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S1. Additional Simulation Results

Here we report simulation results for an additional measure of performance for

PiK , where we computed the estimated 2-Wasserstein distance between the em-

pirical distribution of F̂iK(β0 +
∫
T β(s)(Xi(s) − µ(s))ds), i = 1, . . . , n, and a

uniform distribution on (0, 1). This is of interest, observing that

F1K(η1K), . . . , FnK(ηnK) constitute an i.i.d. sample from a uniform random

variable U in (0, 1). A conditioning argument gives P (FiK(ηiK) ≤ p) =

E(P (FiK(ηiK) ≤ p|Xi)) = E(P (ηiK ≤ F−1
iK (p)|Xi)) = p, p ∈ (0, 1). Thus, if

we denote by FK(ηK) a generic probability transformation of the linear response
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ηK one would expect the random variable FK(ηK) to be close to a uniform dis-

tribution over (0, 1), in terms of

W2
2 (FK(ηK), U) =

∫ 1

0

(QK(p)− p)2dp, (S.1)

where QK is the quantile function of the random variable FK(ηK). Since the

quantities F1K(η1K), . . . , FnK(ηnK) are i.i.d. and share the same distribution

with FK(ηK), we may estimate QK by the empirical quantile of the FiK(ηiK).

Defining Zi to be the ith order statistic of the FjK(ηjK), j = 1, . . . , n, a

natural estimate UW of W 2
2 (FK(ηK), U) in (S.1) is (Amari and Matsuda, 2021)

UW =
n∑

i=1

z2i
n

− zi

(
i2

n2
− (i− 1)2

n2

)
+

1

3

(
i3

n3
− (i− 1)3

n3

)
,

and we define ÛW analogously after replacing population quantities by their

estimated versions. The simulation results are in Table S1. One finds that as n

increases, the distance ÛW diminishes, which reflects better performance of the

predictive distributions PiK . Higher noise levels lead to worse performance as

it becomes harder to estimate population quantities with the same sample size.

Similarly, denser designs have a lower average value of ÛW as expected.



Table S1: Simulation results for the Wasserstein discrepancy against a uniform
distribution ÛW defined through (S.1) for the same settings as in Table 1, display-
ing the averages of ÛW based on 2000 simulation runs. Averages are scaled by a
factor 1, 000. Smaller discrepancies indicate improved estimation of predictive
distributions.

Measurement Error Noise level Sparsity setting
Predictor Response Very Sparse Medium Sparse Dense

σ σY n = 500 n = 2000 n = 500 n = 2000 n = 500 n = 2000

0.5 1.74 0.62 0.85 0.46 0.76 0.37
0.5

1.0 2.18 0.75 1.22 0.58 1.25 0.52
1.0 0.5 2.95 1.54 1.05 0.44 0.82 0.45

S2. Assumptions and Main Proofs

S2.1 Assumptions

We assume the following regularity conditions (A1)–(A8), which are similar to

those in Zhang and Wang (2016) and Dai et al. (2018), and are compiled here

in one place to facilitate reading. Recall that wi =
(∑n

j=1 nj

)−1

and vi =(∑n
j=1 nj(nj − 1)

)−1

.

(A1) K(·) is a symmetric probability density function on [−1, 1] and is Lips-

chitz continuous: There exists 0 < L < ∞ such that |K(u) − K(v)| ≤

L|u− v| for any u, v ∈ [0, 1].

(A2) {Tij : i = 1, . . . , n, j = 1, . . . , ni} are i.i.d. copies of a random variable

T defined on T , and ni are regarded as fixed. The density f(·) of T is
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bounded below and above,

0 < mf ≤ min
t∈T

f(t) ≤ max
t∈T

f(t) ≤ Mf < ∞.

Furthermore f (2), the second derivative of f(·), is bounded.

(A3) X , ϵ, and T are independent.

(A4) µ(2)(t) and ∂2Γ(s, t)/∂sp∂t2−p exist and are bounded on T and T × T ,

respectively, for p = 0, . . . , 2.

(A5) hµ → 0, log(n)
∑n

i=1 niw
2
i /hµ → 0 and log(n)

∑n
i=1 ni(ni − 1)w2

i → 0 .

(A6) For some α > 2, E(supt∈T |X(t)− µ(t)|α) < ∞, E(|ϵ|α) < ∞, and

n

[
n∑

i=1

niw
2
i hµ +

n∑
i=1

ni(ni − 1)w2
i h

2
µ

][
log(n)

n

]2/α−1

→ ∞.

(A7) hG → 0, log(n)
∑n

i=1 ni(ni − 1)v2i /h
2
G → 0 and log(n)

∑n
i=1 ni(ni −

1)(ni − 2)v2i /hG → 0.

(A8) For some βγ > 2, E(supt∈T |X(t)− µ(t)|2βγ ) < ∞, E(|ϵ|2βγ ) < ∞, and

n

[ n∑
i=1

ni(ni − 1)v2i h
2
G +

n∑
i=1

ni(ni − 1)(ni − 2)v2i h
3
G

+
n∑

i=1

ni(ni − 1)(ni − 2)(ni − 3)v2i h
4
G

] [
log(n)

n

]2/βγ−1

→ ∞.

We remark that assumption (A2) implies (X1) in the main text and assumption

(A4) implies (X3).
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S2.2 Additional Details for Mean and Covariance Estimation

For notational simplicity, for a function g1 : T → R and a vector

z = (z1, . . . , zp)
T ∈ Rp, p > 0, denote by g1(z) = (g1(z1), . . . , g1(zp))

T the

application of g1 to z entry-wise. Similarly, for a function g2 : T × T → R and

a second vector r = (r1, . . . , rq)
T ∈ Rq, q > 0, denote by g2(z, r

T ) the p × q

matrix, for which the (l, k) element is given by g2(zl, rk), where 1 ≤ l ≤ p and

1 ≤ k ≤ q. Also, for two scalar sequences θn and γn, write θn ≲ γn if there

exists a constant c0 > 0 such that θn ≤ c0γn holds for large enough n.

For the mean function estimate, set µ̂(t) = γ̂0, where

(γ̂0, γ̂ = argmin
γ0,γ1

n∑
i=1

wi

ni∑
j=1

(Xij − γ0 − γ1(Tij − t))2Khµ(Tij − t),

where wi = (
∑n

j=1 nj)
−1 are equal subject weights, K is a kernel function

corresponding to a density function with compact support [−1, 1] and Khµ(·) =

K(·/hµ)/hµ. For the covariance surface estimate, writing Ĉijl = (Xij−µ̂(Tij))(Xil−

µ̂(Til)) for the raw covariances (Yao et al., 2005), set Γ̂(s, t) = γ̂0, where

(γ̂0, γ̂1, γ̂2)

= argmin
γ0,γ1,γ2

n∑
i=1

vi
∑

1≤j ̸=l≤ni

(Cijl − γ0 − γ1(Tij − s)− γ2(Til − t))2

×KhG
(Tij − s)KhG

(Til − t).

Here vi = (
∑n

j=1 nj(nj − 1))−1 and ni ≥ 2 is assumed throughout for the

covariance estimation step.

For the cross-covariance smoothing step, using the raw covariances Ci(Tij) =
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(X̃ij − µ̂(Tij))Yi, the local linear estimate of C(t) is given by Ĉ(t) = β̂X
0 , where

(β̂X
0 , β̂X

1 ) = argmin
βX
0 ,βX

1 ∈R

n∑
i=1

ni∑
j=1

wiKh(Tij − t)(Ci(Tij)− βX
0 − βX

1 (t− Tij))
2,

(S.2)

with wi = (
∑n

i=1 ni)
−1.

S2.3 Proofs of Main Results in Section 2 and 3

The proofs in this and the following sections rely on various auxiliary results

and lemmas included in Section S3.

Proof of Proposition 1. Fix i ∈ {1, . . . , n} and k ∈ N, and recall that

ξ̃ik = λkϕ
T
ikΣ

−1
i (Xi − µi), (S.3)

where ϕik = (ϕk(Ti1), . . . , ϕk(Tim))
T . Define W = diag(wl), where wl are

quadrature weights chosen according to the left endpoint rule, i.e. wl = Til −

maxj:Tij<Til
Tij for l = 1, . . . ,m, and we set maxj:Tij<Til

Tij = 0 whenever {j :

Tij < Til} = ∅. Let gm be the size of the maximal gap between {0, Ti1, . . . , Tim, 1}

for T = [0, 1] and consider the quadrature approximation errors

ek =

∫
T
Γ(Ti, t)ϕk(t)dt−ΣiWϕik,

where Γ(Ti, t) = (Γ(Ti1, t), . . . ,Γ(Tim, t))
T . Here note that since Σi = σ2Im+

Γ(Ti,T
T
i ), where Γ(Ti,T

T
i ) corresponds to the matrix with elements [Γ(Ti,T

T
i )]jl =

Γ(Tij, Til), j, l ∈ {1, . . . ,m}, we have ΣiWϕik = σ2Wϕik +Γ(Ti,T
T
i )Wϕik

where the second term in the previous expression corresponds to the numerical
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quadrature approximation to
∫
T Γ(Ti, t)ϕk(t)dt and the first term will be shown

to be negligible as m → ∞.

From the quadrature approximation error for integrating a continuously dif-

ferentiable function g over [0, 1] under the left-endpoint rule and denoting T
(m)
i :=

max1≤j≤m Tij we have∣∣∣∣∣
∫ 1

0

g(t)dt−
m∑
l=1

g(Til)wl

∣∣∣∣∣
≤ supt∈T |g′(t)|

2

(
m∑
l=1

w2
l + (1− T

(m)
i )2

)
+ |(1− T

(m)
i )g(1)| (S.4)

= Op(m
−1), (S.5)

where (S.5) follows from Lemma S2. Denoting by ∥·∥2 the Euclidean norm in

Rm, we have

∥ek∥2 ≤
∥∥∥∥∫

T
Γ(Ti, t)ϕk(t)dt− Γ(Ti,T

T
i )Wϕik

∥∥∥∥
2

+
∥∥σ2Wϕik

∥∥
2
= Op(m

−1/2),

(S.6)

which follows by noting that the integration error rates for all entries in ek are

uniform due to Condition (X3) in the main text and (S.4), and that

∥Wϕik∥22 ≤
m∑
l=1

w2
l sup

t∈T
ϕ2
k(t) = Op(m

−1). (S.7)

Since

λkϕik = ΣiWϕik + ek, (S.8)
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we have

λkϕ
T
ikΣ

−1
i (Xi − µi) = ϕT

ikW(Xi − µi) + eTkΣ
−1
i (Xi − µi)

= ϕT
ikW(Yi − µi) + ϕT

ikWϵi + eTkΣ
−1
i (Xi − µi),

(S.9)

where Yi = (Xi1, . . . , Xim)
T and ϵi = (ϵi1, . . . , ϵim)

T . Let gk(t) = ϕk(t)(Xi(t)−

µ(t)). Then, from Condition (X3) and since the process Xi(t) is assumed contin-

uously differentiable almost surely, we have gk(t) is continuously differentiable

a.s. over the compact set T = [0, 1] so that supt∈T |g′k(t)| = Op(1). Thus, using

(S.4) and the fact that
∫ 1

0
ϕk(t)(Xi(t)− µ(t))dt = ξik, we obtain

ξik −
m∑
l=1

ϕk(Til)(Xi(Til)− µ(Til))wl = Op(m
−1),

whence

ϕT
ikW(Yi − µi) = ξik +Op(m

−1). (S.10)

By conditioning and using the independence between ϵi and Ti, E(ϕT
ikWϵi)

2 =

E[E(ϕT
ikWϵiϵ

T
i Wϕik|Ti)]

= E[ϕT
ikWE(ϵiϵ

T
i )Wϕik] = σ2E(∥Wϕik∥22).

Hence, from (S.7) it follows that E(ϕT
ikWϵi)

2 = O(m−1) and thus

ϕT
ikWϵi = Op(m

−1/2). (S.11)

We now show that Zm := eTkΣ
−1
i (Xi − µi) = Op(m

−1/2). Note that for any

M > 0

P
(√

m |Zm| > M |Ti

)
≤ m

M2
∥ek∥22∥Σ

−1/2
i ∥2op,2 ≤

m

M2σ2
∥ek∥22, (S.12)
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where the last inequality follows since ∥Σ−1/2
i ∥op,2 ≤ σ−1. From (S.6), m ∥ek∥22 =

Op(1) and thus for any ϵ > 0 there exist M0 = M0(ϵ) > 0 and m0 = m0(ϵ) ∈

N+ such that

P
(
m ∥ek∥22 > M0

)
≤ ϵ, ∀m ≥ m0. (S.13)

Hence, by choosing M = Mϵ :=
√

M0/(ϵσ2) and defining

uim := P (
√
m |Zm| > M |Ti),

P
(√

m |Zm| > Mϵ

)
= E[uim]

= E[uim1{uim≤ϵ} + uim1{uim>ϵ}] ≤ ϵ+ P (uim > ϵ), (S.14)

where the last inequality follows since uim ≤ 1. Now (S.12) and (S.13) imply

P (uim > ϵ) ≤ ϵ for m ≥ m0, whence

P
(√

m |eTkΣ−1
i (Xi − µi)| > Mϵ

)
≤ 2ϵ, ∀m ≥ m0, (S.15)

which shows that eTkΣ
−1
i (Xi − µi) = Op(m

−1/2). The result follows by com-

bining (S.9), (S.10), (S.11) and (S.15).

Proof of Theorem 1. Let K0 ≥ k be any fixed integer and consider the constant

sequence K = K(n) = K0, for all n ≥ 1. Thus (an + bn)
∑K

k=1 λ
−1
k = o(1) as

n → ∞ and similar arguments as the ones outlined in the proof of Lemma S3

leads to

(ξ̂∗k − ξ̃∗k)
2 ≲ (ê∗Tk Σ̂∗−1(X∗ − µ̂∗))2 + (ϕ̂∗T

k W∗(X∗ − µ̂∗)− ϕ∗T
k W∗(X∗ − µ∗))2

+ (e∗Tk Σ∗−1(X∗ − µ∗))2

= Op

(
m∗−1 +m∗2(an + bn)

2
)
,

where ê∗k is defined as in (S.75). The result follows.
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Proof of Theorem 3. Recall that µ̃iK = ξ̃TiKΦK and K = K(m) satisfies
∑K

k=1 λ
−1
k ≍

m1−δ, where δ ∈ (1/2, 1) and ξ̃iK = ΛKΦ
T
iKΣ

−1
i (Xi − µi). We first show

shrinkage of ∥µ̃iK −
∑∞

k=1 ξikϕk∥L2 . Also, for any k ≥ 1 define

ek =

∫
T
Γ(Ti, t)ϕk(t)dt−ΣiWϕik.

From (S.9) and the triangle inequality, we have

∥µ̃iK −
∞∑
k=1

ξikϕk∥L2 = ∥
K∑
k=1

λkϕ
T
ikΣ

−1
i (Xi − µi)ϕk −

∞∑
k=1

ξikϕk∥L2

≤ ∥
K∑
k=1

ϕT
ikW(Yi − µi)ϕk −

∞∑
k=1

ξikϕk∥L2 + ∥
K∑
k=1

ϕT
ikWϵiϕk∥L2

+ ∥
K∑
k=1

eTkΣ
−1
i (Xi − µi)ϕk∥L2

= ∥A∥L2 + ∥B∥L2 + ∥C∥L2 , (S.16)

where the functions A = A(t), B = B(t) and C = C(t) are defined through the

last equation. By Fubini’s theorem and orthogonality of the ϕk, we have

E(∥B∥2L2)

=

∫
T
E

( K∑
k=1

ϕk(t)ϕ
T
ikWϵi

)2
 dt =

K∑
k=1

E[(ϕT
ikWϵi)

2] =
K∑
k=1

σ2E(∥Wϕik∥22),

where the last equality follows from the proof of Theorem 1. Thus, from (S.7)

and Lemma S2 we obtain

E(∥B∥2L2)

≤
K∑
k=1

σ2m−1∥ϕk∥2∞ = O

(
m−1

K∑
k=1

λ−2
k

)
= O

(
m−1

[ K∑
k=1

λ−1
k

]2)
= O(m1−2δ),
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where the first equality is due to ∥ϕk∥∞ = O(λ−1
k ). This follows from the

relation

λkϕk(t) =

∫
T
Γ(t, s)ϕk(s)ds ≤ ∥Γ(t, ·)∥L2 < ∞

uniformly over t, which is a consequence of the Cauchy–Schwarz inequality and

continuity of Γ over the compact set T 2. Therefore

∥B∥L2 = Op(m
1/2−δ). (S.17)

Observe

A(t) =
K∑
k=1

(ϕT
ikW(Yi − µi)− ξik)ϕk(t)−

∞∑
k=K+1

ξikϕk(t) = A1(t)− A2(t),

where A1(t) and A2(t) are defined through the last equation. By Fubini’s theo-

rem along with the orthonormality of the ϕk, we have

E(∥A2∥2L2) =
∞∑

k=K+1

λk,

and then

∥A2∥L2 = Op

( ∞∑
k=K+1

λk

)1/2
 . (S.18)

Define gk(t) = ϕk(t)(Xi(t) − µ(t)), t ∈ T . By the dominated convergence

theorem along with the Cauchy–Schwarz inequality,

λk|ϕ′
k(t)| =

∣∣∣ ∫
T
Γ(1,0)(t, s)ϕk(s)ds

∣∣∣ ≤ ∥Γ(1,0)∥∞ < ∞,

where Γ(1,0)(t, s) = ∂Γ(t, s)/∂t. This shows that ∥ϕ′
k∥∞ = O(λ−1

k ) which

combined with the fact that ∥ϕk∥∞ = O(λ−1
k ) and Condition (X2) leads to
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∥g′k∥∞ = O(λ−1
k ) and ∥gk∥∞ = O(λ−1

k ). Hence, from the Riemann sum approx-

imation error bound in (S.4) applied to the function gk(t) = ϕk(t)(Xi(t)−µ(t)),

we obtain

|ϕT
ikW(Yi − µi)− ξik| ≲ λ−1

k

(
m∑
l=1

w2
l + (1− T

(m)
i )2 + (1− T

(m)
i )

)
.

Therefore

E(∥A1∥L2) ≤
K∑
k=1

E(|ϕT
ikW(Yi − µi)− ξik|) ≲

K∑
k=1

λ−1
k m−1 = O(m−δ),

where we use the condition
∑K

k=1 λ
−1
k ≍ m1−δ. This shows that ∥A1∥L2 =

Op(m
−δ), which combined with (S.18) leads to

∥A∥L2 = Op

m−δ +

(
∞∑

k=K+1

λk

)1/2
 . (S.19)

From (S.6), (S.7), the Riemann sum approximation error bound (S.4), and using

that ∥ϕ′
k∥∞ = O(λ−1

k ) along with ∥ϕk∥∞ = O(λ−1
k ), we obtain

∥ek∥2 ≲
√
mλ−1

k

(
m∑
l=1

w2
l + (1− T

(m)
i )2 + (1− T

(m)
i )

)
+ λ−1

k

(
m∑
l=1

w2
l

)1/2

,

(S.20)

Thus, using the inequality (x0+x1)
2 ≤ 2x2

0+2x2
1, which is valid for all x0, x1 ∈

R, along with Lemma S2 leads to

E(∥ek∥22) ≲ E

mλ−2
k

( m∑
l=1

w2
l

)2

+ (1− T
(m)
i )4 + (1− T

(m)
i )2

+ λ−2
k

m∑
l=1

w2
l


= O(m−1λ−2

k ). (S.21)
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Therefore

E(∥C∥L2) ≤
K∑
k=1

E(|eTkΣ−1
i (Xi − µi)|) ≤

K∑
k=1

(E{E[(eTkΣ
−1
i (Xi − µi))

2|Ti]})1/2

≤ σ−1

K∑
k=1

(E(∥ek∥22))1/2 ≲ m1/2−δ,

where last inequality uses that
∑K

k=1 λ
−1
k ≍ m1−δ. Hence

∥C∥L2 = Op(m
1/2−δ). (S.22)

Combining (S.16), (S.17), (S.19), and (S.22) leads to

∥µ̃iK −
∞∑
k=1

ξikϕk∥L2 = Op

m1/2−δ +

(
∞∑

k=K+1

λk

)1/2
 . (S.23)

By orthonormality of the ϕk and since ΣiK = ΛK −ΛKΦ
T
iKΣ

−1
i ΦiKΛK ,∫

T
ΓiK(t, t)dt = trace(ΣiK) =

K∑
k=1

(
λk − λkϕ

T
ikΣ

−1
i λkϕik

)
. (S.24)

From (S.21) and using the condition
∑K

k=1 λ
−1
k ≍ m1−δ, we obtain

∑K
k=1 λ

−2
k =

O(m2−2δ) and

E

(
K∑
k=1

eTkΣ
−1
i ek

)
≤ σ−2

K∑
k=1

E(∥ek∥22) = O(m1−2δ).

Thus
K∑
k=1

eTkΣ
−1
i ek = Op(m

1−2δ). (S.25)

Since ∥ϕk∥∞ = O(λ−1
k ) and

∑K
k=1 λ

−2
k = O(m2−2δ),

K∑
k=1

λ−1
k ∥ek∥2 ≲ m5/2−2δ

(
m∑
l=1

w2
l + (1− T

(m)
i )2 + (1− T

(m)
i )

)

+m2−2δ

(
m∑
l=1

w2
l

)1/2

= Op

(
m3/2−2δ

)
,
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where the first inequality is due to (S.20) and the last equality is due to Lemma

S2. Thus
K∑
k=1

|eTkWϕik| ≤
K∑
k=1

∥ek∥2∥Wϕik∥2 ≤

(
m∑
l=1

w2
l

)1/2 K∑
k=1

∥ek∥2∥ϕk∥∞ = Op

(
m1−2δ

)
,

(S.26)

where the second inequality is due to (S.7). Also,
K∑
k=1

σ2|ϕT
ikWWϕik| ≤ σ2

K∑
k=1

∥Wϕik∥22 ≤ σ2

K∑
k=1

∥ϕk∥2∞

(
m∑
l=1

w2
l

)
= Op

(
m1−2δ

)
.

(S.27)

From the Riemann sum approximation error bound (S.4) applied to the function

gk(t) = λkϕ
2
k(t), and using that ∥gk∥∞ = O(λ−1

k ) and ∥g′k∥∞ = O(λ−1
k ), we

have

|λkϕ
T
ikWϕik − λk| = O

(
λ−1
k

(
m∑
l=1

w2
l + (1− T

(m)
i )2 + (1− T

(m)
i )

))
.

Thus

E

(
K∑
k=1

|λkϕ
T
ikWϕik − λk|

)
= O(m−δ),

which implies
K∑
k=1

|λkϕ
T
ikWϕik − λk| = Op

(
m−δ

)
. (S.28)

Also, from (S.4) and (S.7) we have
K∑
k=1

|ϕT
ikW

(
Γ(Ti,T

T
i )Wϕik − λkϕik

)
|

≤
K∑
k=1

∥ϕT
ikW∥2∥Γ(Ti,T

T
i )Wϕik − λkϕik∥2

≲
K∑
k=1

λ−2
k m1/2

(
m∑
l=1

w2
l

)1/2( m∑
l=1

w2
l + (1− T

(m)
i )2 + (1− T

(m)
i )

)
,



S2.3 Proofs of Main Results in Section 2 and 3

which along with Lemma S2 leads to

E

(
K∑
k=1

|ϕT
ikW

(
Γ(Ti,T

T
i )Wϕik − λkϕik

)
|

)
= O(m1−2δ).

This shows that

K∑
k=1

[ϕT
ikW

(
Γ(Ti,T

T
i )Wϕik − λkϕik

)
] = Op(m

1−2δ). (S.29)

From (S.25), (S.26), (S.27), (S.28), (S.29), and observing

ϕT
ikWΣiWϕik = σ2ϕT

ikWWϕik + ϕT
ikWΓ(Ti,T

T
i )Wϕik,

leads to∣∣∣ K∑
k=1

(λk − λkϕ
T
ikΣ

−1
i λkϕik)

∣∣∣
=
∣∣∣ K∑
k=1

(λk − eTkΣ
−1
i ek − 2eTkWϕik − ϕT

ikWΣiWϕik)
∣∣∣

≤
K∑
k=1

eTkΣ
−1
i ek + 2

K∑
k=1

|eTkWϕik|+ σ2

K∑
k=1

|ϕT
ikWWϕik|

+
∣∣∣ K∑
k=1

[ϕT
ikW

(
Γ(Ti,T

T
i )Wϕik − λkϕik

)
]
∣∣∣+ K∑

k=1

|λkϕ
T
ikWϕik − λk|

= Op

(
m1−2δ

)
,

where the first equality uses (S.8). This along with (S.24) implies∫
T
ΓiK(t, t)dt = Op

(
m1−2δ

)
. (S.30)

Combining (S.30) with (S.23) leads to the result.



S3. Auxiliary Results and Proofs

We provide the proofs of Propositions 2 and Theorems 2, 4–7 in the main text,

followed by a sequence of auxiliary lemmas and their proofs. These auxiliary

results are used to derive the main results.

Proof of Proposition 2. Recalling that ΣiK = ΛK − ΛKΦ
T
iKΣ

−1
i ΦiKΛK we

have

∥ΣiK∥op,2 ≤ trace(ΣiK) =
K∑
k=1

(
λk − λkϕ

T
ikΣ

−1
i λkϕik

)
. (S.31)

Moreover, since λkϕik = ek +ΣiWϕik, where ek is defined as in the proof of

Proposition 1, it follows that

λkϕ
T
ikΣ

−1
i λkϕik = eTkΣ

−1
i ek + 2eTkWϕik + ϕT

ikWΣiWϕik. (S.32)

From, (S.6),

∥∥λkϕik − Γ(Ti,T
T
i )Wϕik

∥∥
2
= Op(m

−1/2),

and using (S.7),

ϕT
ikWΣiWϕik = σ2ϕT

ikWWϕik + ϕT
ikWΓ(Ti,T

T
i )Wϕik

= Op(m
−1) + ϕT

ikW
(
λkϕik −Op(m

−1/2)
)
= λkϕ

T
ikWϕik +Op(m

−1),

where λkϕ
T
ikWϕik = λk +Op(m

−1). This follows from the quadrature approx-

imation error (S.5), observing
∫ 1

0
ϕ2
k(t)dt = 1, and implies

ϕT
ikWΣiWϕik = λk +Op(m

−1). (S.33)



The result then follows by combining (S.31), (S.32), (S.33), (S.6), (S.7), and the

fact that
∥∥Σ−1

i

∥∥
op,2 ≤ σ−2.

Proof of Theorem 2. Recall that µ̂∗ = µ̂(T∗), T∗ = (T ∗
1 , . . . , T

∗
m∗)T , the esti-

mated FPCs ξ̂∗k = λ̂kϕ̂k(T
∗)T Σ̂∗−1(X∗ − µ̂∗), Φ̂∗

K is analogous to Φ̂iK while

replacing the Tij with T ∗
j , and similarly for quantities such as Φ∗

K , Σ̂∗−1, and

Σ∗−1. Note that

Σ∗
K − Σ̂∗

K = ΛK − Λ̂K + Λ̂KΦ̂
∗T
K Σ̂∗−1Φ̂∗

KΛ̂K −ΛKΦ
∗T
K Σ∗−1Φ∗

KΛK ,

(S.34)

where ∥ΛK − Λ̂K∥op,2 = Op(an + bn) follows from Theorem 5.2 in Zhang

and Wang (2016) along with perturbation results (Bosq, 2000) and the fact that

∥ΛK − Λ̂K∥op,2 ≤
√
Kmax1≤k≤K |λk − λ̂k|. Since λ̂kϕ̂

∗
k =

∫
T Γ̂(T∗, t)ϕ̂k(t)dt

and writing ê∗k =
∫
T Γ̂(T∗, t)ϕ̂k(t)dt − Σ̂∗W∗ϕ̂∗

k, we have that the (j, l) entry

of Λ̂KΦ̂
∗T
K Σ̂∗−1Φ̂∗

KΛ̂K is given by

[Λ̂KΦ̂
∗T
K Σ̂∗−1Φ̂∗

KΛ̂K ]j,l = (ê∗Tj Σ̂∗−1 + ϕ̂∗T
j W∗)(ê∗l + Σ̂∗W∗ϕ̂∗

l )

= ê∗Tj Σ̂∗−1ê∗l + ê∗Tj W∗ϕ̂∗
l + ϕ̂∗T

j W∗ê∗l + ϕ̂∗T
j W∗Σ̂∗W∗ϕ̂∗

l ,

(S.35)

where 1 ≤ j, l ≤ K. Denote by Γ̂(T∗,T∗T ) the matrix whose (i, j) element

is Γ̂(T ∗
i , T

∗
j ), 1 ≤ i, j ≤ m∗, and similarly define Γ(T∗,T∗T ). Also note

that Σ̂∗ = σ̂2Im∗ + Γ̂(T∗,T∗T ), where Im∗ ∈ Rm∗×m∗ is the identity ma-

trix. From (S.21), (S.76), (S.87), (S.112), Lemma S2, and using that ∥Σ̂∗−1 −



Σ∗−1∥op,2 = Op(m
∗(an + bn)) along with the condition m∗(an + bn) = o(1)

as n → ∞, it follows that ∥Γ̂(T∗,T∗T ) − Γ(T∗,T∗T )∥2 = Op(m
∗(an + bn)),

∥W∗(ϕ̂∗
p−ϕ∗

p)∥2 = Op(m
∗−1/2(an+bn)), p = j, l, ∥Γ(T∗,T∗T )∥op,2 = O(m∗),

∥Σ∗∥op,2 = O(m∗), ∥Σ̂∗∥op,2 = Op(m
∗), ∥W∗ϕ∗

p∥2 = Op(m
∗−1/2), p = j, l,

∥Σ̂∗−Σ∗∥op,2 = Op(m
∗(an+bn)), ∥W∗∥2 = Op(m

∗−1/2), ∥e∗p∥2 = Op(m
∗−1/2)

and ∥ê∗p − e∗p∥2 = Op(m
∗1/2(an + bn)), p = j, l. These bounds imply

ϕ̂∗T
j W∗Σ̂∗W∗ϕ̂∗

l − ϕ∗T
j W∗Σ∗W∗ϕ∗

l = Op(an + bn),

ê∗Tj Σ̂∗−1ê∗l − e∗Tj Σ∗−1e∗l = Op(an + bn),

ê∗Tj W∗ϕ̂∗
l − e∗Tj W∗ϕ∗

l = Op(an + bn),

ϕ̂∗T
j W∗ê∗l − ϕ∗T

j W∗e∗l = Op(an + bn),

which combined with (S.35) leads to

[Λ̂KΦ̂
∗T
K Σ̂∗−1Φ̂∗

KΛ̂K ]j,l − [ΛKΦ
∗T
K Σ∗−1Φ∗

KΛK ]j,l = Op(an + bn).

Hence ∥Λ̂KΦ̂
∗T
K Σ̂∗−1Φ̂∗

KΛ̂K − ΛKΦ
∗T
K Σ∗−1Φ∗

KΛK∥F = Op(an + bn) and the

result follows from (S.34).

Proof of Theorem 4. Let υK =
∑K

k=1 λ
−1/2
k δ−1

k and νK =
∑K

k=1 λ
−1
k . Note that

∥µ̂∗
K − µ̃∗

K∥L2 = ∥ξ̂∗TK Φ̂K − ξ̃∗TK ΦK∥L2

≤ ∥(ξ̂∗K − ξ̃∗K)
T (Φ̂K −ΦK)∥L2 + ∥(ξ̂∗K − ξ̃∗K)

TΦK∥L2

+ ∥ξ̃∗TK (Φ̂K −ΦK)∥L2 . (S.36)



Now, by the Cauchy–Schwarz inequality,

∥(ξ̂∗K − ξ̃∗K)
T (Φ̂K −ΦK)∥L2 ≤ ∥ξ̂∗K − ξ̃∗K∥2

K∑
k=1

∥ϕ̂k − ϕk∥L2

≲

(
K∑
k=1

δ−1
k

)
∥ξ̂∗K − ξ̃∗K∥2∥Ξ̂− Ξ∥op, (S.37)

and by orthonormality of the ϕk,

∥(ξ̂∗K − ξ̃∗K)
TΦK∥L2 ≤ ∥ξ̂∗K − ξ̃∗K∥2. (S.38)

Also note that

E(∥ξ̃∗K∥22) = trace(E[E(ξ̃∗K ξ̃
∗T
K |T∗)]) = E(trace(ΛKΦ

∗T
K Σ∗−1Φ∗

KΛK))

= E

(
K∑
k=1

λ2
kϕ

∗T
k Σ∗−1ϕ∗

k

)
,

and

λ2
jϕ

∗T
j Σ∗−1ϕ∗

j = e∗Tj Σ∗−1e∗j + 2e∗Tj W∗ϕ∗
j + ϕ∗T

j W∗Σ∗W∗ϕ∗
j ,

where j = 1, . . . , K. Similar arguments as the ones outlined in the proof of

Theorem 3 then show that for large enough n

E(∥ξ̃∗K∥22) = E

(
K∑
k=1

λ2
kϕ

∗T
k Σ∗−1ϕ∗

k

)
≲ m∗(1−2δ) +m∗−δ +

K∑
k=1

λk ≲ m∗(1−2δ) +
K∑
k=1

λk.

Since δ ∈ (1/2, 1) and
∑∞

k=1 λk < ∞, this implies

∥ξ̃∗K∥2 = Op(1). (S.39)

Observing

∥ξ̃∗TK (Φ̂K −ΦK)∥L2 ≤ ∥ξ̃∗K∥2
K∑
k=1

∥ϕ̂k − ϕk∥L2 ≲

(
K∑
k=1

δ−1
k

)
∥Ξ̂− Ξ∥op∥ξ̃∗K∥2,



and using (S.77) along with (S.39) leads to

∥ξ̃∗TK (Φ̂K −ΦK)∥L2 = Op

(
(an + bn)

K∑
k=1

δ−1
k

)
. (S.40)

In view of (S.36), (S.37), (S.38), (S.40), the condition υK(an+bn) = o(1) which

implies (an + bn)
∑K

k=1 δ
−1
k = o(1) as n → ∞, and employing Lemma S3 leads

to

∥µ̂∗
K − µ̃∗

K∥L2

= Op

(
(an + bn)

(
K∑
k=1

δ−1
k

)
+m∗1/2(an + bn)

(
K∑
k=1

δ−2
k λ−2

k

)1/2

+m∗−1/2

(
K∑
k=1

λ−2
k

)1/2

+m∗(an + bn)

(
K∑
k=1

λ−2
k

)1/2

+m∗2(an + bn)
2

(
K∑
k=1

δ−2
k λ−2

k

)1/2 )
.

(S.41)

Observe

W2
2 (Ĝ∗

K ,AX∗c) ≤ E(∥g1 − g2∥2L2 | (Xj,Tj)
n
j=0),

where X0 := X∗ and T0 := T∗, the random element g1 ∈ L2 has conditional

distribution g1 ∼ Ĝ∗
K given (Xj,Tj)

n
j=0, and g2(·) = X∗c(·) almost surely. Since

E(g1 | (Xj,Tj)
n
j=0) = µ̂∗

K and Var(g1(t) | (Xj,Tj)
n
j=0) = Γ̂∗

K(t, t), t ∈ T , we

obtain

W2
2 (Ĝ∗

K ,AX∗c) ≤ E(∥g1 − µ̂∗
K∥2L2 | (Xj,Tj)

n
j=0) + ∥µ̂∗

K −X∗c∥2L2

=

∫
T
Γ̂∗
K(t, t)dt+ ∥µ̂∗

K −X∗c∥2L2

≤
∫
T
(Γ̂∗

K(t, t)− Γ∗
K(t, t))dt+ ∥µ̂∗

K −X∗c∥2L2 +Op(m
∗(1−2δ)),



where the equality follows from Fubini’s Theorem and the last inequality is due

to
∫
T Γ∗

K(t, t)dt = Op(m
1−2δ), which follows analogously as in (S.30). Com-

bining (S.41) and arguments analogous to those in the proof of Theorem 3 lead

to

∥µ̂∗
K −X∗c∥L2

≤ ∥µ̃∗
K −X∗c∥L2 + ∥µ̂∗

K − µ̃∗
K∥L2

= Op

[
m∗(1/2−δ) +

(
∞∑

k=K+1

λk

)1/2

+ (an + bn)

(
K∑
k=1

δ−1
k

)

+m∗1/2(an + bn)

(
K∑
k=1

δ−2
k λ−2

k

)1/2

+m∗−1/2

(
K∑
k=1

λ−2
k

)1/2

+m∗(an + bn)

(
K∑
k=1

λ−2
k

)1/2

+m∗2(an + bn)
2

(
K∑
k=1

δ−2
k λ−2

k

)1/2 ]
.

From Lemma S4 we have∫
T
(Γ̂∗

K(t, t)− Γ∗
K(t, t))dt = trace(Σ̂∗

K −Σ∗
K)

= Op

(
m∗(an + bn)

2

K∑
k=1

λ−2
k δ−2

k + (an + bn)
K∑
k=1

λ−2
k δ−1

k

)
.

Therefore

W2
2 (Ĝ∗

K ,AX∗c)

= Op

[
m∗(1−2δ) +

∞∑
k=K+1

λk + (an + bn)
2

(
K∑
k=1

δ−1
k

)2

+m∗(an + bn)
2

K∑
k=1

δ−2
k λ−2

k

+m∗−1

K∑
k=1

λ−2
k +m∗2(an + bn)

2

K∑
k=1

λ−2
k +m∗4(an + bn)

4

K∑
k=1

δ−2
k λ−2

k

+ (an + bn)
K∑
k=1

λ−2
k δ−1

k

]
,



and the result follows.

Proof of Theorem 5. We use the fact that for a normal random variable Z1 ∼

N(κ1, κ
2
2) and t ∈ (0, 1) it holds that Q1(t) = κ2q(t) + κ1, where Q1(·) and q(·)

are the quantile functions corresponding to Z1 and a standard normal random

variate, respectively. Note that since |λmin(Σ̂iK)−λmin(ΣiK)| ≤
∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

=

op(1), where the op(1) term is uniform in i (see the proof of Lemma S12), and

λmin(ΣiK) ≥ κ0 a.s., we have

P

(∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

≤ κ0/2

)
= P

(
κ0 −

∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

≥ κ0/2

)
≤ P

(
λmin(ΣiK)−

∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

≥ κ0/2

)
≤ P

(
λmin(Σ̂iK) ≥ κ0/2

)
,

which implies λmin(Σ̂iK) ≥ κ0/2 with probability tending to 1. For the remain-

der of the proof we work on this event. From the closed form expression for the

2-Wasserstein distance between one-dimensional distributions with finite second

moments,

W2
2 (P̃iK ,PiK) =

∫ 1

0

(
[(βT

KΣ̂iKβK)
1/2 − (βT

KΣiKβK)
1/2]q(t) + βT

K(ξ̂iK − ξ̃iK)
)2

dt

= [(βT
KΣ̂iKβK)

1/2 − (βT
KΣiKβK)

1/2]2
∫ 1

0

q2(t)dt+ (βT
K(ξ̂iK − ξ̃iK))

2

+ 2[(βT
KΣ̂iKβK)

1/2 − (βT
KΣiKβK)

1/2] βT
K(ξ̂iK − ξ̃iK)

∫ 1

0

q(t)dt

≤ (βT
K(Σ̂iK −ΣiK)βK)

2

βT
KΣiKβK

∫ 1

0

q2(t)dt+ (βT
K(ξ̂iK − ξ̃iK))

2,

(S.42)



where the last inequality follows from the fact that
∫ 1

0
q(t)dt = E(Z) = 0, where

Z ∼ N(0, 1), and using the inequality (
√
x−√

y)2 ≤ (x− y)2/y which is valid

for any scalars x ≥ 0 and y > 0. Since
∫ 1

0
q2(t)dt = E(Z2) < ∞, it then suffices

to control the terms βT
K(Σ̂iK −ΣiK)βK and (βT

K(ξ̂iK − ξ̃iK))
2. From the proof

of Lemma S12, we have
∥∥∥ΣiK − Σ̂iK

∥∥∥
F
= O(an + bn) a.s. as n → ∞, where

the O(an + bn) term is uniform over i, and similar arguments as in the proof of

Theorem 2 in Dai et al. (2018) show that |ξ̂ik − ξ̃ik| = O(an + bn)∥Xi −µi∥2 =

O(an + bn)Op(1) = Op(an + bn), k = 1, . . . , K. Thus, (βT
K(ξ̂iK − ξ̃iK))

2 ≤

∥βK∥22 ∥ξ̂iK − ξ̃iK∥22 = Op((an + bn)
2) and properties of the operator norm

show that |βT
K(Σ̂iK −ΣiK)βK | ≤ ∥βK∥22

∥∥∥Σ̂iK −ΣiK

∥∥∥
F
= O(an + bn) a.s. as

n → ∞. This along with (S.42) leads to

W2(P̃iK ,PiK) = Op(an + bn). (S.43)

Similar arguments show that

W2
2 (P̂iK , P̃iK) ≤

(β̂T
KΣ̂iKβ̂K − βT

KΣ̂iKβK)
2

βT
KΣ̂iKβK

∫ 1

0

q2(t)dt+ ((β̂K − βK)
T ξ̂iK + β̂0 − β0)

2,

(S.44)

and

|β̂T
KΣ̂iKβ̂K − βT

KΣ̂iKβK |

= |(β̂K − βK)
T Σ̂iKβ̂K + βT

KΣ̂iK(β̂K − βK)|

≤
∥∥∥β̂K − βK

∥∥∥2
2

∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

+
∥∥∥β̂K − βK

∥∥∥
2

∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

∥βK∥2

+
∥∥∥β̂K − βK

∥∥∥2
2
∥ΣiK∥op,2 +

∥∥∥β̂K − βK

∥∥∥
2
∥ΣiK∥op,2 ∥βK∥2

= Op(αn), (S.45)



where the first inequality follows from properties of the operator norm; the last

equality is due to Lemma S11 and the facts that h ≍ n−1/3 implies that the rate

τM

[ (
1
nh

+ h2
)1/2

+ an

]
is faster than cnυM ,

∥∥∥Σ̂iK −ΣiK

∥∥∥
F
= O(an + bn) a.s.

as n → ∞ and that ∥ΣiK∥op,2 is uniformly bounded in i in the sparse case. Since

|λmin(Σ̂iK)− λmin(ΣiK)| ≤
∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

, we have

βT
KΣ̂iKβK ≥ βT

KβKλmin(Σ̂iK)

≥ βT
KβK(λmin(ΣiK)−

∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

)1{λmin(ΣiK)≥∥Σ̂iK−ΣiK∥op,2
}.

Thus, using that
∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

= op(1), where the op(1) term is uniform in

i, λmin(ΣiK) ≥ κ0 a.s., and writing

p0 = P

[
1

βT
KΣ̂iKβK

≤ 2

βT
KβKλmin(ΣiK)

and λmin(Σ̂iK) ≥ κ0/2

]
,

it follows that

p0 ≥ P [βT
KβKλmin(ΣiK) ≤ 2βT

KβKλmin(Σ̂iK) and λmin(Σ̂iK) ≥ κ0/2]

≥ P [βT
KβKλmin(ΣiK) ≤ 2βT

KβK(λmin(ΣiK)−
∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

) and λmin(Σ̂iK) ≥ κ0/2]

≥ P [κ0/2 ≥
∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

and λmin(Σ̂iK) ≥ κ0/2]

≥ 1− P
[ ∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

> κ0/2
]
− P [λmin(Σ̂iK) < κ0/2].

This implies p0 → 1 as n → ∞ and hence the event (βT
KΣ̂iKβK)

−1 ≤ 2(βT
KβKλmin(ΣiK))

−1

with λmin(Σ̂iK) ≥ κ0/2 occurs with probability tending to 1. It then suffices to

work on this event in what follows. Combining with (S.44), (S.45), and

|(β̂K − βK)
T ξ̂iK + β̂0 − β0| ≤

∥∥∥β̂K − βK

∥∥∥
2

(∥∥∥ξ̂iK − ξ̃iK

∥∥∥
2
+
∥∥∥ξ̃iK∥∥∥

2

)
+ |β̂0 − β0|

= Op(αn),



which follows from Lemma S11 and the facts that β̂0 − β0 = Ȳn − E(Y ) =

Op(n
−1/2),

∥∥∥ξ̂iK − ξ̃iK

∥∥∥
2
= Op(an + bn) and

∥∥∥ξ̃iK∥∥∥
2
= Op(1) hold uniformly

in i, then leads to

W2(P̂iK , P̃iK) = Op(αn). (S.46)

The result in (4.17) then follows from (S.43) and (S.46).

Denote by φ and Φ the density and cdf of a standard normal random variable,

and define the quantities ũin = β0 + βT
K ξ̂iK , σ̃in = (βT

KΣ̂iKβK)
1/2, ui = β0 +

βT
K ξ̃iK , σi = (βT

KΣiKβK)
1/2 and ∆in(t) = (t− ui)/σi − (t− ũin)/σ̃in, t ∈ R.

Then

sup
t∈R

|F̃iK(t)− FiK(t)| = sup
t∈R

∣∣Φ(t− ũin

σ̃in

)
− Φ

(
t− ui

σi

) ∣∣ = sup
t∈R

∣∣φ(εs)∆in(t)
∣∣,

(S.47)

where the second equality follows by a Taylor expansion and εs is between (t−

ũin)/σ̃in and (t − µi)/σi. Defining rin(t) = (t − ũin)/σ̃in, ri(t) = (t − ui)/σi

and setting Iin = [min{ui, ũin},max{ui, ũin}],

∣∣φ(εs)∆in(t)
∣∣ ≤ φ(0)

∣∣∆in(t)
∣∣1{t∈Iin} + φ(min{|rin(t)|, |ri(t)|})

∣∣∆in(t)
∣∣1{t∈Icin}

≤ φ(0)
∣∣∆in(t)

∣∣1{t∈Iin} + [φ(rin(t)) + φ(ri(t))]
∣∣∆in(t)

∣∣.
(S.48)

Since ũin − ui = Op(an + bn), |σ̃in − σi| ≤ |σ̃2
in − σ2

i |/σi = Op(an + bn),

|σ̃−1
in − σ−1

i | ≤ |σ̃in − σi|/(σ̃inσi) ≤ |σ̃in − σi|
√
2(βT

KβKλmin(ΣiK))
−1/2σ−1

i



and λmin(ΣiK) ≥ κ0 a.s., it follows that

|∆in(t)| = |(t− ui)/σi − (t− ũin)/σ̃in|

≤ 1

σi

|ũin − ui|+ |t− ui|
∣∣∣ 1

σ̃in

− 1

σi

∣∣∣+ |ũin − ui|
∣∣∣ 1

σ̃in

− 1

σi

∣∣∣
= Op(an + bn) +Op(an + bn)|t− ui|, (S.49)

where both Op(an + bn) terms are uniform in t. This implies

sup
t∈R

∣∣∆in(t)
∣∣1{t∈Iin} ≤ Op(an + bn) +Op(an + bn)|ũin − ui| = Op(an + bn).

(S.50)

Since ∥ΣiK∥op is uniformly bounded above in the sparse case, it is easy to show

that φ(ri(t))|t − ui| ≤ O(1), where the O(1) term is uniform in both t and i.

This combined with (S.49) leads to

sup
t∈R

φ(ri(t))|∆in(t)| = Op(an + bn). (S.51)

From (S.49),

sup
t∈R

φ(rin(t))|∆in(t)| ≤ Op(an + bn) +Op(an + bn) sup
t∈R

φ(rin(t))|t− ui|,

and the result then follows from (S.47), (S.48), (S.50) and (S.51) if we can show

that φ(rin(t))|t− ui| = Op(1) uniformly in t. It is easy to see that

φ(rin(t))|t− ui| ≤ φ(rin(t
∗
1))(t

∗
1 − ui)1{t≥ui} + φ(rin(t

∗
2))(ui − t∗2)1{t≤ui}

≤ φ(rin(t
∗
1))(t

∗
1 − ui) + φ(rin(t

∗
2))(ui − t∗2)

≤ φ(0)(t∗1 − t∗2),



where t∗1 = (ui+ũin+
√

(ui − ũin)2 + 4σ̃2
in)/2 and t∗2 = (ui+ũin−

√
(ui − ũin)2 + 4σ̃2

in)/2.

Since σ̃in is uniformly upper bounded in the sparse setting and ũin − ui =

Op(an + bn), we obtain

sup
t∈R

φ(rin(t))|t− ui| ≤ φ(0)
√

(ui − ũin)2 + 4σ̃2
in = Op(1).

Therefore

sup
t∈R

|F̃iK(t)− FiK(t)| = Op(an + bn), (S.52)

so that it then remains to control the term supt∈R|F̂iK(t) − F̃iK(t)|. For this

purpose, define auxiliary quantities ûin = β̂0 + β̂T
K ξ̂iK , σ̂in = (β̂T

KΣ̂iKβ̂K)
1/2

and ∆̂in(t) = (t− ûin)/σ̂in − (t− ũin)/σ̃in, t ∈ R. From Lemma S11 it follows

that ûin− ũin = β̂0−β0+(β̂K−βK)
T (ξ̂iK−ξiK)+(β̂K−βK)

TξiK = Op(αn),

|σ̂in − σ̃in| ≤ |σ̂2
in − σ̃2

in|/σ̃in = Op(αn), which is due to (S.45) and since σ̃−1
in ≤

√
2(βT

KβKλmin(ΣiK))
−1/2. Also, from (S.45) and using λmin(ΣiK) ≥ κ0 a.s.

we have |σ̂in− σ̃in| ≤ |σ̂2
in− σ̃2

in|/σ̃in ≤ |σ̂2
in− σ̃2

in|
√
2(βT

KβKλmin(ΣiK))
−1/2 =

op(1) and then |σ̂in − σi| ≤ |σ̂in − σ̃in| + |σ̃in − σi| = op(1). This along with

the fact that σ̂in ≥ ∥β̂K∥2κ0/2 ≥ ∥βK∥2κ0/4 holds with probability tending to

1 implies σ̂−1
in ≤ 2σ−1

i with probability tending to 1 as n → ∞. Combining this

with λmin(ΣiK) ≥ κ0 a.s. then leads to∣∣∣ 1

σ̂in

− 1

σ̃in

∣∣∣ = Op(αn),

where the bound is uniform in i, and similarly as in (S.49) we obtain

|∆̂in(t)| ≤ |t− ũin|
∣∣∣ 1

σ̂in

− 1

σ̃in

∣∣∣+ |ûin − ũin|
∣∣∣ 1

σ̂in

− 1

σ̃in

∣∣∣+ |ûin − ũin|
1

σ̃in

≤ Op(αn) +Op(αn)|t− ũin|. (S.53)



Next

φ(rin(t))|t− ũin|

≤ φ(1)

√
βT
KΣ̂iKβK ≤ φ(1)(βT

KβK)
1/2

(∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

+ ∥ΣiK∥op,2

)1/2

=Op(1),

where the Op(1) term is uniform in both t and i. This combined with (S.53)

shows that

sup
t∈R

φ(rin(t))|∆̂in(t)| = Op(αn). (S.54)

Setting r̂in(t) = (t− ûin)/σ̂in, similar arguments as before lead to

sup
t∈R

φ(r̂in(t))|t− ũin| ≤ φ(0)
√

(ûin − ũin)2 + 4σ̂2
in = Op(1),

where the last equality is due to |ûin−ũin| = Op(αn) and σ̂2
in ≤ βT

KβK

(∥∥∥Σ̂iK −ΣiK

∥∥∥
op,2

+

∥ΣiK∥op,2

)
= Op(1). With (S.53) this implies

sup
t∈R

φ(r̂in(t))|∆̂in(t)| = Op(αn). (S.55)

Setting Îin = [min{ûin, ũin},max{ûin, ũin}], then similar arguments as the ones

outlined in (S.47) and (S.48) shows that

sup
t∈R

|F̂iK(t)− F̃iK(t)| ≤ φ(0)
∣∣∆̂in(t)

∣∣1{t∈Îin} + [φ(r̂in(t)) + φ(rin(t))]
∣∣∆̂in(t)

∣∣.
(S.56)

This together with supt∈R
∣∣∆̂in(t)

∣∣1{t∈Îin} ≤ Op(αn) + Op(αn)|ûin − ũin| =

Op(αn), where the latter follows from (S.53), as well as (S.54) and (S.55) then



leads to

sup
t∈R

|F̂iK(t)− F̃iK(t)| = Op(αn). (S.57)

The result in (4.18) then follows from (S.52), (S.57) and the triangle inequality.

For the next result in (4.19), similarly as before we first start by showing that

∥f̃iK − fiK∥L2(R) = Op(an + bn), where f̃i(t) := F̃ ′
i (t) = φ((t− ũin)/σ̃in)/σ̃in.

Since fi(t) = F ′
i (t) = φ((t− ui)/σi)/σi, we have∥∥∥ 1

σ̃in

φ

(
· − ũin

σ̃in

)
− 1

σi

φ

(
· − ui

σi

)∥∥∥
L2(R)

≤ 1

σ̃in

∥∥∥φ( · − ũin

σ̃in

)
− φ

(
· − ui

σi

)∥∥∥
L2(R)

+
∣∣∣ 1

σ̃in

− 1

σi

∣∣∣ ∥∥∥φ( · − ui

σi

)∥∥∥
L2(R)

.

(S.58)

Thus, since ∥φ
(

·−ui

σi

)
∥L2(R) = O(σ

1/2
i ) and |σ̃−1

in − σ−1
i | = Op(an + bn), we

obtain ∣∣∣ 1

σ̃in

− 1

σi

∣∣∣ ∥∥∥φ( · − ui

σi

)∥∥∥
L2(R)

= Op(an + bn). (S.59)

Using the relation φ′(t) = −tφ(t) and a Taylor expansion, it follows that∥∥∥φ( · − ũin

σ̃in

)
− φ

(
· − ui

σi

)∥∥∥2
L2(R)

=

∫
R
(φ′(εt))

2∆2
in(t)dt =

∫
R
ε2tφ

2(εt)∆
2
in(t)dt,

where εt is between rin(t) and ri(t). Hence, from (S.58) and (S.59) it suffices

to show that
∫
R ε

2
tφ

2(εt)∆
2
in(t)dt = Op((an + bn)

2). Indeed, from the fact that

|εt| ≤ |rin(t)|+|ri(t)|, supt∈Iin |rin(t)| = Op(an+bn), supt∈Iin |ri(t)| = Op(an+



bn) and φ(εt)1{t∈Icin} ≤ φ(rin(t)) + φ(ri(t)), we have∫
R
ε2tφ

2(εt)∆
2
in(t)dt

=

∫
Iin

ε2tφ
2(εt)∆

2
in(t)dt+

∫
Icin

ε2tφ
2(εt)∆

2
in(t)dt

≤ φ2(0)Op((an + bn)
5) +

∫
Icin

[φ(rin(t)) + φ(ri(t))]
2(rin(t) + ri(t))

2∆2
in(t)dt

≤ Op((an + bn)
5) +

∫
R
[φ(rin(t)) + φ(ri(t))]

2(rin(t) + ri(t))
2∆2

in(t)dt,

(S.60)

where the first inequality follows from (S.50) and the relation |rin(t)||ri(t)|1{t∈Icin} =

rin(t)ri(t)1{t∈Icin}. From
∫
R φ

2(s)|s|pds < ∞, p ∈ N, we obtain the following

facts: ∫
R
φ2(rin(t))r

2
in(t)∆

2
in(t)dt ≤ σ−2

i Op((an + bn)
2),∫

R
φ2(rin(t))r

2
i (t)∆

2
in(t)dt ≤ σ−4

i Op((an + bn)
2),∣∣∣ ∫

R
φ2(rin(t))rin(t)ri(t)∆

2
in(t)dt

∣∣∣ ≤ σ−3
i Op((an + bn)

2),∣∣∣ ∫
R
φ2(ri(t))rin(t)ri(t)∆

2
in(t)dt

∣∣∣ ≤ (βT
KβKλmin(ΣiK))

−3/2Op((an + bn)
2),∫

R
φ2(ri(t))r

2
i (t)∆

2
in(t)dt ≤ (βT

KβKλmin(ΣiK))
−1Op((an + bn)

2),∫
R
φ2(ri(t))r

2
in(t)∆

2
in(t)dt ≤ (βT

KβKλmin(ΣiK))
−2Op((an + bn)

2),∣∣∣ ∫
R
φ(rin(t))φ(ri(t))ri(t)rin(t)∆

2
in(t)dt

∣∣∣ ≤ σ−3
i Op((an + bn)

2).

These facts along with (S.60) imply
∫
R ε

2
tφ

2(εt)∆
2
in(t)dt ≤ Op((an + bn)

5) +

Op((an + bn)
2) = Op((an + bn)

2) and∥∥∥f̃iK − fiK

∥∥∥
L2(R)

= Op(an + bn).



Similar arguments imply ∥f̂iK − f̃iK∥L2(R) = Op(αn) and the result in (4.19).

Finally, from condition (C1) we have λmin(ΣiK) ≥ κ0 and also σ2
i =

(βT
KΣiKβK) ≥ βT

KβKλmin(ΣiK) ≥ βT
KβKκ0 a.s., which implies σ−1

i = O(1)

and λmin(ΣiK)
−1 = O(1) a.s., where the O(1) terms are uniform in i. Since∥∥∥ΣiK − Σ̂iK

∥∥∥
F
= O(an + bn) a.s. as n → ∞, where the O(an + bn) term is

uniform over i, and
∥∥∥ξ̂iK − ξ̃iK

∥∥∥
2
= Op(an + bn), where the Op(an + bn) term

is also uniform over i, it can be easily checked from the previous arguments that

the rates of convergence in (4.17), (4.18) and (4.19) are uniform in i.

Proof of Theorem 6. Recall that ηiK := β0 + βT
KξiK is the K-truncated lin-

ear predictor for the ith subject and η̃iK := β0 + βT
K ξ̃iK its best prediction.

Also, recall that PiK corresponds to the predictive distribution of ηiK given Xi

and Ti, and P̂iK is the corresponding estimate. Writing Yi = β0 + βT
KξiK +∑

k≥K+1 βkξik + ϵiY = ηiK + RiK + ϵiY , where RiK =
∑

k≥K+1 βkξik, the

estimated Wasserstein discrepancy is given by D̂nK = n−1
∑n

i=1 W
2
2 (δYi

, P̂iK),



where

n−1

n∑
i=1

W2
2 (AYi

, P̂iK)

= n−1

n∑
i=1

(Yi − η̂iK)
2 + n−1

n∑
i=1

β̂T
KΣ̂iKβ̂K

= n−1

n∑
i=1

(ηiK − η̂iK)
2 + n−1

n∑
i=1

ϵ2iY + n−1

n∑
i=1

R2
iK + 2n−1

n∑
i=1

(ηiK − η̂iK)ϵiY

+ 2n−1

n∑
i=1

(ηiK − η̂iK)RiK + 2n−1

n∑
i=1

RiKϵiY + n−1

n∑
i=1

β̂T
KΣ̂iKβ̂K .

(S.61)

Since ni = m0 < N0, by the central limit theorem,

n−1

n∑
i=1

(ηiK − η̃iK)RiK = −βT
KE

(
ΛKΦ

T
1KΣ

−1
1

∑
k≥K+1

ϕk(T1)λkβk

)
+Op(n

−1/2),

and

n−1

n∑
i=1

R2
iK =

∑
k≥K+1

β2
kλk +Op(n

−1/2). (S.62)

Combining this with n−1
∑n

i=1(η̃iK − η̂iK)
2 = Op(α

2
n), as shown in the proof of

Lemma S13,

n−1

n∑
i=1

(ηiK − η̂iK)RiK = n−1

n∑
i=1

(ηiK − η̃iK)RiK + n−1

n∑
i=1

(η̃iK − η̂iK)RiK

= −βT
KE

(
ΛKΦ

T
1KΣ

−1
1

∑
k≥K+1

ϕk(T1)λkβk

)
+Op(αn).

(S.63)

Next

n−1

n∑
i=1

(ηiK − η̂iK)ϵiY = n−1

n∑
i=1

(ηiK − η̃iK)ϵiY + n−1

n∑
i=1

(η̃iK − η̂iK)ϵiY

= Op(n
−1/2) +Op(αn) = Op(αn), (S.64)



where the last equality follows from Lemma S13 and since n−1
∑n

i=1(ηiK −

η̃iK)ϵiY = Op(n
−1/2), which is due to the Central Limit Theorem. Similarly,

from Lemma S14 we have

n−1

n∑
i=1

(ηiK − η̃iK)
2 = βT

KE(Σ1K)βK +Op(n
−1/2), (S.65)

and

n−1

n∑
i=1

(ηiK − η̂iK)
2 − n−1

n∑
i=1

(ηiK − η̃iK)
2 = n−1

n∑
i=1

(η̃iK − η̂iK)
2

+ 2n−1

n∑
i=1

(ηiK − η̃iK)(η̃iK − η̂iK = Op(αn), (S.66)

where the last equality follows from the fact that n−1
∑n

i=1(η̃iK − η̂iK)
2 =

Op(α
2
n), (S.65) and the Cauchy–Schwarz inequality. Combining (S.65) and

(S.66) leads to

n−1

n∑
i=1

(ηiK − η̂iK)
2 = βT

KE(Σ1K)βK +Op(αn). (S.67)

We further note that

|β̂T
KΣ̂iKβ̂K − βT

KΣiKβK |

= |β̂T
K(Σ̂iK −ΣiK)β̂K + (β̂K − βK)

TΣiKβ̂K + βT
KΣiK(β̂K − βK)|

≤ ∥β̂K∥22∥Σ̂iK −ΣiK∥op,2 + ∥β̂K − βK∥2∥ΣiK∥op,2(∥β̂K∥2 + ∥βK∥2).

From the proof of Theorem 5, we have
∥∥∥ΣiK − Σ̂iK

∥∥∥
F
= O(an + bn) a.s. as

n → ∞, where the O(an + bn) term is uniform in i. Since ∥ΣiK∥F = O(1)



uniformly over i,∣∣∣n−1

n∑
i=1

(β̂T
KΣ̂iKβ̂K − βT

KΣiKβK)
∣∣∣ ≤ n−1

n∑
i=1

|β̂T
KΣ̂iKβ̂K − βT

KΣiKβK |

≤ ∥β̂K − βK∥2(∥β̂K∥2 + ∥βK∥2) n−1

n∑
i=1

∥ΣiK∥F

+ ∥β̂K∥22 n−1

n∑
i=1

∥Σ̂iK −ΣiK∥F

≤ ∥β̂K − βK∥2(∥β̂K∥2 + ∥βK∥2)O(1)

+ ∥β̂K∥22O(an + bn) a.s.,

as n → ∞. From Lemma S11, we have ∥β̂K − βK∥2 = Op(αn), which com-

bined with ∥β̂K∥2 ≤ ∥β̂K − βK∥2 + ∥βK∥2 = Op(1) leads to

n−1

n∑
i=1

β̂T
KΣ̂iKβ̂K − n−1

n∑
i=1

βT
KΣiKβK = Op(αn).

This along with an application of the Central Limit Theorem shows that

n−1

n∑
i=1

β̂T
KΣ̂iKβ̂K = βT

KE(Σ1K)βK +Op(αn). (S.68)

Finally, it is easy to show that n−1
∑n

i=1RiKϵiY = Op(n
−1/2) and n−1

∑n
i=1 ϵ

2
iY =

σ2
Y+Op(n

−1/2), applying the CLT. Combining with (S.62), (S.63), (S.64), (S.67),

and (S.68),

D̂nK = 2βT
KE(Σ1K)βK + σ2

Y +
∑

k≥K+1

β2
kλk − 2βT

KE

(
ΛKΦ

T
1KΣ

−1
1

∑
k≥K+1

ϕk(T1)λkβk

)

+Op(αn),

implying the first result in (4.20). Similar arguments show that the Wasserstein



distance using true population quantities DnK is such that

DnK = n−1

n∑
i=1

W2
2 (AYi

,PiK) = n−1

n∑
i=1

(Yi − η̃iK)
2 + n−1

n∑
i=1

βT
KΣiKβK

= DK +Op(n
−1/2),

where

DK = 2βT
KE(Σ1K)βK + σ2

Y +
∑

k≥K+1

β2
kλk

− 2βT
KE

(
ΛKΦ

T
1KΣ

−1
1

∑
k≥K+1

ϕk(T1)λkβk

)
.

Since Y = µY +
∫
T β(t)U(t) + ϵY , where µY = E(Y ) and U(t) = X(t)−

µ(t), we have E(Y 2) = µ2
Y +σ2

Y +E(⟨β, U⟩2L2), where ⟨·, ·⟩2L is the L2(T ) inner

product. From (X4) it follows that E(⟨β, U⟩2L2) =
∑∞

j=1 β
2
jλj as the FPCs are

independent in the Gaussian case. Then

n−1

n∑
i=1

(Yi − Ȳn)
2 = Var(Y ) +Op(n

−1/2) = σ2
Y +

∞∑
j=1

λjβ
2
j +Op(n

−1/2).

(S.69)

Also, |β̂j| ≤ ∥β̂M∥L2 and |βj| ≤ ∥β∥L2 . With perturbation results as used in the

proof of Lemma S10 this leads to∣∣∣ M∑
m=1

λ̂mβ̂
2
m − λmβ

2
m

∣∣∣
≤

M∑
m=1

|λ̂m − λm||β̂2
m − β2

m|+
M∑

m=1

|λ̂m − λm|β2
m +

M∑
m=1

λm|β̂2
m − β2

m|

≤ ∥Ξ̂− Ξ∥op(∥β̂M∥L2 + ∥β∥L2)
M∑

m=1

|β̂m − βm|+ ∥Ξ̂− Ξ∥op

M∑
m=1

β2
m

+ (∥β̂M∥L2 + ∥β∥L2)
M∑

m=1

λm|β̂m − βm|. (S.70)



From the proof of Lemma S11 and since
∑∞

j=1 λj < ∞, we have

M∑
m=1

λm|β̂m − βm|

≤ ∥β̂M − β∥L2

M∑
m=1

λm∥ϕ̂m − ϕm∥L2 + ∥β̂M − β∥L2

(
M∑

m=1

λm

)

+ ∥β∥L2

M∑
m=1

λm∥ϕ̂m − ϕm∥L2

≤

(
∞∑
j=1

λj

)
∥β̂M − β∥L2 + 2

√
2∥Ξ̂− Ξ∥op

(
∥β̂M − β∥L2 + ∥β∥L2

)( M∑
m=1

λm

δm

)
a.s.

≤ Op(αn) +Op(1)O(cρn) = Op(αn), (S.71)

where the last inequality follows from Lemma S15 and Lemma S11. Similarly

M∑
m=1

|β̂m − βm|

≤ 2
√
2∥Ξ̂− Ξ∥op

(
∥β̂M − β∥L2 + ∥β∥L2

)( M∑
m=1

1

δm

)
+ ∥β̂M − β∥L2M a.s.

≤ O(cn)O(cρ−1
n )

(
∥β̂M − β∥L2 + ∥β∥L2

)
+ ∥β̂M − β∥L2O(cρ−1

n ) a.s.

≤ Op(c
ρ
n) +Op(c

ρ−1
n αn), (S.72)

where the second and third inequalities follow from Lemma S11 and using that∑M
m=1 δ

−1
m = O(cρ−1

n ), which was shown in the proof of Lemma S10, along

with the fact that M = O(cρ−1
n ), which is due to the condition

∑M
m=1

1√
λmδm

=

O(cρ−1
n ) and 0 < δm < λm ≤ λ1. Combining (S.70), (S.71) and (S.72) leads to

∣∣∣ M∑
m=1

λ̂mβ̂
2
m −

M∑
m=1

λmβ
2
m

∣∣∣ = Op(αn).



This implies ∣∣∣ M∑
m=1

λ̂mβ̂
2
m −

∞∑
m=1

λmβ
2
m

∣∣∣ ≤ Op(αn) +
∑

m≥M+1

λmβ
2
m,

and the result in (4.21) follows from (S.69).

Proof of Theorem 7. Note that

∥ξ̃∗K − ξ∗K∥22 =
K∑
k=1

(λkϕ
∗T
k Σ∗−1(X∗ − µ∗)− ξ∗k)

2

≲
K∑
k=1

(e∗Tk Σ∗−1(X∗ − µ∗))2 +
K∑
k=1

(ϕ∗T
k W∗(Y∗ − µ∗)− ξ∗k)

2

+
K∑
k=1

(ϕ∗T
k W∗ϵ∗)2.

Similar to the proof of Theorem 3, we have

|ϕ∗T
k W∗(Y∗ − µ∗)− ξ∗k| ≤ λ−1

k

(
m∑
l=1

w∗2
l + (1− T ∗(m))2 + (1− T ∗(m))

)
,

where T ∗(m) = maxj=1,...,m∗ T∗
j . This implies

E

(
K∑
k=1

(ϕ∗T
k W∗(Y∗ − µ∗)− ξ∗k)

2

)
= O(m∗−2).

Also

E

(
K∑
k=1

(ϕ∗T
k W∗ϵ∗)2

)
= O(m∗−1),

and

E
(
(e∗Tk Σ∗−1(X∗ − µ∗))2

)
= O(m∗−1).



Therefore

E
(
∥ξ̃∗K − ξ∗K∥22

)
= O(m∗−1). (S.73)

Recall that P∗
K

d
= N(β0+βT

K ξ̃
∗
K ,β

T
KΣ

∗
KβK). By construction of the 2-Wasserstein

distance,

W2
2 (P∗

K ,Aβ0+βT
Kξ∗K

) = (βT
K(ξ̃

∗
K − ξ∗K))

2 + βT
KΣ

∗
KβK

≤ ∥βK∥22∥ξ̃∗K − ξ∗K∥22 + ∥βK∥22∥Σ∗
K∥op,2

= Op(m
∗−1),

where the last equality is due to (S.73) and using that ∥Σ∗
K∥op,2 = Op(m

∗−1),

which follows analogously as in the proof of Theorem 2. This shows the first

result. Next,

W2
2 (P̂∗

K ,Aβ0+βT
Kξ∗K

) = β̂T
KΣ̂

∗
Kβ̂K + (β̂0 + β̂T

K ξ̂
∗
K − β0 − βT

Kξ
∗
K)

2

≲ ∥β̂K∥22∥Σ̂∗
K −Σ∗

K∥op,2 + ∥β̂K∥22∥Σ∗
K∥op,2 + (β̂0 − β0)

2

+ ∥β̂K∥22∥ξ̂∗K − ξ∗K∥22 + ∥β̂K − βK∥22∥ξ∗K∥22

= Op

(
m∗2(an + bn)

2 +m∗−1 + an + bn + r∗2n
)
, (S.74)

where the last equality is due to Theorem 1, Theorem 2, the fact that ∥ξ∗K∥2 =

Op(1), ∥Σ∗
K∥op,2 = Op(m

∗−1), and using Lemma S11 with h = n−1/3. The

second result follows.

In the following, we say that a process X is explained by its first K principal

components if X(t) = µ(t) +
∑K

k=1 ξkϕk(t) and thus is of finite dimension K.



Lemma S1. Suppose that the process X is finite dimensional and explained by

its first K = 2 principal components. If ϕ1 and ϕ2 are bijective and differentiable

in a finite partition of T , then ΣiK has a positive eigengap almost surely.

Proof of Lemma S1. Recalling that ΣiK = ΛK −ΛKΦ
T
iKΣ

−1
i ΦiKΛK and since

K = 2, it follows that the characteristic polynomial of ΣiK is given by p(λ) =

λ2 − tr(ΣiK)λ + det(ΣiK), and thus the eigengap is equal to
√

∆p, where ∆p

is the discriminant of the quadratic polynomial p. It is easy to show that

∆p = (λ1 − λ2 + λ2
2ϕ

T
i2Σ

−1
i ϕi2 − λ2

1ϕ
T
i1Σ

−1
i ϕi1)

2 + 4λ2
1λ

2
2(ϕ

T
i1Σ

−1
i ϕi2)

2,

so that it suffices to check that ϕT
i1Σ

−1
i ϕi2 is not identically zero almost surely.

Let B = σ2Ini
+ λ1ϕi1ϕ

T
i1, where Ini

denotes the ni × ni identity matrix, and

denote by ∥·∥2 the Euclidean norm in Rni . By the Sherman-Morrison formula,

it follows that B−1 = σ−2
(
Ini

− λ1ϕi1ϕ
T
i1

σ2+λ1∥ϕi1∥22

)
, and a second application of the

formula leads to

Σ−1
i = B−1 − B−1λ2ϕi2ϕ

T
i2B

−1

1 + λ2ϕT
i2B

−1ϕi2

.

Thus

ϕT
i1Σ

−1
i ϕi2 =

ϕT
i1B

−1ϕi2

1 + λ2ϕT
i2B

−1ϕi2

,

where ϕT
i1B

−1ϕi2 =
ϕT
i1ϕi2

σ2+λ1∥ϕi1∥22
and ϕT

i2B
−1ϕi2 > 0 a.s. since the eigenvalues of

B are bounded below by σ2. The conclusion then follows if we can show that

ϕT
i1ϕi2 ̸= 0 almost surely. Note that ϕT

i1ϕi2 =
∑ni

j=1 ϕ1(Tij)ϕ2(Tij) and the Tij

are i.i.d. with a continuous distribution supported on T . Thus, the distribution

of ϕT
i1ϕi2 corresponds to the n-fold convolution of the continuous distribution



associated with ϕ1(Ti1)ϕ2(Ti1), which is a continuous probability measure, and

hence ϕT
i1ϕi2 ̸= 0 holds almost surely.

Lemma S2. Let T1, . . . , Tm be i.i.d. with density function f(t), t ∈ T = [0, 1]

and let T(1), . . . , T(m) be the order statistics. Let wl := T(l)−T(l−1), l = 1, . . . ,m,

where T(0) := 0, be the spacing between the order statistics. Suppose that there

exists c0 > 0 such that f(t) ≥ c0 for all t ∈ T . Then, for any integer p ≥ 1 it

holds that,

E(wp
l ) = O(m−p), l = 1, . . . ,m,

and

E[
(
1− T(m)

)p
] = O(m−p).

Proof of Lemma S2. One can replace Tl with i.i.d. copies Q(Ul), l = 1, . . . ,m,

where the Ul
iid∼ U(0, 1) and Q is the quantile function corresponding to f . Since

f is strictly positive, then T(l) = Q(U(l)), l = 1, . . . ,m. From a Taylor expansion

of Q(·), we have

E (wp
l ) = E[Q′(ηl)(U(l) − U(l−1))]

p ≤ c−p
0 E[U(l) − U(l−1)]

p,

where ηl is between U(l−1) and U(l), and the last inequality follows from the fact

that Q′(t) = 1/f(Q(t)) ≤ c−1
0 . The first result follows since U(l) − U(l−1) ∼

Beta(1,m) which implies E[U(l)−U(l−1)]
p = O(m−p). Similarly, by expanding

Q(U(m)) around Q(1) = 1 and since it can be verified that E[(1 − U(m))
p] =

m!p!/(m+ p)! = O(m−p), the second result follows.

The next two lemmas are for establishing Theorem 1 and Theorem 4.



Lemma S3. Suppose that assumptions (X2), (X4), (B1) and (A1)–(A8) are sat-

isfied. Consider either a sparse design setting when ni ≤ N0 < ∞ or a dense

design when ni = m → ∞, i = 1, . . . , n. Set an = an1 and bn = bn1 for the

sparse case, and an = an2 and bn = bn2 for the dense case. For a new indepen-

dent subject i∗, suppose that m∗ = m∗(n) → ∞ is such that m∗(an+bn) = o(1)

as n → ∞. If K = K(n) satisfies (an + bn)
∑K

k=1 λ
−1
k = o(1) as n → ∞, then

∥ξ̂∗K − ξ̃∗K∥22 = Op(R
∗
n),

where

R∗
n = m∗(an + bn)

2

K∑
k=1

δ−2
k λ−2

k +m∗−1

K∑
k=1

λ−2
k

+m∗2(an + bn)
2

K∑
k=1

λ−2
k +m∗4(an + bn)

4

K∑
k=1

δ−2
k λ−2

k .

Proof of Lemma S3. Similarly as in the proof of Theorem 1, write

ê∗k =

∫
T
Γ̂(T∗, t)ϕ̂k(t)dt− Σ̂∗W∗ϕ̂∗

k. (S.75)

From Theorem 5.2 in Zhang and Wang (2016), we have

∥Γ̂− Γ∥∞ = O(an + bn) a.s., (S.76)

as n → ∞, which implies

∥Ξ̂− Ξ∥op = O(an + bn) a.s., (S.77)

as n → ∞. This combined with perturbation results (Bosq, 2000) show that for

any k ≥ 1,

∥ϕ̂k − ϕk∥L2 ≤ 2
√
2δ−1

k ∥Ξ̂− Ξ∥op = O((an + bn)δ
−1
k ) a.s., (S.78)



and

|λ̂k − λk| ≤ ∥Ξ̂− Ξ∥op = O(an + bn) a.s., (S.79)

as n → ∞. Similar to the proof of Theorem 2 in Dai et al. (2018) and employing

Theorem 5.1 and 5.2 in Zhang and Wang (2016), it holds that

∥Σ̂∗−1 −Σ∗−1∥op,2 ≲ m∗(|σ̂2 − σ2|+ ∥Γ̂− Γ∥∞) = O(m∗(an + bn)) a.s.,

(S.80)

as n → ∞. Also note that for 1 ≤ k ≤ K,

∥W∗ϕ∗
k∥2 = O

λ−1
k

(
m∗∑
r=1

w∗2
r

)1/2
 . (S.81)

Similar arguments as in the proof of Theorem 2 in Yao et al. (2005) along with

perturbation results (Bosq, 2000), (S.76), and (S.78) show that

sup
t∈T

|λ̂kϕ̂k(t)− λkϕk(t)| ≤ ∥Γ̂− Γ∥∞ + ∥Γ∥∞∥ϕ̂k − ϕk∥L2

= O
(
(an + bn)(1 + δ−1

k )
)

a.s., (S.82)

as n → ∞. By the Cauchy–Schwarz inequality and employing the orthonormal-

ity of the ϕ̂k,

|λ̂kϕ̂k(t)| =
∣∣∣ ∫

T
Γ̂(t, s)ϕ̂k(s)ds

∣∣∣ ≤ (∫
T
Γ̂2(t, s)ds

)1/2

≤ ∥Γ̂∥∞. (S.83)

Since for large enough n we have

λ−1
K ∥Ξ̂− Ξ∥op ≤

K∑
k=1

λ−1
k ∥Ξ̂− Ξ∥op = O

(
(an + bn)

K∑
k=1

λ−1
k

)
= o(1) a.s.,



where the first equality is due to (S.77) and the last is due to the condition (an +

bn)νK = o(1) as n → ∞, we have ∥Ξ̂ − Ξ∥op ≤ λK/2 ≤ λk/2 a.s. for large

enough n. In view of (S.79), it follows that for any 1 ≤ k ≤ K,

|λ̂k − λk| ≤ λk/2 a.s., (S.84)

as n → ∞. Combining with (S.83) and (S.76) leads to

∥ϕ̂k∥∞ ≤ λ̂−1
k ∥Γ̂∥∞ ≤ 2λ−1

k (∥Γ̂− Γ∥∞ + ∥Γ∥∞) = O(λ−1
k ) a.s., (S.85)

for large enough n. This along with (S.79), (S.82), and (S.84) implies

sup
t∈T

|ϕ̂k(t)− ϕk(t)| ≤ ∥ϕ̂k∥∞λ−1
k |λ̂k − λk|+ λ−1

k ∥λ̂kϕ̂k − λkϕk∥∞

= O
(
(an + bn)(λ

−2
k + λ−1

k + λ−1
k δ−1

k )
)

a.s., (S.86)

as n → ∞. Thus, using that δk ≤ λk we obtain

∥W∗(ϕ̂∗
k − ϕ∗

k)∥2 = O

( m∗∑
r=1

w∗2
r

)1/2

λ−1
k (an + bn)(1 + δ−1

k )

 a.s.,

(S.87)

as n → ∞. Let ϕ∗
k = ϕk(T

∗) and ϕ̂∗
k = ϕ̂k(T

∗). From (S.75), note that

∥ê∗k∥2 ≤
∥∥∥∫

T
Γ̂(T∗, s)ϕ̂k(s)ds− Γ̂(T∗,T∗T )W∗ϕ̂∗

k

∥∥∥
2
+ ∥σ̂2W∗ϕ̂∗

k∥2,

where

∥σ̂2W∗ϕ̂∗
k∥22 ≤ (|σ̂2 − σ2|+ σ2)2∥ϕ̂k∥2∞

m∗∑
l=1

w∗2
l ≲ λ−2

k

m∗∑
l=1

w∗2
l a.s., (S.88)



for large enough n and the last upper bound depends on k only through λ−2
k . Here

the last inequality uses that ∥ϕ̂k∥∞ = O(λ−1
k ) a.s. and |σ̂2 − σ2| = O(an + bn)

a.s. as n → ∞. Observe∫
T
Γ̂(T∗, s)ϕ̂k(s)ds− Γ̂(T∗,T∗T )W∗ϕ̂∗

k =

∫
T
Γ̂(T∗, s)ϕ̂k(s)ds−

∫
T
Γ(T∗, s)ϕk(s)ds

+

∫
T
Γ(T∗, s)ϕk(s)ds− Γ(T∗,T∗T )W∗ϕ∗

k

+ Γ(T∗,T∗T )W∗ϕ∗
k − Γ̂(T∗,T∗T )W∗ϕ̂∗

k,

(S.89)

Hence, it suffices to control each of the differences in (S.89). First,∫
T
Γ̂(T∗, s)ϕ̂k(s)− Γ(T∗, s)ϕk(s)ds

=

∫
T
(Γ̂(T∗, s)− Γ(T∗, s))ϕ̂k(s)ds+

∫
T
Γ(T∗, s)(ϕ̂k(s)− ϕk(s))ds,

where, for j = 1, . . . ,m∗, and by using the orthonormality of the ϕ̂k,∣∣∣∣∫
T
(Γ̂(T ∗

j , s)− Γ(T ∗
j , s))ϕ̂k(s)ds

∣∣∣∣ ≤ (∫
T
(Γ̂(T ∗

j , s)− Γ(T ∗
j , s))

2ds

)1/2

≤ ∥Γ̂− Γ∥∞

= O(an + bn) a.s.,

and∣∣∣∣∫
T
Γ(T ∗

j , s)(ϕ̂k(s)− ϕk(s))ds

∣∣∣∣ ≤ ∥Γ∥∞∥ϕ̂k − ϕk∥L2 = O
(
(an + bn)δ

−1
k

)
a.s.,

where we use that |T | = 1 and Γ(s, t) is continuous over the compact set T 2.

Thus∥∥∥∥∫
T
Γ̂(T∗, s)ϕ̂k(s)− Γ(T∗, s)ϕk(s)ds

∥∥∥∥
2

= O
(√

m∗(an + bn)(1 + δ−1
k )
)

a.s.,

(S.90)



as n → ∞, and the bound depends on k only through δ−1
k . Second, from the

Riemann sum approximation in (S.4) and noting that the application gj(t) =

Γ(T ∗
j , t)ϕk(t) satisfies ∥gj∥∞ = O(λ−1

k ) and ∥g′j∥∞ = O(λ−1
k ) by (X3), where

the O(λ−1
k ) terms are uniform in j and depend on k only through λ−1

k , we have∣∣∣∣∫
T
Γ(T ∗

j , s)ϕk(s)ds− Γ(T ∗
j ,T

∗T )W∗ϕ∗
k

∣∣∣∣
≲ λ−1

k

(
m∗∑
l=1

w∗2
l + (1−T(m∗))2 + (1−T(m∗))

)
,

where T(m∗) := maxj=1,...,m∗ T ∗
j and the upper bound is uniform in j and de-

pends on k only through λ−1
k . Thus∥∥∥∥∫

T
Γ(T∗, s)ϕk(s)ds− Γ(T∗,T∗T )W∗ϕ∗

k

∥∥∥∥
2

= O

(
√
m∗λ−1

k

(
m∗∑
l=1

w∗2
l + (1−T(m∗))2 + (1−T(m∗))

))
. (S.91)

Third, observe

Γ(T∗,T∗T )W∗ϕ∗
k − Γ̂(T∗,T∗T )W∗ϕ̂∗

k = (Γ(T∗,T∗T )− Γ̂(T∗,T∗T ))W∗ϕ∗
k

+ Γ̂(T∗,T∗T )(W∗ϕ∗
k −W∗ϕ̂∗

k).

(S.92)

Note that ∥∥∥(Γ(T∗,T∗T )− Γ̂(T∗,T∗T ))W∗ϕ∗
k

∥∥∥
2

≤
∥∥∥Γ(T∗,T∗T )− Γ̂(T∗,T∗T )

∥∥∥
op,2

∥W∗ϕ∗
k∥2

≲ λ−1
k

(
m∗∑
l=1

w∗2
l

)1/2 ∥∥∥Γ(T∗,T∗T )− Γ̂(T∗,T∗T )
∥∥∥

op,2
,



where the last equality follows similarly as in (S.7) and using that ∥ϕk∥∞ =

O(λ−1
k ). Since ∥A∥op,2 ≤ ∥A∥F , where ∥A∥F denotes the Frobenius norm of a

squared matrix A, and∥∥∥Γ(T∗,T∗T )− Γ̂(T∗,T∗T )
∥∥∥2
F
≤ m∗2 sup

s,t∈T
|Γ̂(s, t)− Γ(s, t)|2 = O(m∗2(an + bn)

2) a.s.,

as n → ∞, it follows that

∥∥∥(Γ(T∗,T∗T )− Γ̂(T∗,T∗T ))W∗ϕ∗
k

∥∥∥
2
≲ λ−1

k m∗(an + bn)

(
m∗∑
l=1

w∗2
l

)1/2

a.s.,

(S.93)

as n → ∞. Also,∥∥∥Γ̂(T∗,T∗T )(W∗ϕ∗
k −W∗ϕ̂∗

k)
∥∥∥
2

=

(∥∥∥Γ̂(T∗,T∗T )− Γ(T∗,T∗T )
∥∥∥

op,2
+
∥∥Γ(T∗,T∗T )

∥∥
op,2

)∥∥∥W∗(ϕ∗
k − ϕ̂∗

k)
∥∥∥
2

≲ (m∗(an + bn) +m∗)λ−1
k (an + bn)(1 + δ−1

k )

(
m∗∑
l=1

w∗2
l

)1/2

a.s.

≲ m∗λ−1
k (an + bn)(1 + δ−1

k )

(
m∗∑
l=1

w∗2
l

)1/2

a.s.,

as n → ∞, where the first inequality follows from (S.87) and the last inequality

uses the condition m∗(an + bn) = o(1) as n → ∞. This along with (S.92) and

(S.93) implies

∥∥∥Γ(T∗,T∗T )W∗ϕ∗
k − Γ̂(T∗,T∗T )W∗ϕ̂∗

k

∥∥∥
2
≲ m∗λ−1

k (an + bn)(1 + δ−1
k )

(
m∗∑
l=1

w∗2
l

)1/2

,

(S.94)



almost surely as n → ∞, where the bound depends on k only through λ−1
k and

δ−1
k . Combining (S.89), (S.90), (S.91), and (S.94) leads to∥∥∥∥∫

T
Γ̂(T∗, t)ϕ̂k(t)dt− Γ̂(T∗,T∗T )W∗ϕ̂∗

k

∥∥∥∥
2

≲
√
m∗(an + bn)(1 + δ−1

k )

+
√
m∗λ−1

k

(
m∗∑
l=1

w∗2
l + (1−T(m∗))2 + (1−T(m∗))

)

+m∗λ−1
k (an + bn)(1 + δ−1

k )

(
m∗∑
l=1

w∗2
l

)1/2

a.s., (S.95)

as n → ∞. This along with (S.88) implies

∥ê∗k∥2 ≲
√
m∗(an + bn)(1 + δ−1

k ) +
√
m∗λ−1

k

(
m∗∑
l=1

w∗2
l + (1−T(m∗))2 + (1−T(m∗))

)

+m∗λ−1
k (an + bn)(1 + δ−1

k )

(
m∗∑
l=1

w∗2
l

)1/2

+ λ−1
k

(
m∗∑
l=1

w∗2
l

)1/2

a.s.,

(S.96)

as n → ∞, where the bound depends on k only through λ−1
k and δ−1

k . De-

fine auxiliary quantities Zm∗,n,K :=
∑K

k=1[ê
∗T
k Σ̂∗−1(X∗ − µ̂∗)]2, Z̃m∗,n,K :=∑K

k=1[ê
∗T
k Σ̂∗−1(X∗ − µ∗)]2, µm∗,n,K :=

∑K
k=1[ê

∗T
k Σ̂∗−1(µ∗ − µ̂∗)]2, and ob-

serve

Zm∗,n,K ≲ Z̃m∗,n,K + µm∗,n,K . (S.97)

By independence of the new subject’s observations from the estimated popula-



tion quantities, we have

E[Zm∗,n,K |T∗, Γ̂, ϕ̂k, σ̂, µ̂] ≲ E
[
Z̃m∗,n,K |T∗, Γ̂, ϕ̂k, σ̂, µ̂

]
+ µm∗,n,K

=
K∑
k=1

ê∗Tk Σ̂∗−1Σ∗Σ̂∗−1ê∗k + µm∗,n,K a.s., (S.98)

and for large enough n∣∣∣ K∑
k=1

ê∗Tk Σ̂∗−1Σ∗Σ̂∗−1ê∗k

∣∣∣
≤
∣∣∣ K∑
k=1

[ê∗Tk (Σ̂∗−1 −Σ∗−1)Σ∗(Σ̂∗−1 −Σ∗−1)ê∗k + 2ê∗Tk (Σ̂∗−1 −Σ∗−1)ê∗k + ê∗Tk Σ∗−1ê∗k]
∣∣∣

≲
K∑
k=1

[m∗3(an + bn)
2 ∥ê∗k∥

2
2 +m∗(an + bn) ∥ê∗k∥

2
2 + ∥ê∗k∥

2
2] a.s.

≲ (1 +m∗3(an + bn)
2)

K∑
k=1

∥ê∗k∥
2
2 a.s.

≲ [m∗(an + bn)
2

(
K∑
k=1

δ−2
k

)
+m∗

(
K∑
k=1

λ−2
k

)(
m∗∑
l=1

w∗2
l + (1−T(m∗))2 + (1−T(m∗))

)2

+m∗2(an + bn)
2

(
K∑
k=1

λ−2
k δ−2

k

)
m∗∑
l=1

w∗2
l +

(
K∑
k=1

λ−2
k

)
m∗∑
l=1

w∗2
l ](1 +m∗3(an + bn)

2)

= (1 +m∗3(an + bn)
2)

Op

(
m∗(an + bn)

2

(
K∑
k=1

δ−2
k

)
+m∗−1

(
K∑
k=1

λ−2
k

)
+m∗(an + bn)

2

(
K∑
k=1

λ−2
k δ−2

k

))

= (1 +m∗3(an + bn)
2)Op

(
m∗−1

(
K∑
k=1

λ−2
k

)
+m∗(an + bn)

2

(
K∑
k=1

λ−2
k δ−2

k

))

= Op(R
∗
n), (S.99)

where the second inequality is due to ∥Σ̂∗−1−Σ∗−1∥op,2 = O(m∗(an+ bn)) a.s.

as n → ∞, ∥Σ∗−1∥op,2 ≤ σ−2, ∥Σ∗∥op,2 = O(m∗), and the fourth inequality



follows from (S.96). This shows that
K∑
k=1

ê∗Tk Σ̂∗−1Σ∗Σ̂∗−1ê∗k = Op(R
∗
n).

Thus, for any ϵ > 0 there exists N0 = N0(ϵ) ≥ 1 and M0 = M0(ϵ) > 0 such

that for all n ≥ N0

P

(
R∗−1

n

∣∣∣ K∑
k=1

ê∗Tk Σ̂∗−1Σ∗Σ̂∗−1ê∗k

∣∣∣ > M0

)
≤ ϵ. (S.100)

Let M > 0 and define

um∗,n,K = P
(
R∗−1

n Z̃m∗,n,K > M |T∗, Γ̂, ϕ̂k, σ̂, µ̂
)
.

Choosing M = M(ϵ) = M0/ϵ and using that um∗,n,K ≤ 1 along with the

relation

um∗,n,K ≲
1

R∗
nM

K∑
k=1

ê∗Tk Σ̂∗−1Σ∗Σ̂∗−1ê∗k,

which follows analogously as in (S.98), leads to

P
(
R∗−1

n Z̃m∗,n,K > M
)
= E(um∗,n,K1{um∗,n,K≤ϵ} + um∗,n,K1{um∗,n,K>ϵ})

≤ ϵ+ P (um∗,n,K > ϵ)

≤ 2ϵ,

where the last inequality follows from (S.100). Therefore

Z̃m∗,n,K = Op(R
∗
n).

Also, for large enough n and using (S.96) along with ∥µ̂∗−µ∗∥22 = O(m∗(an+

bn)
2) a.s., we obtain

µm∗,n,K ≲ m∗(an + bn)
2

K∑
k=1

∥ê∗k∥
2
2 a.s.,



which in view of the third inequality in (S.99) and the condition m∗(an + bn) =

o(1) as n → ∞ is of slower order compared to the rate Op(R
∗
n). These along

with (S.97) leads to

Zm∗,n,K = Op(R
∗
n). (S.101)

Then a conditioning argument leads to

E[(e∗Tk Σ∗−1(X∗ − µ∗))2] = E(E[(e∗Tk Σ∗−1(X∗ − µ∗))2|T∗])

= E(Var[e∗Tk Σ∗−1(X∗ − µ∗)|T∗])

= E(e∗Tk Σ∗−1e∗k)

≤ σ−2E(∥e∗k∥22)

≲ m∗−1λ−2
k ,

where the last inequality holds for large enough n and follows analogously as in

(S.21). This implies

E
[ K∑

k=1

(e∗Tk Σ∗−1(X∗ − µ∗))2
]
≤ m∗−1

K∑
k=1

λ−2
k .

Hence

K∑
k=1

(e∗Tk Σ∗−1(X∗ − µ∗))2 = Op

(
m∗−1

K∑
k=1

λ−2
k

)
. (S.102)

For any k = 1, . . . , K, observe

ξ̂∗k − ξ̃∗k

= ê∗Tk Σ̂∗−1(X∗ − µ̂∗) + ϕ̂∗T
k W∗(X∗ − µ̂∗)− e∗Tk Σ∗−1(X∗ − µ∗)− ϕ∗T

k W∗(X∗ − µ∗).

(S.103)



From (S.81), (S.87), and using that ∥X∗ − µ∗∥22 = Op(m
∗) and ∥µ̂∗ − µ∗∥22 =

Op(m
∗(an + bn)

2), we obtain

K∑
k=1

[(ϕ̂∗T
k W∗(X∗ − µ̂∗)− ϕ∗T

k W∗(X∗ − µ∗))2]

≲
K∑
k=1

[∥W∗(ϕ̂∗
k − ϕ∗

k)∥22∥X∗ − µ̂∗∥22 + ∥W∗ϕ∗
k∥22∥µ̂∗ − µ∗∥22]

= Op

(
(an + bn)

2

K∑
k=1

λ−2
k δ−2

k

)
. (S.104)

Combining (S.101), (S.102), (S.103), and (S.104) leads to

∥ξ̂∗K − ξ̃∗K∥22 =
K∑
k=1

[(ξ̂∗k − ξ̃∗k)
2] = Op(R

∗
n),

which shows the result.

Lemma S4. Suppose that assumptions (X2), (X4), (B1) and (A1)–(A8) are satis-

fied. Consider either a sparse design setting when ni ≤ N0 < ∞ or a dense de-

sign when ni = m → ∞, i = 1, . . . , n. Set an = an1 and bn = bn1 for the sparse

case, and an = an2 and bn = bn2 for the dense case. Let υK =
∑K

k=1 λ
−1/2
k δ−1

k .

For a new independent subject i∗, suppose that m∗ = m∗(n) → ∞ is such that

m∗(an + bn) = o(1) and K = K(n) satisfies (an + bn)υK = o(1) as n → ∞.

Then

trace(Σ̂∗
K −Σ∗

K) = Op

(
m∗(an + bn)

2

K∑
k=1

λ−2
k δ−2

k + (an + bn)
K∑
k=1

λ−2
k δ−1

k

)
.

Proof of Lemma S4. In effect, for j = 1, . . . , K, the (j, j)-element of Σ̂∗
K −Σ∗

K



is given by

[Σ̂∗
K −Σ∗

K ]j,j = ê∗Tj Σ̂∗−1ê∗j + ê∗Tj W∗ϕ̂∗
j + ϕ̂∗T

j W∗ê∗j + ϕ̂∗T
j W∗Σ̂∗W∗ϕ̂∗

j

− (e∗Tj Σ∗−1e∗j + e∗Tj W∗ϕ∗
j + ϕ∗T

j W∗e∗j + ϕ∗T
j W∗Σ∗W∗ϕ∗

j),

(S.105)

where ê∗j is defined as in (S.75). Note that the conditions of Lemma S3 hold

since (an + bn)νK = o(1) which is due to νK ≤ υK and δk ≤ λk, where

νK =
∑K

k=1 λ
−1
k . Observing for any k = 1, . . . , K,

δ−1
k ≤

K∑
k=1

δ−1
k =

K∑
k=1

λ
−1/2
k δ−1

k λ
1/2
k ≤ λ

1/2
1

K∑
k=1

λ
−1/2
k δ−1

k ,

along with the condition υK(an + bn) = o(1) as n → ∞ leads to

δ−1
k (an + bn) ≤ λ

1/2
1 (an + bn)

K∑
k=1

λ
−1/2
k δ−1

k = o(1),

as n → ∞, where the bound is uniform in k. This along with (S.81) and (S.87)

imply

∥W∗ϕ̂∗
k∥2 ≤ ∥W∗(ϕ̂∗

k − ϕ∗
k)∥2 + ∥W∗ϕ∗

k∥2 = O

λ−1
k

(
m∗∑
r=1

w∗2
r

)1/2
 a.s.,

(S.106)

as n → ∞, where the bound depends on k only through λ−1
k . Also, using (S.76)

and since m∗(an + bn) = o(1) and |σ̂2 − σ2| = O(an + bn) as n → ∞, which

follows from Proposition 1 in Dai et al. (2018), we obtain

∥Σ̂∗∥op,2 ≤ σ̂2 + ∥Γ̂(T∗,T∗)∥op,2 ≤ σ̂2 +m∗∥Γ̂∥∞ = O(m∗) a.s., (S.107)



as n → ∞. This along with (S.87), (S.106), and (S.107) leads to

|(ϕ̂∗
j − ϕ∗

j)
TW∗Σ̂∗W∗ϕ̂∗

j | ≤ ∥W∗(ϕ̂∗
j − ϕ∗

j)∥2∥Σ̂∗W∗ϕ̂∗
j∥2

≤ ∥W∗(ϕ̂∗
j − ϕ∗

j)∥2∥Σ̂∗∥op,2∥W∗ϕ̂∗
j∥2

= O

((
m∗∑
r=1

w∗2
r

)
m∗(an + bn)λ

−2
j (1 + δ−1

j )

)
a.s.,

(S.108)

as n → ∞, where the bound depends on j only through λ−1
j and δ−1

j . Using the

fact that ∥Σ̂∗ −Σ∗∥op,2 = O(m(an + bn)) a.s. as n → ∞ along with (S.87) and

(S.106), we obtain

∥Σ̂∗W∗ϕ̂∗
j −Σ∗W∗ϕ∗

j∥2 ≤ ∥Σ̂∗ −Σ∗∥op,2∥W∗ϕ̂∗
j∥2 + ∥Σ∗∥op,2∥W∗(ϕ̂∗

j − ϕ∗
j)∥2

= O

m∗(an + bn)λ
−1
j

(
m∗∑
r=1

w∗2
r

)1/2

(1 + δ−1
j )

 a.s.,

(S.109)

as n → ∞, where the bound depends on j only through λ−1
j and δ−1

j . Thus

|ϕ∗T
j W∗(Σ̂∗W∗ϕ̂∗

j −Σ∗W∗ϕ∗
j)| ≤ ∥W∗ϕ∗

j∥2∥Σ̂∗W∗ϕ̂∗
j −Σ∗W∗ϕ∗

j∥2

= O

(
m∗(an + bn)λ

−2
j

(
m∗∑
r=1

w∗2
r

)
(1 + δ−1

j )

)
a.s.,

(S.110)

as n → ∞, where the bound depends on j only through λ−2
j and δ−1

j . This



combined with (S.108) leads to

|ϕ̂∗T
j W∗Σ̂∗W∗ϕ̂∗

j − ϕ∗T
j W∗Σ∗W∗ϕ∗

j |

≤ |(ϕ̂∗
j − ϕ∗

j)
TW∗Σ̂∗W∗ϕ̂∗

j |+ |ϕ∗T
j W∗(Σ̂∗W∗ϕ̂∗

j −Σ∗W∗ϕ∗
j)|

= O

(
m∗(an + bn)λ

−2
j

(
m∗∑
r=1

w2
r

)
(1 + δ−1

j )

)
a.s., (S.111)

as n → ∞, where the bound depends on j only through λ−2
j and δ−1

j . Write

∆̂k = ê∗k − e∗k, k = 1, . . . , K, and observe

∥λ̂jϕ̂
∗
j − λjϕ

∗
j∥2 ≤ m∗1/2∥λ̂jϕ̂j − λjϕj∥∞ = O

(
m∗1/2(an + bn)(1 + δ−1

j )
)

a.s.,

as n → ∞, where the last equality is due to (S.82) and the bound depends on j

only through δ−1
j . This along with (S.109) leads to

∥∆̂j∥2 =
∥∥∥∫

T
Γ̂(T∗, s)ϕ̂j(s)− Γ(T∗, s)ϕj(s)ds+Σ∗W∗ϕ∗

j − Σ̂∗W∗ϕ̂∗
j

∥∥∥
2

≤ ∥λ̂jϕ̂
∗
j − λjϕ

∗
j∥2 + ∥Σ̂∗W∗ϕ̂∗

j −Σ∗W∗ϕ∗
j∥2

= O

m∗1/2(an + bn)(1 + δ−1
j )

1 +m∗1/2λ−1
j

(
m∗∑
r=1

w∗2
r

)1/2
 a.s.,

(S.112)

as n → ∞, where the bound depends on j only through λ−1
j and δ−1

j . Using that

m∗(an + bn) = o(1) along with ∥Σ̂∗−1 − Σ∗−1∥op,2 = O(m∗(an + bn)) a.s. as

n → ∞, observe

|ê∗Tj Σ̂∗−1ê∗j − e∗Tj Σ∗−1e∗j | = O
(
∥∆̂j∥22 + ∥∆̂j∥2∥e∗j∥2 +m∗(an + bn)∥e∗j∥22

)
a.s.,

(S.113)



as n → ∞, where the bound depends on j only through ∥∆̂j∥2 and ∥e∗j∥2. Also,

|ê∗Tj W∗ϕ̂∗
j − e∗Tj W∗ϕ∗

j | ≤ ∥∆̂j∥2∥W∗ϕ̂∗
j∥2 + ∥e∗j∥2∥W∗(ϕ̂∗

j − ϕ∗
j)∥2.

(S.114)

For large enough n and in view of (S.111), (S.112), and using that the bound

(S.20) holds analogously for ∥e∗j∥2 and the time points T∗, we obtain

K∑
j=1

[ϕ̂∗T
j W∗Σ̂∗W∗ϕ̂∗

j − ϕ∗T
j W∗Σ∗W∗ϕ∗

j ] = Op

(
(an + bn)

K∑
k=1

λ−2
k δ−1

k

)
,

(S.115)

and
K∑
j=1

[∥∆̂j∥2∥e∗j∥2] = Op

(
(an + bn)

K∑
j=1

λ−2
j δ−1

j

)
, (S.116)

and
K∑
j=1

[∥∆̂j∥22] = Op

(
m∗(an + bn)

2

K∑
j=1

λ−2
j δ−2

j

)
. (S.117)

Since E(∥e∗j∥22) ≲ m∗−1λ−2
j , which follows analogously as in (S.21), we also

have
K∑
j=1

∥e∗j∥22 = Op

(
m∗−1

K∑
j=1

λ−2
j

)
. (S.118)

From (S.106) and (S.112), we obtain

K∑
j=1

[∥∆̂j∥2∥W∗ϕ̂∗
j∥2] = Op

(
(an + bn)

K∑
j=1

λ−2
j δ−1

j

)
, (S.119)

and using (S.87) we also have

K∑
j=1

[∥e∗j∥2∥W∗(ϕ̂∗
j − ϕ∗

j)∥2] = Op

(
(an + bn)m

∗−1

K∑
j=1

λ−2
j δ−1

j

)
. (S.120)



Combining (S.113), (S.116), (S.117), and (S.118) implies

K∑
j=1

|ê∗Tj Σ̂∗−1ê∗j − e∗Tj Σ∗−1e∗j |

≲
K∑
j=1

[∥∆̂j∥22 + ∥∆̂j∥2∥e∗j∥2 +m∗(an + bn)∥e∗j∥22]

= Op

(
m∗(an + bn)

2

K∑
j=1

λ−2
j δ−2

j + (an + bn)
K∑
j=1

λ−2
j δ−1

j

)
, (S.121)

while combining (S.114), (S.119), and (S.120) leads to

K∑
j=1

|ê∗Tj W∗ϕ̂∗
j − e∗Tj W∗ϕ∗

j | = Op

(
(an + bn)

K∑
j=1

λ−2
j δ−1

j

)
. (S.122)

Combining (S.105), (S.115), (S.121), and (S.122) leads to

|trace(Σ̂∗
K −Σ∗

K)|

≤
K∑
j=1

|[Σ̂∗
K −Σ∗

K ]j,j| = Op

(
m∗(an + bn)

2

K∑
j=1

λ−2
j δ−2

j + (an + bn)
K∑
j=1

λ−2
j δ−1

j

)
,

and the result follows.

For the following, recall that wi := (
∑n

l=1 nl)
−1, υM =

∑M
m=1 δ

−1
m and

C(t) = E((X(t)− µ(t))Y ) =
∫
T β(s)Γ(t, s)ds, t ∈ T .

Lemma S5. Suppose that (X4), (B1)-(B4), (A1)–(A8) hold and consider a sparse

design with ni ≤ N0 < ∞, setting an = an1 and bn = bn1. Then

n−1

n∑
i=1

∥ξ̂iK − ξ̃iK∥22 = Op((an + bn)
2), (S.123)

and

n−1

n∑
i=1

∥ξ̃iK∥22 = Op(1). (S.124)



Proof of Lemma S5. First note that ∥µ̂ − µ∥∞ = O(an) a.s. and ∥Γ̂ − Γ∥∞ =

O(an + bn) a.s., which are due to Theorem 5.1 and 5.2 in Zhang and Wang

(2016). From arguments in the proof of Theorem 2 in Dai et al. (2018) and

noting that the constant c that appears in Lemma A.3 in Facer and Müller (2003)

can be taken as a universal constant c = 2,

∥ξ̂iK − ξ̃iK∥22 ≤ O((an + bn)
2)∥Xi − µ̂i∥22 +O(a2n) +O(an(an + bn))∥Xi − µ̂i∥2 a.s.,

(S.125)

where the O((an + bn)
2), O(a2n) and O(an(an + bn)) terms are uniform in i.

Let Ui = (Xi(Ti1), . . . , Xi(Tini
))T be the true but unobserved values of the

trajectory for the ith subject at the time points Ti, so that by construction Xi =

Ui + ϵi. Then

n−1

n∑
i=1

∥Xi − µ̂i∥2 = n−1

n∑
i=1

∥Ui + ϵi − µ̂i∥2

≤ n−1

n∑
i=1

∥Ui − µi∥2 + n−1

n∑
i=1

∥ϵi∥2 + n−1

n∑
i=1

∥µi − µ̂i∥2,

(S.126)

where n−1
∑n

i=1∥µi− µ̂i∥2 = O(an) almost surely. Since ni ≤ N0 in the sparse

case, it is easy to show that n−1
∑n

i=1∥ϵi∥2 = Op(1) and by Jensen’s inequality

E

(
n−1

n∑
i=1

∥Ui − µi∥2

)
≤ n−1

n∑
i=1

(
ni∑
j=1

E(Xi(Tij)− µ(Tij))
2

)1/2

= n−1

n∑
i=1

(
ni∑
j=1

E(Γ(Tij, Tij))

)1/2

≤ (∥Γ∥∞ N0)
1/2 = O(1),

where the first equality follow by conditioning on Tij . This shows that n−1
∑n

i=1∥Ui−



µi∥2 = Op(1). Combining with (S.126) leads to

n−1

n∑
i=1

∥Xi − µ̂i∥2 = Op(1). (S.127)

By the triangle inequality

∥Xi − µ̂i∥22 ≤ ∥Ui − µi∥22 + ∥ϵi∥22 + ∥µi − µ̂i∥22

+ 2∥Ui − µi∥2∥ϵi∥2 + 2∥Ui − µi∥2∥µi − µ̂i∥2 + 2∥ϵi∥2∥µi − µ̂i∥2,

where ∥µi − µ̂i∥2 ≤
√

N0 supt∈T (µ(t)− µ̂(t))2 = O(an) a.s. and uniformly

over i. This along with the independence of ϵi and Ui, conditionally on Ti, and

using similar arguments as before, leads to E∥Xi−µ̂i∥22 = O(1) uniformly over

i. Thus

n−1

n∑
i=1

∥Xi − µ̂i∥22 = Op(1). (S.128)

Combining (S.125), (S.127) and (S.128) leads to the first result in (S.123). Note

that

E(ξ̃TiK ξ̃iK)
2 ≤ E(

∥∥ΛKΦ
T
iKΣ

−1
i

∥∥4
op,2E(∥Xi − µi∥42 |Ti)) ≤ O(1),

where the O(1) term is uniform in i and the last inequality follows from ∥ΛK∥op,2 ≤

λ1K, ∥ΦiK∥op,2 ≤ N0

∑K
j=1∥ϕj∥2∞,

∥∥Σ−1
i

∥∥
op,2 ≤ σ−2, E(∥Xi − µi∥42 |Ti) ≤

O(1) uniformly over i, where the latter is a consequence of the Gaussian pro-

cess assumption on Xi(·) and ∥Γ∥∞ < ∞. Thus, E(∥ξ̃iK∥22) = O(1) uni-

formly in i which implies E(n−1
∑n

i=1∥ξ̃iK∥22) = O(1) and the second result in

(S.124).



Lemma S6. Suppose that (X4), (B1)-(B4), (B2)-(B3), (A1)–(A8) hold and con-

sider a sparse design with ni ≤ N0 < ∞, setting an = an1 and bn = bn1. Let

Z̃i(t) :=
∑ni

j=1wiKh(Tij − t)
(

Tij−t

h

)r
(UijYi − C(t)), where Uij = X(Tij) −

µ(Tij) and r = 0, 1. Then

E[Z̃2
i (t)] = O((n2h)−1),

where the O((n2h)−1) term is uniform in i and t.

Proof of Lemma S6. Observe

E[Z̃2
i (t)]

= E

(
ni∑
j=1

w2
iK

2
h(Tij − t)

(
Tij − t

h

)2r

(UijYi − C(t))2

)

+ E
( ni∑

j=1

∑
l ̸=j

w2
iKh(Tij − t)Kh(Til − t)(

Tij − t

h

)r (
Til − t

h

)r

(UijYi − C(t))(UilYi − C(t))
)

and note that for any t1, t2 ∈ T , with µY = E(Y ),

E(U(t1)U(t2)Y
2) = E(U(t1)U(t2)[µY +

∫
T
β(s)U(s)ds+ ϵY ]

2)

= (µ2
Y + σ2

Y )Γ(t1, t2) + 2

∫
T
µY β(s)E(U(t1)U(t2)U(s))ds

+

∫
T

∫
T
β(s1)β(s2)E(U(t1)U(t2)U(s1)U(s2))ds1ds2

= O(1),

where the O(1) term is uniform over t1 and t2, which follows from ∥Γ∥∞ <

∞ and U(t) ∼ N(0,Γ(t, t)), owing to (X4). This implies that E((UijYi −



C(t))2|Tij) is uniformly bounded above, and by a conditioning argument it fol-

lows that

E

(
ni∑
j=1

w2
iK

2
h(Tij − t)

(
Tij − t

h

)2r

(UijYi − C(t))2

)

≤ O(1)E

(
ni∑
j=1

w2
iK

2
h(Tij − t)

(
Tij − t

h

)2r
)

= O((n2h)−1),

where the last equality is due to wi ≤ n−1. Let Riqr,h(t) = wiKh(Tiq −

t)
(

Tiq−t

h

)r
, q = j, l. Since E((UijYi − C(t))(UilYi − C(t))|Tij, Til) = O(1)

uniformly in i and t, similar arguments as before show that

E

(
ni∑
j=1

∑
l ̸=j

Rijr,h(t)Rilr,h(t)(UijYi − C(t))(UilYi − C(t))

)

≤ O(1)

ni∑
j=1

∑
l ̸=j

E[Rijr,h(t)]E[Rilr,h(t)]

= O(n−2),

whence the result follows.

Lemma S7. Suppose that (X4), (B1)-(B4), (B2)-(B3), (A1)–(A8) hold and con-

sider a sparse design with ni ≤ N0 < ∞, setting an = an1 and bn = bn1. For

r = 0, 1 we have

∥
n∑

i=1

ni∑
j=1

wiKh(Tij − ·)
(
Tij − ·

h

)r

ϵijYi∥L2 = Op((nh)
−1/2), (S.129)

and

∥
n∑

i=1

ni∑
j=1

wiKh(Tij − ·)
(
Tij − ·

h

)r

(UijYi − C(·))∥L2 = Op

((
1

nh
+ h2

)1/2
)
,

(S.130)



where Uij = X(Tij)− µ(Tij).

Proof of Lemma S7. Define Zi(t) :=
∑ni

j=1wiKh(Tij − t)
(

Tij−t

h

)r
ϵijYi. Note

that the Zi are independent and by independence of the ϵij along with a condi-

tioning argument, E(Zi(t)) = 0 and

E(∥
n∑

i=1

Zi∥2L2) =
n∑

i=1

∫
T
E(Z2

i (t))dt,

E(Z2
i (t)) = E

(
ni∑
j=1

ni∑
l=1

w2
iKh(Tij − t)

(
Tij − t

h

)r

ϵijKh(Til − t)

(
Til − t

h

)r

ϵilY
2
i

)

=

ni∑
j=1

E

(
w2

iK
2
h(Tij − t)

(
Tij − t

h

)2r

ϵ2ijY
2
i

)

= E(Y 2)σ2

ni∑
j=1

E

(
w2

iK
2
h(Tij − t)

(
Tij − t

h

)2r
)

= O((n2h)−1),

where the O(h−1) is uniform in i and t. Thus E(∥
∑n

i=1 Zi∥2L2) = O((nh)−1)

and the first result in (S.129) follows. Defining Z̃i(t) :=
∑ni

j=1wiKh(Tij −

t)
(

Tij−t

h

)r
(UijYi − C(t)), we have

E(∥
n∑

i=1

Z̃i∥2L2) =
n∑

i=1

∫
T
E[Z̃2

i (t)]dt+
n∑

i=1

∑
k ̸=i

∫
T
E(Z̃i(t))E(Z̃k(t)).

(S.131)



By a conditioning argument, it follows that

|E(Z̃i(t))| =
∣∣∣ ni∑
j=1

wiE

(
Kh(Tij − t)

(
Tij − t

h

)r

(C(Tij)− C(t))

) ∣∣∣
≤

ni∑
j=1

wi

∫ (1−t)/h

−t/h

|ur|K(u)|C(t+ uh)− C(t)|f(t+ uh)du

≤
ni∑
j=1

wi sup
s∈[−1,1]

|C ′(s)| ∥f∥∞h

∫ (1−t)/h

−t/h

|ur+1|K(u)du

≤ O
(
n−1h

)
,

where the O (n−1h) is uniform in i and t. This implies |
∑n

i=1

∑
k ̸=i

∫
T E(Z̃i(t))E(Z̃k(t))| =

O(h2). Combining with (S.131) and Lemma S6, the second result in (S.130) fol-

lows.

Lemma S8. Suppose that (X4), (B1)-(B4), (A1)–(A8) hold and consider a sparse

design with ni ≤ N0 < ∞, setting an = an1 and bn = bn1. For r = 0, 1,

∥
n∑

i=1

ni∑
j=1

wiKh(Tij − t)

(
Tij − t

h

)r

(µ(Tij)− µ̂(Tij))Yi∥L2 = Op(an).

Proof of Lemma S8. Setting Zi :=
∑ni

j=1wiKh(Tij−t)
(

Tij−t

h

)r
(µ(Tij)−µ̂(Tij))Yi,

note that

E

(
∥

n∑
i=1

Zi∥2L2

)
=

∫
T

n∑
i=1

E[Z2
i (t)]dt+

∫
T

n∑
i=1

∑
k ̸=i

E[Zi(t)Zk(t)]. (S.132)



Since |Zi(t)| ≤ ∥µ̂− µ∥∞
∑ni

j=1wiKh(Tij − t)
(

|Tij−t|
h

)r
|Yi|, it follows that

E[Z2
i (t)]

≤ E
[
∥µ̂− µ∥2∞

ni∑
j=1

ni∑
l=1

w2
i Y

2
i Kh(Tij − t)Kh(Til − t)

(
|Tij − t|

h

)r ( |Til − t|
h

)r ]
≤ O(a2n)

{ ni∑
j=1

w2
iE(Y 2)E

[
K2

h(Tij − t)

(
Tij − t

h

)2r ]
+

ni∑
j=1

∑
l ̸=j

w2
iE(Y 2)E

[
Kh(Tij − t)

(
|Tij − t|

h

)r ]
E
[
Kh(Til − t)

(
|Til − t|

h

)r ]}
≤ O(a2n)[O(n−2h−1) +O(n−2)]

= O(a2nn
−2h−1), (S.133)

where the first inequality follows from Theorem 5.1 in Zhang and Wang (2016)

and the term O(a2nn
−2h−1) is uniform in i and t. Similarly, for k ̸= i and setting

hqdr(t) :=
(

|Tqd−t|
h

)r
, q = i, k and d = j, l, we have

E(|Zi(t)Zk(t)|)

≤ E
[ ni∑

j=1

nk∑
l=1

wiKh(Tij − t)hijr(t)|µ(Tij)− µ̂(Tij)

|YiwkKh(Tkl − t)hklr(t)|µ(Tkl)− µ̂(Tkl)|Yk

]
≤ O(a2n)

ni∑
j=1

nk∑
l=1

wiwkE[Kh(Tij − t)hijr(t)]E[Kh(Tkl − t)hklr(t)][E(Y )]2

= O(a2nn
−2),

where the O(a2nn
−2) term is uniform in i, k and t. Combining this with (S.132)

and (S.133) leads to the result.



Lemma S9. Suppose that (X4), (B1)-(B4), (A1)–(A8) hold and consider a sparse

design with ni ≤ N0 < ∞, setting an = an1 and bn = bn1. Then

∥Ĉ − C∥L2 = Op

((
1

nh
+ h2

)1/2

+ an

)
.

Proof of Lemma S9. Proceeding similarly to the proof of Theorem 3.1 in Zhang

and Wang (2016), using (S.2),

Ĉ(t) =
S2(t)R̃0(t)− S1(t)R̃1(t)

S0(t)S2(t)− S2
1(t)

,

where

Sr(t) =
n∑

i=1

ni∑
j=1

wiKh(Tij − t)

(
Tij − t

h

)r

,

R̃r(t) =
n∑

i=1

ni∑
j=1

wiKh(Tij − t)

(
Tij − t

h

)r

Ci(Tij),

and r = 0, 1, 2. Then

Ĉ(t)− C(t) =
(R̃0(t)− C(t)S0(t))S2(t)− (R̃1(t)− C(t)S1(t))S1(t)

S0(t)S2(t)− S2
1(t)

.

(S.134)

Since Ci(Tij) = (X̃ij − µ̂(Tij))Yi = (Uij + ϵij)Yi + (µ(Tij)− µ̂(Tij))Yi, where



Uij = X(Tij)− µ(Tij),

∥R̃0(t)− C(t)S0(t)∥L2

≤ ∥
n∑

i=1

ni∑
j=1

wiKh(Tij − t)(UijYi − C(t))∥L2 + ∥
n∑

i=1

ni∑
j=1

wiKh(Tij − t)ϵijYi∥L2

+ ∥
n∑

i=1

ni∑
j=1

wiKh(Tij − t)(µ(Tij)− µ̂(Tij))Yi∥L2

= Op

((
1

nh
+ h2

)1/2
)

+Op((nh)
−1/2) +Op(an)

= Op

((
1

nh
+ h2

)1/2
)

+Op(an),

where the last equality follows from Lemma S7 and Lemma S8. Similarly

∥R̃1(t)− C(t)S1(t)∥L2

≤ ∥
n∑

i=1

ni∑
j=1

wiKh(Tij − t)

(
Tij − t

h

)
(UijYi − C(t))∥L2

+ ∥
n∑

i=1

ni∑
j=1

wiKh(Tij − t)

(
Tij − t

h

)
ϵijYi∥L2

+ ∥
n∑

i=1

ni∑
j=1

wiKh(Tij − t)

(
Tij − t

h

)
(µ(Tij)− µ̂(Tij))Yi∥L2

= Op

((
1

nh
+ h2

)1/2
)

+Op(an).

These along with (S.134) and similar arguments as in the proof of Theorem 4.1

in Zhang and Wang (2016) show that S0(t)S2(t)−S2
1(t) is positive and bounded

away from 0 with probability tending to 1 and supt∈T |Sr(t)| = Op(1), r = 1, 2.

The result then follows.

Recall that the eigenpairs of the integral operator Ξ̂ associated with Γ̂ are



(λ̂k, ϕ̂k), and those of Ξ are (λk, ϕk), k ≥ 1.

Lemma S10. Suppose that (X4), (B1)-(B4), (A1)–(A8) hold and consider a

sparse design with ni ≤ N0 < ∞, setting an = an1 and bn = bn1. Then,

setting τM =
∑M

m=1
1
λm

, for large enough n, the following relations hold almost

surely,

M∑
m=1

|σ̂m − σm|
λm

= τM∥Ĉ − C∥L2 + τ
1/2
M O(cρn), (S.135)

M∑
m=1

|σ̂m − σm|
|λ̂m − λm|
|λ̂m|λm

≤ O(c2ρn ) + ∥Ĉ − C∥L2τ
1/2
M O(cρn), (S.136)

M∑
m=1

|σm|
|λ̂m − λm|
|λ̂m|λm

≤ O(cn)τM , (S.137)

M∑
m=1

∣∣∣ σ̂m

λ̂m

− σm

λm

∣∣∣∥ϕ̂m − ϕm∥L2 ≤ O(c2ρn ) +O(cρn)(∥Ĉ − C∥L2 + cn)τ
1/2
M ,

(S.138)
M∑

m=1

|σm|
λm

∥ϕ̂m − ϕm∥L2 ≤ O(cn)υM , (S.139)

Proof of Lemma S10. First note

M∑
m=1

1

δm
≤

(
M∑

m=1

1

λmδ2m

)1/2( M∑
m=1

λm

)1/2

≤

(
M∑

m=1

1√
λmδm

)(
∞∑

m=1

λm

)1/2

= O(cρ−1
n ),

implying cnυM = O(cρn) = o(1) as n → ∞. By the Cauchy–Schwarz inequality

and from Theorem 5.2 in Zhang and Wang (2016), we have ∥Ξ̂−Ξ∥op = O(an+



bn) a.s.. Note that from the orthonormality of the ϕk and using perturbation

results (Bosq, 2000), we have ∥ϕ̂k − ϕk∥L2 ≤ 2
√
2∥Ξ̂− Ξ∥op/δk, k ≥ 1, so that

for any m ≥ 1

|σ̂m − σm| = |⟨Ĉ, ϕ̂m⟩L2 − ⟨C, ϕm⟩L2|

≤ 2
√
2∥Ĉ − C∥L2

∥Ξ̂− Ξ∥op

δm
+ ∥Ĉ − C∥L2 + 2

√
2∥C∥L2

∥Ξ̂− Ξ∥op

δm
,

(S.140)

and from δm ≤ λm,

M∑
m=1

∥Ξ̂− Ξ∥op

λmδm
≤ τ

1/2
M

M∑
m=1

∥Ξ̂− Ξ∥op√
λmδm

= τ
1/2
M O(cρn) a.s.. (S.141)

Thus

M∑
m=1

|σ̂m − σm|
λm

≤ τ
1/2
M O(cρn)∥Ĉ − C∥L2 + τM∥Ĉ − C∥L2 + τ

1/2
M O(cρn) a.s.

= τM∥Ĉ − C∥L2 + τ
1/2
M O(cρn),

which shows the first result in (S.135). Since M = M(n) is such that
∑M

m=1
1√

λmδm
=

O(cρ−1
n ) as n → ∞, then

∑M
m=1∥Ξ̂ − Ξ∥opλ

−1/2
m δ−1

m = O(cρn) = o(1) a.s.

and λM = o(1) as n → ∞. Thus, for large enough n we have λM < 1 and

∥Ξ̂−Ξ∥opλ
−1/2
M δ−1

M ≤
∑M

m=1∥Ξ̂−Ξ∥opλ
−1/2
m δ−1

m ≤ 1/2 a.s., so that ∥Ξ̂−Ξ∥op ≤

λ
1/2
M δM/2 ≤ δM/2 ≤ λM/2 a.s.. This shows that there exists n0 ≥ 1 such that

for all n ≥ n0 it holds that ∥Ξ̂−Ξ∥op ≤ λM/2 a.s.. Then |λ̂m−λm| ≤ ∥Ξ̂−Ξ∥op



implies |λ̂m| ≥ λm/2 a.s. for large enough n. With (S.140), (S.141),

M∑
m=1

|σ̂m − σm|
|λ̂m − λm|
|λ̂m|λm

≤ 2
M∑

m=1

|σ̂m − σm|
∥Ξ̂− Ξ∥op

λ2
m

≤ 4
√
2∥Ĉ − C∥L2

M∑
m=1

∥Ξ̂− Ξ∥2op

λ2
mδm

+ 2∥Ĉ − C∥L2

M∑
m=1

∥Ξ̂− Ξ∥op

λ2
m

+ 4
√
2∥C∥L2

M∑
m=1

∥Ξ̂− Ξ∥2op

λ2
mδm

≤ ∥Ĉ − C∥L2O(c2ρn ) + ∥Ĉ − C∥L2τ
1/2
M O(cρn) +O(c2ρn ) a.s.

= O(c2ρn ) + ∥Ĉ − C∥L2τ
1/2
M O(cρn) a.s.,

for large enough n, implying the second result in (S.136). Similarly, for large

enough n and a.s.

M∑
m=1

|σm|
|λ̂m − λm|
|λ̂m|λm

≤ 2
M∑

m=1

|σm|
|λ̂m − λm|

λ2
m

≤ O(cn)

(
M∑

m=1

σ2
m

λ2
m

)1/2

τM = O(cn)τM ,

where the last equality is due to
∑∞

m=1 σ
2
m/λ

2
m < ∞. This shows the third result

in (S.137). Now,

M∑
m=1

∣∣∣ σ̂m

λ̂m

− σm

λm

∣∣∣∥ϕ̂m − ϕm∥L2

≤
M∑

m=1

|σ̂m − σm|
λm

∥ϕ̂m − ϕm∥L2 +
M∑

m=1

|σm||λ̂m − λm|
|λ̂m|λm

∥ϕ̂m − ϕm∥L2

+
M∑

m=1

|σ̂m − σm||λ̂m − λm|
|λ̂m|λm

∥ϕ̂m − ϕm∥L2 . (S.142)

From (S.140), (S.141) and using that ∥ϕ̂m − ϕm∥L2 ≤ 2
√
2∥Ξ̂ − Ξ∥op/δm, we



obtain

M∑
m=1

|σ̂m − σm|
λm

∥ϕ̂m − ϕm∥L2

≤ 8∥Ĉ − C∥L2

M∑
m=1

∥Ξ̂− Ξ∥2op
1

λmδ2m
+ 2

√
2∥Ĉ − C∥L2

M∑
m=1

∥Ξ̂− Ξ∥op

λmδm

+ 8∥C∥L2

M∑
m=1

∥Ξ̂− Ξ∥2op

λmδ2m

≤ ∥Ĉ − C∥L2O(c2ρn ) + ∥Ĉ − C∥L2τ
1/2
M O(cρn) +O(c2ρn ) a.s.

= O(c2ρn ) + ∥Ĉ − C∥L2τ
1/2
M O(cρn) a.s.. (S.143)

For large enough n,

M∑
m=1

|σm||λ̂m − λm|
|λ̂m|λm

∥ϕ̂m − ϕm∥L2 ≤ 4
√
2

M∑
m=1

|σm|
∥Ξ̂− Ξ∥2op

λ2
mδm

a.s.

≤

(
M∑

m=1

σ2
m

λ2
m

)1/2

O(c1+ρ
n )τ

1/2
M a.s.

= O(c1+ρ
n )τ

1/2
M . (S.144)



Similarly, from (S.140) we obtain

M∑
m=1

|σ̂m − σm||λ̂m − λm|
|λ̂m|λm

∥ϕ̂m − ϕm∥L2

≤ 4
√
2

M∑
m=1

|σ̂m − σm|
∥Ξ̂− Ξ∥2op

λ2
mδm

≤ 16∥Ĉ − C∥L2

M∑
m=1

∥Ξ̂− Ξ∥3op

λ2
mδ

2
m

+ 4
√
2∥Ĉ − C∥L2

M∑
m=1

∥Ξ̂− Ξ∥2op

λ2
mδm

+ 16∥C∥L2

M∑
m=1

∥Ξ̂− Ξ∥3op

λ2
mδ

2
m

≤ O(c1+2ρ
n )τM∥Ĉ − C∥L2 +O(c2ρn )∥Ĉ − C∥L2 +O(c1+2ρ

n )τM a.s.

= O(c1+2ρ
n )τM +O(c2ρn )∥Ĉ − C∥L2 a.s.. (S.145)

Combining (S.142), (S.143), (S.144) and (S.145) with the fact that cnτM ≤

cnυM = o(1) as n → ∞, which was already shown, leads to the fourth result in

(S.138). Finally

M∑
m=1

|σm|
λm

∥ϕ̂m − ϕm∥L2

≤ 2
√
2

M∑
m=1

|σm| ∥Ξ̂− Ξ∥op

λmδm

≤

(
M∑

m=1

σ2
m

λ2
m

)1/2

∥Ξ̂− Ξ∥opυM = O(cn)υM a.s.,

which shows the last result in (S.139).

The next lemma provides the L2 convergence of the empirical estimate β̂M

towards β, which is required to construct the estimated predictive distribution



P̂iK . Recall that

β̂M(t) :=
M∑

m=1

σ̂m

λ̂m

ϕ̂m(t), t ∈ T ,

ΘM =
∥∥∥∑m≥M+1

σm

λm
ϕm

∥∥∥
L2

and τM =
∑M

m=1 λ
−1
m .

Lemma S11. Suppose that (X4), (B1)-(B4), (A1)–(A8) hold and consider a

sparse design with ni ≤ N0 < ∞, setting an = an1 and bn = bn1. Let K ≥ 1.

Then

∥β̂M − β∥L2 = Op(rn), (S.146)

and ∫
T
β̂M(t)ϕ̂k(t)dt =

∫
T
β(t)ϕk(t)dt+Op(rn), (S.147)

where rn = cnυM + cρnτ
1/2
M + τM

[ (
1
nh

+ h2
)1/2

+ an

]
+ΘM and k = 1, . . . , K.

Proof of Lemma S11. Observe

∥β̂M − β∥L2 ≤
M∑

m=1

∥∥∥ σ̂m

λ̂m

ϕ̂m − σm

λm

ϕm

∥∥∥
L2

+
∥∥∥ ∑

m≥M+1

σm

λm

ϕm

∥∥∥
L2
, (S.148)

and
M∑

m=1

∥∥∥ σ̂m

λ̂m

ϕ̂m − σm

λm

ϕm

∥∥∥
L2

≤
M∑

m=1

∣∣∣ σ̂m

λ̂m

− σm

λm

∣∣∣∥ϕ̂m − ϕm∥L2 +
M∑

m=1

∣∣∣ σ̂m

λ̂m

− σm

λm

∣∣∣
+

M∑
m=1

|σm|
λm

∥ϕ̂m − ϕm∥L2 . (S.149)

By the triangle inequality and Lemma S10, we have that for large enough n

M∑
m=1

∣∣∣ σ̂m

λ̂m

− σm

λm

∣∣∣ ≤ M∑
m=1

|σ̂m − σm|
λm

+
M∑

m=1

|σ̂m − σm||λ̂m − λm|
|λ̂m|λm

+
M∑

m=1

|σm||λ̂m − λm|
|λ̂m|λm

= τM∥Ĉ − C∥L2 +O(cρn)τ
1/2
M +O(cn)τM a.s.

= τM∥Ĉ − C∥L2 +O(cρn)τ
1/2
M a.s.,



where the second equality is due to cnτM = cρnτ
1/2
M c1−ρ

n τ
1/2
M = o(1)cρnτ

1/2
M , and

M∑
m=1

∣∣∣ σ̂m

λ̂m

− σm

λm

∣∣∣∥ϕ̂m − ϕm∥L2 +
M∑

m=1

|σm|
λm

∥ϕ̂m − ϕm∥L2

≤ O(c2ρn ) +O(cρn)∥Ĉ − C∥L2τ
1/2
M +O(cn)υM .

With (S.148), (S.149) and the fact that υM = O(cρ−1
n ) as n → ∞, which was

shown in the proof of Lemma S10, we arrive at

∥β̂M − β∥L2 ≤ O(cn)υM +O(cρn)τ
1/2
M + τM∥Ĉ − C∥L2 +

∥∥∥ ∑
m≥M+1

σm

λm

ϕm

∥∥∥
L2

and the result in (S.146) follows from Lemma S9. Finally, recalling that β̂k =∫
T β̂M(t)ϕ̂k(t)dt and βk =

∫
T β(t)ϕk(t)dt, we have

|β̂k − βk| = |
∫
T
[β̂M(t)ϕ̂k(t)− β(t)ϕk(t)]dt|

≤ ∥β̂M − β∥L2∥ϕ̂k − ϕk∥L2 + ∥β̂M − β∥L2 + ∥β∥L2∥ϕ̂k − ϕk∥L2

= Op(rn + an + bn) = Op(rn),

where the second equality is due to the fact that ∥ϕ̂k − ϕk∥L2 ≤ O(an + bn) a.s.,

which follows from the proof of Lemma S10. This shows the second result in

(S.147).

We remark that in the sparse case when choosing the optimal bandwidth

h ≍ n−1/3, then the rate

τM [
(
(nh)−1 + h2

)1/2
+ an],

is faster than cnυM and thus the rate rn is equivalent to αn defined as in Theorem

5. Recall that PiK corresponds to the true predictive distribution ηiK |Xi,Ti, or



equivalently N(β0+βT
K ξ̃iK ,β

T
KΣiKβK), while P̃iK

d
= N(β0+βT

K ξ̂iK ,β
T
KΣ̂iKβK)

corresponds to an intermediate target, replacing population quantities by their

estimated counterparts but keeping the true intercept and slope coefficients β0

and βK . Also P̂iK corresponds to the estimated predictive distribution, i.e.

P̂iK
d
= N(β̂0 + β̂T

K ξ̂iK , β̂
T
KΣ̂iKβ̂K). Finally, recall that FiK(t), F̃iK(t) and F̂iK

are the distribution functions associated with PiK , P̃iK and P̂iK , respectively.

We require the following auxiliary lemma.

Lemma S12. Under the conditions of Theorem 5, it holds that

∥ΣiK − Σ̂iK∥F = O(N
5/2
0 (an + bn)),

a.s. as n → ∞.

Proof of Lemma S12. Note that

ΣiK − Σ̂iK = (ΛK − Λ̂K) + Λ̂KΦ̂
T
iKΣ̂

−1
i Φ̂iKΛ̂K −ΛKΦ

T
iKΣ

−1
i ΦiKΛK

= (ΛK − Λ̂K) + (Λ̂KΦ̂
T
iK −ΛKΦ

T
iK)Σ̂

−1
i Φ̂iKΛ̂K

+ΛKΦ
T
iK(Σ̂

−1
i Φ̂iKΛ̂K −Σ−1

i ΦiKΛK). (S.150)

Denoting by Ci := (Σ̂−1
i Φ̂iKΛ̂K −Σ−1

i ΦiKΛK), we have

Ci = (Σ̂−1
i −Σ−1

i )(Φ̂iKΛ̂K−ΦiKΛK)+Σ−1
i (Φ̂iKΛ̂K−ΦiKΛK)+(Σ̂−1

i −Σ−1
i )ΦiKΛK ,

(S.151)

where

Φ̂iKΛ̂K−ΦiKΛK = (Φ̂iK−ΦiK)(Λ̂K−ΛK)+ΦiK(Λ̂K−ΛK)+(Φ̂iK−ΦiK)ΛK .

(S.152)



Note that ∥Φ̂iK − ΦiK∥F ≤
√
N0Kmax1≤k≤K∥ϕ̂k − ϕk∥∞ = O(

√
N0(an +

bn)) a.s. as n → ∞, which follows similarly as in Proposition 1 in Dai et al.

(2018) by employing Theorem 5.1 and 5.2 in Zhang and Wang (2016). Using

perturbation results (Bosq, 2000), Theorem 5.2 in Zhang and Wang (2016) and

the Cauchy Schwarz inequality, it follows that |λ̂k−λk| ≤ ∥Γ− Γ̂∥∞ = O(an+

bn) a.s. as n → ∞. Thus ∥Λ̂K − ΛK∥F ≤
√
Kmax1≤k≤K∥λ̂k − λk∥∞ =

O(an + bn) a.s. as n → ∞. Furthermore, from the proof of Theorem 2 in

Dai et al. (2018) we have ∥Σ̂−1
i − Σ−1

i ∥op,2 = O(N0(an + bn)) a.s. which

implies ∥Σ̂−1
i − Σ−1

i ∥F ≤
√
N0∥Σ̂−1

i − Σ−1
i ∥op,2 = O(N

3/2
0 (an + bn)) a.s.

as n → ∞. Thus, from (S.151) and (S.152), ∥Σ−1
i ∥op,2 ≤ σ−2 and ∥Φ̂iK∥F ≤

√
N0Kmax1≤k≤K∥ϕk∥∞, it follows that ∥Φ̂iKΛ̂K−ΦiKΛK∥F = O(

√
N0(an+

bn)) and ∥Ci∥F = O(N2
0 (an + bn)) a.s. as n → ∞. From (S.150) and using that

∥(Λ̂KΦ̂
T
iK −ΛKΦ

T
iK)Σ̂

−1
i Φ̂iKΛ̂K∥F = ∥(Λ̂KΦ̂

T
iK −ΛKΦ

T
iK)
(
Ci +Σ−1

i ΦiKΛK

)
∥F

= O(N0(an + bn)) +O(N
5/2
0 (an + bn)

2) a.s.,

(S.153)

as n → ∞, we obtain ∥ΣiK − Σ̂iK∥F = O(N
5/2
0 (an + bn)) a.s. as n → ∞,

which shows the result.

The following auxiliary lemmas will be used in the proof of Theorem 6.

Lemma S13. Suppose that (X4), (B1)-(B4), (A1)–(A8) hold and consider a

sparse design with ni ≤ N0 < ∞, setting an = an1 and bn = bn1. Then

n−1

n∑
i=1

(η̃iK − η̂iK)ϵiY = Op(αn),



where η̂iK = β̂0 + β̂T
K ξ̂iK , and (β̂0, β̂

T
K)

T are the estimates in the functional

linear model as in Theorem 5.

Proof of Lemma S13. By the Cauchy–Schwarz inequality

|n−1

n∑
i=1

(η̃iK − η̂iK)ϵiY | ≤

(
n−1

n∑
i=1

(η̃iK − η̂iK)
2

)1/2(
n−1

n∑
i=1

ϵ2iY

)1/2

,

(S.154)

where (n−1
∑n

i=1 ϵ
2
iY )

1/2
= Op(1), whence |η̃iK − η̂iK | ≤ |β0 − β̂0| + ∥β̂K −

βK∥2∥ξ̃iK∥2 + ∥β̂K∥2∥ξ̃iK − ξ̂iK∥2, and then

(η̃iK − η̂iK)
2 ≤ (β0 − β̂0)

2 + ∥β̂K − βK∥22∥ξ̃iK∥22 + ∥β̂K∥22∥ξ̃iK − ξ̂iK∥22

+ 2|β0 − β̂0|∥β̂K − βK∥2∥ξ̃iK∥2 + 2|β0 − β̂0|∥β̂K∥2∥ξ̃iK − ξ̂iK∥2

+ 2∥β̂K − βK∥2∥ξ̃iK∥2∥β̂K∥2∥ξ̃iK − ξ̂iK∥2.

From Lemma S11 we have |β0 − β̂0| = Op(n
−1/2) and ∥β̂K − βK∥2 = Op(αn),

which combined with Lemma S5 and the Cauchy–Schwarz inequality leads to

n−1

n∑
i=1

(η̃iK − η̂iK)
2 = Op((αn)

2). (S.155)

The result then follows from (S.154) and (S.155).

Lemma S14. Under the conditions of Theorem 6, it holds that

n−1

n∑
i=1

(ηiK − η̃iK)
2 − βT

KE(Σ1K)βK = Op(n
−1/2).

Proof of Lemma S14. Since ξiK − ξ̃iK |Ti ∼ N(0,ΣiK), by conditioning on Ti,

E(ηiK − η̃iK)
2 = E

(
E
[ (

βT
K(ξiK − ξ̃iK)

)2 ∣∣∣Ti

])
= βT

KE(Σ1K)βK ,



where the last equality is due to the fact that ni = m0 implies that ΣiK are

a sequence of i.i.d. random positive definite matrices. Similarly, since ηiK −

η̃iK |Ti ∼ N(0,βT
KΣiKβK) we have E((ηiK − η̃iK)

4|Ti) = 3(βT
KΣiKβK)

2 and

thus

Var((ηiK − η̃iK)
2) = E(Var((ηiK − η̃iK)

2|Ti)) + Var(βT
KΣiKβK)

= 2E((βT
KΣiKβK)

2) + Var(βT
KΣiKβK)

= O(1),

where the O(1) term is uniform in i since ∥ΣiK∥op is uniformly bounded in the

sparse case. Since the ηiK − η̃iK are independent, the result then follows from

the Central Limit Theorem.

Lemma S15. Under the assumptions of Theorem 6, it holds that
M∑
j=1

λj

δ2j
= O

(
M∑
j=1

1

λjδ2j

)
,

as n → ∞.

Proof of Lemma S15. Since λj → 0 as j → ∞, there exists J∗ ≥ 1 such that

λj ≥ 1 for j ≤ J∗ and λj < 1 whenever j > J∗. Note that
M∑
j=1

λj

δ2j
=

M∑
j=1

1

λjδ2j
+

M∑
j=1

(
λj −

1

λj

)
1

δ2j

=
M∑
j=1

1

λjδ2j
+

J∗∑
j=1

(
λj −

1

λj

)
1

δ2j
+

M∑
j=J∗+1

(
λj −

1

λj

)
1

δ2j
, (S.156)

whence it suffices to show that the third term in (S.156) diverges to −∞ as

n → ∞. For this,
M∑

j=J∗+1

(
λj −

1

λj

)
1

δ2j
≤ λ2

J∗+1

M∑
j=J∗+1

1

λjδ2j
−

M∑
j=J∗+1

1

λjδ2j
=

M∑
j=J∗+1

1

λjδ2j

(
λ2
J∗+1 − 1

)
.



The result follows from the fact that λ2
J∗+1− 1 < 0 and since

∑M
j=1 λ

−1/2
j δ−1

j →

∞ as n → ∞ implies
∑M

j=J∗+1 λ
−1
j δ−2

j → ∞ as n → ∞.

Consider the Brownian motion as an example of a Gaussian process for

which λm = 4/(π2(2m− 1)2) and ϕm(t) =
√
2 sin((2m− 1)πt/2) (Hsing and

Eubank, 2015). Adopting the optimal bandwidth choices as discussed in Section

4 leads to cn ≍ (log(n)/n)1/3.

Lemma S16. Let ρ ∈ (1/3, 1). For the Brownian motion, if M = M(n) satisfies

M(n) ≍
(
log(n)

n

)(ρ−1)/15

, (S.157)

then condition (B3) holds and

τM ≍
(
log(n)

n

)(ρ−1)/5

, (S.158)

υM ≍
(
log(n)

n

)4(ρ−1)/15

. (S.159)

Moreover, if σ2
m ≤ Cm−(8+δ) for some constant C > 0 and δ > 0, then (B2)

is satisfied, ΘM = O
(
M−(1+δ/2)

)
and the rate αn in Theorem 5 satisfies the

following conditions: If ρ ≤ (5+δ)/(15+δ), then αn = O((log(n)/n)(13ρ−3)/30)

while if ρ > (5 + δ)/(15 + δ) it holds that αn = O((log(n)/n)(1−ρ)(1+δ/2)/15).

The optimal rate is achieved when ρ = (5 + δ)/(15 + δ) and leads to αn =

O((log(n)/n)q), where q = ((2 + δ)/(15 + δ))/3.

Proof of Lemma S16. For any m ≥ 1

λm − λm+1 =
32

π2

m

(2m− 1)2(2m+ 1)2
,



which is decreasing as 1 ≤ m → ∞ and thus the eigengaps are given by

δm =
32

π2

m

(2m− 1)2(2m+ 1)2
, m ≥ 1.

Since the harmonic sum H(M) =
∑M

m=1 1/m satisfies H(M) ≤ 1 + log(M)

and M = M(n) → ∞ as n → ∞, we obtain

M∑
m=1

1√
λmδm

=
π3

64

M∑
m=1

(2m− 1)3(2m+ 1)2

m
≍ M(n)5.

If M = M(n) satisfies (S.157), then
∑M

m=1 λ
−1/2
m δ−1

m ≍ cρ−1
n and thus condition

(B3) is satisfied. A simple calculation leads to

τM =
M∑

m=1

1

λm

=
M∑

m=1

π2(2m− 1)2

4
≍ M(n)3,

and

υM =
M∑

m=1

1

δm
=

π2

32

M∑
m=1

(2m− 1)2(2m+ 1)2

m
≍ M(n)4.

The results in (S.158) and (S.159) then follow. If σ2
m ≤ Cm−(8+δ) for some

C, δ > 0, then
∑∞

m=1 σ
2
m/λ

2
m ≤ O(1)

∑∞
m=1 m

−(4+δ) < ∞ and condition (B2)

is satisfied. From the orthonormality of the ϕm

ΘM =
∥∥∥ ∑

m≥M+1

σm

λm

ϕm

∥∥∥
L2

≤
∑

m≥M+1

|σm|
λm

≤ O(1)
∑

m≥M+1

m−(2+δ/2)

≤ O(1)

∫ ∞

M

s−(2+δ/2)ds

= O

(
1

M1+δ/2

)
,

which implies ΘM = (log(n)/n)(1−ρ)(1+δ/2)/15. Also note that cnυM ≍ (log(n)/n)(1+4ρ)/15

and cρnτ
1/2
M ≍ (log(n)/n)(13ρ−3)/30. This implies

αn = cnυM + cρnτ
1/2
M +ΘM ≤ O((log(n)/n)(13ρ−3)/30 + (log(n)/n)(1−ρ)(1+δ/2)/15).
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Thus, if ρ ≤ (5 + δ)/(15 + δ), then αn = O((log(n)/n)(13ρ−3)/30). Similarly,

if ρ > (5 + δ)/(15 + δ), then αn = O((log(n)/n)(1−ρ)(1+δ/2)/15). The optimal

rate is achieved when ρ = (5 + δ)/(15 + δ) ∈ (1/3, 1) and leads to αn =

O((log(n)/n)q), where q = ((2 + δ)/(15 + δ))/3.
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