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Supplementary Materials

In Supplement S.1, we give the ADMM algorithm designed for the opti-

mization problem (3.5).

In Supplement S.2, we present the complete algorithm for estimating the

parameters.

In Supplement S.3, we provide the regularity conditions required for the

theorem in Section 4 and a detailed explanation of these conditions.

In Supplement S.4, we compare the proposed TensorReg IV method and

CNNs on real lung images in terms of prediction results.

In Supplement S.5, we detail the network architecture and tuning methods

for the CNNs used in Sections 5 and S.4.

In Supplement S.6, we add additional prediction results in Section 5.

In Supplement S.7, we provide 2D simulation studies.

In Supplement S.8, we present the simulation results for normal and Poisson

distributions in three-dimensional images.

In Supplement S.9, we perform a sensitivity analysis on the selection of

rank R and penalty coefficient λ.

In Supplement S.10, we provide a detailed discussion of model selection

using BIC and a comparison with AIC.

In Supplement S.11, we validate the effectiveness of the bootstrap procedure

proposed in Section 3.2.
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S.1 ADMM Algorithm

In Supplement S.12, we offer lemmas used in the theorem proofs and their

corresponding proofs.

In Supplement S.13, we provide proofs of Theorems in Section 4.

S.1 ADMM Algorithm

In this section, we focus on the most critical step (3.5) in Algorithm 1: esti-

mating ad if κ and Ad′ ̸=d’s are fixed. The non-smoothness of the ∥Ddad∥1

makes traditional algorithms, such as gradient descent, suffer from slow

convergence. We adopt the Alternating Directional Method of Multipliers

(ADMM) algorithm, which has been frequently used in distributed settings

(Boyd et al., 2011). More specifically, we can rewrite (3.5) in an equivalent

form by introducing an auxiliary variable r,

min
ad

L(ad) + λn∥Ddad∥1 s.t. Ddad = r, (S.1)

where r ∈ RR(pd−1) and let L(ad) denote L(Xdad) for ease of notation.

The corresponding augmented Lagrangian of (S.1) is L(ad) + λn∥r∥1 +

⟨µ,Ddad − r⟩ + ρ
2
∥Ddad − r∥22, where µ is the Lagrangian multiplier and

ρ > 0 is a hyperparameter. The algorithm consists of the iterations, which

correspond to the following subproblems:

a
(j+1)
d = argmin

ad

L(ad) +
〈
µ(j),Ddad

〉
+
ρ

2
∥Ddad − r(j)∥22,

r(j+1) = argmin
r

λn∥r∥1 −
〈
µ(j), r

〉
+
ρ

2
∥Dda

(j+1)
d − r∥22,

µ(j+1) = µ(j) + ρ
(
Dda

(j+1)
d − r(j+1)

)
.
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S.1 ADMM Algorithm

It yields the ADMM algorithm,

a
(j+1)
d = argmin

ad

L(ad) +
ρ

2
∥Ddad − r(j) + ρ−1µ(j)∥22, (S.2)

r(j+1) = Sλ/ρ

(
Dda

(j+1)
d + ρ−1µ(j)

)
, (S.3)

µ(j+1) = µ(j) + ρ
(
Dda

(j+1)
d − r(j+1)

)
,

where Sλ/ρ in (S.3) is a soft thresholding operator Sa(x) = sign(x)max(|x|−

a, 0). The ad-update (S.2) is a proximal operator evaluation, which can be

done by any standard method, such as Newton’s method.

As for the stopping criterion, Boyd et al. (2011) defined the primal

residual at iteration j as u
(j)
1 = Dda

(j)
d − r(j), and the dual residual as

u
(j)
2 = ρDT

d

(
r(j) − r(j−1)

)
. They suggested a reasonable termination crite-

rion is when both residuals are small, i.e., ∥u(j)
1 ∥2 ≤ ϵpri and ∥u(j)

2 ∥2 ≤ ϵdual.

The feasibility tolerances ϵpri and ϵdual are defined as ϵpri =
√
nϵabs +

ϵrelmax{∥Dda
(j)
d ∥2, ∥r(j)∥2} and ϵdual =

√
Rpdϵ

abs + ϵrel∥DT
d µ

(j)∥2, where

ϵabs and ϵrel are predetermined tolerances. In our numerical studies, we set

ϵabs = 10−4 and ϵrel = 10−3, terminating the iterations when these criteria

are met or the maximum number of iterations is reached.

Remark 1. In addition to the exponential family likelihoods, the above

ADMM algorithm can be further extended to quasi-likelihoods, such as

hinge loss and huber loss. Moreover, if the likelihoods in the ad-update

(S.2) are of the form of a function on y − Xa, then we can obtain the

explicit solution of a by applying the ADMM algorithm with an additional
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S.2 Detailed Algorithm

Algorithm 1: Block relaxation algorithm for minimizing (3.1)
Data: dataset {yi, zi,Xi}ni=1, tensor rank R, tuning parameter λn,

number of iterations T , initial value of κ(0),A
(0)
1 , . . . ,A

(0)
D ,

convergence threshold ε.

1 repeat

2 for d = 1, 2, . . . , D do

3 a
(t+1)
d = argmin

ad

L(κ(t),A
(t)
1 , . . . ,A

(t)
d−1,ad,A

(t)
d+1, . . . ,A

(t)
D ) +

λn∥D(t)
d ad∥1

4 end

5 κ(t+1) = argmin
κ

L(κ,A
(t+1)
1 , . . . ,A

(t+1)
D )

6 until
∣∣∣∣L(κ(t),A

(t)
1 ,...,A

(t)
D )−L(κ(t+1),A

(t+1)
1 ,...,A

(t+1)
D )

L(κ(t),A
(t)
1 ,...,A

(t)
D )

∣∣∣∣ < ε or t > T ;

7 return κ(t+1),A
(t+1)
1 , . . . ,A

(t+1)
D .

subproblem being subject to s = y − Xa. For example, the solution

of ad (S.2) for normal tensor regression is a
(j+1)
d =

(
XT

d Xd + ρDT
dDd

)−1

(
Xdy + ρDT

d r
(j) −DT

d µ
(j)
)
, where Xd is derived from (3.3).

S.2 Detailed Algorithm

In this section, we provide a detailed explanation of the Block Relaxation

Algorithm for the optimization problem 3.1.

Remark 2. Regularized GLM using generalized lasso can be further ex-

tended to include other penalties of the form ∥Ddad∥1, such as Lasso
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S.3 Regularity Conditions in Section 4

and Fusion Lasso. For example, the calculation of the Lasso penalty is

∥A∥lasso =
∑R

r=1

∑D
d=1 ∥ard∥1, which can be rewritten in the form of a gen-

eralized lasso: ∥A∥lasso = ∥Ddad∥1 with Dd = IR⊗Id, where ad = vec(Ad),

IR ∈ RR×R, and Id ∈ Rpd×pd . Therefore, the block relaxation algorithm 1

in the Supplement Material S.2. can be applied to these and other similar

penalties.

S.3 Regularity Conditions in Section 4

In this section, we present the conditions for studying the asymptotic prop-

erties of the estimators without regularization and non-asymptotic error

bound of IV regularized estimate Â in (4.2). First, we provide the condi-

tions required for Theorem 1.

(C1) The observations {yi, zi,Xi}ni=1 are i.i.d., the covariates zi and Xi

are both from bounded distribution. The eigenvalues of E[zzT |X ] and of

E[vec(X )vec(X )T |z] are bounded away from 0 and ∞.

(C2) The Fisher information matrix I(κ0,A0) is finite and nonsingular

at true parameter point (κ0,A0), where I(κ0,A0) is defined as Lemma 1.

Condition C1 is a standard boundedness assumption that ensures the

asymptotic normality of the estimator, commonly used in high-dimensional

regression problems (Wang et al., 2011). This condition is satisfied by

most distributions, including Gaussian and exponential distributions. Con-

dition C2 primarily ensures the identifiability of the tensor coefficients, a
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S.4 TensorReg IV vs CNN

requirement frequently found in the literature (Zhou et al., 2013; Li et al.,

2018). Although global identifiability is challenging to establish with a

finite sample, a parameter point A is asymptotically and globally identifi-

able if it has a unique decomposition up to scaling and permutation, and

if E[vec(X )vec(X )T ] is of full rank. Empirically, if
∑n

i=1 vec(Xi)vec(Xi)
T

maintains full rank, the entire coefficient array becomes globally identifi-

able, ensuring the decomposition’s identifiability whenever it is unique.

S.4 TensorReg IV vs CNN

In this section, we provide a detailed comparison between the proposed Ten-

sorReg IV and CNN methods on a publicly available medical image dataset.

We chose the ChestMNIST dataset from MedMNIST (Yang et al., 2023),

which consists of chest X-ray images with a resolution of 28×28 and a total

of 112,120 samples. To maintain consistency with the limited sample size

in our real data, we randomly selected 500 training samples and 200 testing

samples. The binary labels were generated following the method described

in Section S.7, where the response variable yi is binomially distributed with

probability pi = 1/[1+exp(−ηi)] and ηi = ⟨Xi,A0⟩. We selected four differ-

ent shapes for A0: Square, T, Swiss, and Circle. Examples of ChestMNIST

samples and the four signals used are shown in Figure 1.

We conducted 100 experiments for each signal, training on the 500

training samples and evaluating the final prediction results on the testing

samples. The accuracy, sensitivity, and specificity for TensorReg IV and

6



S.4 TensorReg IV vs CNN

Chest Image 1 Chest Image 2 Chest Image 3 Chest Image 4

Signal: rectangle Signal: T Signal: swiss Signal: circle

Figure 1: Examples of ChestMNIST samples and the four signals.

CNN are presented in Table 1. The results indicate that our proposed

TensorReg IV performs well on real images, comparable to CNN. Notably,

due to the label generation process, there are more y = 1 samples than

y = 0 samples, resulting in an imbalanced label issue. Many studies have

shown that sample imbalance can affect the performance of CNNs (Yue and

Wang, 2017; Buda et al., 2018). We observe that both TensorReg IV and

CNN exhibit poor specificity for the Circle signal due to label imbalance,

but IV significantly outperforms CNN in this regard.
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S.5 Tuning and Architectures for the CNNs in Numerical Studies

Table 1: Empirical means and standard errors of prediction results under
different signal shapes of A0 based on 100 replications.

A0 CNN TensorReg IV

Accuracy rectangle 0.926(0.041) 0.921(0.040)

swiss 0.933(0.057) 0.944(0.038)

T 0.956(0.044) 0.963(0.030)

circle 0.900(0.039) 0.911(0.029)

Sensitivity rectangle 0.938(0.069) 0.935(0.040)

swiss 0.935(0.086) 0.944(0.043)

T 0.905(0.154) 0.942(0.044)

circle 0.979(0.021) 0.952(0.021)

Specificity rectangle 0.909(0.099) 0.903(0.055)

swiss 0.933(0.111) 0.944(0.039)

T 0.979(0.022) 0.972(0.029)

circle 0.407(0.334) 0.648(0.125)

S.5 Tuning and Architectures for the CNNs in Numerical Stud-

ies

In Section 5 and Section S.4, we use a Convolutional Neural Network (CNN)

architecture and tune its hyperparameters using the Optuna library. The

architecture consists of several layers as described below. Firstly, the CNN
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S.5 Tuning and Architectures for the CNNs in Numerical Studies

model contains two 2D convolutional layers and two fully connected lay-

ers. The first convolutional layer (conv1) has a tunable number of filters

(num_filters1), with each filter having a kernel size of 3× 3 (kernel_size).

This layer receives single-channel input images of size 28×28 or 30×30×30

and, due to padding and stride settings, produces feature maps of the same

size. It is followed by a max-pooling layer (pool) with a kernel size of 2× 2

and a stride of 2, effectively halving the spatial dimensions of the feature

maps. The second convolutional layer (conv2) also has a tunable number

of filters (num_filters2) with a kernel size of 3 × 3. Similar to the first

convolutional layer, it is followed by a max-pooling layer, further reducing

the spatial dimensions of the feature maps.

To handle different sizes after convolution and pooling, the method

_get_conv_output automatically calculates the size of the flattened fea-

ture maps. These flattened feature maps are passed to a fully connected

layer (fc1) with a tunable number of units (fc_size), followed by a second

fully connected layer (fc2) that generates the final output logits for the two

classes. Finally, a softmax layer (softmax) is used to convert the logits into

probabilities.

To optimize the model, we use the Adam optimizer and tune its hyper-

parameters using Optuna. The specific tuning process is as follows:

1. Define the Objective Function: In the objective function, we

define the model architecture and training process. The objective func-
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S.5 Tuning and Architectures for the CNNs in Numerical Studies

tion receives the Optuna trial object, from which it obtains the suggested

hyperparameter values, and returns the validation loss.

2. Suggest Hyperparameter Values: In each trial, Optuna samples

hyperparameter values from specified ranges. Specifically:

• Learning rate (lr): range between 1e-5 and 1e-1.

• Number of filters in the first convolutional layer (num_filters1): range

between 16 and 64.

• Number of filters in the second convolutional layer (num_filters2):

range between 32 and 128.

• Kernel size (kernel_size): range between 3 and 5.

• Number of units in the fully connected layer (fc_size): range between

64 and 256.

3. Model Training and Evaluation: Optuna randomly selectes 50

different hyperparameter combinations, that is, 50 trails. In each trial,

the model is constructed and trained using the suggested hyperparameter

values. During training, we use the CrossEntropyLoss and the Adam opti-

mizer. The model is trained on the training data, and the validation loss is

calculated.

4. Record Best Hyperparameter Configuration: Optuna records

the best hyperparameter configuration based on the principle of minimizing
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S.5 Tuning and Architectures for the CNNs in Numerical Studies

the validation loss.

5. Multiple Experiments: We conduct 100 experiments, each time

randomly selecting n samples from the training data and predicting on the

testing set, calculating accuracy, sensitivity, and specificity.

In the CRS image data, we also use a similar CNN network architecture.

However, due to the increased dimensions of the images, computational

costs increase, necessitating simplified changes to the previous network. To

address memory constraints, we make the following changes:

• Input Image Dimensions: The input image dimensions change to

100× 256× 256.

• Number of Filters: The simplified model uses fewer filters in both

convolutional layers. Specifically, the first convolutional layer has a

range of 8 to 16 filters (instead of 16 to 64), and the second convolu-

tional layer has a range of 16 to 32 filters (instead of 32 to 128).

• Fully Connected Layer Size: The number of units in the fully

connected layer in the simplified model ranges from 32 to 64 (instead

of 64 to 256).

• Batch Size: Due to memory constraints, the batch size during train-

ing is reduced to 8, compared to the original model’s batch size.

• Model Training and Validation: The training and validation pro-
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S.6 Additional Prediction Results in Section 5

cess remains the same, but additional steps to clear CUDA cache

and free memory after each epoch and simulation are implemented to

manage memory usage effectively.

• Hyperparameter Tuning: Optuna randomly selects 25 hyperpa-

rameter combinations, instead of 50.

S.6 Additional Prediction Results in Section 5

Table 2 provides the sensitivity and specificity results in Section 5.
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S.6 Additional Prediction Results in Section 5

Table 2: Mean and standard error of prediction results using TensorReg IV
and competing methods under different signal shapes of A0 and sample size
n based on 100 replications.

A0 n VoxelReg TensorReg TensorReg Lasso CNN TensorReg IV

P [ŷ = 1|y = 1] One brick 500 0.515(0.045) 0.581(0.123) 0.570(0.112) 0.564 (0.395) 0.661(0.174)

700 0.525(0.040) 0.677(0.173) 0.745(0.169) 0.535 (0.367) 0.812(0.148)

1000 0.534(0.033) 0.789(0.155) 0.780(0.160) 0.601 (0.304) 0.880(0.045)

Two bricks 500 0.517(0.049) 0.509(0.048) 0.556(0.071) 0.513 (0.388) 0.629(0.130)

700 0.522(0.044) 0.536(0.052) 0.701(0.122) 0.517 (0.356) 0.805(0.131)

1000 0.529(0.034) 0.645(0.132) 0.844(0.094) 0.579 (0.285) 0.864(0.089)

Three cross 500 0.512(0.049) 0.531(0.054) 0.601(0.069) 0.474 (0.400) 0.661(0.100)

700 0.525(0.040) 0.530(0.064) 0.679(0.050) 0.546 (0.334) 0.735(0.079)

1000 0.529(0.030) 0.597(0.094) 0.734(0.034) 0.657 (0.254) 0.826(0.079)

Pyramid 500 0.522(0.049) 0.530(0.089) 0.593(0.052) 0.555 (0.394) 0.702(0.063)

700 0.527(0.043) 0.581(0.092) 0.638(0.051) 0.615 (0.305) 0.750(0.041)

1000 0.529(0.037) 0.654(0.096) 0.698(0.048) 0.601 (0.314) 0.777(0.041)

P [ŷ = 0|y = 0] One brick 500 0.513(0.050) 0.578(0.124) 0.581(0.116) 0.518 (0.396) 0.664(0.169)

700 0.525(0.042) 0.688(0.172) 0.746(0.171) 0.594 (0.359) 0.817(0.140)

1000 0.530(0.035) 0.785(0.154) 0.779(0.153) 0.620 (0.305) 0.878(0.039

Two bricks 500 0.521(0.048) 0.514(0.047) 0.549(0.069) 0.560 (0.387) 0.630(0.126)

700 0.524(0.046) 0.539(0.052) 0.697(0.120) 0.607 (0.353) 0.803(0.133)

1000 0.523(0.031) 0.647(0.127) 0.846(0.086) 0.618 (0.276) 0.865(0.089)

Three cross 500 0.521(0.054) 0.517(0.054) 0.589(0.073) 0.646 (0.379) 0.657(0.102)

700 0.528(0.043) 0.536(0.060) 0.677(0.054) 0.680 (0.292) 0.733(0.075)

1000 0.536(0.034) 0.604(0.095) 0.740(0.031) 0.651 (0.279) 0.826(0.081)

Pyramid 500 0.517(0.045) 0.536(0.088) 0.608(0.053) 0.585 (0.376) 0.700(0.058)

700 0.516(0.038) 0.584(0.088) 0.632(0.053) 0.648 (0.307) 0.750(0.045)

1000 0.534(0.030) 0.655(0.092) 0.708(0.049) 0.718 (0.249) 0.778(0.041)
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S.7 2D Simulations

S.7 2D Simulations

We start by examining the performance of TensorReg IV with different

signal shapes. In the 2D case, we consider the response yi as binomially

distributed with probability pi = 1/[1+exp(−ηi)] and ηi = zTi κ0+⟨Xi,A0⟩.

We generate Xi as a 64× 64 matrix and z as a 5-dimensional vector, both

with standard normal entries, and assume κ0 = (1, 1, 1, 1, 1)T . The tensor

coefficient A0 has five different signal regions: Square, T, Swiss, Triangle,

and Circle. We set the signal tensor ranks as 1 for Square, 2 for T and

Swiss, and 3 for the rest for comparison. The sample size n is 1000.

Table 3 presents the estimation accuracy and prediction performance of

the four methods. The VoxelReg method has the poorest performance due

to the ultra-high dimensionality of A. The proposed method outperforms

the competing methods in recovering the true signal with smaller RMSEs.

The standard errors of ∥Â − A0∥F for TensorReg IV are much smaller,

indicating accurate and stable estimates. Table 3 also shows that TensorReg

IV has higher accuracy, sensitivity, and specificity than the other three

methods. We visualize the estimates Â from a randomly selected simulation

dataset for the four methods in Figure 2. For all shapes, the proposed

method better captures the shape and boundaries of the true signals.
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S.7 2D Simulations

Table 3: Empirical means and standard errors of ∥Â−A0∥F and prediction
results under different signal shapes of A0 based on 100 replications.

A0 VoxelReg TensorReg TensorReg Lasso TensorReg IV

∥Â−A0∥F Square 20.990(0.028) 6.059(0.661) 2.723(1.236) 2.337(0.733)

T 11.530(0.033) 6.625(3.288) 5.541(2.729) 2.018(0.392)

Swiss 11.842(0.032) 6.971(3.672) 4.776(2.002) 2.838(0.406)

Triangle 11.212(0.031) 8.282(0.480) 7.779(1.032) 5.962(0.427)

Circle 16.799(0.036) 11.114(0.290) 9.624(2.959) 7.243(0.803)

P [ŷ = y] Square 0.612(0.026) 0.921(0.016) 0.957(0.011) 0.957(0.011)

T 0.600(0.026) 0.836(0.048) 0.861(0.067) 0.920(0.015)

Swiss 0.603(0.024) 0.833(0.052) 0.880(0.050) 0.916(0.013)

Triangle 0.604(0.023) 0.758(0.024) 0.789(0.021) 0.833(0.019)

Circle 0.605(0.024) 0.807(0.022) 0.820(0.067) 0.869(0.022)

P [ŷ = 1|y = 1] Square 0.610(0.036) 0.923(0.020) 0.958(0.014) 0.958(0.015)

T 0.597(0.032) 0.837(0.049) 0.862(0.068) 0.920(0.020)

Swiss 0.601(0.035) 0.834(0.057) 0.881(0.053) 0.915(0.022)

Triangle 0.608(0.034) 0.756(0.033) 0.790(0.027) 0.835(0.026)

Circle 0.607(0.033) 0.806(0.026) 0.819(0.069) 0.871(0.028)

P [ŷ = 0|y = 0] Square 0.614(0.038) 0.920(0.021) 0.956(0.016) 0.957(0.015)

T 0.602(0.037) 0.835(0.053) 0.861(0.069) 0.920(0.018)

Swiss 0.605(0.033) 0.831(0.053) 0.879(0.051) 0.917(0.017)

Triangle 0.601(0.034) 0.759(0.031) 0.788(0.031) 0.832(0.026)

Circle 0.604(0.040) 0.808(0.027) 0.822(0.072) 0.868(0.026)
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S.7 2D Simulations

Figure 2: Snapshots of tensor estimates with different signal strengths under
TensorReg IV and other competing methods. The sample size is 1000.
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S.8 3D Simulations for Normal and Poisson Distributions

S.8 3D Simulations for Normal and Poisson Distributions

In this section, we provide additional numerical studies for normal and

Poisson distributions. We follow the data generating scheme in Section 5

and obtain η = zTκ0+⟨X ,A0⟩. Then we generate the response through the

GLM models: For the normal model, y ∼ Normal(µ, 1) where µ = η, and

for the Poisson model, y ∼ Poisson(µ). µ = exp(0.5η). Table 4 presents

the estimation results of three tensor regression methods for normal and

Poisson distributions. Due to the excessively large error, we exclude the

VoxelReg method from consideration. We see that the normal responses

exhibit competitive performance, whereas the Poisson case is relatively more

challenging. TensorReg IV still achieves superior performance in almost all

settings.
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S.8 3D Simulations for Normal and Poisson Distributions

Table 4: Mean and standard Error of ∥Â − A0∥F for IV and competing
methods across various A0 signal shapes and sample size n in normal and
Poisson distributions.

Distribution Signal shape n TensorReg TensorReg Lasso TensorReg IV

Normal One brick 500 4.400(3.871) 3.298(3.724) 0.737(1.169)

700 2.937(4.302) 1.934(5.370) 0.663(2.540)

1000 1.513(2.673) 1.802(2.916) 0.459(0.940)

Two bricks 500 13.008(1.654) 4.806(4.976) 2.150(2.339)

700 6.597(4.779) 1.801(3.113) 1.012(1.203)

1000 2.232(3.398) 0.952(1.910) 0.537(0.076)

Three cross 500 19.781(4.578) 9.913(3.041) 2.404(2.487)

700 10.628(7.284) 4.247(3.600) 1.174(1.384)

1000 3.326(5.284) 1.677(2.043) 0.625(0.071)

Pyramid 500 31.177(1.639) 28.474(3.081) 11.620(1.089)

700 32.298(2.416) 16.998(2.370) 8.316(0.690)

1000 21.738(6.263) 9.354(1.159) 5.836(0.498)

Poisson One brick 500 8.216(3.163) 5.825(3.656) 3.737(3.684)

700 6.231(3.885) 3.841(3.520) 1.971(2.594)

1000 4.393(3.882) 1.538(2.093) 1.916(2.609)

Two bricks 500 14.602(0.656) 13.047(0.668) 8.259(3.579)

700 12.992(1.116) 11.000(2.162) 5.336(3.241)

1000 11.188(2.480) 7.474(3.499) 4.778(2.698)

Three cross 500 27.959(1.813) 19.250(2.400) 13.997(3.229)

700 21.902(2.100) 13.438(2.586) 10.063(1.905)

1000 14.649(4.168) 9.931(1.620) 6.899(2.720)

Pyramid 500 30.063(1.923) 19.573(3.026) 14.215(1.613)

700 15.547(2.390) 14.936(1.437) 13.343(1.033)

1000 18.302(4.818) 13.696(0.725) 12.296(1.176)
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S.9 Sensitivity Analysis on R and λ

S.9 Sensitivity Analysis on R and λ

The selection of rank R and penalty coefficient λ is crucial for model esti-

mation. In this section, we present a sensitivity analysis of R and λ. Our

experimental setup follows the “One Brick” scenario in Section 5, where

the true rank is 1. First, we set the rank R to 1, 2, 3, 4, and 5. For each

rank, we use λ = 2, 3, 4, 5, 6, resulting in a total of 25 combinations of R

and λ. We generate 100 simulated datasets, and each simulated dataset is

trained using these 25 combinations. The estimation errors ∥κ̂− κ0∥2 and

∥Â − A0∥F are shown in Figure 3. From Figure 3, it can be seen that the

selection of rank R is more important. The further the selected rank devi-

ates from the true rank, the worse the estimation performance. In contrast,

the choice of λ is less sensitive since different λ values perform similarly

under the same rank. Especially when R = 1, the estimation accuracy of Â

is very high across all λ values, and it can be considered at the same level.

Even for higher ranks, the different λ values still produce similar levels of

∥Â − A0∥F .

S.10 Discussion about AIC and BIC

As suggested by one reviewer, both AIC and BIC can be used to select the

rank R and penalty coefficient λ. Using the simulation setup described in

the Supplement Material S.9, we discuss and compare these two criteria.

In 100 simulations, we recorded the BIC and AIC for the 25 combinations
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Figure 3: ∥κ̂ − κ0∥2 and ∥Â − A0∥F under different combinations of rank
R and penalty coefficient λ.

of rank R and penalty coefficient λ. For each simulation, we selected the

combination corresponding to the minimum BIC. Similarly, we selected

the combination corresponding to the minimum AIC. As discussed in the

Supplement Material S.9, the selection of rank R is more important. We

found that using BIC, the correct rank was selected in 82% of the cases,

while using AIC, the correct rank was selected in 73%. It can be seen that

selecting the correct rank R with AIC is also within an acceptable range,

but BIC is more accurate. This is mainly because in tensor regression

models, most coefficients exhibit high sparsity or fused sparsity. There-

fore, when choosing between AIC and BIC, BIC imposes a stronger penalty

on the coefficients, making it more suitable for selecting simpler and more

interpretable models. When the tensor coefficients have high complexity,

AIC can be considered for model selection to reduce the penalty on co-
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efficient simplicity. In our simulations and real data, we focus more on

simpler model results, especially for piecewise smooth constraints on im-

age coefficients. We prefer to strengthen the constraint on this property in

the criteria, so we recommend choosing BIC. Similar choices are also seen

in many tensor regression literature, such as Zhou et al. (2013); Li et al.

(2018); Lu et al. (2020); Feng et al. (2021). Additionally, BIC is gener-

ally strongly consistent (Nishii et al., 1988; Bai et al., 2018), whereas AIC

requires more stringent conditions to achieve consistency (Fujikoshi, 1985;

Yanagihara et al., 2015). From a theoretical standpoint, BIC is therefore

preferred.

S.11 Effectiveness of the Proposed Bootstrap Procedure

For computational considerations, we validate the proposed bootstrap pro-

cedure in the three-dimensional normal setting under the “One brick” and

“Two bricks” scenarios. We set η = zT (δ · κ0) + ⟨X , δ · A0⟩, where 0 ≤

δ ≤ 1. We used 100 simulated datasets with 100 bootstrap samples.

The bootstrap weights were simulated from the Multinomial distribution

Multi(n, 1
n
, . . . , 1

n
). The significance level is set at 5% throughout the sim-

ulation. Table 5 presents the Type I and II error rates for testing A = 0.

Inspecting Table 5 reveals that the proposed bootstrap procedure performs

well. The Type I error rates were relatively accurate, while the statistical

power for rejecting the null hypotheses significantly increased with the sig-

nal. Additionally, it can be seen that for the same δ, the rejection rate in
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the “Two bricks” scenario is higher than in the “One brick” setting, which

is reasonable since the “Two bricks” scenario inherently has more non-zero

elements.

Table 5: Type I and II Error Rates

δ 0 0.3 0.5

One brick 0.03 0.70 0.80

Two bricks 0.06 0.84 0.95

S.12 Technical lemmas

We first give derivations about gradients and Hessian matrices in ten-

sor regression and some useful lemmas. Denote ρℓ(η) = (dµ/dη)l /σ2(η)

and qℓ(y, η) = ∂ℓℓ (y, η) /∂ηℓ), where σ2(η) = a(ϕ)(ψ̇((ḃ)−1(g−1(η)))) and

ℓ (y, η) = −((yθ − ψ(θ))/a(ϕ) + c(y, ϕ)) also denotes the negative log-

likelihood function. Therefore, l((κ,A), y) and ℓ(y, η) share the same mean-

ing. With direct calculations, we have

q1(y, η) =
∂ℓ (y, η)

∂η
= (µ− y) ρ1(η), q2(y, η) =

∂2ℓ (y, η)

∂η2
= (µ− y) ρ′1(η) + ρ2(η).

Lemma 1. Under the setting of Theorem 1, the gradients of L(θ) =∑n
i=1 l((κ,A), yi) =

∑n
i=1 ℓ

(
yi, z

T
i κ+ xTi f(A)

)
in non-regularized tensor

regression (κ̂, Â) = argmin
κ,A

∑n
i=1 l ((κ,A), yi) are

∂L(θ)

∂θ
=

n∑
i=1

(µi − yi)µ̇i(ηi)

σ2
i

∂ηi
∂θ

,
∂ηi
∂θ

=
[
zTi ,x

T
i J(A)

]T
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with J(A) is defined by (4.1). For the Hessian matrix,

∂2L(θ)

∂θ∂Tθ
=

n∑
i=1

[µ̇i(ηi)]
2 + (µi − yi)µ̈i(ηi)

σ2
i

 ziz
T
i zix

T
i J(A)

JT (A)xiz
T
i JT (A)xix

T
i J(A)


+

n∑
i=1

(µi − yi)µ̇i(ηi)

σ2
i

∂2ηi
∂θ∂Tθ

.

The Fisher Information matrix of L(θ) is

I(θ) = −
n∑
i=1

[µ̇i(ηi)]
2

σ2
i

 ziz
T
i zix

T
i J(A)

JT (A)xiz
T
i JT (A)xix

T
i J(A)

 .
Lemma 2. Under the setting of Theorem 1, let η0 = zTκ0 + xTf(A0),

η0i = zTi κ0 + xTi f(A0). Let µ0 = g−1(η0), µ0i = g−1(η0i) correspondingly.

Define

κ̌ = argmin
κ

n∑
i=1

ℓ
(
yi, (zi − h(Xi))

Tκ+ xTi f(A0) + h(Xi)
Tκ0

)
= argmin

κ

n∑
i=1

ℓ
(
yi, z̃

T
i κ+ xTi f(A0) + h(Xi)

Tκ0

)
.

Then, under Conditions C1-C2, it has
√
n(κ̌ − κ0) → N

(
0,Σ−1

1 Σ2Σ
−1
1

)
,

where Σ1 = E
[
ρ2(η0)z̃z̃

T
]

and Σ2 = E
[
q21(y, η0)z̃z̃

T
]
.

Proof. Let δ =
√
n(κ− κ0) and δ̌ =

√
n(κ̂− κ0). Since that κ̌ minimizes

n∑
i=1

ℓ
(
yi, z̃

T
i κ+ xTi f(A0) + h(Xi)

Tκ0

)
,

then δ̌ minimizes

Mn(δ) =
n∑
i=1

[
ℓ
(
yi, η0i + n−1/2z̃Ti δ

)
− ℓ (yi, η0i)

]
.
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By Taylor expansion,

Mn(δ) =
1√
n

n∑
i=1

q1(yi, η0i)z̃
T
i δ +

1

2
δTΣ3δ, (S.4)

where Σ3 = n−1
∑n

i=1 q2(yi, η0i+ζi)z̃iz̃
T
i , with ζi lies between 0 and n−1/2z̃Ti δ.

From the structure of Ωn and Condition C1,wwwwwΣ3 − n−1

n∑
i=1

q2(yi, η0i)z̃iz̃
T
i

wwwww
F

= oP (1).

By Law of Large Numbers,

n−1

n∑
i=1

((µ0i − yi)ρ
′
1(η0i) + ρ2(η0i)) z̃iz̃

T
i

P→ E
[
((µ0)− y)ρ′1(η0) + ρ2(η0)) z̃z̃

T
]
,

then

n−1

n∑
i=1

q2(yi, η0i)z̃iz̃
T
i = n−1

n∑
i=1

((µ0i − yi)ρ
′
1(η0i) + ρ2(η0i)) z̃iz̃

T
i

= E
[
((µ0)− y)ρ′1(η0) + ρ2(η0)) z̃z̃

T
]
+ oP (1)

= E
[
ρ2(η0)z̃z̃

T
]
+ oP (1).

Then, Σ3 = Σ1 + oP (1). Let mn = n−1/2
∑n

i=1 q1(yi, η0i)z̃
T
i , by Lindeberg-

Feller central limit theorem, we have mn → N(0,Σ2). Then, (S.4) can be

rewritten as

Mn(δ) = mnδ +
1

2
δTΣ1δ + oP (1).

By the convexity, δ̌ = Σ−1
1 mn + oP (1), from which lemma 2 follows.

Lemma 3. Under the setting of Theorem 1, denote θ̂ = (κ̂T , ÂT )T in

Lemma 1 and θ̌ = (κ̌T ,AT
0 )

T in Lemma 2. Under Conditions C1-C2, we
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have

∥θ̂ − θ̌∥2 = OP

(
n−1/2

)
.

Proof. Note that

∂L(θ)

∂θ

∣∣∣∣
θ=θ̂

− ∂L(θ)

∂θ

∣∣∣∣
θ=θ̌

=
∂2L(θ)

∂θ∂θT

∣∣∣∣
θ=θ̄

(
θ̂ − θ̌

)
,

where θ̄ = tθ̂ + (1− t)θ̌(0 ≤ t ≤ 1). With ∂L(θ)
∂θ

∣∣∣
θ=θ̂

= 0, we have

θ̂ − θ̌ = −
(
∂2L(θ)

∂θ∂θT

∣∣∣∣
θ=θ̄

)−1
∂L(θ)

∂θ

∣∣∣∣
θ=θ̌

.

First, consider

∂L(θ)

∂θ

∣∣∣∣
θ=θ̌

=
∂L(θ0)

∂θ
+
∂2L(θ0)

∂θ∂Tθ
(θ̌ − θ0) +

1

2
(θ̌ − θ0)

T ∂
3L(θ∗)

∂θ∂θ∂θ
(θ̌ − θ0)

= L1 + L2 + L3,

where θ∗ = tθ̌ + (1 − t)θ0(0 ≤ t ≤ 1). By Chebyshev inequality and

Condition C2, we have for any constant C,

P

(wwwwn−1∂L(θ0)

∂θ

wwww
2

≥ C(1/n)1/2
)

≤ n

C2
E

[
p+q∑
j=1

[
1

n

∂L(θ0)

∂θ

]2
j

]
=

1

C2

p+q∑
j=1

1

n
E

[
∂2L(θ0)

∂θ∂Tθ

]
jj

→ 0,

which means that wwwwn−1∂L(θ0)

∂θ

wwww
2

= OP (n
−1/2).

For L2, note that

n−1∂
2L(θ0)

∂θi∂θj
= E

[
∂2L(θ0)

∂θi∂θj

]
+ oP (1),

then by Condition C2, wwwwn−1∂
2L(θ0)

∂θ∂Tθ

wwww
F

= OP (1).
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For L3, by Condition C2,wwww ∂3L(θ∗)

∂θ∂θ∂θ

wwww
F

≤

∣∣∣∣∣
p+q∑

i,j,k=1

∂L(θ∗)

∂θi∂θj∂θk

∣∣∣∣∣ ≤
n∑
l=1

(
p+q∑

i,j,k=1

M

)1/2

= Op(n).

From Lemma 2, we have ∥θ̌ − θ0∥2 = OP (n
−1/2), thenwwww ∂L(θ)∂θ

∣∣∣∣
θ=θ̌

wwww
2

= OP

(
n1/2

)
. (S.5)

For the second order derivative, one has

∂2L(θ)

∂θ∂θT

∣∣∣∣
θ=θ̄

=
∂2L(θ)

∂θ∂θT

∣∣∣∣
θ=θ0

+
∂3L(θ∗∗)

∂θ∂θ∂θ
(θ̄ − θ0),

where θ∗∗ = tθ̄ + (1 − t)θ0(0 ≤ t ≤ 1). By Conditions C1-C2, in a similar

way as above, it can be shown thatwwwwn−1 ∂
2L(θ)

∂θ∂θT

∣∣∣∣
θ=θ̄

wwww
F

= OP (1). (S.6)

Combined (S.5) and (S.6), we havewwwθ̂ − θ̌
www

2
≤
wwww ∂2L(θ)∂θ∂θT

∣∣∣∣
θ=θ̄

wwww−1

F

wwww ∂L(θ)∂θ

∣∣∣∣
θ=θ̌

wwww
2

= OP

(
n−1/2

)
.

Lemma 4. Under the setting of Theorem 3, let δ ≥ 8KLCL,B

√
2 log 2p
n

∨

8
3
K2LCL,B

log 2p
n

with K > 1, where CL,B is a constant depending on L and

B, define event F = ∩pj=1

{
Lj ≤ δ

4

}
where

Lj =

∣∣∣∣∣ 1n
n∑
i=1

(yixij − E (yxj))

∣∣∣∣∣ for j = 1, . . . , p.

On this event F , we have

(Pn − P)(ll(Â)− ll(A∗)) ≤ δ

2
× ḡD−1

R∑
r=1

D∑
d=1

(
|ĥrd1|+

pd−1∑
j=1

|ĥrdj+1 − ĥrdj|

)
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Proof. We have P (F c) ≤
∑p

j=1 P
{

1
n
|
∑n

i=1 (yixij − E (yxj))| > δ
4

}
for j =

1, . . . , p and i = 1, . . . , n. Let wij = yixij−E (yixij) be the random variables

{wij}i=1,...,n are independent, identically distributed and centered and for all

m ≥ 2. We have E |wij|m ≤
∑m

k=0

(
k
m

)
E |yixij|k (E |yixij|)m−k. By Jensen

inequality, we obtain E |wij|m ≤ 2mmaxk=1,···m

{
E |yixij|k E |yixij|m−k

}
for

all k ∈ N. By Condition C4 and Lemma 3.2 in Blazère et al. (2014), it

follows that

E |yixij|k ≤ Lkk! (CL,B)
k ,

where CL,B is a constant depending only on L and B. Therefore E |wij|m ≤

m!(2LCL,B)
m. Hence the conditions are satisfied to apply Bernstein con-

centration inequality (Gabay and Mercier, 1976) with K = 2LCL,B and

σ2 = 8 (LCL,B)
2, thus we obtain

P

(
1

n

∣∣∣∣∣
n∑
i=1

wij

∣∣∣∣∣ > λ

4

)

≤2 exp

(
− nλ2/16

2
(
8 (LCL,B)

2 + 2LCL·B · λ/12
))

=2 exp

(
− nλ2

256 (LCL,B)
2 + 16LCL,B · λ/3

)

≤2 exp

(
− nλ2

256 (LCL,B)
2 − 3nλ

16LC,B

)
.

We have that

P(F c) ≤ 2p exp

(
− nλ2

256 (LCLB)
2 − 3nλ

16LCL,B

)
when δ ≥ 8KLCL,B

√
2 log 2p
n

∨ 8
3
K2LCL,B

log 2p
n

with K > 1, we have P(F c) ≤
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2p exp(−K2 log 2p) = (2p)1−K
2 . Under this result, we can see that on event

F ,

(Pn − P)(ll(Â)− ll(A∗)) = (Pn − P)(ll(b̂)− ll(b
∗))

=

p∑
j=1

(b̂− b∗)⊤

[
1

n

n∑
i=1

yixij − E(yxj)

]

≤ δ

4
× 2ḡD−1

R∑
r=1

D∑
d=1

(
|ĥrd1|+

pd−1∑
j=1

|ĥrdj+1 − ĥrdj|

)
,

where the last inequality follows the same argument as for (S.8). Thus, we

conclude the proof.

Lemma 5. Under the setting of Theorem 3, let ϕ ≥ 40KLΦ(Lζn)
√

2 log 2p
n

with K ≥ 1, define

G =

{
sup

H∈ΘM

∣∣∣∣∣ (Pn − P)(lψ(b)− lψ(b
∗))

2ḡD−1
∑R

r=1

∑D
d=1(|hrd1 +

∑pd−1
j=1 |hrdj+1 − hrdj|) + εn

∣∣∣∣∣ ≤ ϕ

4

}
,

where M = CB + εn with a constant C, then on the event F ∩ G,

(Pn − P)(lψ(Â)− lψ(A∗)) ≤ ϕ

2
ḡD−1

R∑
r=1

D∑
d=1

(
|ĥrd1|+

pd−1∑
j=1

|ĥrdj+1 − ĥrdj|

)
+
ϕ

4
εn

Proof. Given R > 0, define

ΘR =

{
(H1, . . . ,HD) : 2ḡ

D−1

R∑
r=1

D∑
d=1

(
|hrd1|+

Pd−1∑
j=1

∣∣hrdj+1 − hrdj
∣∣) ≤ R

}

and

ZR = sup
H∈ΘR

{|(Pn − P)(lψ(vec(A∗))− lψ(vec(A)))|} = sup
H∈ΘR

{|(Pn − P)(lψ(b∗)− lψ(b))|}
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We first proof the following result, if K ≥ 1, it holds that

P

(
ZR ≥ 5KQLR

√
2 log 2p

n

)
≤ (2p)−K

2

where Q := max
{|x|≤L(R+B)}

{|ψ′(x)|} .

(S.7)

Notice that if we change Xi by X ′
i whole keeping the others fixed then ZR

is modified of at most 2
n
LR exp(L(R +B)). To see this, let

Pn =
1

n

n∑
j=1

IXj ,yj and P′
n =

1

n

n∑
j=1,j ̸=i

IXj ,yj + IX ′
i ,yi

then we have

(Pn − P) (lψ (b∗)− lψ(b))− (P′
n − P) (lψ (b∗)− lψ(b))

=
1

n
(lψ (b

∗, xi)− lψ (b,xi)− lψ (b
∗, x′i) + lψ (b, x

′
i))

≤ 1

n

∣∣∣ψ′
(
b̃⊤xi

)∣∣∣ ∣∣b∗⊤xi − b⊤xi
∣∣+ 1

n

∣∣∣ψ′
(
b̃⊤x′

i

)∣∣∣ ∣∣b∗⊤x′
i − b⊤x′

i

∣∣ ,
Where b̃⊤xi which is an intermediate point between b⊤xi and b∗⊤xi. We

use x to denote xi for simplicity, then

|b̃⊤x | ≤ |b̃⊤x− b∗⊤x|+ |b∗⊤x|

≤
∣∣b⊤x− b∗⊤x

∣∣+ |b∗⊤x|

= |h⊤x|+ |b∗⊤x|,
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For |h⊤x|, we have

h⊤x =
∑
i1···iD

xi1···iDhi1···iD

=
∑
i1···iD

xi1···iD(bi1···iD − b∗i1···iD)

=
∑
i1···iD

xi1···iD

R∑
r=1

ar1i1 · · · a
r
DiD

− a∗r1i1 · · · a
∗r
DiD

=
R∑
r=1

∑
i1···iD

xi1···iD

D∑
d=1

ar1i1 · · · a
r
d−1id−1

hrdida
∗r
d+1id+1

· · · a∗rDiD

=
R∑
r=1

D∑
d=1

∑
id

 ∑
i1···id−1
id+1···iD

xi1···iDa
r
1i1

· · · ard−1id−1
a∗rd+1id+1

· · · a∗rDiD

hrdid

=
R∑
r=1

D∑
d=1

pd∑
j=1

grdjh
r
dj.

(S.8)

Note that
∑pd

j=1 g
r
djh

r
dj = g̃1h

r
d,1+

∑pd−1
j=1 g̃j+1

(
hrdj+1 − hrdj

)
with g̃j−1 = gj−1+

gj, then it holds that

|h⊤x| ≤ 2LḡD−1

R∑
r=1

D∑
d=1

(∣∣hrj1∣∣+ pd−1∑
j=1

|hrdj+1 − hrdj|

)
= LR. (S.9)

For ∥b∗∥1, it holds that

∥b∗∥1 ≤
R∑
r=1

∑
i1···iD

|ar∗1i1 · · · a
r∗
DiD

|

≤
R∑
r=1

D∏
d=1

∥ar∗d ∥1

(i)

≤ RḡD,
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where (i) is based on Condition C5. It follows that |b∗⊤x| ≤ L∥b∗∥1 ≤

LRḡD. Then |h⊤x| ≤ L(R +B) (we rewrite B = RḡD). Thus,

(Pn − P) (lψ (b∗)− lψ(b))− (P′
n − P) (lψ (b∗)− lψ(b)) ≤

2

n
LRQ

We can apply MoDiarmid’s inequality to ZR and obtain

P (ZR − EZR ≥ µ) ≤ exp

(
− nµ2

2R2L2Q2

)
If ϕ ≥ 2KQLR

√
2 log 2P

n
with K > 0 then

P
(
ZR − EZR ≥ ϕ

2

)
≤ (2p)−K

2

. (S.10)

Now we bound the mean EZR. By Symmetric theorem (Vaart and Well-

ner, 1997) and Contraction principle (Ledoux and Talagrand, 2013), let

ϵ1, . . . , ϵn be a Rademacher sequence independent of X1, . . . ,Xn. Then

EZR ≤ 4QE

(
sup
H∈ΘR

1

n

n∑
i=1

∣∣ϵi (b∗⊤xi − (b∗ + h)⊤xi
)∣∣)

≤ 4QRE

(
max
j=1,...,p

1

n

n∑
i=1

ϵi |xij|

)

Using the same type of argument in Blazère et al. (2014), we find

E

(
max
j=1,...,p

1

n

n∑
i=1

ϵi |xij|

)
≤ L

√
2 log 2p

n
.

Then it follows that EZR ≤ 4QRL
√

2 log 2p
n

. If K ≥ 1, combined with

(S.10), we have

P(ZR ≥ 5KQLR

√
2 log 2p

n
) ≤ (2p)−K

2

.
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Now, we have proved (S.7). Split up
{
H : 2ḡD−1

∑R
r=1

∑D
d=1(|hrd1 +

∑pd−1
j=1 |hrdj+1 − hrdj|) ≤M

}
,

where M = CB + εn, where C is a constant, into two sets which are

E1 =

{
H : 2ḡD−1

R∑
r=1

D∑
d=1

(|hrd1 +
pd−1∑
j=1

|hrdj+1 − hrdj|) ≤ εn

}
,

E2 =

{
H : 2ḡD−1

R∑
r=1

D∑
d=1

(|hrd1 +
pd−1∑
j=1

|hrdj+1 − hrdj|) ≤M

}

⊆
jn⋃
j=1

{
H : 2ḡD−12j−1εn <

R∑
r=1

D∑
d=1

(|hrd1 +
pd−1∑
j=1

|hrdj+1 − hrdj|) ≤ 2jεn

}
where jn := ⌊log2(nM)⌋+1 is the smaller integer such that 2jnεn ≥M . We

define

νn(H) :=
(Pn − P) (lψ(b∗)− lψ(b))

2ḡD−1
∑R

r=1

∑D
d=1(|hrd1 +

∑pd−1
j=1 |hrdj+1 − hrdj|) + εn

and to simplify notation, let αn(H) := (Pn−P) (lψ(b∗)− lψ(b)) and Φ(t) :=

max|x|≤t |ψ
′
(x)|. Let K ≥ 1, ζn = 2M +B, following the same argument in

Blazère et al. (2014) and using (S.7), we have on the event E1,

P

(
sup
H∈E1

|νn(H)| ≥ 10KLΦ(Lζn)

√
2 log(2p)

n

)
≤ (2p)−K

2

On the event E2, for all j = 1, ..., jn, we find

P

(
sup
H∈E2

|νn(H)| ≥ 10KLΦ(Lζn)

√
2 log(2p)

n

)
≤ jn(2p)

−K2 ≤ C ′(2p)−
K2

2 ,

where C ′ is a constant (because jn = ⌊log2(nM)⌋+1 and n≪ p). Then let

ϕ ≥ 40KLΦ(Lζn)
√

2 log 2p
n

, we have with K ≥ 1,

Pn(Gc) = Pn
(

sup
H∈ΘM

|νn(H)| ≥ ϕ

4

)
≥ 1− (1 + C ′)(2p)−

K2

2
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On event F ∩ G,

(Pn − P)(lψ(b̂)− lψ(b
∗)) ≤ ϕ

2
ḡD−1

R∑
r=1

D∑
d=1

(
|ĥrd1|+

pd−1∑
j=1

|ĥrdj+1 − ĥrdj|

)
+
ϕ

4
εn.

Therefore, we verify Lemma 5.

Lemma 6. Under the setting of Theorem 3, for any H ∈ Ω, it holds that

R∑
r=1

D∑
d=1

(
|hrd1|+

Pd−1∑
j=1

∣∣hrdj+1 − hrdj
∣∣) ≤ g(D−1)/2(c′1+c

′
2

√
s)
√
RD∥b−b∗∥2+c3εn.

Proof. For any H ∈ Ω,

αn =
R∑
r=1

D∑
d=1

(
|hrd1|+

Pd−1∑
j=1

∣∣hrdj+1 − hrdj
∣∣)

≤
R∑
r=1

D∑
d=1

|hrd1|+
∑
j∈Sr

d

∥hrd∥TV +
∑
j∈Src

d

∥hrd∥TV


≤

R∑
r=1

D∑
d=1

c1 |hrd1|+ c2
∑
j∈Sr

d

∥hrd∥TV

+ c3εn

≤
R∑
r=1

D∑
d=1

c1 |hrd1|+ c2
√
srd

(
pd−1∑
j=1

|hrdj+1 − hrdj|2
)1/2

+ c3εn

≤
R∑
r=1

D∑
d=1

(c′1 + c′2
√
s)∥hrd∥+ c3εn,
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where c′1, c′2 are two constants and s = maxr,d s
r
d. On the other hand,

∥H∥2F =
∑
i1···iD

h2i1···iD

=
∑
i1···iD

(bi1···iD − b∗i1···iD)
2

=
∑
i1···iD

(
R∑
r=1

D∑
d=1

ar1i1 · · · a
r
d−1id−1

hrdida
∗r
d+1id+1

· · · a∗rDiD

)2

≥
R∑
r=1

D∑
d=1

∑
id

|hrdid |
2
∑

i1···id−1
id+1···iD

(
ar1i1 · · · a

r
d−1id−1

a∗rd+1id+1
· · · a∗rDiD

)2

≥ gD−1

R∑
r=1

D∑
d=1

∥hrd∥2.

Thus, we have

αn ≤ g(D−1)/2(c′1+c
′
2

√
s)
√
RD∥H∥2F+c3εn = g(D−1)/2(c′1+c

′
2

√
s)
√
RD∥b−b∗∥2+c3εn.

S.13 Proof of Theorems

Proof of Theorem 1. To derive the asymptotic normality of κ̂, let η̂i =

zTi κ̂ + xTi f(Â) and µ̂i = g−1(η̂i). Define η̂(v) = zT κ̂ + xTf(Â) + (z −

h(x))Tv = zT (κ̂ + v) + xTi f(Â) − h(x)Tv. Note that η̂(v) maximizes the

function L(η̂(v)) = n−1
∑n

i=1 ℓ(yi, ηi) when v = 0, thus,

∂L(η̂(v))

∂v

∣∣∣∣
v=0

= 0.
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By lemma 3, we have

∂L(η̂(v))

∂v

∣∣∣∣
v=0

=
n∑
i=1

q1(yi, η̂i)z̃i =
n∑
i=1

(µ̂i − yi) ρ1(η̂i)z̃i

=
n∑
i=1

(µ0i − yi) ρ1(η0i)z̃i +
n∑
i=1

(µ0i − yi) (ρ1(η̂i)− ρ1(η0i))z̃i +
n∑
i=1

(µ̂i − µ0i) ρ1(η̂i)z̃i

= E1 + E2 + E3,

where E1, E2, E3 denote the above three terms, respectively. First, consider

E2,

E[E2
2 ] =

n∑
i=1

E [(µ0i − yi) (ρ1(η̂i)− ρ1(η0i))z̃i]
2 =

n∑
i=1

V ar [(µ0i − yi) (ρ1(η̂i)− ρ1(η0i))z̃i]

≤ C
n∑
i=1

(ρ1(η̂i)− ρ1(η0i))
2z̃Ti z̃i = OP (n

1/2)

Next, note that

E3 =
n∑
i=1

(µ̂i − µ0i) ρ1(η̂i)z̃i =
n∑
i=1

(µ̂i − yi + yi − µ0i) ρ1(η̂i)z̃i

=
n∑
i=1

(µ̂i − yi) ρ1(η̂i)z̃i −
n∑
i=1

(µ0i − yi) ρ1(η0i)z̃i −
n∑
i=1

(µ0i − yi) (ρ1(η̂i)− ρ1(η0i))z̃i

=
n∑
i=1

(q1(yi, η̂i)− q1(yi, η0i)) z̃i −
n∑
i=1

(µ0i − yi) (ρ1(η̂i)− ρ1(η0i))z̃i

=
n∑
i=1

q2(yi, η0i)(η̂i − η0i))z̃i + oP (n
1/2)−

n∑
i=1

(µ0i − yi) (ρ1(η̂i)− ρ1(η0i))z̃i

=
n∑
i=1

(µ0i − yi)) ρ
′
1(η0i)(η̂i − η0i)z̃i +

n∑
i=1

ρ2(η0i)(η̂i − η0i))z̃i + oP (n
1/2)

−
n∑
i=1

(µ0i − yi) (ρ1(η̂i)− ρ1(η0i))z̃i

=
n∑
i=1

ρ2(η0i)(η̂i − η0i))z̃i + oP (n
1/2).
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Following Lemma 2, Lemma 3 and A.3. Proof of Theorem 2 of Wang et al.

(2011), we have

n−1

n∑
i=1

ρ2(η0i)x
T
i (f(Â)− f(A0))z̃ = oP (n

−1/2).

Thus, by E1, E2 and E3,

n−1

n∑
i=1

ρ2(η0i)(η̂i − η0i))z̃i = n−1

n∑
i=1

ρ2(η0i)z̃iz̃
T
i (κ̂− κ0) + oP (n

−1/2).

Therefore,

n−1

n∑
i=1

ρ2(η0i)z̃iz̃
T
i (κ̂− κ0) = −n−1

n∑
i=1

(µ0i − yi) ρ1(η0i)z̃i + oP (n
−1/2)

Furthermore, by the central limit theorem and slutsky’s Lemma, we have

√
n(κ̂− κ0) → N

(
0,Σ−1

1 Σ2Σ
−1
1

)
,

where Σ1 = E
[
ρ2(η0)z̃z̃

T
]

and Σ2 = E
[
q21(y, η0))z̃z̃

T
]
. Note that Σ2 =

E
[
q21(y, η0)z̃z̃

T
]
= E

[
(µ0 − y)2ρ21(η0)z̃z̃

T
]
= E

[
σ2(η0)ρ

2
1(η0)z̃z̃

T
]
= E

[
ρ2(η0)z̃z̃

T
]
=

Σ1. Then,
√
n(κ̂− κ0) → N

(
0,Σ−1

1

)
.

Following Zhou et al. (2013); Li et al. (2018), by Theorem 5.7 in Van der

Vaart (2000), we can show that Â is a consistent estimate of A0 satisfy-

ing that A0 is identifiable, i.e., I(A0) = −
∑n

i=1
[µ̇i(ηi)]

2

σ2
i

JT (A0)x̃ix̃
T
i J(A0)

is nonsingular. This identifiability condition is satisfied by Condition C2.

Furthermore, the asymptotics for Â follow from those for M -estimation

since nonlinear part of tensor model 2.3 is a degree-D polynomial of pa-

rameters and the collection of polynomials ⟨X ,A⟩ forms a VC class. We
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can obtain the asymptotic normality of Â according to Theorem 5.39 in

Van der Vaart (2000). The main difference with Zhou et al. (2013) is that

there are covariates z in our tensor model, so we are concerned with the pro-

jected x̃, not x, in proving the asymptotic normality of Â. Defining ΣA =

JT (A0)E[ρ2(η0)x̃x̃
T ]J(A0), we obtain

√
n(Â−A0) → N(0,Σ−1

A ).

Proof of Theorem 2. The proof of Theorem 2 follows Corollary 2 of Shen

(1998). First, we note that

l∆(I, yi)− E[l∆(I, yi)] =
(yi − ψ̇(θ0i))(θ0i − θi)

a(ϕ)

and V (I, I0) = n−1
∑n

i=1 ψ̇(θ0i)(θ0i − θi)
2/a(ϕ) = 4ρ2(I, I0), where θi and

θ0i correspond to I and I0, respectively. Consider the parameter in a small

and restricted space A(kl, kr) = {I ∈ ΘI : kl ≤ ρ(I, I0) ≤ 2kl,R(I) ≤ kr},

and let F(kl, kr) = {l∆(I, ·) : I ∈ A(kl, kr)} be the range of l∆(I, ·) that

corresponding to A(kl, kr), where kl and kr are positive constants.

We verify several conditions of Corollary 2 in Shen (1998). First, we

verify Assumption B. Based on V (I, I0) = 4ρ2(I, I0), it is obvious that

sup
A(kl,kr)

V (I, I0) ≤ c1k
2
l {1 + (k2l + kr)

β1}

on the restricted space A(kl, kr) with β1 = 0. Second, for Assumption C,
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we have

|l∆(I, yi)| = |yi(θ0i − θi) + ψ(θi)− ψ(θ0i)|

≤ |θi − θ0i| · |ψ̇(θ0i) +
1

2
ψ̇(θ0i)(θi − θ0i)− yi|

≤ |(ψ̇)−1(g−1(I,xi, zi))− (ψ̇)−1(g−1(I0,xi, zi))| · |ψ̇(θ0i) +
1

2
ψ̇(θ0i)(θi − θ0i)− yi|

≤ c2∥I − I0∥ · |ψ̇(θ0i) +
1

2
ψ̇(θ0i)(θi − θ0i)− yi|.

Let δi = |ψ̇(θ0i)+ 1
2
ψ̇(θ0i)(θi− θ0i)− yi|, then we have supE[exp(t0δi)] <∞

for a constant t0 at an open interval containing 0. Furthermore, we define

g0 = I − I0. Under the conditions of maxd ∥(κ,Ad)∥∞ ≤ C1, since g0

is a (D + 1)-degree polynomial function of elements of κ and Ad’s, we

obtain that g0 ∈ W∞
2 [−C1, C1]

∑D
d=1 pdR+q, where W∞

2 is a Sobolev space,

and ∥g0∥2 = ρ(I − I0) ≤ c3 for a positive constant c3. By Lemma 2 in

Shen (1998), we have ∥g0∥∞ = ∥I − I0∥∞ ≤ 2c3. Then we conclude that

supA(kl,kr) ∥I − I0∥sup ≤ c4(k
2
l + kr)

β2 with c4 = 2c3 and β2 = 0.

Next, we verify Assumption D. Let N (ε, q) = {gl1, gu1 , . . . , glq, guq } be a

set of functions from the L2 space, where max1≤i≤q ∥gui − gli∥2 ≤ ε. Suppose

for any function l∆ ∈ F(kl, kr), there exists i ∈ {1, . . . , q} such that gli ≤

l∆ ≤ gui almost surely. Then we define the Hellinger metric entropy as

H(ε,F) = log{q : minN (ε, q)}. Define ψ(kl, kr) = 1
L0

∫ U0

L0
H1/2(u,F)du,

where L0 = c5λn(k
2
l + kr) and U0 = c6εn(k

2
l + kr)

(1+max{β1,β2}/2). According

to Theorem 5.2 in Birman and Solomyak (1967), for any ε > 0, the Hellinger

metric entropy can be controlled by H(ε,F) ≤ c7ε
−1/ω
n , where ω = α/γ. α
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is the parameter associated with the degree of smoothness of the negative

log-likelihood difference l∆ and γ =
∑D

d=1 pdR + q is the number of the

parameters (κ, {Ad}d). Then for fixed kl and kr, we have

sup
kl,kr

ψ(kl, kr) ≤
1

L0

∫ U0

L0

µ− 1
2ω dµ ∼ ε

2ω−1
2ω

n − λ
2ω−1
2ω

n

λn

with β1 = β2 = 0. By Corollary 2 in Shen (1998), the best possible rate is

provided by setting ψ(kl, kr) ∼ n1/2 and λn ∼ ε2n. Hence,

ε
− 1

2ω
−1

n − ε
− 1

ω
n ∼ n

1
2 .

That is,

εn ∼


(

1
n1/2

) 2ω
2ω+1 if ω > 1

2
,

(
1

n1/2

)ω if ω ≤ 1
2
.

Then we obtain the results in Theorem 2.

Proof of Theorem 3. In the proofs C and c denote a generic constant whose

value may change even on the same line.

Define x = vec(X ), b = vec(A). In generalized tensor regression mod-

els, P (y|A,X ) = P (y|b,x) = exp
(
yb⊤x− ψ

(
b⊤x

))
, where we consider

θ = η setting. This setting covers most common generalized tensor regres-

sion models, such as linear, Poisson, and binary settings in simulation and

real data analysis. We define l(A) = l(b;x, y) = −yfA(x) + ψ (fA(x)),

where fA = vec(A)⊤ vec(X ) = b⊤x. The associated risk is defined by
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Pl(A) = El(A; y,X ) and the empirical risk by Pl(A) where

Pl(A) =
1

n

n∑
i=1

[
−yi vec (A)⊤ vec (Xi) + ψ

(
vec(A)⊤ vec (Xi)

]
=

1

n

n∑
i=1

[
−yib⊤xi + ψ

(
b⊤xi

)]
To state concentration inequalities, we first break down the empirical pro-

cess into a linear part and a part witch depends on the normalized ψ

(Pn − P) (l(A)) = (Pn − P) (ll(A)) + (Pn − P) (lψ(A)) ,

where ll(A) = −y
(
vec(A)⊤ vec(X )

)
= −yb⊤x and lψ(A) = ψ

(
vec(A)⊤ vec(X )

)
=

ψ
(
b⊤x

)
. Since vec(Â) = b̂ minimizes the penalized loss function,

Pnl(b̂) + λ∥A∗ + Ĥ∥IV ≤ Pnl(b∗) + λ∥A∗∥IV,

then it follows that

P(l(b̂)− l(b∗)) + λ∥A∗ + Ĥ∥IV ≤ (Pn − P)(l(b∗)− l(b̂)) + λ∥A∗∥IV.

By dividing the loss into two parts, we have

P(l(b̂)−l(b∗))+λ∥A∗+Ĥ∥IV ≤ (Pn−P)(ll(b∗)−ll(b̂))+(Pn−P)(lψ(b∗)−lψ(b̂))+λ∥A∗∥IV.

By Lemma 4 and Lemma 5, it holds that

P(l(b̂)− l(b∗)) ≤ λ

2

R∑
r=1

D∑
d=1

(
|ĥrd1|+

pd−1∑
j=1

|ĥrdj+1 − ĥrdj|

)
+ λ∥A∗∥IV − λ∥A∗ + Ĥ∥IV +

ϕ

4
εn,

(S.11)
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providing λ ≥ max(2ḡD−1δ, 2ḡD−1ϕ). By the definition of b∗, we have

P(l(b̂)− l(b∗)) ≥ 0, then

λ

2

R∑
r=1

D∑
d=1

(
|ĥrd1|+

pd−1∑
j=1

|ĥrdj+1 − ĥrdj|

)
+λ∥A∗∥IV−λ∥A∗+Ĥ∥IV+

λ

8ḡD−1
εn ≥ 0.

Next, we consider the difference ∥A∗∥IV − ∥A∗ + Ĥ∥IV,

∥A∗∥IV − ∥A∗ + Ĥ∥IV =
R∑
r=1

(
D∏
d=1

∥a∗r
1 ∥TV · · ·a∗r

D ∥TV −
D∏
d=1

∥âr1∥TV · · · ârD∥TV

)

=
R∑
r=1

D∑
d=1

∥a∗r
1 ∥TV · · · ∥a∗r

d−1∥TV (∥a∗r
d ∥TV − ∥ârd∥TV) ∥ârd+1∥TV · · · ∥ârD∥TV,

where

∥a∗r
d ∥TV − ∥ârd∥TV ≤

∑
j∈Sr

d

∥ĥrd∥TV −
∑
j∈Src

d

∥ĥrd∥TV.

We use
∑

j∈Sr
d
∥hrd∥TV =

∑
j∈Sr

d
|hrdj+1−hrdj| and

∑
j∈Src

d
∥hrd∥TV =

∑
j∈Src

d
|hrdj+1−

hrdj| for simplicity. Then based on Condition C5, we have

∥A∗∥IV − ∥A∗ + Ĥ∥IV ≤
R∑
r=1

D∑
d=1

t̄D−1
∑
j∈Sr

d

∥ĥrd∥TV − tD−1
∑
j∈Src

d

∥ĥrd∥TV

 ,

then

1

2

R∑
r=1

D∑
d=1

(
|ĥrd1|+

pd−1∑
j=1

|ĥrdj+1 − ĥrdj|

)
+

R∑
r=1

D∑
d=1

t̄D−1
∑
j∈Sr

d

∥ĥrd∥TV − tD−1
∑
j∈Src

d

∥ĥrd∥TV

+
1

8ḡD−1
εn ≥ 0,

which is the same as the following inequality

1

2

R∑
r=1

D∑
d=1

|ĥrd1|+
∑
j∈Sr

d

∥ĥrd∥TV +
∑
j∈Src

d

∥ĥrd∥TV

+
R∑
r=1

D∑
d=1

t̄D−1
∑
j∈Sr

d

∥ĥrd∥TV − tD−1
∑
j∈Src

d

∥ĥrd∥TV


+

εn
8ḡD−1

≥ 0.
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It follows that

R∑
r=1

D∑
d=1

(2tD−1−1)
∑
j∈Src

d

∥ĥrd∥TV ≤
R∑
r=1

D∑
d=1

(2t̄D−1+1)
∑
j∈Src

d

∥ĥrd∥TV+
R∑
r=1

D∑
d=1

|ĥrd1|+
εn

8ḡD−1
≥ 0

We get Ĥ ∈ Ω. Thus, by Lemma 6, denote α̂n =
∑R

r=1

∑D
d=1

(
|ĥrd1|+

∑pd−1
j=1 |ĥrdj+1 − ĥrdj|

)
,

we have

α̂n ≤ g(D−1)/2(c′1 + c′2
√
s)
√
RD∥b̂− b∗∥2 + c3εn.

By Proposition A.1 in Blazère et al. (2014), on the event F ∩ G,

P(l(b̂)− l(b∗)) ≥ cnE
[
b̂⊤x− b∗⊤x

]
with cn = min

|x≤L(M+B))|

{
ψ′(x)

2

}
.

Based on (S.11), it holds that

P(l(b̂)− l(b∗)) ≤ λ

2

R∑
r=1

D∑
d=1

(
|ĥrd1|+

pd−1∑
j=1

|ĥrdj+1 − ĥrdj|

)
+ λ∥A∗∥IV − λ∥A∗ + Ĥ∥IV +

λ

8ḡD−1
εn,

For ∥A∗∥IV − ∥A∗ + Ĥ∥IV,

∥A∗∥IV − ∥A∗ + Ĥ∥IV =
R∑
r=1

(
D∏
d=1

∥a∗r
1 ∥TV · · ·a∗r

D ∥TV −
D∏
d=1

∥âr1∥TV · · · ârD∥TV

)

=
R∑
r=1

D∑
d=1

∥a∗r
1 ∥TV · · · ∥a∗r

d−1∥TV (∥a∗r
d ∥TV − ∥ârd∥TV) ∥ârd+1∥TV · · · ∥ârD∥TV

≤
R∑
r=1

D∑
d=1

∥a∗r
1 ∥TV · · · ∥a∗r

d−1∥TV∥ĥrd∥TV∥ârd+1∥TV · · · ∥ârD∥TV

≤ t̄D−1

R∑
r=1

D∑
d=1

∥ĥrd∥TV

≤ t̄D−1α̂n.
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Given Condition C6,

E
[
b̂⊤x− b∗⊤x

]
=
(
b̂− b∗

)⊤
Σ
(
b̂− b∗

)
≥ k∥b̂− b∗∥2 − k′εn,

where k′ = 1/(8ḡD−1). Thus we obtain

cnk∥b̂− b∗∥2 − cnk
′εn ≤ λ

2
αn + λt̄D−1αn +

λ

8ḡD−1
εn

≤
(
1

2
+ t̄D−1

)
λαn +

λ

8ḡD−1
εn

≤ C1(C2 +
√
s)
√
RDλ∥b̂− b∗∥+ cλεn.

Since εn = 1
n
, we have ∥b̂− b∗∥ ≤ C1(C2+

√
s)
√
RDλ

cnk
, which is

∥Â − A∗∥F ≤ C1(C2 +
√
s)
√
RDλ

cnk
.
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