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Supplementary Material

This documents contains additional technical details and numerical results that were omitted

from the main text of the manuscript.

S1 Auxiliary results.

In the exposition below, we will often refer to the lemmas stated in section

3.1 of the main document.

1.3 Existence of solutions.

In this section, we discuss simple sufficient conditions for existence of the

estimator pθn,k defined in display (1.5) of the main document.

Proposition 1. Assume that Θ Ă Rd is compact and that `pθ, xq is con-

tinuous with respect to the first variable for P-almost all x. Moreover, let ρ

be a convex function such that ρ2pxq ą 0 for all x P R. Then pθn,k exists.

Proof. It suffices to show that pLpθ, θ1q is continuous. The existence claim
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then easily follows as pLpθ, θ1q must be uniformly continuous on ΘˆΘ due

to compactness, which in turn implies, via a standard argument, continuity

of the function θ ÞÑ maxθ1PΘ pLpθ, θ1q, hence the existence of pθn,k, again in

view of compactness. To establish the continuity of θ ÞÑ maxθ1PΘ pLpθ, θ1q

when pLpθ, θ1q is uniformly continuous, note that for any θ P Θ and any

ε ą 0, pLpθ, θ1q ´ ε ď pLpθ̃, θ1q ď pLpθ, θ1q ` ε for all θ1 P Θ as long as

}θ̃´θ} ď δpεq. It easily implies that maxθ1PΘ pLpθ, θ1q´ε ď maxθ1PΘ pLpθ̃, θ1q ď

maxθ1PΘ pLpθ, θ1q ` ε, and the conclusion follows.

All that remains is to establish the continuity of pLpθ, θ1q. To this end, fix

ε ą 0 and let

Rpz; θ, θ1q “
1

k

k
ÿ

j“1

ρ

ˆ

?
n
sLjpθq ´ sLjpθ

1q ´ z

∆n

˙

.

Since R1pz; θ, θ1q is strictly increasing in z, there exist z`pεq and z´pεq

such that R1pz`pεq; θ, θ
1q “ ε and R1pz´pεq; θ, θ

1q “ ´ε. In particular,

pLpθ, θ1q P pz´pεq, z`pεqq. As R2ppLpθ, θ1q; θ, θ1q ą 0 in view of the assump-

tion ρ2 ą 0, |z`pεq ´ z´pεq| Ñ 0 as ε Ñ 0. Since sLjpθq ´ sLjpθ
1q is

continuous in θ, θ1 by assumption, R is continuous in θ, θ1 as well, hence
ˇ

ˇ

ˇ
Rpz`pεq; θ̃, θ̃

1q ´Rpz`pεq; θ, θ
1q

ˇ

ˇ

ˇ
ă ε and

ˇ

ˇ

ˇ
Rpz´pεq; θ̃, θ̃

1q ´Rpz´pεq; θ, θ
1q

ˇ

ˇ

ˇ
ă

ε whenever }pθ, θ1q ´ pθ̃, θ̃1q} ď δpεq for some δpεq small enough. In this

case, we see that the inequalities Rpz`pεq; θ̃, θ̃
1q ą 0 and Rpz´pεq; θ̃, θ̃

1q ă 0

hold, hence pLpθ̃, θ̃1q P pz´pεq, z`pεqq, implying that
ˇ

ˇ

ˇ

pLpθ̃, θ̃1q ´ pLpθ, θ1q
ˇ

ˇ

ˇ
ď
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|z`pεq ´ z´pεq| Ñ 0 as εÑ 0, yielding the desired conclusion.

We remark that elsewhere in this work, we choose ρ with the second

derivative vanishing outside of a neighborhood of 0. However, R2ppLpθ, θ1q; θ, θ1q ą

0 holds with high probability uniformly over θ, θ1 P Θ when Θ is compact

and the class t`pθ, ¨q, θ P Θu satisfies the assumptions made. We sketch

the steps needed to show this fact; all the required tools have already been

established in the paper. First, note that in view of Lemma A.1 and the

triangle inequality, supθ,θ1PΘ

ˇ

ˇ

ˇ

pLpθ, θ1q ´ Lpθ, θ1q
ˇ

ˇ

ˇ
“ OP pn

´1{2q as n, k Ñ 8

with high probability, hence

inf
θ,θ1

R2ppLpθ, θ1q; θ, θ1q ě inf
θ,θ1,|z|ďD{

?
n
R2pLpθ, θ1q ` z; θ, θ1q

for a large constant D, again with high probability. Next, the relation

1

n
sup

θ,θ1,|z|ďD{
?
n

|R2pLpθ, θ1q ` z; θ, θ1q ´ ER2pLpθ, θ1q ` z; θ, θ1q| “ oP p1q

as n, k Ñ 8 follows from an argument identical to the one used to prove

Lemma A.2 and Lemma 2. Finally,

Eρ2
ˆ

?
n
sLjpθq ´ sLjpθ

1q ´ Lpθ, θ1q ´ z

∆n

˙

“ Eρ2
ˆ

Zpθ, θ1q ´ z
?
n

∆n

˙

` op1q

in view of Lemma 1, where Zpθ, θ1q is a centered and normally distributed

random variable with variance σ2pθ, θ1q. As ρ2pxq ě It|x| ď 1u, we see that

infθ,θ1,|z|ďD{?n Eρ2
´

Zpθ,θ1q´z
?
n

∆n

¯

ą 0, yielding the result.
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S2 Proof of Theorem 1 (main text).

2.4 Preliminaries.

Let us recall some basic facts and existing results required in the proof.

Given a metric space pT, ρq, the covering number NpT, ρ, εq is defined as

the smallest N P N such that there exists a subset F Ď T of cardinality

N with the property that for all z P T , ρpz, F q ď ε. Let tY ptq, t P T u be

a stochastic process indexed by T . We will say that it has sub-Gaussian

increments with respect to some metric ρ if for all t1, t2 P T and s P R,

EespYt1´Yt2 q ď e
s2ρ2pt1,t2q

2 .

Theorem (Dudley’s entropy bound). Let tY ptq, t P T u be a centered

stochastic process with sub-Gaussian increments. Then the following in-

equality holds:

E sup
tPT
|Y ptq ´ Y pt0q| ď 12

DpT q
ż

0

a

logNpT, ρ, εqdε,

where DpT q is the diameter of the space T with respect to ρ.

Proof. See the book by Talagrand (2005).

The following bound allows one to control the error
ˇ

ˇ

ˇ

pLpθ, θ0q ´ Lpθ, θ0q

ˇ

ˇ

ˇ

uniformly over compact subsets Θ1 Ď Θ. Recall the adversarial contamina-
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tion framework introduced in section 1, and define

r∆ :“ max

ˆ

∆n, sup
θPΘ1

σpθ, θ0q

˙

.

Lemma A.1. Let L “ t`pθ, ¨q, θ P Θu be a class of functions mapping S

to R, and assume that supθPΘ1 E |`pθ,Xq ´ `pθ0, Xq ´ Lpθ, θ0q|
2`τ

ă 8 for

some τ P r0, 1s. Then there exist absolute constants c, C ą 0 and a function

gτ px, θq satisfying gτ px, θq
xÑ8
“

$

’

’

’

&

’

’

’

%

op1q, τ “ 0,

Op1q, τ ą 0

such that for all s ą 0, n

and k satisfying

s
?
k∆n

E sup
θPΘ1

1
?
N

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

p`pθ,Xjq ´ `pθ0, Xjq ´ Lpθ, θ0qq

ˇ

ˇ

ˇ

ˇ

ˇ

` sup
θPΘ1

«

gτ pn, θq
E |`pθ,Xq ´ `pθ0, Xq ´ Lpθ, θ0q|

2`τ

∆2`τ
n nτ{2

ff

`
O
k
ď c,

the following inequality holds with probability at least 1´ 1
s
:

sup
θPΘ1

ˇ

ˇ

ˇ

pLpθ, θ0q ´ Lpθ, θ0q

ˇ

ˇ

ˇ

ď C

«

s ¨
r∆

∆n

E sup
θPΘ1

ˇ

ˇ

ˇ

ˇ

ˇ

1

N

N
ÿ

j“1

´

`pθ,Xjq ´ `pθ0, Xjq ´ Lpθ, θ0q

¯

ˇ

ˇ

ˇ

ˇ

ˇ

` r∆

˜

1
?
n

O
k
`

1
?
n

sup
θPΘ1

«

gτ pn, θq
E |`pθ,Xq ´ `pθ0, Xq ´ Lpθ, θ0q|

2`τ

∆2`τ
n nτ{2

ff¸ff

.

We will only use the bound of the lemma with τ “ 0. The proof of this

bound is similar to the argument behind Theorem 3.1 in (Minsker, 2019b);

for the readers’ convenience, we present the details in section 2.4 below.
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For the illustration purposes, assume that O “ 0, whence the result above

implies that as long as

E sup
θPΘ1

1
?
N

N
ÿ

j“1

|`pθ,Xjqq ´ `pθ0, Xjq ´ Lpθ, θ0q| “ Op1q

and σpΘ1q À ∆n “ Op1q,

sup
θPΘ1

ˇ

ˇ

ˇ

pLpθ, θ0q ´ Lpθ, θ0q

ˇ

ˇ

ˇ
“ Op

`

N´1{2
` n´p1`τq{2∆´p2`τq

n

˘

.

Moreover, if O “ κN and ∆n “ Op1q, then, setting k — Nκ
2

2`τ , we see that

sup
θPΘ1

ˇ

ˇ

ˇ

pLpθ, θ0q ´ Lpθ, θ0q

ˇ

ˇ

ˇ
“ Op

´

N´1{2
` κ

1`τ
2`τ

¯

.

Lemma A.2. Assume that X1, . . . , Xn are i.i.d. Let θ P Θ, and set δ0 :“

rpθq, where rpθq is defined in Assumption 3. Then for all 0 ă δ ď δ0,

E sup
}θ1´θ}ďδ

ˇ

ˇ

ˇ

ˇ

ˇ

1

k

k
ÿ

j“1

ρ2
ˆ?

n

∆n

`

L̄jpθ
1, θ0q ´ Lpθ

1, θ0q
˘

˙

´ Eρ2
ˆ?

n

∆n

`

L̄1pθ
1, θ0q ´ Lpθ

1, θ0q
˘

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ď
8

∆n

?
k
E sup
}θ1´θ}ďδ

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
N

N
ÿ

j“1

p`pθ1, Xjq ´ `pθ0, Xjq ´ Lpθ
1, θ0qq

ˇ

ˇ

ˇ

ˇ

ˇ

As a consequence,

sup
}θ1´θ}ďδ

ˇ

ˇ

ˇ

ˇ

ˇ

1

k

k
ÿ

j“1

ρ2
ˆ?

n

∆n

`

L̄jpθ
1, θ0q ´ Lpθ

1, θ0q
˘

˙

´ Eρ2
ˆ?

n

∆n

`

L̄1pθ
1, θ0q ´ Lpθ

1, θ0q
˘

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ď
8s

∆n

?
k
E sup
}θ1´θ}ďδ

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
N

N
ÿ

j“1

p`pθ1, Xjq ´ `pθ0, Xjq ´ Lpθ
1, θ0qq

ˇ

ˇ

ˇ

ˇ

ˇ
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with probability at least 1´ 1
s
, where C ą 0 is an absolute constant. More-

over, the bound still holds if ρ2 is replaced by ρ3, up to the change in

constants.

The proof is given in section 2.4.

Lemma A.3. Let tAnpθq, θ P Θu, tBnpθq, θ P Θ Ď Rdu be sequences of

stochastic processes such that for every θ P Θ, the sequences of random

variables tAnpθquně1 and tBnpθquně1 are stochastically bounded, and for

any ε ą 0,

lim sup
nÑ8

P

˜

sup
}θ´θ0}ďδ

|Anpθq ´ Anpθ0q| ě ε

¸

Ñ 0 as δ Ñ 0,

lim sup
nÑ8

P

˜

sup
}θ´θ0}ďδ

|Bnpθq ´Bnpθ0q| ě ε

¸

Ñ 0 as δ Ñ 0.

Then

lim sup
nÑ8

P

˜

sup
}θ´θ0}ďδ

|AnpθqBnpθq ´ Anpθ0qBnpθ0q| ě ε

¸

Ñ 0 as δ Ñ 0.

Moreover, if there exists c ą 0 such that

lim inf
nÑ8

Pp|Bnpθ0q| ě cq “ 1,

then the following also holds:

lim sup
nÑ8

P

˜

sup
}θ´θ0}ďδ

ˇ

ˇ

ˇ

ˇ

Anpθq

Bnpθq
´
Anpθ0q

Bnpθ0q

ˇ

ˇ

ˇ

ˇ

ě ε

¸

Ñ 0 as δ Ñ 0.
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Proof. The result follows in a straightforward manner from the triangle

inequality hence the details are omitted.

Let us commence the proof of the theorem. To simplify and clarify the

notation, we will omit subscript j in most cases and simply write “k, n”

instead of “kj, nj” to denote the increasing sequences of the number of

subgroups and their cardinalities. For every θ1 P Θ, define

pθpθ1q :“ argmax
θPΘ

pLpθ1, θq “ argmin
θPΘ

pLpθ, θ1q

Above, we assumed that the maximum is attained so that pθpθ1q is well

defined; however, the argument also holds with pθpθ1q replaced by a near-

maximizer. We will set pθ
p1q
n,k :“ pθn,k and pθ

p2q
n,k :“ pθppθ

p1q
n,kq. Observe that

pL
´

pθ
p1q
n,k,

pθ
p2q
n,k

¯

ď pL
´

θ0, pθpθ0q

¯

, hence whenever }pθ
pjq
n,k ´ θ0} ď R, j “ 1, 2,

Lppθ
p1q
n,kq ´ Lp

pθ
p2q
n,kq “ Lppθ

p1q
n,kq ´ Lp

pθ
p2q
n,kq ˘

pLppθ
p1q
n,k,

pθ
p2q
n,kq

ď pL
´

θ0, pθpθ0q

¯

` sup
}θj´θ0}ďR,j“1,2

ˇ

ˇ

ˇ

pLpθ1, θ2q ´ Lpθ1, θ2q

ˇ

ˇ

ˇ

ď Lpθ0q ´ Lppθpθ0qq ` 2 sup
}θj´θ0}ďR,j“1,2

ˇ

ˇ

ˇ

pLpθ1, θ2q ´ Lpθ1, θ2q

ˇ

ˇ

ˇ

ď 2 sup
}θj´θ0}ďR,j“1,2

ˇ

ˇ

ˇ

pLpθ1, θ2q ´ Lpθ1, θ2q

ˇ

ˇ

ˇ
,

where we used the fact that Lpθ0q ´ Lppθpθ0qq ď 0 in the last step. On the

other hand, for any ε ą 0,

inf
}θ1´θ0}ěε

sup
θ2

pLpθ1q ´ Lpθ2qq ą Lpθ0q ` δ ´ Lpθ0q “ δ
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where δ :“ δpεq ą 0 exists in view of Assumption 2. Therefore,

P
´

}pθ
p1q
n,k ´ θ0} ě ε

¯

ď P

˜

sup
}θj´θ0}ďR,j“1,2

ˇ

ˇ

ˇ

pLpθ1, θ2q ´ Lpθ1, θ2q

ˇ

ˇ

ˇ
ą δ{2

¸

` P
´
›

›

›

pθ
p1q
n,k ´ θ0

›

›

›
ą R or

›

›

›

pθ
p2q
n,k ´ θ0

›

›

›
ą R

¯

.

It follows from Lemma A.1 that

sup
}θj´θ0}ďR,j“1,2

ˇ

ˇ

ˇ

pLpθ1, θ2q ´ Lpθ1, θ2q

ˇ

ˇ

ˇ
Ñ 0 in probability

as long as lim supk,nÑ8
Opk,nq
k

ď c as n, k Ñ 8. Indeed, to verify this, it

suffices to show that

lim sup
NÑ8

E sup
}θj´θ0}ďR,j“1,2

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
N

N
ÿ

j“1

p`pθ1, Xjq ´ `pθ2, Xjq ´ Lpθ1, θ2qq

ˇ

ˇ

ˇ

ˇ

ˇ

ă 8,

which follows from the triangle inequality and the relation

lim sup
NÑ8

E sup
}θ1´θ0}ďR

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
N

N
ÿ

j“1

p`pθ1, Xjq ´ `pθ0, Xjq ´ Lpθ1, θ0qq

ˇ

ˇ

ˇ

ˇ

ˇ

ă 8. (2.1)

To establish the latter, we use a well-known argument based on symmetriza-

tion inequality and Dudley’s entropy integral bound (see section 2.4). Let

ε1, . . . , εN be i.i.d. random signs, independent of the data X1, . . . , XN .

Then symmetrization inequality (van der Vaart and Wellner, 1996) yields

that

E sup
θPΘ:}θ´θ0}ďR

1
?
N

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

p`pθ,Xjq ´ `pθ0, Xjq ´ Lpθ, θ0qq

ˇ

ˇ

ˇ

ˇ

ˇ
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ď 2E sup
θPΘ:}θ´θ0}ďR

1
?
N

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

εj p`pθ,Xjq ´ `pθ0, Xjqq

ˇ

ˇ

ˇ

ˇ

ˇ

.

Conditionally on X1, . . . , XN , the process

`pθ, ¨q ÞÑ
1
?
N

N
ÿ

j“1

εj p`pθ,Xjq ´ `pθ0, Xjqq

has sub-Gaussian increments with respect to the semi-metric d2
Npθ1, θ2q :“

1
N

řN
j“1 p`pθ1, Xjq ´ `pθ2, Xjqq

2. It follows from compactness of the setBpθ0, Rq “

tθ : }θ ´ θ0} ď Ru and Assumption 3 that there exist θ1, . . . , θNpRq such

that
ŤNpRq
j“1 Bpθj, rpθjqq Ě Bpθ0, Rq and

|`pθ1, xq ´ `pθ2, xq| ď Vpx; rpθjqq}θ
1
´ θ2}

for all θ1, θ2 P Bpθj, rpθjqq. To cover Bpθ0, Rq by the balls of dN -radius τ ,

it suffices to cover each of the NpRq balls Bpθj, rpθjqq. It is easy to see

that the latter requires at most
´

6rpθjq}Vp¨;rpθjqq}L2pPN q

τ

¯d

balls of radius τ .

Therefore,

log1{2NpBpθ0, Rq, dN , τq ď log1{2

˜

NpRq
ÿ

j“1

«

ˆ

6rpθjq}Vp¨; rpθjqq}L2pPN q

τ

˙d

_ 1

ff¸

.

Note that for any x1, . . . , xm ě 1,
řm
j“1 xj ď m

śm
j“1 xj, or log

´

řm
j“1 xj

¯

ď

logm`
řm
j“1 log xj, so that

log1{2

˜

NpRq
ÿ

j“1

«

ˆ

6rpθjq}Vp¨; rpθjqq}L2pPN q

τ

˙d

_ 1

ff¸

ď log1{2NpRq `

NpRq
ÿ

j“1

?
d log

1{2
`

ˆ

6rpθjq}Vp¨; rpθjqq}L2pPN q

τ

˙

,
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where log`pxq :“ maxplog x, 0q. Moreover, the diameter DN of the set

Bpθ0, Rq is at most 2
řNpRq
j“1 rpθjq}Vp¨; rpθjqq}L2pPN q. Therefore,

ż DN

0

log1{2NpBpθ0, Rq, dN , τqdτ

ď C

˜

DN log1{2NpRq `
?
d

NpRq
ÿ

j“1

rpθjq}V p¨; rpθjqq}L2pPN q

ż 1

0

log1{2
p1{τqdτ

¸

and

E sup
θPΘ:}θ´θ0}ďR

1
?
N

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

εjp`pθ,Xjq ´ `pθ0, Xjqq

ˇ

ˇ

ˇ

ˇ

ˇ

ď C log1{2
pNpRqq

NpRq
ÿ

j“1

rpθjq}Vp¨; rpθjqq}L2pP q ă 8.

It remains to establish that P
´›

›

›

pθ
p1q
n,k ´ θ0

›

›

›
ą R or

›

›

›

pθ
p2q
n,k ´ θ0

›

›

›
ą R

¯

Ñ 0. To

this end, notice that by the definition of pθ
p1q
n,k,

0 ď pLppθ
p1q
n,k,

pθ
p2q
n,kq ď

pL
´

θ0, pθpθ0q

¯

ď Lpθ0q ´ L
´

pθpθ0q

¯

loooooooooomoooooooooon

ď0

` sup
}θ´θ0}ďR

ˇ

ˇ

ˇ

pLpθ0, θq ´ Lpθ0, θq
ˇ

ˇ

ˇ

on the event
!

}pθpθ0q ´ θ0} ď R
)

. It has already been established that

sup
}θ´θ0}ďR

ˇ

ˇ

ˇ

pLpθ0, θq ´ Lpθ0, θq
ˇ

ˇ

ˇ
Ñ 0 in probability.

To show that P
´

}pθpθ0q ´ θ0} ą R
¯

Ñ 0 for R large enough and as n, k Ñ 8,

recall that

Bpn,R, tq “ P

˜

inf
}θ´θ0}ěR

1

n

n
ÿ

j“1

`pθ,Xjq ă Lpθ0q ` t

¸
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and that limRÑ8 lim supnÑ8Bpn,R, tq “ 0 for some t ą 0 in view of As-

sumption 4. As moreover 1
n

řn
j“1 `pθ0, Xjq Ñ Lpθ0q in probability, one can

choose R0 and n0 such that

B̃pn,R, tq “ P

˜

inf
}θ´θ0}ěR

1

n

n
ÿ

j“1

`pθ,Xjq ´
1

n

n
ÿ

j“1

`pθ0, Xjq ă t{2

¸

ă γ

for all n ě n0pγq and R ě R0pγq for any γ ą 0. As

pLpθ, θ0q “ argmin
zPR

k
ÿ

j“1

ρ

ˆ?
n

∆n

pL̄jpθq ´ L̄jpθ0q ´ zq

˙

,

it solves the equation
řk
j“1 ρ

1

´?
n

∆n
pL̄jpθq ´ L̄jpθ0q ´ pLpθ, θ0qq

¯

“ 0. As-

sumption 1 implies that ρ1pxq “ }ρ1}8 for x ě 2. Therefore, pLpθ, θ0q ă t{4

only if L̄jpθq´ L̄jpθ0q ă t{4`2∆n?
n

for j P J such that |J | ě k{2. To see this,

suppose that there exists a subset J 1 Ď t1, . . . , ku of cardinality |J 1| ą k{2

such that L̄jpθq ´ L̄jpθ0q ě t{4 ` 2∆n?
n

for j P J 1 while pLpθ, θ0q ă t{4. In

turn, it implies that L̄jpθq ´ L̄jpθ0q ą 2∆n?
n
, j P J 1, whence

k
ÿ

j“1

ρ1
ˆ?

n

∆n

pLjpθq ´ L̄jpθ0q ´ pLpθ, θ0qq

˙

ą
k

2
}ρ}8 `

ÿ

jRJ 1

ρ1
ˆ?

n

∆n

pLjpθq ´ L̄jpθ0q ´ pLpθ, θ0qq

˙

ą 0,

leading to a contradiction. Therefore,

P
ˆ

inf
}θ´θ0}ěR

pLpθ, θ0q ă t{4

˙

ď P
ˆ

DJ Ď t1, . . . , ku, |J | ě k{2 : inf
}θ´θ0}ěR

L̄jpθq ´ L̄jpθ0q ă t{4` 2
∆n
?
n
, j P J

˙

.

(2.2)
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Let E be the event

E “
"

DJ Ď t1, . . . , ku, |J | ě k{2 : inf
}θ´θ0}ěR

L̄jpθq ´ L̄jpθ0q ă t{4` 2
∆n
?
n
, j P J

*

.

Since at most O out of k blocks of data may contain outliers, for E to hold

there must be a set of indices J 1 among the contamination-free blocks of

data such that the cardinality of J 1 satisfies |J 1| ě k{2 ´ O and such that

for all j P J 1,

inf
}θ´θ0}ěR

L̄jpθq ´ L̄jpθ0q ă t{4` 2
∆n
?
n
.

Probability of the latter is bounded by, in view of the union bound, by

ˆ

k ´O
tk{2u´O

˙

´

B̃pn,R, tq
¯tk{2u´O

ď C̃tk{2u´O
´

B̃pn,R, tq
¯tk{2u´O

whenever 2∆n?
n
ď t{2 and where we used the inequality

`

M
l

˘

ď pMe{lql

together with the fact that O
k
ď c for a sufficiently small absolute con-

stant c ą 0 and n, k large enough. Here, C̃ ě
pk´Oqe
tk{2u´O is another absolute

constant whose value depends on c. Moreover, if n ě n0p0.25{C̃q and

R ě R0p0.25{C̃q, we deduce that PpEq ă 0.25kp1{2´cq´1 Ñ 0 as k Ñ 8 since

c is chosen to be small.

As pLpθ0, θ0q “ 0 a.s., preceding discussion implies that P
´

}pθpθ0q ´ θ0} ă R
¯

Ñ

1 as n, k,RÑ 8. We have thus shown that

pLppθ
p1q
n,k,

pθ
p2q
n,kq Ñ 0 in probability. (2.3)
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On the other hand, by the definition of pθ
p2q
n,k, it holds that pLppθ

p1q
n,k,

pθ
p2q
n,kq ě

pLppθ
p1q
n,k, θ0q. Now, assume that }pθ

p1q
n,k ´ θ0} ą R while pLppθ

p1q
n,k, θ0q ă Lpθ0q `

t{2´Lpθ0q “ t{2. Arguing as before, we see that there exists J 1 Ă t1, . . . , ku

such that |J 1| ą k{2 and L̄jppθ
p1q
n,kq ´ L̄jpθ0q ă Lpθ0q ` t{2´ Lpθ0q ` 2∆n?

n
for

j P J 1, which implies the inequalities

inf
}θ´θ0}ąR

L̄jpθq ă Lpθ0q ` t{2` 2
∆n
?
n
`
`

L̄jpθ0q ´ Lpθ0q
˘

, j P J 1.

Clearly, P
`ˇ

ˇ

`

L̄jpθ0q ´ Lpθ0q
˘ˇ

ˇ ě t{4
˘

ď 16
nt2

Var p`pθ0, Xqq, therefore, for n

and R large enough,

P
ˆ

inf
}θ´θ0}ąR

L̄jpθq ă Lpθ0q ` t{2` 2
∆n
?
n
`
`

L̄jpθ0q ´ Lpθ0q
˘

˙

ă 0.01

for any j. Reasoning as in (2.2), we see that

P
´

pLppθ
p1q
n,k, θ0q ă t{2 and }pθ

p1q
n,k ´ θ0} ą R

¯

Ñ 0 as k, nÑ 8.

We deduce that on the one hand,

P
´

pLppθ
p1q
n,k, θ0q ě t{2

č

}pθ
p1q
n,k ´ θ0} ą R

¯

Ñ P
´

}pθ
p1q
n,k ´ θ0} ą R

¯

.

In view of (2.3), we see that on the other hand,

P
´

pLppθ
p1q
n,k, θ0q ě t{2

č

}pθ
p1q
n,k ´ θ0} ą R

¯

ď P
´

pLppθ
p1q
n,k, θ0q ě t{2

¯

Ñ 0,

implying that P
´

}pθ
p1q
n,k ´ θ0} ą R

¯

Ñ 0 for R large enough as n, k Ñ 8.

Finally, assume that }pθ
p2q
n,k ´ θ0} ą R and that pLppθ

p1q
n,k,

pθ
p2q
n,kq ą Lppθ

p1q
n,kq ´

Lpθ0q ´ t{2. Repeating the reasoning behind (2.2), we see that the latter
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implies that there exists J 1 Ă t1, . . . , ku such that |J 1| ą k{2 and L̄jppθ
p1q
n,kq´

L̄jppθ
p2q
n,kq ą Lppθ

p1q
n,kq ´

´

Lpθ0q ` t{2` 2∆n?
n

¯

for j P J 1, yielding that on the

event
!

}pθ
p1q
n,k ´ θ0} ď R

)

,

inf
}θ´θ0}ąR

L̄jpθq ă Lpθ0q ` t{2` 2
∆n
?
n
`

´

L̄jppθ
p1q
n,kq ´ Lp

pθ
p1q
n,kq

¯

ď Lpθ0q ` t{2` 2
∆n
?
n
` sup
}θ1´θ0}ďR

ˇ

ˇL̄jpθ
1
q ´ Lpθ1q

ˇ

ˇ

for j P J 1. We have shown before that P
´

}pθ
p1q
n,k ´ θ0} ą R

¯

Ñ 0 for R large

enough as n, k Ñ 8. As E sup}θ1´θ0}ďR
ˇ

ˇL̄jpθ
1q ´ Lpθ1q

ˇ

ˇ Ñ 0 for any R ą 0

as n Ñ 8 (indeed, this follows from (2.1) and the triangle inequality), for

n and R large enough, the argument similar to (2.2) implies that

P

˜

sup
}θ´θ0}ąR

pLppθ
p1q
n,k, θq ą Lppθ

p1q
n,kq ´ Lpθ0q ´ t{2

¸

Ñ 0 as k Ñ 8,

therefore P
´

}pθ
p2q
n,k ´ θ0} ą R

Ş

pL
´

pθ
p1q
n,k,

pθ
p2q
n,k

¯

ď Lppθ
p1q
n,kq ´ pLpθ0q ` t{2q

¯

Ñ

P
´

}pθ
p2q
n,k ´ θ0} ą R

¯

. On the other hand,

P
´

pL
´

pθ
p1q
n,k,

pθ
p2q
n,k

¯

ď Lppθ
p1q
n,kq ´ pLpθ0q ` t{2q

¯

ď P
´

pL
´

pθ
p1q
n,k, θ0

¯

ď Lppθ
p1q
n,kq ´ pLpθ0q ` t{2q

¯

ď P
´

}pθ
p1q
n,k ´ θ0} ą R

¯

`P

˜

Lppθ
p1q
n,kq ´ Lpθ0q ´ sup

}θ´θ0}ďR

ˇ

ˇ

ˇ

pLpθ, θ0q ´ pLpθq ´ Lpθ0qq

ˇ

ˇ

ˇ
ď Lppθ

p1q
n,kq ´ pLpθ0q ` t{2q

¸

“ P

˜

sup
}θ´θ0}ďR

ˇ

ˇ

ˇ

pLpθ, θ0q ´ pLpθq ´ Lpθ0qq

ˇ

ˇ

ˇ
ě t{2

¸

`P
´

}pθ
p1q
n,k ´ θ0} ą R

¯

Ñ 0

for R large enough as n, k Ñ 8, therefore completing the proof of consis-

tency.
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S3 Proof of Lemma 1 (main text).

We will apply the standard Lindeberg’s replacement method (see for ex-

ample O’Donnell, 2014, chapter 11). For 1 ď j ď n ` 1, define Tj :“

F
´

řj´1
i“1 ξi `

řn
i“j Zj

¯

. Then

ˇ

ˇ

ˇ

ˇ

ˇ

EF

˜

n
ÿ

j“1

ξj

¸

´ EF

˜

n
ÿ

j“1

Zj

¸
ˇ

ˇ

ˇ

ˇ

ˇ

“ |ETn`1 ´ ET1| ď

n
ÿ

j“1

|ETj`1 ´ ETj|.

Moreover, Taylor’s expansion formula gives that there exists (random) µ P

r0, 1s such that

Tj`1 “ F

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj

¸

` F 1

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj

¸

ξj

` F 2

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj

¸

ξ2
j

2

`

˜

F 2

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj ` µξj

¸

´ F 2

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj

¸¸

ξ2
j

2
.

Similarly,

Tj “ F

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj

¸

` F 1

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj

¸

Zj

` F 2

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj

¸

Z2
j

2

`

˜

F 2

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj ` µ
1Zj

¸

´ F 2

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj

¸¸

Z2
j

2
.

Lipschitz continuity and boundedness of F 2 imply that

|F 2pxq ´ F 2pyq| ď CpF qminp1, |x´ y|q
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with CpF q “ max p2}F }8, LpF
2qq. Therefore,

|ETj`1 ´ ETj|

ď

ˇ

ˇ

ˇ

ˇ

ˇ

E

˜

F 2

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj ` µξj

¸

´ F 2

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj

¸¸

ξ2
j

2

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

E

˜

F 2

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj ` µ
1Zj

¸

´ F 2

˜

j´1
ÿ

i“1

ξi `
n
ÿ

i“j`1

Zj

¸¸

Z2
j

2

ˇ

ˇ

ˇ

ˇ

ˇ

ď C1pF qE
“

ξ2
j minp|ξj|, 1q

‰

,

and the first claim follows. To establish the second inequality, it suffices to

observe that for all j, E
“

ξ2
j minp|ξj|, 1q

‰

“ E|ξj|3It|ξj| ď 1u `E|ξj|2It|ξj| ą

1u. Clearly, |ξj|
3 ď |ξj|

2`τ on the event t|ξj| ď 1u, whereas |ξj|
2 ď |ξj|

2`τ

on the event t|ξj| ą 1u.

S4 Proof of Lemma 2 (main text).

Symmetrization inequality yields that

E sup
θ1,θ2PΘ1

˜

1
?
n

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

j“1

pfθ1pXjq ´ fθ2pXjq ´ P pfθ1 ´ fθ2qq

ˇ

ˇ

ˇ

ˇ

ˇ

¸p

ď CppqE sup
θ1,θ2PΘ1

˜

1
?
n

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

j“1

εj pfθ1pXjq ´ fθ2pXjqq

ˇ

ˇ

ˇ

ˇ

ˇ

¸p

“ CppqEXEε sup
θ1,θ2PΘ1

˜

1
?
n

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

j“1

εj pfθ1pXjq ´ fθ2pXjqq

ˇ

ˇ

ˇ

ˇ

ˇ

¸p

.

As the process f ÞÑ 1?
n

řn
j“1 εj pfθ1pXjq ´ fθ2pXjqq is sub-Gaussian con-

ditionally on X1, . . . , Xn, its (conditional) Lp-norms are equivalent to L1
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norm. Hence, Dudley’s entropy bound (see Theorem 2.2.4 in van der Vaart

and Wellner (1996)) implies that

Eε sup
θ1,θ2PΘ1

˜

1
?
n

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

j“1

εj pfθ1pXjq ´ fθ2pXjqq

ˇ

ˇ

ˇ

ˇ

ˇ

¸p

ď Cppq

˜

Eε sup
θ1,θ2PΘ1

1
?
n

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

j“1

εj pfθ1pXjq ´ fθ2pXjqq

ˇ

ˇ

ˇ

ˇ

ˇ

¸p

ď Cppq

˜

ż DnpΘ1q

0

log1{2Npz, Tn, dnqdz

¸p

,

where

d2
npfθ1 , fθ2q “

1

n

n
ÿ

j“1

pfθ1pXjq ´ fθ2pXjqq
2 ,

Tn “ tpfθpX1q, . . . , fθpXnqq, θ P Θ1
u Ď Rn

and DnpΘ
1q is the diameter of Θ with respect to the distance dnp¨, ¨q. As

fθp¨q is Lipschitz in θ, we have that d2
npfθ1 , fθ2q ď

1
n

řn
j“1M

2pXjq}θ1´ θ2}
2,

implying that DnpΘ
1q ď }M}L2pΠnqdiampΘ1, } ¨ }q and

logNpz, Tn, dnq ď logN
`

z{}M}L2pΠnq,Θ
1, } ¨ }

˘

ď log

ˆ

C
diampΘ1, } ¨ }q }M}L2pΠnq

z

˙d

.

Therefore,

˜

ż DnpΘ1q

0

log1{2Npz, Tn, dnqdz

¸p

ď Cdp{2
`

diampΘ1, } ¨ }q ¨ }M}L2pΠnq

˘p

and

EXEε sup
θ1,θ2PΘ1

˜

1
?
n

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

j“1

εj pfθ1pXjq ´ fθ2pXjqq

ˇ

ˇ

ˇ

ˇ

ˇ

¸p

ď Cdp{2diamp
pΘ1, }¨}qE}M}pL2pΠnq

.
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Proof of the second bound follows from the triangle inequality

E sup
θPΘ1

˜ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

j“1

1
?
n
pfθpXjq ´ Pfθ1q

ˇ

ˇ

ˇ

ˇ

ˇ

¸p

ď Cppq

˜

E

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
n

n
ÿ

j“1

pfθ0pXjq ´ Pfθ0q

ˇ

ˇ

ˇ

ˇ

ˇ

p

` E sup
θPΘ1

˜
ˇ

ˇ

ˇ

ˇ

ˇ

1
?
n

n
ÿ

j“1

pfθpXjq ´ fθ0pXjq ´ P pfθ ´ fθ0qq

ˇ

ˇ

ˇ

ˇ

ˇ

¸p¸

,

and Rosenthal’s inequality (Ibragimov and Sharakhmetov, 2001) applied to

the term E
ˇ

ˇ

ˇ

1?
n

řn
j“1pfθ0pXjq ´ Pfθ0q

ˇ

ˇ

ˇ

p

.

S5 Proof of Lemma 3 (main text).

First, observe that in view of Assumption 3,

σ2
pδq ď sup

}θ´θ0}ďδ

E|`pθ,Xq ´ `pθ0, Xq|2 ď EV2
pX; rpθ0qq δ

2.

Next, define

pGkpz; θq :“
1

k

k
ÿ

j“1

ρ1
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q ´ z
˘

˙

so that pGkppLpθ, θ0q ´ Lpθ, θ0q; θq “ 0, and let

Gkpz; θq :“ Eρ1
ˆ?

n

∆n

`

L̄1pθ, θ0q ´ Lpθ, θ0q ´ z
˘

˙

In the definition of Gkpz; θq, we also assumed that L̄1pθ, θ0q is based on the

contamination-free sample. Next, consider the stochastic process

Rkpθq “ pGkp0; θq ` BzGkpz; θq
ˇ

ˇ

z“0

´

pLpθ, θ0q ´ Lpθ, θ0q

¯

.
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We claim that for any θ P Θ,

?
N

Rkpθ
1q

BzGkpz; θ1q|z“0

“ OP

ˆ

δ2

?
k
`
?
kδ3

`
O2

k3{2

˙

(2.4)

uniformly over θ1 in the neighborhood of θ0. Taking this claim for granted

for now, we see that

?
N
´

pLpθ, θ0q ´ Lpθ, θ0q

¯

“ ´
?
N

pGkp0; θq

BzGkpz; θq|z“0

`
?
N

Rkpθq

BzGkpz; θq|z“0

,

and in particular it follows from the claim above that the weak limits of

?
NppLpθ, θ0q ´ Lpθ, θ0qq and

´
?
N

pGkp0; θq

BzGkpz; θq|z“0

“
∆n
?
k

řk
j“1 ρ

1

´?
n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

¯

Eρ2
´?

n
∆n

`

L̄1pθ, θ0q ´ Lpθ, θ0q
˘

¯ .

coincide whenever δ is sufficiently small (note that we can change the order

of differentiation and expectation in the denominator as ρ2 is bounded). It

remains to establish the relation (2.4) that implies the bound for sup}θ´θ0}ďδ |Rn,kpθq|

in the statement of the lemma. To this end, define

peNpθq :“ pLpθ, θ0q ´ Lpθ, θ0q

so that ĜkppeNpθq; θq “ 0. Recall the definition of Rkpθq and observe that

the following identity is immediate via Taylor’s expansion:

Rkpθq “ pGk ppeNpθq; θq
loooooomoooooon

“0

`BzGkpz; θq
ˇ

ˇ

z“0
peNpθq ´

´

pGk ppeNpθq; θq ´ pGkp0; θq
¯

.

For any θ P Θ and j “ 1, . . . , k, there exists τj “ τjpθq P r0, 1s such that
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ρ1
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q ´ peNpθq
˘

˙

“ ρ1
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙

´

?
n

∆n

ρ2
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙

¨ peNpθq

`
n

∆2
n

ρ3
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q ´ τjpeNpθq
˘

˙

¨ ppeNpθqq
2 .

Therefore,

pGk ppeNpθq; θq´ pGkp0; θq “ ´

?
n

k∆n

k
ÿ

j“1

ρ2
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙

¨peNpθq

`
n

k∆2
n

k
ÿ

j“1

ρ3
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙

¨ ppeNpθqq
2

`
n

k∆2
n

k
ÿ

j“1

˜

ρ3
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q ´ τjpeNpθq
˘

˙

´ ρ3
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙

¸

¨ ppeNpθqq
2

and

Rkpθq “

?
n

∆n

1

k

k
ÿ

j“1

˜

ρ2
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙

´ Eρ2
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙

¸

¨ peNpθq

´
n

∆2
n

1

k

k
ÿ

j“1

ρ3
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙

¨ ppeNpθqq
2

´
n

∆2
n

1

k

k
ÿ

j“1

ˆ

ρ3
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q ´ τjpeNpθq
˘

˙

´ρ3
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙˙

¨ ppeNpθqq
2
“ R1pθq `R2pθq `R3pθq.

(2.5)
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It follows from Lemma A.1 (with O “ 0) and Lemma 2 (see the main paper)

that

sup
}θ´θ0}ďδ

|peNpθq| ď Cpd, θ0q

ˆ

δ
?
N
s`

δ2

?
n
`

O
k
?
n

˙

with probability at least 1´s´1 whenever s À
?
k^

?
n. Moreover, Lemma

A.2 combined with Lemma 2 yields that

sup
}θ´θ0}ďδ

ˇ

ˇ

ˇ

ˇ

ˇ

1

k

k
ÿ

j“1

˜

ρ2
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙

´ Eρ2
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ď Cpd, θ0q

ˆ

δ
?
k
s`

O
k

˙

with probability at least 1 ´ s´1 (here, we also used the fact that at most

O out of k blocks may contain outliers). Therefore, the first term R1pθq in

(2.5) satisfies

sup
}θ´θ0}ďδ

|R1pθq| ď Cpd, θ0q

ˆ

δ2

k
s2
`

δ3

?
k
s` δ2O

k
`

O2

k2

˙

on event E of probability at least 1´ 2
s
. Observe that

sup
}θ´θ0}ďδ

ˇ

ˇ

ˇ

ˇ

ˇ

1

k

k
ÿ

j“1

˜

ρ3
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙

´ Eρ3
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙

¸
ˇ

ˇ

ˇ

ˇ

ˇ

ď Cpd, θ0q

ˆ

δ
?
k
s`

O
k

˙

with probability at least 1´ s´1, again by Lemma A.2, and

ˇ

ˇ

ˇ

ˇ

Eρ3
ˆ?

n

∆n

`

L̄jpθ, θ0q ´ Lpθ, θ0q
˘

˙
ˇ

ˇ

ˇ

ˇ

ď Cδ2
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by Lemma 1. Therefore, the term R2pθq admits an upper bound

sup
}θ´θ0}ďδ

|R2pθq| ď Cpd, θ0q

ˆ

δ3
`

O3

k3

˙

which holds with probability at least 1 ´ s´1 (here, we again used the

inequality s À
?
kq to simplify the expression). Finally, as ρ3 is Lipschitz

continuous by assumption, the third term R3pθq can be estimated via

sup
}θ´θ0}ďδ

|R3pθq| ď Cpd, θ0q
n

∆2
n

|peNpθq|
3
ď
Cpd, θ0q
?
n

ˆ

δ3
`

O3

k3

˙

on event E (note that this upper bound is smaller than the upper bound

for sup}θ´θ0}ďδ |R
2pθq| by the multiplicative factor of

?
n). Combining the

estimates above and excluding all the higher order terms, it is easy to

conclude that

?
N sup
}θ´θ0}ďδ

ˇ

ˇ

ˇ

ˇ

Rkpθq

BzGkpz; θq|z“0

ˇ

ˇ

ˇ

ˇ

ď Cpd, θ0q

˜

δ2 s
2

?
k
`
?
kδ3

`
O2

k3{2

¸

with probability at least 1´ 3
s
.

S6 Proof of Lemma A.1.

Define

Ĝkpz; θq “
1
?
k

k
ÿ

j“1

ρ1
ˆ

?
n
sLjpθq ´ sLjpθ0q ´ Lpθ, θ0q ´ z

∆n

˙

,

and recall that the contaminated sample X1, . . . , XN contains O outliers;

let I Ă t1, . . . , Nu denote the index set of the outliers. Moreover, let
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X̃1, . . . , X̃N be an i.i.d. sample from P such that X̃j ” Xj for j R I, and

let G̃kpz; θq be a version of Ĝkpz; θq based on the uncontaminated sample.

Clearly,
ˇ

ˇ

ˇ
Ĝkpz; θq ´ G̃kpz; θq

ˇ

ˇ

ˇ
ď 2}ρ}8

O?
k

almost surely, for all z P R.

Suppose that z1, z2 P R are such that on an event of probability close to

1, Ĝkpz1; θq ą 0 and Ĝkpz2; θq ă 0 for all θ P Θ simultaneously. Since Ĝk is

non-increasing in z, it is easy to see that on this event, pLpθ, θ0q ´Lpθ, θ0q P

pz1, z2q for all θ P Θ, implying that

sup
θPΘ1

ˇ

ˇ

ˇ

pLpθ, θ0q ´ Lpθ, θ0q

ˇ

ˇ

ˇ
ď maxp|z1|, |z2|q. (2.6)

Our goal is to find z1, z2 satisfying conditions above and such that |z1|, |z2|

are as small as possible. Let W pθq stand for a centered normally distributed

random variable with variance σ2pθ, θ0q, and observe that

Ĝkpz; θq “ A0 ` A1 ` A2 ` A3,

where

A0pθq “ Ĝkpz; θq ´ G̃kpz; θq,

A1pθq “
1
?
k

k
ÿ

j“1

˜

ρ1
ˆ

?
n
sLjpθq ´ sLjpθ0q ´ Lpθ, θ0q ´ z

∆n

˙

´ Eρ1
ˆ

?
n
sLjpθq ´ sLjpθ0q ´ Lpθ, θ0q ´ z

∆n

˙

¸

,

A2pθq “
?
k

ˆ

Eρ1
ˆ

?
n
sL1pθq ´ sL1pθ0q ´ Lpθ, θ0q ´ z

∆n

˙

´ Eρ1
ˆ

W pθq ´
?
nz

∆n

˙˙

,

A3pθq “
?
kEρ1

ˆ

W pθq ´
?
nz

∆n

˙

.
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With some abuse of notation, we assume that A1pθq and A2pθq are evaluated

based on the contamination-free sample X̃1, . . . , X̃N . Next, suppose that

ε0, ε1, ε2 are positive and such that

inf
θPΘ1

A0pθq ą ´ε0, inf
θPΘ1

A1pθq ą ´ε1

with high probability and infθPΘ1 A2pθq ą ´ε2. Then z1 satisfying

inf
θPΘ1

Eρ1
ˆ

W pθq ´
?
nz1

∆n

˙

ě
ε0 ` ε1 ` ε2

?
k

will conform to our requirements. Since

Eρ1
ˆ

W pθq ´
?
nz1

∆n

˙

« Eρ1
ˆ

W pθq

∆n

˙

loooooomoooooon

“0

´Eρ2
ˆ

W pθq

∆n

˙ ?
nz1

∆n

for small z1, a natural choice is z1 «
∆n

infθPΘ1 Eρ2p
W pθq
∆n
q
ε0`ε1`ε2?

nk
. This argument

is made precise in (Minsker, 2019b, Lemma 4.3) which shows that the choice

z1 “ ´
ε0 ` ε1 ` ε2

0.09

r∆
?
nk

is sufficient whenever εj, j “ 0, 1, 2 are not too large (specifically, when

ε0`ε1`ε2?
k

ď 0.045 - this is precisely the main condition needed for the bound

of lemma to hold). It remains to provide the values for εj, j “ 0, 1, 2. We

have already shown above that ε0 can be chosen as ε0 “ 2}ρ}8
O?
k
. To find

a feasible value of ε1, we will apply Markov’s inequality stating that with

probability at least 1´ 1{s,
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sup
θPΘ1

|A1pθq| ď sE sup
θPΘ1

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
k

k
ÿ

j“1

ρ1
ˆ?

n

∆n

`

L̄jpθq ´ L̄jpθ0q ´ Lpθ, θ0q ´ z
˘

˙

´Eρ1
ˆ?

n

∆n

`

L̄1pθq ´ L̄1pθ0q ´ Lpθ, θ0q ´ z
˘

˙ˇ

ˇ

ˇ

ˇ

.

The expected supremum can be estimated in a standard way using the

symmetrization, contraction and desymmetrization inequalities (e.g. see

the proof of Lemma A.2), yielding that

E sup
θPΘ1

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
k

k
ÿ

j“1

ρ1
ˆ?

n

∆n

`

L̄jpθq ´ Ljpθ0q ´ Lpθ, θ0q ´ z
˘

˙

´Eρ1
ˆ?

n

∆n

`

L̄1pθq ´ L̄1pθ0q ´ Lpθ, θ0q ´ z
˘

˙
ˇ

ˇ

ˇ

ˇ

ď
8Lpρ1q

∆n

E sup
θPΘ1

1
?
N

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

p`pθ,Xjq ´ `pθ0, Xjq ´ Lpθ, θ0qq

ˇ

ˇ

ˇ

ˇ

ˇ

.

It remains to obtain an appropriate value for ε2. Note that for any bounded

non-negative function g : R ÞÑ R` and any signed measure Q,

ˇ

ˇ

ˇ

ˇ

ż

R
gpxqdQ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ż }f}8

0

Q px : gpxq ě tq dt

ˇ

ˇ

ˇ

ˇ

ˇ

ď }g}8 max
tě0

|Q px : gpxq ě tq| .

Moreover, if g is monotone, the sets tx : gpxq ě tu and tx : gpxq ď tu are

half-intervals. Note that ρ1 “ maxpρ1, 0q´maxp´ρ1, 0q is a difference of two

non-negative monotone functions. Therefore,

ˇ

ˇ

ˇ

ˇ

ż

R
ρ1
ˆ

x´
?
nz

∆n

˙

dQpxq

ˇ

ˇ

ˇ

ˇ

ď }ρ1}8

ˆ

max
tě0

|Q px : ρ1pxq ě tq| `max
tď0

|Q px : ρ1pxq ď tq|

˙

.
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TakeQ to be the difference of the distributions of
?
n
`

sL1pθq ´ sL1pθ0q ´ Lpθ, θ0q
˘

and W pθq, denoted Φ
pn,kq
θ and Φθ respectively, so that

?
k

ˆ

Eρ1
ˆ

?
n
sL1pθq ´ sL1pθ0q ´ Lpθ, θ0q ´ z

∆n

˙

´ Eρ1
ˆ

W pθq ´
?
nz

∆n

˙˙

ď 2
?
k}ρ1}8 sup

tPR

ˇ

ˇ

ˇ
Φ
pn,kq
θ ptq ´ Φθptq

ˇ

ˇ

ˇ
.

A well-known result by Feller (1968) states that suptPR

ˇ

ˇ

ˇ
Φ
pn,kq
θ ptq ´ Φθptq

ˇ

ˇ

ˇ
ď

6gθpnq, where

gθpnq :“
1
?
n
E

«

ˆ

`pθ,Xq ´ `pθ0, Xq ´ Lpθ, θ0q

σpθ, θ0q

˙2

ˆmin

ˆ
ˇ

ˇ

ˇ

ˇ

`pθ,Xq ´ `pθ0, Xq ´ Lpθ, θ0q

σpθ, θ0q

ˇ

ˇ

ˇ

ˇ

,
?
n

˙

ff

,

It is easy to see that gθpnq Ñ 0 as nÑ 8 if Varp`pθ,Xqq ă 8, and distribu-

tions with finite variance, and moreover gθpnq ď CE
ˇ

ˇ

ˇ

`pθ,Xq´`pθ0,Xq´Lpθ,θ0q
σpθ,θ0q

ˇ

ˇ

ˇ

τ

n´τ{2

if E
ˇ

ˇ

ˇ

`pθ,Xq´`pθ0,Xq´Lpθ,θ0q
σpθ,θ0q

ˇ

ˇ

ˇ

2`τ

ă 8 for some τ P p0, 1s. Therefore, the function

gτ pn, θq in the statement of the lemma can be chosen as gτ pn, θq “ gθpnq

when τ “ 0 and gτ pn, θq “ C when τ ą 0. We conclude that the choice

ε2 “ 12
?
k}ρ1}8 supθPΘ1 gθpnq satisfies the desired requirements.

It remains to recall the bound (2.6) and that z1 “ ´
ε0`ε1`ε2

0.09

r∆?
nk

. The

matching bound for z2 is obtained in an identical fashion.

Remark 2. The bound for ε2 that we established above is slightly weaker

than the one used in the statement of the lemma; an improved version can
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be obtained using the non-uniform version of the Berry-Esseen bound with

additional effort, and we refer the reader to (Minsker, 2019b, Lemma 4.2)

for the technical details.

S7 Proof of Lemma A.2.

Let ε1, . . . , εk be i.i.d. Rademacher random variables independent ofX1, . . . , XN ,

and note that by symmetrization and contraction inequalities for the Rademacher

sums (Ledoux and Talagrand, 1991),

E sup
}θ1´θ}ďδ

ˇ

ˇ

ˇ

ˇ

ˇ

1

k

k
ÿ

j“1

ρ2
ˆ?

n

∆n

`

L̄jpθ
1, θ0q ´ Lpθ

1, θ0q
˘

˙

´ Eρ2
ˆ?

n

∆n

`

L̄1pθ
1, θ0q ´ Lpθ

1, θ0q
˘

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2E sup
}θ1´θ}ďδ

1

k

ˇ

ˇ

ˇ

ˇ

ˇ

k
ÿ

j“1

εj

ˆ

ρ2
ˆ?

n

∆n

`

L̄jpθ
1, θ0q ´ Lpθ

1, θ0q
˘

˙

´ ρ2p0q

˙

ˇ

ˇ

ˇ

ˇ

ˇ

ď
4Lpρ2q

∆n

?
k
E sup
}θ1´θ}ďδ

ˇ

ˇ

ˇ

ˇ

ˇ

k
ÿ

j“1

εj

?
n

?
k

`

L̄jpθ
1, θ0q ´ Lpθ

1, θ0q
˘

ˇ

ˇ

ˇ

ˇ

ˇ

,

where we used the fact that φpxq :“ ρ2
´?

n
∆n
x
¯

´ ρ2 p0q is Lipschitz contin-

uous (in fact, Assumption 1 implies that the Lipschitz constant is equal to

1) and satisfies φp0q “ 0. Now, desymmetrization inequality (Lemma 2.3.6

in van der Vaart and Wellner, 1996) implies that

E sup
}θ1´θ}ďδ

ˇ

ˇ

ˇ

ˇ

ˇ

k
ÿ

j“1

εj

?
n

?
k

`

L̄jpθ
1, θ0q ´ Lpθ

1, θ0q
˘

ˇ

ˇ

ˇ

ˇ

ˇ
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ď
2
?
N
E sup
}θ1´θ}ďδ

ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

j“1

p`pθ1, Xjq ´ `pθ0, Xjq ´ Lpθ
1, θ0qq

ˇ

ˇ

ˇ

ˇ

ˇ

,

hence the claim follows.

The fact that ρ2 can be replaced by ρ3 follows along the same lines as

ρ3 is Lipschitz continuous and }ρ3}8 ă 8 by Assumption 1.

S8 Numerical experiment: logistic regression.

As a simple proof of concept, we implemented the gradient descent-ascent

algorithm mentioned in section 2.1 for the problem of logistic regression;

for a detailed discussion of closely related methods, we refer the reader

to (Lecué and Lerasle, 2020; Mathieu and Minsker, 2021). In the present

setup, the dataset consists of pairs pZj, Yjq P R2ˆt˘1u, where the marginal

distribution of the labels is uniform on t˘1u, while the conditional distri-

butions of Zj’s are normal, that is, Law pZ1 |Y1 “ 1q “ N
`

p´1,´1qT , 4I2

˘

,

Law pZ |Y “ ´1q „ N pp1, 1q, 4I2q, and PpY “ 1q “ PpY “ ´1q “ 1{2;

here, I2 stands for the 2 ˆ 2 identity matrix. The loss function is defined

as `pθ, Z, Y q “ log
`

1` e´Y xθ,Zy
˘

, θ P R2. The dataset includes 40 out-

liers for which Yj ” 1 and Z „ N pp25, 10q, 0.25I2q. The sample of 500

“informative” observations was generated, along with 40 outliers, and we

compared the performance of robust method proposed in this paper with
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the standard logistic regression, as implemented in the Scikit-learn package

(Pedregosa et al., 2011), that is known to be sensitive to outliers. Results

of the experiment are presented in figure 1 and illustrate the robustness of

proposed approach.

Figure 1: Scatter plot of N “ 540 samples from the training dataset (500 informative

observations and 40 outliers). The color of the points correspond to their labels and the

background color – to the predicted labels (gray region corresponds to yellow labels and

green – to purple labels).
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