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A. Technical Proofs

Let {ui(7),7 € [0, 1]}21 be a sequence of orthonormal basis of the Hilbert space L]0, 1].

Then {u;(m1)ui(r2), 71,72 € [0, 1]};';:1 forms a sequence of basis in L*([0,1]?). Define X;; =

(X¢,uj), and define the space H; as

H, = {f : [0, 1]2 — ]RK‘ //f(7177'2)Tf(7'177'2)d7'1d7-2 - oo}

This space is a separable Hilbert space equipped with the inner product

<f7 g>ﬂ'ﬂ1 = // f(Tl,TQ)Tg(ThT?)dTldTQ? Vf7g € Hy.
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Let || - ||m, denote the norm induced by this inner product.

Without loss of generality, we assume that E(X;) = 0 and define the following notations:

Xik(r,m) = (Xu(r)Xio1(r2) — BIXe(r) X1 (r2)], ., Xu(m1) Xem i (m2) — B[Xo(11) Xixc(72)])
Ar(r,m) = (Bl 72) = (1, 72), - Ak (11, 72) — Y (11, 72))
Xk = (XejXeo10—E[Xe i Xe1a], - Xe i Xeo ko *E[Xt,th—K,l])T,
) 1 — 1 T
Yr, 1 = (T (Xt Xe-10 — E[Xi ;X 14]), -, T Z (Xt Xe—k1— E[Xt,th—K,z])) ,
t=2 t=K+1

where v, (71, 72) and 45 (71, 72) are defined in (?7?) and (?7?) respectively. Obviously,

f7K(7'1,T2 T; T1 T2 +Op(1)

T

VTAK ji = TZ; t,5,5,0 + 0p(1).

Lemma A.1. Under Assumptions 7?7 and 7?7, as T — oo, we have
N d
VTHk(m1,72) 5 Tk (r1,72), 711,72 € [0,1],

where Lk (11, 72) = (Fl(n,Tg), .. .,FK(n,Tg))T is a K x 1 vector-valued mean-zero Gaussian

process in Hi, whose covariance structure is given in (E)

Proof of Lemma @ This lemma can be derived from the following two conditions:
(A.i). Finite-dimensional convergence of the sequence 9 (71,72). According to
Theorem A.1 in Aue et al} (2009), to show that the process /T ;1 converges to a multivariate

normal distribution in R¥, it suffices to show that the sequence { X; i ;1 } is L*-m-approximable
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in R¥. This condition is satisfied if the sequence {Xt,k}is L?-m-approximable in the Hilbert
space Hj .

(A.ii). The tightness of the sequence 4x(71,72) in H;. Following the Lemma 6.1
in Zhang (2016), it is sufficient to demonstrate the tightness of the sequence /T4 ;,; for each
1< h < K and for each 1 < j,1 < c0.

We begin by proving that the sequence {X¢ x} is L?-m-approximable in H;. This is

equivalent to demonstrating the L2-m-approximability of the following sequence:
Xk (m,m2) = (Xe(m) Xea(r2), - Xe(r) Xe i (12))

in H, since the difference of X; x and 3(/,5,1( is only a constant vector.
It follows from the assumption that the sequence {)E & (71, T2)} is strictly stationary. Using

the Cauchy-Schwarz inequality and the assumption of L*-m-approximability, we have:

E// [ Xk (r1,m2) X i (1, m2) | drdrs = iE// [Xt(n)Xt_h(Tg)]andm

E [/Xf(ﬁ)dﬁ] [/Xf_h(rg)drg]

(ENXAD Y2 (B X))

>
=

IN

NERINE

<

>
Il

1

= KE| X" < co.

Therefore, Zg K (71, 72) is almost surely an element of Hj.

Furthermore, by Assumption 77, we have:

Z&,K(TLTQ) = f(Et,Et_l, .. .),
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for some measurable function f : S +— H;. Let Xinzg be defined as in (77?), such that when

m > K,
3 (m m m— m m—K T
X{R () = (X @)X (7)o X ()X ()
Applying the triangle inequality in LQ([O, 1}2), we have that for m > K|

(B Xese = X3 1,)"
X, X (™) Ix, X (™) 1z
={ E// [Xt,K(ThTQ) - X,'¥ (71,72)} [Xt,K(7'177'2) - X,'¥ (71,72)} dnde}
- (m) (m—ny_ 2 M2
={ > B X)) Xemn(r) = X)X T @) ] 1
h=1
S (m—h) (m) (m—h) 2 1/2
:{ D B[ Xe(r) (Xemn(r2) = X7 (7)) + (Xe(m1) — X™ (7)) X, (Tz)H[O,l]z}
h=1
K
<3 {28 [ Xichm) = X)X ()
h=1
h h 2 1/2
X ) = XX ) |
X (m—h) 2 1/2
<2 Y { [ Xn(m) = X)X )]
h=1
(m—h) (m) (m—h) 2 V2
+ [E HXt(Tl)Xt—h (r2) = X, (Tl)Xt—h (7'2)H[0,1]2]

K

E\/§Z(J1 + J2), @)

h=1

where || - [|p,1)2 denotes the norm in L*([0,1]).

By the Fubini theorem and the Cauchy-Schwarz inequality, we obtain:

m—h m 1/2 1/4 m 1/4
Jo = [BIXT 121X — X2 < (B Xen)l ) (E1Xe — X)) (2)
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Similarly, we have:
1/4 m— 1/4
T (BIX ) (B Xemn — X)) 3)
Combining (E)-(E), we have:

K
(B Xen = XR1R) " <v2(EXoll) > { (B I1X0 — X514
h=1

+ (E[1Xo — x|},

By the approximability condition, we have E || X;||* < co. When K is fixed, it follows that:

Z (B X0k — X,
m=K+
- 14 > 1/4 1/4
VIS (EIX)™ 30 {(BI% - X5+ (B X0 - X571
h=1 m=K+1
<00,

which establishes that the sequence {)z K} is L2—m—approximable in Hy.

As a result, the process VT YKk,j,1 converges to a multivariate normal distribution in R,

thus establishing the finite-dimensional convergence in (A.i).

Next, for (A.ii), we need to show that for any 1 < 5,1 < oo, the sequence \/T’?K,j,z is tight

in R¥. Following the approach outlined in Eq. (36) of Zhang (2016), it is sufficient to show

that for 1 <h < K,

T
lim sup ~ B ST 1D (X Xeng — B[Xe; Xeoni])]® = 0. (4)

ax(N1,No)— T
max(N1,Na)=eo T J>N1I>Ny t=h+1
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Using the covariance structure, we have:

T
1 2
sup - B ( > [XesXeont — B(XeiXe-n2))
T .
Jj2N1,l2N2 t=h+1
. T
:Sl%pf ' Z Z Z COV(Xt,th—h,l,Xt’,th’fh,l)
J>N1,I> Ny t=ht1 t/=ht1
. T
=sup Z Z { Cum (X5, Xo—nty Xor gy Xornt) + B(Xej Xer ) E(Xe—ni Xy n 1)
§>N1,I>Np t=ht1 t/=ht1

+ E(Xe,;j Xer—n0) B(Xe—ni Xv ;) }

T T
1
:Sgp T Z Z Z {<Rt7t’+h,t7t’,h(uj ®ur), uj @ ur) + (Ye—er g, Us) (Ve—prur, ur)

j>N1,1>No t=h—+1t/=h+1

+ (Ve pn i, ug) (Ve —n g, w) }

< > Z Resthsn (U5 @ ur),ug @ ur) + (ystig, ) (Ysur, wr) + (Ysntur, us) (ys—nug, ur) |-

j=Nyi,l>N3 s=—o0
By the summability condition, we have:

oo

SN [sug ) (vsunw)| = D sllFs < oo,

s=—o00 j,l=1 s§=—00
and by the Cauchy-Schwarz inequality,

oo e}

1/2 , X 1/2
[entary ) (omntigy wd| < D7 (S Nvsntunud)P) (D0 1, wp) )

s=—o0 j,l=1 J,l=1

L
NE

W
I
|
8
S
I
A

oo (oo}

< S slE < DD IsliEr < oo

S§=—00 S§=—0C

oo o0
Z {(Ratnsn(uj @ w),uy @u)| < Z IRs+h,s,nllTR < 00,

J,i=1 s=—00

s

where R, is the 4th-order cumulant operator defined in (?7).



Test for Functional White Noise 7

Therefore, (@) holds, demonstrating that the sequence 4k (71, 72) is tight in H;. Combining
the results from (A.i) and (A.ii), it follows that vT9x (11, 72) & T'k(71,7m2), 11,72 € [0,1],
with the cross-covariance operator between I'; (71, 72) and I'; (71, 72), for any 1 < 4,5 < K, given

by

(U;;0)(T1,72) := Z // Cov (Xi(Tl)Xo(Tg),Xj+s(T{)XS(Té))¢(T{,Té)dr{dTé

s§=—00

— [[ ot ot )] ot ryariars, (5)

for any ¢(m1,72) € L?([0,1]?). The K x K matrix ¢ (71, 72,71, 75) is the covariance kernel
function of I'k (71, 72) and its (7, j)-th element is implicitly defined.

The proof of Lemma @ is complete. W

Proof of Theorem ?7?. The covariance operator of I'k (71, 72) given by Lemma @, denoted

by Uk : Hy — Hjy, is induced by the kernel 1k, which takes the following form:
Vi (9)(71,72) :/ Vi (11,72, 71, 73) (11, 7 )dri s, (6)

where ¢(r{,74) € H;.

Following the proof of Kokoszka et al| (2017), the operator Ux is Hilbert-Schmidt, and
thus compact, symmetric, and positive definite. Consequently, by Mercer’s theorem, there exists
non-negative eigenvalues {€x;, 1 < | < oo} and a corresponding collection of orthonormal

eigenfunctions {¢k i (71,72),1 <1< 00,0 < 71,72 < 1}, such that

Ui (@) (T, 72) = // Vi (11,72, 71, T2) i1 (11, To)dridTy = £k 1K1 (T2, T2).
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By the Karhunen-Loéve expansion,

Tk (r1,72) = zg%?M@K,l(TLTQ),

=1

where {N;}2, are IID standard normal random variables. From Lemma EI and the continuous

mapping theorem, it follows that, when T" — oo,

K oo
~ d
T Inll® 5D it
h=1 1=1

[1n I

Too(r, 1)dr and [Ao(r,7)dr & [E[XZ(t)]dt, it follows from Slutsky’s
Fo(r, T)dT

Finally, since pn =

lemma that

2 S EraNE
TZ pp b =1 ST
S [EXR

This completes the proof of Theorem ?7.

Proof of Theorem ??. Since Vr x > Qr,n for all h € {1,..., K} and the denominator of
Qr,n is finite, it follows that it is enough to show that, under the conditions of the theorem,

T3> & oo as T — oo. Simple algebra yields that

Tl = // (X, (1) X (m2) — B (X (r2) Xo(72))] } drades

// T ZT-% Xt (11) Xt—n(12) — E(Xh(ﬁ)Xo(TQ))]}2d7-1dT2
h

T

//{ Xh(Tl)Xo(TQ)) Z [Xt(Tl)thh(TQ)_E(Xh(Tl)Xo(TQ))]}dTldTQ

t=14+h

(Th

+ HE Xh Tl)XO(TQ))H . (7)
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By the arguments used to prove the condition (A.i) in Lemma EI, the stationary sequence
{Xt (1) Xi—n(m2) — E (Xh (11)Xo (7-2))} is mean zero and L?-m-approximable. From this we

obtain that

// i Xi(r1)Xi—n(m2) —E (Xh(ﬁ)Xo(Tz))}}QdTldﬁ = Op(1),

=1+h

and

//{7E (Xn(r)Xo(r2)) > [Xt(n)Xt_h(Tg)fE(Xh(n)Xo(Tz))}}dndm = 0,(VT).

t=1+h

The result then follows from (H) since %H E (Xn(m1)Xo(72)) H2 diverges to infinity at
the rate 7. W

To establish Theorem ?7, it is sufficient to demonstrate the following lemma.

Lemma A.2. Under Assumptions 7?7, 7?7 and 77, when T' — oo, we have
d{ﬁ[(ﬁ:ﬁ(ﬁ’ﬁ)’ T ﬁﬁ((ﬁ’ﬁ))T’XT]7£[(P1(T1,72), . ,FK(TI,TQ))T] } -0,

in probability, where T'k (11, 72) = (F1(7'1,7'2), .. .,FK(7'1,7'2))T is a K x 1 vector-valued mean-

zero Gaussian process in Hi, whose covariance structure is given in (E)

Proof of Lemma @ To begin, we define the following random weighted quantities:

— T

Xix = (0 [Xe(r) Xia(r2) = a(ry )], [Xa () Xemie () = A ()] )
= T
XK1= (wt [XeiXe10 — Gru,ug)], - we [ Xe i Xeorg — (?KUz,UD]) :

T
Xi k1= (wt [Xei X1 — (yu,ug)], - we [ Xe i Xeorg — (“YKUz,ug')]) :



10Yu Miao, Muyi Li, Wai Keung Li AND Xingbai Xu

and their corresponding h-th elements are denoted respectively by )/(?t*,(h), )/(\:,(h),j,lv X7 hyjil
Let E*, Var® denote the conditional expectation and variance given the original sample.
To prove Lemma @, similarly to Lemma @, we need to show that, conditional on the original
sample {X;}7—1, the following two conditions hold:
(A.iii). Finite dimensional convergence of the sequence (¥ (11, 72), ..., 9k (71, Tz))T

Since

—~

T
A % 1 *
(VT4 (r1,7m2), .- -, \/T’YK(7'177'2))T =T ZXt,K + 0p(1),
Ti=

it suffices to establish the CLT for the sequence ﬁ Zthg )/(\t* K-

(A.iv). The tightness of the sequence (47 (71,72),..., 9k (11, Tg))T

We begin by proving (A.iii). To establish the finite-dimensional CLT of % St )/(\th,
it suffices to show the CLT for the sequence % 23:2 )/EZ’KJJ. By the same argument as in the
proof of Theorem ??, { X x ;,}iZ2 is an L2-m-approximable process. Thus, % Z;‘F:Q X k0
converges to a multivariate normal distribution.

Next, we will calculate the asymptotic covariance matrix of % Zszz Xk i

For any
T
Vi = (1)1(7'1,7’2),1)2(7’1,7’2),...,’UK(Tl,TQ)) S Hl,
define Vi ;1 = (Ul,j,z,vzyjyl, o ,UK,j,l)T S RK, where vp,j,1 = <’Uh(7‘1,7'2),1Lj ®uz>, 1<h<K.

The calculation of the asymptotic covariance matrix of % Z;‘F:Q X} ;1 is thus transformed

to determining the asymptotic variance of % ZLQ(X;KM, Vi ji)-
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Note that
1 T K
— Z(X:,K,j,h Vi) = Z X3 (h),3.Vh,j,0
T h=1
(t HAK

1 T (t—1)AK
(> Ximygavni) + Wic ST(DD Xt avnii) +op(1)
h=1

t=K-+2 h=1

7 It -

—

S E‘H %‘H

Il
|
S

where E[Var (ﬁ S M; k)] = o(1), since this term only involves a finite number of terms

Thus, it suffices to show the asymptotic normality of % ZtT: k2 Mk
We can write

1 T T K
= 7= Mg = —= e[ X Xemna — ,
L

— Z Ta Z Z[Xt’jxt*h’l — <’)/hUl,Uj>]'Uh,j,l-

teBsN[K+2,T] h=1

Then, since ds, s = 1,..., L7 has mean 0 and variance 1, we have

L K 2
Var*(J7 k) = Z( Z Z X, i Xt—ni — <’Yhul7uj>]vh,j,l) .

ByN[K+2,T] h=1
In the following, we shall show that, when T'— oo

K
Var™ (Jr k) = Z 'Uhyjyl'l)h/,]',l<\1]h7h/ (u; @ ur),uj ® ul>.
hh/=1

To this end, we calculate E[Var*(J}’K)] and Var [Var*(JiK)} accordingly.
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We begin by calculating E[Var*(J}yK)} as follows:

Lp K
* * 1
E[Var (JT,K):I = ? Z Z Z COV(XLth_h’l,Xt/ijt/7hlyl)vh’j’lvh/’j’l

s=1t,t/€ ByN[K+2,T] h,h/=1

Lr K
:%Z Z Vh,j 1V 4,1 Z Z Cov (X, j Xt—nip, Xy j X _pr )

s=1h,h/=1 teBsN[K+2,T],t>h+1t' € B,N[K+2,T],t' >h’/+1

K oo
= D vngavn i D, Cov(Xn Xog, Xy Xs)

h,h’/=1 s=—00
K oo
= > vngavwgr Y Cov[(Xn(m1)Xo(72), u; @ wi(r1,72)), (Xayn (1) Xs(73), 45 @ wi(71, 73)]
h,h/=1 s=—o00

</ Z Cov(Xh(ﬁ)Xo(Tg),Xs+h/(T{)XS(T§))(uj®ul(T{,T§))dT{dT£,uj ®ul(7'1,7'2)>

s=—00
K
= D vngavn 1 (U (u @ w), u; @ wr).
h,h'=1

Then, we will show that Var[Var*(J7 )] = o(1).

Note that
* *
Var [Var™(J7, k)]
1 Lp K K
T2 E E E Uh1,5,00h2,5,1Vh] ,5,1VR% 5,1 E E
s,s'=1h1,ha=1 R} hl=1 t1,t2€BN[K+2,T] ¢}, the B/ N[K+2,T)

X Cov(Xey,(h1),5,1 X b, (ha),5.00 Xtg (n),5.0 XKt () il

1 Lp K K
=Tz E E E Uh1,5,1Vh2,5,LVR} 5,1V, 5,1 E E
s,s'=1h1,ha=1h!,hh=1 t1,t2€BsN[K+2,T] ] ,theB N[K+2,T]

X [Cum(th,wn,j,za Xty (ha).ads Xeg,(my),5.0 X () ,.0) + Cov(Xay (hr).gas Xeg n),50)

X Cov(Xiy,(ha).gits Xy, (ny),5,1) T CoV(Xey (h1),h,0> Xeg, (n),50) COV(th,wQ),j,z»Xt;,(h;m,z)]

1 Ly K K
:ﬁE > D Uhy, g Vha 500K G1VRY > > (I10+ Toq + I3 ).

s,8’=1h1,ha=1 h’l,h’zzl t1,ta€BsN[K+2,T] t'l,t’2€Bs/|"|[K+2,T]

(®)
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We now proceed to address I;;, « = 1,2,3, respectively. By applying Lemma F.9 in

lPanaretos and Tavakoli (lZOld), Theorem II1.2 in (), and utilizing the triangle

inequality, we obtain that

1| = | Cum (X, 5 X ey —n 1 X e2,5 Xea —na s Xer 3 Xer —nt 1 Xy 5 Xay gy 1)
< || Cum(Xe, Xy —ny Xoo Xog o Xog Xog -y Xoy Xy )| 135
< Z H Cum(Xg; :¢1 € A1) ---Cum(X, : g € Ap)"[071]8
A=A1U-UAp
< Z | Cum(X, a1 € )‘1)H[0,1]IA1\ co || Cum(X,, g € )‘p)H[o,u\Aplv
A=A1UUAp

where |)\;| denotes the cardinality of the set A\; and the summation is over all indecomposable

partitions of the following two-way table:

t1 t1 —h
to  to—ho
t th — R}
th ty — hb

Under Assumption ?7, it is straightforward to verify that its contribution to the sum (E)
is of order o(1). The arguments for I; and I5; are analogous, with the only difference being

the interchange of t; and t5.
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Specifically, we can write I ; as follows:

Loy = Cov(Xe, ; Xe -ty Xy 5 X0, nt 1) Cov(Xey s Xog-nats Xeg 5 Xe, g 1)
= ARy g m sy g g (0 B )15 @ r) (o, 2 03) (o g g 0 )
+ <'7t1—t’1—h1uj7ul><7t1—t’1+h’1ulvuj>} X
{<Rt27t’2+h’2,t27t’27h2+h’2,h’2 (uj @ wi), w5 @ we) + (Vig—t4, Wss Us) Veg—tf— hopt-hty Ut W)

+ (Veg—th—ho Wi W) (Veg—t+ 1 UL, uj>}-

When s = s’ in the summation of (E), the contribution of I»; to Var[Var*(J7 x)] is
O(T72br) = o(1). In the case of s # s, Assumption ?? implies that the magnitude of these
terms is bounded by CT~?L% = o(1). Consequently, we have Var[Var*(J;. k)] = o(1).

As a result, when T — oo,

T K
* 1 *
Var ( T Z<Xt,K,j,l7 VK,j,l>) = Z n, 10w 0 (U (g ® ), u; @ ur). ©)
t=2 hoh/=1

g1 — Xi k- When T — oo, we have

E [Var* (% i()T;‘,K,j,l, VK,j,l>):| 0. (10)

t=2
Combining the conclusions in (E) and (@), it is immediately obtained that

T K
Z(X:,K,j,h VK,j,l)) 5 Z V10 (W hn (U @ wi), uy @ ur),

t=2 h,h'=1

Var® (%
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which is equivalent to
1 I
* ok D,
Var <\/T tE:2<Xt,K7VK>H1) = (Vk(Vk), Vi), T — .

The proof of (A.iii) is completed.
Next, we proceed to show (A.iv), i.e., conditional on the sample, {\/T”y;:(ﬁ, 72),1 <h<
K} is tight in H; in probability.
For 1 < h < K, we observe that
1

VTH(11,72) = Wi > we [Xu(r) Xi—n(72) — An (71, 72)]
t=h+1

Lp
=Ly 23 0 % ST [Xa(m)Xeon(m2) = An(mi, )]
s=1 teBsN[h+1,T]

L
= L;I/Q ZM;T(Tl,Tz),

s=1

where Mjr(71,72) is implicitly defined. It is important to note that M (71, 72) and M7 (11, 72),

s # s, are independent given the sample. In light of the argument in the proof of Theorem 4 of
Escanciano and Velascd (2006) and Shag (2011), it suffices to verify that E* || M7 (71, 72)||* < oo

almost surely. To this end, following the analogous proof in Zhang (2016), we have E{E* | Mir (11, 72) ||2}
< 0.

By combining the conditions (A.iii) and (A.iv), the proof of Lemma @ is complete. B

Proof of Theorem ??. Following an argument similar to that of Theorem ?7?, and given the
original sample, we directly establish the conditional distribution of V% 1 as T' — oo in Theorem

77. 1
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B. Additional Numerical Studies

In the following, we carry out some additional simulation studies to further investigate the
influences of the parameters br and K on the testing performance. All the empirical rejection
rates are average over 1000 Monte Carlo replicates following the same computing procedures
used in Section ??. Bootstrap conducts B = 500 replicates.

Table 1: Empirical sizes in the percentage of BRWB test.

K=1 K=3 K=5 K =38 K =10 K =15 K =20
bp W 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
(a) TID-BM
N(0,1) 107 54 11 109 51 08 107 49 14 76 33 08 72 35 08 6.8 30 04 81 3.0 04
T=200 3
Bernoulli 10.1 54 1.0 108 43 14 107 55 09 113 59 13 95 50 1.0 87 3.7 03 103 54 1.1
N(0,1) 109 55 1.5 99 43 07 98 36 06 7.3 32 04 75 35 05 6.3 25 03 6.3 25 02
6
Bernoulli 114 6.0 1.5 101 53 12 9.1 43 1.1 89 42 09 92 47 05 82 41 06 7.5 33 08
N(0,1) 111 53 14 94 4.7 12 104 50 1.1 94 42 15 9.2 40 1.0 9.7 44 10 73 3.1 08
T=2800 4
Bernoulli 10.1 56 1.2 110 6.0 1.4 89 32 07 95 53 09 9.0 52 0.7 9.6 56 1.7 85 46 0.7
N(0,1) 9.7 54 15 103 48 13 102 41 05 87 35 06 87 39 08 75 33 04 91 3.0 04
8
Bernoulli 11.0 5.6 1.3 9.9 50 12 93 4.7 08 11.0 51 12 103 47 10 98 40 03 77 25 0.3
(b) FGARCH(1,1)
N(0,1) 112 6.1 1.7 7.3 35 04 6.7 3.7 04 70 3.7 04 6.7 32 04 68 30 02 57 26 0.3
T=200 3
Bernoulli 9.3 50 1.0 75 34 05 84 36 06 7.5 3.0 04 77 29 04 6.9 30 06 7.1 32 0.6
N(0,1) 112 54 09 73 35 06 7.6 39 04 68 34 07 73 35 03 64 30 03 6.0 26 02
6
Bernoulli 11.7 6.1 1.2 9.9 47 10 73 34 05 74 33 05 79 47 07 6.1 29 02 6.1 34 03
N(0,1) 95 47 09 83 44 07 83 46 05 85 44 03 72 35 05 65 28 04 68 30 03
T=2800 4
Bernoulli 9.9 51 1.1 98 45 07 9.2 44 07 78 46 04 75 36 07 77 36 07 6.2 32 03
N(0,1) 9.2 45 1.0 78 38 07 85 41 05 78 40 06 74 41 06 64 30 04 6.2 32 03
8
Bernoulli 11.6 5.3 1.3 9.0 4.0 07 93 40 05 88 4.3 07 88 44 07 76 36 05 64 33 04
(c) Fbilinear(1,0.3)
N(0,1) 113 53 16 8.7 41 09 98 49 1.1 105 51 1.0 87 45 1.0 105 50 14 7.2 3.1 06
T=200 1
Bernoulli 11.8 55 1.7 120 6.0 13 114 58 15 11.7 6.3 12 89 55 1.1 8.7 39 07 100 45 1.0
N(0,1) 115 60 1.7 113 62 14 123 60 12 108 6.0 14 105 54 16 107 63 14 108 50 1.0
T=800 1

Bernoulli 11.3 6.0 16 120 54 16 119 59 10 115 6.6 13 11.1 57 19 109 57 15 105 43 12
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Table 2: Empirical powers in the percentage of BRWB test. Random weights are gener-
ated from N(0,1).
K=1 K=3 K=5 K =8 K=10 K=15 K=20
S by 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 5% 1%
T=200 02 1 78.5 64.0 38.9 60.8 45.0 21.1 50.6 35.7 16.4 43.5 29.7 10.9 40.1 25.5 9.1 33.3 21.8 8.5 27.9 15.2 4.0
3 81.9 66.3 37.9 59.7 44.6 15.7 48.5 30.4 9.9 37.7 21.3 5.1 34.1 19.2 4.4 26.3 13.5 2.0 21.4 11.7 2.1
6 79.5 65.8 388 57.9 40.7 153 46.5 290 7.0 39.7 19.8 4.4 29.1 13.6 2.4 229 9.7 1.3 162 6.8 0.9
T=500 02 1 100.0  99.3 92.8 97.4 94.1 T 93.3 86.0 65.5 86.9 77.6 55.5 84.3 73.5 48.0 76.3 63.0 37.0 70.0 55.0 27.7
3 100.0  99.2 91.7 97.8 93.2 78.1 92.7 82.9 58.1 87.5 78.3 48.2 80.4 67.1 35.7 70.3 52.6 25.0 60.8 45.4 20.1
6 100.0  99.2 93.1 92.7 93.6 71.4 92.6 84.7 55.5 85.4 72.0 40.4 80.1 64.3 30.2 70.5 51.6 20.6 57.7 379 12.0
T=200 04 1 100.0 100.0 99.9 100.0 99.9 980 999  99.1 93.9 992 972 879 979 947 792 955 899 TL.O 922 841 62.0
3 100.0  100.0 98.8 99.9 99.7 949 995 98.0 87.1 98.0 929 704 96.7 893 57.2 911 79.4 448 864  69.0 282
6 100.0  99.9  98.7 999 988  90.1 99.4  96.3 780 974 896 556 941 84.7 490 87.0 658 264 784 556 17.3
T=500 04 1 100.0  100.0  100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.9
3 100.0  100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.4
6 100.0  100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 99.9 100.0  100.0  99.5 100.0 99.9  98.7
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