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This supplementary material includes six sections. Section S1 discusses the invalidity of ML
estimation method. Section S2 gives the detailed interpretation of Condition (C4). Section S3
presents the proofs of Theorems 1, 2, and 3. Section S4 introduces a novel link function test to
check the adequacy of the pre-specified link function. Section S5 provides additional simulation

studies and empirical studies. Section S6 illustrates the details of variance designs V1 and V2.

S1 The Invalidity of ML Estimation Method

In this section, we discuss the general invalidity of traditional ML estima-
tion method in the presence of unknown heteroscedastic errors. For Model
(2.3), the log-likelihood function under the assumption of homogeneous er-

ror variances, o2, can be written as

1
0(8) = —% log(27) — % log 0 — ——e(6) e(6) + log|det {S(1)}]
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where § = (y7,87,0%)T € RTPHL 9 = (7, 87)T € R¥P p = p; + po,
S(¥) = Lnn—{VT®U(y)}, and e(#) = S(v)y —x3. Given 7, the maximum
likelihood estimator (MLE) of 8 and 02 are B(7) = (z72) 27 S(7)y and
52,(7) = A4Sy — 2B} {S(1)y — 2Bmi(7)}, Tespectively. Subse-

ml

quently, we can get the concentrated log-likelihood function of ~ as

mn mn . mn
le(y) = —710g(27r) - Tlog oau(v) — 5 + log |det {S(7)}] -

Let A, = OA(y)/0v = diag{ziF'(Z{7), -, 2w F"(Zy7)}, Sy () =

9S8(v)/0v = =V T ®U,,, where F'(-) is the first order derivative of F', and

U,, = UA,,. Accordingly, the first order condition for the concentrated

log-likelihood function is

agii:) = 52 ll(,y) yTch (V)TMS('Y)IU + tr {5(7)_1SW (7)} )

where M = I, —x(2"2) 2" and k=1,--- ,d.
Recall that 6y = (74, 8, )" is the true parameter, and e = S(7y)y — 5.

Under the assumption of heterogeneous error variances, we have,

m n

002 {00y = Bal0)} {SCaly = aalr0)} = 2 30 o0, (1),

Define G, (v) = S, (7)S(y)", and denote G,, = G, (1) and S, =
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S.. (70) for simplicity. Then we have,

9el0) 1 TAT 1
% { OV } - Z Z B {(Iﬁo + 6) G%M(xﬂo + e)} + %tr (G%)
= G2 ZZ Vi, m(j—1)+i,m(j—1)+i é’Yk) (012] _ 5.2)
! 2
= 55 Cov (GrmG—1)y+im(i-1)+i, Tis) »
where ka = ﬁtr(Gw) = ﬁzz’il Z?:1 Grpom(i—1)+im(j—1)4i, and 52 —

e D Z?:l 3.
The consistency of the MLE Jj, .,y requires that —=E{9¢.(7o)/dvx} con-
verges to zero as mn — oo. This holds if and only if the covariance between

the diagonal elements of matrix G, , G, m(j—1)+i,m(j—1)+i> and the error vari-

Vism
ances 0 is zero as mn — oo. Hence, apart from the computational burden

it imposes, the MLE for the MNIM with unknown heteroscedastic errors is

inconsistent when the diagonal elements of matrix G, are not all equal.

S2 A Detailed Interpretation of Condition (C4)

Condition (C4) ensures the identification of 6y from the moment equations

E{g(#)} = 0 for a sufficiently large mn. For any possible value 6, the
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moment conditions take the following form:

E{g(0)}

Q'd(9)
(S2.1)

where d(0) = W(Ko—K)S zBo+2(8o—f), K = L,@A(7), Ko = I, 2A(70),
W =V"®U, S = S(y). To ensure identification, the limiting moment

equations must have a unique solution at 6y, i.e.,

1
lim —E{g(f)} =0 if and only if 6 = 6.

mn—oo MN,
We next elaborate on the two alternative conditions in C4.2, respectively,
each of which is sufficient on its own for identification.

Firstly, C4.2(a) ensures the identification through the linear moment
conditions corresponding to () in . Specifically, lim,,;, o0 ﬁQTd(Q) =
1im, . —seo %(QTW(KO —K)S 2By + QT 2(By— ) = 0. They will uniquely
identify 6, if the Jacobian 0{Q"d(#)}/00" has full column rank (d + p), for
large enough mn. This rank condition implies the necessary condition that
the matrix (G-, 0, - - - , G,,200, x) has full column rank (d+p) and that Q

has at least rank (d + p), for large enough mn. Under these circumstances,

d(0)TPd(0) 4+ tr {ZSTT (Ko — K)TWT P} +tr {SS71T (Ko — K)TWT AW (Ko —

d(0) " PLd(9) + tr {SS1T (Ko — K) WP} + tr {251 (Ko — K)TWTPLW (Ko —

57

57}
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the parameter 6, can be identified from the linear moment equations alone.

Additionally, C4.2(b) ensures the identification through variation in
nonlinear components. This condition addresses situations where the linear
moment equations may not be informative enough—for example, if gy = 0,
then the terms G, xf, vanish, and the Jacobian from C4.2(a) may lose
rank. More generally, if (G, 00, - - , G+,200, z) is not full rank, say it only
has rank p, then o cannot be identified from the linear moments alone. In
such cases, the identification of 79 must rely on the remaining quadratic
moment equations in (S2.1): lim,,, % [tr {ZS’”(/CO — IC)TWTPIS} +
tr {2517 (Ko — K)TWT RV (K, —/C)s—l}} —0forl =1,---,L. For
identification, it is sufficient that the Jacobian of these quadratic terms
with respect to v has full column rank d for at least one [. This is implied

that, for some [, the vector (tr{XP’G,,}, - ,tr{¥F’G,,}) has rank d.

S3 Proofs of Theorems

S3.1 Proof of Theorem 1

In this section, we prove Theorem 1 in two steps: (1) demonstrating the
consistency of 8, as mn — oo and (2) verifying that 0 is asymptotically

normal.
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STEP 1. To prove the consistency of an extremum estimate, we follow
the techniques of [Lin and Lee| (2010) to show that —-ag(f) converges in

probability to --aE{g(f)} uniformly in § € © as mn — oo. Let a =

(ay,---,ar,a,), where a; is the j-th column of the matrix and a, is a
submatrix. Let a® = (agi), e a%),% ) be the i-th row of the matrix,
where agi), e ,@(Li) are scalars and agf) is a row subvector with dimension

k*. Tt is sufficient to consider the uniform convergence of ag(f) for each
i, where ag(6) = e(0)T (L, ol P)e(0) + P QTe(0).
We start with the uniform convergence of the first term e(Q)T(Zlel al(i)Pl)e(O).

We denote K = I,, @ A(y), Ko =L, @ A(y), W =VT @ U and S = S(v),
vielding S(y) = S + W(Ky — K). By expansion, we have e(8) = d(6) +
e+ W(Ky — K)S7te, where d(0) = W(Ky — K)S™ a8 + 2(By — B). Tt
follows that e(0)T (321", af” P)e(8) = d(0)T (X1, af R)d(6) + 1(8) + q(0),
where 1(0) = d(0)T(XF, ol Pf){e + W (Ko — K)S~ e} and ¢(0) = {e" +
TSI (K — K)TWTHE, al" P){e + W(Ky — K)S~'e}. For the term

[(0), we have that

L L
]_ 1 _ 7 s 1 7 S
—U(0) =—— (o) ST (Ko = )W Qo BY)e + — (o = 5) 2T (Y0 F)e
=1 =1
L
L @B TS (I — )W ) POW (K — K)S e
m l

=1

L
+ %(ﬁo —B)" 2" (Yl PrYW (Ko — K)S™e = 0,(1),

=1
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uniformly in # € ©. Similarly,

L L
1 ]. 7 1 S
—q(0) :%J <§ :al()Pl> et — e ST (Ko —K)TWT <§ a )Pl> e

L
+ ieTs—”ucO —K)TwWT (Z a,“"P,> W (Ko — K)S e

1 & ~ .
=3 atr {2871 (Ko — K)TWT P}

=1

—Za, tr {251 (Ko — K)'WTRW(K S}

I=1
+ Op(l)v
uniformly in § € O, and E(e' Pe) = tr {XP,} = tr {EDiag(P7)} = 0 for all

[=1,---,L. Consequently,

1 & ~ .
+— > ot {25 (K — K)TWTB)

=1

+—Zal% (2517 (I — K)TWT BW (K

+0p(1),
uniformly in 6 € ©.
In addition, the second term #ag)QTe( )= —am QT d(6 )+ 0,(1) uni-
formly in 0 € ©. As g(f) is a quadratic function of # and © is compact,
—aE {g(0)} is uniformly equicontinuous on ©. The identification condition

and the uniform equicontinuity of ﬁaE {g(0)} imply that the identifica-

57}
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tion uniqueness condition for ——~E {9(0)} " aTaE {g(0)} must be satisfied.
Thus, the consistency of f follows from this uniform convergence and the
identification uniqueness condition (White, [1994)).

STEP I1. For the asymptotic distribution of 8, applying {89(/0\) / 89T}aTag(§) =

~

0 and Taylor expansion of g() at 6y, yields

Vi~ 60) = (iag—@awiag@)_ L0 v, 1),

mn 007 mn 007 mn 00T vmn
where 6 lies between 6, and 0.
Next, we verify --{9g(0)/00"} = ——-D + 0,(1), where

dg(0)
00T

_ (pfe<e),..- ,P;e(e),Q)T(S;Iy, E ,S;dy,x)

S, =-V'®U,, and U,, = UA,,. Explicitly, ——e(0) PS, y = —-e(0)" PSS~ xfo+

!
——e(0)T PSS, S'e. Since

1 Tpsal o— 1 Tpsagl ¢— L tpsor o-

%6(9) PZS%LS 13360 :%d(e) PlS’yaS 1.1'50"‘%6 PlS’YaS 1$60
1

+ %BTS_IT(ICQ — IC)TWTPZSS;QS_IZEﬁQ

1

mn

d0)" Py S, S w4 0p(1),
and

1 T ps -1 1 T ps -1 1 T ps -1
—e(0) P’S, S™'e=——d(0) F’S. S e—i-%e PSS e

mn mn

1
+—e STy —K)TWTBS, S te

mn

_L s —1
—mntr{ZPl s sTy

1 - s Q/ -
+—tr {S571T (Ko — K)"WT S, S™' + 0,(1),
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uniformly in § € ©, we have

1 s Q/ 1 s Q/ - 1 s Q! —
—e(0)" PP S,y = —d(0) P8, S wfy + —tr {SFS, 571}

mn mn
1 B o
+—tr {SS7'T (Ko — K)TWTPPS, S™' + 0,(1),
uniformly in 6 € ©. At 0y, d(6y) = 0, S;aS_l = G,,. Hence, %e(G)TPlSS,’my =
L tr {S PG, } +0,(1). In addition, —=e(0) " Pz = 0,(1) and =Q'S! y =

%QTwaﬁo + 0,(1). In conclusion,

1 0g(0) 1
— — — D +oy1).
mn 00T mn +0p(1)

Since \/;mfnag(ﬁo) 4N (0,1imp 00 —-aQa’), the asymptotic distribution

of \/mn(g— 6p) then follows. This completes the entire proof.

S3.2 Proof of Theorem 2

According to the generalized Schwartz inequality, the optimal weighting

matrix in Theorem 1 is (%Q)_l.

For consistency of 0,,;, we consider

L g0 (iﬁ) Loy = oo g0 o) (27 01 400

—9
mn mn mn mn

With a = (-1-Q)7"/2 in the proof of Theorem 1, the first term in (S3.1)

converges in probability to a well-defined limit uniformly in # € ©. For the
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second term, we have

| oo (0~ o) o0 < (%ugwn)Q

1 ~\! 1 -1
()~ (o)
mn mn mn

(93.2)

Q)L — (L) = 0p(1) uniformly in § € ©. Next, to verify

where ||( —

1
that (S3.2)) converges in probability to zero uniformly in # € O, it is suffi-
cient to show that —|g(8)|| is O,(1) uniformly in § € ©. From the proof

of Theorem 1, we have —-[g(f) — E{g(f)}] = o0,(1) uniformly in 6 € ©.

In addition, we can calculate that —-E{g(#)} = O(1) uniformly in § € ©,

where

1 1 1 - s
1
+—tr {SS™'T (Ko — K) T WTBW(Ky — K)S™'}

—0(1)

uniformly in § € ©, and -=E{Q"e(#)} = --Q"d(§) = O(1) uniformly in
0 € ©. This, together with the Markov inequality, imply that —-{|g(8)|| =
O,(1) uniformly in § € ©. Therefore, the second term in (S3.1)) is 0,(1)

uniformly in § € ©. Thus, the consistency of gopt follows.

For the asymptotic distribution of @\Opt, we employ similar techniques to
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those used in the proof of Theorem 1 and obtain

~

vVmn(ype — 6o)
1 0g@) (1 A" 1 098 1 9g@ (1 ~\" 1
_ L 00) (1 )T L0 1 000) (1 gy L
mn 00 mn mn 00 mn 00 mn mn

-1
1 N 1 /1 N\ o1
—{%D (%Q) %D} n? (%9) T 900 +0p(1),
(S3.3)

where 0 lies between 6, and é\opt. Thus, the asymptotic distribution of

\/mn(gopt — 6p) follows, which completes the entire proof.

S3.3 Proof of Theorem 3

In Section 2.3 of the paper, we set § = (6],0,)", where §; = (y1,57)"
and 0y = (y2,--+,7a)". The following notations and functions are based
on this new setting. Under the null hypothesis Hy., : 6, = (0,---,0)T €
RE@=DX1"the true parameter is 6y = (6],07)7. Let ") be the resulting
constrained feasible “optimal” GMME of #; that is, 9 is obtained by
minimizing the function g(6)TQ'g(d) with the constraint that 6, = 0.
Furthermore, we define D = (D1, D;) and D, = (D1, 0(14k*)x(a—1)), Where
Dy = —9E{g(6h)} /00] and Dy = —0E {g(00)} /90, -

Under the null hypothesis Hy ,, we employ similar techniques in proving
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(S3.3) to obtain that

~

Vmn (0T — 6,)
L pr 197111) 11DT 1971 = (6o) + 0p(1)
= —_— — —_— — — —_— 0
mn 7 \mn mn mn 7 \\mn \/mng 0 PRz
which implies that 0" is a \/mn-consistent estimator. Next, by applying

Taylor expansion, we obtain

9( 0) % 8510(2)

g(8") = Vmn (8" — 6y),

3~
S

vmn
where 0 lies between ) and 6. In addition, applying Conditions (C1)—
(C4) and the similar techniques in the proof of Theorem 1, yields --{9g(#) /96" }
N —%D. Accordingly,

1
vmn

o0)) = —=(60) = DY (") — )+ 0,(1)

= \/%/Hg(eo) + Op<1)a

where?—[:ILJrk*—ﬁDl{#DlT( 1 Q)*l #Dl}l ﬁDI( 1 Q)

mn mn

—1
Using Conditions (C1)—(C5), we obtain (%ﬁ(’"))_l N (==Q)~". Then,
we have

T, :g(g(ﬂ)TQ(r)—lg(a(r))

:_g(QO)T”}—[T <%9)_ H\/%g(eo) + 0p(1)

_ { (%g)/ w%gwo)}T (oo — ) { (%Q)/ w%g(%)} +oy(1),
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mn mn mn

where H; = (LQ)71/2 %D1 {%DI (%Q)’l %Dl}_l 1 pr (LQ)—1/27

and
1 1 N\t 1 1 N\t !
r (M) =tr | D7 <—Q> —Dl{—DlT (—Q) —Dl}
mn mn mn ™mn ™mn ™mn
=tr(lp11) =p+1.

In addition, by Lemma A.5 in|Lin and Lee| (2010), we have (--0) e \/Tlmg (6o)

4N (0, I 4x+). The above results imply that T, LN XA(L+k—p—1),

which completes the entire proof.

S4 A Link Function Test

To perform GMME, we need specify the link function F(-). To assess the
adequacy of the link function, we develop a testing procedure in this. Any
two specific link functions, F; and F5, are not necessarily nested in the sense
that one is not obtained as a special case of the other. Hence, we adapt
the method of Rivers and Vuong (2002) and |Hall and Pelletier| (2011)) to
assess whether F; and Fy are equally close to Fy. First, for F' € {F}, F»},

we denote the population analogue of the GMM minimands as
Q(0")) = E{g(6)} " E{g(6)},

and 0(F) = argmingr .o Q(0). Next, to measure the closeness of the two

link functions F' and Fy, we employ the difference between the minimands
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as DIFF := Q(6()) — Q(§™)), where §F0) = , is the true parameter, as
defined in Section 2.2 of the paper. In addition, for F' € {F}, F5}, we denote

the GMME as 80 = argmingr o Q(0F)), where

O(0")) = {90 {g(8")} .

Notably, AU is the empirical version of o). Analogous to Theorem 1, pu
is also a consistent estimator of 0().

Given any two specific link functions, F} and F3, it is natural to select
the model that is closest to the true link function, Fj. To this end, we

consider the following hypotheses:

Hopp :QO™) — Q@0"™) =0 vs. Hypr: QW) — Q™) #£0.
Under the null hypothesis of Hy rp, the two models with link functions
Fy and F are equivalent. Under the alternative hypothesis of H; rr, one
is better than the other. As we can estimate E{g(6())} by g(8®)) for

F € {F, F5}, the test statistic can be proposed as

~ ~ o~

Tir = Q(OU) — Q(OU)).

Moreover, we need additional notations for the theoretical analysis.
For convenience, we combine the parameters and moment functions from
both models into one vector, which leads to n = (J¥VT 92T h(n) =

(g0, 9(0(F2))T)T. Without ambiguity, we denote 77 = (JF)T )T
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n= (8( DT E )T)T. Further, we define ((n) = h(n) — E{h(n)}, R(n) =

S

2E {g(6" , —2E {g(6' }T> . For F € {F|, F,}, we denote G(0F)) =

OE {g(H(F )}/89 BT GO = 9g(0U) /00U T . To investigate the asymp-

totic property of T r, we impose the following set of assumptions.

(S.C1) For F € {F}, F>}, E{g(0"")} exists and is finite for all ) € ©, and

assume that E {supgm e [|g(077)[|} < oo.

(S.C2) For F € {Fy, Fb}, 8F) is an interior point of ©, and that there exists

9(F) € © such that QA1) < Q(6) for all § € O\ {6}

(S.C3) For F € {F\, F»}, G(AF)) exists, is finite, and has the full rank d + p,
and assume that G(#) is continuous on some e-neighborhood N, of ()

G(e) - )] -

and Supey. Hg(e) —g)| 0.
(S.C4) For F € {Fy, >}, ||E{g (1) }]| # 0 for all 8 € ©.

(S.C5) (mn)~Y2¢(7) —L N(0,7), where J = limym_oo(mn) = Var {C(7)} is

a positive definite matrix of finite constants.

Notably, Conditions (S.C1)—(S.C3) involve some regularity and identifica-
tion conditions on g(8®)), 8F) and dg(6)) /08U T | which are carefully
studied in Hall (2005). Condition (S.C4) indicates that the model setting
we consider here is a case of nonlocal misspecification (see e.g., |[Hall and

Inoue (2003); Hall and Pelletier| (2011)). Condition (S.C5) applies the law
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of large numbers, which can be also found in [Hall and Pelletier| (2011).
Based on these conditions, the limiting distribution of 77z is given in the

following theorem.

Theorem S.1. Under Conditions (S.C1)-(S.C5) and the null hypothesis

of Hy r, as mn — 0o, we have
d 2
Tip — N(0,07p),

where 0%, = R(7) " Var {¢(7)} R(7)).

Ultimately, Theorem indicates that under the null hypothesis of Hy 1r,
T asymptotically follows a normal distribution with a mean of 0 and a
variance of 0% ... In practice, 0% is unknown and can be estimated by the
sample variance of R(7)"((7). At the given significance level a, we reject
Hy rp and select link function Fy if Tpp/0rp < —Zzaj2, Where 245 is the
«/2-th upper quantile of the standard normal distribution. In contrast, we
reject Ho pr and select link function I if T p/orp > 2q/2- Otherwise, Fi
and Fy are considered to be equivalent, and we could select the link function
with smaller estimated objective function in empirical studies. In addition,
Sections S4.1 and S4.2 provide detailed simulation and empirical results for

this theorem, respectively.

Proof of Theorem [S.1} For F € {F, F,}, analogous to the proof of
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Theorem 1, we can easily obtain (mn)!/? (é\(F) — a(F)> = O,(1). Then

applying Taylor expansion to @(Q(F )) around ) = 00 we have

I o~ 8OO [~ ~ -
B3P = 3@ + # (37— 55 + 0, ((mn)2). (541

Define (6 = 2E {g(6®)} " G(6®)) and $(61) = 2¢(6)TG(6P).

By the law of large numbers and the continuous mapping theorem, we can

show that 1(80) 5 (8. Tt therefore follows from (S4.1) that

A~ N o~ o~

O(F'") — QE™) = Q™) — QE)) +w(H™) (87 —§")

- w(§<F2)) (é\(FQ) — §(F2)> + 0, ((mn)_lﬂ) )
(54.2)

Moreover, under conditions (C8)—~(C12), the GMME 6) can be obtained
by solving the first-order conditions associated with argmings) g @(Q(F F
that is, 12((9\(1: )) = 0. The probability limits 0 must satisfy the analogous

population moment condition w(g(F )) = 0. Therefore, we write {D as

QA)) — Q(B")) = Q(9) — QBU)) 4 o, ((mn)~V2) . (S4.3)

Under Hypp, we have Q(0UF)) = Q(A2); therefore, we can write

(523) as

QA —Q(A\F2)) = @(g(Fl))_Q(ﬁ(Fl))_@(g(Fz))_Q(g(ﬁ))_i_op ((mn)—1/2) _

(S4.4)
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In addition, notice that for F' € {F}, F5},

O™ — Q(FP) = g@") 4@ ~E{a(@™)} B {40}
= g(f")T [g(am) B { g(gm)}] (S4.5)
+E{g@)} [o@") - E{g@)}].
Therefore, by and (SZ3), we have
@) — GEF) — 28 {g<g<F1>)}T [g@(m) _E {g(@m))}]
~28{g@)} [96) ~ B {s@")}] + o, ((mm) )
= R() "¢ (1) + 0, ((mn) /%) .

This completes the entire proof.

S5 Additional Simulation and Empirical Results

S5.1 Simulation results for the link function test

Theorem establishes that the link function test statistic Trr has an
asymptotic normal distribution under the null hypothesis. To evaluate the
performance of T r, we examine the percentage of the true link function
selection (TS) and false link function selection (FS). In this study, we as-
sume that the true link function is LINK I (logistic). Next, we compare
the following two pairs of link functions: (i) LINK I (logistic) vs. LINK

IT (inverse of log-log) and (ii) LINK I (logistic) vs. LINK III (inverse of
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probit). Thus, the percentages of TS and FS can be computed based on
the selection results of the K replications. Table reports the TS and
F'S results for two pairs of link functions under variance designs V1 and V2
with a significance level of 0.05. The table reveals that TS increases and
tends to 100% given an increase in mn, while F'S is almost 0. As expected,
the selection results are almost correct and at least are not false. These

findings demonstrate the validity of our proposed testing procedure.

Table S.1: The selection results of the link function test T, r for two pairs of link functions

with a significance level of 0.05.

LINK I vs. LINK II LINK I vs. LINK III
(m, n) TS FS TS FS
(50,70) 65.5% 0% 59% 0%
Design V1 (50,90) 68% 0% 65% 0%
(100,90) 71.5% 0% 66.5% 0%
(50,70) 64.5% 0% 59.5% 0%
Design V2 (50,90) 67.5% 0% 63.5% 0%
(100,90) 1% 0% 65.5% 0%

S5.2 Simulation Results for Other Sparse Adjacency Matrix

To explore the simulation performance under various sparse patterns in the

adjacency matrix, we examine three other representative forms of sparsity:

(i) Dyadic Sparsity: A small set of node pairs (dyads) that are highly con-

nected, while other connections are sparse—reflecting scenarios where
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strong interactions are limited to a few node pairs.

(ii) Block Sparsity: Nodes are grouped into blocks with dense intra-block
and sparse inter-block connections, capturing community structures

often seen in social and collaborative networks.

(iii) Power-law Sparsity: The degree distribution follows a power law, re-
sulting in a few highly connected nodes (hubs) and many sparsely
connected ones. This type of sparsity is typical in scale-free networks

like social media or citation networks.

We conduct simulations under each of these sparse structures, and the re-
sults for LINK I are reported in Table[S.2] The results show that the model
performs well under all three patterns, demonstrating the robustness and

accuracy of the proposed method across different sparsity scenarios.
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S5.3 Empirical Results for the Link Function Test

To assess the adequacy of the link function and select the optimal one,
we first apply the link function test to each pair of three link functions in
Section 2.1; that is, LINK I (logistic) vs. LINK II (inverse of log-log), LINK
I (logistic) vs. LINK III (inverse of probit), and LINK II (inverse of log-log)
vs. LINK III (inverse of probit). For each test setting, we use the previous
quarterly dataset from the second quarter of 2022 to select an optimal link
function. We cannot reject any of the null hypotheses Hy at a significance
level of 0.05, which indicates that LINKs I, IT and III are equivalent for this
dataset. Finally, we apply LINK I with the smallest estimated objective
function (e.g., see Rivers and Vuong (2002))) to analyze the recent dataset
from the third quarter of 2022. We further conduct empirical studies by
applying LINKs IT and III. Tables and report the regression results
of MNIM for LINKs II and III, respectively, which yield similar findings to
those obtained from LINK I in Table 2 of the paper. This further supports

that the results are indeed similar for three link functions.

S5.4 Empirical Results for the Grouped Regression

Inspired by Remark 2, we further explore covariate heterogeneity under

a group specification. Using spectral clustering on the similarity matri-
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Table S.3: The regression results of MNIM for LINK II with coefficient estimates, esti-

mated standard errors, and p-values.

Variables Estimate Standard Error p-value

size 0.1501 0.0325 <0.0001

volatility -0.2009 0.8697 0.8173

X1 return 0.4022 0.4804 0.4024
age -0.5581 0.0834 <0.0001

size 0.0001 0.0000 <0.0001

Xo volatility 0.0021 0.0004 <0.0001
return 0.2021 0.1903 0.2881

intercept 0.2794 0.9382 0.7659

size 0.4978 0.1184 <0.0001

d volatility 0.4235 0.8948 0.6360
degree 0.2643 0.0486 <0.0001

Table S.4: The regression results of MNIM for LINK III with coefficient estimates,

estimated standard errors, and p-values.

Variables Estimate Standard Error p-value

size 0.1465 0.0394 0.0002

volatility -0.2009 1.2433 0.8716

X1 return 0.4023 0.6521 0.5373
age -0.5596 0.0938 <0.0001

size 0.0001 0.0000 <0.0001

Xo volatility 0.0030 0.0004 <0.0001
return 0.2022 0.1992 0.3102

intercept 0.2999 1.1128 0.7875

size 0.4976 0.1215 <0.0001

d volatility 0.4011 2.4366 0.8693
degree 0.3017 0.0636 <0.0001
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ces—constructed from X; and A5 via a Gaussian kernel—we identify three
distinct groups among funds and a single unified group among stocks. Ac-
cordingly, we partition X; into group-specific components X, 4, X 4,, and
X145, While maintaining X, and Z common across all observations. The
grouped regression results, shown in Table [S.5] reveal substantial hetero-
geneity across groups, which is obscured under the pooled model. Specif-
ically, for X;, size shows significantly positive effects in groups g, and gs,
but is slightly negative in ¢;, averaging to a moderate positive effect in
the pooled model; return is positively associated in g, but negatively in gy,
resulting in an insignificant pooled effect; age consistently has a negative
effect across groups, with the strongest impact observed in go. For X, al-
lowing group-specific variation in X; leads to more precise estimates, with
volatility and return becoming significant compared to the pooled model.
Importantly, the estimates for Z remain stable, indicating that group het-
erogeneity primarily affects covariate-response relationships rather than the
structural component. Overall, introducing group-specific effects uncovers
richer covariate structures and improves model interpretability compared

to the aggregated approach.



S6. THE DETAILS OF VARIANCE DESIGNS V1 AND V2
Table S.5: The grouped regression results of MNIM for LINK I with coefficient estimates,

estimated standard errors, and p-values.

Variables Estimate Standard Error p-value

size -0.0998 0.0602 0.0973

volatility 0.0877 0.0441 0.0467

X1 return -0.1128 0.0419 0.0072
age -0.0453 0.0433 0.2948

size 0.3645 0.0195 <0.0001

volatility 0.0198 0.0664 0.7656

X1,92 return 0.3010 0.0299 <0.0001
age -0.5014 0.0004 <0.0001

size 0.0562 0.0273 0.0397

volatility 0.0330 0.0405 0.4151

X1,93 return 0.0319 0.0347 0.3581
age -0.0408 0.0354 0.2484

size -0.0148 0.0200 0.4953

Xo volatility 0.0959 0.0318 0.0026
return -0.0467 0.0206 0.0235

intercept 0.3001 2.0282 0.8824

size 0.4978 0.2217 0.0241

z volatility 0.4013 4.0782 0.9219
degree 0.2990 0.1081 0.0056

S6 The Details of Variance Designs V1 and V2

To generate heteroscedastic disturbances, we consider group structures.
That is, the error terms ¢;; are generated from the normal distribution with
means of 0 and different variances across groups. First, we randomly divide
the m individuals and n dimensions of vector response into M = m/10 and
N = n/10 groups (round to the closest integer), respectively. This leads
to a total M x N groups. Figure [I] presents the structure of the groups.
For h=1,--- , M — 1, the individual group size r}, is determined by a uni-

form U(3,17) variable (rounded to the closest integer); therefore, the mean
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dimension group 1

dimension group 2

dimension group N

(1) (c2) (cx)
individual group 1 group 1 group 2 group V
(1) (r1xcq) (r1%c2) (riXxey)
individual group 2 group M +1 group V' + 2 group 2xXN
(r2) (rzXxcq) (r2%c3) (r2Xxcy)
individual group M group (M — 1)XN +1 group (M — 1)XN +2 group MXN
(Txc) (racxcq) (racXcz) (racXcy)

Figure 1: The illustration of group structures. Forh=1,--- ,Mands=1,--- , N, each
group size is the product of the corresponding individual group size r; and dimension

group size ¢y, which are listed in parentheses.

row group size is approximately 10. For s = 1,--- , N — 1, we similarly
determine the dimension group size ¢, as the individual group size with a
mean column group size of approximately 10. For completeness, we define
T = m—ZhM:II rp and ey = m—Z?i_ll ¢s. Accordingly, forh=1,--- , M
and s = 1,--- , N, the unit group size is r, X c¢,. Next, we consider two
variance structures based on this particular design.

Design V1. For individual ¢ € h and dimension j € s, if the group size
Th X ¢s is greater than 100, then the variance of €; is (r, X cs/m/n)?;

4

otherwise, the variance is (r, X ¢g)™*.

Design V2. For individual ¢ € h and dimension j € s, the variance of ¢;;
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is (r, x cg) 72
As the group size increases, the variance function of V1 decreases and then

increases, while that of V2 decreases. Thus, under the two variance designs,

we can generate the error term vector € = (€11, , €m1, " €1ny*** 5 €mn)-
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