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Supplementary Material

S1 Proofs of the Main Theorems

In this section, we prove the main theorems of main document. Some technical lemmas for

proving main theorems are placed in Section

Condition 1 (Regularity of Qd). There exists Cp > 0 such that 00—1 < )\min(ﬂd) < )\max(ﬂd) <

Co, where Amax(A) and Amin(A) are the maximum and minimum eigenvalues of symmetric ma-
d

wd
trix A, respectively. Also assume that there exists 0 < 74 < 1 such that | Jnax —d <y <1
<i,j<p1 d ,d
Wi, i,

Condition 2 (Sparsity of Q¢). There exists 7 > 0 such that |A,| = O(pi/w)7 where A, =

> (logp1) > 7T,1<i<j<p, d=1or 2}

wd .
{(i’j) : ‘,/w,d/.‘i‘.iv
2,7 NEV)

Condition 3 (Relationship among n1, n2, and p1). Assume logp; = o(n1/5) and n = min(ni,n2).

Remark on Condition 3. Xia et al. (2018) and our work appear similar in that both consider



subnetworks. However, a significant distinction lies in the conditions related to the size of
the subnetwork. Their focus is on identifying which subnetworks differ when the number of
subnetworks (;2-) is very large. In contrast, our model aims to identify which edges differ within
a subnetwork when the subnetwork itself is large, leading us to assume a relationship between p;

and n. Therefore, the primary difference between Xia et al. (2018) and our work lies in whether

the focus is on differences between subnetworks or within a subnetwork.

Condition 4 (Convergence rate of ,@f) The estimator Bzd satisfies

max [|3{ — B7|l1 = 0p{(logp1) ™'} and max [|B{ — B|l2 = 0p{(nalogp:) "}
1<i<p 1<i<ps

According to (Liul 2013 Proposition 4.2), Condition H| is guaranteed under Condition
ops —1 Amin (2 1 . .
Condltlon and maxi<;<p, Z?:{m I(B, #0)=o (ﬁ) by solving the following

optimization problem:

_1
ﬁg:(Diiﬁi) ’ arg min {Azdﬂ'”uul

ucRP1tp2—1
1 d od d -3 ¢ <a)|
+ — (X',ﬂ' - X~,—i) (Dfi,fi) u-— (Xz - Xz) )
2ngq 2

(S1.1)

where D = diag(2%), £ = (6! )1cijep = (55 Tt (XE, - X4)(XE, - X1)

N )1sm§p1’
and \j, ; = kay/(6¢;logp)/na for kg > 2.



S1.1 Proof of Theorem 1

S1.1 Proof of Theorem 1

Proof of Theorem[] We divide the index set A := {(i,5) : 1 <4 < j < p;} into two parts:

wj _
Large |wi;/y/wéw? | elements: A :={ (i,7) L > (logpr)” ©
; 8955 4l
5,45,
Not large |wi;/\/wi,w? ;| elements: A\ A,.

Let yp, = 4logpr — loglogpy + ¢ for fixed ¢ € R. Then, by Lemma[T1]

P A 1? > =o(1).
(s 130 2 0 ) = o)

Therefore, we can ignore A, parts:

P(Mn > Ypy)

=P( max |A;;* > P ax |A,;
(, max (A" 2 yp,) + P({ | max A

2 X2
N N7 >
< Yp } {(i,rfl)%)l [Aij|" > Ypi })

== P Al j 2 > 1 3
(, nasx | [Bisl" 2 ypi) +o(1)

For any & > 0, we decompose P(M,, > y,,) into two parts:
P(My 2 yp,) < P max  [Vigl 2 v/yp, —¢)

+ P(  max |Ai,]’ = Viil 2 VYp1 — VY —€) +o(1),

(i,7)€ANA~



S1.1 Proof of Theorem 1

where V; ; is defined in Lemma [TT} From Lemma [T1} we derive

P( max |Ai; = Vij| > Vipr — Vs —€) < P( max  |Ai; = Vil > Z(yp,) %)

(1,7)€ANAL (i,7)€ANA~

€ —1/2
<P N — Vil > =(1
< P(, max A= Visl 2 g (logp)™ )

=o0(1).

Therefore, we obtain

P(M, > <p > —e)l/? 1).
(M > yp,) < ((i,jl)’%%AJVuﬂ_(ym €)’7) +o(1)

and the opposite inequality can be showed similarly. Thus, for any € > 0,

P Vis? > 1) <P(M, > <p Viil® >y, — 1).
((i,jl)gi)iAJ il > Ypy +€) Fo(1) SP(My, > yp,) < ((MI)%?}KAJ il > Upy —€) +o(1)

Then, by Lemma [T2]

P(max Vil > yp, +26) + 0(1) SP(My > yp,) < P(max |Viu|* > yp, — 2¢) + o(1).
1<m<gq 1<m<q

By Lemma [I3] for any positive integer N

2N d—1

-1 _ _ e d Y
E (T)l ((87T) 1/2 = (t42 )/2> + o(1) <P(My > yp,)
d=1 ’

Z — ((8%)71/267(t725)/2)d +o(1).



S1.2 Proof of Theorem 2

By letting n and p1 go to oo, we obtain

2N

(-t —1/2 —(t+20)/2\ % 1
o— ((8m)77% )" <liminf P(Ma > y,,)
d=1 ’
2N-—-1 (_1)d—1 d
Z 2 ((87r)_1/26_(t_25)/2) > limsup P(My, > yp,).
d=1 ’

By letting N go co, we also obtain
1—exp (7(87r)71/2ef(t+25)/2) <liminf P(M, > yp,)
<limsup P(M, > yp,) <1 —exp (*(871’)71/267“725)/2) .

Finally, by letting £ go to 0, we complete the proof.

lim P(Mp >y )=1—exp (—(87r)_1/26_t/2) .

n,p1 —>00

S1.2 Proof of Theorem 2

This proof is to demonstrate how the power of the test based on our weighted statistic converges

to 1 as p1 and n approach infinity in Theorem [2}

Proof of Theorem[4 In Theorem |1} we put t = %log log p1 to

P(M, —4logp: + loglogp:1 <t) — ®up(t) asn,p1 — oo,



S1.2 Proof of Theorem 2

then we obtain

. 1
lim P(M, > 4logp1 — 3 log log p1)

n,p1—+o0

1
= lim P(M, —4logp: + loglogp: > = loglogp:)
n,p1—>00 2

(S1.2)

1
=1— lim CI)]\/[ (5 loglogpl)

p1—r00

=1— lim exp(—(87) *(logp1) /*) =0.

p1—>00

From the following inequality
A’ <2(A—B)>4+2B® for any A, B €R,

we have

1 1 2 N
max Yig < 2N, + 2M,,. (S1.3)
1<i<ispi 0} + 07 \/wl ! \/w2 W2

6,1775,7 6,0775,7

Thus, for (Q', Q%) € U(4), by (SL.3)

1 2

1 Wi 45 Wy 4
max  — ~ —

1<i<j<

<isi<e 9} 467, \/wl wl \/w2 w?

4,775, 4,57°753

1=P | 16logp: <
< P(8logp1 — M,, < M,).

Decomposing a set {8logp1 — M, < Mn} into

{8logp1 — M,, < M, <4logp1 — %loglogpl}

. . 1
U ({810gp1 — M, < Mp}yn{M, > 4logp:1 — gloglogm}) ,



S1.3 Proof of Theorem 3

we have

1= lim P(8logps — M, < M,)

n,p1—>00

~ 1
= lim P(Slogpl—MngMn§4logp1—§loglogp1)

n,p1—>00

- . 1
+ lim P({8logps — M, < My} N{M, > 4logps — §loglogp1})

n,p1—>00

1
= lim P(M, >4logp: + = loglogp1i) + 0.

n,p1—00 2

The last inequality is from (S1.2]). Thus, we obtain

1
lim P(Myn 2> 4logp+ 5 loglogp) = 1,

n,p— oo
where the convergence is uniform for (', Q?) € U/(4), which implies

o inf P(M,, > qa + 4logp1 —loglogp:)
(@t,22)eu(4) (21,92)cu(4)

1
> inf  P(M, >4l ~loglL —1
Z by P(Mn = 4logp + 5 loglogpi)

as n,p1 — 00. Therefore, we obtain our goal. O

Remark on Theorem 2. Theorem 2 guarantees that the convergence of the power even when
the dimension p; is sufficiently larger than the sample sizes n1 and n2, with logp: = 0(n1/5)
where n = min{ni,n2}. Thus we need the scale assumption logp: = o(n1/5) for p; and n in

Condition 3.

S1.3 Proof of Theorem 3

In fact, the probability measure P depends on (£2',0?), so Pqa1,q2) denote the probability

measure P given (Q', Q?).



S1.3 Proof of Theorem 3

Proof of Theorem[3 To investigate the infimum of sup;, 7. Pa1 q2)(Ta = 1), we should con-
sider a case of (Q!,Q?) with a small distance. Our strategy is finding a finite set of precision

matrices S such that

1
8 22 5 P, (Ta =1) < o ol)

Without loss of generality, we assume ny > no. Define Q,, = (Wi ;) € RPIHPDIXE14P2) 59

follows,

1 ifi=j
Omiid =4 po= [ s collogp) V2t (i,5) = (m, 1) or (1,m)
0 otherwise,

where ¢g is to be determined later. From the assumption of Theorem 3, log p1 = o(n2), we know
that 0 < p < 1 is well-defined for sufficiently large n and p1. Then if (2%, Q%) = (Qm, Ip; 12 ),

1 wl . 2. CO(Ing1)1/2 if (Zv.]) = (ma 1) or (17m)
2]

Wiy _
ol .+ 02 )1/2 1,1 2 2
(615 +655) Wi Wy Wi,i%5,5 0

otherwise,

where I, is a p X p identity matrix. Thus, (2, I,,+p,) € U(co) for sufficiently large n and ps.

Since T, is a set of all tests with size «,

P<IP1 +P271P1 +P2)(Ta = 1) S «@



S1.3 Proof of Theorem 3

for any T, € Ta, which implies

({Tu=1}:TaeTa} C{A: Py (A) < al. (S1.4)

P1+P2 ’IP1+P2) —

Let S by {Qm :m =2,3,--- ,p1} and dPs = 171 o, dP(@,, 1, 1,,)- Then, by (S1.4),

P1

sup Ps(Ta=1) < sup Ps(A)

T, : <
a€7a A P(Ip1+p2'IP1+p2)(A)7a}

= sup |PS(A) - P(Ipl +p2:Ip1+p2) (A)| +a

{A:P(Im +p2 ’1p1+p2)(A)§a}

< HPS - P(Ip1+p2’1p1+p2>“ ta= / |f B 1|dP(IP1+p2’IP1+p2) T

dPs

where ||i|| denotes the total variation norm of y and f = is a Radon-Nikodym

dP,
(Ipq+po-Ip1+po

derivative. Since

2
2
(/'f_ 1|dP(Ip1+p2’IP1+p2)) S /(f_ 1) dP(IP1+p2’IP1+p2)
2
= / |f‘ dP(Ip1+p2aIp1+p2) — Q/fdP(Ip1+p2,Ip1+p2) + 1

2
:/|f‘ dP(IP1+p2*IP1+p2) -1

then it is sufficient to show that

J 1P AP,y = 1+ 00,



S1.3 Proof of Theorem 3

By definition of Pq,,, Ty tpo) and P

p1+p2:Ipy +po )

ni na
— n n 1,2 22
=Var P T R gyt T e b2 gy

dP(Ipl +p2 7IP1 +P2)
=1 =1
n1 T 1 na
—(p1+p2)(n1+n2) 1/2 (yi)" Qmys 1 —1y712/2 5.2
dP(Q"“ Ly tpy) =V 2 ]:[1 |2 ]~ exp (—f dy; Ee i dy;
so we can compute f directly,
fe dPs i dP(©,,,1,, 1 p,)
dP(Ip1+pszp1+p2) pr— 1 dP(Im-*—m’Im-%—m)
- T 1/2 exp [ — (YLI) (O Ip1+p2))’ll
2
m=1[=1
_ (- pz)n1/2 o T (Y;)T(Qm - 11714—172)3’11
=T S e .

Using this, we can obtain

2
/|f| dP(IP1+p2’Ip1+p2)

(1 — (Qm + Q0 — 2L, 4y )
B (p1 — 1 H exp 2 = dp Ipy+pg-Ip1+p2)
m,m/’ =1

= Z H|Qm+ﬂm/ _IP1+102|_1/2

pl - 1 m,m’ =1
nl /2 17p2 ni .
- p1—12 Z o +((p1—1))2 2(1—2P2) 1/
m#m/
_ A= a=p) L (= p)" p=2
=42 -1 (-2 =1

Finally, we will show that M

~— =o(1) and _Oaptymile o(1) for any a > 0. Since

(172a,p2)"1/(2“)

p = o(1), for sufficiently large ni,n2,p1, we know 0 < p < 4/1 — =, which implies

1 (& 2
< R . .
1_p2_exp(e_1p) (S1.5)



S1.3 Proof of Theorem 3

From (S1.5), we obtain

(1 — p2)—n1 B exp ( en1(n1 + 77,2) CQ lng )
= 1
pp—1 p—1 (e — )n2(n1 — c2logp1) 0
P1 g K2 (1+0(1))-1
= pl I
p1—1

where K > 0 is a constant for comparable condition between n1 and ng: K1 < Z—; < K. Thus,

if we take ¢o sufficiently small then

(1-—p)™

T = o(1) for sufficiently large ni,n2, p1.
p1 —

(1—ap2)m1/a

].\IOVV7 we will show m

=1+ 0(1) for any a > 0. We have

(1— ap2)n1/a _ (1—ap®)? n1/(2a) (14 a2p* n1/(2a)
(1 = 2ap?)n1/(24) 1 — 2ap? 1 — 2ap?

1—2ap? ._any ot
a2 4 a2 pd 2(172ap§)
R

1 — 2ap?

(S1.6)

In §13)

2 4 4
a“p anip
=o(1 d
T—2ap2 — 0 and 5ao ey
which implies
1— 2\n1/a
(1 —ap’) L=

(1 _ 2ap2)n1/(2a)

_ 2\ny/a
as n,p1 — oo. Thus, <1<1 ap’)

Gozapyymi/@a = 1+ o(1), then we also obtain

(1-p)m

(=22 1T o(1)

(1 _ p2)2n1 _ (1 _ p2)n1 . (1 _ 2p2)n1/2 2 . 0(1)
(1 —4p2)mi/2 (L=2p2)m/2 (1 —4p?)m/4 '



S1.4 Proof of Theorem 4

Therefore, if we take co sufficiently small then

1 &
— Z sup P(QWL’Ip1+p2)(Ta =1)<a+o(l) <1—+ for sufficiently large n,pi.
P1 = Ta€Ta

It implies that there exists 1 < m < p; such that

sup P<Qﬁ1,alp1+p2)(Ta =1) <1—~ for sufficiently large n,p:.
To€Ta
Therefore,
inf sup Pg1 g2)(To = 1) <1 -+ for sufficiently large n,p:.

(21,92)eU(co) To€Ta

S1.4 Proof of Theorem 4

This proof is to demonstrate the FDP and FDR of the test based on our weighted statistic

converge to <X as p; and n approach infinity in Theorem [4]
g q

— 2 J—
Proof of theorem[f} Let FDP(t) = a m;b(l(?\)f((i)l 1)p1) then
X )
lim F/D\P(t) < (loglogpi)™'/? < a,

t,”(41log p1 —loglog p1 +log log log p1)1/2

lim Iﬁ(t) =1>a as,
N0

for sufficiently large p1 and 0 < a < 1. Moreover, for 0 < t < Pa/2,

FDP(t) > 2(1 — @(t)) > 2(1 — ®(Pay2)) = v,



S1.4 Proof of Theorem 4

where P, /s is a value with (1 — ®(P,,2)) = /2. Thus,

0< Py < to < (4logp1 — loglogp1 + logloglogpl)l/2 < 2(logpl)l/2 a.s.. (S1.7)

—_—
Moreover, since FDP is continuous at almost everywhere points and increases at the discontin-

uous points, so

(1 - @(f0)) (Pt —p1) _
max(N (to), 1)

for sufficiently large p1 and 0 < a < 1. Then,

’%_1‘ _ MNo(bo) a ‘:‘
aqo/q max (N (t0),1) aqo 2(1 — ®(to))qo
ez AL > fo) —2(1 — @(t0))] ’
2(1 = ®(f0))qo
Siiezona, LA >10) —2(1 — @(iv))] ‘
2(1 — @(f0))qo
Y peroa, LA ] > o) = I([Vis] > to)]
2(1 = @(f0))qo

Y peroa, [P(Vigl > to) —2(1 — ®(fo))] '

IN

2(1 - @(t0))qo
S pezoa, L(Vigl > to) = P([Vij] > io)]
2(1 — ®(fo))qo

‘—1 Bi+ B2+ B3z + Ba
Using Lemmas [14117] we can show that each B; is 0,{1}. Therefore, we obtain

‘ FDP (o)
aqo/q

- 1| = 0p{1}.

O

Remark on Theorem 4. According to Theorem 4, the FDP and FDR converge even if the

dimension p; is much larger than the sample sizes n; and ng, as long as p1 < en” for some



constants ¢ > 0 and r > 0, where n = min{ni,n2}. Unlike Theorem 2, this result ensures
convergence even in cases of unbalanced sample sizes. That is, the convergence of the FDP and

FDR can be expected even when ni > na or na > n;.

S2 Technical Lemmas

In this section, we collect some technical lemmas and their proofs for proving main theorems.
Lemmas are about convergence rates of some quantities. The following Lemma is a partic-

ular case of (Cai and Liu, [2011, Lemma 1).

Lemma 1. Let &1, --- ,&, be independent random variables with mean 0. Suppose that there

exists D,, > 0 such that

n

> Elgie* < D}

Then, for 0 < z < D,

Proof. For any t > 0,

P (Z €r — 2Dna > 0) <E [e“m:l ﬁk*wn”)] —e 2P B [efﬁk] .
k=1

k=1

By using an inequality ¢* < 1 + s + s%¢/®!, we obtain

P (2”: €k — 2Dnz > O> < e e ﬁ (1 +LE[6) + £°F [gief‘ﬁk‘D :

k=1 k=1



From E[&] =0,

p(Se-wouzo) s [ (e fgere]) < oo Tloo (o6 0],

k=1 k=1 k=1

By taking ¢ = z/D,, < 1, we obtain

P (i ’Ek > 2Dn1'> < 67212 exp (;;22 iE‘ [Ege|5k|:|> < 6712,

k=1 n k=1

And replacing &, with —&;, makes we obtain the opposite inequality.

P (— Yo 2an) <e ™

k=1

Therefore,

d

D&
k=1

> 2an) <P (Z & > 2an> +P <— Yo 2Dnm> <277,

k=1 k=1
O

Lemma 2. Let {Wi}k=1,...n C R be a set of identical independent observations such that
E[Wk] = p, Var(Wy) = 02 < oo, and E[(Wk — M)Qelw’“_”l/(log")} <C fork=1,---,n and

for sufficiently large n. Then, there exists a function fw = fw(o,n) = o(1) such that

d

for any M > 0 and for sufficiently large n and p with logp = o(nl/s).

1 n
Ekzﬂwk—ﬂ

> (20 + fw)m(logp/n)”"’) <2p M



Proof. Let & = (logn) ' (Wi, — u) then

2 Jex il el
ZE[f ’“} ZE[fke Ljep1<t0g )~ 1/2}]+ZE[5ke I{\sk|><logn>—1/2}]

k=1

Wy — 1
<nE {( =) hogn} T nE [gelsl|]{|£1|>(logn)7l/2}]

(log n)?

1
< e ViEn Var(Wy)

~ (logn) (logn

_ n
~(logn)?

1
Let fw := o(eVien —1)+o 'E [(Wl - ,u)Qe‘Wl_“V(log")I{‘W17H‘><logn)1/z}} and D,, =

fw/2) then by the dominated convergence theorem
fw=o0() asn— oo

and

ZE [52 ‘fk‘:| W(UQ +ofw) <D

Let x = /M log p, then for sufficiently large n and p with n'/% = o(logp),
0<z< Dy,

and by Lemma

n

> W —p)| >

k=1

P ((log n)~t

1L( +fw/2)\/Tgp> <2 = 2p”

Thus,

> i

()

20+fw)\ﬁ(10gp/n)1/2> <op M

n 2 |Wy— logn
s )QE[(Wl—u) eltaml/ o )I{\wl—ub(logn)l/?}}

1 _
(02 +o’(eViEn — 1)+ E [(Wl — )%™ W(logn)[{\wl—waogn)l/z}})




O

Lemma 3. Let {Wi}tr=1,...n C R be a set of identical independent observations such that
-1 n—
EWy] = nTu, Var(Wy) = 0? < oo, and E[(Wk—%M)Qe|wk—%u\/(logn)} < C for

k=1,---,n and for sufficiently large n. Then, there exists a function fw = fw(o,n) such that

d

for any M > 0 and for sufficiently large n and p with logp = 0(n1/5).

1 n
E;Wk—ﬂ

> (20 + fw)m(logp/n)”"’) <2p M

Proof. Let &, = (logn)™* (Wk - "T_lu) and decompose &7e/é*! into two parts:
2 1€kl _ ¢2 |8 PERIS
el = el T e, | <o m-1/2) + 6 T1ey 5 (t0g m-1/2) (52.8)

Then, from the first part of (S2.8]), we derive

n n (Wk _ nT—lu)Q 1
> E [Qzelfk‘lmk\saogn)*l/?}] <D E [em

k=1 k=1 (lOgn)2
N g (Wk—’%lu)zewgﬂ
= 2P (logn)?
1 1
S ﬁ@ \/lognvar(Wk) S (lo;n)2 (0-2 —|—0’2(e Viegn 1)) s

and from the second part of (S2.8]), we derive

2 Jéxl
> E [gke * [{\ak\><logn>*l/2}}
k=1

_ 2_|€
=nk [516‘ 1‘I{lsl|><1ogn)*1/2}}

__n E{( 1,n*1u)2e\wl—";1u|/(logn>1{
n

~ (logn)? Wi 2L > (log n)1/2} | -



1 n—1
Let fw := 20(evler — 1) + 207 'E [(Wl — tp)?elMam S/ tosn) \Wl*L;lIJ‘\>(logn)l/2}]
NG s |
and D, = E(O’ +fw/2—n ||/2) then by the dominated convergence theorem
n
20

Toen < fw =o0(1) asn— occ. (S2.9)

Also,

ng n n
M E [fie‘g’“'] =Y E [&36‘5’”I{\sugaogn)*l/z}} +Y E [gie\sku{‘ékpuogn)—uz}}
k=1

k=1 k=1

: (10gnn)2 (" +ofw/2) < (lognn)2 (o + fw/4)* < D;

for sufficiently large n. The last inequality is derived from

|| o fw
L S L A W SR
2v/n = 2¢/logn — 4 v )

for sufficiently large n. By Lemma [I] we obtain

n

S -

k=1

P <(log n)~!

> 2%“’ + fw/2 - n_1/2|#«|/2)\/M10gp> <2e7%

for 0 < & < D,. Let & = /M logp, then for sufficiently large n and p with n'/% = o(logp), we

have

0<x< D,.

Thus,

d

1 — n—1

,ank_iu

n n
k=1

> (20 + fw — n_l/Qul)m(logp/n)l/z’) <2p M



Therefore,

> (20 + fw)\/ﬂ(logp/n)m)

1 n

nk:l

1 — n—1
Pl1=Y "W, —

1 < n—1
<pP||=
<r(fim

1
If p > e? | then

P<12Wk—u
nk:l

1 — n—1
<P||=- Wy, — ——
- <n; k n ®

IN

> (20 + fw)VM(logp/n)*/* — iu)

v

(20 + fw)m(logp/n)l/2>

> (20 + fw — ,u|(Mnlogp)1/2)\/M(logp/n)1/2> .

> (20 + fw — n_l/Qlﬂl)vM(logp/n)l/Z’) <2p™M.

O

Lemma 4. Assume Condition . Foranyd=1,2,1<4,5, <p1,i #i, andk=1,--- ,ng

and for sufficiently large ng,

d d _d d \2,.d ~d ~pd ~d ~d T od
€k,ir €k,i€k,j> (5lm) /Ti,m Ek,ixk,i/a and 5k,i(Xk,7i) Bi

satisfies assumptions in Lemma@, and

sd ~rd ~d ~d ~d ~d d
Xk,iXk,ja €k,i€k,j» and €k,i5k,j/ri,j

satisfies assumptions in Lemma@ and where ézﬂ- = sﬁ’i — éd“ Xﬁ,i = Xﬁ’i —

d v d
Xk:,fi — X g

’

Xfi’i, and Xﬁ’_i =

Proof. From the definition of 5‘;71- and its normality, we obtain the results for sufficeintly large



nd.

O

Lemma 5. Assume C’onditions and@ There ezists f = f(Co,n, K) such that for any M > 0,

1<4,5,i <p1, i #14, and sufficiently large n and p1,

r (e

> (2v/3Co + f)m(logpl/nd)l/Z) <2pr M

P( U?s| > (2V3Co + f)V M(logpl/nd)l/Q) <2pr M
< ka iXit| > 26’0+f)vM(logp1/nd)1/2> <2p M
ng
P < ni (X)) BY| = (2V3Co + f)v M(logpl/”d)1/2> <op M
d k=1
Moreover, for any M > 0 and sufficiently large n and p1,
P (max || = (2v3Co + VAT F 1(logps /na) /) = O ™)
P (rrllax =z (Q\fCo + f)IvM (Ingl/nd)1/2> = O(pr)
ng
P (m%x ni &Xi | > (2V3Co + f)VM + 2(10gp1/nd)1/2> =0 ™)
R Ry
<max Zek, Xi.) 87| > (2V3Co + VM (logpl/ndﬂ”) =0(p™)

Proof. By Lemma and LemmaEl, this results are derived directly.

O

Lemma 6. Assume C’onditions and@ There exists f = f(Co,n, K) such that for any M > 0,

1 <1i,j < p1, and sufficiently large n and p1,

ol > (2V3Co + f)VM(log pr /na)/?) < 207"

P (|Re; -l

> (2V3C0 + f)VM(logp1 /na) /) < 2™

where B¢ = (67;)1<ij<p1+p2 = é Shd (X = XN)(XE - X7 and RY; = o oty Bk



Moreover, for any M > 0 and sufficiently large n and p1,

~d
0,5 — 0'2]

¥

P <m.ax > (2v/3C0 + fIVIL <logp1/nd>“2> — o™

P (max‘RH —7“”

> (0/3Co + VAT <logp1/nd)“2> — O ™)

Proof. By Lemma/[3]and Lemma[d] the results are derived directly.

Lemma 7. Assume Conditions[1] [3 and[f then we have
Tzdj =R} G — T, 4B . ﬁzd,j) - 77;'1,1(5?71,1‘ - 5;[71,1‘) + 0p{(nalogpr)~?}
uniformly in 1 <i < j <p; andd=1,2, where Rij Zk 1 Ek Zék g
7:?,1' = dez + op{(na Ingl)_l/Q}

uniformly in 1 <i<py andd=1,2.

Proof. We prove the lemma in 2 steps.

Step 1. For 1 < i < j < p1, the following equality holds uniformly,

ng

d _pd 1 d gd 5d d L,

Ty =Ri; — TTd €1, Xb,i (Bi; — Bi) 1 # j)
k=1

- — Zsk ]Xk J ﬁj—l,i - ,3;‘17111)](7; * _]) + Op{(nd logpl)_l/Q}.



Proof of step 1. By definition of é%i = Xﬁ,i - Xﬁ,,lﬂf and 5%71. = 5(% X5, ¢ _.Bd

nq nq
1 nd ~d 1

na €k,i€k,j :771 Z (5g,i - XZ,—i(ﬁg - ,@f)) (Ek J Xk, ](18] /3?))

k=1 k=1

ng
1 ~d ~d v Ad d
and g €k,i€k,j — E €k zxk —;(Bj — B5)
k=1

1 <4 4 = . .
- ELXE (B — B + (B! —BHTEL, (B - BY)
k=1
1 & d ~d
e p— gkzékj—a1—a2+a3,
ng

k=1

where 3¢ = (68 ) 1<ij<prips = é St (X¢ — X (X — XN, Now we will bound the

last three terms separately. By Conditions [T] and [4] and Lemma [6]

las| < (87 — BT (=L, _; — =2, (B — BY)

+ ‘(B;i_lgzd)T —i,— ](/6] 18?)
=0, {(log p1) ™' }0,{(log p1/na)'*Yop{(log p1) ™'} + 0p{(nalog p1)~'/?}

=op{(nalogpr)~"/*}

uniformly in 1 < i < j < py. For a1, by Condition [l and Lemma[5]

nd

1 d od
— E ek,ixk,i’
Nnd

k=1

ay — 72"5]@ 'kaz /Bz,j _65,])1(27&‘7)

< max max

ax max op{(logp1) ™'}
1 i F#£,g

=op{(nalogp1)~"/*}
uniformly in 1 <7 < j < p;. Since a2 has a similar form to a1, so

nq

1 d < o . .
+ P 5Z,sz,j (ﬂiu - /3?71,2')[(1 #7)

k=1

az = op{(na logpl)_l/2



Step 2. For 1 < i < j < p1, the following equality holds

Fd,] :Rg — T 1(51,3 5?,]) TL](ﬁJ 1,4 — Bjc'l—l,i)+0p{(nd10gp1)71/2}

Proof of step 2. Since

s

- 1 _
Riia=-> &= Zéﬁz (X, —X{ 8%
k=1
1 &
:Fd €k zxk1+op{(logp1/nd)1/2}'
k=1

The last equality is from Lemma [5] Thus by step 1 for i = j,

1 <4 4 & -
— N X =R+ 0 {(log p1/na)'?}
nd
=i + 0p{(nalogp1) "*} + Op{(log p1 /na)"/*}

=7 + Op{(logp1 /na)'/*}
uniformly in 1 < ¢ < py. Therefore,
rzg —Rd Tz z(/ﬁz] ng) T]y](ﬁj 1,4 — ﬁﬁlflvi)

+ Op{(logp1/na)' Yo, {(log p1) '} + 0p{(nalogp1)~'/*}

=R}, — 7B — BLy) — 7 (Bf-1i — B-1.:) + op{(nalogpr)~/?}



Lemma 8. Assume Conditions[1,[3 and[]] then we have

it — (Wi R + Wi RS — iy + Uy = op{(nalogpr)™'/*}

uniformly in 1 <i < j <p1 and d =1,2. Also, we have

=1l + UL+ op{(nalogp) ™%} (S2.10)

uniformly in 1 < i <p; andd=1,2.

Proof. By using Lemma [7]

~d d | ~d pd | ~d Ad
iy =— (Fig +FiiBiy +75,85-1,)

=- (Rfii,j + 'Fz’d,i/Bg,j + f?,jﬂgfm) + 0p{(nalogp1) ™"/}

=- (R;i; + Riiﬂid,j + Rjd',j/ggfl,i) + 0p{(na 10gp1)71/2}

~d ~d W;'i,j Ad wid,j -1/2
=— | Ri;+ Rii—5 + Rj;—3 | +op{(nalogp1) }
“jj Wi i

=(-1+ Rgiwii + R?’jwij)rzj + rzj — jo + op{(na logpl)_l/Q}.

From the definitions of rff e Rij, and U{fj,

X - - 1 & _
Py — (Wi Ris + w5 RS — Vri; =Elek ek ) — <nd > chich — 54151;) + op{(nalogp:) %}
k=1

=— U +&%&; + op{(nalogpr)~/?}.



By Lemma [f]

- - 2
s — iR+ By — Dl + UL = (0p{(logpi /na)/})” + op{(nalogpr) ™/}
=o0p{(nalogp1)”"/?}.
Also, we can obtain (S2.10)) by the similar way. O

Lemma 9. Assume C’onditions @, andm then we have

d d d
. ~ wi Ui + wj ;Uj,5)77 4 -
of = U, = w b Upa)rs + op{(nalogpr) "%}

ij 5 7 4
TiiT5,5

uniformly in 1 <i < j < p1 and d=1,2. In particular, for Ac A, we have

max_ |(Z;;i]w — U = Op{(log p1 /na)*/?} max_ rd |+ op{(na logp1) /2. (S2.11)
(3,4)€EA (i,7)€EA

Remark on Lemma 9. Using equation (S2.11)), we can approximate the estimator ¢

2%}
d ~
of % by the random variable Uf;, derived from the multivariate normal distribution
CECRVEY)

(Eﬁ}i)izl,“. ,ny- However, while this approximation requires a sufficient convergence rate, equa-
tion (S2.11)) only provides a relatively slow convergence rate of Op,{(logp1/na)'/?}. This neces-

sitates Condition [2| which indicates that the set A, of indices (i,7), where |r{;| is not small,

has a negligible size. As a result, for indices in A7, we have max(; jycac Iré;| < (logp1) ™'~

By using the equation (S2.11J), we can achieve a faster convergence rate for Qﬁj, specifically

0p{(nalogpi)~'/?}, when considering the indices in AS. For the remaining indices in A,, we

can disregard the set because A, is a small set. Therefore, using (S2.11)), &¢, can be approxi-

0,3
mated by the random variable U{f]- with an appropriate convergence rate. Since the distribution

d

of Ui‘fj is much easier to compute compared to that of & ;, we can derive the asymptotic dis-



tribution of &{; through (S2.11).

Proof. By Lemma@ we have U; = Op{(log p1/na)'/?}, then

—(r4 .Ue. ‘.1. ‘.i. d rrd.
\/r;{ir;{j - \/(T?,i HUL) (g +Ufy) = (s Uks £ 78V + U3, 05)
\/11],]+\/ 21+Ud 7+Ufa])

Ud +rd, U + UL US
_ UVl iy F UYL | 0, logpuma)
24 /rfzrf]
T Uld'L + TZ 'LUd
_ = ) + Op{log p1 /na}-

d ,.d

Also, we know
ity =rli + Ui + op{(nalogpr) ™%}

from Lemma and E so we obtain

\/’flg,if;'i,j \/Ti,ir}i,j \/(T;'ii + Uidi)(rd i+ Ud ) \/Ti,ir}i,j
\/11ij¢ H+Ud ;i,JJrUd)
Jrird (rd, + UL)(rd, + UL)

1" 3,7

1 1 1 1 _
- - + 0p{(nalogpr) ™}

+ 0p{(nalogp1)~*}

d d d
T Ull +rl lU —
Sp— 2 o {(natozr) )
'Ll J«J\/(T +Ud ]a] +Ud )

wl ZU'LClZ d Ud —
_ = - d” )+0p{(nd10gp1) 2y
LERIEN

From Lemma we also have

’f;i] = (wizéz,z -‘rwinj,j — )7“1 j Ud + op{(na 10gp1)_1/2}

(w{i, (r,dl + U{iz) + w;j (T‘?,j + Uﬁj) — 1) Tij — U i+ op{(na 1ng1)—1/2}

(wid’iUicfi + wijUJd*j + 1) T’fl,j - Uiafj + 0p{(na logpl)_l/Q}.



Therefore, we obtain

~d d d
dw Pig rij — Uiy
Uij = -

W, =
ad ad d ,.d
\/Ti,irj,j \/Ti,z'rj,j

ij
d d d d d d d
TZ_U,LJF (JJ.L,LU’+WU77”Z Tz_Uz _
_ [%J \J ( i J,J %)) Y ¥ + 0p{(nqlog p1) 1/2}

~d od d ,.d
T5iT5.5 LVARRLE Y]

d d d d d

B B ¢ (Wi Us,i + w5 ;Us )7 5
ad ad d ,.d d .d
\/Tz',ﬁj,j \/’“z‘ﬂj,j TiiT5.

) 1 1
ad od d .d
\/Ti,iTjJ \/Ti,irj,j
d d d
(wiiUsi + w5 ;Uj5)ri 5

= L+ op{(nqlogp) %}

d ,.d
2\/T8iT5,

+ (—Uffj + (Wil +wj Ui

O
Lemma 10. Under Condition[d], for any 1 <1i,j < p1,
d
Assume Conditions[1], [3 and[{] then we have
max |08, — 0%, = 0,{(log p1 /n3)"/*} (S2.13)
1<i<j<p1 ’ ’
uniformly in 1 <i<j<p; andd=1,2.
Proof. For any 1 <1,j < p1,
d . d d \2
d i+ (1)
4% g,

And by Lemmas |§| and (7} #%; = ¢, + Op{(logp1/na)'/?} uniformly in 1 < i < p; and by



Condition [

i gt | = |1 BL) L/ 1+ (B /s
7 =7 ndg ng
(S2.15)
= i (Bd)Zﬂ«iﬂ (6 )27';12 -0 {(logp1/n )1/2}
na |00 R T ’
uniformly in 1 <7< j <p;. O

Lemma 11. In the setting of Theorem[} let A ={(i,j):1<i<j <p} and

7l 2
(Ui,j Wi ]/\/ wz ij J i,j/\/ ("}12,7,(")32,])
Vij =

(91 + 92 1/2

~1, ~2,
A (@5 —@iy) — (‘*’z‘,j/\/ N w?,j/\/ wi w3 ;)
65 1=

N1 ]
(ei,j + ei,j)l/Q

then under Conditions @, @ andm we obtain

max |A;; — Vil =op{(lo —i2y
(i) ds A, |A, 1 »{(logp1) }

P( max |A;;]° > 3910gp1) =o(1),

(i,j)€EAL

for any t > 0.

Proof. First, we will show the first equality. Without loss of generality, we may assume ni1 > no

in the proof. Since nafy; > 1 and ng (m)ax |0 ' Gf]| = 0,{(log p1/n4)*/?} from and Lemma
4,j)€A
[0}
max 1 _ 1
el (), +02,)12 (0], +07,)'?

1 1
= n max —_
V4 2(1_,]_)6A o o fo 1/2 n2 L 9 1/2
e (0 ;) + 207 2 (n10} ;) + n207




Since 2 (n16; ;) +na267 ; > 1, we obtain

1 1
max = = —
| @, vz 0L o)

= vz (O{(1og p1)"*na/n?} + Oy{(log 1)/ na})

= Op{(logp1/n2)"""}.

1
Thus, since (I;ff“ — =i = 0,{(logp1/na)'’?}, we have

J 1 1
VYii%5,5

1 2 1 2

~ 1w A 2,w) Yig “i,j 7l i Yi,j Yi,g
~ (wm' Wi j \/wl Wl \/wz w2 (Ui = Vi) \/wl Wl \/wz w2
1,1 3,7 2,2 7, 1,1 3,7 2,27,

Azg ‘/ij = 1 2 \1
’ 1 /2
@+, @, )
~1,w ~2,w 7l 72
(@) ) - (UL, - UE))
T @y vaye Orllem/mal

From Lemma@, we obtain

‘Ai,j = Vij| =

IN
|
+

+ Op{logp1/na}

(S2.16)
and
max |Aq; — Vil = 0p{(logp1)/*} max |r;|+ Op{logpi/v/nz}. (52.17)
(i,5)€EA+ (i,5)€EA+
We have
d Wfl,j d ,.d -1
551 < v T = o((logp1)™") (S2.18)
1,i%5,j

for (i,7) € A\ A-. Therefore, combining (S2.17)) and (S2.18]), we obtain the first equality.

Next, we will show the second equality. By (S2.16|) and Lemma we have for sufficiently



any €9 > 0,

P max A > \[—i—ao)(logpl)lﬂ)
(%])EAT
51” Gk
POy 1/2
<23 P Ve VT (ogp) ™" | | o1y
d 2
d=1,2 ,/em
logpl 1/2 >> —1/1()
=Cl|A- +o ClAr| 77 +o(1).
a1 ( ( i (1) = ClA | 2 +ot)

Also, by Lemma [I8] we obtain

1/2 ] 1/2
P< max |Vi ;| > M) < C|A;] <1 - d <M>) +0o(1)
(i,5)€EA; 2 2V/2
—1/16

p
= A ogpryrs + o)

Therefore, for sufficiently large n and p; and for sufficiently small €9 > 0, we obtain

P( max |A; ;|? >3910gp1)
(i,5)€EAL

=P < max |Vi;| > 0.5(logpi)" ) +P ( max [A;; — Vi > (\/§+50)(logp1)1/2)
(i,j)eAr (i,5)€A~
pr1/18
=C|A; | L — 1).
Al Gogpuyir oW
Since |A,| = O(p;’'®), we can conclude

P( max |A; ;|? >3910gp1> = o(1).
(4,5)€EAL

O

Lemma 12. In the setting of Theorem[d], let A\A; = {(im,jm) :m =1, ,q} with q = |A\A,]|



and

4 _d
_ Var(e,i,, €k jm )
Nm,d =3 d

imsyim ' JmyJm

1 1 1 1
Ek‘wlmgk-,.zm_E[elkﬂ‘wnekvjnz] for 1<k <m
T = \/Tz‘m,z‘m Tim dm
M
2 2 2 2
ek—nl,inlskfnl,jnl7E[Ek*n17im8k*"1:jm,]
— 2 = forni+1<k<n+ne

imsim ImoJm
Zieom =Zom i I (| Zoom| < ) — E|ZkmI(| Ziom| < )],  where 7, = 41og(p1 + n1 + na)

then using the above Nm.d, Zk,m, and Z;c,m, we can represent V; again and find approxima-

msJm

tion of Vi, jm- That is
1 1 +
Vo= 1L km1 Zeom + g Dikni i Zem Vi
e (Mm,1/n1 + Nm,2/n2)1/? fmadm
1 n > 1 ni+n -
and Vo .= ™ ket Zim + 5 Dty 11 Dham
" (Nm,1 /11 + 1im,2 /n2) /2
then

max |V, — Vm| = Op{pl_g}.

1<m<q

d 2
Proof. By the definition of 7,4, we know that np,.q¢ =1+ rd(ri#g‘) > 1. Thus, we obtain

tmstm ImsIm

X 1 ni |ka—2knz| 1 mtne |Zk:m ka|
Vi = Vin| < — ’ ’ t ’ |
[Vin = Vin| < ny 2 (Mm.2/n2 4 Nm,1/n1)/2 " no ,FZ (m,2/n2 + 1m1 /10) /2
- =ni+1
ni+n
L Z | Zin L(| Ziim| > ) + | B Zkn L (| Zm] < )|
T on2 (1/n2 4+ 1/n1)t/? .

From E[Zi,m] = 0, we know E[Zkm (| Zk,m| < Tn)] = —E[Zk,m (| Zk,m| > Tn)], S0 max max

1<m<q1<k<ni+n2



implies

ni+ng
R 1
Vi — Vil < ——|E[ZknI(| Zromm| > Tn
o | 1< 3 (2] > 7]
2 B Zm| exp(| Ziom| — dlog(pr + i + n2))]
= iz 1<k Sy gny IS RmI DU Sk m oBtpr T
2711

= Vit s Ukl (il < Cri?

because the nomality of e, ~implies the uniformly boundedness of E [|Zym|exp (|Zx,m|)]-

Thus,
P ( max |V — Vm| > Cpfs)
1<m<gq
<P < max max | Zgm| > Tn)
1<m<q1<k<nj+ng

<

< (i + nz)qlrgnrg)éq jeimax P (|1 Zk,m| > 4log(p1 + n1 + n2))

< m| —

< (n1+mn2)g (max | _max E [exp (| Zk,m| — 41og(p1 + n1 + n2))]

(n1 4+ n2)q -1
= ——=2 E Z =0
(1 & 7+ 1)t 1201 k2, B 1P (12D = Op17)

because the nomality of ef ; ~implies the uniformly boundedness of E [exp (|Zx,m|)]- O

Lemma 13. In the setting of Theorem let yp, = 4logp1 —loglogp, +t then for any positive

integer N, the following inequalities hold.

2N (_1)d—1 d R
a— (8m)7%e7%) 4 o(1) <P( max [Vinl” = yp)
i i 1<m<gq
2N-—-1
(=171 —1/2 —t/2
<
<X ((8m) %) +o(1),

where Vm and q are defined in Lemma .

Proof. Without loss of generality, we may assume ni > no.



By Bonferroni inequality,

Sty P(muvmmzym})

d=1 1<mi<---<mg<q Jj=1

< P(max [Vl > yp,)

2N —1 d
Syt Y (muvmm ) ym}) |

d= 1<my<<mg<q  \j=1

IN

For fixed d > 0, let &€k = (Zkmy» - » Zkm,)” and

Zk,m
7 (Nm,1+n1Mm,2/n2)1/2? for 1 <k<m
Zk,m =
Z
k.m for n1 +1 <k <ni+no,

(n2m,1/n1+1m,2) /2

then

ni+ng

> &
k=1

{

and & satisfies the conditions of (Zaitsev, 1987, Theorem 1.1) with for any u,v € R? and

2 (”1yp1 } ﬂ{‘vm | > yl/z}

j=1

m=23.4,---,
Bl(€r- 060" < (OVan )" ull " Bl o))
<™ (ovar)" " Jul™ 2 El(E o))

Thus, there exist c¢1, c2,c3 > 0 such that for any A > 0,

. A

> 1/2 —cd”? T eCdiT,

P (‘Nd'mm = (nlym) + A) Cld exp C2Cd37'n
ni+ng

P( > & z<mym>”z>

=1

} A
<P (\Nd|min > (nayp,) ' - >‘) + c1d”? exp <_m> ’

min



where Ny ~ N(0,1n1Cov(€1) 4+ n2Cov(€ny+1)). Let Ng = nl_l/2Nd and A = /nien(logpr) ™2

for £, determined later, then N4 ~ N (0, Cov(&1) + n2Cov(&rn, +1)/n1) and

5 V/nie
P(N > 1/2 ;| 71/2) . do/Q . N1€En
INal|min > yp1” + en(logpr) ad’exp = i (og )12
ni+nz
P ( >l = (Tllym)l/2>
=1 min
V/nie
P(N > 1/2 ;| —1/2) J5/? . Ni€n
INa|min > yp;~ — en(logp1) +c1d” " exp e2Clrm (log p1)1/2
Set g, = (1055101)1/2711_1/107 then e, — 0 and
d5/2 VN1€En
“ oxp 020d37'n (logp1)t/2
g
=c1d?exp | — ny — 0, asn,py — oo.
16¢2Cd? log(p1 + n1 + n2)
By (Cai et al., 2013, Lemma 5), we obtain
1 d
> P(Nluin 2 930" eallogp) ) = - ((8m) 7% 7*) (14 0(1)),
1<mi<---<mg<gq :
so we can conclude the proof by combining with Bonferroni inequaltiy. O

Lemma 14. Under the same conditions as in Theoremm, we have

Yinerona, H(1Ai] > o) —2(1 — (io))]
2(1 — @(to))qo

' = op{1}.

Proof. Let

2(1 — @(t0))ao

i ezona, L1451 > to))
2(1 — ®(fo))qo

_ ‘Z(i,j)EIDﬁAT [1(|Ai1j| > EO) - 2(1 - q)(fO))] ‘

|I() n AT‘
o

<

—+




Then, we have for any € > 0

p [ Zanetona, HBial 2 t0)
2(1 — ©(to))qo

_p Z(i,j)eIOmAT I(|As | > to)
2(1 = @(i0))qo

4+ P Z(ivj)EZUﬂAT I(|A;,;
2(1 — ®(fo))qo

> 5} N {to > (3.910gp1)1/2}> (52.19)

> o)

> 6} N {t < (3.910gp1)1/2}> .

By Lemma we have

i pezona, L1851 > to) R ”
" ({ 2(1 — @(40))qo > 6} N{to > (3.9logp1) "}

- il > (3 1/2
<p Z(Z,J)ezomAT I(|A’L,J‘A7 (3.91logp1)~'7) -0 (S2.20)
- 2(1 = @(t0))qo

= P( max A ] > (3.910gp1)1/2) =o0(1).

(i,J)EZoNA+

Also, by the assumption of Theorem 4] (|Zo N A-| = o(pY) for any v > 0), we have

P 2 pezona, LA > to)
2(1 = @(i0))qo

> s} N{to < (3.910gp1)1/2}>

gP( > I(Ay
(i.)

EToNA,

> to) > 2e(1 — <I>((3.910gp1)1/2))q0) (S2.21)

2-1.95
V40

<P(|[ZoNnA;|>C =o(1).

- <| 0 | «/logp1> (1)

Thus, by combining (S2.19)), (S2.20)), and (S2.21)), we obtain

i erona, L8] > to)
2(1 = @(t0))qo

= OP{1}7

which implies B1 = 0p{1}. O



Lemma 15. Under the same conditions as in Theorem[]], we assume

0 < to < (4logpr — loglogp: + logloglogpl)l/2 a.s..

Then, we have

‘Z(i,ﬂezo\AT [1(|Aij] > to) = I(|Vis| > 10)]

21— (io))ao ‘ = ortik

Proof. Let

Sipezona, LA >10) = I([Vis] > t0)]
2(1 = @(to))qo

N Z(i,j)ezo\AT [I(‘Ai,ﬂ 2 EO > Viil) +1(1Vis| = to > |Ai,jm

2(1 = @(io))qo .

BQ:_’

For (i,7) € Zo \ A+ and for any € > 0, we have

I(|Aiz] > to > Vi)

= I(|Ai ] > fo > [ViiDI(|Aij; — Vis| < e(logpr)~'/?)

(82.22)
+I(|Aij] > to > Vi) I(|Ai; — Vijl > e(logpr)~?)
< I(|Vig| +eQogpr) ™2 >t > Vi) + I(|Aiy — Vis| > e(logpi)~"?)
and
I([Vij| > 1o > |A;)
(S2.23)

< I(Vigl > fo > [Viy| — e(logpr) /%) + I(|Ai; — Vil > e(logpr) ™).



By Lemma [[1] we have

P Sneroa, [ — Vil > e(logpr)™'/?) =0
2(1 — @(f0))qo

(S2.24)
=P max AN, —Vii| >e(lo *1/2):01.
(o, 12— Visl 2 ellog) )
Combining (52.22)), (S2.23)), and (S2.24)), we have
B < S iyezoa, [(to+e(logp) ™2 > Vi | > fo — e(logpr) ~'/?) o1}
2 < =
2(1 = @(to))qo v
=: Ba1 + 0p{1}.
We will decompose Bz1 into M parts as follows:
M I(to + (logp1) /2 > Vi ;| > fo — e(log p1)~/?)
Ba=3 > ’ I(Jm),  (S2.25)

m=1(i,j)€Z0\ A~ 2(1 = @(to))qo

where

Jm = {vm—l S iO < 'Um}y

M = [op/v1], v1 = (logpl)’1/2(loglogloglogpl)’l, and

mui Hfo<m<M

Um =

\/4 log p1 — loglog p1 + loglog log p1 ifm=M,

and [z] is the smallest integer greater than or equal to z. Using (S2.25)), we obtain

M
P(vm +e(logpr) /2 > |Viy| > vm—1 — e(logpr)*/?)
< 2 P m
E[B2x] < E § , 2(1 — ®(vm))qo ()

~1/2

m=1(i,j)€Zo\Ar

<c i Z P(vm + e(logp1)

m=1(i,j)€To\ A~

> |Vij| > vm—1 — e(logp1)~+/?)
(vm)qo/vm

P(J).



By (PETROV] {1975, Theorem 5 in Chapter VIII), we obtain

P(vm +e(logpr) ™2 > [Vis| > vm_1 —e(logp1)~/?)

< Qq)('um + E(Ing1)71/2) - 2(13(1)m71 - E(Ingl)il/z)

1 [um,l—a(logm)*l/zﬁr
O —e 3
+ \/ﬁe
4ded ([vm_l — 60ng1)_1/2}+) . [vmfl_5(10“1)71/2}2+
+0 | —=e" 2

- (logp1)1/2 Vn

uniformly in (¢,j) € Zo \ Ar and m = 1,--- , M. Then, we have

M ¢ ([vm_l - E(Ingl)_l/Q]Jr)

E[B21| < Ce Vm P(Jm
(Bal £ 02 2 — oy a0 V)
M [”771—1*5(1022171)71/2]2

oS o Lo : =\ P

We note that

¢ ([vm—l — 6(logp1)‘”2}+)
¢(vm)

< o~ H(m oo )

2 1,2
+T20m

2
— v —
V1 Um +evm (logp1) T2~ L —evy (log py) T /2

E2 -
=e ~ 7 (legp1) 1](vmfl > e(logp1)~?)

+ e”gﬂ/QI(vm,1 < e(logp1)~?)

- (eQogpy) =2 4v)?
<e(vl(logp1)l/2+26)vM(10g}71) 1/24_6%

1/2 1/2 _

Since v < vy < 2(logp1)~/“ and vy (log p1) o(1), we have

o ([pos—tour 7))
max *
1<m<M (log p1)Y/2¢(vim)

U < C.



Similarily, we have

3 [vm—l*6(10gp1)_1/2]2+

1/2
Ume 2 < C(logp1) ’

Vo (vm) - vn

Thus, we obtain

E[Ba21] < f: <C€+ O (%)) P(Ju)=Ce+ 0 <%) .

m=1

Therefore, we obtain

lim E[B,] < Ce

n,p1 —o0

for any £ > 0, which implies

lim E[Bs] = 0.

n,p1 —>00

Then,

lim P(|Bz| >¢) < lim E = lim

n,p1—>00 n,p1—>00 13 n,p1—>00 £

Therefore, By = o,{1}.

Lemma 16. Under the same conditions as in Theoremm we assume

1/2

0 < fo < (4logpr — loglogpi 4 logloglogp1) a.s..

Then, we have

S aezora, [P(Viil > t0) —2(1 — @(fo))]
2(1 = ®(fo))qo0

‘ = op{1}.

Proof. Let

Bg = =
’ 2(1 — ®(fo))ao

DG,/ EToNA, [P(|Vi,j] > fo) = 2(1 — ®(f0))] ‘ .



Then, by (PETROV|, [1975, Theorem 5 in Chapter VIII), we obtain

22
—t5/2 e t8/2

2 (i)eTo\A, ©
3 < C = .
Bs = 2y/n(1 — @(to))qo =¢ 2y/n(1 — ®(io))

As in Lemma [T] we also decompose Bs into M parts as follows:

7t0/2 Vm—1/2

O Suma st CE;%F17<W»““)

Since

2
e_“m—l/2 2

T—®(om) = Come™ 2("m=17vm) < Qe 5 (=20 00) < O(log pr) /26
Yo

and v1v, = o(1), we obtain

M 1/2
By<cy (logp1)

L 1) = 18P (o ) = 1),

vn

m=1

Lemma 17. Under the same conditions as in Theoremm we assume
0 < P,/» << to < (4logp1 — loglogp1 + logloglogp1)'/? a.s., (S2.26)

where Py /3 is a value with (1 - <I>(Pa/2)) = a/2. Then, we have

> to)]

Z(i,j)ezo\AT [I(|Vi’j| 2 le0) - P(|Vi
2(1 — @(to))qo

= o0p{1}.



Proof. Let

B, - Sipezona, L(Vigl > 1o0) = P(|Vi| > i0)]
4 = = .
2(1 = @(to))qo

Using the M partition {Jm : m=1,---, M}, we have

2iperona, 1UVigl 2 vm)
2(1 - (I)('Umfl))qO

2 (i) €To\Ar ](A|Vi,j| 2 tO)I(Jm)
2(1 = ©(t0))qo

< Z(i,j)eIO\AT I(IVij| 2 vm-1) 1 — ®(vm_2)

- 2(1 — ®(vm-2))qo 1— ®(vm)

(Jm) <

I(Jm)

for m=2,---, M, and we know

I(Jh), 1 ( N J;) = 0,{1}

by (S2.26|) for sufficiently large p;. Thus, we have

M o I(|Vij| = vm) — P(|Vi,5] = vm
ZZ(Z,])GI@\A,[(' il 2 om) = P([Vi| = )]I(Jm)

2(1 = @(vim-1))go

m=1

M
P m— < ‘/7, m
Sy PG s ) o (1)
m=1(i,j)€Zo\Ar m

< By

< iw: Z(i,j)el’o\AT [I(‘Vi,ﬂ > Um—l) - P(|Vz‘,j| > Um—l)] 1-— q)(vm_z)[(Jm)
m=1

2(1 — ®(vm—2))qo 1—@(vm)

M
P(vm—2 < |Vij| < vm=1) 1 — ®(vm—2)
NP> ’ I(Jm) + 0p{1}.
m=1 (i,j)€Zo\ Ar 2(1 = ®(vm-2))qo 1— ®(vm)

Hence, for By = 0p{1}, it is sufficient to show

P(Um,1 < |V|i,j < ’Um) .
1SN N 2 21— ®(vm-1))q0 op{1}, (S2.27)
(4,5)€Zo\ A~

1-— q)(’l)mfz)

pdnax = B wm) =1+4o(1), (S2.28)



and

2 ezova, L(Vigl 2 vm) = P(|Vij| = vm)]

e 2(1— D(vm-1))40

1<m<M

= 0p{1}. (S2.29)

As we showed Ba1 = 0,{1} in the proof of Lemma we also can show (S2.27)). Since

Bom) - Blomen)| . 2org(om b
max (vm) (Vm—2) <C 01§ (Vm-—2) < Cvivme 2
2<m< M 1— ®(vm) P(vm)/vm
(v —2v1)%2 =02
< Cvivme

< Cvrope®t’™ = o0(1) (. viva = O(loglogloglogpr) ™)),

we have (52.28)). To show (S2.29)), we use the following inequality,

- I1(|Vi5] 2 vm) — P(|Vi,5] = vm
Pl e | Znezar [(Viil 2 vm) = P(Vig] 2 vm)] -
0<m<M 2(1 — ®(vm-1))qo

2 (| S UWVis| 2 o) = P(Vigl 2 v
. 201 (0140 =

<

m=

From (S2.28]), we also know that

1-— @(Um_g) o
2B, T Doy LT
which implies

15135»1 1— ®(vm)

for sufficiently large p1. Therefore, we have

S ezoa, L(Vigl = vm) = P(|Vij| > vm)]
g <‘ 2(1 = @(vm-1))qo ‘ = 8)

Ypezoa, L(Viil 2 vm) = P(|Vij| = vm)]
(B e S 12220 ).

<P



By (Xia et al., [2015, Lemma 4), we obtain

P

1<m<M

Yperona, L(Vijl = vm) = P([Vij] 2 vm)]
2(1 = @(vm))qo

Therefore, we complete the proof. O

Lemma 18. Let Xi € RP ~ N(p1,%1) for k = 1,--+ ,n1 and Yi € RP ~ N(p2,X2) for

k=1,---,n2. Define

_ R 1 ni - ~ 1 n
31 = (Gij1) = - E (Xi— 1) (X —p1)", B = (Gij2) = . E (Vi — p2)(Yi — p2) "
k=1 k=1

Then, for some constant C' > 0, &;,j,1 — G4,5,2 satisfies the large deviation bound

~ ~ 2
(Gig1 = Giy2 — 0ij1 — 0ij3,2)

P | max > 2
<(m'>€5 Var((Xe,i — p1,:)(Xk,j — p1,5))/m1 + Var((Ye,s — p2,i) Yk, — p2,5))/ne — )

< C18](1 - B(a/V2)) + o(1)

uniformly for 0 < x < /nz and any subset S C {(4,j) : 1 < ¢ < j < p} where ® is the

cumulative distribution function of the standard normal.

Proof. Assume n1 > n2, and define

— ((Xkyi — p1,1)(Xnj — p1,j) — 0igi1) for 1 <k<m
Znij =4 "

—((Yeeny,i — p2,) Yieny,j — p2,j) — 0ig2) forni+1<k<ni+ns



Using the nomalities of X and Y, we can apply Lemma [2] to

2
(Xnyi = p1,6) (X = pu1,5)y (Vi — pi2,a) (Yieg — pa2g), (X — p1,0) (X — pin,g) — 0i1) s

and ((Ye,i — pi2,i) (Yay — pizg) — 0igi2)’

as in Lemma [f] so we obtain

P (ITZ!&}X |Gi,j,d — Oij,al > C(logp/nd)l/2> = o(1),

1 2 3 ny\? 1/2
P > (Zrig)? — BVar(XaXa)| = 0 (2) — o(1),
<HZ.12X o k:1( ki) 2 ar(Xp,iXk,;)| = o (logp/m1) o(1)
ni+n2
P max| = 37 (Zii,)* = Var(YiaYi,)| = Cllogp/m)"/? | = o(1).
2,0 2
k=ni+1

Thus, we obtain

P | max ZSM(ZM]Y >2
.5 naVar(Xg,;Xk,;)/n1 +noVar(Vy,: Vi, ;) —

n ni+naz 2

Sork i (Zrig)? 2k 11 (Zriig)

P = = > 2 P /T T > 9
(HZ%X n3Var(Xu Xng)/m = ) 0\ e Var(Veavay) -

IN

1 2 2
<P (ma.x (Z(Zk,i,jf - ”QVar(Xk,iXk,j)> > ”QHmin>
ni n

v\ 1
ni+nz
+ P | max Z (Zk,i,j)2_n2var(yk,ikyk,j) > noHmin
“J k=ni+1
1 & 5 nd n3
< P | ma — Ziii) — —=Var( X i Xk ; > —= Humin
< ax (- ;( ki) n2 (Xk,iXk,5) =
nit+ng
+ P max | — > (Zriy)® = Var(YeYe;) | = Huin | = o(1),
i \ no
k=n1+1

where Hpin = min (min; ; Var(Xy,; X%, ;) + min, ; Var(Ys,:Yz,;)) > 0. By (Jing et all 2003,



Theorem 1), we obtain

max P (sz’”) > :ﬂ) < CIS|(1 — ®(x))

(1.4)€S W (Zrig)?
for 0 < x < /na. Therefore,

(5i,j1 — Gij2 — Tij1 — 0ij2)° 2)
P | max = e - = 2z
((m‘)es Var((Xe,i — p1,6)(Xig — pa,5))/ma + Var((Yes — p2,:)(Ye — p2,5))/n2 —
ni+ng Z; 2 ni+n2 VA 2
<P (Z 0,5,k ) « max Zk ( kw) 2x2
(1,3)68 Zn1+n2(2k i J)Q 0] n2Var(Xk 1X;w)/n1 + nQVar(Yk 1Yk’])

§P<ma w x/2>

(s Stz e =

+ P max thm (Zi j)2 > 2
i, Var(Xk 7‘)('k,])/ﬂl =+ ngVar(Yk zYk,j)

= C|S|(1 — ®(2/v/2)) + o(1).

S3 Algorithms for Weighted Conditional Testing

Our algorithms consist of (1) the estimation of the precision matrix, (2) the global testing
procedure, and (3) the multiple testing procedure. The algorithms explained in this section are
described in Algorithms [[}3] In addition, the computational plots when the number of nodes
p = p1 = p2 and sample sizes n; = n2 = 50, 100 are displayed in Figures and

In Figures 13 and 14 in the supplementary materials, it can be observed that the WCT
model requires approximately 1.5 to 4 times more computation time compared to the NCT
model. That is because WCT uses (p1 +p2) X (p1 + p2) network (given network + network given
other network), but NCT uses only p1 X p1 network (network given other network). In these

testing procedures, the computation times are more influenced by the network dimensions than



S3.1 Precision Matrix Estimation

by sample size.

S3.1 Precision Matrix Estimation

Step 1) Using lasso, we estimate the regression coefficients 8; € RP*TP2~! and residual & of

Xk, to Xg,—; described in (S1.1) with the smoothing parameter A, ; = k1/(6i,: logp)/n.

Step 2) Using the estimator of 3;, we then estimate wd. 8% and A .

4,39 Vi, g 0

S3.2 Global Weighted Conditional Testing

Step 1) From the precision matrix estimation with £ = 2, compute A; j and M,, = max;<i<;<p, (Ai;)°.

Step 2) If M, > qo+4logp1—loglog pi1, where go = — log(87)—21log | log(1—a)| and a significance
wl
L

i, _ Yig
wl wl \/w? w2 .
95,3 ©,i%5.5

=0.

level of «, then reject Ho : maxi<i<j<p, 7

S3.3 Multiple Weighted Conditional Testing

Step 1: Repeat the precision matrix estimation for x = 1/20,2/20,---,39/20,40/20, and collect

Ay js for each k. Then, select Ko to minimize

10 Pi<i<j<py 1{1a;,;|>@~ (1—11—®{(log p1)*/?}]/10) } _
=1 Ip1(p1—1)[1—®{(log p1)1/2}]/10

2
1) . With &o, compute A; ;.

Step 2: Start ¢ from 0 and continue increasing by 0.001 until % <aort > 2(log p1)1/2,

where N (t) defined in Section of main document.

~ 1 )
Step 3: For each 1 <14 < j < pu, if |A; ;] > fo, then reject Hoi; + ——2 j

2

g _ quy
T ool 2 2
whii; Vel

S4 Settings of Simulation Studies

In Section |§| of the main document, we generate four types of sparse precision matrices, Q("™,

m =1,...,4 for the simulation studies. These simple examples of Q) with p1 = p2 = 10 and



m =1,...,4 are displayed in Figure m

We conducted simulations for various scenarios as follows: 1) same sample size and same
dimension of network, 2) different sample sizes and same dimension of network, 3) same sam-
ple size and different dimensions of network, and 4) different diagonal elements. We describe
scenarios 2), 3), and 4) in this section. In the second scenario (Tables B}[), we set n1 = 100,
ns = 50,775,100, and p; = p2 = 50. For each combination of ni, n2, p1, p2, and m, we conduct
1000 simulations and study the performance of our approach based on the difference between
n1 and no. In the third scenario (Tables , we set n = n1 = ne = 100 and p; = 100,
p2 = 30,50,100. For each combination of n, p1, p2, and m, we conduct 1000 simulations and
study the performance of our approach based on the difference between p; and p2. In the fourth
scenario (Tables , we set n =n1 = ng = 100 and p = p1 = p2 = 50. However, for each m,

we consider ! and Q? with

Q' = ﬁD;/Q(Q“”) +41)D}/?,
where Dy is a diagonal matrix whose diagonal elements are uniformly distributed between 0.5
and 2.5 independently and 6 = \/\min(ﬂ(m>)| + 0.05. We note that we set D1 = D5 in other
scenarios. For each combination of n, p, and m, we conduct 1000 simulations and study the
performance of our approach based on the difference between D1 and Ds.

Using Tables [3] and [IT] of the supplementary materials, we can also see the influence of
adjusting diagonal elements. Adjusting the diagonal elements is crucial for analyzing pathway-
based genetics data by controlling the effects of individual genes (or the diagonal elements of
the precision matrices). Also, the unbalanced sample sizes between the two groups magnify the

effects of individual genes. Therefore, by adjusting the diagonal elements, we can also reduce

the impact of unbalanced sample sizes.



In Table [II] of the supplementary materials, we consider the case where the effects of
individual genes (or the diagonal elements of the precision matrices) are different. As we can see
in Table [TI} WCT, the only test that adjusts the diagonal elements, achieves an empirical size
similar to the significance level 5%, whereas the other tests exhibit much higher empirical sizes
(above 98%). This demonstrates that adjusting the diagonal elements is crucial for analyzing
pathway data by controlling the effects of individual genes.

Additionally, Table[3]of the supplementary materials reveals that the effectiveness of adjust-
ing the diagonal elements becomes more pronounced as the sample size becomes unbalanced. For
instance, in the case of Q* with the same given networks in Table when (n1,n2) = (100, 100),
WCT, NWCT, and NCT have similar empirical sizes of 2.2%, 3.5%, and 4.2%, respectively. How-
ever, when (n1,n2) = (100,50), WCT achieves an empirical size of 1.4%, while the other two
methods show empirical sizes exceeding 25%. This indicates that adjusting the diagonal ele-
ments is useful not only when the diagonal elements of the precision matrices differ but also
when sample sizes are unbalanced.

As observed in the empirical size, Table [4] of the supplementary materials also illustrates
the influence of adjusting diagonal elements. For example, in the case of Q¥ with the same
given networks in Table [4f when (n1,n2) = (100, 100), the empirical power of WCT, NWCT,
and NCT exceeds 98% (specifically, 99.7%, 98.1%, and 98.7%, respectively). However, when
(n1,n2) = (100, 50), WCT still achieves an empirical power of 99.6%, while the empirical power

of the other two methods falls below 90%.



S5 Testing Results on Breast Cancer Genetic Path-

ways

We apply our weighted conditional testing (WCT) and non-weighted conditional test (NWCT)
to breast cancer genetic pathway data in Section m The human breast cancer data set consists
of 22283 gene expression measurements from 176 White patients and 102 non-White patients.
We collected 25 pathways whose ID, name, and the number of genes were listed in Table
We compare our approaches (WCT, NCT) with the nonconditional test (NCT) by Xia et al.
(2015). We display selected results in Figures and Tables

We found that some genes in Table [16| of the supplementary materials are associated with
breast cancers. Functional polymorphisms of FAS and FASL gene were associated with the
risk of breast cancer in the examined population (Hashemi et all |2013). We also found that
functional polymorphisms in the death pathway genes FAS and FASL significantly contribute to
the occurrence of breast cancer (Wang et al.,[2012)). Reimer et al.[(2002) reports that FASL:FAS
ratio may be useful not only as a prognostic factor but also as a predictive factor for projecting
response to the antioestrogen tamoxifen. The results strongly support a correlation between
FASL:FAS ratio greater than 1 and lack of efficacy of tamoxifen in hormone receptor positive
patients. A tumor-associated splice-isoform of MAP2K?7 drives dedifferentiation in MBNL1-low
cancers via JNK activation (Ray et al., [2020). Inhibition of the MAP2K7-JNK pathway with
5Z-T-oxozeaenol induces apoptosis in T-cell acute lymphoblastic leukemia (Chen et al.| 2021]).

We found some biological results of genes in Table [1§] (WCT result). |Zhao et al. (2022)
report that RFC2 is a prognosis biomarker correlated with the immune signature in diffuse
lower-grade gliomas. An essential function of a modified PSMA3, the immunoproteasome, is

the processing of class I MHC peptides (GeneCards; The Human Gene Database). [Saidy et al.
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(2021)) reports that PKA expression and PP1 expression are of significant interest in cancer
as they are involved in a wide array of cellular processes, and these data indicate PKA and
PP1 may play an important role in patient outcomes. CENPA, an essential centromere pro-
tein, is a prognostic marker for relapse in estrogen receptor-positive breast cancer (McGovern
et all 2012)). PSMA7 - NUP133; these genes are both protein coding genes. Diseases associ-
ated with PSMAY7 include Hepatitis and Hepatitis C Virus. Diseases associated with NUP133
include Galloway-Mowat Syndrome 8 and Nephrotic Syndrome, Type 18 (GeneCards; The Hu-
man Gene Database; https://www.genecards.org/). PMF1-BGLAP is a Protein Coding gene.
Diseases associated with PMF1-BGLAP include Phototoxic Dermatitis and Cerebral Arteri-
opathy, Autosomal Dominant, With Subcortical Infarcts And Leukoencephalopathy, Type 1

(GeneCards; The Human Gene Database; https://www.genecards.org/).
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Table 1: Empirical FDR (%) and the power of testing the equality of two precision matrices
(Q1,9Q2) when same given networks using the weighted conditional test (WCT), nonweighted
conditional test (NWCT), and nonconditional test (NCT); (£21, £22) are generated by Q™ m =
1,...,4, with the number of nodes of the network given other networks p; = p = 50, 100, 200,
the number of nodes of the given network po = p = 50, 100, 200, sample size n1 = ne = 100,
and significance level o = 0.1 and 0.2. For m = 1,2, 3,4, QW is a pentadiagonal matrix, (1S
is a scale-free network, Q) is a symmetric matrix whose upper off-diagonal elements are from
Binomial distribution, and Q® is a symmetric matrix whose randomly assigned off-diagonal

elements is 0.5.

‘ Q) ‘ Q@ ‘ QB ‘ Q@
Same given networks case ((Q}]Jw Q)= (3 1, Qi,@))
WCT | NWCT [ NCT [ WCT [ NWCT | NCT | WCT | NWCT [ NCT | WCT [ NWCT | NCT
empirical FDR with a = 0.1

50 10.0 12.1 10.6 114 13.2 14.1 9.3 9.7 10.4 12.5 13.0 13.5
100 10.8 12.8 134 10.5 11.2 10.9 13.1 13.1 13.2 10.8 10.7 11.6
200 10.5 9.9 10.4 11.3 10.1 10.4 11.6 10.9 10.9 10.9 10.7 9.9
empirical FDR with a = 0.2
50 23.5 23.0 23.0 21.7 24.6 24.5 20.2 21.8 21.3 24.0 26.4 25.3
100 23.3 22.8 24.3 19.6 20.8 20.5 22.6 24.1 25.2 20.6 22.7 23.3
200 21.6 19.1 19.8 21.3 20.4 20.0 22.9 21.8 23.6 20.4 19.3 20.0
Power with a = 0.1
50 44.3 34.8 38.2 46.0 37.4 38.9 47.9 38.0 40.4 46.9 38.4 42.9
100 48.7 38.6 43.1 50.4 41.4 41.8 50.4 40.5 44.6 47.7 39.2 42.6
200 50.9 39.7 41.8 50.5 40.4 41.3 53.9 43.4 44.7 48.3 37.9 38.6
Power with a = 0.2
50 53.1 42.2 46.7 53.5 44.2 44.8 54.1 38.0 40.4 55.3 46.1 51.4
100 54.6 44.8 49.3 56.5 48.1 49.8 57.0 46.5 50.6 55.1 46.0 48.9
200 55.9 44.9 47.0 55.6 45.4 46.1 58.8 48.9 50.6 53.8 43.6 44.5

=™




Table 2: Empirical FDR(%) and the power of testing the equality of two precision matrices
(Q1, Q2) when different given networks using the weighted conditional test (WCT), nonweighted
conditional test (NWCT), and nonconditional test (NCT); (£21, £22) are generated by Q™ m =
1,...,4, with the number of nodes of the network given other networks p; = p = 50, 100, 200,
the number of nodes of the given network po = p = 50, 100, 200, sample size n1 = ne = 100,
and significance level o = 0.1 and 0.2. For m = 1,2, 3,4, QW is a pentadiagonal matrix, (1S
is a scale-free network, Q) is a symmetric matrix whose upper off-diagonal elements are from
Binomial distribution, and Q® is a symmetric matrix whose randomly assigned off-diagonal

element is 0.5.

‘ Q) ‘ Q@ ‘ QB ‘ Q@
Different given networks case ((9}141279}2712) # (Qi,lg‘rQiIz))
WCT | NWCT [ NCT [ WCT [ NWCT | NCT | WCT | NWCT [ NCT | WCT [ NWCT | NCT
empirical FDR with a = 0.1

50 10.0 10.6 10.1 10.2 12.1 11.0 11.1 12.1 13.1 9.9 11.1 9.8
100 12.1 12.7 12.6 9.1 10.8 10.5 9.3 11.1 9.7 11.2 11.0 11.3
200 8.7 9.0 9.0 10.3 9.5 9.3 10.2 10.6 10.5 9.2 8.2 7.7
empirical FDR with a = 0.2
50 18.5 18.9 19.0 21.8 22.1 23.1 20.4 21.7 23.6 20.5 20.7 21.6
100 20.9 21.8 22.4 19.2 18.8 20.0 20.5 21.1 22.1 19.7 19.9 20.4
200 19.0 17.8 18.1 21.4 20.6 19.3 20.4 20.6 19.2 16.7 18.6 16.6
Power with a = 0.1
50 39.0 32.8 36.2 38.6 30.9 32.3 37.3 29.9 30.2 36.0 29.7 33.1
100 43.9 36.1 37.9 41.9 33.4 34.2 43.9 35.3 37.7 41.4 32.6 33.4
200 44.3 38.9 40.0 42.6 30.8 31.1 44.5 33.4 33.4 44.3 32.9 33.9
Power with a = 0.2
50 46.1 40.2 43.4 46.5 39.6 41.3 45.1 37.6 39.4 43.6 37.2 41.6
100 50.4 42.7 44.3 47.9 39.3 39.8 50.8 42.6 44.8 47.7 38.8 40.1
200 49.9 38.9 40.0 47.9 36.9 36.5 49.7 39.9 40.3 48.7 38.7 39.1

=™




Table 3: Empirical sizes (%) for testing the equality of two precision matrices (21, €22) when
same or different given networks using the weighted conditional test (WCT), nonweighted con-
ditional test (NWCT), and nonconditional test (NCT); (€21, £22) are generated under Hy using
Q™ m = 1,...,4, with the number of nodes of the network given other networks p; = 50,
the number of nodes of the given network ps = 50, sample size n1 = 100, no = 50, 75,100, and
significance level @ = 0.05. For m = 1,2, 3,4, QW isa pentadiagonal matrix, Q@ is a scale-free
network, Q® is a symmetric matrix whose upper off-diagonal elements are from Binomial
distribution, and Q® is a symmetric matrix whose randomly assigned off-diagonal elements is
0.5.

‘ Q) ‘ e ‘ QB ‘ Q@
Same given networks case ((Q}]Jw Qp )= (3 1, Qi_h))
ng WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT

50 2.5 2.9 6.5 1.4 33.6 25.5 1.8 7.7 8.8 2.8 3.2 7.0
75 2.3 2.6 4.3 2.4 6.3 6.1 2.3 4.1 5.9 3.2 3.3 5.8
100 3.5 3.1 5.7 2.2 3.5 4.2 2.2 3.7 4.6 2.4 2.8 3.6

different given networks case ((SZ}]’IZ,SZ}Z_’IQ) # (SZ§1712, Q3 1)
N2 WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
50 6.0 11.0 20.0 3.2 8.7 14.4 4.7 10.7 21.0 4.5 9.5 16.7
75 6.2 6.8 21.8 3.7 5.8 15.1 5.1 5.7 20.7 5.4 6.4 17.6
100 5.5 4.7 21.1 3.5 4.1 134 6.2 5.3 21.1 4.5 4.5 18.0




Table 4: Empirical powers(%) for testing the equality of two precision matrices (€21, Q2) when
same or different given networks using the weighted conditional test (WCT), nonweighted con-
ditional test (NWCT), and nonconditional test (NCT); (€21, £22) are generated under H; using
Q™ m = 1,...,4, with the number of nodes of the network given other networks p; = 50,
the number of nodes of the given network ps = 50, sample size n1 = 100, no = 50, 75,100, and
significance level @ = 0.05. For m = 1,2, 3,4, QW isa pentadiagonal matrix, Q® is a scale-free
network, Q® is a symmetric matrix whose upper off-diagonal elements are from Binomial
distribution, and Q® is a symmetric matrix whose randomly assigned off-diagonal elements is
0.5.

‘ Q) ‘ e ‘ QB ‘ Q@
Same given networks case ((Q}]_AA, Qp )= (3 1, Qi,@))
N2 WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
50 97.4 88.5 89.6 94.5 84.1 84.8 98.8 90.3 91.4 96.2 87.2 89.2
75 99.4 94.0 96.7 98.3 92.7 93.8 99.5 96.1 97.1 97.9 93.1 94.3
100 99.3 97.4 98.2 98.4 94.4 95.4 99.6 97.9 98.4 99.7 98.1 98.7
Different given networks case (4, 1,27, 1,) # (9%, 1,,9, 1,))
Ny WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
50 87.0 60.7 70.0 82.2 56.6 63.7 | 90.1 63.3 72.7 | 85.3 59.9 68.2
75 95.9 82.6 88.8 91.4 75.9 81.4 97.2 85.0 88.4 95.4 80.9 87.2
100 97.6 89.7 94.2 96.1 88.5 91.0 98.1 91.6 94.1 97.4 90.2 92.9




Table 5: Empirical FDR (%) and the power of testing the equality of two precision matrices
(Q1,9Q2) when same given networks using the weighted conditional test (WCT), nonweighted
conditional test (NWCT), and nonconditional test (NCT); (£21,§22) are generated by Q™
m = 1,...,4, with the number of nodes of the network given other networks p; = 50, the
number of nodes of the given network p, = 50, sample size n; = 100, no = 50, 75,100, and
significance level a = 0.1 and 0.2. For m = 1,2,3,4, QW is a pentadiagonal matrix, 0 js
a scale-free network, Q) is a symmetric matrix whose upper off-diagonal elements are from
Binomial distribution, and Q® is a symmetric matrix whose randomly assigned off-diagonal

elements is 0.5.

‘ Q) ‘ Q@ ‘ QB ‘ Q@
Same given networks case ((Q}]_’hﬁ Q)= (3 1, Qi_h))

ny | WCT [ NWCT [ NCT [ WCT [ NWCT [ NCT | WCT | NWCT [ NCT | WCT [ NWCT | NCT
empirical FDR with a = 0.1

50 16.8 15.5 13.8 12.6 14.8 12.1 15.0 154 15.5 11.2 11.9 12.6
75 13.2 15.0 13.0 12.6 115 10.7 134 13.8 15.0 11.7 13.0 13.7
100 10.0 12.1 10.6 114 13.2 14.1 9.3 9.7 10.4 12.5 13.0 13.5
empirical FDR with a = 0.2
50 26.4 27.1 27.3 25.0 25.3 23.7 23.5 24.5 25.2 224 22.6 23.7
75 24.7 25.9 27.3 24.5 25.2 24.2 23.7 25.6 26.2 24.3 25.8 26.1
100 23.5 23.0 23.0 21.7 24.6 24.5 20.2 21.8 21.3 24.0 26.4 25.3
Power with a = 0.1
50 35.5 25.6 26.7 35.7 28.4 274 35.8 26.2 26.8 37.1 29.2 30.1
75 42.8 34.9 37.2 43.0 34.2 34.7 42.7 33.4 34.9 41.0 314 35.8
100 44.3 34.8 38.2 46.0 37.4 38.9 47.9 38.0 40.4 46.9 38.4 42.9
Power with a = 0.2
50 42.9 34.0 36.7 44.1 35.3 34.5 43.7 34.7 36.9 43.4 35.8 37.9
75 50.8 42.7 45.9 49.3 42.5 42.7 49.5 42.4 44.2 48.5 40.6 44.8
100 53.1 42.2 46.7 53.5 44.2 44.8 54.1 38.0 40.4 55.3 46.1 51.4




Table 6: Empirical FDR(%) and the power of testing the equality of two precision matrices
(Q1, Q2) when different given networks using the weighted conditional test (WCT), nonweighted
conditional test (NWCT), and nonconditional test (NCT); (£21,§22) are generated by Q™
m = 1,...,4, with the number of nodes of the network given other networks p; = 50, the
number of nodes of the given network p, = 50, sample size n; = 100, no = 50, 75,100, and
significance level a = 0.1 and 0.2. For m = 1,2,3,4, QW is a pentadiagonal matrix, 0 js
a scale-free network, Q) is a symmetric matrix whose upper off-diagonal elements are from
Binomial distribution, and Q® is a symmetric matrix whose randomly assigned off-diagonal

element is 0.5.

‘ Q) ‘ Q@ ‘ QB ‘ Q@
Different given networks case ((9}141279}2712) # (Qi,lg‘rQiIz))

na | WCT [ NWCT [ NCT [ WCT [ NWCT [ NCT | WCT | NWCT [ NCT | WCT [ NWCT | NCT
empirical FDR with a = 0.1

50 14.9 14.9 14.9 11.9 13.0 12.3 12.6 12.9 12.8 11.2 11.1 11.5
75 12.5 12.2 12.3 12.7 12.6 13.4 10.8 13.2 13.1 11.1 11.9 10.8
100 10.0 10.6 10.1 10.2 12.1 11.0 11.1 12.1 13.1 9.9 11.1 9.8
empirical FDR with a = 0.2
50 25.4 27.3 25.8 26.7 25.3 24.5 24.1 24.5 26.5 21.3 21.7 24.3
75 22.1 22.0 22.8 22.8 23.1 25.8 21.5 22.1 23.2 21.5 21.5 22.1
100 18.5 18.9 19.0 21.8 22.1 23.1 20.4 21.7 23.6 20.5 20.7 21.6
Power with a = 0.1
50 27.8 21.6 229 24.2 19.9 18.9 25.1 20.3 20.7 26.9 20.0 21.8
75 31.6 25.0 28.7 31.7 26.7 274 30.5 24.6 25.1 324 25.6 27.1
100 39.0 32.8 36.2 38.6 30.9 32.3 37.3 29.9 30.2 36.0 29.7 33.1
Power with a = 0.2
50 33.9 27.9 29.0 31.3 26.6 25.8 314 26.3 27.9 33.5 26.4 28.9
75 40.6 33.5 36.8 39.1 34.0 35.2 374 32.3 324 40.6 33.5 36.0
100 46.1 40.2 43.4 46.5 39.6 41.3 45.1 37.6 39.4 43.6 37.2 41.6




Table 7: Empirical sizes (%) for testing the equality of two precision matrices (1, €22) when
same or different given networks using the weighted conditional test (WCT), nonweighted con-
ditional test (NWCT), and nonconditional test (NCT); (€21,€22) are generated under Hy using
Q™ m =1,...,4, with the number of nodes of the network given other networks p1 = 100,
the number of nodes of the given network ps = 30,50, 100, sample size n1 = ny = 100, and
significance level a = 0.05. Form = 1,2, 3,4, QW isa pentadiagonal matrix, Q® is a scale-free
network, QO is a symmetric matrix whose upper off-diagonal elements are from Binomial
distribution, and Q@ is a symmetric matrix whose randomly assigned off-diagonal elements is
0.5.

‘ QM ‘ Q® ‘ QB ‘ Q@
Same given networks case ((, 1,07, ,) = (Q%hh’ni,b))
P2 WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT

30 3.4 3.3 5.1 2.4 3.7 3.6 2.3 3.4 4.2 3.6 3.8 5.6
50 2.4 2.5 4.6 3.1 3.7 3.8 2.3 3.3 3.3 2.6 2.6 3.4
100 2.7 2.7 3.7 3.0 3.2 3.4 2.3 2.9 3.7 2.9 2.9 4.4

different given networks case ((9}1,12’9}2-12) # (Q?l_h, Q1)
P2 WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
30 5.3 5.8 18.3 3.9 4.2 12.7 4.7 4.1 16.7 4.9 4.4 18.0
50 4.3 4.0 18.5 3.8 3.9 12.3 5.4 4.9 19.8 3.4 3.7 17.5
100 3.9 3.9 17.1 4.6 5.2 12.5 3.9 3.7 19.6 4.2 4.1 18.0




Table 8: Empirical powers(%) for testing the equality of two precision matrices (€21, Q2) when
same or different given networks using the weighted conditional test (WCT), nonweighted con-
ditional test (NWCT), and nonconditional test (NCT); (€21, £22) are generated under H; using
Q0™ m =1,...,4, with the number of nodes of the network given other networks p; = 100,
the number of nodes of the given network p» = 30, 50,100, sample size n1 = ne = 100, and
significance level @ = 0.05. For m = 1,2, 3,4, QW isa pentadiagonal matrix, Q® is a scale-free
network, Q® is a symmetric matrix whose upper off-diagonal elements are from Binomial
distribution, and Q® is a symmetric matrix whose randomly assigned off-diagonal elements is
0.5.

‘ Q) ‘ e ‘ QB ‘ Q@
Same given networks case ((Q}]_AA, Qp )= (3 1, Qi,@))
P2 WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
30 99.2 95.7 96.6 98.5 94.0 94.0 | 100.0 97.5 97.9 99.4 94.4 95.8
50 99.4 95.2 96.5 98.8 93.9 94.8 99.9 97.5 98.0 99.2 95.7 96.6
100 99.9 96.4 97.0 99.0 93.7 94.7 | 99.9 97.3 97.8 99.3 96.1 97.3
Different given networks case (4, 1,27, 1,) # (9%, 1,,9, 1,))
D2 WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
30 95.2 88.3 90.7 96.3 85.2 88.1 98.7 90.8 93.9 95.3 83.1 86.5
50 97.2 88.4 91.9 94.7 82.7 85.0 99.3 91.2 93.8 95.6 86.6 89.6
100 97.1 88.7 92.0 95.6 85.9 89.6 98.4 87.9 93.5 96.7 85.5 90.1




Table 9: Empirical FDR (%) and the power of testing the equality of two precision matrices
(Q1,9Q2) when same given networks using the weighted conditional test (WCT), nonweighted
conditional test (NWCT), and nonconditional test (NCT); (£21,§22) are generated by Q™
m = 1,...,4, with the number of nodes of the network given other networks p; = 100, the
number of nodes of the given network ps = 30,50,100, sample size ni = ny = 100, and
significance level a = 0.1 and 0.2. For m = 1,2,3,4, QW is a pentadiagonal matrix, Q@ js
a scale-free network, Q® is a symmetric matrix whose upper off-diagonal elements are from
Binomial distribution, and Q® is a symmetric matrix whose randomly assigned off-diagonal

elements is 0.5.

‘ Q) ‘ Q@ ‘ QB ‘ Q@
Same given networks case ((Q}]_’hﬁ Q)= (3 1, Qi_h))

p2 | WCT [ NWCT | NCT | WCT [ NWCT [ NCT [ WCT | NWCT | NCT | WCT | NWCT [ NCT
empirical FDR with a = 0.1

30 114 124 12.0 11.5 12.4 12.9 11.0 12.6 12.8 10.8 11.7 11.3
50 11.0 11.5 12.6 9.8 10.9 12.0 11.9 12.6 13.0 11.7 13.1 13.6
100 10.8 12.8 13.4 10.5 11.2 10.9 13.1 13.1 13.2 10.8 10.7 11.6
empirical FDR with a = 0.2
30 20.6 22.9 23.1 21.3 224 23.2 21.8 23.8 23.0 20.9 21.1 22.5
50 22.1 23.1 24.5 20.2 20.9 21.9 20.7 21.7 24.0 23.6 24.2 24.8
100 23.3 22.8 24.3 19.6 20.8 20.5 22.6 24.1 25.2 20.6 22.7 23.3
Power with a = 0.1
30 48.8 40.8 43.1 46.2 38.1 38.2 49.9 41.2 41.9 47.7 39.1 43.1
50 50.1 41.7 44.3 49.1 41.6 42.7 51.2 41.5 43.1 51.1 44.7 46.5
100 48.7 38.6 43.1 50.4 41.4 41.8 50.4 40.5 44.6 47.7 39.2 42.6
Power with a = 0.2
30 54.3 47.2 49.1 52.8 44.8 45.0 57.0 49.1 50.0 53.3 46.2 48.6
50 56.5 48.5 51.6 54.8 48.7 49.3 56.9 48.3 50.0 57.9 51.2 53.0
100 54.6 44.8 49.3 56.5 48.1 49.8 57.0 46.5 50.6 55.1 46.0 48.9




Table 10: Empirical FDR(%) and the power of testing the equality of two precision matrices
(Q1, Q2) when different given networks using the weighted conditional test (WCT), nonweighted
conditional test (NWCT), and nonconditional test (NCT); (£21,§22) are generated by Q™
m = 1,...,4, with the number of nodes of the network given other networks p; = 100, the
number of nodes of the given network ps = 30,50,100, sample size ni = ny = 100, and
significance level a = 0.1 and 0.2. For m = 1,2,3,4, QW is a pentadiagonal matrix, Q@ js
a scale-free network, Q® is a symmetric matrix whose upper off-diagonal elements are from
Binomial distribution, and Q® is a symmetric matrix whose randomly assigned off-diagonal

element is 0.5.

‘ Q) ‘ Q@ ‘ QB ‘ Q@
Different given networks case ((9}141279}2712) # (Qi,lg‘rQiIz))

p2 | WCT [ NWCT | NCT | WCT [ NWCT [ NCT [ WCT [ NWCT | NCT | WCT | NWCT [ NCT
empirical FDR with a = 0.1

30 9.7 10.0 10.9 10.6 10.0 10.3 10.9 11.6 12.8 10.9 11.9 12.7
50 11.0 10.9 10.4 10.8 10.0 9.9 9.6 11.1 10.4 9.1 9.4 10.0
100 12.1 12.7 12.6 9.1 10.8 10.5 9.3 11.1 9.7 11.2 11.0 11.3
empirical FDR with a = 0.2
30 21.0 21.4 21.8 21.5 21.1 21.5 21.7 23.5 22.7 23.7 23.9 24.0
50 21.2 22.5 22.3 21.1 21.5 22.9 21.1 19.3 19.5 19.0 20.1 19.4
100 20.9 21.8 224 19.2 18.8 20.0 20.5 21.1 22.1 19.7 19.9 20.4
Power with a = 0.1
30 43.1 41.8 43.6 38.8 32.8 32.7 38.0 29.5 30.4 42.4 34.9 35.7
50 50.9 42.5 44.5 42.5 35.3 35.5 40.1 34.0 34.1 43.7 34.9 35.7
100 43.9 36.1 37.9 41.9 334 34.2 43.9 35.3 37.7 41.4 32.6 33.4
Power with a = 0.2
30 50.3 41.8 43.6 46.2 39.5 39.0 45.6 36.5 374 49.8 41.4 43.0
50 50.9 42.5 44.5 48.7 42.1 42.5 47.6 40.0 40.5 50.4 41.1 42.5
100 50.4 42.7 44.3 47.9 39.3 39.8 50.8 42.6 44.8 47.7 38.8 40.1




Table 11: Empirical sizes (%) for testing the equality of two precision matrices (€21, Q2) when
same or different given networks using the weighted conditional test (WCT), nonweighted con-
ditional test (NWCT), and nonconditional test (NCT); (€21, £22) are generated under Hy using
Q0™ m=1,...,4, with the number of nodes of the network given other networks p; = p, the
number of nodes of the given network ps = p, sample size n1 = ne = 100, and significance level
a =0.05. For m =1,2,3,4, Q% is a pentadiagonal matrix, Q@ ig a scale-free network, Q)
is a symmetric matrix whose upper off-diagonal elements are from Binomial distribution, and

QM@ is a symmetric matrix whose randomly assigned off-diagonal elements is 0.5.

QM ‘ Q@ ‘ Q® ‘ QW
Same given networks case ((F, 1,91, 1,) = (93, 1,93, 1,))
Dy WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
same 3.5 3.1 5.7 2.2 3.5 4.2 2.2 3.7 4.6 2.4 2.8 3.6
different 2.6 100 100 2.5 100 100 2.4 100 100 1.9 99.9 100
different given networks case (2}, 1,94, 1,) # (9%, 1,,9%, 1))

Dy WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
same 5.5 4.7 21.1 3.5 4.1 13.4 6.2 5.3 21.1 4.5 4.5 18.0
different 5.1 98.9 99.5 5.0 99.7 100 5.2 98.3 99.6 5.1 99.0 99.5




Table 12: Empirical powers(%) for testing the equality of two precision matrices (21, €22) when
same or different given networks using the weighted conditional test (WCT), nonweighted con-
ditional test (NWCT), and nonconditional test (NCT); (€21, £22) are generated under H; using
Q™ m=1,...,4, with the number of nodes of the network given other networks p; = p, the
number of nodes of the given network ps = p, sample size n1 = ne = 100, and significance level
a =0.05. For m =1,2,3,4, Q® is a pentadiagonal matrix, Q@ ig a scale-free network, Q)
is a symmetric matrix whose upper off-diagonal elements are from Binomial distribution, and

QM@ is a symmetric matrix whose randomly assigned off-diagonal elements is 0.5.

QM ‘ Q@ ‘ Q® ‘ QW
Same given networks case ((F, 1,91, 1,) = (93, 1,93, 1,))
Dy WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
same 99.3 97.4 98.2 98.4 94.4 95.4 99.6 97.9 98.4 99.7 98.1 98.7

different 99.5 100 100 | 99.3 100 100 | 99.6 100 100 | 99.7 100 100
Different given networks case ((Q}, 1, Q}Mz) # (Q%hlz, )
D, WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT | WCT | NWCT | NCT
same 97.6 89.7 94.2 | 96.1 88.5 91.0 | 98.1 91.6 94.1 | 97.4 90.2 92.9
different 97.3 99.7 99.6 | 95.8 99.8 99.7 | 98.9 99.6 99.8 | 97.1 99.5 99.6




Table 13: Empirical FDR (%) and the power of testing the equality of two precision matrices
(Q1,9Q2) when same given networks using the weighted conditional test (WCT), nonweighted
conditional test (NWCT), and nonconditional test (NCT); (£21,§22) are generated by Q™
m = 1,...,4, with the number of nodes of the network given other networks p; = p, the
number of nodes of the given network ps = p, sample size n1 = ne = 100, and significance level
a=0.1and 0.2. Form=1,234, Q% isa pentadiagonal matrix, Q@ is a scale-free network,
Q® isa symmetric matrix whose upper off-diagonal elements are from Binomial distribution,

and Q@ is a symmetric matrix whose randomly assigned off-diagonal elements is 0.5.

‘ QM ‘ Q® ‘ QB ‘ Q@
Same given networks case ((Q, ;,, (2}2,12) = (Q%IJQ, 58))
D, WCT | NWCT | NCT | WCT [ NWCT [ NCT | WCT | NWCT | NCT | WCT [ NWCT | NCT
empirical FDR with a = 0.1
same 100 | 121 | 106 | 114 | 132 [ 141 ] 93 97 | 104 ] 125 [ 130 | 135

different 10.3 11.2 11.3 10.7 11.2 10.3 12.5 14.0 11.8 12.2 12.8 13.3
empirical FDR with o = 0.2

same 23.5 23.0 23.0 | 21.7 24.6 24.5 20.2 21.8 21.3 24.0 26.4 25.3
different 17.3 21.3 21.6 | 204 21.7 19.1 21.5 25.8 23.8 21.7 23.0 24.0
Power with a = 0.1

same 44.3 34.8 38.2 46.0 37.4 38.9 47.9 38.0 40.4 46.9 384 42.9
different 46.9 32.7 38.8 | 47.1 36.4 35.7 | 473 36.3 38.5 | 471 34.2 39.5
Power with a = 0.2

same 53.1 42.2 46.7 53.5 44.2 44.8 54.1 38.0 40.4 55.3 46.1 51.4
different 54.7 43.7 48.3 55.5 44.3 44.3 54.8 45.0 47.6 55.4 43.1 48.0




Table 14: Empirical FDR(%) and the power of testing the equality of two precision matrices
(Q1, Q2) when different given networks using the weighted conditional test (WCT), nonweighted
conditional test (NWCT), and nonconditional test (NCT); (£21,§22) are generated by Q™
m = 1,...,4, with the number of nodes of the network given other networks p; = p, the
number of nodes of the given network ps = p, sample size n1 = ne = 100, and significance level
a=0.1and 0.2. Form=1,234, Q% isa pentadiagonal matrix, Q@ is a scale-free network,
Q® isa symmetric matrix whose upper off-diagonal elements are from Binomial distribution,

and Q@ is a symmetric matrix whose randomly assigned off-diagonal element is 0.5.

‘ QM ‘ Q® ‘ QB ‘ Q@
Different given networks case ((f, 1, Q}z,lz) # (Q%,Iz’ )

D, WCT | NWCT | NCT | WCT [ NWCT [ NCT | WCT | NWCT [ NCT | WCT [ NWCT | NCT
empirical FDR with a = 0.1

same 10.0 10.6 10.1 10.2 12.1 11.0 11.1 12.1 13.1 9.9 11.1 9.8

different 9.9 9.7 10.2 11.2 11.8 11.0 9.3 11.7 11.8 11.2 11.9 9.9
empirical FDR with o = 0.2

same 18.5 18.9 19.0 21.8 22.1 23.1 20.4 21.7 23.6 20.5 20.7 21.6

different 18.3 20.1 19.3 19.9 19.6 19.8 19.7 20.3 23.6 20.9 21.4 20.8
Power with o = 0.1

same 39.0 32.8 36.2 | 38.6 30.9 323 | 37.3 29.9 30.2 36.0 29.7 33.1
different 434 33.2 35.7 | 39.4 30.6 30.5 38.7 30.7 33.0 37.6 27.0 29.5
Power with a = 0.2

same 46.1 40.2 43.4 46.5 39.6 41.3 45.1 37.6 39.4 43.6 37.2 41.6
different 50.9 43.3 46.7 47.7 40.2 41.2 47.0 40.3 42.9 46.2 34.3 38.6




Table 15: Pathway id, name, and the number of genes of the pathway in the breast cancer
genetic pathways.

Pathway Id | Pathway Name The Number of Genes
113 KEGG_FOCAL_ADHESION 195
137 KEGG_NEUROTROPHIN_SIGNALING_PATHWAY 118
141 KEGG_REGULATION_OF_ACTIN_CYTOSKELETON 197
142 KEGG_INSULIN_SIGNALING_PATHWAY 129
153 KEGG_ALZHEIMERS_DISEASE 145
672 REACTOME_SIGNALLING_BY_NGF 196
683 REACTOME_TCA_CYCLE_AND_RESPIRATORY 106
_ELECTRON_TRANSPORT

711 REACTOME_ORC1_REMOVAL_FROM_CHROMATIN 63

v REACTOME_SIGNALING_BY_ERBB2 91

750 REACTOME_SIGNALING_BY_THE_B_CELL 113
_RECEPTOR.BCR

772 REACTOME _SIGNALING _BY_FGFR_IN_DISEASE 112

852 REACTOME_METABOLISM_OF_AMINO_ACIDS 176
_AND_DERIVATIVES

857 REACTOME_BIOLOGICAL_OXIDATIONS 117

930 REACTOME_TRANSMEMBRANE_TRANSPORT_OF 338
_SMALL_MOLECULES

943 REACTOME_SIGNALING _BY_PDGF 113

955 REACTOME_METABOLISM_OF_PROTEINS 366

956 REACTOME DOWNSTREAM SIGNAL_TRANSDUCTION 85

968 REACTOME_TRANSCRIPTION 177

1075 REACTOME_METABOLISM_OF_RNA 241

1111 REACTOME_METABOLISM_OF_LIPIDS_AND 399
_LIPOPROTEINS

1206 REACTOME_DNA _REPLICATION 173

1219 REACTOME_HEMOSTASIS 415

1271 REACTOME_ADAPTIVE_IMMUNE_SYSTEM 453

1277 REACTOME_CLASS I MHC_MEDIATED_ANTIGEN 203
_PROCESSING_PRESENTATION

1289 REACTOME_PLATELET_ACTIVATION_SIGNALING 185
_AND_AGGREGATION




Table 16: List of significant edges under the nonconditional test (NCT), the non-weighted
conditional test (NWCT), and the weighted conditional test (WCT) with FDR 0.2 for
breast cancer genetic pathway with the testing pathway: 137, the conditioned pathway:
17

NCT NWCT WCT
CALMI - ATF4 CALMT - ATF4
ARHGDIA - GRB2 ARHGDIA - GRB2
MAPK14 - HRAS MAPK14 - HRAS
PLCGI - MAPK1
RPS6KA4 - CAMK2G RPS6KA4 - CAMK2G
MAPKI11 - YWHAB
NFKBI1 - GRB2

MAP2KT7 - FASLG MAP2KT7 - FASLG MAP2KT7 - FASLG




Table 17: List of significant edges under the nonconditional test (NCT), the non-weighted
conditional test (NWCT), and the weighted conditional test (WCT) with FDR 0.2 for
breast cancer genetic pathway data with the testing pathway: 113, the conditioned path-
way: 137

NCT NWCT WCT
COL1A2 - COL5A2
VEGFB - ACTN2
PIK3CA - LAMB2




Table 18: List of significant edges under the nonconditional test (NCT), the non-weighted
conditional test (NWCT), and the weighted conditional test (WCT) with FDR 0.2 for the
breast cancer genetic pathway with the testing pathway: 1206, the conditioned pathway:

750

NCT

NWCT

WCT

PPP2R1A - LIG1

RPS27 - POLE2

PSMD2 - CLASP1

PSMAS5 - ZWINT
PSMA3 - STAG2
PSMA1 - CDK2
NUP133 - PSMB10
PLK1 - STAG1
PLK1 - SPC25
CCNA2 - SEH1L

CKAPS5 - NUP107

RFC2 - PSMA3
PPP2R1A - PSMD7
PPP2R1A - LIG1
PPP1CC - PSMAL1
RPS27 - POLE2

PSMD4 - CENPA
PSMA7 - NUP133

PSMAS5 - ZWINT
PSMA3 - STAG2
PSMAL1 - CDK2
NUP133 - PSMB10

PLK1 - SPC25
CCNAZ2 - SEHIL
PMF1///BGLAP

- POLD3

CKAP5 - NUP107

RFC2 - PSMA3

PPP2R1A - LIG1
PPP1CC - PSMAL1
RPS27 - POLE2
PSMDS8 - PSMC3

PSMAY - PSME4
PSMA7 - UBA52
PSMAS5 - ZWINT
PSMAS3 - STAG2
PSMAL1 - CDK2
NUP133 - PSMB10

PLK1 - SPC25
CCNA2 - SEHIL
PMF1///BGLAP
- POLD3

STAG2 - NUP85
CKAP5 - NUP107
SKA1 - FBXO5




1 06 036 1 025-054 -042-031 034043
06 1 06036 0.25 1 0.48 0.77 0.19-0.38 0.79-0.59 0.46 0.33 075 059
Jo3s 06 1 06 036 0.54 1 058 -0.35
036 06 1 06 036 048 058 1 021061 -0.390.06 0.92 075
036 06 1 06 036 0.77 021 1 031-0.74 -0.44 0.44|
036 06 1 06 036 061031 1
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036 06 1 06 036 038035 1 -044 0.43 037
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036 06 1 059 0.44 1

(a) An example of Q1) (b) An example of Q(2)
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1 08 05 1
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08 1 05 1
08 1 08 08 05 1
1 05 1
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1 1 05 05 05 05 05 0.5 05 05
1 05 1
08 1 05 1
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08 1 08 05 1
1 05 1
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08 08 1 05 1
08 1 05 1
1 05 1

(c) An example of Q) (d) An example of Q4

Figure 1: Examples of Q@ for p; = po = 10, d = 1,2,3,4 in the simulation setting.

Shaded part is a network given other networks, and non-shaded part is a given network.
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113, the conditional pathway:

A; ; for breast cancer genetic pathway with the testing pathway

Figure 4
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113, the conditional pathway:

A; ; for breast cancer genetic pathway with the testing pathway

Figure 5
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137, the conditional pathway:
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Figure 12: A; ; for the breast cancer genetic pathway with the testing pathway: 1206, the conditional pathway: 750
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Figure 13: Computational time (second) for global test: the weighted conditional test
(WCT) and nonconditional test (NCT) with the number of nodes of the test network
p1 = p, the number of nodes of the conditioned network ps = p, samples sizes n; =
ny = 50, 100; black-dashed line with circle=WCT when n; = ns = 50; black-dotted
line with triangle=WCT when n; = ny = 100; red-dashed line with circle=NCT when
n1 = ng = 50; red-dotted line with triangle=NCT when n; = ny = 100
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Figure 14: Computational time (second) for multiple test: the weighted conditional test
(WCT) and nonconditional test (NCT) with the number of nodes of the test network
p1 = p, the number of nodes of the conditioned network ps = p, samples sizes n; =
ny = 50, 100; black-dashed line with circle=WCT when n; = ns = 50; black-dotted
line with triangle=WCT when n; = ny = 100; red-dashed line with circle=NCT when
n1 = ng = 50; red-dotted line with triangle=NCT when n; = ny = 100



Algorithm 1 : Precision Matrix Estimation

Require: p1,p2,n1,n2 > 0, ny x (p1 + p2) matrix X', ny x (p1 + p2) matrix X2, and
0<k
Ensure: (A, ;): Precision Matrix Estimator
D < p1+ D2
n < max(ni,ns)
for d =1,2 do
X7 XY

2 = (6 h<ij<m & 75

re (X = XX - X)T
fori=1,---,p; do
D < diag (ﬁ)‘ii7_i>

A9 (6f;ilogp)/nd

nd,t

=l ] nd,t

Bf — D Y2arg Miny, cgpy+pa—1 {(Qnd)*l ‘(Xfi X4 ) D /2y — (X,‘fi - Xf{i) |§ + )\ |u|1}

end for
fori=1,---,p; do

g, X4, - Xi - (X1_, X)) - B
end for

~d 1 x~a ad (2d \T
[ k:lek,~(€k,-)

fori=1,---,p; do
for j=i+1,--- ,p; do

~d ~d ~d Qd ~d Ad
Tig S ~Tig — TiiPig — T5Pj-1

end for
end for

end for




fori=1,--- ,p; do

for j=i+1,--- p; do
obw _UD?,:H

A--<—|"’f

2]

end for




Algorithm 2 : The Global Test
Require: pi,p2,n1,n2 > 0, (p1 + p2) X np matrix X!, (p; + p2) x ng matrix X2, and

0<axl

Ensure: ¥,: Whether the null hypothesis would be rejected in the global test.
A < PrecisionMatrixEstimate(py, p2, n1, no, X1, X2,2)
My, < maxi<icj<p, (Zi;)?

O, «+ I{M, > —log(8m) — 2log |log(1l — a)| + 4log p1 — loglogp1}




Algorithm 3 : The Multiple Test
Require: p1,p2,n1,n2 > 0, (p1 + p2) x ny matrix X', (p; + p2) X ny matrix X2, and

0<axl
Ensure: N,: Which null hypotheses would be rejected in the multiple test.
for s=1,---,40 do

A® < PrecisionMatrixEstimate(py, p2, n1, n2, X1, X2, 5/20)
10 <21<'i<j<p1 H{A; ;27 (1-1[1-®{(logp1)"/?}]/10) }

By 2n o (51 - D% {(log p1)/?1]/10

distribution of standard normal.)

2
) > (@ is the cumulate

end for
R < argming g5 .. 40 Fs
for T =1,2,---,200(log p;)"/? do
t < T/100
N« [{(i,j):1<i<j<pand ZF; > t}|
if (=2Oien) < o then
Break
end if

end for

No + {(i,j) : 1 <i<j<pyand ZF; >t}
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