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Supplementary Material

This supplementary material contains the proofs of the main theorems and technical lem-

mas, and additional numerical results for observations on a non-uniform grid.

S1 Proofs

Proof of Theorem [

Notice that

|0 ~ Ol = |[#,(6"") ~ O]r by @10)
< M (O8) — O |lp + O — O
<{(D+ 1)1/2 4 1}Hék+1 — Ol by (2.15)

<{(D+ D)"Y + 1}R;Ppy/*n V2| 2 (6" — ©)|| by (B-19)
(S1)
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To separate out the noise term, introduce the minimizer with y — e in place

of y, i.e.,
O = Boi (R 2L % Ror + np R d Rer)” Ko 27 (y — €).

Since y — e = ([ (X;(t), B(t)) dt) =20 +4, it follows that

Z:17 )

(2n) | Z(© — OF) 4+ 8|° + p( O, OFH)
= (Qn)*lHy e — QpékJrIHZ +p<dék+17ék+1>
<2n)7 Yy —e - ZPeiO| + p(d PO, Pgi®) recalling

= (2n) 7Y Z (O — PiO) + 8| + p(A PO, PeiO).
Using the inequalities that

|Z(© -0 +o|? > 27! (O - M) — |4,

|2(6 ~ P6:0) +4|* < 2| Z (0 — Z:0)| + 2|5,
and , we obtain that
12(© — @ )|? < 4nRup; '(|© — PorO|E +6]18]° + 8npCrn. (S2)
Besides, by writing

1

Z(OF — O") = X R (R 2 % R + npRgid Ror) R Z e,
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it can be seen that
| 2O — @M |2 < " ZRor (R 2 X Reor + np%gk%%@k)_l o L e
< polemnp) M| Per Z el by 23)

< e lpon ™ p | (Z€ ) maxen |
(S3)

where the last step invokes the fact that TgrM, C Usgzr M, (Luo and

Zhang), 2023 Lemma 2). The combination of and leads to

|Z(©"! —0)|* < 22O - )| +2|Z(6"" — )|

< 8nR,py O — PeorO|f + 12||8|* + 1610C,, + 26, pon o[ (Z*€)maxor || o
SO

120" —©)| < 8/*n'*R/’p;"?|6 — P10,

+ {12018]> + 16npC, + 265 pon 9 [ (27 € [}

Plugging this into ([SI)), we have
|6 = Ollr < {(D+1)!* + 1S RR, M6 — POl + By ).
Due to |Luo and Zhang| (2023, Lemma 9),

18 — Z61O|x < (D + 1)\ [0 - O,

and thus the proof is complete. O]
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Proof of Corollary

The argument is similar to the proof of |Luo and Zhang (2023|, Corollary 1),

so we omit it here. O

Proof of Theorem [2

By writing the Riemann sum as the integral of a piece-wise constant func-
tion and recalling ([2.5)), it can be easily seen that the approximation errors

satisfy that |6;| = Opr(pa"‘C}n/Q), and thus
16117 /n = Ope(pg**Crn).-
Following the proof of |Luo and Zhang| (2023, Lemma 12),

H(g*s)maX(W)HF = max max (T <Py (UU]), Z*e)

Uq€0p,,2r,,d=0,1,-,D T€RP0OXP1 X XPD | T || p<1

= max max e 2{T xL, (U,UN)}.

Ude@pd,%d,d:O,L'" 7D T €RP0OXP1 ><...><pD:||7‘||FS1

Since Lemma [I] provides the bounds for the operator norm of %, the proof

of [Han et al.| (2022 Theorem 4.2) implies that

D D
127 &) maxcan |5 = Opr{”p()l(Zpd’"d + 1) }
d=0 d=0

Plugging these into (3.23)) leads to the desired result, and (3.24) follows

directly. The proof is then complete. m
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Proof of Theorem [3]

After rescaling the regression model using (3.17) and (3.19)), it follows from

Luo and Zhang| (2023, Lemma 12) and the proof of Luo and Zhang] (2023,
Theorem 2) that when n = Hf:o pa We can choose € = Enax(2r) for some
E € Rroxprxpp with i.i.d. N (0,1) entries. In what follows, ¢; and ¢y
denote universal positive constants. By Sudakov’s minoration inequality

(Vershynin, 2018, Theorem 7.4.1),

E(Hgmax(Qr)HF) — E(Ude@pd,£?§:0,17--~7D‘|g XC?ZO UJ”F)

> creflog N(H Opy,2r4s E)]’l/z? €>0

where N(I]Q,,.2.,,¢€) is the e-covering number of [, Q,, 2, It can be

seen that

N(H @pd72rd’ 6) > N(H ©pd,7“d7 6) > (C2/€)ZdD:0(pd_rd)rd’

and thus E(Hgmax(gr) HF) > 2cy ZdD:O(pd — 14)rq. Besides, with some fixed

Ud € (O)Pd,?m’
5 D
E(||Emaxen ||p) = EUIE x2 UJ I7) = [ (2ra)-

d=0

Combining the two bounds completes the proof. n
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Proof of Lemma [1]

By the law of large numbers,
2T =0T (20T 4+ (20, 0)7) = E((21,7)%)

in probability as n — oco. Hence we only need to bound E({Z,,7)?).
For convenience, let I'; and € be the pg X p; X - -+ X pp tensors such that

Lkiinp = [Ekre-1poljisgn ad [Eljj.ip = [E1ilj1,.jp> and let A2

1/2

be the diagonal matrix constructed from (At;)"/*, j=1,---  py. We have

o] 2
B2, 7)) = E{< ST %o (AV®,) 1 £ % A,T> } by (1) and

/=1

Z E{(I, xo (AY2®,), )2} + E((€ xo A, T)?) by uncorrelatedness
=1

E{(I, T xo (B, AY?)?} + E((E,7 x¢ A)?) by algebra

WE

~
Il

1

oo A |
< EZ:; 11 (f—1)poe |7 %0 B, %o A1/2||F +0%||T xo AlZ by Assumptions [[] and [
N A
_;{ (5—1)170}“190” X0 B ||+ 0% 2|| Iz by @23)
A Co

Mg

—C, || Y ||s + 0 Y by Assumption [2
T g e CATIE AT by

2 2 T
<1 + a 1 )AC{)C C'Oo-X } H “F)

<
—1pg Po Do

T

where the last step uses the fact that > ,°,{1/po + ({ — 1)} < 1+
JZuwdu = a/(a —1). This completes the proof of (3.17). In a similar

manner, writing Iy for the ro X p; x - -+ X pp tensor such that [Ty, j,

,,,,,
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Eljr..ip, it can be seen that

E((21,7)%) > E(Io, T xo (95 AY?))?)

1
2 Are HT X0 By Xo Al/zHi by Assumption [I]
> T x8][} by @3
— Arg Copo F
¢ |7z
> ——=—L by (3.18
o AC()TS’ Po Y
This completes the proof of (3.19). =

Proof of Lemma [2I

Recall that UyU, + Uy, U, = I,,. Using the triangle inequality,

17 0 @ ||r = |7 X0 (RTUU, ) + 7 xo (2 U Uy )||¥
> |7 %o (@TUUY ) |[p = |X %0 (@ Up Uy, )||r
> 0, (®TUY)||Y %o Uy ||r — 01(@ Up )| T %0 Uy, I
_ T T T T
=0, (@ Up)||T %o (UoUy )||r — 01(® UpL)||T xo (U Uy, )|Ir

= 07,(® " Uo)a|| X[l — 01(@ " Uor)(1 — *) 27|l

This completes the proof. n
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Proof of Proposition
Recalling (2.12)), we have
D
ﬂ%@ (C, (Dd)gzo) = %{C Xfl):(] Ud + Z %(UdLDdeT)}
d=0

D
=C xo (AUp) X2, Uy + > Ta(Ust DaW,[) %o A.
d=0

The core part of Zgo %o (C, (Da)l,) is

{@7%@ (c, (Dd>cll)=o)} i Uj
= C %o (Uj AUy) x -, (Uj Uq) + F(Uo1 DoWy' ) %o (U A) xi, U}

D
+Y Ty Uj Ui DW,]) %o (Ug A) Xep0a U,
d=1

= C %o (Uy AUy) + Fo(DoVy') %o (Uy AUy ) xi- (U, Uy)

=C X0 (UJAU()) + %(Do‘/oT) X0 (UJAUOJ_)
The 0-mode part of 25/ Ze(C, (Da)i,) is

Uy, M %o (C,(Da)1_o) }Wo

D
=U,, [AUO//JO(C)@;:DUJ ) + AUy DWW, + > Autto{ Ty(Us DiW, )}} Wy

d=1

D
= Uy, AU ,(C)Vy + Uy, AUy Dy + Uy, Y~ Atto{ Ty(U, Uy DaW, ) X 00 U, } Vo
d=1

= U, AU\#,(C)V,y + U, AUy, Dy.
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For d # 0, the d-mode part of %%/ %e (C, (Dg)P.,) is
U, Ma{ R (C, (Da)lo) } Wy

= My { I R6(C.(D)2o)} xaUJ, xera UV,

_ ,///d{c xo (U AUy) x4 (U] Uy) Xepoq (UTU)

D
+ Z (U, DW,) %o (Uy A) xq U], Xer04 UeT}Vd

c=0

D
=3 (ZUULDV]) xepc U 0 (U] A) %4 U, X a U] MV

= My{ To(DV,") %o (Uy AUy) } V.

The proof is then complete. n

S2 Additional Numerical Results

Here we present an example of non-uniform grid points. The setup follows
the first simulation in Section {4}, except we now choose an unbalanced set of
t;’s. Specifically, 5py/12 measurements are equally spaced within (0, 1/3),
another 5py/12 measurements are equally spaced within (2/3,1), and po/6
measurements are equally spaced within (1/3,2/3). Despite this imbalance,

the estimation performs similarly to the uniform case, as shown below,
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analogous to the results in Figure [I}
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Figure S1: Left: Convergence performance of the functional Riemannian Gauss—Newton
algorithm. Middle and Right: GCV and RISE versus the tuning parameter p. Displayed

are averages based on 100 Monte Carlo replications of (X;,y;):=

1,...,500 With measure-

ments on a non-uniform grid.
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