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Supplementary Material

In this material, we provide the detailed proofs of the theoretical results in the main context

and the MATLAB codes of our GoM-DSoG algorithm.

S1 Proof of theoretical results

S1.1  Proof of Proposition 1

Proof. Since S = Y1, TIO|O,IT" = TI(3_~, ©/0))IT, and given that rank(>~ , ©/0,) =
K and II satisfies the condition stated in Equation (2.2) in the main con-
text, by the first result in Theorem 2.1 (Mao et al., 2021)), IT is identifiable
up to a permutation, i.e., I = IIP. Furthermore, based on the second

bullet of Lemma 1 and the fact that II = IIP, we have:

0, = BT,

6, = Z(II') " = ZUP(PI'TIP) " = PP~ (I')) " (P') " = O,P.
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Thus, for all [ € [L], ©, is also identifiable up to the same permutation as

IT. [l

S1.2 Proof of Lemma 1

Proof. S = .1, OO =TI(>1, @01 = UAU’ gives U = I1(Y1, ©,0,)I'UA".
Let X = (Zle OO )ITUA™!. Then, U = 11X gives U(Z,:) = (IX)(Z,:) =
II(Z,:)X = X, which leads to U = [1U(Z, :). Additionally, since %, = 110,

we have ©; = Z/TI(II'TT)~* for [ € [L]. O

S1.3 Proof of Theorem 1

Proof. First, we prove the following lemma.

Lemma 1. If Assumption 1 is satisfied, with probability 1 — o(m),

1S = S|loe = O(\V/p2NJLlog(N +J + L)) + p*JL.
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Proof. Under the proposed model, we get

IS = Sllee = maxieyy Y [S(i, h) — S(i, h)| = maxieyy Y [(O RiRy— Di)(i, h) — (Y 24%,) (i, h)]

he[N] he[N] le[L] le[L]
:maXZEN]Z|ZZRZZjRZhj ZZ%ZZj%lhj ZDth
he[N] le[L] je[J] L] jelJ] le[L]
= MaX;ec[n) Z |ZZRM]RZhJ ZZ‘%”J‘@Zh]N
h#i,he€[N] le[L] je[J] le[L] je[J]
+maXZ€[N]|ZZRle 22%223 ZD[ZZ
le[L) je[J le[L] je[J] le[L]
—maxicy) Y | Y Y (R, ) Rilh, ) — Zili, §)i(h, )| + maxicpy) Y Y % (i, §)
h#i,he[N] le[L] je[J] le[L] je[J]
<maxiey) Y [ > (Rii, ) Ri(h, §) — i, R+ DD PP
h#i,h€[N] l€[L] j€[J] le[L] je|J]

=maxieny > | DD (Rili, ) Ri(h, §) — Zii, ) %i(h, §)| + p* T L

h#i,he€[N] [€[L] je[J]

Define v as any (N — 1)-by-1 vector. For i € [N] and h # i,h € [N], let

2ih) = Daen) 2ojern(Balis ) Ri(h, §) — Z(i, )% (h, j)). Then, for i € [N],
define F; zh# he[N] Z(ih)V v(h). Let 7 = maxe|n)ntihev)|26n)|- Given
that E(z@n)) = 0, to simplify our analysis, we assume 7 is no larger than a

constant C. For i € [N] and h # i, h € [N], the following conclusions hold:
o E(zunyv(h)) = 0 because h # i.

® |zanyv(h)] < Clv] oo
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o Set 0% =37, nepn E(25v? (). Under our multi-layer GoM model,

we have

Y Elwn*(]= Y P(ME[m)

h#i,h€[H] h#i,h€[N]
= > Z > E((Ri(i, ) Ri(h, §) — Zili, §)%i(h, 5))°)
h#%,h€[N] L] jelJ]
= > v Z > (B(RG,5))E(R(h, §)) — %1 i, §)RE (. 5))
h#4,he[N] le[L] jelJ]
= V() YD ((Var(Ri(i, 5)) + 27 (i, 5)) (Var(Ri(h, )
h#i,h€[N] le[L] je[J]

+ %} (h, §)) — %} (i, )%} (h, §))

= > ()Y (Var(Ri(i, 5))Var(Ri(h, §)) + %} (i, j)Var(Ri(h, )

h+#1,h€[N] le[L] je[J]

+ %7 (h, 7)Var(R(i, 7))

< >0 V(W)Y (Var(Ri(i, j))Var(Ri(h, §)) + p*Var(Ri(h, 5))

h#i,h€[N] le[L] je|J]
+ p*Var(Ri(i, 7))

Z Z Z M%l i J) %l(i’j))M%l(h’j)(l _ %l(h,j))

: M M M
h#i,h€[N] le[L] je[J]
Hi(h,j) Hi(h, j) (i, j) (i, j)
2M IARUD) 1— ) 2M ) 1 — )
L T L e )
< > ) D (P +20°) = (0" +20°) L v
h;éz h€E[N] le[L] je|J]

According to the Bernstein inequality in Theorem 1.4 |Tropp| (2012), for any
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t > 0, we obtain

—t2/2

P(|Fiy| > 1) < exp( ol
(02 + 208)||v]| % J L + Slel=t

).

Set ¢ as \/(p* + 2p3([v]| 2T Llog(N + J + L) x Y2HLat /o 47 for any
a > 0. Assuming that (p? + 2p?)||v||%JL > C?||v||%log(N + J + L) is

satisfied, we get:

P(|Fy)| > ) < exp(—(a + 1)log(N + J + L)

)

18 + 2/ a+1 C2?||V]|Z log(N+J+L)
(Va+1+va+19)2 Va+1l+va+19 (p2+2p%)||v||%JL

1
< .
T (N+J+ L)t

Setting v € {—1,1}V=V*1 and o = 3 gives: when (p? + 2p%)(N — 1)JL >
log(N + J + L), which is equivalent to p?NJL > log(N + J + L) since

we allow p to approach zero and N — 1 ~ N for large N, with probability

L= o{ v

maxe(n)| Floy| = O(v/p*NJ Llog(N + J + L)).

Hence, we have ||S — S| = O(\/p2NJLlog(N + J + L)) + p*J L. O

Theorem 4.2 (Cape et al., [2019) says that when |Ax(S)| > 4[]S — Sl

is satisfied,

15— SllecllUll2-00

U—UO|ye < 14 :
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where O is an orthogonal matrix. Setting @ := ||[UU’ — UU’||300 gives

15 = SlloollUll200

@ < 21U —UO|ge < 14
<2| lasoo < P (S)]

Combining Condition 1 with Lemma 3.1 (Mao et al., [2021)) gives ||U |20 =

O(\/%) Thus,

O(|)\K(8>|\/N)'

For [Ar(S)|, we have Ak (S)| > p* Axc (V)| Ax (3, BiB1)|, which gives

PPV N A (M) Ak (3 ey BiBY)

w = O ).

By comparing the steps of our GoM-DSoG algorithm with that of the Algo-
rithm 1 (Mao et al., [2021)) in the task of estimating the mixed membership
matrix II, we find that all of their steps are the same except that the eigen-
vector matrix U is obtained from S in GoM-DSoG while it is from the
adjacency matrix in Algorithm 1 in (Mao et al., 2021), where we do not
consider the prune step in (Mao et al| 2021). Therefore, by Equation (3)

of 3.2 (Mao et al} |2021), Condition 1, Assumption 2, and Lemma , we get

ye- ! /! —S _ g ©°
maxie|y)||¢;(IL = TIP)[[y = O(er(II'I) /A (TFIT)) = O ||p2NJ|l|L )

log(N +J + L) 1

where £(+) denotes the condition number. O
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S1.4 Proof of Lemma 2

Proof. Let II(IT'TT) ! = @ and II(II'I])~' = G. By Condition 1, we get

1Y (©—=0P)I=I(d_ R)G— (Y 2)GP| < (X (Ri— )Gl + (D %)(G—GP)|

le[L] le[L] le[L] le[L] le[L]

<> (BRi=)G)+plITl Y BIG - GP|

le[L)] le[L]
1> ey (B —

= A1 ( E By)
O VN ol 116[” )

According to the first statement of Lemma 2 (Qing, 2024)), assume that

pLmax(N,J) > log(N + J + L), with probability 1 — o(m), we have
| 21 (Bi—%)|| = O(y/pLmax(N, J)log(N + J + L)). When A (X ey Bl =
¢/ J L, we have
H Zle[L](él - @lP)HF < \/?” Zzam(él - @lP)H _ O( H ZZG[L](RI - %l)”)
12 e @lle = plM Qe B pLVNJ
_ o max(N, J)log(N + J—l—L))
B pNJL '
[

S2 MATLAB codes of GoM-DSoG

The MATLAB codes of GoM-DSoG are provided below:

function [Pi_hat, Theta_all_hat]=DSoG(R_all ,K)

% An implementation of GoM-DSoG algorithm
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% Inputs:
% R_all: a tensor with R_all (:,:, 1) being the NxJ matrix of layer

% 1, where N and J denote the number subjects and items, respectively

% K: the number of latent classes

% Outputs:

% Pi_hat: the NxK estimated membership matrix

% Theta_all_hat: a tensor with Theta_all_hat (:,:,1) being the JxK

% estimated item parameter matrix.
N=size (R.all ,1);J=size(R_all ,2);L=size (R_all ,3);M=max(max(max(R_all)));
S=zeros (N,N);
for 1=1:L
RI=R _all (:,:,1);Dl=sum(RI1."2,2);Dl=diag (DIl);S=S+R1«R1’—DI;
end
[U,"]=eigs(S,K);|[ pure |=SPA(U,K);CU(pure,:); Pi_hat=U/C;
Pi_hat=max(0,Pi_hat);
for i=1:N
Pi_hat (i,:)=Pi_hat(i,:)/sum(Pi_hat(i,:));
end
Theta_all_hat=zeros (J,K,L);

for 1=1:L
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RI=R_all (:,:,1);

theta_l_hat=min(M,max(0,Rl’*« Pi_hatxinv (Pi_hat '« Pi_hat)));

Theta_all_hat (:,:,l)=theta_l_hat;

end

function [ pure |=SPA(X,K)

% An implementation of SPA algorithm

% Input: X: n by K data matrix (eigenvectors in our setting),where

% n is the number of nodes, K is the vertices

% Output: pure: set of pure subjects indices

pure = [];
row_norm = vecnorm (X’)." 2 7;
for i = 1:K
[7,idx_tmp] = max(row_norm );pure = [pure idx_tmp |;

U(i,:) = X(idx_tmp ,:);

for j =1 : i-1

U(i,:) =U(i,:)/norm(U(i,:)); row_norm = row_norm — (XxU(i,:)")."2;

end
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end
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