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S1. Tables and Figures

Table S.1: Simulation results based on homogeneous errors with o (1, z5) = 0.1.

Distribution of & Normal
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ mnormal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
0.8 0.728 0.723 0.72 0.747 0.754 0.748  0.746 0.753 0.759  0.787 0.784 0.789
0.9 0.861 0.856 0.857  0.879 0.879 0.867  0.876 0.878 0.877  0.881 0.888 0.889
0.95 0.925 0.921 0.916  0.933 0.933 0.919  0.941 0.942 0.933  0.948 0.943 0.949
0.975 0.955 0.962 0.963  0.965 0.962 0.959  0.971 0.97 0972 0.973 0.975 0.971
0.99 0.98 0.979 0.98 0.988 0.985 0.985  0.989 0.985 0.985  0.991 0.992 0.992
Distribution of & Uniform
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
0.8 0.702 0.707 0.709 0.74 0.745 0.73 0.768 0.766 0.758  0.794 0.784 0.796
0.9 0.824 0.843 0.83 0.861 0.857 0.847  0.873 0.877 0.87 0.906 0.906 0.9
0.95 0.911 0.913 0.912  0.924 0.927 0.921  0.932 0.931 0.931  0.942 0.938 0.946
0.975 0.948 0.947 0.943  0.958 0.958 0.96 0.964 0.966 0.966  0.968 0.968 0.974
0.99 0.978 0.979 0.976  0.981 0.979 0.978  0.979 0.983 0.979 0.99 0.994 0.994
Distribution of & Laplace
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
0.8 0.746 0.753 0.746  0.741 0.738 0.748  0.754 0.757 0.752  0.776 0.790 0.774
0.9 0.871 0.879 0.874  0.863 0.872 0.863  0.865 0.869 0.867  0.878 0.880 0.870
0.95 0.941 0.94 0.939  0.937 0.934 0.934  0.925 0.928 0.933  0.932 0.940 0.936
0.975 0.96 0.965 0.965  0.974 0.974 0.976  0.961 0.96 0.961  0.972 0.980 0.972

0.99 0.986 0.986 0.989  0.986 0.987 0.989  0.986 0.985 0.986  0.988 0.990 0.990




Table S.2: Simulation results based on homogeneous errors with o (z1,z2) = 0.2.

Distribution of & Normal
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
0.8 0.699 0.697 0.707  0.735 0.733 0.743  0.735 0.737 0.742  0.786 0.782 0.775
0.9 0.854 0.85 0.852  0.867 0.867 0.869  0.866 0.871 0.871  0.881 0.885 0.883
0.95 0.92 0.917 0.917  0.922 0.922 0.923  0.929 0.939 0.929  0.947 0.944 0.942
0.975 0.959 0.959 0.957  0.957 0.959 0.963  0.966 0.968 0.968  0.965 0.969 0.971
0.99 0.982 0.976 0.976  0.983 0.982 0.984  0.985 0.985 0.985  0.984 0.984 0.989
Distribution of & Uniform
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
0.8 0.693 0.697 0.682  0.729 0.721 0.72 0.742 0.748 0.733  0.782 0.762 0.774
0.9 0.822 0.824 0.815  0.853 0.846 0.85 0.859 0.86 0.848  0.894 0.888 0.882
0.95 0.908 0.908 0.903  0.925 0.917 0919  0.923 0.924 0.923  0.940 0.932 0.936
0.975 0.951 0.94 0.946  0.958 0.961 0.956  0.964 0.962 0.958  0.972 0.970 0.970
0.99 0.973 0.976 0.973  0.984 0.977 0.978  0.981 0.974 0.977  0.986 0.986 0.994
Distribution of & Laplace
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
0.8 0.725 0.728 0.733  0.732 0.73 0.732  0.716 0.726 0.729  0.758 0.758 0.768
0.9 0.867 0.861 0.864  0.859 0.86 0.862  0.853 0.844 0.858  0.870 0.858 0.864
0.95 0.933 0.936 0.93 0.927 0.93 0.931  0.921 0.91 0.92 0.924 0.932 0.924
0.975 0.96 0.961 0.959  0.966 0.97 0.968  0.951 0.957 0.958  0.972 0.978 0.968
0.99 0.986 0.983 0.987  0.985 0.986 0.989  0.981 0.977 0.98 0.986 0.992 0.990
Table S.3: Simulation results based on heteroscedastic errors with o (z1,22) =
0.15(5 —exp(s+1t))/(5+exp(s+1)).
Distribution of & Normal
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
0.8 0.725 0.721 0.727  0.753 0.756 0.747  0.749 0.755 0.759  0.786 0.794 0.772
0.9 0.864 0.856 0.858  0.877 0.881 0.869  0.878 0.878 0.876  0.886 0.892 0.890
0.95 0.923 0.924 0.921 0.934 0.932 0.921 0.941 0.942 0.931 0.944 0.940 0.950
0.975 0.959 0.962 0.962  0.964 0.964 0.964 0.97 0.97 0.973  0.968 0.974 0.966
0.99 0.979 0.98 0.981  0.988 0.984 0.988  0.987 0.987 0.984  0.986 0.994 0.994
Distribution of & Uniform
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
0.8 0.717 0.715 0.713  0.738 0.746 0.729  0.769 0.769 0.76 0.796 0.790 0.790
0.9 0.831 0.834 0.832 0.86 0.858 0.845  0.876 0.879 0.873  0.906 0.900 0.900
0.95 0.901 0.908 0.908 0.93 0.931 0919  0.934 0.936 0.936  0.940 0.942 0.942
0.975 0.94 0.936 0.945  0.961 0.96 0.964  0.964 0.965 0.966  0.972 0.968 0.978
0.99 0.98 0.972 0.976  0.983 0.979 0.979  0.984 0.982 0.979  0.986 0.994 0.994
Distribution of & Laplace
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
0.8 0.725 0.721 0.727  0.742 0.745 0.755  0.757 0.744 0.746  0.774 0.790 0.776
0.9 0.864 0.856 0.858  0.872 0.877 0.87 0.891 0.885 0.878  0.878 0.878 0.874
0.95 0.923 0.924 0.921  0.941 0.935 0.934  0.952 0.955 0.952  0.936 0.940 0.934
0.975 0.959 0.962 0.962  0.968 0.97 0973  0.977 0.976 0975  0.972 0.980 0.976
0.99 0.979 0.980 0.981  0.985 0.986 0.989  0.986 0.989 0.986  0.986 0.990 0.990




Table S.4: Simulation results based on heteroscedastic errors with o (z1,22) =
0.3(5 —exp (a1 +x2)) /(5 +exp (z1 + x2)).

Distribution of & Normal
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
0.8 0.703 0.7 0.708  0.737 0.734 0.746  0.742 0.74 0.745  0.784 0.788 0.788
0.9 0.854 0.85 0.851  0.868 0.869 0.869  0.866 0.872 0.869  0.884 0.892 0.896
0.95 0.925 0.92 0.92 0.923 0.923 0.922  0.932 0.938 0.93 0.944 0.948 0.942
0.975 0.956 0.959 0.959  0.959 0.959 0.964  0.967 0.968 0.966  0.964 0.966 0.972
0.99 0.981 0.979 0.978  0.985 0.98 0.985  0.986 0.985 0.984  0.982 0.982 0.988
Distribution of & Uniform
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
0.8 0.706 0.707 0.69 0.735 0.725 0.725  0.739 0.751 0.736  0.784 0.764 0.780
0.9 0.83 0.825 0.819  0.852 0.843 0.848  0.864 0.861 0.854  0.894 0.892 0.886
0.95 0.899 0.9 0.891  0.926 0.919 0.92 0.923 0.924 0.923  0.936 0.936 0.938
0.975 0.945 0.937 0.943  0.959 0.962 0.958  0.963 0.958 0.961  0.974 0.970 0.974
0.99 0.977 0.972 0.973  0.985 0.979 0.978  0.983 0.974 0.977  0.986 0.988 0.994
Distribution of & Laplace
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
0.8 0.713 0.73 0.722  0.737 0.736 0.733  0.728 0.736 0.733  0.752 0.762 0.764
0.9 0.865 0.861 0.861  0.864 0.875 0.865  0.874 0.874 0.876  0.876 0.864 0.864
0.95 0.938 0.939 0.931  0.926 0.931 0.928  0.944 0.932 0.94 0.926 0.936 0.930
0.975 0.963 0.966 0.964  0.968 0.966 0.963  0.971 0.972 0.97 0.968 0.978 0.970
0.99 0.989 0.988 0.988  0.983 0.988 0.987  0.985 0.987 0.985  0.988 0.990 0.992

Figure S.1: Plot of true mean function (yellow), tensor product B—spline estimator
(red) and the 95% simultaneous confidence region (blue) when N = 100.



Figure S.2: Plot of true mean function (yellow), tensor product B—spline estimator
(red) and the 95% simultaneous confidence region (blue) when N = 200.

Figure S.3: Plot of true mean function (yellow), tensor product B—spline estimator
(red) and the 95% simultaneous confidence region (blue) when N = 400.



Figure S.4: Plot of true mean function (yellow), tensor product B—spline estimator
(red) and the 95% simultaneous confidence region (blue) when N = 800.
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Figure S.5: The 2D-image and 3D-image of some sample.



latitude

-145
-155 -150

R 165 -160 )
75 170 \ \

\ \ | —

I U e
\
/ \

30

\‘:/
|

20 20
o \'A‘ o o
10 \ 10
\.
0 -0
- =30
-50 2
-55

longitude -40 longitude

Figure S.6: Mean function estimates and 95% lower SCRs over € (left) and ,
(right).
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Figure S.7: Mean function estimates and flat mg (-) = 14.7 over Q; (left) and Q,
(right).



S2. Additional simulation results

S2.1 2D case

Following the reviewer’s suggestion, we report the MSE, variance, and bias based on
the setting in Section 5. Since these results are similar, we only consider the case

o(x1,29) =0.2.

Table S.5: Additional 2D simulation results based on homogeneous errors with
o (x1,29) =0.2.

Distribution of Normal
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
MSE 0.1693  0.1693 0.1693 0.0825 0.0825 0.0825 0.0444 0.0444 0.0444 0.0249 0.0249 0.0249
Bias 0.0059  0.0059  0.0059 0.0003 0.0003 0.0003 0.0007 0.0007 0.0007 0.0015 0.0015 0.0015
Variance 0.1617  0.1617  0.1617 0.0829  0.0829  0.0829 0.0441 0.0441 0.0441 0.0244 0.0244 0.0244
Distribution of £ Uniform
Number of grids N =50 N =100 N =200 N =400
Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform laplace mnormal uniform laplace
MSE 0.1651  0.1651  0.1651 0.0819  0.0819  0.0819 0.0440 0.0440 0.0440 0.0247 0.0247 0.0247
Bias 0.0018  0.0018 0.0018 0.0037 0.0037 0.0037 0.0062 0.0062 0.0062 0.0016 0.0016 0.0016
Variance 0.1610  0.1610 0.1610 0.0826  0.0826  0.0826  0.0442  0.0442 0.0442 0.0243  0.0243  0.0243
Distribution of & Laplace
Number of grids N =50 N =100 N = 200 N = 400
Distribution of ¢ mnormal uniform laplace normal uniform laplace normal uniform laplace normal uniform laplace
MSE 0.1636  0.1636  0.1637 0.0858 0.0858  0.0858 0.0439 0.0439 0.0439 0.0251 0.0251  0.0251
Bias 0.0003  0.0003  0.0003 -0.0076 -0.0076 -0.0076 -0.0049 -0.0049 -0.0049 0.0004 0.0004 0.0004

Variance 0.1618 0.1618 0.1618 0.0829 0.0829 0.0829 0.0443 0.0443 0.0443 0.0244 0.0244 0.0244




S2.2 3D case

S2.2 3D case

Following the reviewer’s suggestion, we report the MSE, variance, and bias of the
proposed estimator in the 3D case. For D = 3, with N; = Ny = N3, we consider the

following data generating process:

m(x) = 2sin{r(z;+xy) /2} e @) 4 gy sinxy + zy 2013,
o1 (x) = 2v2sin(may/2)sin (722/2) sin (723/2)

do(x) = 2v/2sin (3may/2)sin (mx5/2) sin (3mas/2)

¢3(®) = 2sin (311 /2)sin (725/2) sin (5723/2)

bu(x) = 2sin(3mz1/2)sin (3m2s/2) sin (T723/2)

ds (€) = V2sin (5rxy/2)sin (37x,/2) sin (97x3/2) ,

b6 (®) = V2sin (5ma1/2)sin (51z5/2) sin (11735/2)

For the same reason, we only consider the case { ~ N(0,1) and o(xy, 9, x3)
0.2. The observations are taken for N = 50,75,100,125 (corresponding to n =
44,65, 85,105).

One finds that the proposed estimator performs well in both 2D and 3D scenarios

in terms of MSE, variance, and bias.



Table S.6: Additional 3D simulation results based on homogeneous errors with

o (x1,z9,23) = 0.2.

N =50 N =175 N =100 N =125

Number of grids
laplace normal uniform laplace

Distribution of ¢ normal uniform laplace normal uniform laplace normal uniform

MSE 0.0790  0.0790  0.0790  0.0534 0.0533  0.0533 0.0372 0.0372 0.0372 0.0315 0.0315 0.0315
Bias -0.0046 -0.0045 -0.0046 -0.0014 -0.0014 -0.0014 -0.0045 -0.0045 -0.0045 -0.0047 -0.0047 -0.0047
Variance 0.0250  0.0250  0.0250 0.0166 0.0166  0.0166 0.0128  0.0128 0.0128 0.0105 0.0105 0.0105

S3. Preliminaries

1/r
For any vector @ = (ay,...,a,) € R", take |al, = Z|ai|’" 1< r <
+00, |lal|e = max |a;|. For any matrix A = (a;;); /2, denote || A[|, = Lhax, |Aal|.||a|| !, for
Stsn ),

r < +oo and [|Al|x = [Dax Z la;;|. Denote Vec(A) as the vectorization of matrix
A e, Vec(A) = (ai1, -+, QGmiy G125 -+« s Qs+« s Qg - oy Qo)

For any two functions ¢ (+), ¢ () € £2 <[0, 1]D)7 set

0.0 = [ o@e@da

as their theoretical inner product, with norm ||@||3 = (¢, ¢). We then define the

empirical inner product between ¢ and ¢

<¢a 90> - T ! Z Z ¢ Lji.. ]D) (wjlmjD)?

Jji1=1 jp=1

with Tp as given in Assumption (A3), and the empirical norm [, v = (¢, @) p

For any positive integer p, the theoretical and empirical inner product matrices



of {BBD]

N, ..Nq
b ()} TP are defined as

Ji..Jp=1—p

N, ...N,
_ (D] (D] f1ieb
‘/177D - <<Bj1..,jD,p()7Bj1.“j’D7p() j:}...‘jilDzl—p’
J1---ip=1-p
Ny .Nsp

_ (D] . (D] .
o = ((B0n O B0, ),

]1--~JD:1_p

)

It is easy to calculate that ‘7]37 p=Tp" (XXT), so we will establish some asymptotic

properties of V,, p and closeness between V,, p and V,, p.

Lemma S.1 (Lemma A.3 of Cacef-all (2012)). For any p € N, there exists a

constant M, > 0 depending only on p, such that for large enough n,

dull, <
Vmu o S

M,N; ||ul|, for any vector uw € RN="7.
By basic properties of Kronecker product, one easily obtains the following.

Lemma S.2. For any p € Ny there exists a constant M, > 0 depending only on p,

such that for large enough n HVp,_DluHoo < MIPNSD |u|l,. for any vector u € R¥n.

The difference between theoretical inner product matrix V, p and the emprical

B of (B, )}

larly as ‘/p}%.

Ngj ... Ns ~
P s asymptotically negligible, and Vﬁ% behaves simi-
Jl...JDil—p ’

Lemma S.3. Under Assumption (AG), VD € N*,

‘/}pl)_‘/p’DH :O(NfD) and
V.5

D,

~o(v?)

HOO



PROOF. Using the basic properties of B-splines in Lemma E8, one can obtains

A~

p,D

where A

- Vp,DH

J1dp T

[e.9]

IN

IN

Nsy

max g E T_
1-p<l4<Ns,,1<d<D

k1=1 kp=1

D D D D
By @) By @) = [ B, @) B, (@) dede

[0,1]°
Nsp
1— p<ld<Nb 1<d<DZ Z |T
=1 kp=1
D D D D
By (@1 50) By (@) = /[ o Bt (@) BilLs, () deda?
Ny Nsp M1

1- p<ld<N5 1<d<DZ Z Z Z

k1=1 kp=1j=1 jip=1

D D D D
/A B, (@) B (@, 50) B, (2) B, (&) deda’

J1---ID
N, Nsp Nsy Nsp Ny

S LYY Yy

l1 1 lD lkl 1 kD 1]1 1 ]D 1

D D D D
/A B (@) B (@ o) — B (2) B, (@) deda’

J1--9D

o (1 < (NN x (N1N,)” x N*D) —O(ND),

[(j1 — 1) /N1,j1/N1] x -+ x [(jp — 1) /Np, jp/Np]. For any K,

dimensional vector 7, Lemma 82 implies HV;I%THOO < MpD NP Hence H‘/;l%THOO >

M;PNZP |7l

. Note next that

HOO




= O(N) Il

S

The proof is complete. O

The next lemma on Gaussian strong approximation is explicit and powerful.

Lemma S.4 (Theorem 4 of Gofze and Zaifsev (2010)). Let & be a R-valued random
variable with B = 0 and E|§|" < oo for some r > 2. Then there exists independent
random variables &1,&s, .. .and independent random variables Z1, Zs, . . .defined on a

common probability space such that each & equals & in distribution and each Z; follows

N (0, E€?) and for x > 0,n € N

Z & — Z Zi
i=1 i=1

< " z"
IP’{II?T&L;% > x} < cenE || Ja",

where ¢ is a positive constant depending only on r.

Lemma S.5 (Lemma S.14 of Wang et all (2020)). Let W; ~ N (0,0%),0; > 0,1 =

1,...,n, fora > 2

P <max \W;/oi| > a\/logn> < ~/m/2nt "2,

1<i<n

The Lévy concentration function of real random variable £ and € > 0 according



to Chernozhukov et all (2015) is

L e) = SgﬂgP{K —z| <¢}.

The next lemma concerns also distributions of Gaussian maxima. For p € N, let

covariance matrices Yy = (ajk,x)ikzl Dy = (amy)?’k:l be standardized so that

ojix = 0j;y = 1,1 < j <p, and let random vectors

(X1,...,X,)" ~ N(0,2x),(Yi,...,Y,)" ~N(0,,2y).

Denote

~1/2
A= max |oiLx — OiLy asy, = E max(Y o.. ) )
1<jk<p 7 I e 1<j<p Vil o35y

Then according to Chernozhukov ef all (2015),

as, =E [max (Y}aj_j’lﬁ/f, —Y}Uj_j’lf)} < v/2log 2p.

1<j<p

Lemma S.6. For any e > 0,

L(max |X;|,e) <4e(ag +1). (S3.1)

1<j<p



Furthermore, there is a universal constant C' > 0 such that

sup 'P (max |X;| < ZL‘) —-P <max Y;| < :13)
)

x€(0,4+00 1<5<p 1<j<p
< CAY3logh? (2p) {max (1, agp, —log A) }1/3
< CAY?max <1, log?/? (2p/A)> . (S3.2)

PROOPF. The proof follows from arguments in the proofs of Theorems 1 and 3

and Comment 5 in Chernozhukov et all (2015). O

The next lemma provides spline approximation of C%# ([O, 1P )

Lemma S.7 (Theorem 12.8 of Schumaked (I981)). There is an absolute constant
Cyp > 0 such that for every ¢ € C¥ ([0,1]7) for some p € (0,1], there exists a

function g € AP for which||g — ¢|lso < Cyull@llghdt.
The next result follows from p. 96 of De Booxr (2001)

Lemma S.8 (p96 of De Boor (2001)). For the spline function By, , (x4) , x4 € [0,1],



For p > 1, there exists a constant C,, > 0,only depend on p such that

Biyp <]—d> By p (j—d> — Byyp (£a) By p (2a)| < C,N7IN,.

max sup
1—p<JaJ§<Nsgs w4€[(i—1)/N,i/N] Na Na
1<5a<Ny

which also implies that | By, plloa = O (Ns),¥J =1,..., N.

Lemma S.9. The constraints (31), (32),(33),(8-4) are consistent and guarantee

that there exists v satisfied (3A). Under Assumptions (A3) and (A6), as N — oo,

N7 (nlogn)* = o(1), (S3.3)
NNIN7V = o(1), (S3.4)
N=PRNPRIog2 N = o (n7V/?), (S3.5)
NPPRING = o (n1?). (S3.6)

PROOF. First, note that Holder continuity indices u and v are merely specified
appropriate range in (B). Then, since § < 2p*, 0 < 2p*/(1+ p*) required in (B3), it
implies that p* > 6/2, 1 —60/(2D) — 8/(2p* D), and thus there exists [, that satisfies

(B33). Next, since (B33) compels fy < (1 —6/2 —0/(2p*)) /D, hence,

2" (1 — DBy — 0/2) — 6 > 0 (S3.7)



and wy exists. Finally, according to (B33), (B4) and (837), one obtains 1 — v <

1 —Dpy—0/2and 0(1 4+ 4/wy)/2p* <1 — Dy —0/2, thus

0 20 0
max + Jd1—ve<1—Dpy ——.
2p*  prwy 2

thus v exists.

Noticing that Assumptions (A3) and (A6) ensure that

N;7" (nlogn)?«on!/? = NP 1+20/20+0 (1007 N)7P" (log n)*/“.

S

Following from (B3, (833) is proved.

Since N,N™7 + N7IN7 = O (log” N), one computes,

NN;'N™ = O(N'""log"™ N) =0 (N""""log" N)

N_D/2NSD/2 10g1/2 an/Z — O(N—D/2+D'y/2+6'/2 log(TD+1)/2 N)
-0 (NfD/2+D'y/2+9/2 1Og(TD+1)/2 N)

NDﬁg—lNSnl/Q _ O(ND52—1+7+9/2 log‘r N) -0 (NDﬁz—l-i-’y—i-G/Q log‘r N)
which are o (1) based on (B3) and (8§34) - (836). The proof is completed. O

Lemma S.10. Assumption (A5’) implies Assumptions (A5)



PROOF. Under Assumption (A5), applying Lemma 84, for £k = 1,..., k,, one
obtains {f:k} equal in distribution to {&;};_, and standard Gaussian variables
i=1

{Z¢}?-, on a probability space (Qk’g, AM, I@k@), such that

Zflk_zzzkg

=1

ka,( (gtagx > nﬁl) < Cwln]E|£1k|w1 —Brw
Similarly, for By € (0,w3/D), such that w3fy > D+1+6, one obtains {5”1@ ]D(j)}TD

Tp

equal in distribution to §&; i, (7)...in (i Tf , and standard Gaussian variables { Z; i ()i (Ve -
J1(5)--3p (@) § j=1 J1(5)--dp(4):€ § j=1

> ND52}

on a probability space (Qm, flz-,e, I@’m) such that

Zgzjl (4)--3p(d ZZzal(J )---dp(4),e

max
1<t<Tp

< Cm, NDE’€1,1...1|W2N7D’82772-

Since Assumption (A5’) stipulates the independence of {& }127,._; and {&;j,(j)...in() }:gD]:l,

Fn n,I'p

the independence is automatically preserved for {f,k} and {52',3'1 ()i (G) }izl =1

1,k=1
if their new probability space <Qk7§, flk@, I@’k,§>, k> 1 and (Qm, fli,g, If”i,a>, 1> 1 are

all independently embedded into a product probability space

oo ((@n)o(@n) (@+)8(81))



according to lonescu-Tulcea Theorem (Theorem 14.32 in Klenkeé (2014)). This
independent embedding also ensures that all Gaussian random vectors {Zik,é}?i?k:p
{Zijﬁ}?jl%’j:l remain independent in the new product probability space, as required
in the Assumption (A5).

In what follows, with some abuse of notations, we will not distinguish &, €;; on
the original probability space from fik, €;; on the above product probability space,
nor the original probability measure P from P on the product space.

Since supys; E[£14|™" < oo by Assumption (A5’), there exists a common ¢z, > 0,

such that

P ( max max

1<k<kp 1<t<n

t t
D k=D Zine
=1

=1

> nﬁl) < Cg, SUP BIE14 [P kpn! 7%
tk

Noticing that @y > (4 + 2w), so there exists some 5 € (0,1/2), @y > (2+w)/f1 and
v1 = w11 — 1 —w > 1, the first assertion is proved.

Also, one has that

t t

D iil)dn) = D Zidi () in(i)e

j=1 j=1

> NDBQ}

P max
1<i<n,1<t<Tp

D(1— +6
Scw2E|€1,1...1|W2N( Paw2) )



and based on Assumption (A5’), there exists 33 in (B3) satisfying Dwyfy > D+1+6

ensuring D (1 — fywy) + 6 < —1. The proof is completed. O

Denote Zi,. (-) = B, (-) (XTX)_1 X' Z;, where as in equation (B8),

Z; = (o (zj,..jp) Zz}jl..-jn)jd=1...Nd,1gng'

Lemma S.11. Under Assumptions (A2) -(A6), as N — oo,

Zipe —Cp|| = Ous (NP2TIN,) .

o0

max
1<i<n

PROOF. This follows from

(D]
Z By gop %(a) JD(j)) 03 (wjl(j)--‘jD(j)) (Zi,jl(n..jp(j),e - Ez',jl(j)...jpm)

TD1

= Z {<BB?.]..JD,p (mjl( )...ip (j )) gi (mJI(J) JD(j))

J

_BB?.}..JD,p (mjl(j+1).v.jn(j+1)) Oi (wjl(j+1)...jD(j+1))> (Zi,jl(k)...jp(k),a - 5i,j1(k)...jp(k))}
k=1
Tp
D
+Bgl.}..JD,p (wjl(TD)~~~jD(TD)) 04 (wjl(TD)mjD(TD)) Z ((Zijl(k)mjp(k)ﬁ - 5ij1(k)~-jD(k))) :
k=1

Notice that the difference between these two vectors, By, j,» (a:jl(j)-~~jD(j)) and

By ..gpp (:cjl(jﬂ)“.jD(jH)), is only one component.



Applying Lemma B3R, one has

|BJ1...JD,p (fvjl(j)...jD(j)) — By ipp (ffjl(j+1)...jD(j+1))‘ < CN,NTL

Under Assumption (A3), the Holder continuity ensures that

03 (@525)..506)) = 01 (@524 .06+1)) | < ONT max oo, < CNNT

175X (2, —eﬁHoo

where these bounds are uniformly over 1 < J;...Jp < N,. Then we can get
i1<ien12j<T)p Z; Eij1(4)--ip (7) ZiJl(J’)--J’D(J’)ﬁ)

)

<{CNPN7PNNTDY + T30S (Ziio-inore — i (9in®))

k=1

= Ous (NPRTINIP 4 NPR2DY

< {max max

Then Lemma 823 implies that

max

Z.
i<icn || CPe ip

oL INXT (7~ ).

[e.o]

= Oa.s. (NDﬁz_le) .



The proof is completed. O
Lemma S.12. Under Assumptions (A1)-(A3), (A5)-(A6), as N — oo

max [|€p| o, = Oa.s. (NDEQ_INS + N~PI2ND2 g1/ N) ‘

1<i<n

PROOF. We just need to control the decayed rate of Z,. (). Note that the
random vector TBI‘A/;;XTZZ- is K, = HdD:1 (Ns, +p) (see Section H) dimensional

normal with covariance matrix 7', QQTEXTVM (Z;) XT‘/}pTE is bounded by
|78V Vd|| < €15t [V = o (v o).

bounding the tail probability of entries of T, I‘A/pTQIXT Z; by Lemma K73 and applying

the Borel-Cantelli lemma leads to

|75V, 3X 72| = O (NP2NP 105" n)
which implies
HZp — Ous (NP2NP 1082 N ).

hence, the triangle inequality implies the initial assertion. O



For any function ¢ € C ([0, 1]”) denote the vector ¢ = (¢ (z;,..,,))  as the same

order as (M) and function ¢ (-) = B, () (XTX)_1 XTo.

Lemma S.13. There exists ¢y, € (0,00) such that when n is large enough,
CopllPlloo for any ¢ € C ([O, 1]D). Furthermore, if ¢ € C* ([O, 1]D) for some u €

(0,1], then there exists C,,,

H% - ¢HOO < 5p71,u”¢Hq,uhg+q-

PROOF. Note that for any « € [0,1]? at most (p + 1)” the vector component

of B, () are in (0, 1), others being 0 based on Lemma 838, so

H%H < (p+1)” H(XTX) XT¢H (p+1)° 15t f/;gXT(pH
< MPTL (p+ 1) NP6l [|X 1, |
in which 17, = (1,..., 1)T is a Tp-dimensional vector of 1’s. Clearly, Lemma 5=
ensures that
HXTlTDHOO max Z Z B[D] (@, ) < CNPN-P,

1-p<J;<Ns, 1<d<D
j1=1 Jjp=1

which implies H%H < ol oo



Now if ¢ € C% ([0,1]P) for some p € (0,1], let g € H#P~1P be such that
g — dlle < Cyull@llgnhit™ according to Lemma 874, the g = g as g € #P~ 1P,

hence,

[6-9 = |¢-39|_+lls— gl

< (eop+ 1) 16— gllo < Coullllguhi™.

The proof is completed. O
Lemma S.14. Under Assumptions (A1),(A3),(A6) as N — oo
Vi, = mll,, = o(1).

PROOF. According to Lemma ET3 and the Assumptions (Al), (A3),(A6),

Vnh? — 0. 0
Lemma S.15. Under Assumptions (A2) - (A6), as N — oo
Vi l& . = 0p(1).

PROOF. Let Z,. () =B] () (X") ' X"Z,Z =", Zi/n. Applying Lemma



n

< pt max || Z;, . — &
o = aREEd ip,e ip
1=

= Oa.s. (NDB2_1NS) .

HZpﬁ — 6

Next, we would derive the uniform convergence rate of Zp,s (x) analogously, because

the variance of (XTX)_1 X T Z are bounded by

"}7D

D2

2Dy, 1%, {71
HN VoAV, Vs

<Cn ‘NP ‘

| =0 'NOND).

Lemma B3 ensures that the uniform convergence rate of (XTX)_1 X'Z is
Oy (n‘l/ 2N-P NP Jogh/? n), Finally, the proof is completed by triangle inequality

and (833) - (834)

Valel. < val|Z,.

+vn HZM —2,
e}

o0

= O (J\fDﬁHNsnl/2 + N"PNP log!/? n> — 0,(1).

Lemma S.16. Under Assumptions (A1)-(A6), for i.i.d. N (0,1) variables Z. ¢ =



NI Zikes Zige's as in Assumptions (A5), as n — oo,

Z VNZ. pedp — vn{m—m}| = o,(1).

oo

For any « € (0,1) and i.i.d. N (0,1) variables Zy, k € N;, as n — oo,

SQI—CM}
< Ql—a} =1-a.

PROOF. We denote {; (+) = Z yetr (+),1 < k < 0o and define

Vidm (@) = m (2)}G (z,2) "

P< sup
z€[0,1]P

— P< sup
{mE[O,l]D ;

Zk¢k (CL‘) G (a:, w)_l/Q

~1/2 o

(=i [z p <~>] S G () = VG (S G ).

(1]

It is clear that Z(-) is a Gaussian field with the same distribution as Z(-), ie.,

EZ(-)=0,EZ2(-) = 1 and

(') =G (x,2) {G(x,2) G (=, ')} V2, x, P

Notice that for Ek =nt Z?:l Sik

B[, < (BE[) =0 (7).



In addition, Assumption (A5) entails that

P ( max |§k k§| > C’lnﬁl_l) < Con™ M,

1<k<kn

which implies
max ‘_ - Z. k§| =0 ( 51_1).

1<k<kn

Similarly, under Assumption (A4) it is clearly that

E|€), ~Z el SE[E | +E|Z 1e| = O(n7V?)

and
Vn sup G(az,a:)_l/2 (Zoige — &) Ok ()
z€[0,1]P k=1
< =
< Clgllfgfi €. — -,k,£|;”¢k||oo 0q.5.(1)
Ev/n sup G(:c,:c)fl/2 Z (Zokg =€) On ()
ze(0,1]P k=rn+1
< CnPr—1/2 Z lor]lo = 0(1),
k=rn+1
hence

Vi sup G (z,x) = 0,(1).

xz€[0,1]P

szg— ) ¢ ()



Note that
GE)PEQ = Vafm()—mO)} =vn Y (Zae—E4) i (),

hence

sp [E(@) = VG (@,2) " m(e) - m (@)}] = op(1).

The proof is complete. O

Proof of Theorem M.

For any k € N, let ¢y () = B, (") (XTX)_1 X¢y. According to equation (B9),

() =i () = Rip () = Ri )+, () =m () +& (). (53.8)

By Lemma BT3, there exist universal constant C, such that

Hmp - mHoo < Cq,uHqu,uN;p*v

Hgk_qkaoo S Cq7ﬂ||¢k||qyﬂNs_p*7k:1"'7Kn7

which implies that

i,

- Z || Hﬁgk - ¢kH < CquWiN; V",



where W; = Y02 [&lllonllgus = 1,...,n are ii.d nonnegative random variables

with wo-th finite absolute moment under Assumptions (A4), (A5). Hence

EW;” _
P { max W; > (nlog n)2/w°} <n——-rt—s =EWn ! (logn) 2,
1<i<n (nlogn)

thus, the Borel-Cantelli lemma ensures that max W, = O, {(n log n)2/ wo}. Com-

bined with equations (83R), (833), (838) and Lemma ET

max [|7; — ;|

1<i<n
< R. _R. ~ -
< || R = Rifl o+ max s = milo, + e e

= Ous, (ng* + NP (nlogn)¥* + NPB-IN, 4 N~P/2ND/2 o3 N)

= Oa.s. (Ns—p* (77, 10g n)Z/wo + ND52—1N5> .

Proof of Theorem 2.

Notice the decomposition

() = My ()] < max [, (1) =9 ()| + max |e, ()]

1<i<n 1<i<n

The maximum deviation |77 (-) — M, ()| is controlled by the uniform approximate



power of trajectories and the convergence rate of error term. Therefore, applying

Lemmas 8§14, §T13, and 8§14, the proof is completed. O

Proof of Theorem 3.

Lemmas 814, ET135, and 8T8 together imply Theorem B. O

Proof of Theorem @.
For the collection of i.i.d. random fields {n; (), x € [0,1]°}",, we define the

=1

“infeasible” estimator of covariance function, for x,x’ € [0, 1]7.

() (n; (') —m (), 2, 2" € [0,1]", (53.9)

Q)
ﬁ
8\

|

| —
<)
8

|

3

where m (x) is the “infeasible”estimator of mean function defined in (E71).

Applying Theorem 0, and Lemmas 8§15, 516, 8§14 and Assumption (A6) one

obtains that

sup |G (z,2') — G, (z,2)
x,x'€[0,1]P
_ ~ ~ ’ — — 1 / ~ ~
= sup (i, () iy () —m(x)m () + = > (n(x)n (@) -7 ()0 (@)
z,x'€(0,1]P n i=1
~ ~ ’ — — 1 ’ ~ ~
< sup |y, (@) iy, (@) —m(@)m (@) + = swp |n(x)n (@) - 7(x)]
xz,z’'€[0,1]P n i—1 Tx'€[0,1]P
<+ 7)) [y = 7L + s+ 13 17 = i



Similarly, one recalls,

max |7, —nill, = O, (Ns_q (n 1Ogn)2/wo 4 ND52_1N8>

1<i<n

wax [l —mll. = O, ((nlogn)”")

1<i<n

|7 —mlly, = O (n""%).
Hence, by equations (8333) and (838)

2] V) [, — | 4 max {[(l] + [7]) 7 — il

= Op <n_1/2 + Ns—q (TL log n)4/wo 4+ (n log n)?/wo ND62—1N5>

= 0,(n7?)

for some ¢ > 0. Similar to the proof of Proposition 1 in Caa et all (2016), one can
show that

6-c] ey
The proof is complete. O

Proof of Theorem BH.

Recalling the definition of = (-) and Zk, (-), and defining a transitional process



=) = > Zu () /G2 (),
S () = 3 % () /G ().
k=1

where Zj, are i.i.d. N (0, 1) variables, generated independently from Y;, 1 <7 < n,
partial sum approximate covariance function Gk, (x,x’) = Zsz”l or () or ().
Noticed that Z(-) is the Gaussian process satisfies the assumptions in Theorem 1
in [Yang (2025a) and Theorem 1 in [Yang (2025H). Following Theorem B, Theorem
1 in [Yang (20254) and Theorem 1 in [Yang (P025H) and Pdlya’s Theorem, one has

that as n — oo,

m(z) —m(x)

G(az,a:)l/2

sup
z€R

= o(1).  (S3.10)

IP’( sup /n

xz€l0,1]P

gz)—PWﬂugz)

Since K, = [, (N, +p) = 00 as N — 0o, Assumption (A6) ensures that as
N = o0, |Gk, — G|, = O (n™”) and inf, o2 Gk, (@, @) > cq/2 for large enough

N. Note that according to Theorem B as N — oo,

|G -¢| =am).



for some o > 0. Hence, as N — o0,

6o

=0p (n_g + ”_19) ;

o0

and for large enough N, inf  ;p CAJp (x,x) > ce/2 with probability as close to 1 as

specified. Thus as N — oo,

@p (x, ) Gk, (xz,2)
Sup b @ 1/2 & , nl/2 1/2 , N1/2
z,x’'€[0,1] P (17, .’L‘) Gp (w y L ) GKn (iE, 113) GKn (w y L )
= o, (n%+n"). (S3.11)

Therefore, combined with Theorem B, Theorem 1 in [Yang (2025a) and Theorem

1 in [Yang (P025H), one obtains that

sup
z€R x€(0,1]P Gy (z,x) G (x,x)"?
For large enough N
El|El. — [Ex, )l SEIE=Ex,llo < 5" D ElZil Inll
k=Kn+1

K,
+eg (ca/2) " 1Gk, = Gllow > ElZkl l6xll o = O (n7) .
k=1



By Assumption (A4) on ||¢xl|o,, for large enough N

||EKn||oo — max |EKn (tll,...,lp>|

1<ig<ngqg
1<d<D
< | Dax sup 1 2k, (t,..ip) — k., (Eyip + 1)

1<d<D ||t||oo§(min1§d§D nd)7

.
< ¢ (i, na) > 12 (1 + 16l0s) = O (7).

Combining the above, one obtains that

=]l = max [Ex,(tn,.00)l| = Op (07" +n77). (S3.12)
1<lg<ng
i<d<D

To examine the distribution of maxi<i,<n, |2k, (¢, 1,)|, recall that the (1 —
1<d<D

exists and is unique by Theorem

a)-th quantile Ql,a of maxi<i,<n, |2k, (ts..1p)

1<d<D

1 in [Yang (20254) and Theorem 1 in [Yang (2025K). Conditional on Y, 1 <

1 < n, the centered Tp-dimensional Gaussian vectors {EKN(tllv--le)}l<ld<nd and
i<d<D’

{Ek. (o) Fr<t,<ny1<a<p have covariance matrices,

v ép (t1yoon gt
1 é\ 1/2 a 1/2 )
o (Eiin s tinin) D (tl’p--~7lb>tl’1,-~.7l},)
{ Gr, (bips byt

12 (-
Gre (bt tiyin) ' O, TN / }




Applying (833) in Lemma S8, one has that

SupzeR

P (maX1<zd<nd 12k, (t,..00)] < Z)

1<d<D
<: r{Yi}:-;l) ]

—P (maxlsldSnd

[<d<D
< €T3 max {1,10g2/3 (TDT*I)} , (93.13)

in which
T = |[Vec(Z2 — %)l =0, (24 n77), (S3.14)

according to (S311).

sup [P (IZe €9~ P [ max [Ex,(tn..00)] < Y, || = 0nlD),
=€k [<d<D

thus

P (HEHOO < @ka) P | max |Ex,(tn,.0)] < Qo {Yi}, | = 0,(1),

1<ig<ngq
1<d<D

or

P (2] < Qia) = (1-a) =0y(1),

which implies that

Q1o Qia

—p 0,
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CA?I, (x, 33)1/2 @l_a - G (x, a:)l/2 Q1-a| = 0.

sup
ze0,1]”

Hence, (8310), (8312), (8313) and (8314) imply that

<z|—-P| max
1<lg<ng
1<d<D

The proof is completed. O
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