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This Supplementary Material consists of Sections S1–S10. Section S1 provides a

heuristic discussion on conditions for the proposed estimator to be
√
N -consistent

and asymptotic normal. Section S2 provides a comparison of our paper with several

related papers with regression of Y on high-dimensional Z = X. Section S3 intro-

duces regularity conditions for the analysis of asymptotic properties of the proposed

estimators. Section S4 contains technical tools used in proofs of lemmas in Section

S5. Section S5 presents lemmas used in proofs of Proposition 2 and Theorem 1.

Section S6 gives the technical proofs of Proposition 1 and Proposition 2. Section S7

provides the proof of Theorem 1. Section S8 includes contents of the extension to

stratified sampling settings, including the proof of Proposition 3 and the variance
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comparison. Sections S9 and S10 present details of the numerical implementation

and application, respectively.

S1 Discussion on asymptotic normality of the proposed es-

timator

First, we explain why, in case (a) of Z = 1,
√
N -consistency and asymptotic nor-

mality can be achieved using a linear OR working model, provided that either the

OR model or the PS model is correctly specified. In the general case of Z ∈ Rm,

under certain regularity conditions, we have the following expansion

τ(O, α̂, β̂, γ̂)− τ(O, ᾱ, β∗, γ̄)

=
∂τ(O, α, β, γ)

∂α

∣∣∣∣T
(α=ᾱ,β=β∗,γ=γ̄)

(α̂− ᾱ) +
∂τ(O, α, β, γ)

∂γ

∣∣∣∣T
(α=ᾱ,β=β∗,γ=γ̄)

(γ̂ − γ̄) + op(
1√
N
).

To obtain
√
N -consistency, we need the population estimating equation in (α, γ):



E
[{

∂τ(O, α, β, γ)

∂γ

}T ∣∣∣
(α=ᾱ,β=β∗,γ=γ̄)

]
= −E

[
R
1− π(X; γ̄)

π(X; γ̄)
{Y − ψ(ᾱTG)}Z

⊗
F

]
= 0,

E
[
Z

{
∂τ(O, α, β, γ)

∂α

}T ∣∣∣
(α=ᾱ,β=β∗,γ=γ̄)

]
= E

[{
1− R

π(X; γ̄)

}
ψ

′
(ᾱTG)Z

⊗
G

]
= 0,

(S1.1)
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similarly as discussed in Tan (2020a), Section 3.2. From the system of equations

(S1.1), there are a total of m× (p+1)+m× (q+1) equations, but (p+1)+ (q+1)

unknown parameters, i.e., (α, γ). Therefore, α and γ cannot be identified from the

equations without additional conditions.

When Z = 1 (i.e., case (a)) and the OR model is linear (i.e., ψ(t) = t is the

identity function), the system of equations (S1.1) becomes


E
{
R
1− π(X; γ̄)

π(X; γ̄)
(Y − ᾱTG)F

}
= 0,

E
{(

1− R

π(X; γ̄)

)
G

}
= 0.

In this case, with G = F as in Tan (2020a), the above system is just-identified, with

the same number of equations and number of parameters, and naturally serves as

population estimating equations for ᾱ and γ̄. This is the core idea of Tan (2020a), ex-

plaining why a
√
N -consistent and asymptotically normal estimator can be achieved

in the case where Z = 1, G = F , and a linear OR model is used, provided that

either the OR model or the PS model is correctly specified.

Second, we explain why, for a general choice of Z, the correct specification of the

propensity score model is assumed to obtain a
√
N -consistent and asymptotically

normal estimator.

From the above discussion of (S1.1), there are two key challenges for a general

choice of Z:
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• When Z is multi-dimensional, the number of equations and the number of

parameters in (S1.1) do not match.

• When the OR model is nonlinear or F ̸= G, the two equations in (S1.1) are

coupled in terms of dependency on ᾱ and γ̄, so that a direct approach of defining

ᾱ and γ̄ from the two equations would not work.

In our paper, we address the first challenge by carefully specifying the form of G as

follows

G = [F T, {Z ⊗ F }T]T.

Then we circumvent the second challenge by assuming that the PS model is cor-

rectly specified. Alternative strategies can be considered by extending the iterative

approach of Ghosh and Tan (2022). Investigating these topics would be interesting

for future work.

Finally, it is worth pointing out that correct specification of the PS model is

automatically satisfied in the classic SSL and stratified sampling setup. In such

cases, the PS model is constant and known, as noted in Remark 1.

S2 Comparison with additional related papers

We provide a comparison of our paper with several related papers with regression

of Y on high-dimensional Z = X as mentioned in Section 2.1.
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First, we compare our paper with Chakrabortty et al. (2019). Chakrabortty

et al. (2019) consider estimating a high-dimensional parameter θ∗, which is defined

as the minimizer of

L(θ) := E[L(Y,X, θ)],

where L(Y,X, θ) is a convex loss function. Under the setting of semi-supervised

learning with covariate shift (i.e., the conditional distributions of Y given X in the

labeled and unlabeled datasets are assumed to be the same, whereas the marginal

distributions of X are different), Chakrabortty et al. (2019) identify L(θ) using the

doubly robust form (their equation (2.1)):

L(θ) = E[ϕ(X, θ)] + E
[

T

π(X)
{L(Y,X, θ)− ϕ(X, θ)}

]
, (S2.2)

where T ∈ {0, 1} is the indicator of Y being observed, ϕ(X, θ) = E[L(Y,X, θ)|X]

and π(X) = P(T = 1|X). Instead of dealing with the general loss function (S2.2),

they focus on a specific yet common case where L(Y,X, θ) satisfies (their equation

(2.3)):

∇L(Y,X, θ) ≡ ∂

∂θ
L(Y,X, θ) = h(X){Y − g(X, θ)} (S2.3)

for some functions h(X) with the same dimension as θ. In this case, ∂
∂θ
ϕ(X, θ) =

h(X){m(X) − g(X, θ)}, where m(X) = E(Y |X). Note that (S2.3) can be moti-

vated from a conditional mean modelm(X) = g(X, θ∗), but such a model is allowed
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to be misspecified. The authors propose a debiased and doubly robust (DDR) esti-

mator θ̂DDR for θ∗, as a minimizer of the following objective function plus a LASSO

penalty on θ (after ignoring cross-fitting):

L̂(θ) = Ẽ
[
ϕ̂(X, θ) +

T

π̂(X)
{L(Y,X, θ)− ϕ̂(X, θ)}

]
,

where π̂(X) is an estimator of π(X) through a PS model, and ϕ̂(X, θ) is an esti-

mator of ϕ(X, θ), satisfying ∂
∂θ
ϕ̂(X, θ) = h(X){m̂(X)− g(X, θ)}, and m̂(X) is an

estimator of m(X) through an OR model. By simple calculation, the gradient of

L̂(θ) is

∂

∂θ
L̂(θ) = Ẽ

[
h(X){m̂(X)− g(X, θ)}+ T

π̂(X)
h(X){Y − m̂(X)}

]
= Ẽ

[
T

π̂(X)
h(X){Y − g(X, θ)}+

(
1− T

π̂(X)

)
h(X){m̂(X)− g(X, θ)}

]
.

This matches the AIPW estimating function (2.4) in our paper, by linking π̂(X),

m̂(X), g(X, θ), and h(X) above with π̂(X), m̂(X), ψ(βTZ), and Z in our paper.

Hence, Chakrabortty et al. (2019) and our paper intersects in the idea of using

AIPW estimating functions.

Our paper, however, differs from Chakrabortty et al. (2019) in two important

technical aspects. (i) Chakrabortty et al. (2019) allow θ to be a high-dimensional

parameter and study the L1 and L2 convergence rates for the DDR estimator θ̂DDR,

which are slower than N−1/2. (ii) Chakrabortty et al. (2019) then propose a despar-
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sified DDR estimator θ̂D-DDR, and prove that each scalar element of θ̂D-DDR is
√
N -

consistent and asymptotically normal (called entry-wise asymptotic normality) if

both OR and PS models are correct such that π̂(·) and m̂(·) converge to the true

values, π(·) andm(·), at fast enough rates (specifically, the product of the estimation

errors is smaller than N−1/2). In contrast, our setting corresponds to a regression

model of Y on a low-dimensional sub-vector Z of X with coefficient vector θ∗, but

our proposed estimator is shown to be
√
N -consistent and asymptotically normal

for θ∗ (not just entry-wise), even when m̂(·) is inconsistent for the true value and

π̂(·) converges to the true value at a rate slower than N−1/2 (but faster than N−1/4),

with misspecified OR model and correctly specified PS model. Hence the aforemen-

tioned product of estimation errors may be greater than N−1/2. Note that m̂(·) is

consistent for the target value, different from the true value, and may also converge

slower than N−1/2 (but faster than N−1/4), with misspecified OR model; see Section

3.2 of our paper. This is the main advantage of regularized calibrated estimation

in our method. Therefore, our paper is not a special case of Chakrabortty et al.

(2019).

Second, we compare our work with Deng et al. (2023), Zhang et al. (2023), and

Chen and Zhang (2023). The settings of these works also differ from ours. We

summarize the differences below, which demonstrate our unique contributions.
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• Deng et al. (2023) consider estimating θ∗ defined by

θ∗ = argminθ E(Y − θTX)2,

where X is a high-dimensional covariate vector and Y is the response. Under

the classical semi-supervised setup without covariate shift (i.e., (X, Y ) have

the same joint distributions in the labeled and unlabeled datasets), the authors

propose several Lasso/Dantzig selector-based estimators for θ, denoted as θ̂,

and then derive the convergence rates of θ̂ to the target value θ∗ in terms of

the Lq-norm, ||θ̂ − θ∗||q, for q = 1, 2. In particular, the semi-supervised Lasso

estimator in Deng et al. (2023) (equation 3.6 in their paper), after ignoring the

Lasso penalty on θ, can be shown to be a solution to the following equation

1

n

n∑
i=1

[Yi − m̂(X i)]X i +
1

N

N∑
i=1

[m̂(X i)− θTX i]X i = 0,

where m̂(X) is an estimator of m(X) as in the earlier discussion. This matches

the AIPW estimating equation (5.1) in the classical semi-supervised setting in

our paper, by linking m̂(X i) and θTX i with ψ(α̂TGi) and ψ(βTZi) in our

paper.

There are several differences between Deng et al. (2023) and our paper. First,

Deng et al. (2023) focus on the classical semi-supervised setup without covari-

ate shift, whereas we focus on a setup that incorporates covariate shift. Second,
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Deng et al. (2023) consider a linear model θ∗TX directly with high-dimensional

X, whereas we consider a generalized linear model ψ(β∗TZ) with possibly non-

linear ψ(·) and low-dimensional Z as a subvector of X. Both these models are

used as approximations and allowed to be misspecified. Finally, Deng et al.

(2023) concentrate on analyzing ||θ̂ − θ∗||q, which is slower than N−1/2, with-

out dealing with inference such as confidence intervals, whereas our theoretical

analysis provides
√
N -consistency and asymptotic normality for the proposed

estimator of β∗, thereby enabling valid confidence intervals under suitable spar-

sity conditions.

• Zhang et al. (2023) consider a high-dimensional linear regression model:

Y = θ∗TX + ϵ,

where θ∗ is an unknown coefficient, E(ϵ|X) = 0, and E(ϵ2|X) = σ2
ϵ . Under

the setting of semi-supervised learning with covariate shift, their goal is to

estimate the linear regression function, m(x) = θ∗Tx, for a given query vector

x. The authors propose a debiased-Lasso type estimator for m(x), depending

on an estimator π̂(X) with a correctly specified PS model, and show its
√
N -

consistency and asymptotic normality under suitable sparsity conditions.

There are also notable differences between Zhang et al. (2023) and our paper.

First, Zhang et al. (2023) consider a linear model θ∗TX directly with high-
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dimensional X, whereas we consider a generalized linear model ψ(β∗TZ) with

possibly nonlinear ψ(·) and low-dimensional Z as a subvector of X. This

is similar to the second difference between Deng et al. (2023) and our paper

discussed earlier, but the linear regression model in Zhang et al. (2023) is

assumed to be correctly specified along with homoscedastic noises. Second,

while the goal of Zhang et al. (2023) is inference about the linear regression

function m(x) = θ∗Tx at a given point x, our goal is inference about the entire

vector of regression coefficients β∗. In fact, because β∗ is low-dimensional in

our theory, the asymptotic normality of our proposed estimator β̂ directly gives

asymptotic normality of the estimator β̂Tz and hence enables valid confidence

intervals for β∗Tz and ψ(β∗Tz) at a given point z.

• Chen and Zhang (2023) consider the following regression models

Yi =θ
∗TX i + ϵi = ϕ∗Vi + α∗TW i + ϵi, (S2.4)

Vi =γ
∗TW i + δi, (S2.5)

whereX i = (Vi,W
T

i )
T, with Vi being a particular covariate, and θ

∗ = (ϕ∗, α∗T)T.

Model (S2.4) is allowed to be misspecified, with θ∗ defined as

θ∗ = argminθE(Y − θTX)2.

Model (S2.5) is assumed to be correctly specified with E(δi|W i) = 0 for all i,
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which is automatically satisfied in the Gaussian design (i.e., X i = (Vi,W
T

i )
T

is jointly Gaussian). Chen and Zhang (2023) consider semi-supervised learning

with covariate shift satisfying Ri ⊥⊥ Vi|W i, where Ri = 1 or 0 for i from the

labeled or unlabeled dataset. The authors propose various estimators for ϕ∗

and show
√
N -consistency and asymptotic normality under suitable sparsity

conditions. In contrast with Chen and Zhang (2023), our paper considers semi-

supervised learning with covariate shift satisfying Ri ⊥⊥ Yi|X i (Assumption 1),

and studies inference for a generalized linear model ψ(β∗TZ) for Y with possibly

nonlinear ψ(·) and low-dimensional Z as a subvector of X. Therefore, Chen

and Zhang (2023) and our paper deal with different semi-supervised settings

and objectives of estimation.

S3 Regularity assumptions

In this section, we introduce some regularity conditions for the analysis of asymptotic

properties of the proposed estimators.

The following Assumption is taken from Tan (2020a), which are plausible as

discussed there.

Assumption 1 (Regularity conditions for γ̂). Suppose that the following conditions

are satisfied:

(i) maxj=0,...,p |fj(X)| ≤ C0 a.s. for a constant C0 ≥ 1;
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(ii) γ̄TF ≥ B0 a.s. for a constant B0 ∈ R, that is, π(X; γ̄) is bounded from below

by {1 + exp(−B0)}−1;

(iii) the compatibility condition holds for Σγ̄ with the subset Sγ̄ = {0} ∪ {j :

γ̄j ̸= 0, j = 1, . . . , p} and some constants ν0 > 0 and ξ0 > 1, where Σγ̄ =

E{Rw(X; γ̄)FF T} is the Hessian of E{ℓCAL(γ)} at γ = γ̄;

(iv) |Sγ̄|λ0 ≤ ζ0 for a sufficiently small constant ζ0 > 0, depending only on (A0, C0,

ξ0, ν0), where λ0 = cγ
√

ln{(1 + p)/ϵ}/N , cγ is a constant only depending on

(B0, C0) and A0 > (ξ0 + 1)/(ξ0 − 1) is a constant.

For studying the properties of α̂, we make the following Assumption 2.

Assumption 2 (Regularity conditions for α̂). Let ψ1(u) denote the derivative of

ψ(u). Suppose that the following conditions are satisfied:

(i) C1 ≤ ψ1(ᾱ
TG) ≤ C2 a.s. for positive constants (C1, C2);

(ii) ψ1(u) ≤ ψ1(u
′) exp(C3|u− u′|) for any (u, u′) and certain constant C3 ≥ 0;

(iii) maxj=0,...,q |gj(X)| ≤ C4 a.s. for a constant C4 ≥ 1;

(iv) Y−ψ(ᾱTG) is uniformly sub-Gaussian givenX: D2
0E(exp[{Y−ψ(ᾱTG)}2/D2

0]−

1|X) ≤ D2
1 for some positive constants (D0, D1);

(v) the compatibility condition holds for Σᾱ with the subset Sᾱ = {0} ∪ {j :

ᾱj ̸= 0, j = 0, . . . , q} and some constant ν1 > 0 and ξ1 > 1, where Σᾱ =

cγ is defined in Section S6.1.
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E [Rw(X; γ̄)ψ1(ᾱ
TG)GGT];

(vi) (1 + ξ1)
2ν−2

1 |Sᾱ|λ1 ≤ ζ1 for a sufficiently small constant ζ1 > 0, where λ1 =

max[λ0, cα
√

ln{(1 + q)/ϵ}/N ], cα is a constant depending on (B0, C2, C4, D0, D1);

(vii) let A1 > (ξ1 + 1)/(ξ1 − 1) be a constant. There exist 0 ≤ η2, η3 < 1, such that

c̃α|Sᾱ|λ1 ≤ η2 and c̃γ|Sγ̄|λ0 ≤ η3, where c̃α and c̃γ are both constants.

Assumptions 2(i)–(ii) are mild conditions on the smoothness of the inverse link

function ψ. Commonly used functions like the identity and logit functions satisfy

these requirements. Assumptions 2(iii)–(vii) are similar to those used in related

analysis by Tan (2020a). A subtle difference is that the compatibility condition

in Tan (2020a) [Assumption 2(ii)] is assumed for Σγ̄ with F = G, whereas our

compatibility condition is assumed for Σᾱ. In our setting, G has a higher dimension

than F (except in the case where Z = 1).

Assumption 3. Suppose that the following conditions are satisfied:

(i) Z = {Z0,, . . . , Zm−1} ∈ Rm, and maxj=0,...,m−1 |Zj| ≤ C5 almost surely for a

constant C5 ≥ 1, where m is fixed as N increases;

(ii) β ∈ Θβ ⊂ Rm, and for ∀ϵ > 0, infβ∈Θβ :∥β−β∗∥1≥ϵ E{∥τ(O, ᾱ, β, γ̄)∥1} > 0;

(iii) E{supβ∈Θβ
∥τ(O, ᾱ, β, γ̄)∥1} <∞;

(iv) ψ1(β
∗TZ) ≤ C6 a.e., for some constant C6 > 0;

cα is defined in Section S6.2.
c̃α and c̃γ depend on (A0, A1, C0, C3, C4,M0, ν1, ξ1, ζ0, ζ1) and (A0, A1, C0, C1, C3, C4, D0, D1,M0, ξ1, ζ0), re-

spectively. They are defined in Section S6.2.
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(v) |Sγ̄|
√

ln(1 + p) ln(1 + q) = o(N1/2) and |Sᾱ| ln(1 + q) = o(N1/2).

Assumptions 3(ii)–(iii) are standard conditions in the asymptotic theory of esti-

mating equations. Assumption 3(iv) is a mild condition on the smoothness of the

inverse link function at the value of β∗TZ. Assumption 3(v) is comparable to the

sparsity requirement in Tan (2020a).

S4 Technical tools

We state the following concentration inequalities, to facilitate proofs of lemmas in

Section S5, which can be obtained from Bühlmann and Van De Geer (2011), Lemmas

14.11, 14.16 & 14.9.

Lemma 1. Let (Y1, . . . , YN) be independent variables such that E(Yi) = 0 for i =

1, . . . , n and maxi=1,...,n |Yi| ≤ c0 for some constant c0. Then for any t > 0,

P

(∣∣∣∣∣ 1N
N∑
i=1

Yi

∣∣∣∣∣ > t

)
≤ 2 exp

(
−nt

2

2c20

)
.

Lemma 2. Let (Y1, . . . , YN) be independent variables such that E(Yi) = 0 for i =

1, . . . , n and (Y1, . . . , YN) are uniformly sub-gaussian: maxi=1,...,n c
2
1E{exp(Y 2

i /c
2
1)−

1} ≤ c22. Then for any t > 0,

P

(∣∣∣∣∣ 1N
N∑
i=1

Yi

∣∣∣∣∣ > t

)
≤ 2 exp

{
− nt2

8(c21 + c22)

}
.
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Lemma 3. Let (Y1, . . . , YN) be independent variables such that E(Yi) = 0 for i =

1, . . . , n and,

1

N

N∑
i=1

E(|Yi|k) ≤
k!

2
ck−2
3 c24, k = 2, 3, . . . ,

for some constants (c3, c4). Then for any t > 0,

P

(∣∣∣∣∣ 1N
N∑
i=1

Yi

∣∣∣∣∣ > c3t+ c4
√
2t

)
≤ 2 exp (−nt) .

Lemma 4. Suppose that |X| ≤ c5, c5 is some constant, and Y is sub-gaussian:

c21E{exp (X2/c21)− 1} ≤ c22 for some constants (c1, c2). Then Z = XY 2 satisfies

E{|Z − E(Z)|k} ≤ k!

2
ck−2
6 c27, k = 2, 3, . . . ,

for c6 = 2c5c
2
1 and c7 = 2c5c1c2.

Lemma 5. Suppose that Y is sub-gaussian: c21E{exp (Y 2/c21) − 1} ≤ c22 for some

constants (c1, c2). Then

E(|Y |k) ≤ Γ(
k

2
+ 1)(c21 + c22)c

k−2
1 , k = 2, 3 . . . .
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S5 Technical lemmas

S5.1 Lemmas for the parameter in the PS model

The following Lemmas 6–8 will be used in proofs of Proposition 1 and Theorem 1.

Lemma 9 would be used in proofs of lemmas in Section S5.2 and Theorem 1.

Lemma 6. Under Assumptions 1(i) and 1(ii), the following statements hold:

(i) Denoted by Ω00 the event that

sup
j=0,...,p

∣∣∣Ẽ [{−Rw(X; γ̄) + (1−R)} fj(X)]
∣∣∣ ≤ λ0.

If λ0 ≥
√
2{1 + exp(−B0)}C0

√
ln{(1 + p)/ϵ}/N , then P(Ω00) ≥ 1− 2ϵ.

(ii) Denote by Ω01 the event that

sup
j,k=0,...,p

∣∣∣(Σ̃γ)jk − (Σγ)jk

∣∣∣ ≤ λ0, (S5.6)

where Σ̃γ is the empirical version of Σγ. If λ0 ≥ 4 exp(−B0)C
2
0

√
ln{(1 + p)/ϵ}/N ,

then P(Ω01) ≥ 1− 2ϵ2.

The result of Lemma 6(ii) is taken from Tan (2020b), Lemma 1(ii), the result

of Lemma 6(i) can be shown similarly using Lemma 1 in Section S4 and the union

bound.

Let Σm1 = E{Rw(X; γ̄)|Y − ψ(ᾱTG)|FF T}, and Σ̃m1 be the sample version of

Σm1 .
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Lemma 7. Let Ω02 denote the event that

sup
j,k=0,...,p

|(Σm1)jk − (Σ̃m1)jk| ≤
√
D2

0 +D2
1λ0. (S5.7)

Under Assumptions 1(i), 1(ii) and 2(iv), if

λ0 ≥ 4 exp(−B0)C
2
0

√√√√ ln
{

(1+p)
ϵ

}
N

,

then P(Ω02) ≥ 1− 2ϵ2.

Proof. Since |Rw(X; γ̄)fj(X)fk(X)| ≤ exp(−B0)C
2
0 for j, k = 0, . . . , p by As-

sumptions 1(i), and 1(ii), and |Y − ψ(ᾱTG)| is uniformly sub-gaussian by As-

sumption 2(iv), Rw(X; γ̄)|Y − ψ(ᾱTG)|fj(X)fk(X) is uniformly sub-gaussian. By

Lemma 2, we have

P
{
|(Σm1)jk − (Σ̃m1)jk| > t

}
≤ 2ϵ2

(1 + p)2
,

for j, k = 0, . . . , p, where t = exp(−B0)C
2
0

√
8(D2

0 +D2
1)
√
ln{(1 + p)2/ϵ2}/N . By

union bounds, (S5.7) holds. □

Let Σm2 = E[Rw(X; γ̄){Y −ψ(ᾱTG)}2FF T], the sample version of Σm2 , Σ̃m2 =

Ẽ[Rw(X; γ̄){Y − ψ(ᾱTG)}2FF T].
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Lemma 8. Denote by Ω03 the event that

sup
j,k=0,...,p

|(Σm2)jk − (Σ̃m2)jk| ≤ (D2
0 +D0D1)λ0, (S5.8)

Under Assumptions 1(i), 1(ii) and 2(iv), if

(D2
0 +D0D1)λ0 ≥ 4 exp(−B0)C

2
0 [D

2
0 ln{(1 + p)/ϵ}/N +D0D1

√
ln{(1 + p)/ϵ}/N ],

then, P(Ω03) ≥ 1 − 2ϵ2. Furthermore, if we assume that ln{(1 + p)/ϵ}/N < 1, the

above condition reduces to λ0 ≥ 4 exp(−B0)C
2
0

√
ln{(1 + p)/ϵ}/N.

Proof. For j, k = 0, . . . , p, the variable Rw(X; γ̄){Y −ψ(ᾱTG)}2fj(X)fk(X) is the

product ofRw(X; γ̄)fj(X)fk(X) and {Y−ψ(ᾱTG)}2, where |Rw(X; γ̄)fj(X)fk(X)| ≤

exp(−B0)C
2
0 by Assumptions 1(i) and 1(ii); and {Y − ψ(ᾱTG)} is sub-gaussian by

Assumption 2(iv). By Lemmas 3 and 4 in Section S4, we have

P
{
|(Σ̃m2)j,k −Σm2)j,k| > 2e(−B0)C2

0D
2
0t+ 2e(−B0)C2

0D0D1

√
2t
}
≤ 2

ϵ2

(1 + p)2
,

for j, k = 0, . . . , p, where t = ln{(1 + p)2/ϵ2}/N . The result then follows from the

union bound. □

Lemma 9. Under the conditions of Proposition 1, in the event Ω00 ∩ Ω01, we have

Ẽ
[
Rw(X; γ̄){(γ̂ − γ̄)TF }2

]
≤ exp(η01)M0|Sγ̄|λ20, (S5.9)
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where η01 = (A0 − 1)−1M0C0ζ0.

Proof. By Lemma 6 and Proposition 1, in the event Ω00 ∩ Ω01, (4.1) holds, we

obtain

∥γ̂ − γ̄∥1 ≤ (A0 − 1)−1M0|Sγ̄|λ0 ≤ (A0 − 1)−1M0ζ0, (S5.10)

the second inequality holds due to Assumption 1(iv). By the definition of D†
CAL(·, ·),

we obtain

D†
CAL(γ̂

TF , γ̄TF ) =− Ẽ[R{exp(−γ̂TF )− exp(−γ̄TF )}{(γ̂ − γ̄)TF }]

=Ẽ(Rw(X; γ̄) exp[−u{(γ̂ − γ̄)TF }]{(γ̂ − γ̄)TF }2)

≥ exp(−C0∥γ̂ − γ̄∥1)Ẽ[Rw(X; γ̄){(γ̂ − γ̄)TF }2]

≥ exp(−η01)Ẽ[Rw(X; γ̄){(γ̂ − γ̄)TF }2].

The second equality holds by the mean value theorem and u is some scalar in (0, 1).

Combining the inequality with (4.1), we obtain

Ẽ
[
Rw(X; γ̄){(γ̂ − γ̄)TF }2

]
≤ exp(η01)D

†
CAL(γ̂

TF , γ̄TF ) ≤ exp(η01)M0|Sγ̄|λ20.

□

S5.2 Lemmas for the parameter in the OR model

The following Lemmas 10–17 will be used in the proofs of Proposition 2 and Theorem

1.
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Lemma 10. Let Ω10 denote the event that

sup
j=0,...,q

∣∣∣Ẽ [Rw(X; γ̄){Y − ψ(ᾱTG)}gj(X)]
∣∣∣ ≤ λ1. (S5.11)

Under Assumptions 1, 2(iii) and 2(iv), if

λ1 ≥ exp(−B0)C4

√
8(D2

0 +D2
1)
√
ln{(1 + q)/ϵ}/N,

then P(Ω10) ≥ 1− 2ϵ.

Proof. Let Sj = Rw(X; γ̄){Y − ψ(ᾱTG)}gj(X) for j = 0, . . . , q. Then, E(Sj) = 0

by the definition of ᾱ. Under Assumptions 1 and 2(iii), |Sj| ≤ exp(−B0)C4|R{Y −

ψ(ᾱTG)}|. By Assumption 2(iv), the variables (S0, . . . , Sq) are uniformly sub-

gaussian: maxj=0,...,qD
2
2E{exp(S2

j /D
2
2) − 1} ≤ D2

3, with D2 = exp(−B0)C4D0, and

D3 = e(−B0)C4D1. Therefore, by Lemma 2 in Section S4 and the union bound,

P(Ω10) ≥ 1− 2ϵ, if λ1 ≥ exp(−B0)C4

√
8(D2

0 +D2
1)
√

ln{(1 + q)/ϵ}/N . □

Lemma 11. Denote by Ω11 the event that

sup
j,k=0,...,q

|(Σᾱ)jk − (Σ̃ᾱ)jk| ≤ λ1, (S5.12)

where Σ̃ᾱ is the empirical version of Σᾱ. Under Assumptions 1(ii), 2(i) and 2(iii),

if λ1 ≥ 4 exp(−B0)C2C
2
4

√
ln{(1 + q)/ϵ}/N , then P(Ω11) ≥ 1− 2ϵ2.

Proof. Notice that |Rw(X; γ̄)ψ1(ᾱ
TG)gj(X)gk(X)| ≤ e(−B0)C2C

2
4 for j, k = 0, 1, . . . , q,
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by Assumptions 1(ii), 2(i), and 2(iii). Thus,

|Rw(X; γ̄)ψ1(ᾱ
TG)gj(X)gk(X)− E {Rw(X; γ̄)ψ1(ᾱ

TG)gj(X)gk(X)}| ≤ 2 exp(−B0)C2C
2
4 .

By union bounds and applying Lemma 1 yields (S5.12). □

Lemma 12. For any α ∈ Rq+1, we have

D†
WL(α̂

TG, αTG; γ̂) + λα∥α̂1:q∥1 ≤ (α̂− α)TẼ[Rw(X; γ̂){Y − ψ(αTG)}G] + λα∥α1:q∥1.

(S5.13)

Proof. For any u ∈ (0, 1], by definition of α̂, we have

ℓWL(α̂, γ̂) + λα∥α̂1:q∥1 ≤ ℓWL{(1− u)α̂ + uα; γ̂}+ λα∥(1− u)α̂1:q + uα1:q∥1,

which implies

ℓWL(α̂, γ̂)− ℓWL{(1− u)α̂ + uα; γ̂}+ λαu∥α̂1:q∥1 ≤ λαu∥α1:q∥1,

by the convexity of L1-norm. Dividing both sides of the preceding inequality by u

and letting u→ 0+ leads to

−Ẽ [Rw(X; γ̂) {Y − ψ(α̂TG)} {(α̂− α)TG}] + λα∥α̂1:q∥1 ≤ λα∥α1:q∥1,

which yields (S5.13) after rearranging using (4.3). □
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Lemma 13. For any function h(X), under the conditions of Proposition 1, in the

event Ω00 ∩ Ω01,

D†
WL{α̂

TG, h(X); γ̂} ≥ exp(−η01)D†
WL{α̂

TG, h(X); γ̄}. (S5.14)

Proof. By the definition of D†
WL(·, ·; ·),

D†
WL{α̂

TG, h(X); γ̂}

=Ẽ (Rw(X; γ̂)[ψ(α̂TG)− ψ{h(X)}]{α̂TG− h(X)})

=Ẽ
(
Rw(X; γ̄) exp{−(γ̂ − γ̄)TF }[ψ(α̂TG)− ψ{h(X)}]{α̂TG− h(X)}

)
≥Ẽ (Rw(X; γ̄) exp(−η01)[ψ(α̂TG)− ψ{h(X)}]{α̂TG− h(X)})

= exp(−η01)Ẽ(Rw(X; γ̄)[ψ(α̂TG)− ψ{h(X)}]{α̂TG− h(X)})

= exp(−η01)D†
WL{α̂

TG, h(X); γ̄}.

The inequality holds since in the event Ω00 ∩ Ω01, (4.1) holds. □

For functions h(X) and h′(X), let QWL{h(X), h′(X); ·} = Ẽ[Rw(X; ·){h(X)−

h′(X)}2].

Lemma 14. Suppose Assumption 2(iv) holds, in the event Ω00 ∩Ω01 ∩Ω03, (S5.13)

implies
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exp(−η01)D†
WL(α̂

TG, ᾱTG; γ̄) + λα∥α̂1:q∥1

≤(α̂− ᾱ)TẼ [Rw(X; γ̄){Y − ψ(ᾱTG)}G]

+λα∥ᾱ1:q∥1 + exp(η01)
√
M1|Sγ̄|λ20{QWL(α̂

TG, ᾱTG; γ̄)}1/2,

where M1 =
[
(2D2

0 +D2
1 +D0D1)

{
M2

0 ζ0
(A0−1)2

}
+ (D2

0 +D2
1) exp(η01)M0

]
.

Proof. Consider the following decomposition,

(α̂− ᾱ)TẼ [Rw(X; γ̂){Y − ψ(ᾱTG)}G]

=(α̂− ᾱ)TẼ [Rw(X; γ̄){Y − ψ(ᾱTG)}G]

+ Ẽ [R {w(X; γ̂)− w(X; γ̄)} {Y − ψ(ᾱTG)}{(α̂− ᾱ)TG}] ,

(S5.15)

denoted as ∆0
0 +∆0

1. By the mean value theorem and Cauchy-Schwartz inequality,

∆0
1 ≤ exp(C0∥γ̂ − γ̄∥1)Ẽ1/2[Rw(X; γ̄){(α̂− ᾱ)TG}2]

× Ẽ1/2[Rw(X; γ̄){Y − ψ(ᾱTG)}2{(γ̂ − γ̄)TF }2]

≤ exp(η01){QWL(α̂
TG, ᾱTG; γ̄)}1/2

× Ẽ1/2[Rw(X; γ̄){Y − ψ(ᾱTG)}2{(γ̂ − γ̄)TF }2].

(S5.16)

We bound the third term in (S5.16). By Assumption 2(iv) and Lemma 5, we have

E[{Y − ψ(ᾱTG)}2|X] ≤ D2
0 +D2

1.
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Therefore,

E[Rw(X; γ̄){Y − ψ(ᾱTG)}2{(γ̂ − γ̄)TF }2] ≤ (D2
0 +D2

1)E[Rw(X; γ̄){(γ̂ − γ̄)TF }2].

Let (Ẽ−E)(U) denote Ẽ{U −E(U)} for U , which is a function of (X, R, Y ). Then

in the event Ω01, by (S5.6), we have

(E− Ẽ)[Rw(X; γ̄){(γ̂ − γ̄)TF }2] ≤ λ0∥γ̂ − γ̄∥21.

In the event Ω03, by (S5.12), we have

(Ẽ− E)[Rw(X; γ̄){Y − ψ(ᾱTG)}2{(γ̂ − γ̄)TF }2] ≤ (D2
0 +D0D1)λ0∥γ̂ − γ̄∥21.

Combining preceding inequalities, we obtain in Ω00 ∩ Ω01 ∩ Ω03,

Ẽ[Rw(X; γ̄){Y − ψ(ᾱTG)}2{(γ̂ − γ̄)TF }2]

≤(D2
0 +D0D1)λ0∥γ̂ − γ̄∥21 + (D2

0 +D2
1)
{
λ0∥γ̂ − γ̄∥21 + Ẽ[Rw(X; γ̄){(γ̂ − γ̄)TF }2]

}
≤(2D2

0 +D2
1 +D0D1)

{
M2

0 ζ0
(A0 − 1)2

}
|Sγ̄|λ20 + (D2

0 +D2
1) exp(η01)M0|Sγ̄|λ20

=M1|Sγ̄|λ20,
(S5.17)

where the last inequality holds due to (4.1) and (S5.9). Combining (S5.15)–(S5.17),

we obtain
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(α̂− ᾱ)TẼ [Rw(X; γ̂){Y − ψ(ᾱTG)}G]

≤(α̂− ᾱ)TẼ [Rw(X; γ̄){Y − ψ(ᾱTG)}G] (S5.18)

+ exp(η01)(M1|Sγ̄|λ20)1/2{QWL(α̂
TG, ᾱTG; γ̄)}1/2.

The desired result follows by combining (S5.13), (S5.14) and (S5.18) in the event

Ω00 ∩ Ω01 ∩ Ω03. □

Lemma 15. Denote b = α̂ − ᾱ. Suppose Assumption 2(iv) holds. In the event,

Ω00 ∩ Ω01 ∩ Ω03 ∩ Ω10, we have

exp(−η01)D†
WL(α̂

TG, ᾱTG; γ̄) + (A1 − 1)λ1∥b∥1

≤2A1λ1
∑
j∈Sᾱ

|bj|+ exp(η01)
√
M1|Sγ̄|λ20{QWL(α̂

TG, ᾱTG; γ̄)}1/2.
(S5.19)

Proof. In the event Ω10 , we have

bTẼ[Rw(X; γ̄){Y − ψ(ᾱTG)}G] ≤ λ1∥b∥1,

by which and Lemma 14, we have in the event Ω00 ∩ Ω01 ∩ Ω03 ∩ Ω10,

exp(−η01)D†
WL(α̂

TG, ᾱTG; γ̄) + A1λ1∥α̂1:q∥1

≤λ1∥b∥1 + A1λ1∥ᾱ1:q∥1 + exp(η01)
√
M1|Sγ̄|λ20{QWL(α̂

TG, ᾱTG; γ̄)}1/2.
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Applying to the preceding inequality the identity α̂j = |α̂j − ᾱj| for j /∈ Sᾱ and the

triangle inequality

|α̂j| ≥ |ᾱj| − |α̂j − ᾱj|, j ∈ Sᾱ \ {0},

and rearranging the result gives

exp(−η01)D†
WL(α̂

TG, ᾱTG; γ̄) + (A1 − 1)λ1∥b1:q∥1

≤λ1|b0|+ 2A1λ1
∑

j∈Sᾱ\{0}

|bj|+ exp(η01)
√
M1|Sγ̄|λ20{QWL(α̂

TG, ᾱTG; γ̄)}1/2

≤(A1 + 1)λ1|b0|+ 2A1λ1
∑

j∈Sᾱ\{0}

|bj|+ exp(η01)
√
M1|Sγ̄|λ20{QWL(α̂

TG, ᾱTG; γ̄)}1/2.

By adding (A1 − 1)λ1|b0| on both sides of the previous inequality, the conclusion

follows. □

Lemma 16. Suppose Assumptions 2(ii) and 2(iii) hold. Then, for any α, α̃ ∈ Rq+1,

D†
WL(α

TG, α̃TG; γ̄) ≥ {bTΣ̃α(α̃)b}
1− exp(−C40∥b∥1)

C40∥b∥1
,

where b = α− α̃, C40 = C3C4 and Σ̃α(·) = Ẽ [Rw(X; γ̄)ψ1{(·)TG}GGT]. Through-

out, set {1− exp(−c)}/c = 1, for c = 0.

Proof. By the definition of D†
WL(·, ·; ·),

D†
WL(α

TG, α̃TG; γ̄)



S5. TECHNICAL LEMMAS27

=Ẽ [Rw(X; γ̄){ψ(αTG)− ψ(α̃TG)}(αTG− α̃TG)]

=Ẽ
(
Rw(X; γ̄)

[∫ 1

0

ψ1{α̃TG+ u(αTG− α̃TG)}du
]
{αTG− α̃TG}2

)
.

By Assumptions 2(ii), 2(iii), and the fact that |αTG−α̃TG| ≤ {supj=0,...,q |gj(X)|}∥α−

α̃∥1 ≤ C4∥α− α̃∥1, it follows that

D†
WL(α

TG, α̃TG; γ̄)

≥Ẽ
[
Rw(X; γ̄)

{∫ 1

0

ψ1(α̃
TG) exp(−uC3|αTG− α̃TG|)du

}
(αTG− α̃TG)2

]
≥Ẽ{Rw(X; γ̄)ψ1(α̃

TG)(αTG− α̃TG)2}
{∫ 1

0

exp(−uC40∥α̃− α∥1)du
}
,

which gives the desired result since
∫ 1

0
exp(−cu)du = {1− exp(−c)}/c for c ≥ 0. □

Lemma 17. Suppose that Assumption 2(v) holds. In the event Ω11, Assump-

tion 2(vi) implies a compatibility condition for Σ̃ᾱ: for any vector b = (b0, . . . , bq)
T

such that
∑

j /∈Sᾱ
|bj| ≤ ξ1

∑
j∈Sᾱ

|bj|, we have

(1− ζ1)ν
2
1

(∑
j∈Sᾱ

|bj|

)2

≤ |Sᾱ|(bTΣ̃ᾱb). (S5.20)

Proof. In the event Ω11, we have |bT(Σ̃ᾱ −Σᾱ)b| ≤ λ1∥b∥21. Then Assumption 2(v)

implies that for any b = (b0, . . . , bq)
T satisfying

∑
j /∈Sᾱ

|bj| ≤ ξ1
∑

j∈Sᾱ
|bj|,

ν21∥bSᾱ∥21 ≤|Sᾱ|(bTΣᾱb) ≤ |Sᾱ|(bTΣ̃ᾱb+ λ1∥b∥21)

≤|Sᾱ|(bTΣ̃ᾱb) + |Sᾱ|λ1(1 + ξ1)
2∥bSᾱ∥21
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≤|Sᾱ|(bTΣ̃ᾱb) + ζ1ν
2
1∥bSᾱ∥21

where ∥bSᾱ∥1 =
∑

j∈Sᾱ
|bj|; and the last inequality holds due to Assumption 2(vi),

(1 + ξ1)
2ν−2

1 |Sᾱ|λ1 ≤ ζ1. Thus (S5.20) follows by rearrangement. □

S6 Proofs of Propositions 1 and 2

S6.1 Proof of Proposition 1

Proof. Let cγ in Assupmtion 2(iv) = max[
√
2{1 + exp(−B0)}C0, 4 exp(−B0)C

2
0 ].

This can be shown similarly to Tan (2020a), Theorem 1 by Lemmas 6–8 and Lemmas

similar to 10–17. The small difference in probability is due to extra constraints of

λ0 on Ω02 and Ω03 from the sequential estimate, which is also demonstrated in Tan

(2020a), Theorem 5. □

S6.2 Proof of Proposition 2

Proof. To facilitate the proof, we first define some constants. Let ν2 = ν1(1−ζ1)1/2,

ξ2 = 1−2A1/{(ξ1+1)(A1−1)}, ξ3 = (ξ1+1)(A1−1), cα in Assumption 2(vi) equals

to max{C4

√
8(D2

0 +D2
1), 4C2C

2
4} exp(−B0), c̃α and c̃γ in Assumption 2(vii) equal to

C3C4 exp(η01)(A1−1)−1ξ23ν
−2
2 and C−1

1 C3C4(A1−1)−1ξ−2
2 exp(3η01)M1, respectively.

Denote b = α̂ − ᾱ, D†
WL = D†

WL(α̂
TG, ᾱTG; γ̄), QWL = QWL(α̂

TG, ᾱTG; γ̄) and

D‡
WL = exp(−η01)D†

WL + (A1 − 1)λ1∥b∥1.



S6. PROOFS OF PROPOSITIONS 1 AND 229

In the event Ω00∩Ω01∩Ω03∩Ω10∩Ω11, (S5.19) in Lemma 15 leads to two possible

cases: either

ξ2D
‡
WL ≤ exp(η01)(M1|Sγ̄|λ20QWL)

1/2, (S6.21)

or (1− ξ2)D
‡
WL ≤ 2A1λ1

∑
j∈Sᾱ

|bj|, i.e.,

D‡
WL ≤ (ξ1 + 1)(A1 − 1)λ1

∑
j∈Sᾱ

|bj| = ξ3λ1
∑
j∈Sᾱ

|bj|. (S6.22)

By Lemma 16, we have

D†
WL ≥ {bTΣ̃α(ᾱ)b}

1− exp(−C40∥b∥1)
C40∥b∥1

= (bTΣ̃ᾱb)
1− exp(−C40∥b∥1)

C40∥b∥1
. (S6.23)

If (S6.21) holds, notice thatD†
WL ≤ exp(η01)D

‡
WL and by Assumption 2(i), QWL <

C−1
1 (bTΣ̃αb), which together with (S6.23) yields

D‡
WL ≤ exp(3η01)ξ

−2
2 C−1

1 (M1|Sγ̄|λ20)
C40∥b∥1

1− exp(−C40∥b∥1)
. (S6.24)

Since (A1 − 1)λ1∥b∥1 ≤ D‡
WL and Assumption 2(vii) holds, (S6.24) implies that

1− exp(−C40∥b∥1) ≤ (A1 − 1)−1 exp(3η01)ξ
−2
2 C−1

1 (M1|Sγ̄|λ0)C40 ≤ η3 < 1.

As a result, C40∥b∥1 ≤ − ln (1− η3), which leads to

1− exp(−C40∥b∥1)
C40∥b∥1

=

∫ 1

0

exp(−C40∥b∥1u)du ≥ exp(−C40∥b∥1) ≥ 1− η3. (S6.25)
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Combining the inequality with (S6.24), we obtain

D‡
WL ≤ exp(3η01)ξ

−2
2 {C1(1− η3)}−1(M1|Sγ̄|λ20)

.

If (S6.22) holds, then
∑

j /∈Sᾱ
|bj| ≤ ξ1

∑
j∈Sᾱ

|bj|, which, together with Assump-

tions 2(v)–2(vi), implies (S5.20) in Lemma 17, that is,

∑
j∈Sᾱ

|bj| ≤ (1− ζ1)
−1/2ν−1

1 |Sᾱ|1/2
(
bTΣ̃ᾱb

)1/2
. (S6.26)

Since D†
WL ≤ exp(η01)D

‡
WL, combining (S6.22), (S6.23) and (S6.26) yields

D‡
WL ≤ exp(η01)ξ

2
3(1− ζ1)

−1ν−2
1 |Sᾱ|λ21

C40∥b∥1
1− exp(−C40∥b∥1)

. (S6.27)

Since (A1 − 1)λ1∥b∥1 ≤ D‡
WL and Assumption 2(ii) holds, (S6.27) implies that

1− exp(−C40∥b∥1) ≤ (A1 − 1)−1 exp(η01)ξ
2
3(1− ζ1)

−1ν−2
1 |Sᾱ|λ1C40 ≤ η2 < 1.

As a result, C40∥b∥1 ≤ − ln (1− η2), which leads to

1− exp(−C40∥b∥1)
C40∥b∥1

=

∫ 1

0

exp(−C40∥b∥1u)du ≥ exp(−C40∥b∥1) ≥ 1− η2.

Combining the inequality with (S6.27), we obtainD‡
WL ≤ exp(η01)ξ

2
3ν

−2
2 (1−η2)−2|Sᾱ|λ21.
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Therefore, we obtain

D†
WL(α̂

TG, ᾱTG, γ̄) + exp(η01)(A1 − 1)λ1∥α̂− ᾱ∥1

≤ exp(4η01)ξ
−2
2 {C1(1− η3)}−1(M1|Sγ̄|λ20) + exp(2η01)ξ

2
3ν

−2
2 (1− η2)

−2|Sᾱ|λ21,

LetM11 = exp(4η01)ξ
−2
2 {C1(1−η3)}−1M1 andM12 = exp(2η01)ξ

2
3ν

−2
2 (1−η2)−2, then

(4.2) holds.

□

S7 Proof of Theorem 1

S7.1 Lemmas for the proposed estimator

Lemma 18. Suppose that Assumptions 1(i), 2(i), 2(ii), and 2(vi) hold, if

λ0 ≥
√
2{1 + exp(−B0)}C0

√
ln(1+P

ϵ
)

N
,

then, P(Ω20) ≥ 1− 2ϵ for any r ≥ 0, where Ω20 denotes the event

sup
∥α−ᾱ∥1≤r;j=0,...,d

∣∣∣∣(Ẽ− E)
[{

R

π(X; γ̄)
− 1

}
{ψ(α̂TG)− ψ(ᾱTG)}Zj

]∣∣∣∣ ≤ B1λ0r,

where B1 is a positive constant, depending on (C0, C2, C3, C5).

Proof. This can be shown similarly to Lemma 13 in the Supplement of Tan (2020a).
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□

Lemma 19. Suppose Assumptions 1, 2 and 3 hold, if a function h(·) on a set of

samples satisfying h[{X i}Ni=1] ≤M{|Sγ̄|λ0(ϵ)+ |Sᾱ|λ1(ϵ)} for some constantM with

probability 1− cϵ for some constant c > 0 and any ϵ > 0, then, h[{X i}Ni=1] = op(1).

Proof. For ∀ϵ > 0, let Ωϵ be the event where h[{X i}Ni=1] ≤ M{|Sγ̄|λ0(ϵ/c) +

|Sᾱ|λ1(ϵ/c)} holds. Suppose |Sγ̄|λ0(ϵ/c) < |Sᾱ|λ1(ϵ/c), then, on Ωϵ,

h[{X i}Ni=1]
√
N

|Sᾱ|
√

ln{e(q + 1)}
≤ 2M

√
ln( q+1

ϵ/c
)

ln{e(q + 1)}
≤ 2M

√
ln(q + 1)

ln(q + 1)
+ ln

(c
ϵ

)
≤ 2M

√
1 + ln

(c
ϵ

)
,

(S7.28)

which implies that

P

[
h[{X i}Ni=1]

√
N

|Sᾱ|
√

ln{e(q + 1)}
≤ 2M

√
1 + ln

(c
ϵ

)]
≥ P(Ωϵ) = 1− ϵ.

Similarly, suppose |Sᾱ|λ1 < |Sγ̄|λ0, then, on Ωϵ,

P

[
h[{X i}Ni=1]

√
N

|Sγ̄|
√

ln{e(p+ 1)}
≤ 2M

√
1 + ln

(c
ϵ

)]
≥ P(Ωϵ) = 1− ϵ.

For ∀ϵ > 0, we have

P

[
h[{X i}Ni=1]

√
N

|Sᾱ|
√

ln{e(q + 1)}+ |Sγ̄|
√

ln{e(p+ 1)}
≤ 2M

√
1 + ln

(c
ϵ

)]
≥ 1− ϵ,

We write λ0, λ1 as λ0(ϵ), λ1(ϵ), since we treat them as functions of ϵ.
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thus,
h[{Xi}Ni=1]

√
N

|Sᾱ|
√

ln{e(q+1)}+|Sγ̄ |
√

ln{e(p+1)}
= Op(1), and by Assumption 3(vi), it follows that

h[{X i}Ni=1] = op

[
|Sᾱ|

√
ln{e(q + 1)}+ |Sγ̄|

√
ln{e(p+ 1)}√

N

]
= op(1).

□

Lemma 20. Suppose Assumptions 1, 2 and 3 hold, if a function h(·) on a set of

samples satisfying h[{X i}Ni=1] ≤M(|Sγ̄|+ |Sᾱ|)λ0(ϵ)λ1(ϵ) for some constant M with

probability 1− cϵ for some constant c and any ϵ > 0, then, h[{X i}Ni=1] = op(1/
√
N).

Proof. By similar trick used in the proof of Lemma 19, it can be easily shown that

h[{X i}Ni=1] = op

[
(|Sγ̄ |+|Sᾱ|)

√
ln{e(q+1)}

√
ln{e(p+1)}

N

]
= op(1/

√
N) by Assumption 3(vi).

□

Lemma 21. Under Assumptions 1, 2 and 3, suppose either the PS model (3.1) is

correct or the OR model (3.2) is correct, the AIPW estimator β̂
P−→ β∗.

Proof. First, we notice that when π(X; γ) is correct or ϕ(X;α) = ψ(αTG) is

correct, β∗ is the unique solution to E{τ(O, ᾱ, β, γ̄)} = 0. If π(X; γ) is correct, we

obtain,

E{τ(O, ᾱ, β∗, γ̄)}

= E
[

R

π(X; γ̄)
{Y − ψ(β∗TZ)}Z +

{
1− R

π(X; γ̄)

}
{ψ(ᾱTG)− ψ(β∗TZ)}Z

]
= EX

(
E
[
R{Y − ψ(β∗TZ)}

π(X; γ̄)
+

{
1− R

π(X; γ̄)

}
{ψ(ᾱTG)− ψ(β∗TZ)}

]
Z

∣∣∣∣X)
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= E [{Y − ψ(β∗TZ)}Z]

= 0.

If ψ(αTG) is correct, we obtain,

E{τ(O, ᾱ, β∗, γ̄)}

= E
[

R

π(X; γ̄)
{Y − ψ(β∗TZ)}Z +

{
1− R

π(X; γ̄)

}
{ψ(ᾱTG)− ψ(β∗TZ)}Z

]
= E [{ψ(ᾱTG)− ψ(β∗TZ)}Z]

= E [{Y − ψ(β∗TZ)}Z]

= 0.

The uniqueness is determined by the uniqueness of β∗.

Since Assumptions 3(ii) and 3(iii) hold, by standard argument of consistency (e.g.

Van der Vaart (2000)), it suffices to show that

Ẽ{τ(O, ᾱ, β̂, γ̄)} = op(1). (S7.29)

We consider the following decomposition,

Ẽ{τ(O, ᾱ, β̂, γ̄)} = Ẽ{τ(O, ᾱ, β̂, γ̄)} − Ẽ{τ(O, α̂, β̂, γ̂)}

=Ẽ{τ(O, ᾱ, β̂, γ̂)} − Ẽ{τ(O, α̂, β̂, γ̂)}+ Ẽ{τ(O, ᾱ, β̂, γ̄)} − Ẽ{τ(O, ᾱ, β̂, γ̂)}
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=∆1
0 +∆1

1,

where

∆1
0 =Ẽ{τ(O, ᾱ, β̂, γ̂)} − Ẽ{τ(O, α̂, β̂, γ̂)} = Ẽ

[{
R

π(X; γ̂)
− 1

}
{ψ(α̂TG)− ψ(ᾱTG)}Z

]
,

∆1
1 =Ẽ{τ(O, ᾱ, β̂, γ̄)} − Ẽ{τ(O, ᾱ, β̂, γ̂)} = Ẽ

[
R

{
1

π(X; γ̄)
− 1

π(X; γ̂)

}
{Y − ψ(ᾱTG)}Z

]
.

By Assumptions 1(iv) and 2(vi), we know that ∃ ζ10 < 0 a constant, such that

|Sγ̄|λ0+ |Sᾱ|λ1 ≤ ζ10. By (4.2) in Proposition 2, we know that ∃M0
0 > 0 a constant,

such that in the event Ω00 ∩Ω01 ∩Ω03 ∩Ω10 ∩Ω11, ∥α̂− ᾱ∥1 ≤M0
0 (|Sγ̄|λ0 + |Sᾱ|λ1).

Consider the j-th coordinate of ∆1
0,

|∆1
0,j| =

∣∣∣∣Ẽ [{ R

π(X; γ̂)
− 1

}
{ψ(α̂TG)− ψ(ᾱTG)}Zj

]∣∣∣∣
≤Ẽ1/2

[{
R

π(X; γ̂)
− 1

}2

Z2
j

]
× Ẽ1/2{ψ(α̂TG)− ψ(ᾱTG)}2

≤Ẽ1/2
(
[R− 1 +Rw(X; γ̄) exp{−(γ̂ − γ̄)TF }]2 Z2

j

)
×

√
2Ẽ1/2 [{ψ(α̃TG)− ψ(ᾱTG)}ψ1(α̃

TG)(α̂− ᾱ)TG]

≤
√
2C5Ẽ1/2

[
(R− 1)2 +Rw2(X; γ̄) exp{−2(γ̂ − γ̄)TF }

]
× Ẽ1/2

[∫ 1

0

ψ1{ᾱTG+ u(α̃− ᾱ)TG}duψ1(α̃
TG){(α̂− ᾱ)TG}2

]
≤
√
2C5{1 + exp(−2B0 + 2C0∥γ̂ − γ̄∥1)}

1
2

× Ẽ1/2[ψ2
1(ᾱ

TG) exp(2C3|α̃TG− ᾱTG|){(α̂− ᾱ)TG}2]
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≤2C5{1 + exp(−2B0 + 2η01)}
1
2 × C2C4 exp(C3C4∥α̂− ᾱ∥1)∥α̂− ᾱ∥1

≤
√
2C2C4C5{1 + exp(−2B0 + 2η01)}

1
2 × exp(C3C4M

0
0 ζ10)∥α̂− ᾱ∥1

=M1
0 (|Sγ̄|λ0 + |Sᾱ|λ1)

=op(1)

where M1
0 is a constant, α̃ = uα̂+(1−u)ᾱ for some constant u ∈ (0, 1) and the last

equality holds by Lemma 19.

We consider the j-th coordinate of ∆1
1. By Cauchy–Schwarz inequality, Lemma

8, and Lemma 5, since Assumption 2(iv) holds, we obtain

|∆1
1,j| =

∣∣∣∣Ẽ [R{ 1

π(X; γ̄)
− 1

π(X; γ̂)

}
{Y − ψ(ᾱTG)}Zj

]∣∣∣∣
=
∣∣∣Ẽ [Rw(X; γ̄) exp{−u(γ̂ − γ̄)TF }(γ̄ − γ̂)TF {Y − ψ(ᾱTG)}Zj]

∣∣∣
≤Ẽ1/2

[
Rw(X; γ̄) exp{−2u(γ̂ − γ̄)TF }{(γ̄ − γ̂)TF }2Z2

j

]
× Ẽ1/2[Rw(X; γ̄){Y − ψ(ᾱTG)}2]

≤ exp(−B0/2 + C0∥γ̂ − γ̄∥1)C0C5∥γ̂ − γ̄∥1

×
√

E[Rw(X; γ̄){Y − ψ(ᾱTG)}2] + (D2
0 +D0D1)λ0

≤ exp(−B0/2 + η01)C0C5

√
(D2

0 +D2
1){λ0 + exp(−B0)}∥γ̂ − γ̄∥1

≤M0
1 (|Sγ̄|λ0 + |Sᾱ|λ1)

=op(1),
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where u ∈ (0, 1) and M0
1 are both constants. Therefore, ∥Ẽ{τ(O, ᾱ, β̂, γ̄)}∥∞ ≤

∥∆1
0∥∞ + ∥∆1

1∥∞ = op(1). Hence, β̂
P−→ β∗. □

S7.2 Proof of Theorem 1(i)

We show the asymptotic normality of
√
N(β̂− β∗). First, we consider the following

decomposition,

τ(O, α̂, β̂, γ̂)− τ(O, ᾱ, β∗, γ̄)

=

[
R

π(X; γ̂)
{Y − ψ(β̂TZ)} −

{
R

π(X; γ̂)
− 1

}
{ψ(α̂TG)− ψ(β̂TZ)}

]
Z

−
[

R

π(X; γ̄)
{Y − ψ(β∗TZ)} −

{
R

π(X; γ̄)
− 1

}
{ψ(ᾱTG)− ψ(β∗TZ)}

]
Z

={ψ(β∗TZ)− ψ(β̂TZ)}Z +R

{
1

π(X; γ̂)
− 1

π(X; γ̄)

}
{Y − ψ(ᾱTG)}Z

+

{
1− R

π(X; γ̄)

}
{ψ(α̂TG)− ψ(ᾱTG)}Z

+

{
R

π(X; γ̄)
− R

π(X; γ̂)

}
{ψ(α̂TG)− ψ(ᾱTG)}Z,

denoted as δ00 + δ01 + δ02 + δ03. Then, −Ẽτ(O, ᾱ, β∗, γ̄) = ∆2
0 + ∆2

1 + ∆2
2 + ∆2

3, with

∆2
i = Ẽ(δ0i ), i = 0, 1, 2, 3. First, we show that ∆2

1 + ∆2
2 + ∆2

3 = op(1/
√
N). To

upper-bound ∆2
1, consider ∆

2
1,j, the j-th coordinate of ∆2

1. By Taylor expansion in

a neighborhood of γ̄,

∆2
1,j =Ẽ

[{
R

π(X; γ̂)
− R

π(X; γ̄)

}
{Y − ψ(ᾱTG)}Zj

]
=− (γ̂ − γ̄)TẼ [FRw(X; γ̄){Y − ψ(ᾱTG)}Zj]
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+
1

2
(γ̂ − γ̄)TẼ [FRw(X, γ̃j){Y − ψ(ᾱTG)}ZjF

T] (γ̂ − γ̄),

denoted as ∆2
10,j +∆2

11,j where γ̃j = uj γ̂ + (1− uj)γ̄ for some uj ∈ (0, 1).

In the event Ω00 ∩ Ω01 ∩ Ω10, by (4.1) and Lemma 10, we obtain

|∆2
10,j| ≤ ∥γ̂ − γ̄∥1∥Ẽ [FRw(X; γ̄){Y − ψ(ᾱTG)}Zj] ∥∞ ≤M1

10,j|Sγ̄|λ0λ1,

for some constant M1
10,j > 0. In the event Ω00 ∩ Ω01, by (S5.9), we obtain

|∆2
11,j| =

1

2
|(γ̂ − γ̄)TẼ [FRw(X; γ̃j){Y − ψ(ᾱTG)}ZjF

T] (γ̂ − γ̄)|

≤1

2
C5 exp(∥γ̂ − γ̄∥1C0)Ẽ

{
Rw(X; γ̄)|Y − ψ(ᾱTG)||(γ̂ − γ̄)TF |2

}
.

We bound Ẽ {Rw(X; γ̄)|Y − ψ(ᾱTG)||(γ̂ − γ̄)TF |2} by following steps. First, by

Lemma 7, in the event Ω02,

(Ẽ− E)
[
Rw(X; γ̄)|Y − ψ(ᾱTG)|{(γ̂ − γ̄)TF }2

]
≤
√
D2

0 +D2
1∥γ̂ − γ̄∥21λ0.

Second, by Assumption 2(iv) and Lemma 5, we have

E[{Y − ψ(ᾱTG)}2|X] ≤ D2
0 +D2

1.



S7. PROOF OF THEOREM 139

Therefore,

E
[
Rw(X; γ̄)|Y − ψ(ᾱTG)|{(γ̂ − γ̄)TF }2

]
≤E1/2

[
Rw(X; γ̄)|Y − ψ(ᾱTG)|2{(γ̂ − γ̄)TF }2

]
× E1/2

[
Rw(X; γ̄){(γ̂ − γ̄)TF }2

]
≤
√
D2

0 +D2
1E
[
Rw(X; γ̄){(γ̂ − γ̄)TF }2

]
.

Third, in the event Ω01, by (S5.6),

(E− Ẽ)
[
Rw(X; γ̄){(γ̂ − γ̄)TF }2

]
≤ λ0∥γ̄ − γ̂∥21.

Combining preceding inequalities and (S5.9) in Lemma 9, in the event Ω00 ∩ Ω01 ∩

Ω03 ∩ Ω02,

Ẽ
{
Rw(X; γ̄)|Y − ψ(ᾱTG)||(γ̂ − γ̄)TF |2

}
≤
√
D2

0 +D2
1∥γ̂ − γ̄∥21λ0 +

√
D2

0 +D2
1{λ0∥γ̄ − γ̂∥21 + exp(η01)M0|Sγ̄|λ20}

≤2
√
D2

0 +D2
1

(
M0

A0 − 1

)2

|Sγ̄|2λ30 +
√
D2

0 +D2
1 exp(η01)M0|Sγ̄|λ20

≤2ζ0

√
D2

0 +D2
1

(
M0

A0 − 1

)2

|Sγ̄|λ20 +
√
D2

0 +D2
1 exp(η01)M0|Sγ̄|λ20.

Therefore,

|∆2
11,j| ≤

1

2
C5 exp(∥γ̂ − γ̄∥1C0)Ẽ

{
Rw(X; γ̄)|Y − ψ(ᾱTG)||(γ̂ − γ̄)TF |2

}
≤1

2
C5 exp(η01)×

{
2ζ0

√
D2

0 +D2
1

(
M0

A0 − 1

)2

|Sγ̄|λ20 +
√
D2

0 +D2
1 exp(η01)M0|Sγ̄|λ20

}
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=M1
11|Sγ̄|λ20,

for some constant M1
11 > 0. Hence, in the event Ω00 ∩ Ω01 ∩ Ω03 ∩ Ω02 ∩ Ω10,

sup
j=0,...,m−1

|∆2
1,j|

≤ sup
j=0,...,m−1

(|∆2
10,j|+ |∆2

11,j|)

≤ sup
j=0,...,m−1

M1
10|Sγ̄|λ0λ1 + sup

j=0,...,m−1
M1

11|Sγ̄|λ20

=M1
10|Sγ̄|λ0λ1 +M1

11|Sγ̄|λ20

≤M1
1 (|Sγ̄|λ0λ1 + |Sγ̄|λ20),

where M1
1 = max(M1

10,M
1
11).

To bound ∆2
2, consider ∆

2
2,j, the j-th coordinate of ∆2

2, ∆
2
2,j can be decomposed

as

∆2
2,j =(Ẽ− E)

[{
1− R

π(X; γ̄)

}
{ψ(α̂TG)− ψ(ᾱTG)}Zj

]
+ E

[{
1− R

π(X; γ̄)

}
{ψ(α̂TG)− ψ(ᾱTG)}Zj

]
,

denoted as ∆2
20,j + ∆2

21,j. Since π(X; γ̄) is correct, ∆2
21,j = 0. By (4.2), ∃Mα > 0,

such that ∥α̂−ᾱ∥1 ≤Mα(|Sγ̄|λ0+|Sᾱ|λ1). Take rα =Mα(|Sγ̄|λ0+|Sᾱ|λ1) in Lemma

18, then in the event Ω00 ∩Ω01 ∩Ω03 ∩Ω10 ∩Ω11 ∩Ω20, we have ∥α̂− ᾱ∥1 ≤ rα and

Note that λ0 ≤ λ1.
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hence

|∆2
20,j| ≤ B1Mα(|Sγ̄|λ0 + |Sᾱ|λ1)λ0. (S7.30)

Thus, in the event Ω00 ∩ Ω01 ∩ Ω03 ∩ Ω10 ∩ Ω11 ∩ Ω20,

sup
j=0,...,m−1

|∆2
2,j| ≤ B1Mα(|Sγ̄|λ0 + |Sᾱ|λ1)λ0 =M1

2 (|Sγ̄|λ0 + |Sᾱ|λ1)λ0, (S7.31)

for some positive constant M1
2 .

To deal with ∆2
3, first, by mean value theorem, we obtain for some u ∈ (0, 1),

1

π(X; γ̂)
− 1

π(X; γ̄)
=− exp{−uγ̂TF − (1− u)γ̄TF }(γ̂ − γ̄)TF

=− w(X; γ̄) exp{−u(γ̂ − γ̄)TF }(γ̂ − γ̄)TF

(S7.32)

and for some α̃ lies between ᾱ and α̂,

ψ(ᾱTG)− ψ(α̂TG) = −ψ1(α̃
TG)(α̂− ᾱ)TG. (S7.33)

Combining (S7.32) and (S7.33) and applying Cauchy-Schwartz inequality to j-th

coordinate of ∆2
3 in the event Ω00 ∩ Ω01 ∩ Ω03 ∩ Ω10 ∩ Ω11 ∩ Ω20, we get

|∆2
3,j| =

∣∣∣∣Ẽ [{ R

π(X; γ̂)
− R

π(X; γ̄)

}
{ψ(ᾱTG)− ψ(α̂TG)}Zj

]∣∣∣∣
=|Ẽ([Rw(X; γ̄) exp{−uj(γ̂ − γ̄)TF }(γ̂ − γ̄)TF ]{ψ1(α̃

T

jG)(α̂− ᾱ)TG})Zj|

≤C5 exp(η01)Ẽ1/2|Rw(X; γ̄){(γ̂ − γ̄)TF }2| × Ẽ1/2|Rw(X; γ̄)ψ2
1(α̃

T

jG){(α̂− ᾱ)TG}2|
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≤C5 exp(η01){exp(η01)M0|Sγ̄|λ20}1/2

× Ẽ1/2
(
Rw(X; γ̄)[ψ1(ᾱ

T

jG) exp{C3|(α̃− ᾱ)TG|}]2{(α̂− ᾱ)TG}2
)

≤C5 exp(η01){exp(η01)M0|Sγ̄|λ20}1/2C
1
2
2 exp(C3C4rα)

{
M †(|Sγ̄|λ20 + |Sᾱ|λ21)

1− η3

} 1
2

≤M1
3{|Sγ̄|λ20 + (|Sγ̄||Sᾱ|)1/2λ0λ1}.

The second inequality holds due to (S5.9) in Lemma 9. The third inequality holds

by Assumption 2(ii), (S6.25), the facts that Ẽ
[
Rw(X; γ̄)ψ1(ᾱ

T
jG){(α̂− ᾱ)TG}2

]
=

bTΣ̃αb in (S6.23) and that by (4.2) in Proposition 2, ∃M † > 0 a constant, such that

D†
WL ≤M †(|Sγ̄|λ20 + |Sᾱ|λ21). Therefore,

sup
j=0,...,m−1

|∆2
3,j| ≤M1

3{|Sγ̄|λ20 + (|Sγ̄||Sᾱ|)1/2λ0λ1}, (S7.34)

for some constant M1
3 . Thus, on the event Ω00 ∩ Ω01 ∩ Ω03 ∩ Ω02 ∩ Ω10 ∩ Ω11 ∩ Ω20,

∥∆2
1 +∆2

2 +∆2
3∥∞ ≤ sup

j=0,...,m−1
|∆2

1,j|+ sup
j=0,...,m−1

|∆2
2,j|+ sup

j=0,...,m−1
|∆2

3,j|

≤M1
1 (|Sγ̄|λ0λ1 + |Sγ̄|λ20) +M1

2 (|Sγ̄|λ0 + |Sᾱ|λ1)λ0

+M1
3{|Sγ̄|λ20 + (|Sγ̄||Sᾱ|)1/2λ0λ1}

≤M1(|Sγ̄|+ |Sᾱ|)λ0λ1.

By Lemma 20, ∥∆2
1 +∆2

2 +∆2
3∥∞ = op(1/

√
N).

Then, we deal with ∆2
0. For the j-th coordinate of ∆2

0, ∆2
0,j, by mean value
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theorem,

∆2
0,j = Ẽ[{ψ(β∗TZ)− ψ(β̂TZ)}Zj] = −Ẽ{ψ1(β̃

T
j Z)ZjZ

T(β̂ − β∗)},

where β̃j = (1−uj)β∗+ujβ̂ for some uj ∈ (0, 1). We first show that Ẽ{ψ1(β
∗TZ)ZjZ}−

Ẽ{ψ1(β̃
TZ)ZjZ} P−→ 0. By Assumption 2(ii), we know that for ∀u, u′, if ψ1(u) >

ψ1(u
′), since ψ1(u

′) ≥ ψ1(u) exp(−C3|u − u′|), then |ψ1(u) − ψ1(u
′)| ≤ ψ1(u){1 −

exp(−C3|u − u′|)}; if ψ1(u) < ψ1(u
′), ψ1(u

′) ≤ ψ1(u) exp(C3|u − u′|), |ψ1(u) −

ψ1(u
′)| ≤ ψ1(u){exp(C3|u − u′|) − 1}; therefore, |ψ1(u) − ψ1(u

′)| ≤ ψ1(u)max{1 −

exp(−C3|u− u′|), exp(C3|u− u′|)− 1}. Consider the i-th element of the difference,

if C3 = 0, ψ1 is a constant, then

|Ẽ{ψ1(β
∗TX)ZiZj} − Ẽ{ψ1(β̃

T

j Z)ZiZj}| = 0.

Otherwise,

|Ẽ{ψ1(β
∗TX)ZiZj} − Ẽ{ψ1(β̃

T

j Z)ZiZj}| ≤ Ẽ{|ψ1(β
∗TZ)− ψ1(β̃

T

j Z)||ZiZj|}

≤C2
5 Ẽ[ψ1(β

∗TZ)max{1− exp(−C3|(β̂ − β∗)TZ|), exp(C3|(β̂ − β∗)TZ|)− 1}]

=C2
5C6Ẽ{C3|(β̂ − β∗)TZ|+ op(|(β̂ − β∗)TZ|)}

≤C3C
3
5C6∥β̂ − β∗∥1 + op(∥β̂ − β∗∥1)

=op(1),
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which leads to −Ẽ{ψ1(β̃
T
j Z)ZjZ

T} + Ẽ{ψ1(β
∗TZ)ZjZ

T} P−→ 0. Therefore, we con-

sider the following decomposition,

− Ẽ{ψ1(β̃
T

j Z)ZjZ}+ E{ψ1(β
∗TZ)ZjZ}

=− Ẽ{ψ1(β̃
T
j Z)ZjZ}+ Ẽ{ψ1(β

∗TX)ZjZ} − Ẽ{ψ1(β
∗TZ)ZjZ}+ E{ψ1(β

∗TZ)ZjZ}

P−→0.

Hence,

Ẽ{ψ1(β̃
T

j Z)ZjZ} P−→ E{ψ1(β
∗TZ)ZjZ} = Γj, (S7.35)

where Γj is the j-th row of Γ, and (S7.35) holds for j = 0, . . . ,m − 1. Hence,

∆2
0 = Ẽ(Z̃ZT)(β̂ − β∗), where Z̃j = −ψ1(β̃

T
j Z)Zj, and Ẽ(Z̃ZT)

P−→ −Γ. Suppose

√
N(β̂ − β∗)

d−→ G2, by continuous mapping theorem,

√
N∆2

0
d−→ −ΓG2. (S7.36)

Besides, by central limit theorem,

√
N∆2

0 =
√
N Ẽ {τ(O, ᾱ, β∗, γ̄)}+ op(1)

d−→ N(0,Λ), (S7.37)

where

Λ =E {τ(O, ᾱ, β∗, γ̄)τ(O, ᾱ, β∗, γ̄)T}
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=E
([

1

π(X; γ̄)
{Y − ψ(ᾱTG)}2 + {ψ(ᾱTG)− ψ(β∗TZ)}2

]
ZZT

)
+ 2E[{Y − ψ(ᾱTG)}{ψ(ᾱTG)− ψ(β∗TZ)}ZZT]. (S7.38)

Therefore,

√
N(β̂ − β∗)

d−→ G2 ∼ −Γ−1N(0,Λ) ∼ N(0,Σ),

where ∼ denotes “distributed as”, i.e., for any two distributions G0 and G1, G0 ∼ G1

means the two distributions are the same.

S7.3 Proof of Theorem 1(ii)

We show the consistency of Σ̂. First, if we let Γ̂j = Ẽ{ψ1(β̂
TZ)ZjZ}, then

Γ̂j
P−→E{ψ1(β

∗TZ)ZjZ},

i.e., Γ̂j
P−→ Γj, which can be shown in the way similar to the proof of (S7.35). Then

we get Γ̂
P−→ Γ.

Next, we want to show that Λ̂
P−→ Λ. Since Λ = E{τ(O, ᾱ, β∗, γ̄)τ(O, ᾱ, β∗, γ̄)T}

and Λ̂ = Ẽ{τ(O, α̂, β̂, γ̂)τ(O, α̂, β̂, γ̂)T}, it suffices to show that

Ẽ{τ(O, α̂, β̂, γ̂)τ(O, α̂, β̂, γ̂)T} − Ẽ{τ(O, ᾱ, β∗, γ̄)τ(O, ᾱ, β∗, γ̄)T} = op(1).
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We consider the i, j-th element of the difference above:

|[Ẽ{τ(O, α̂, β̂, γ̂)τ(O, α̂, β̂, γ̂)T} − Ẽ{τ(O, ᾱ, β∗, γ̄)τ(O, ᾱ, β∗, γ̄)T}]ij|

=

∣∣∣∣Ẽ([ R

π(X; γ̂)
{Y − ψ(α̂TG)}+ {ψ(α̂TG)− ψ(β̂TZ)}

]2
ZiZj

−
[

R

π(X; γ̄)
{Y − ψ(ᾱTG)}+ {ψ(ᾱTG)− ψ(β∗TZ)}

]2
ZiZj

)∣∣∣∣
≤Ẽ
(∣∣∣∣[ R

π(X; γ̂)
{Y − ψ(α̂TG)}+ {ψ(α̂TG)− ψ(β̂TZ)}

]2
−
[

R

π(X; γ̄)
{Y − ψ(ᾱTG)}+ {ψ(ᾱTG)− ψ(β∗TZ)}

]2∣∣∣∣∣∣∣∣ZiZj

∣∣∣∣)
≤C2

5 Ẽ
(∣∣∣∣[ R

π(X; γ̂)
{Y − ψ(α̂TG)}+ {ψ(α̂TG)− ψ(β̂TZ)}

]2
−
[

R

π(X; γ̄)
{Y − ψ(ᾱTG)}+ {ψ(ᾱTG)− ψ(β∗TZ)}

]2∣∣∣∣)
≤C2

5 Ẽ
([

R

π(X; γ̂)
{Y − ψ(α̂TG)}+ {ψ(α̂TG)− ψ(β̂TZ)}

− R

π(X; γ̄)
{Y − ψ(ᾱTG)} − {ψ(ᾱTG)− ψ(β∗TZ)}

]2)
+ 2C2

5 Ẽ
([

R

π(X; γ̂)
{Y − ψ(α̂TG)}+ {ψ(α̂TG)− ψ(β̂TZ)}

− R

π(X; γ̄)
{Y − ψ(ᾱTG)} − {ψ(ᾱTG)− ψ(β∗TZ)}

]
×
[

R

π(X; γ̄)
{Y − ψ(ᾱTG)}+ {ψ(ᾱTG)− ψ(β∗TZ)}

])
≤C2

5 Ẽ
([

R

π(X; γ̂)
{Y − ψ(α̂TG)}+ {ψ(α̂TG)− ψ(β̂TZ)}

− R

π(X; γ̄)
{Y − ψ(ᾱTG)} − {ψ(ᾱTG)− ψ(β∗TZ)}

]2)
+ 2C2

5 Ẽ
1
2

([
R

π(X; γ̂)
{Y − ψ(α̂TG)}+ {ψ(α̂TG)− ψ(β̂TZ)}
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− R

π(X; γ̄)
{Y − ψ(ᾱTG)} − {ψ(ᾱTG)− ψ(β∗TZ)}

]2)
× Ẽ

1
2

([
R

π(X; γ̄)
{Y − ψ(ᾱTG)}+ {ψ(ᾱTG)− ψ(β∗TZ)}

]2)
,

therefore, we only need to show that

Ẽ
([

R

π(X; γ̂)
{Y − ψ(α̂TG)}+ {ψ(α̂TG)− ψ(β̂TZ)}

− R

π(X; γ̄)
{Y − ψ(ᾱTG)} − {ψ(ᾱTG)− ψ(β∗TZ)}

]2)
=op(1).

Consider the following decomposition:

R

π(X; γ̂)
{Y − ψ(α̂TG)}+ {ψ(α̂TG)− ψ(β̂TZ)}

− R

π(X; γ̄)
{Y − ψ(ᾱTG)} − {ψ(ᾱTG)− ψ(β∗TZ)}

={ψ(α̂TG)− ψ(ᾱTG)}
{
1− R

π(X; γ̄)

}
+R {Y − ψ(ᾱTG)}

{
1

π(X; γ̂)
− 1

π(X; γ̄)

}
+R{ψ(α̂TG)− ψ(ᾱTG)}

{
1

π(X; γ̄)
− 1

π(X; γ̂)

}
+ ψ(β∗TZ)− ψ(β̂TZ),

denoted as δ10 + δ11 + δ12 + δ13. Let ∆
3
i = Ẽ{(δ1i )2}, i = 0, . . . , 3, we only need to show

that ∆3
i = op(1), i = 0, . . . , 3.
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By mean value theorem,

∆3
0 =Ẽ

[
{ψ(α̂TG)− ψ(ᾱTG)}2

{
1− R

π(X; γ̄)

}2
]

=2Ẽ

[
ψ1(α̃

TG){ψ(α̃TG)− ψ(ᾱTG)}(α̂− ᾱ)TG

{
1− R

π(X; γ̄)

}2
]

=2Ẽ

(
ψ1(α̃

TG)

[∫ 1

0

ψ1{ᾱTG+ u(α̃− ᾱ)TG}du
]
{(α̂− ᾱ)TG}2

{
1− R

π(X; γ̄)

}2
)

≤2Ẽ

[
ψ1(ᾱ

TG) exp(C3C4rα)

{∫ 1

0

ψ1(ᾱ
TG) exp(C3C4rα)du

}
{(α̂− ᾱ)TG}2

{
1− R

π(X; γ̄)

}2
]

≤2C2
2C

2
4 exp(2C3C4rα){1 + exp(−B0)}2∥α̂− ᾱ∥21

=op(1).

∆3
1 =Ẽ

[
R {Y − ψ(ᾱTG)}2

{
1

π(X; γ̂)
− 1

π(X; γ̄)

}2
]

=− 2Ẽ
(
Rw(X; γ̄)2[exp{−(γ̃ − γ̄)TF } − 1] exp{−(γ̃ − γ̄)TF } × {Y − ψ(ᾱTG)}2 (γ̂ − γ̄)TG

)
≤2{1 + exp(η01)}2 exp(−B0 + η01)C4∥γ̂ − γ̄∥1Ẽ

[
Rw(X; γ̄) {Y − ψ(ᾱTG)}2

]
≤2{1 + exp(η01)}2 exp(−B0 + η01)C4∥γ̂ − γ̄∥1

(
E
[
Rw(X; γ̄) {Y − ψ(ᾱTG)}2

]
+ (D2

0 +D0D1)λ0

)
=op(1).
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By mean value theorem,

∆3
2 =Ẽ

[
R{ψ(α̂TG)− ψ(ᾱTG)}2

{
1

π(X; γ̄)
− 1

π(X; γ̂)

}2
]

=Ẽ
(
R{ψ(α̂TG)− ψ(ᾱTG)}2w(X; γ̄)2[1− exp{−(γ̂ − γ̄)TF }]2

)
≤{1 + exp(η01)}2 exp(−2B0)Ẽ

[
{ψ(α̂TG)− ψ(ᾱTG)}2

]
=2{1 + exp(η01)}2 exp(−2B0)Ẽ [{ψ(α̃TG)− ψ(ᾱTG)}ψ1(α̃

TG)(α̂− ᾱ)TG]

=2{1 + exp(η01)}2 exp(−2B0)× Ẽ
(
ψ1(α̃

TG)

[∫ 1

0

ψ1{ᾱTG+ u(α̃− ᾱ)TG}du
]
{(α̂− ᾱ)TG}2

)
≤2C2

2C
2
4{1 + exp(η01)}2 exp(2C3C4rα − 2B0)∥α̂− ᾱ∥21

=op(1).

∆3
3 =Ẽ[{ψ(β∗TZ)− ψ(β̂TZ)}2]

=2Ẽ
[
{ψ(β̃TZ)− ψ(β∗TZ)}ψ1(β̃

TZ)(β̂ − β∗)TZ
]

=2Ẽ
(
ψ1(β̃

TZ)

[∫ 1

0

ψ1{β∗TZ + u(β̃ − β∗)TZ}du
]
{(β̂ − β∗)TZ}2

)
≤2C2

5C
2
6{1 + exp(η01)}2 exp(2C3C5∥β̂ − β∗∥1)∥β̂ − β∗∥21

=op(1).

Therefore, Λ̂
P−→ Λ. Then, by continuous mapping theorem, Γ̂

−1 P−→ Γ−1. Thus, by

continuous mapping theorem again, Σ̂
P−→ Σ.
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S8 Extension to the setting of stratified sampling

S8.1 Proof of Proposition 3

Let

τ s(O, α, β, ·) = 1

N

n∑
i=1

1

(·)
{Yi − ψ(αTGi)}Zi +

1

N

N∑
i=1

{ψ(αTGi)− ψ(βTZi)}Zi.

(S8.39)

We have

− τ s{O, ᾱ, β∗, π(X; γ̄)} = −τ s{O, ᾱ, β∗, π∗(X)} = τ s{O, α̂, β̂s, π̂(X)} − τ s{O, ᾱ, β∗, π∗(X)}

=
1

N

N∑
i=1

[{ψ(α̂TGi)− ψ(β̂sTZi)}Zi]−
1

N

N∑
i=1

[{ψ(α̂TGi)− ψ(β∗TZi)}Zi]

+
1

N

N∑
i=1

[{ψ(α̂TGi)− ψ(β∗TZi)}Zi]−
1

N

N∑
i=1

[{ψ(ᾱTGi)− ψ(β∗TZi)}Zi]

+
1

n

n∑
i=1

{Yi − ψ(α̂TGi)}Zi −
1

n

n∑
i=1

{Yi − ψ(ᾱTGi)}Zi,

denoted as ∆0
5 + ∆1

5 + ∆2
5.

We first deal with ∆0
5. Let Zij denote the j-th co-ordinate of the i-th sample Zi.

Then, we consider the j-th coordinate of ∆0
5, ∆

0
5,j

∆0
5,j =

1

N

N∑
i=1

[{ψ(α̂TGi)− ψ(β̂sTZi)}Zij]−
1

N

N∑
i=1

[{ψ(α̂TGi)− ψ(β∗TZi)}Zij]

=
1

N

N∑
i=1

[{ψ(β∗TZi)− ψ(β̂sTZi)}Zij]
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=
1

N

N∑
i=1

{ψ1(β̃
T

j Zi)Zij(β
∗ − β̂s)TZi}

=
1

N

N∑
i=1

{ψ1(β
∗TZi)Zij(β

∗ − β̂s)TZi}+Op(∥β∗ − β̂s∥21),

where β̃j = ujβ
∗ + (1 − uj)β̂

s for some uj ∈ (0, 1). The last equality holds since

ψ1(β
∗TZi) exp(−C3C5∥β∗ − β̂s∥1) ≤ ψ1(β̃

T
j Zi) ≤ ψ1(β

∗TZi) exp(C3C5∥β∗ − β̂s∥1),

which leads to ψ1(β̃
T
j Zi) = ψ1(β

∗TZi) +Op(∥β∗ − β̂s∥1).

Then we deal with ∆1
5 and ∆2

5 together. Consider the j-th coordinate of ∆1
5+∆2

5:

|∆1
5,j +∆2

5,j|

=

∣∣∣∣∣ 1n
n∑

i=1

[{ψ(ᾱTGi)− ψ(α̂TGi)}Zij] +
1

N

N∑
i=1

[{ψ(α̂TGi)− ψ(ᾱTGi)}Zij]

∣∣∣∣∣
=

∣∣∣∣∣ 1n
n∑

i=1

{
ψ1(α̃

T

jGi)(ᾱ− α̂)TGiZij

}
+

1

N

N∑
i=1

{ψ1(α̃
T

jGi)(α̂− ᾱ)TGiZij}

∣∣∣∣∣
≤∥α̂− ᾱ∥1

∥∥∥∥∥ 1n
n∑

i=1

{
ψ1(α̃

T

jGi)GiZij

}
− 1

N

N∑
i=1

{ψ1(α̃
T

jGi)GiZij}

∥∥∥∥∥
∞

,

where α̃j = ujα̂ + (1 − uj)ᾱ, for some 0 < uj < 1, j = 0, . . . ,m − 1. Consider the

k-th coordinate of Gi. For technical convenience, we assume that n is divisible by

N . Let

Vijk ≜
{ n
N

− 1
}
ψ1(α̃

T

jGi)GikZij +
n

N

n+i(N/n−1)∑
s=n+(N/n−1)(i+1)+1

ψ1(α̃
T

jGs)GskZsj,

then, ∃ constant C7 > 0, such that |Vijk| ≤ C7. Moreover, we have E(Vijk) = 0;
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therefore, E(V 2
ijk) = Var(Vijk) = {(n−N)2/N2+n2/N2(N/n−1)}Var{ψ1(α̃

T
jG)GkZj} ≤

C8 for some constant C8 > 0. Let t =
√
C8 ln{(q + 1)/ϵ}/n, since ln(q + 1) = o(n),

∃ n large enough, such that t2/C8 ≤ 3t/C7, then by Bernstein’s inequality, we have

P

(∣∣∣∣∣ 1n
n∑

i=1

Vijk

∣∣∣∣∣ ≥ t

)
= P

(∣∣∣∣∣
n∑

i=1

Vijk

∣∣∣∣∣ ≥ nt

)
≤ exp

(
−nt

2

C8

)
=

ϵ

q + 1
. (S8.40)

Let Vj denote supk=0,...,q |1/n
∑n

i=1 Vijk|, and

Vj < t⇒ Vj
√
n√

C8 ln{e(q + 1)}
≤
√

1− ln(ϵ).

It follows that

P

[
Vj
√
n√

C8 ln{e(q + 1)}
≤
√

1− ln(ϵ)

]
≥ P(Vj < t)

=1− P(Vj ≥ t) ≥ 1−
q∑

k=0

P

(∣∣∣∣∣ 1n
n∑

i=1

Vijk

∣∣∣∣∣ ≥ t

)

=1− ϵ.

Therefore,
Vj

√
n√

C8 ln{e(q+1)}
= Op(1), for j = 0, . . . ,m− 1, it follows that

∥∥∥∥∥ 1n
n∑

i=1

{
1

πs(γ̄)
ψ1(α̃

T

jGi)GiZij

}
− 1

N

N∑
i=1

{ψ1(α̃
T

jGi)GiZij}

∥∥∥∥∥
∞

= Vj = Op(
√
ln(q + 1)/n).
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Therefore,

|∆1
5,j +∆2

5,j| ≤ Op(
√
ln(q + 1)/n)Op(|Sᾱ|

√
ln(q + 1)/n) = op(1/

√
n),

it follows that ∆1
5+∆2

5 = op(1/
√
n). Hence, by central limit theorem and continuous

mapping theorem, we have

√
n(β̂s − β∗)

d−→
√
nΓ−1τ s{O, ᾱ, β∗, π∗(X)} ∼ N(0,Σs).

S8.2 Variance comparison

Because the following relationship holds,

1

n
Λs =

1

n
E

[{
Y − N − n

N
ψ(ᾱTG)− n

N
ψ(β∗TZ)

}2

ZZT

]
+

(N − n)

N2
E
[
{ψ(ᾱTG)− ψ(β∗TZ)}2ZZT

]
=
1

n
E
[
{Y − ψ(ᾱTG)}2ZZT +

( n
N

)2
{ψ(ᾱTG)− ψ(β∗TZ)}2ZZT

]
+

2

N
E [{Y − ψ(ᾱTG)}{ψ(ᾱTG)− ψ(β∗TZ)}ZZT] +

N − n

N2
E
[
{ψ(ᾱTG)− ψ(β∗TZ)}2ZZT

]
=
1

n
E
[
{Y − ψ(ᾱTG)}2ZZT

]
+

2

N
E [{Y − ψ(ᾱTG)}{ψ(ᾱTG)− ψ(β∗TZ)}ZZT]

+
1

N
E
[
{ψ(ᾱTG)− ψ(β∗TZ)}2ZZT

]
=

1

N
Λ,
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we obtain

Σs/n = Γ−1

(
1

n
Λs

)
Γ−1 = Γ−1

(
1

N
Λ

)
Γ−1 = Σ/N.

S9 Details of numerical implementation and simulation

In this section, we provide details of the numerical implementation and simulation.

We consider the estimators of population mean for Z = 1, regression coefficients in

the mean model for Z = X1 and Z = X, respectively, and ψ(·) is assumed to be

the identity function.

S9.1 Data generating process

Throughout the simulation, we generate the covariates X as follows. We first gener-

ate a random vector from N(0,Σ), where the variance matrix Σ ∈ R3×3 has elements

Σi,j defined as 2−|i−j| for i, j = 1, 2, 3. Then we clamp each of its coordinates within

[−3, 3] to obtain (X1, X2, X3) and X = (1, X1, X2, X3). In addition, the data source

indicator R follows a Bernoulli distribution with success probability π(X), where

π(X) = {1 + exp(−γTF )}−1, the parameter γ = (−1.5,−0.8,−0.2, 0.3, 0, . . . , 0)T

and the basis functions F are described in Section 6.

Study I. We first focus on the estimation of the population mean and consider

two data-generating mechanisms:

• Case 1. The outcome Y = −0.2+0.1X̃1+0.4X̃2+0.7X̃3+ϵ, where ϵ ∼ N (0, 0.1)
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and X̃j = Xj · |X|0.1j +Xj · |X|0.3j +Xj · |X|0.5j , for j = 1, 2, 3. We set Z = 1.

• Case 2. The outcome Y = −0.2+0.1X̃1+0.4X̃2+0.7X̃3+ϵ, where ϵ ∼ N (0, 0.1)

and X̃j = |Xj| exp(|Xj|0.1 + |Xj|0.3) for j = 1, 2, 3. We set Z = 1.

In many scenarios, estimating the conditional mean given a subset of variables in

X garners statistical interest. Accordingly, we design experiments in Study II to

evaluate the performance of the proposed estimator in such setups.

Study II. We further consider three additional cases for estimating regression

coefficients in the conditional mean outcome model.

• Case 3. The outcome Y = 0.4X̃1 + 0.2X̃2 + ϵ, where ϵ ∼ N (0, 0.1), X̃1 =

X1 +X2
1 and X̃2 = cos(π/9 ·X1 ·X3). We set Z = X1.

• Case 4. The outcome Y = 0.4X̃1 + 0.2X̃2 + ϵ, where ϵ ∼ N (0, 0.1), X̃1 =

X1 · I{X1 > 0}
√

|X1| and X̃2 = X1 ·X2. We set Z = X1.

• Case 5. The outcome Y = −0.2 + 0.1X̃1 + 0.4X̃2 + 0.7X̃3 + ϵ, where ϵ ∼

N (0, 0.1), X̃1 = X1 ·X2, X̃2 = X2 ·X3 and X̃3 = X1 ·X3. We set Z = X.

Cases 3 and 4 involve Z as a specific covariate X1, while Case 5 involves Z as the

full set of covariates X. In addition, for all Cases 1–5, OR models are misspecified.

S9.2 Implementation details

We compare the proposed method AIPWRCAL with IPW, AIPWRML and AIPWCF

introduced in Section 6. Both the Lasso-regularized calibrated and maximum likeli-
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hood estimators for the PS and OR models can be implemented using the R package

RCAL (Tan and Sun, 2020). We employ 5-fold cross-fitting to select the optimal tun-

ing parameters. In addition, by equation (2.2), β∗ = E(ZZT)−1E(YZ). Thus

the true value of β∗ is calculated as Ẽ(ZZT)−1Ẽ(YZ) through a simulation with

a sample size of 100,000. For Z = X1 and Z = X, we denote β∗ = β1 and

β∗ = (β0, β1, β2, β3)
T, respectively.

S9.3 Summary of results

We present and analyze the simulation results for Study I and Study II. In the

following tables, we compare various methods in terms of Bias,
√
Var,

√
EVar, CP90,

and CP95. As discussed in the paragraph below Theorem 1, under high-dimensional

settings, the IPW estimator is not
√
N -consistent, and its asymptotic normality is

not well established. Therefore, we do not report its numerical results for
√
EVar,

CP90, and CP95.

Results for Study I. Table 1 shows the numerical results for the estimation of

population mean E(Y ). From the table, the proposed method AIPWRCAL has the

smallest
√
Var and

√
EVar, and Bias. Moreover, CP90 and CP95 of the proposed

method are more aligned with their nominal values of 0.90 and 0.95, respectively.

This indicates the effectiveness of the proposed method in terms of estimating the

population mean.

Figure 1 depicts the box plots of the estimates for Case 1 and Case 2, where the
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Table 1: Summary of estimates of population mean for Study I.

Case 1 Case 2
AIPWRCAL AIPWRML AIPWCF AIPWRCAL AIPWRML AIPWCF

Bias 0.004 0.004 0.006 0.002 -0.006 0.031√
Var 0.078 0.078 0.079 0.139 0.143 0.166√
EVar 0.079 0.079 0.082 0.140 0.143 0.161

CP90 0.904 0.908 0.918 0.898 0.886 0.896
CP95 0.948 0.954 0.956 0.948 0.946 0.956

horizontal line indicates the true value. In both cases, our method AIPWRCAL ex-

hibits the smallest biases, interquartile ranges, and whiskers, indicating the smallest

variances compared to the other methods. In addition, AIPWCF shows more out-

liers than the other two methods, which is more apparent in the results of Study II,

suggesting that cross-fitting may cause instability for the estimates.

(a) Case 1 (b) Case 2

Figure 1: Box plots for estimates of population mean.

Results for Study II. The simulation results for Cases 3–5 are presented in

Tables 2–3, and the corresponding box plots are displayed in Figures 2–3. We

observe similar patterns as those in Cases 1 and 2: the proposed method performs

well in terms of all metrics.
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Table 2: Summary of estimates of β1 in Cases 3 and 4.

Case 3 Case 4
AIPWRCAL AIPWRML AIPWCF AIPWRCAL AIPWRML AIPWCF

Bias 0.000 -0.011 -0.004 0.002 -0.010 -0.002√
Var 0.036 0.043 0.058 0.023 0.031 0.042√
EVar 0.036 0.037 0.056 0.021 0.025 0.042

CP90 0.884 0.824 0.840 0.866 0.774 0.838
CP95 0.946 0.886 0.900 0.930 0.834 0.906

Table 3: Summary of estimates of β0, β1, β2, β3 in Case 5

β0 β1

AIPWRCAL AIPWRML AIPWCF AIPWRCAL AIPWRML AIPWCF

Bias 0.001 0.001 0.013 -0.007 -0.004 0.000√
Var 0.024 0.068 0.084 0.036 0.114 0.139√
EVar 0.025 0.055 0.077 0.036 0.089 0.131

CP90 0.910 0.800 0.846 0.886 0.774 0.830
CP95 0.958 0.874 0.914 0.942 0.842 0.900

β2 β3

AIPWRCAL AIPWRML AIPWCF AIPWRCAL AIPWRML AIPWCF

Bias -0.001 0.002 0.001 -0.006 0.114 -0.060√
Var 0.033 0.086 0.111 0.040 0.095 0.132√
EVar 0.034 0.075 0.108 0.041 0.095 0.133

CP90 0.920 0.818 0.866 0.898 0.592 0.774
CP95 0.958 0.902 0.938 0.940 0.682 0.842

(a) Case 3 (b) Case4

Figure 2: Box plots of estimates of β1 in Cases 3 and 4.
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(a) β̂0 (b) β̂1

(c) β̂2 (d) β̂3

Figure 3: Box plots of estimates of β0, β1, β2, β3 in Case 5

S10 Details of the application

S10.1 Pre-processing details of the community and crime dataset

We pre-process the data in following steps:

Step 1. remove 22 covariates missing 84% of data and 2 variables missing roughly 59%

of data;

Step 2. remove covariates with weak linear relationships to the response ViolentCrimesPerPop
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based on their correlation coefficients.

Step 3. remove covariates that exhibit multi-collinearity based on their values of vari-

ance inflation factors.

After the process, we obtain 1993 observations of 26 covariates.

S10.2 Test results of the covariate shift

Kernel two-sample test with maximum mean discrepancy

• Kernel: exp(−∥ · ∥22)

• MMD: 0.39227

• P-value: 0.001

Bootstrap KS-tests for univariate covariates

Covariate Bootstrap-KS P-value KS-test Statistic KS-test Approximate P-value

racePctHisp 0.000 0.335 0.000

pctWWage 0.000 0.230 0.000

pctWInvInc 0.000 0.330 0.000

blackPerCap 0.000 0.421 0.000

PctLess9thGrade 0.010 0.119 0.010

PctUnemployed 0.000 0.231 0.000

PctOccupManu 0.000 0.205 0.000
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MalePctDivorce 0.000 0.373 0.000

MalePctNevMarr 0.000 0.202 0.000

PctTeen2Par 0.000 0.289 0.000

PctIlleg 0.000 0.200 0.000

NumImmig 0.000 0.267 0.000

PctImmigRec10 0.001 0.141 0.001

PctHousLess3BR 0.000 0.218 0.000

MedNumBR 0.000 0.138 0.000

HousVacant 0.000 0.184 0.000

PctHousOccup 0.000 0.195 0.000

PctHousOwnOcc 0.000 0.285 0.000

PctVacantBoarded 0.797 0.040 0.923

PctHousNoPhone 0.000 0.373 0.000

PctWOFullPlumb 0.000 0.146 0.000

RentLowQ 0.000 0.529 0.000

MedRentPctHousInc 0.062 0.089 0.099

NumInShelters 0.022 0.087 0.113

NumStreet 0.001 0.101 0.043

PopDens 0.000 0.266 0.000

Table 4: Bootstrap KS-tests for univariate covariates
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S10.3 Design of basis functions

In this application, we design basis functions in the following way: Given {Xij}Nj=1,

i.e., N samples of the i-th coordinate of X, let {ξij}nk
j=1 be the nk points equally

spaced within the [−ai, bi], where ai = minj=1,...,N Xij and bi = maxj=1,...,N Xij. Let

fij(X) denote (Xi−ξij)+, i = 1, . . . , d; j = 1, . . . , nk. Let F = {1, f11(X), . . . , f1nk
(X),

. . . , fd1(X), . . . , fdnk
(X)}T be the basis functions of the PS model, and let G =

{F T, (Z
⊗

F )T}T. We choose nk = 4 in this application.
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