr

Squaring both sides of ((S4.221)),

2
Ail = { ¢([3 B ZYHGXP z] lﬁ 1 )_1}

7=1
+Op<nef3/2>
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uniformly in 1 < ¢ < m, for each € > 0.

%ZE(A%)

= _Z { Z jexp(—B1" — X5 18-, — i)—l}

B 1
B n2¢(/60—1 -8B )2
xE{Z{Yl]exp XE B —-U) — ¢(/881_ﬂ—1)}:|
1 L exp{(c2)°’} — (8%, — 2
= ngb(ﬁgl _ﬂ_1)2[5¢(25—1 2B_1) exp{(c,)"} — #(BL; — B_1)7]
= Op(n_l)v

we also have

n

1 — 1 -
— Am = Yi; eXp X;F B_
m ZZI mncb(ﬁ 1 Z = ’ s

—14Op(n~ )

)_l
,_.

1=

U;)
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Since
1 m n 2
E Y}-exp(— - z B_ z) —1
{mmb(ﬂ(il - B_1) ; = ’ ] -
1 m n , .
- m2n2¢(/60 B 2 ZZI = Y;] eXp 26 - 2X;5 1,3 1 2U1)

1
+m2n2¢(ﬁ0 “B¢

% Z Z Z Vi exp(=201" = X5 By = X5 1By — Ui = Ui)
i=1 k#i j=1

1
m2n2¢(BL, — B_,)?

XY ViVaep(=28° — X5\ B, - X} B, — 2U))

i=1 j=1 I#j

1
m2n2¢(50 —ﬁ 1)?

x ZZZZ Ykl exp w 118 1 le,—lﬁfl - Ui - Uk) —1

i=1 k#i j=1 l#j

i ¢(2:3(11 - 2:3—1) lex 0_2 0 m —
= o) ¢
n—1 (n—1)(m-1)

+—— + —1
mn mn

+

+

L exp{(02)%)

= exp{(02)’} ~ 1]+ Oy ),
we can deduce that
% i Aiq = O {(mn)™"2 4+ n71/2}. (S4.224)
The following property can be derived analogously:

—ZA = O, {(mn)™"? +m~1?}, (S4.225)
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Furthermore, this fact

2
1 & $(28°, —28,) 1
(m ; ’1> mno(B, — B_,)? o
= Op(m_ln_1

implies that

1 m
~ ; Uil

The same property is true for > 7 V;AL, /n,

1 n
SVl = Opm )
j=1

Op(m_l/Qn_1/2).

L

)" exp{(07)"} — —(03)°

mn

(S4.226)

Based on the notations of (54.220) and (S4.221)), (S4.198]) is equivalent

to

$(B%, = B_) exp(B° — B + Ui+ Ay — i, +4,,/2)

and ([S4.200) is equivalent to

¢(521 —B_1) exp( fo — B+ V+ A;’,l

~

—;

= 1+ 5
moo?

(54.227)

— 0, +A,/2)

(54.228)

Taking logarithms of both sides of (S4.227)) and (S4.228)), respectively, we
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have
log{(8%, — B_)} + B° = B + Ui + Aix — i, +2,,/2
Eui -1
— naaz—l—op(n ), (S4.229)
and

log{#(8% — B} + B = B + Vi + &), — 1, +A,, /2

= — L5 +op(m™), (S4.230)

Adding (54.229)) over 7 and adding (S4.230) over j, 3, 55, and (; satisty

the following equations,
10— By +log{e(8”, — B_,)}
] N
T m D Uit Dy =i, +X,,/2), (S4.231)
i=1
and

P — B +log{o(BL, — B_y1)}

1 & T
- T Vi A =0, +A,/2). (S4.232)
7j=1

By m=13" U = O,(m~1?), (S4.190)), (S4.224)), (S4.227)), and (S4.208),

we have

- B+ log{o(8%, — B_ )} = Op(m V2 +n7Y?), (84.233)

OB+ log{e(B%y —B_ )} = Op(m Y2 +nV?). (34.234)
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Setting equation (S4.176|) equal to zero we have

—ZZXJ Y exp(=XEB" — iy, + M, /2) — 11 (S4.235)
=1 j=1
1 m
oSS X (X A/~ 1) =0
=1 j=1

Combining ([S4.229)), ((S4.230)), (S54.234)), and (S4.235) we have

0 = —ZZXU 1{Y5; exp(=X};8" — pu; + A, /2) — 1}
=1 j5=1
1 m
S S Xy Y (X 4 A /2) 1)

=1 j=1
exp(O,{(mn) Y2 + n<=t + n71})
P8 = Bo)
X_ZZXU 1 eXp z] 16 1 1)
=1 j=1
exp(O,{(mn) Y2 + m=t + m~1})

(B, —B_y)
X_ZZXU —1Yi; exp(— X181 = V)
=1 j=1

_QHX,1+Op(m—1/2n—1/2)

14 O{mm) 2 e o
B o @ ) BB+ O]
1+ Op{(mn)~Y2 + me~1} - .
¢(ﬂ91 B 6—1) {¢1(ﬁ—1 /8_1> -+ Op( )} 2H’X,1
26:(B", — B_,)

_ _9 O, (m~"2 4 n~1/2),
oB, =By ke O

which implies that

— B, = O,(m™V?+n7V?), (S4.236)

|IE )
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Combining (S4.233)), (S4.234)), and (S54.236])) we have

T B0 = Oym 2 4 ), (54.237)
E . 5f0 — Op<m*1/2 + n*1/2>. (84238)

By (54.208)), (S4.229), and (S4.233)), we have

i = U+Aj+O0p(m™2 40712, (S4.239)

—U;

uniformly in 1 <7 < m. By (54.222)) and (S4.239), we deduce that

1 m
2 2 ~1/2 —1/2
E = — E U+ 0 +
‘ o m 2 ; (M n=%)

(02)° + O, (m™ 2 4 n71/?). (S4.240)

By (54.210)), (S4.230), and (S4.234), we deduce that

i = Vi+ A +0,(m™ 240712, (S4.241)

—j

uniformly in 1 < j < n. By (54.223]) and (S4.241)), we deduce that

n

1 e 1 — B B
R, = VO )
j=1 j=1

= (62 +0,(m V24 n71/?). (S4.242)

Combining (S4.183)), ((S4.208]), and (S4.240)) we deduce that

o2 = (03 +0,(m V24 n7t?), (54.243)

—Uu

and combining (S4.184)), (S4.210f), and (S4.242)) we deduce that

G2 = (024 0,(m™ V24 n71/2), (S4.244)

Zv



L. XU, N. REID AND D. KONG

Together, ((54.218)), (S4.219)), (54.237)), (54.238]), (S4.243)), and (S4.244) give

5 1 ar r Qg — (0-5)0 e c afi _ (0-121)0
B0t = {E-sr -2 F o - Boln)

— Op(m71/2_|_n71/2).

This completes the proof of consistency at the rate m=%2 4+ n=1/2 for the

Gamma regression model in Theorem 1.

S5 Proof of Theorem 2 for Gamma regression model

For Gamma case, the proof of Theorem 2 includes 3 steps:

Stepl. initial approximation to E — B0, E — 9 and @71 — 3%, in §95.1}

Step2. Final approximations to 52 — (02)° and &> — (¢2)° in §55.2}

Step3. Final approximations to 21 — BY and §—1 — (%, in §95.3

S5.1 Initial approximation to E — EIO,E — B¢ and @_1 -8,

Denote px | and E%i_l the mean and variance of X_;. Equating ([S4.176))

to zero we have

m n

1 — ~
— 33 Xy Yy exp(—X5B — i + A, /2
mn 4 J,—1 JeXp( Ué Hul _’_—ul/ )

i=1 j=1

1 m n S R
D Xy Yy exp(-X5 — i, +4,,/2)

i=1 j=1

_% Y Xy 4 =0, (S5.245)

i=1 j=1
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By (54.236)), ((S5.245)), and Taylor expansions of e}(p{XiTj7_1(621 - E D}

- ZZXU 1 eXp B Xz] 1/801 - Eul +Xul/2)

= 1] 1
ZZY”exp —BT = X5 8% — B, +A,/2)
i=1 j=1

XXZ] 1X’L] 1(/8(l _//6\ )

+—ZZXz] 1 eXp E ng 1/6 1_E —”3/2)

= 1] 1
R B PRI/ I SRS WL
i=1 j=1

XXij,—Ing—l(,B% -8 1)

2 m n N
= 2D Xyt 0,{18% - B (55.246)

i=1 j=1

Since (S4.229)) imply that

~ 1 T
’l—j/ui<1+n0é 2) = Uit Bi+ 32 + B0 =B

+log{e(B%, — B_)}. (S5.247)

uniformly in 1 < ¢ < m, for each € > 0, adding (55.247)) over ¢ and dividing

both sides by m, we have
i ﬁ 1+ ! (S5.248)
—u noo?

Ui+ Bia + 53, + B~ B+ log{0(8%, — B_,))]

Sl=

I
S|
'Msu

1

Substituting the (S4.190)) into (S5.248) we deduce that

—

BT =B+ U+ Aiy +log{e(8°, — B_))}. (S5.249)

-
I
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By (S5.247)), ((S4.208)), and (54.231)), we have

1 2

+
2 202,54
noo?  nfofo

Combining ([S4.210)), (S4.211)), and (S4.232)) we can derive analogous prop-

erties,

B = B+ V+ A, +log{e(8, - B )} (S5.251)

o= (V;+ A, =V —=A ){1+0,(m™ ")} (S5.252)

Substituting the ([S5.249)), ((S5.250)), (S5.251)), and ((S5.252)) into ([S5.246])

we have

1 0
E U 1Y, eXp XzTﬁ —U; — Ai,l -

exp{O( )} N o
B Y, XEF0 U, — A,
Fonol @, -5 >ZZ A

XX%] 1X1_7 1(B(l _IB )

1 V
X;j 1Y exp(=X58Y =V, — A — —2
B 52 el X -
eXp{O } c0 /
+ Yy exp(—X3; 187 —V; — A ‘,1)
T e P a4

XX’LJ 1Xz] 1(ﬁ é )

2
. Z Z Xij—1,

i=1 j=1
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by exp{O,(n“ 1)} =1+ 0,(n“") and exp(—A;1) =1 — A1 + Op(nc 1),

- Z Z exp — Uz)ij IXZ] 1(60 1 B—l)

21]1

1 m n . .
+% Z ZY;j exp(=X8% — Vj)Xiy 1 X5 (8%, - B »

i=1 j=1 -
+0O {me—3/2+ne—3/2}

+_ Z ZXU -1 exp ijﬁro — Ui)(l — Ai,l) + Op(me—3/2)

=1 j=1
1 m n . ~
T DD X Yy ep(-XEAY — V) (1 AT + O,(n )
i=1 j=1
/\ 2 m n
= ¢(B% — é,l)% Z Z Xij—1- (S5.253)

i=1 j=1

By the law of large numbers, we deduce that

1 m n 0
LSS X U X

i=1 j=1

= px_,px_, +3x_, +0,(1), (S5.254)

and

n

1 < c0
% Zl - Y;;j eXp(—Xszﬁ - Ui>Xij7_1X;1;-7_1
i=1 j=

= px_ Bx_, +Ex_, +0,(1). (S5.255)
Using Taylor’s expansion to ¢(3", — @71) we have
(b(la(il - é—l)

= 1"‘.“;(_1(/3(11_5 1)

+(B% - B_ ) (ex ,mx , +3x_,)(B°, —B_,). (S5.256)
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Substituting (S5.254), (S5.255)), and ((S5.256)) into (S5.253|) we have

22X71 (@_1 - /621)

= Ty +To+ Ty + Ty + o, {m 2012 ¢ ||§71 — B°,1”}(S5.257)

where

1 m n . H » m
= " Z Z{Xij,—lyz‘j exp(—X};8"° — U;) — Xij1} — 7); Z St,
i=1 j=1 i=1

1 m n . IJ'X_l n
T, = mn Z Z{Xij,—lyij eXp(—X,‘Tjﬁ - Vi) = Xij1} — Z Sa,
j=1

i=1 j=1
1 m n . I’l'X_l m
Ty = =SS XY e XE° — U) — x 15+ 22 Y s
i=1 j=1 i=1
1 & E . Px_,
T, = — Z Z{Xz‘j,—lym eXP(_XiTjIB - Vi) - NX71}52 + n : Z Sg'
i=1 j=1 j=1

Notice that

E(T) = Oy{n7'|B_, - B} (85.258)

E(T) = O0,{m™|B, - B I%}. (85.259)

Combining ([S5.257)), ((S5.258]), and (S5.259) we deduce that

2%, (B_, — B°) =Ty + To+ o, {m™"n~2 + || B, — BY)|*}.(S5.260)
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Observe that E(T)) = E(Ty) = 0. The variance of T} is

E(TyT})

N [ ZZ{XU ~1Y; eXp XiT]ﬂTO - U) — Xij— 1) - X, 251]

2131 =1

1 & T gr Hx }m T
X [ Z Z{X” ~1Yj; exp(— Xij/B 0 - Ui) = Xij—1} — 7); Sl}
i=1

mn
11]1

N {mn Z Z {Xij—1Yi; exp(— %’Tj'BTO = Ui) = Xij—1}

i=1 j=1

Mx_,
(B, -B,) "

m n

L;n Z Z {XZJ 1Y, eXP( X;Fjﬁm -U;) — Xij,—l}

i=1 j=1
B mx

o(BL, —B_y) 7

= Ty + T+ 113, (S5.261)

Y exp(— Xi-1B-1 = Ui) —px_ 1]}

Yijexp(=01" — Xj; 181 — Ui) — px 1]]

where

1 -
Ty = —E|{Yexp(-X}0 O —U) - 11X X]
1
+{Wyij exp(—f] 1ﬂ = Usi) — 1} Hx 1'U’X 1
-1 —1

—2{Y;; eXP(—X;FjﬁrO -U;) -1}

1
X{my jexp(— 1B = Ui) = 11Xy px
1 exp{(c?)°

= o [exp{( ) } — 1]2){71 + W:z)}le (85.262)
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T12 = 2 Z Z E {ng 1}/1] eXp( X;Fjﬁro - Ul) - Xij,*l}
i=1 j=1 I#j
Hx_,
TR, — oy A Xt m ) )
1 p—
X{Xz‘l,qY;l eXp(—X;Fz 0 — Ui) — X1
Hx_, T
_¢(50 X_ﬁ )Y;l exp(— — X518 —Ui) + px_,}]
-1 -1
= 0, (S5.263)
T13 = Z Z Z {XU 1 exp( X;Fjﬁro — U,L) — Xij,fl
i=1 ki j=1
Hx_,
_¢(,80 —,6 )}/ijexp(_ - zg 1/8 1 )+p’X }
-1 —1
X{ij,flykj exp( ij,BTO ) Xk] 1}
125 &
—W kj eXp(— ﬁ — Xpj1B1 — Up) + px_, }]
-1 —
= 0. (S5.264)

Combining ([S5.261))-(55.264)) we deduce that

2\0 __ 1 2\0
BT = eXp{(sz:l ) 2x1+%2xl. (85.265)

The variance of T, can be calculated analogously,

exp{(c2)°} —1 expq(c2)°
BT = p{(ﬂ:i} le+%le. (S5.266)

Furthermore, we have

Ty = Op{(mn)~"?} and Ty = O,{(mn)""/?}.
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By (S1.231), (54.232), and (S5.250),

B =B = ¢7(0)(B%, — B_1) + Op{(mn)~'/?}
i Uit Ay — 1, + A /2}, (S5.267)
Br=8" = 4i(0 (51 B_1) + O {(mn)~2}

Z — 7 +A,/2) (S5.268)

S5.2 Final approximations to o2 — (¢2)° and o2 — (02)°

Therefore, squaring both sides of (S4.237)) and adding ¢ from 1 to m we

have

lem 1o L -
E;Ez:E;U+Ai’1_U_Ai’l)2+Op(n 1).

Combining (S4.183)), (S4.208)), (S4.227)), and (S4.237) we have

. 1 & - _ B
G, = — Z(Ui + Dy — U = A0)? + Op{n™" + (mn)™V/2)

= — Z U+ — ZAZ L+ = Z UiAis + Op(m™" +n71)

=1
- LS vzeo ey,
m
=1

Therefore,

g, — (07)" = —Z{U2 D+ O {(m™2 1 2)%),
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which implies the asymptotic normality result of @i in Theorem 2. The

. ~92 .
expression of o, can be derived analogously:

g =

1 — L
G = (V= A =V = A+ Opf(m ™2+ 7)Y,
n 9 b
j=1

and

D= SV - () Ol lm Y,

which implies the asymptotic normality result of Qg in Theorem 2.

S5.3 Final approximations to §1 — BY and §_1 — Bgl

Based on (S5.260]), we have

1_ 1_
1 — /6(11 = §EX1_1T1 + §EX1_1T2

+op{ (mn) 2+ B, — B, ]1%}-

B

(S5.269)
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Using ((S5.265)), (S5.266)), and the covariance of T and T5,

Since

cov(Ty, Ts)
| .
E<% ZZI j=1 [{Y;j exp(=X,, Ui) = 1}Xij,-1
1
_{Wﬁj exp(—f1" — X5 181 —U;) — 1jpx_ 1]
S e X580 V) - 11X
i=1 j=1
1 T
1
%a[ﬂx 1I'l’X 1 +EX 1 2{MX71“§(_1 +0p<1)}
tux  pwx A1+ px (8L - B8]
%ézx 1 +Op{(mn) 1}7

VCL'I” (Tl + TQ)

= Var(Ty) + Var(1Ty) + 2cov(1y, T5)

j exp{(

_ ()} +expllod} —2

0u)"} + exp{(09)°} +2

mnao

-1

+exp{ (

Yx

1
2\0 2 - —E
0.) 1Ex S

1
 H2—3x
mnao

» (S5.270)
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we can define a covariance matrix 3 by

M
Il

1. _
ZEX:Var(Tl + TQ)ZX{1

- < " fexp{(02)"} + expf (02)°) — 2

dmn

T {0} el +21) B (55271

Combining (55.269)), (S5.271)), and the multivariate central limit theorem

we have

~

Vmn(B_, - B8,) = N(0,%)

in distribution, as m, n — oo. By (S5.267)), (55.268)), and ([S5.269)), we

have

B, — B (55.272)
=:—@l—mﬂmwa%é?m+&ﬁ+%é;w+Mﬂ
B = @2 82— (037} + Oyl
R .
j=1
s R RN (LD
=1

‘= S5, + SS9y + SS5 + S8y + 885 + 59 + O, {(m % + n~V/?)?},
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where

SSl =
5SSy =

S8y =

SSy =
SS; =

SS¢ =

By the requirements of the

N — DN —

]

N DN =
>

=

il

1 n
— SV (3,
j=1

Y

!/
j’l’

U - ()

multivariate central limit theorem, we need

to check the boundedness of covariances of (557,55, 553,554,555, 5S56).

The diagonal elements can be calculated as follows,

var(SS7)
var(S.Ss)
var(SSs)
var(SSy)
var(S.Ss)

var(SSs)

(85.273)
(S5.274)
(85.275)
(S5.276)
(85.277)

(S5.278)
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The covariances can be computed as follows,

cov(SS1,88;) = R(UU)O, (S5.279)
cov(SS1, 5S5) = 0, (85.280)
cov(SSs, SS5) = —8%(03)0, (85.281)
cov(SSs, SS5) = ﬁ(oi)o, (85.282)
cov(SSs, SS5) = 0, (85.283)
cov(5Ss, SS5) = —8%{(0—3)0}2 (85.284)

For simplicity, combining (S5.273)-(S5.284)) we define two matrices by

2(e,)" 2(02)° 0
1
r, = 3 2(02)° 2Jexp{(02)°} — 1] —{(c2)°}2 |- (55.285)
0 @)’y {e)y
and
2(03)" 2(02)° 0
1
Is = 2| 2062)° 2lexp{(6)°} —1] —{(c2)°}? | (55.286)

0 —{(e0)"} {(e0)"}
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Combining ([S5.272)), (S5.285)), ((S5.286[), and the multivariate central limit

theorem we deduce that

(\/E<5547SS57 SSG)J \/a<55175527 SS?)))T

0; T, 0
~ N , , (S5.287)

03 0 Iy

as m,n — oo. By results (55.272)), (S5.287)), we obtain

B =8 = m VAT Z + V213 Zs + oy (m V2 4 0,

where Z; and Zg are normal distributions with mean zeros and variances

I'y and T's, respectively.
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S6 Additional simulation results

S6.1 Simulations for the Gamma regression model with § =1

We conduct the simulation studies to assess the performance of the Gamma
regression models with crossed random effects as specified in equation .
Except the case in the mainuscript, we also consider another case, indepen-
dently generate X;; _1 from N(0, Isxs) fori =1,...,mand j = 1, ..., n, where
Igs is an identity matrix. We set 3% = (—-2,1,0.5,1,-1,0.5,1,—1,0.5,0.8,
—0.4,0.1), (0,)? = 0.5, and (0,)? = 0.5. The additional shape param-
eter is set as @ = 0.8. We consider nine different scenarios: (m,n) €
{(18,12), (20, 20), (30, 30), (50, 50), (80, 80), (100, 100), (150, 150), (200, 200),
(300, 300)}, which imply the nine increasing sample sizes m*n € {216,400,
900, 2500, 6400, 10000, 22500, 40000, 90000}. We report the results based on
500 Monte Carlo studies in Figures [ST} and [S2]

Theorem 2 reveals that @, o

., and o, are each asymptotically normal

with means corresponding to the true parameter values. Based on Theorem
2, the approximate 95% confidence intervals for f1, 3,7 = 2,...,p, 00, and
0¥ are Bl + 1.96 * Var@l), Ej + 1.96 * var@j),j = 2,..,p, o, £ 1.96 %
var(c,), o, & 1.96 * var(g,). These confidence intervals are asymptotically

valid, as they rely on studentization using consistent estimators for unknown
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parameters. We also report the coverage percentages for the 95% confidence

intervals in Figure [S3|
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By GVA B1 GVACL
-1.0 -1.0
-15 -15
-2.0 -2.0
-25 -25
-3.0 -3.0
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T EE S S S AR SR SR
Sample size Sample size
B> GVA B> GVACL
1.50 1.50
1.25 1.25
1.00 1.00
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0.50 0.50
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Sample size Sample size
B3 GVA B3 GVACL
0.00 0.00
-0.25 -0.25
-0.50 -0.50
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-1.00 -1.00
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T FEE S E S S TR R S
Sample size Sample size

Figure S1: Boxplots of (1,82, and 3 estimates obtained by GVA and GVACL for
the Gamma regression model with crossed random effects based on 500 datasets. Red
horizontal reference lines represent the true parameter values. The ratio logm/logn

converges to 1.
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0.50
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0.50

Figure S2:
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Sample size
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0.50
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o

o N

O O 8 & O O Q
S N (N O SS
NP 50 O

P &SP S

Sample size

o, GVACL

0.75

0.50

Sample size

Boxplots of o, and o, estimates obtained by GVA and GVACL for the Gamma

regression model with crossed random effects based on 500 datasets. Red horizontal

reference lines represent the true parameter values. The ratio logm/logn converges to
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Poisson case  X;~ N(0, 1) Gamma case X; ~N(0, 1)
BS=-2,p3=1,p3=-05,00=05,00=05 BS=-2,p3=1,p3=-0.5,00=05,0)=05
100 o —————— 100
G5
7757
o
s
a
95 95
“é, Parameter “é, / Parameter
5 —8 5 —
g -8 g -8
2 4“,5" 2 el
s : 8 k
g —e® g s
90 %0
85 85
10° 10° 10* 10° 10° 10° 10* 10°
sample size sample size

Figure S3: The coverage percentage of the 95% GVACL confidence intervals for the
parameters in Poisson and Gamma regression models with crossed random effects based
on 500 replications. The 95% percentage is shown as a thick grey horizontal line. The

ratio logm/logn converges to 1.
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S6.2

Simulations for the logistic regression model with § =1

We also consider simulation studies for the following logistic regression

model with crossed random effects,

Yij=1 | X, Ui, Vi ~ Bernoulli[1/{1 + exp(—X;fjﬁ — U, — ‘/3)}]7

U; ~ N(0, (02)%),V; ~ N(0, (¢2)"), U; and V; are independent.

The variational lower bound of the CL for the logistic regression model with

crossed random effects is

v

(P, §)

Z Z{Yij (X58" + ;) — /log(l + exp(Xy; 8" + Us))d(u;)du; }

i=1 j=1
—Tlog((ﬂ) _ Zm:(;f + Ay;) + 1log)\
2 “ 202 — i o 2 o
+ D V(XEB ) — /log{l +exp(X3;8° + V;))o(v)) ydvj]
j=1 i=1
_n log(o?) — L Zn:(/f + A\y,) + 1log>\
2 R R A

m

1
Z(Ni + Aul) + 5 log /\uz

i=1

202
30 S V(X5 + ) — log {1+ exp(XEB + pu, + A, /2))]

j=1 i=1
a 1
D02, A) + 5 log Ay, = (7, €).  (S6.288)

J=1

n log (o2

5 108(0) = 55

v
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We consider four scenarios: (m,n) € {(200,200), (250, 250), (300, 300), (400,
400) }, and set the other parameters as the same as the Poisson and Gamma
regression models described in §56.1. The simulation results of the logistic
regression model with crossed random effects based on 500 Monte Carlo
studies are reported in Figures and [S6l We found that the compu-
tational time of the proposed method is much smaller than for the Laplace
approximation in the package glmmTMB and a GVA appled to the full log-

likelihood function.



S6. ADDITIONAL SIMULATION RESULTS

CPU sec. Logistic

Method @ GVA GVACL @ glmmTMB

10°

107

10° 10° 10* 10°
Sample size

Figure S4: Average time of each simulation in seconds versus sample size m * n under

four different scenarios for the logistic regression model with crossed random effects. The

ratio log m/logn converges to 1.
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Figure S5: Boxplots of 1, 82, and 3 estimates obtained by GVA, GVACL, and glmmTMB

for the logistic regression model with crossed random effects based on 500 datasets. Red

horizontal reference lines represent the true parameter values. The ratio logm/logn

converges to 1.
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0.50

$ & & & N & & $ &
® & \@Q ® & S \@Q W &
Sample size Sample size Sample size
o, GVA o, GVACL o, gimmTMB
0.60 0.60
0.55 0.55
'J_‘ 0.50 | | | | 0.50
i . 1 .
‘—l—' [ ] | ] | i |
0.45 0.45
0.40 0.40
N L L N L N L
N N N N N N N N N
W & BN K W & BN & w© & BN
Sample size Sample size Sample size

Figure S6: Boxplots of ¢, and o, estimates obtained by GVA, GVACL, and glmmTMB

for the logistic regression model with crossed random effects based on 500 datasets. Red

horizontal reference lines represent the true parameter values. The ratio logm/logn

converges to 1.
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S6.3 Simulations for Poisson, Gamma, and logistic regression

models with § = 1.1

We also conduct the simulation studies to assess the performance of the
Poisson, Gamma, and logistic regression models with crossed random ef-
fects. Except the case in the manuscript, we also consider another case, in-
dependently generate X;; _q from N(0, Isxs) fori=1,...,mand j =1,...,n,
where Ig,g is an identity matrix. Weset 3° = (—2,1,0.5,1, —1,0.5,0.8, —0.4,
0.1), (0,)° = 0.5, and (0,)? = 0.5. The additional shape parameter is set as
a = 0.8. For Poisson and Gamma cases, we consider nine different scenarios
: (m,n) € {(18,14), (20, 15), (30, 22), (50, 35), (80, 54), (100, 66), (150, 95),
(200, 124), (300, 179)}, which imply the nine increasing sample sizes m=*n €
{252, 300, 660, 1750, 4320, 6600, 14250, 24800, 53700}. Most Monte Carlo sim-
ulations of GVA to logistic case fails to converge when the sample size is
small. Hence we consider four different scenarios: (m,n) € {(200,124), (250,

151), (300, 179), (400,232)}. We report the results based on 500 Monte

Carlo studies in Figures [S84515|
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CPU sec. Poisson CPU sec. Gamma

Method -@ GvA GVACL -@ gimmTMB Method -@ GVA GVACL

10%

? 10° 10" 10°

10% 10° 10* 10° 10
Sample size

Sample size

Figure S7: Average time of each simulation in seconds versus sample size m * n under

different scenarios for the Poisson and Gamma regression models with crossed random

effects. The ratio logm/logn converges to 1.1.

CPU sec. Logistic

Method -@ GVA GVACL @ gmmTMB

4

10°

10* 10° 10* 10°
Sample size

Figure S8: Average time of each simulation in seconds versus sample size m * n under

different scenarios for the logistic regression models with crossed random effects. The

ratio logm/logn converges to 1.1.
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Figure S9: Boxplots of (1,2, and 3 estimates obtained by GVA and GVACL for
the Poisson regression model with crossed random effects based on 500 datasets. Red
horizontal reference lines represent the true parameter values. The ratio logm/logn

converges to 1.1.
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Figure S10: Boxplots of ¢, and o, estimates obtained by GVA and GVACL for the Pois-
son regression model with crossed random effects based on 500 datasets. Red horizontal
reference lines represent the true parameter values. The ratio logm/logn converges to

1.1.
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Figure S11: The coverage percentage of the 95% GVACL confidence intervals for the
parameters in Poisson and Gamma regression models with crossed random effects based
on 500 replications. The 95% percentage is shown as a thick grey horizontal line. The

ratio logm/logn converges to 1.1.
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Figure S12: Boxplots of 1,32, and (3 estimates obtained by GVA and GVACL for
the Gamma regression model with crossed random effects based on 500 datasets. Red
horizontal reference lines represent the true parameter values. The ratio logm/logn

converges to 1.1.
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Figure S13: Boxplots of o, and o, estimates obtained by GVA and GVACL for the
Gamma regression model with crossed random effects based on 500 datasets. Red hor-
izontal reference lines represent the true parameter values. The ratio logm/logn con-

verges to 1.1 .



S6. ADDITIONAL SIMULATION RESULTS

B+ GVA B4 GVACL B4 glmmTMB
1.8 -1.8 -1.8
19 -1.9 -1.9 | | | |
| | | | 1 = =
o0 ] [ ] [ ]| ] 20 oo | | [ ] | ]
’ L | - 1T I T | : |
| —
21 -2.1 =21
—22 —2.2 —22
N S N L N S N L N S N L
N @ Q N N @ Q N N} @ Q N
'L&b "5\/\ 9?’« %(’3’ rw,b“b é\/\ @‘5« q"/Q’ q}g’ 4‘ (,39 @3’
Sample size Sample size Sample size
B2 GVA B2 GVACL B2 glmmTMB
1.10 1.10 1.10
1.05 1.05 1.05

— |%+ 1.00 i | | 1'°°l_l_||—!—|.—l—|,—|—|
|_|_| 0.95 ‘ | | |

ST - E3em

_[

0.90 0.90 0.90
N S L AN} N L N AN} N L
S * i & © O & & © O &
P s & o S & o P S & o
Sample size Sample size Sample size
B3 GVA B3 GVACL B3 glmmTMB
-0.40 -0.40 -0.40
-0.45 -0.45 -0.45
[ 1 |_|_| [ 1 = ,J_|
-0.50 -0.50 i i I ~0.50 —* | = T 11 | 1 I -
-0.55 -0.55 -0.55
-0.60 -0.60 -0.60
N S N L N AN} N L N N L
N “ Q N N @ Q N N} Q N
S ( £ &S S ( £ &S S ( £ &S
P S & o P S & o F S & o
Sample size Sample size Sample size

Figure S14: Boxplots of 1,32, and B3 estimates obtained by GVA and GVACL for
the logistic regression model with crossed random effects based on 500 datasets. Red
horizontal reference lines represent the true parameter values. The ratio logm/logn

converges to 1.1.
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Figure S15: Boxplots of ¢, and o, estimates obtained by GVA and GVACL for the
Gamma regression model with crossed random effects based on 500 datasets. Red hor-
izontal reference lines represent the true parameter values. The ratio logm/logn con-

verges to 1.1 .



S7. SUMMARY OF THE MOTOR VEHICLE INSURANCE DATA

S7 Summary of the motor vehicle insurance data

In Table [S1], we report the counts of claim events for each area and month,

Table S1: The counts of claim events for each area and month

Area code Jan. Feb. Mar. Apr. May Jun. Jul. Aug. Sep. Oct. Nov. Dec.
01 5540 3388 4479 6840 7421 8068 5028 8841 6791 4982 1513 59
02 1100 610 811 1214 1338 1506 887 1443 1183 890 358 53
03 119 105 131 132 126 159 112 160 143 105 46 4
04 230 154 196 266 288 276 211 291 246 154 66 5
05 1240 734 1240 1580 1648 1853 1261 1853 1423 923 229 8
06 91 55 51 81 97 90 80 116 89 73 22 2
07 371 216 290 523 472 561 372 539 413 268 48 2
08 22 22 12 25 28 42 48 35 27 40 28 6
13 14 12 20 16 19 18 13 19 22 14 12 1
14 74 64 75 119 131 108 83 123 80 22 7 1
19 102 117 147 145 156 147 127 150 116 73 32 2
20 487 316 378 566 533 567 398 629 519 357 145 2
25 1347 818 976 1414 1590 1714 1170 1762 1306 963 233 20
26 251 143 203 352 364 420 243 470 316 193 50 1
27 515 311 454 711 827 902 594 973 701 323 106 2
31 179 115 151 212 227 299 179 347 245 122 56 1
33 519 327 436 557 605 676 412 723 583 410 122 9
34 453 210 381 589 679 706 449 835 645 446 120 14

We randomly selected one claim event from each area and month. A

portion of the dataset can be found in Table [S2]
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Table S2: 18 x 12 samples are randomly selected from 18 areas and 12 months. The

deductible and the amount of claim are both in units of 10 million rupiahs.

Month of occurence Area code Deductible Amount of claim

1 1 0.13 0.36
1 2 0.02 0.21
1 3 0.12 0.33
1 4 0.02 0.10
1 5 0.02 0.13
1 6 0.02 0.39
1 7 0.04 0.38
1 8 0.16 0.35
1 13 0.02 0.17
1 14 0.02 0.02
1 19 0.02 1.27
1 20 0.02 0.05
1 25 0.04 0.08
1 26 0.02 0.06
1 27 0.04 0.11
1 31 0.02 1.53
1 33 0.08 0.88
1 34 0.06 0.08
2 1 0.02 1.32

2 2 0.02 1.29
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