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Section S1 presents preliminary results that will used in our proof. Sections S2-S6 encompass all

proofs for our theoretical results, while some additional real data analysis results are provided

in Section S7.

Notations. Let ∥B∥ be the spectral norm of B and ∥B∥F = [tr(BBT )]1/2 be its Frobenius

norm. In addition, for N ∈ N, let ζ1 =
(
ζ1(u) : u ∈ UN

)
and ζ2 =

(
ζ2(u) : u ∈ UN

)
be two

families of random (or non-random) variables where UN is a possibly N -dependent parameter

set, we denote ζ1 = O≺(ζ2) or ζ1 ≺ ζ2 if for any ε > 0 and D > 0, there exists N0(ε,D) such

that ∀N ≥ N0(ε,D), supu∈UN P [ζ1(u) ≥ Nεζ2(u)] ≤ N−D holds uniformly in u. Denote by C,

C1 and C2 general positive constants that may vary from line to line.

S1 Preliminaries in random matrix theory

We first introduce some established results that will be used in our proof.
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Lemma 3. (Isotropic delocalization) The matrix X is a M × N matrix,

whose entries Xiu are independent random variables satisfying

EXiu = 0, EX2
iu =

1√
MN

. (S1.1)

We always assume that M and N satisfy the bounds

N1/C ≤ M ≤ NC (S1.2)

for some positive constant C. For all p ∈ N, there is a constant Cp such

that

E|(MN)1/4Xiu|p ≤ Cp. (S1.3)

The matrix XTX has T nontrivial eigenvalues, which we order according to

λ1 > λ2 > ... > λT . Let u(1), ...,u(T ) ∈ CN be the corresponding normalized

eigenvectors of XTX. Then for any ε > 0, we have the bound

|⟨u(α), s⟩|2 ≺ N−1.

uniformly for α ≤ (1− ε)T and all normalized s ∈ CN .

Lemma 3 is Theorem 2.8 in Alex et al. (2014). It is worth noting

that under the conditions (S1.1) and (S1.3), the matrix XXT has the same

nonzero eigenvalues as XTX. Let v(1), ...,v(T ) ∈ CN be the corresponding

normalized eigenvectors of XXT . Then for any ε > 0, we have the bound

|⟨v(α), s⟩|2 ≺ M−1.
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uniformly for α ≤ (1− ε)T and all normalized s ∈ CN .

Lemma 4. (Eigenvalue rigidity) The matrix X is a M ×N matrix, whose

entries Xiu are independent random variables satisfying (S1.1)-(S1.3). We

define the ratio

ϕ = ϕN :=
M

N
.

It is well known that the empirical distribution of the eigenvalues of the

N × N matrix XTX has the same asymptotics as the Marchenko-Pastur

law:

ρϕ(dx) :=

√
ϕ

2π

√
[(x− γ−)(γ+ − x)]+

x2
dx+ (1− ϕ)+δ(dx), (S1.4)

γ± :=
√
ϕ+

1√
ϕ
± 2 .

Fix τ > 0 and for i ∈ [[1,m]], let γ1 > γ2 > ... > γT be the classical

eigenvalue locations according to (S1.4), defined through∫ ∞

γi

ρϕ(dx) = i/N,

and λi is defined in Lemma 3. We have

|λi − γi| ≺ [i ∧ (T + 1− i)]−1/3 T−2/3,

if i ≤ (1− τ)T or |ϕ− 1| ≥ τ .

Lemma 4 is Theorem 3.5 in Bloemendal et al. (2016).
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Lemma 5. (Counting large eigenvalues) Given the set Hn defind in (S2.5)

and let cn be a possibly random number of order op(1) and Ψ(cn) be the

number of eigenvalues of

 0 B̃∗
12

(B̃∗
12)

T 0

 larger than
√
λ∗
1 − cn. Then

Ψ := Ψ(cn) = Op(nc
3/2
n ) +O≺(1).

The proof of Lemma 5 is similar to that of Lemma A.3 in Lei (2016)

through the utilization of Lemma 4 and thus we omit the details.

Lemma 6. Consider the definition of B̃∗
11 in (2.4) and B̃11 in (2.8). Con-

ditioning on Hn defind in (S2.5), we have

λ1(B̃11) = λ1(B̃
∗
11) + op(n

−2/3).

Lemma 6 is equation (23) in Lei (2016).

Lemma 7. Let A and B be two n1 ×m matrices, then

max
k

|σk(A)− σk(B)| ≤ ∥A−B∥.

Lemma 7 is Theorem A.46 in Bai and Silverstein (2010).
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S2 Proofs of Lemma 1 and Lemma 2

Recall the expression of S in (2.2), along with the definition of n1 stated in

Assumption 1 and m = n− n1. Define

Hn =

{
S :

∣∣∣∣n1/m− γ

1− γ

∣∣∣∣ < γ

4(1− γ)

}
. (S2.5)

According to Lemma A.1 in Lei (2016), we have

T ∗
11|Hn

d→ TW1, (S2.6)

T ∗
12|Hn

d→ TW1. (S2.7)

Notice that n1 =
∑n+1

j=2 I(b1j = 1) and let P1j = EI(b1j = 1). By Bernstein’s

inequality, for any positive t and M ≥ 2, we can get

P

[∣∣∣∣∣
n+1∑
j=2

(I(b1j = 1)− P1j)

∣∣∣∣∣ ≥ nt

]

≤ exp

(
− n2t2/2∑n+1

j=2 P1j(1− P1j) +Mnt/3

)
n→∞−→ 0.

Then it is easy to see

lim
n→∞

P(Hn) = 1. (S2.8)

Lemma 1 is concluded by combing (S2.6), (S2.7) and (S2.8).

In addition, the works of El Karoui (2003) and Knowles and Yin (2017)

(Theorem 3.18 (Edge universality)) imply that

λ1

[
(B̃∗

12)
T B̃∗

12

]
− µnm

σnm

∣∣∣Hn
d→ TW1, (S2.9)
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where µnm and σnm are defined in (2.5) and (2.6). Therefore Lemma 2 is

proved based on (S2.8) and (S2.9).

S3 Proof of Theorem 1

In the subsequent Sections S3-S6, our proofs proceed in the following way:

we first conditionally prove based on the set Hn defined in (S2.5); then

combine these results with the conclusion (S2.8) to derive the final uncon-

ditional results. Moreover, Assumption 1 imples that n ≍ n1 ≍ m with

high probability; henceforth, we consistently adopt n for simplicity when

determining orders.

Conditioning on the set Hn, we examine Theorem 1. The limiting

distributions of T11 and T12 can be easily established according to our

Lemma 1 and the proof of Theorem 3.1 in Lei (2016), which implies that

λ1(B̃
∗
11) − λ1(B̃11) = op(n

−2/3
1 ) and λn(B̃

∗
11) − λn(B̃11) = op(n

−2/3
1 ). The

remaining goal is to show that T2
d→ TW1. To this end, we define two new

matrices B̃′ = (B̃′
ij) and ∆ = (∆ij) as follows:

B̃′
ij =



Bij − M̂ij√
(n1 − 1)Mij(1−Mij)

, i ̸= j and min {i, j} ≤ n1,

Mii − M̂ii√
(n1 − 1)Mii(1−Mii)

, i = j ≤ n1,

0, min {i, j} > n1,
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∆ij =


Mij − M̂ij√

(n1 − 1)Mij(1−Mij)
, min {i, j} ≤ n1,

0, min {i, j} > n1.

Recall matrices B̃∗ = (B̃∗
ij) and B̃ = (B̃ij) presented in equations (2.4)

and (2.8) respectively. For readers’ convenience, we also provide their ex-

pressions here.

B̃∗
ij =


Bij −Mij√

(n1 − 1)Mij(1−Mij)
i ̸= j and min {i, j} ≤ n1,

0, i = j or min {i, j} > n1,

B̃ij =


Bij − M̂ij√

(n1 − 1)M̂ij(1− M̂ij)
, i ̸= j and min {i, j} ≤ n1,

0, i = j or min {i, j} > n1.

It is easy to see B̃′ = B̃∗ + ∆. Our proof is then conducted in two

sequential steps.

Step 1: We will prove that

λ1

[
(B̃′

12)
T B̃′

12

]
= λ1

[
(B̃∗

12)
T B̃∗

12

]
+ op(n

−2/3). (S3.10)

Write the block representation of ∆ =

∆11 ∆12

∆21 0

 as illustrated in Sec-

tion 2.2. Let the SVD of ∆12 be U∆D∆V
T
∆, where rank(∆12) ≤ K,

U∆ = (u1, ...,uK), V∆ = (v1, ...,vK) and D∆ is a K × K diagonal ma-

trix containing the singular values of ∆12. Let P̂kl be the sample mean of
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independent Bernoulli random variables with parameter Pkl. Thus, Bern-

stein’s inequality suggests that for fixed M ≥ 2, there exists some positive

constants C and C1 such that

P
(
|P̂kl − Pkl| ≥ K log n/n

)
≤ 2 exp

(
−C1n

2K2(log n)2n−2/2

C +MKn−1 log n/3

)
n→∞−→ 0,

which also ensures that supk,l

∣∣∣P̂kl − Pkl

∣∣∣ = op(Kn−1 log n). Therefore, by

the definitions of M̂ij and Mij, we have

sup
i,j

∣∣∣M̂ij −Mij

∣∣∣ = op(Kn−1 log n). (S3.11)

Moreover,

∥∆12∥2 ≤ ∥∆12∥2F =
∑
i,j

∆2
ij ≤

[
sup
i,j

(Mij − M̂ij)
2

]∑
i,j

1

(n1 − 1)Mij(1−Mij)

= op
(
K2n−1(log n)2

)
, (S3.12)

and hence ∥D∆∥ = op(Kn−1/2 log n).

Let
√
λ∗
i , u

∗
i and v∗

i be the i-th largest singular value of B̃∗
12 and its

corresponding left and right singular vectors. Lemma 3 yields

∥(u∗
i )

TU∆∥2 =
K∑
j=1

(uT
j u

∗
i )

2 = O≺(K/n),

∥VT
∆v

∗
i ∥2 =

K∑
j=1

(vT
j v

∗
i )

2 = O≺(K/n).
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Then, we have∣∣(v∗
i )

T∆T
12∆12v

∗
i

∣∣ = ∣∣(v∗
i )

T (U∆D∆V
T
∆)

TU∆D∆V
T
∆v

∗
i

∣∣
=
∣∣(v∗

i )
TV∆D

T
∆D∆V

T
∆v

∗
i

∣∣
≤ ∥VT

∆v
∗
i ∥2 ∥D∆∥2

= O≺(K/n) ∗ op
(
K2n−1(log n)2

)
.

(S3.13)

Similarly we can get∣∣(u∗
i )

T∆12v
∗
i

∣∣ = ∣∣(u∗
i )

TU∆D∆V
T
∆v

∗
i

∣∣
≤ ∥(u∗

i )
TU∆∥ ∥D∆∥ ∥VT

∆v
∗
i ∥

= O≺(K/n) ∗ op
(
Kn−1/2 log n

)
.

(S3.14)

In order to establish (S3.10), we will examine both the lower and upper

bounds of λ1

[
(B̃′

12)
T B̃′

12

]
. We commence our analysis from the lower

bound. By the definition of the largest eigenvalue, it is obvious that

λ1

[
(B̃′

12)
T B̃′

12

]
≥ (v∗

1)
T
[
(B̃′

12)
T B̃′

12

]
v∗
1

= (v∗
1)

T
[
(B̃∗

12 +∆12)
T (B̃∗

12 +∆12)
]
v∗
1

= (v∗
1)

T
[
(B̃∗

12)
T B̃∗

12

]
v∗
1 + (v∗

1)
T (B̃∗

12)
T∆12v

∗
1 + (v∗

1)
T∆T

12B̃
∗
12v

∗
1 + (v∗

1)
T∆T

12∆12v
∗
1

= λ∗
1 +

√
λ∗
1(u

∗
1)

T∆12v
∗
1 +

√
λ∗
1(v

∗
1)

T∆T
12u

∗
1 + (v∗

1)
T∆T

12∆12v
∗
1.

In light of this inequality, conclusions (S3.13), (S3.14) and the assumption

K = O(n1/6−τ ), the following lower bound holds:

λ1

[
(B̃′

12)
T B̃′

12

]
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≥ λ∗
1 −O≺(K/n) ∗ op

(
Kn−1/2 log n

)
−O≺(K/n) ∗ op

(
K2n−1(log n)2

)
≥ λ∗

1 − op(n
−2/3). (S3.15)

It remains to calculate the upper bound of λ1

[
(B̃′

12)
T B̃′

12

]
. With-

out loss of generality, assume n1 ≤ m. Let ωj =
1√
2

u∗
j

v∗
j

 for j =

1, ..., n1, ωj =
1√
2

 u∗
j−n1

−v∗
j−n1

 for j = n1 + 1, ..., 2n1. The remaining ωj’s

for j = 2n1, · · · , n1 +m are selected to form an orthonormal set {ωj}n1+m
j=1

in Rn1+m. Based on Lemma 5, we define Ψ as the number of eigenval-

ues of

 0 B̃∗
12

(B̃∗
12)

T 0

 that are larger than (
√

λ∗
1 − 2 ∥∆12∥), thus Ψ =

Op(n ∥∆12∥3/2) + O≺(1). For any unit vector ξ ∈ Rn1+m, there exists a

unit vector (c1, ..., cn1+m) such that ξ =
∑n1+m

j=1 cjωj. Let ξ1 =
∑Ψ

j=1 cjωj,

ξ2 =
∑n1+m

j=Ψ+1 cjωj. For a symmetry matrix Y, we write Y = U1Λ1U
T
1 −

U2Λ2U
T
2 , where Λ1 denotes the diagonal matrix consisting of Y’s posi-

tive eigenvalues, Λ2 denotes the diagonal matrix consisting of the absolute

values of its negative eigenvalues. Define

PD(Y) = U1Λ1U
T
1 +U2Λ2U

T
2 .
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It holds uniformly for any unit vector ξ that

ξT

 0 B̃′
12

(B̃′
12)

T 0

 ξ = ξT

 0 B̃∗
12 +∆12

(B̃∗
12 +∆12)

T 0

 ξ

≤ ξT

 0 B̃∗
12

(B̃∗
12)

T 0

 ξ + ξTPD


 0 ∆12

∆T
12 0


 ξ

≤
√

λ∗
1

Ψ∑
j=1

c2j + (
√

λ∗
1 − 2 ∥∆12∥)

n1+m∑
j=Ψ+1

c2j

+ 2ξT1 PD


 0 ∆12

∆T
12 0


 ξ1 + 2ξT2 PD


 0 ∆12

∆T
12 0


 ξ2

≤
√
λ∗
1

Ψ∑
j=1

c2j + (
√

λ∗
1 − 2 ∥∆12∥)

n1+m∑
j=Ψ+1

c2j

+ 2Ψ
Ψ∑

j=1

c2j(ωj)
TPD


 0 ∆12

∆T
12 0


ωj + 2 ∥∆12∥

n1+m∑
j=Ψ+1

c2j

≤
√

λ∗
1 + 2Ψ

Ψ∑
j=1

c2jO≺(K/n) ∗ op
(
Kn−1/2 log n

)
≤
√
λ∗
1 +

(
O(n ∥∆12∥3/2) +O≺(1)

)
O≺(K/n) ∗ op

(
Kn−1/2 log n

)
≤
√

λ∗
1 + op(n

−2/3),

where we use equations (S3.12), (S3.14) and the assumptionK = O(n1/6−τ ).

Therefore the following upper bound holds:

λ1

[
(B̃′

12)
T B̃′

12

]
≤ λ∗

1 + op(n
−2/3). (S3.16)
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Equation (S3.10) of Step 1 follows automatically according to (S3.15) and

(S3.16).

Step 2: We will show that

λ1

[
(B̃12)

T B̃12

]
= λ1

[
(B̃′

12)
T B̃′

12

]
+ op(n

−2/3). (S3.17)

To this end, consider the K block representations: B̃12 = (B̃(s,l)) and B̃′
12 =

(B̃′
(s,l)), where the block matrix with subscript (s, l) denotes a submatrix

with rows in community s and columns in community l. Obviously we have

B̃(s,l) = B̃′
(s,l)

[
Msl(1−Msl)

M̂sl(1− M̂sl)

]1/2
.

A direct calculation based on (S3.11) yields

M̂sl(1− M̂sl)−Msl(1−Msl) = op(Kn−1 log n).

Therefore,

B̃(s,l) − B̃′
(s,l) =

√Msl(1−Msl)√
M̂sl(1− M̂sl)

− 1

 B̃′′
(s,l) = op

(
Kn−1 log n

)
B̃′

(s,l).

Then we have∥∥∥∥∥∥∥∥
 0 B̃12

B̃T
12 0

−

 0 B̃
′
12

(B̃
′
12)

T 0


∥∥∥∥∥∥∥∥ ≤ Kmax

(s,l)

∥∥∥B̃(s,l) − B̃′
(s,l)

∥∥∥
≤ op

(
K2n−1 log n

)
max
(s,l)

∥∥∥B̃′
(s,l)

∥∥∥
≤ op

(
K2n−1 log n

) ∥∥∥B̃′
12

∥∥∥
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= op
(
K2n−1 log n

)
.

It follows from Lemma 7 and the assumption K = O(n1/6−τ ) that

σ1

(
B̃12

)
− σ1

(
B̃′

12

)
≤

∥∥∥∥∥∥∥∥
 0 B̃12

B̃T
12 0

−

 0 B̃
′
12

(B̃
′
12)

T 0


∥∥∥∥∥∥∥∥

= op
(
K2n−1 log n

)
= op(n

−2/3). (S3.18)

Combining (S3.18) with the results λ∗
1 = Op(1) and λ1

[
(B̃′)T B̃′

]
≤ λ∗

1 +

op(n
−2/3) obtained in Step 1, we conclude equation (S3.17) of Step 2.

The equations (S3.10) and (S3.17) derived in the aforementioned two

steps yield

λ1

[
(B̃12)

T B̃12

]
= λ1

[
(B̃∗

12)
T B̃∗

12

]
+ op(n

−2/3). (S3.19)

Moreover, Lemma 2 tells that

λ1

[
(B̃∗

12)
T B̃∗

12

]
− µnm

σnm

d→ TW1.

Together with (S3.19) we can conclude that givenHn,
λ1(B̃

T
12B̃12)− µnm

σnm

d→

TW1. The proof of Theorem 1 is then completed by employing (S2.8).
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S4 Proof of Theorem 2

Recall the definition of Hn in (S2.5). In light of equation (S3.19), Lemma

6 and the relation σnm = O(n−2/3), the following result holds:∣∣∣∣∣P
{∣∣∣∣∣λ1(B̃

T
12B̃12)− µnm

σnm

∣∣∣∣∣ ≤ C1,
∣∣∣n2/3

1

[
λ1(B̃11)− 2

]∣∣∣ ≤ C2

∣∣∣∣Hn

}

− P


∣∣∣∣∣∣
λ1

[
(B̃∗

12)
T B̃∗

12

]
− µnm

σnm

∣∣∣∣∣∣ ≤ C1,
∣∣∣n2/3

1

[
λ1(B̃

∗
11)− 2

]∣∣∣ ≤ C2

∣∣∣∣Hn


∣∣∣∣∣

=

∣∣∣∣∣P

∣∣∣∣∣∣
λ1

[
(B̃∗

12)
T B̃∗

12

]
+ op(n

−2/3)− µnm

σnm

∣∣∣∣∣∣ ≤ C1,
∣∣∣n2/3

1

[
λ1(B̃

∗
11) + op(n

−2/3)− 2
]∣∣∣ ≤ C2

∣∣∣∣Hn


− P


∣∣∣∣∣∣
λ1

[
(B̃∗

12)
T B̃∗

12

]
− µnm

σnm

∣∣∣∣∣∣ ≤ C1,
∣∣∣n2/3

1

[
λ1(B̃

∗
11)− 2

]∣∣∣ ≤ C2

∣∣∣∣Hn


∣∣∣∣∣

= o(1),

where the last step is due to fact that given Hn, T
∗
11 is independent of T ∗

2 .

The proof above is then replicated to yield the subsequent outcome:∣∣∣∣∣P
[ ∣∣∣∣∣λ1(B̃

T
12B̃12)− µnm

σnm

∣∣∣∣∣ ≤ C1

∣∣∣∣Hn

]
P
{∣∣∣n2/3

1

[
λ1(B̃11)− 2

]∣∣∣ ≤ C2

∣∣∣∣Hn

}

− P


∣∣∣∣∣∣
λ1

[
(B̃∗

12)
T B̃∗

12

]
− µnm

σnm

∣∣∣∣∣∣ ≤ C1

∣∣∣∣Hn

P
{∣∣∣n2/3

1

[
λ1(B̃

∗
11)− 2

]∣∣∣ ≤ C2

∣∣∣∣Hn

} ∣∣∣∣∣
= o(1).

Based on the arguments above, it can be inferred that conditioned on Hn,

the statistic T2 is asymptotically independent of T11. This finding, together
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with equation (S2.8), leads to

P (|T2| ≤ C1, |T11| ≤ C2)

= P (|T2| ≤ C1, |T11| ≤ C2, Hn) + P (|T2| ≤ C1, |T11| ≤ C2, H
c
n)

= P
(
|T2| ≤ C1, |T11| ≤ C2

∣∣∣∣Hn

)
P(Hn) + o(1)

= P
(
|T2| ≤ C1

∣∣∣∣Hn

)
P
(
|T11| ≤ C1

∣∣∣∣Hn

)
+ o(1)

= [P (|T2| ≤ C1)− o(1)] [P (|T11| ≤ C2)− o(1)] [1 + o(1)] + o(1)

= P (|T2| ≤ C1)P (|T11| ≤ C2) + o(1).

Therefore, the conclusion can be drawn that T2 is asymptotically indepen-

dent of T11. This finding also applies to T12.

S5 Proof of Theorem 3

Similarly to the aforementioned proofs, in this section we primarily establish

the theorem conditioned on the set Hn. Utilizing similar techniques as

demonstrated in Lei (2016)’s proof of Theorem 3.3, we proceed to define

the subsequent sets

Nl = {i : gi = l}, N̂k = {i : ĝi = k}, N̂k,l = {i : ĝi = k, gi = l},

where 1 ≤ l ≤ K, 1 ≤ k ≤ K0. The set Nl is divided into {N̂k,l}K0
k=1.

Then Assumption 2 implies that for each 1 ≤ l ≤ K, there exists a kl,
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1 ≤ kl ≤ K0, such that
∣∣∣N̂kl,l

∣∣∣ ≥ |Nl| /K0 ≥ c0n1K
−2. In light of the

alternative hypothesis K > K0 and the presence of K communities, it can

be deduced that there exist l1 ̸= l2 and l3 (1 ≤ l1, l2, l3 ≤ K) such that

kl1 = kl2 = k and Pl1l3 ̸= Pl2l3 . Let k
′ = kl3 . Denote by B̃

(0)
12 , B

(0)
12 , M̂

(0)
12 and

M
(0)
12 the submatrices of B̃12, B12, M̂12 and M12 respectively with rows in

N̂k,l1 ∪ N̂k,l2 and columns in N̂k′,l3 . Let mi be the i-th row of M
(0)
12 . By the

definition of δn in Theorem 3, there exists at least one pair of (i, j) such

that ∥mi −mj∥∞ > δn. Therefore,

max {∥mi − m̂i∥∞, ∥mj − m̂i∥∞} > δn/2.

The construction of M
(0)
12 implies that it contains two distinct blocks and

each of them has at least c0n1K
−2 rows and at least c0n1K

−2 columns.

Consequently, we have

∥∥∥M(0)
12 − M̂

(0)
12

∥∥∥ ≥ δnc0n1K
−2

2
= C0n1K

−2, (S5.20)

where C0 =
δnc0
2

. Meanwhile, a direct application of Theorem 5.2 in Lei

and Rinaldo (2015) tells that
∥∥∥B(0)

12 −M
(0)
12

∥∥∥ = Op(n
1/2). So it could be

concluded that
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∥∥∥B̃12

∥∥∥ ≥
∥∥∥B̃(0)

12

∥∥∥
≥ n

−1/2
1

∥∥∥B(0)
12 − M̂

(0)
12

∥∥∥
= n

−1/2
1

∥∥∥B(0)
12 −M

(0)
12 +M

(0)
12 − M̂

(0)
12

∥∥∥
≥ n

−1/2
1

[∥∥∥M(0)
12 − M̂

(0)
12

∥∥∥− ∥∥∥B(0)
12 −M

(0)
12

∥∥∥]
≥ n

−1/2
1

[
C0n1K

−2 −Op(n
1/2)
]

= C0n
1/2
1 K−2 −Op(1),

(S5.21)

which verifies the conclusion of Theorem 3.

S6 Proof of Theorem 4

Following the notations presented in the proof of Theorem 3, given the set

Hn and for any K0 < K, we can deduce the subsequent probability:

P

∣∣∣∣∣∣
λ1

(
B̃T

12B̃12

)
− µnm

σnm

∣∣∣∣∣∣ ≤ tn
2

 ≤ P
[∥∥∥B̃T

12B̃12

∥∥∥ ≤ tn
2
σnm + µnm

]

= P

(∥∥∥B̃12

∥∥∥ ≤
√

tn
2
σnm + µnm

)

≤ P

[
n
−1/2
1

(∥∥∥M(0)
12 − M̂

(0)
12

∥∥∥− ∥∥∥B(0)
12 −M

(0)
12

∥∥∥) ≤
√

tn
2
σnm + µnm

]

= P

[∥∥∥B(0)
12 −M

(0)
12

∥∥∥ ≥
∥∥∥M(0)

12 − M̂
(0)
12

∥∥∥− n
1/2
1

√
tn
2
σnm + µnm

]
(S6.22)

≤ P

∥∥∥B(0)
12 −M

(0)
12

∥∥∥2 ≥ (∥∥∥M(0)
12 − M̂

(0)
12

∥∥∥− n
1/2
1

√
tn
2
σnm + µnm

)2

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≤ P

∥∥∥B(0)
12 −M

(0)
12

∥∥∥2 ≥ (C0n1K
−2 − n

1/2
1

√
tn
2
σnm + µnm

)2


≤ n−1
1 ,

where the first six lines use (S5.20) and (S5.21). The last line is ob-

tained from Theorem 5.2 in Lei and Rinaldo (2015) and the fact that

C0n1K
−2 − n

1/2
1

√
tn
2
σnm + µnm = O(n2/3) according to the assumptions that

K = O(n1/6−τ ), tn ≍ nϵ for some ϵ ∈ (0, 5/6), and σnm = O(n−2/3). Re-

visiting the construction of submatrices B
(0)
12 , M

(0)
12 and M̂

(0)
12 in Section S5,

we define B
(0)
11 , M

(0)
11 and M̂

(0)
11 in a similar manner. Consequently, we can

employ a comparable approach to bound the following probability:

P
{∣∣∣n2/3

1

[
λ1(B̃11)− 2

]∣∣∣ ≤ tn
2

}
≤ P

{∥∥∥B̃11

∥∥∥ ≤ tn
2
n
−2/3
1 + 2

}
≤ P

[
n
−1/2
1

(∥∥∥M(0)
11 − M̂

(0)
11

∥∥∥− ∥∥∥B(0)
11 −M

(0)
11

∥∥∥) ≤ tn
2
n
−2/3
1 + 2

]
≤ P

[
n
−1/2
1

∥∥∥B(0)
11 −M

(0)
11

∥∥∥ ≥ n
−1/2
1

∥∥∥M(0)
11 − M̂

(0)
11

∥∥∥− tn
2
n
−2/3
1 − 2

]
≤ P

[
n
−1/2
1

∥∥∥B(0)
11 −M

(0)
11

∥∥∥ ≥ Cn
1/2
1 K−2 − tn

2
n
−2/3
1 − 2

]
≤ n−1

1 .

The derivation of the fluctuation of λ1(B̃11) closely aligns with approach

adopted in Lei (2016) for that of λ1(Ã). Therefore, we have

P


∣∣∣∣∣∣
λ1

(
B̃T

12B̃12

)
− µnm

σnm

∣∣∣∣∣∣+
∣∣∣n2/3

1

[
λ1(B̃11)− 2

]∣∣∣ < tn


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≤ P


∣∣∣∣∣∣
λ1

(
B̃T

12B̃12

)
− µnm

σnm

∣∣∣∣∣∣ ≤ tn
2

+ P
{∣∣∣n2/3

1

[
λ1(B̃11)− 2

]∣∣∣ ≤ tn
2

}

≤ 2n−1
1 .

Analogous results can be derived for

P


∣∣∣∣∣∣
λ1

(
B̃T

12B̃12

)
− µnm

σnm

∣∣∣∣∣∣+
∣∣∣n2/3

1

[
−λn(B̃11)− 2

]∣∣∣ < tn

.

Consequently, we obtain

P
(
K̂ < K

)
= P (∃K0 < K such that T < tn, where T is calculated under K0 communities)

≤
K−1∑
K0=1

P(T < tn)

≤
K−1∑
K0=1

P

∣∣∣∣∣∣
λ1

(
B̃T

12B̃12

)
− µnm

σnm

∣∣∣∣∣∣+
∣∣∣n2/3

1

(
λ1(B̃11)− 2

)∣∣∣ < tn


+ P

∣∣∣∣∣∣
λ1

(
B̃T

12B̃12

)
− µnm

σnm

∣∣∣∣∣∣+
∣∣∣n2/3

1

[
−λn(B̃11)− 2

]∣∣∣ < tn


≤ 4n−1

1 (K − 1) = o(1).

Moreover, when K̂ = K0 = K,

P(T ≥ tn)

≤ P

{∣∣∣∣∣λ1(B̃
T
12B̃12)− µnm

σnm

∣∣∣∣∣+ ∣∣∣n2/3
1

[
λ1(B̃11)− 2

]∣∣∣ ≥ tn

}

+ P

{∣∣∣∣∣λ1(B̃
T
12B̃12)− µnm

σnm

∣∣∣∣∣+ ∣∣∣n2/3
1

[
−λn(B̃11)− 2

]∣∣∣ ≥ tn

}
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≤ P

{∣∣∣∣∣λ1(B̃
T
12B̃12)− µnm

σnm

∣∣∣∣∣ ≥ tn
2

}
+ P

{∣∣∣n2/3
1

[
λ1(B̃11)− 2

]∣∣∣ ≥ tn
2

}

+ P

{∣∣∣∣∣λ1(B̃
T
12B̃12)− µnm

σnm

∣∣∣∣∣ ≥ tn
2

}
+ P

{∣∣∣n2/3
1

[
−λn(B̃11)− 2

]∣∣∣ ≥ tn
2

}
= o(1),

where the last line uses Theorem 1 and the condition that threshold tn ≍ nϵ

for some ϵ ∈ (0, 5/6). Combining the arguments, we have

P
(
K̂ = K

∣∣∣∣Hn

)
→ 1.

Together with (S2.8), we can conclude that P
(
K̂ = K

)
→ 1.

S7 Additional Figures

This section contains some additional figures. The topologies of Village 56

and Village 50 in the second dataset of Section 5 are depicted in Figures

S7.1 and S7.2, respectively. Similar to the analysis conducted on Village

63, both these two partial networks provide a limited perspective of the

full data. However, our approach successfully estimates the true number of

communities.
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(a) true communities with a full network (b) estimated communities with a partial

network

Figure S7.1: Lightblue nodes, orange nodes and pale orange nodes represent different

communities in Village 56 respectively. The individual with ID 56001 is visually distin-

guished by the darkblue color. (a): the full network with nodes colored by ground truth

community labels. (b): the partial network centers on individual ID 56001 with observed

nodes colored by estimated community labels.
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