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S1. Additional Simulation Results

Here we report simulation results for an additional measure of performance for
Pix, where we computed the estimated 2-Wasserstein distance between the em-
pirical distribution of Fj (3, + J7B(s)(Xi(s) — p(s))ds), i =1,...,n, and a
uniform distribution on (0, 1). This is of interest, observing that

Fik(mk),- -, Fuxg (N ) constitute an i.i.d. sample from a uniform random
variable U in (0,1). A conditioning argument gives P(Fix(nix) < p) =
E(P(Fic(m) < plXa)) = E(P(nixc < Fl(9)[X:) = p, p € (0,1). Thus, if

we denote by F (1) a generic probability transformation of the linear response
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Ny one would expect the random variable Fx (1) to be close to a uniform dis-
tribution over (0, 1), in terms of
1
WH(Ficn).U) = [ (@xlo) = P, 5.1)
where Qi is the quantile function of the random variable Fx (7). Since the
quantities Fix(Mik),- .-, Fux (M) are i.i.d. and share the same distribution
with Fix (nx ), we may estimate @)k by the empirical quantile of the F;x (7).
Defining Z; to be the ith order statistic of the Fix(n;x), j = 1,...,n, a

natural estimate Uy, of W2(Fx(nx ), U) in (S.1) is (Amari and Matsudal, 2021)
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and we define Uyy analogously after replacing population quantities by their

estimated versions. The simulation results are in Table [SIl One finds that as n
increases, the distance UW diminishes, which reflects better performance of the
predictive distributions P;x. Higher noise levels lead to worse performance as
it becomes harder to estimate population quantities with the same sample size.

Similarly, denser designs have a lower average value of Uy as expected.



Table S1: Simulation results for the Wasserstein discrepancy against a uniform
distribution Uy defined through (S.1)) for the same settings as in Table 1, display-
ing the averages of Uyy based on 2000 simulation runs. Averages are scaled by a

factor 1,000. Smaller discrepancies indicate improved estimation of predictive

distributions.
Measurement Error Noise level Sparsity setting
Predictor Response Very Sparse Medium Sparse Dense
o oy n =500 | n = 2000 | n =500 | n = 2000 | n =500 | n = 2000
0.5 1.74 0.62 0.85 0.46 0.76 0.37
05 1.0 2.18 0.75 1.22 0.58 1.25 0.52
1.0 0.5 2.95 1.54 1.05 0.44 0.82 0.45

S2. Assumptions and Main Proofs

S2.1 Assumptions

We assume the following regularity conditions [(AT)H(AS8)l which are similar to
those in Zhang and Wang| (2016)) and Dai et al.| (2018)), and are compiled here

-1

in one place to facilitate reading. Recall that w; = (Z’jzl nj> and v; =
-1
(Z?:l nj(n; — 1)) :

(A1) K(-) is a symmetric probability density function on [—1, 1] and is Lips-
chitz continuous: There exists 0 < L < oo such that |K(u) — K(v)| <

Lju — v| for any u, v € [0, 1].

(A2) {T;;:i=1,...,n,5 = 1,...,n;} are i.i.d. copies of a random variable

T defined on 7, and n; are regarded as fixed. The density f(-) of T is




S2.1 Assumptions

bounded below and above,

0< < mi t) < t) < M; < .
my < min f(t) < max f(t) < My < oo
Furthermore f(%), the second derivative of f(-), is bounded.

(A3) X, ¢, and T are independent.

(A4) p@(t) and 0°T'(s,t)/0sPOt* P exist and are bounded on 7 and T x T,

respectively, forp =0,...,2.
(A5) h, — 0,log(n) Y7 nw?/h, — 0and log(n) Y1 ni(n; — D)w? = 0.

(A6) For some o > 2, E(sup,cr | X (t) — p(t)]*) < o0, E(]e]*) < o0, and
- 2h - 1 2h2 10g<n) 2ot
n ZlnlwZ M+;ni(ni— Jwih, — — 0.

(A7) hg — 0, log(n) > ni(n; — 1)v?/hE — 0 and log(n) > " ni(n; —

(A8) For some 3, > 2, E(sup,cr | X (t) — u(t)**) < oo, E(]e|***) < oo, and
n{z ni(n; — 1)v?he, + Z ni(n; — 1)(n; — 2)v?he,
i=1 i=1

n

+ Zm(ni —1)(n; — 2)(n; — 3)v?h‘é} [logén)

=1

2/py—1
} Lo

We remark that assumption |[(A2)[ implies [(X1) in the main text and assumption
(A4) implies (X3)



S2.2  Additional Details for Mean and Covariance Estimation

S2.2 Additional Details for Mean and Covariance Estimation

For notational simplicity, for a function ¢g; : 7 — R and a vector

z = (21,...,2,)" € RP, p > 0, denote by ¢1(2z) = (g1(21),...,91(2,))" the
application of ¢; to z entry-wise. Similarly, for a function g, : 7 x 7 — R and
a second vector r = (r1,...,7,)" € R, ¢ > 0, denote by go(z,77) the p x ¢
matrix, for which the ([, k) element is given by g»(z;, %), where 1 <[ < p and
1 < k < g. Also, for two scalar sequences 6,, and -, write 6,, < -, if there
exists a constant ¢q > 0 such that 6,, < ¢y, holds for large enough n.

For the mean function estimate, set /i(t) = 7, where

n n;

(30,4 = argmin Y wi Yy (Xi; — 70 — n(Tiy — ))*Kn,, (T — 1),
oM =1 =1
where w; = (Z;;l n;)~' are equal subject weights, K is a kernel function

corresponding to a density function with compact support [—1, 1] and K, (-) =

K(-/h,)/h,. For the covariance surface estimate, writing Ciji = (Xi;—(Ty)) (Xa—

[i(Ty;)) for the raw covariances (Yao et all 2005), set I'(s, t) = 4, where
(’3/07 ﬁla ’3/2)

n

—argmin Y v, Y (Cig =0 — (T — 8) = 12(Tu — 1))?

70,7172 g 1<j£1<n;

X KhG(Tij - S)th (Tll - t)'

Here v; = (3°7_nj(n; — 1))~ and n; > 2 is assumed throughout for the
covariance estimation step.

For the cross-covariance smoothing step, using the raw covariances C;(71;;) =



S2.3  Proofs of Main Results in Section|§| and|§|

(X,; — fu(T};))Y;, the local linear estimate of C/(¢) is given by C/(t) = 3, where

(B, BY) = argmin > Y " w; K (Ty; — t)(Ci(Ty) — By — B (t — Tiy))?,
(S8.2)

with w; = (300, ni) ™

S2.3 Proofs of Main Results in Section 2] and 3

The proofs in this and the following sections rely on various auxiliary results

and lemmas included in Section [S3]

Proof of Proposition[l} Fixi € {1,...,n} and k € N, and recall that
&k = M5 S (X — ), (S3)

where ¢y, = (¢p(Th), - .., &k(Tim))?. Define W = diag(w;), where w; are
quadrature weights chosen according to the left endpoint rule, i.e. w; = Tj; —
max;.r, <, Lij for [ =1,...,m, and we set max;.7,. <1, T;; = 0 whenever {j:
Ti; < Ty} = @. Let g,,, be the size of the maximal gap between {0, T51, . .., T, 1}

for 7 = [0, 1] and consider the quadrature approximation errors

€L = /TF(TZ, t)¢k(t)dt — Zzw¢zk7

where ['(T;, t) = (I'(Tj1,t), ..., [(Tim, t))T. Here note that since 3; = o1, +
[(T;, TT), where I'(T;, TT) corresponds to the matrix with elements [['(T;, T7 )];; =
F(ﬂj, El), j,l € {]_, e ,m}, we have 21W¢zk = O'QWQSik + F(TZ, TZT)WQbZk

where the second term in the previous expression corresponds to the numerical
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quadrature approximation to [-T'(T;, )¢ (t)dt and the first term will be shown
to be negligible as m — oo.

From the quadrature approximation error for integrating a continuously dif-
ferentiable function g over [0, 1] under the left-endpoint rule and denoting Ti(m) =

maxi<j<m 7_'” we have

[ a0 i
Ssu m m

< %”g)(ihn U)+m—ﬂ>mm (5.4

—0,(m™), (S.5)

where (S.3) follows from Lemma Denoting by |||, the Euclidean norm in

R™, we have

|mmswémxwmww—mnm%W@k

+ [|e*Wepir ||, = Op(m~1/2),
2
(S.6)

which follows by noting that the integration error rates for all entries in ey, are

uniform due to Condition [(X3)|in the main text and (S.4), and that

W2 < Zwl sup G2(t) = O,(m™Y). (S.7)

Since

Ae@i, = X Wy, + ey, (S.8)
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we have

M B (X — i) = P W (X — i) + e 571 (X — i)
= ¢ W (Y — i) + 63, Wei + ey 271 (X — i),
(S.9)
where Y; = (X;1,..., Xim)  and €; = (€51, - ., €im) 7. Let g (t) = én(t)(X;(t)—
1(t)). Then, from Condition[(X3)|and since the process X;(t) is assumed contin-
uously differentiable almost surely, we have g () is continuously differentiable

a.s. over the compact set 7 = [0, 1] so that sup,+ |g;.(t)| = O,(1). Thus, using

(S4) and the fact that [} ¢;.(t)(X;(t) — u(t))dt = &y, we obtain
i — > 6T (X.(T) — (T = Oyom ™),
whence -
D W(Y; — pi) = & + Op(m™). (S.10)

By conditioning and using the independence between €; and T;, F(¢], We;)? =
E[E(¢7,Weie] Wi |T;)]
= E[¢LWE(eie] )W ] = o E(|[W e ;).
Hence, from (S.7) it follows that E(¢}, We;)? = O(m™!) and thus

PEWe; = O,(m~?). (S.11)

We now show that 7, := e} %, (X; — p;) = O,(m~%/?). Note that for any
M >0

P (Vm |Zy| > M|T;) < IIekH =212 lexll2,  (S.12)

OPQ—Mz 2
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where the last inequality follows since HE;l/QHOM < =", From (5.6, m ||ex||> =
O,(1) and thus for any € > 0 there exist My = My(e) > 0 and mg = mg(e) €

N7 such that
P (mllexl; > M) <€, Vm >my. (S.13)

Hence, by choosing M = M, := /M;/(ec?) and defining

P (\/ﬁ | Z| > Me) = Flun]
= E[uiml{uimgg} + uiml{uim>e}] <e+ P(uim > 6), (S.14)

where the last inequality follows since u;,, < 1. Now (S.12)) and (S.13) imply

Py, > €) < € for m > my, whence
P(vVmlef 71 (X — )| > M) <2€, Vm > my, (S.15)

which shows that e} 3,1 (X; — u;) = O,(m~%/2). The result follows by com-
bining (5.9), (S-10), (S.11) and (S.13). O

Proof of Theorem|I| Let Ky > k be any fixed integer and consider the constant
sequence K = K (n) = K, for all n > 1. Thus (a, + b,) Zi{:l N =o(1) as
n — oo and similar arguments as the ones outlined in the proof of Lemma [S3]

leads to

(G — &) S @IS X — ") + (o WH(X" — 1) — ¢ WH (X" — u"))?
4 (e;;TE*fl(X* . ”*))2
=0, (m*_1 +m*?(ay, + bn)Q) ,

where €] is defined as in (S.75). The result follows. O
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Proof of Theorem[3} Recall that ji;x = €5 ®x and K = K (m) satisfies > p_, A\ ' =
m!'~%, where § € (1/2,1) and & = Ax® 271 (X; — ;). We first show

shrinkage of ||ftix — > pey &ikrllL2. Also, for any k > 1 define

€, — /TF(T“ t)gbk(t)dt — EZWQSM

From (S.9) and the triangle inequality, we have
[e'¢) K oo
i =D &ndrlle = 11D Medh 3 (X — i) — > il
k=1 k=1 k=1
K 00 K
<D SEWY: — i) — Y atullee + 1 dhWeidn| o2
k=1 k=1 k=1

K
+11D el S (X — )il
k=1
= |Allzz + [[Bllrz + [|C]| 2, (S.16)

where the functions A = A(t), B = B(t) and C' = C(t) are defined through the

last equation. By Fubini’s theorem and orthogonality of the ¢, we have

E(|1B]Iz2)

K K

- [ (Z@(Ww@) at = 3 Bl(@hWe ] = 3 P B(Wanl?),

where the last equality follows from the proof of Theorem [I} Thus, from (S.7)

and Lemma [S2] we obtain
E(||Bl17)

<3 ot ol = 0 <m1 S A,ﬁ) ~0 <m > A,:T) = O(m' ),

k=1 k=1
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where the first equality is due to ||¢x]lcc = O(A;'). This follows from the

relation

Aeor(t) = /TF(t, $)or(s)ds < ||T'(¢t, )|z < o0

uniformly over ¢, which is a consequence of the Cauchy—Schwarz inequality and

continuity of I" over the compact set 7 2. Therefore

| B2 = Op(m'/*7°). (S.17)
Observe
K
= (PEW(Yi — i) — &) b (t) Z Endi(t) = Ai(t) — As(t),
k=1 k=K+1

where A;(t) and Ay(t) are defined through the last equation. By Fubini’s theo-
rem along with the orthonormality of the ¢, we have

E(||Az72) = Z Ak

k=K+1

and then

~ 12
14222 = O, < > >\k3> . (S.18)
k=K+1

Define gi(t) = ¢x(t)(Xi(t) — u(t)), t € T. By the dominated convergence

theorem along with the Cauchy—Schwarz inequality,

Mo (0] = | [ 100 ous| < o) < o

where T30 (t,5) = OT'(t,s)/0t. This shows that ||¢,|lc = O(\;') which
combined with the fact that ||¢]|.c = O().') and Condition [(X2)| leads to
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k]l = O 1) and ||gr|lo = O(A; ). Hence, from the Riemann sum approx-
imation error bound in (S.4) applied to the function g (t) = ¢ (t)(X;(t) — u(t)),

we obtain

D3 W (Yi — i) — | SN (Z w?+ (1=T"™)? 41— Ti(m))) .
=1

Therefore

K K
E(|Aillzz) < ) E(195W(Yi — i) = &al) S DA 'm ™ = O(m™),
k=1 k=1

where we use the condition Zle At < m!7°. This shows that ||A;]|;2 =

O,(m™%), which combined with (S.I8) leads to

~ 1/2
A2 =0, [ m™ + ( > )\k> . (S.19)

k=K+1

From (S.6)), (S.7), the Riemann sum approximation error bound (S.4)), and using
that ||¢}||c = O(A\; ') along with ||¢ [l = O(\ '), we obtain

m 1/2
lexlls S vmA; (Z w?+ (1 -T2+ (1 —Tf”)) + ;! (Z w?) :
=1
(S.20)

Thus, using the inequality (zq+z1)* < 222+ 223, which is valid for all 2y, x; €

R, along with Lemma[S2]leads to

E(|lex])?) < (Zwl) L=T") + (=T | + 02 w?
=1

= 0(m '\ ?). (S.21)
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Therefore
K K
E(|Cllz2) <) E(lef =7 (X — pa)l) <D (B{E[(ef (X — )| Ti] 1)/
k=1 k=1
K
<o ') (E([lex]3)? S m!
k=1

where last inequality uses that Zszl At

= m'~%. Hence
|C|2 = O,(m'/*79). (S.22)

Combining (S.16), (S.17), (S.19), and (S.22) leads to

o0 0 1/2
| flixe — Zfz‘kckam =0, [ m"*° + ( Z Ak) - (5.23)
k=1 k=K+1
By orthonormality of the ¢, and since X; = Ax — Ax®L. X P Ay,
K
/ i (£, 1)dt = trace(Tix) = Y (A — Ml B; M) - (S.24)
T k=1

From (S.21) and using the condition S_1 | A = m!~9, we obtain S5 | A% =

O(m?* %) and

K K
E (Z efzilek) <o) Ellesll3) = O(m'™).
k=1 k=1

Thus
K
> el e = 0y(m! ). (S.25)

Since [ = O(") and S, 477 = O(m ),

K
Z)‘lleekHQ mb/2—20 (Z wl m)) + (1 _ T;(m))>
k=1
m 1/2
*(En) -oem,
=1
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where the first inequality is due to (S.20) and the last equality is due to Lemma

Thus

K K m 1/2 g

> lef Wil < llex|l2| Wil < (Zw?) S lewllslldelle = Oy (m=%)
k=1 k=1 =1 1

(S.26)
where the second inequality is due to (S.7)). Also,

K K K -
ZJ2|¢5§WW¢H¢‘ < g2 ZHWqﬁlng < o2 ZH%H@O (Z w?) =0, <m1—26) ‘
k=1 k=1 1 —1

(S.27)

From the Riemann sum approximation error bound (S.4)) applied to the function
gi(t) = @i (1), and using that [|gillc = O(X;") and [lgillc = O(A;"), we

have

(A Wi — M| = O < (Z w} + TM)? 4+ (1 — Ti(m)))> :

Thus

K
E <Z‘)‘k¢ijl;w¢ik — >\k|> = 0(m™),
=1

which implies

ZMkdnka Ml = 0, (m™0) . (5.28)

Also, from (S.4) and (S.7] - we have

K
Z|¢31;W (T(T;, T] )W i, — Arhi) |

K
< PR W [o|ID(T:, T )W hir. — Apir-
k_

AN

- v
S xptm (z) (z<><>)

1
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which along with Lemma [S2|leads to

K
k=1

This shows that

K
Z[sz;vw (T(T, T, )Woy, — Aeir)] = O,(m*=2). (S.29)

k=1

From (S.25)), (S.26)), (5.27), (S.28), (S.29), and observing

(ﬁz];WEiW(ﬁik = 02¢31;WW¢1'1€ + ¢ZJ;WF(T1'> T?)Wfﬁm

K
_ ‘ S (O — el = ey — 26/ Wby — Z,;wziwgbik)‘
K K K
<D oeiSlen+2) |efWanl +0° Y |opWWey
k=1 k=1
K K
+ \ > [P W (N(Ty, T ) Wiy — Akqbik)]\ + ) PR Wi — Ayl
k=1 k=1
where the first equality uses (S.8). This along with (S.24) implies
/ Li(t, t)dt = O, (m' ™). (S.30)
-

Combining (S.30) with (S.23) leads to the result. [



S3. Auxiliary Results and Proofs

We provide the proofs of Propositions [2] and Theorems [2] in the main text,
followed by a sequence of auxiliary lemmas and their proofs. These auxiliary

results are used to derive the main results.

Proof of Proposition 2] Recalling that ¥,x = Ax — AK<I>;fFKEZ-_ 1P, A we

have
K
1Zikllopz < trace(Tix) = > (A — M Sy Arepi) - (S.31)

Moreover, since A\ ;. = e, + 2; W @, where ey, is defined as in the proof of

Proposition ] it follows that
ML I N = el X e, + 2] Wopyy, + ¢, WE W .. (8.32)
From, (S.6),
[Arpir — D(Ti, T )Wepix ||, = Op(m™'7?),

and using (S.7),

¢31;W2iw¢ik = 02¢3/;WW¢2‘1€ + ¢31;WF(T1'7 T?)W¢ik

= O0p(m™") + oW (\pir, — Op<m_1/2)) = M@ Wi + O, (m™1),

where Ay, Wi, = A\, + O,(m™1). This follows from the quadrature approx-
imation error (S:3), observing [ ¢7(t)dt = 1, and implies

PEWI Wi = A\, + O,(m™). (S.33)



The result then follows by combining (S.31)), (S.32), (S.33)), (S.6). (S.7), and the
fact that || 27| | <o O
? op,2

Proof of Theorem[2} Recall that o* = (T*), T* = (T7,...,T:.)7, the esti-
mated FPCs & = Apop(T*) TS 1(X* — 1), ®*% is analogous to ®;x while
replacing the 7;; with 77, and similarly for quantities such as ®j, 3! and

>*~1. Note that

M-St = A — A + A BT A — AT ®E A,
(S.34)

where ||[Ax — AKHOp,Q = O,(a, + b,) follows from Theorem 5.2 in Zhang
and Wang (2016) along with perturbation results (Bosq, 2000) and the fact that
IAK — Ak llop2 < VK maxi<jerc|Ax — Ae|. Since Agpj = [ T'( k(1) dt
and writing € = fTF(T*, t)or(t)dt — S*W*@r, we have that the (j, [) entry
of Ag®:I' S+ 1®% A is given by

Ap®l S Rf Ak = (675 + §TW) (&) + W)
_ A;Tﬁ]* lel —|—e*TW*¢l +¢*TW* + é;TW*S*W*dA);,
(S.35)
where 1 < j,I < K. Denote by I'(T*, T*7) the matrix whose (i, j) element
is lA“(TZ*,T]*) 1 < 4,5 < m*, and similarly define I'(T*, T*T). Also note
that 3* = 62I,,. 4+ I(T*, T*T), where I,,~ € R™*™" is the identity ma-
trix. From (S.21)), (S.76), (S.87), (S.112)), Lemma and using that ||§A]**1 -




¥ Hop2 = Op(m*(a, + by)) along with the condition m*(a,, + b,) = o(1)
as n — oo, it follows that || I(T*, T*T) — I(T*, T*T)||y = O,(m*(an + b,)),
[W* (5~ )12 = Ol 2(an +b)). p = 1L [E(T* T g = O(m),
15 oz = O™}, 15 lopz = Oplm*), (WSl = Oplm72), p = 1.
55 =5 g = Oplm*(an+b), [W* [z = Op(m*2), letllz = Op(m*~12)

and ||&5 — €5/l = O,(m*/*(a, + b)), p = j, 1. These bounds imply

;" WEW i — ¢ W W ] = Op(an +bu),
é;TﬁJ*_lé;( — e;TZ*_lef = Op(a/n + bn)?
&TW* B — "W i = O(a, +b,)

;"W — ¢;"Wrej = Oylan + bn),
which combined with (S.35)) leads to
[AKqA);(TzAJ*_l‘i)*KAK]jJ — [AK(I)?E*_l(I);(AK]jJ = Op((ln + bn)

Hence ||Ax®i I3 d% Ay — Ag® TS 1®% Ag||p = Oplay, + by) and the
result follows from (S.34)). ]

Proof of Theorem[d}, Let vy = szl )\,;1/25,;1 and vg = szzl A ! Note that

i3 — iWcllre = 1€ ®re — EF P 12
< |[(€5 — &) (®x — @)z + |(€3c — €)1

+ ||é§<T(‘i’K — ®y)| L2 (S.36)



Now, by the Cauchy—Schwarz inequality,

K
165 — i) (2 — Prc)llze < II€5 — Excll2 Yo — ullze
k=1

K
S (Z 5k1> 1€5 — &k ll2l|E = Ellop,  (5.37)
k=1
and by orthonormality of the ¢,
165 — &i) @iz < 165 — Exclle- (S.38)
Also note that

E(||€5|3) = trace(B[E (€€ |T")]) = E(trace(Ax @ '@} Ax))

—E(ZA UM 1@),

and
2 g xTvk—1 gx *Tvx—1 % *T * ok *T * N1k * 4k
NTE gt = TS el 4 20 TWI P + ¢ WISTW T,

where 7 = 1,..., K. Similar arguments as the ones outlined in the proof of

Theorem [3|then show that for large enough n

K

K
E(|€:12) <Z DT 1¢k> m*(1=20) 4 b Z A < m0-20) 4 Z A
k=1

k=1

Since § € (1/2,1) and Y ;- | Ay < oo, this implies

1€ ]l2 = Op(1). (S.39)

Observing

K
1€ (2 — )l < (€5l ZH% — Ol S <Z5 1)

k=1

= Zllopl1€x 2

[



and using (S.77) along with (S.39) leads to

K
1€ (@ — @x)l[12 = O, ((an +0a) Y 6;3) : (S.40)

k=1

In view of (5.36), (S.37), (S.38), (S.40)), the condition v (a, +b,) = o(1) which
implies (a, 4 b,) S0 671 = o(1) as n — oo, and employing Lemmaleads

to
|5 — || 2

X 1/2 X 1/2
- Op<(an +b,,) (Z 6k1> +m*Y?(a, +b,) (Zé 2\ ) + m* 12 (Z A,ﬁ)

k=1 k=1

K 1/2 1/2
+m*(a, + by) (Z)\ 2) +m*(a, + by) <Z(5 2\, > >
k=1

(S.41)

Observe
Wi (Gie, Axe) < E(llg1 — goll72 | (X5, T;)7-),

where X := X* and T := T*, the random element ¢g; € L? has conditional
distribution g, ~ G} given (X, T;)" " o> and gy(-) = X*(-) almost surely. Since
E(g1 | (X;,T;)j=) = ftic and Var(ga(t) | (X, T;)j=o) = Dic(t,0), t € T, we

obtain
W3 (G, Ax=e) < E(llgr — |32 | (X5, T5) o) + [l — X3
}(ut)dt + [l — X132

(F* (t, 1) — Do (t, 0)dt + || — X772 + Op(m*(k%)),

\1\\



where the equality follows from Fubini’s Theorem and the last inequality is due
to [ i (t, t)dt = Oy(m'=?), which follows analogously as in (S.30). Com-
bining (S.41) and arguments analogous to those in the proof of Theorem [3|lead

to

725 — X2

< g — XNz + |5 — il

[e’e) 1/2 K
=0, { *(1/2-9) ( > /\k> + (an + by) <Z(S,;1)

k=K+1

1/2 % 1/2
+m™(a, +b,) (Zd oy ) + m* /2 (Z )\,;2>
=1
1/2 K 1/2
+m*(a, + b,) <Z>\ ) +m*2(ap + by)? Z(SkQ)\k2> ]

From Lemma[S4] we have
/ (5 (£) — T (¢, 1))t — trace(ST% — 333)
-

:op< (an + by) Zﬂa + (an + by) Zﬂa )

Therefore

W3(Gie, Axe)

K
_O[ *(1-20) 4 Z A + (an +by) <Z§k1> +m*(an + by,) 252)\ 2

k=K+1 k=1

K
m* > N 4+ m* (ap + by) Z)\ +m*(ay + by) 25%2

k=1 k=1

K
+(an +ba) Y /\,;25,;1] :
k=1



and the result follows. L]

Proof of Theorem[5] We use the fact that for a normal random variable Z; ~
N(ky,k3) and t € (0,1) it holds that Qy () = k2q(t) + K1, where Q;(+) and ¢(-)

are the quantile functions corresponding to Z; and a standard normal random

A~

variate, respectively. Note that since |Apin (k) —Amin (Zir )| < Him — YK

op,2

0,(1), where the 0,(1) term is uniform in ¢ (see the proof of Lemma [S12), and

Amin(2ix) > Ko a.s., we have

P (HEK ~ Sk

< /-@0/2) =P (Fdo - ngK — Yk
2

2w
2w

op, op,

A

Yik — ik

IN

P ()\min(EiK) -

op,

IN

P (Anin(Sic) > r0/2)

~

which implies Apin(X;5) > Ko/2 with probability tending to 1. For the remain-
der of the proof we work on this event. From the closed form expression for the
2-Wasserstein distance between one-dimensional distributions with finite second

moments,
- 1 . R - 2
W3 (Pix, Pirc) = /0 ([(ﬁfgziKﬁK)l/Q — (BEZikBr)*q(t) + Br(Eir — EiK)) dt
1
= [(BEZixBr)"* — ([ﬁZiKﬂK)mP/ Ft)dt + (Bk (€ix — &ix))?
0

+2[(BEZikBr)? — (BEZikBr)?] BE (€ix — ém)/o q(t)dt

_ (BESu — Su) B
- BEXikBr

/0 S0t + (B (Ex — €r))”

(S5.42)



where the last inequality follows from the fact that fol q(t)dt = E(Z) = 0, where
Z ~ N(0,1), and using the inequality (\/z — /y)* < (x — y)?/y which is valid
for any scalars z > 0 and y > 0. Since fol ¢*(t)dt = E(Z?) < oo, it then suffices

to control the terms 3% (3;x — Xk )Bxk and (8L (€, — €ix))?. From the proof

of Lemma [S12 we have HEiK — ﬁ]iK

) = O(an + b,) a.s. as n — oo, where
F

the O(a,, + b,,) term is uniform over ¢, and similar arguments as in the proof of
Theorem 2 in|Dai er al. (2018) show that |, — & = O(an + by)||X; — pill2 =
O(ay + ba)O0y(1) = Oylan +by), k = 1,... K. Thus, (BL(&ix — &ix))? <

18kl 1€k — Eixll2 = Op((an + by)?) and properties of the operator norm

show that | 8% (Zix — Zix)Bxk| < |18k |l5
n — oo. This along with (S.42) leads to

ik — Tik

‘F = O(an +b,) as. as

WQ(PZ‘K, ’PlK) = Op(an + bn) (843)

Similar arguments show that

R R ATﬁ)i 2 Tﬁ)i 2
WQQ(PiK,PiK)S('BK kBr — B ik Prk)

1
/ Ft)dt + ((Bx — Br) €ix + Bo — bo)?,
0

BESikBr
(S.44)
and
185 ZixBr — Bl Bix B
= [(Bx — Br)"SixBr + BrZix (Bx — Br)|
. 20 . . .
< HIBK_BK ‘ Yk — Yk + HBK—BKH Hzm—zm 18Bxk||,
2 op,2 2 op,2

o 2 A
+||Bic = Bic | 1Bixclos + || Bic = Bic|, 1Bl 18cll

= Op(an), (S.45)



where the first inequality follows from properties of the operator norm; the last

equality is due to Lemma and the facts that A =< n~'/3 implies that the rate

~

™ [ (n_lh + h2)1/2 + an] is faster than c, vy, || 2ix — Xk

)F = O(a, +by,) as.

asn — oo and that | ¥y ||, , is uniformly bounded in 4 in the sparse case. Since

Mimin(Zix) = Ain (Zic)| < Hﬁ)zK — ik ’ , we have
op,2
B[T(EiKﬂK > B?{BK/\min(ﬁ:iK)
. .
> BicBre Amin(Bire) — ||Birc = Birc || M0 | 22| 1

Thus, using that Hﬁ)m — YK

= 0,(1), where the 0,(1) term is uniform in
op,2

iy Amin(Zik) > Ko a.s., and writing

1 2
~ <
/B;(ZiKﬁK IB?(IBK)‘min(EiK)

po =P

and )\min(ﬁ)iK) Z H0/2] )

it follows that

Po > PlBBrAmin(Zix) < QBIJ;BKAmin(ﬁ)iK) and /\min(ﬁ]iK) > Ko/2]

> P[ﬁ;(ﬁKAmin(EiK) < 251T<,3K()\min(2u<) — |Zik — Zik ) and Amin(ﬁ)iK) > Ko/2]

op,2

and )\min(iiK> 2 /'{0/2]

op,2

> Ho/z} — PDuin(Six) < o/2].

> Plko/2 > HﬁzK — ik

Zl_P[HgiK_EiK

Op7

This implies py — 1asn — oo and hence the event (8L 3, Bx )" < 2(8% Bx Amin(Zix)) ™

A

with Apin (i) > Ko/2 occurs with probability tending to 1. It then suffices to

work on this event in what follows. Combining with (S.44), (S.45)), and

|(BK _BK)TéiK +BO _BO| < HBK _BKHQ (‘ éiK - ézK éiK

= Op(an)a

.+

‘2> + 160 — Bol



which follows from Lemma and the facts that Bo — By =Y, —E (V) =
Op(n=17?), i — Eix Eix

in ¢, then leads to

)2 = O,(a, + b,) and ’

‘ = O,(1) hold uniformly
2

Wa(Pik, Pix) = Op(cw,). (S.46)

The result in (4.17) then follows from (S.43)) and (S.46).

Denote by ¢ and @ the density and cdf of a standard normal random variable,
and define the quantities @, = By + BLEix, Gin = (BkBirBr)"% ui = Bo +
B[T(éiK, 0i = (BEZikBr)"? and Ay, () = (t — w;)/oi — (t — Uin) /Fin, t € R.
Then

suplFot) — Fuc ()] = sup ( : ) o ( ) | = sup | o(e) (0],
S

teR Oin 0; teR

(S.47)

where the second equality follows by a Taylor expansion and ¢ is between (¢ —

and setting [;,, = [min{u;, U, }, max{u;, U, }],

o) Ain(t)] < (0)| Ain(t)|Luer,y + p(min{|rin (O], [ri ()| A (t) [ Leers,
< 2(0)[An ()| Lper,y + [p(rim(t) + @(ri(®)]| Aum(t)|.

(S5.48)

Since am — Uu; = Op(an + bn)’ |5zn — O'i‘ < ’5'1271 — O'Z-2|/O'i = Op(an + bn),

|5Z-;1 — U;1| < |Gin — 0il/(Ginoi) < |Fin — O'z'|ﬂ(ﬁf{ﬁK/\min<2iK))_l/2o-;l



and A\pin (k) > Ko a.s., it follows that

A ()] = [(t —wi) /o — (t — Tin) /Gin]

1, 1 . 1 1
< i — wg| + [t — — — |+ [t — wi] | =— — —
g; in i Oin 0;
= Op(an + bn) + Op(an + bn)‘t - ui‘a (S.49)

where both O, (a,, + b,,) terms are uniform in ¢. This implies

igﬂg ‘Ain(t)‘l{telm} < Oplan + bn) + Opan + by)| Uiy — wi| = Op(an, + by).
(S.50)
Since ||3;||,,, is uniformly bounded above in the sparse case, it is easy to show
that ¢(r;(t))|t — w;| < O(1), where the O(1) term is uniform in both ¢ and i.
This combined with (S.49) leads to

sup p(ri(t))|Ain(t)] = Op(an + by). (S.51)

teR

From (S.49),

Sup @(7in ()| Ain ()| < Oplan + bn) + Oplan + bn) sup @(rin ()| — uil,
teR teR

and the result then follows from (S.47), (S.48)), (S.30) and (S.51)) if we can show

that ¢ (7r;,(t))|t — w;| = O,(1) uniformly in ¢. It is easy to see that

P(rin(O))[t — wil < @(rim(t1)) (] — i) Lgsusy + P(rin(t3)) (W — 15) 1<)
< (rin () (67 — ui) + @(rin(t5)) (us — t5)

< @(0)(t — 13),



Since 04, 1s uniformly upper bounded in the sparse setting and u;, — u; =

O,(a, +by,), we obtain

up p(rin ()]t = ] < p(0)/ (s = )? + 452, = O(1).

teR

Therefore

sup| Fig (t) — Fi(t)] = Op(an + by), (S.52)

teR
so that it then remains to control the term sup,g|Fix (t) — Fix(t)|. For this
purpose, define auxiliary quantities @, = By + B%&€ix, 6in = (BL i Br)"/?
and A, (t) = (t — Qi) /Gin — (t — @in) /Gins t € R. From Lemma[S11|it follows
that iy, — in = Bo— Bo+ (B — Br)" (€ixc — &ix) + (Br — B ) €ixc = O, (),
|Gin — Gin| <162, —62,|/5in = O,(aw,), which is due to (S.43) and since &;,' <
V2(BEBr Amin(Zix))~/2. Also, from (S.45) and using Apin(Zix) > ko a.s.
we have 6, — Gin| < |07, =67, |/Gin <167, — 55,V 2(BEBK Amin (Zix))~1/* =
0p(1) and then |6, — 03| < |Gi, — Gin| + |Gin — 0i] = 0,(1). This along with
the fact that 6;, > ||Bk||2r0/2 > ||Bx ||2k0/4 holds with probability tending to
1 implies 6;,' < 20, with probability tending to 1 as n — oo. Combining this
with A\pin (i) > Ko a.s. then leads to

1 1

= Op(an),

~

Oin 6-m
where the bound is uniform in ¢, and similarly as in (S.49)) we obtain

1 1 1

~

mn mn

R ~ 1
in

[Ain ()] < [t — tin]

~ +|azn_azn| - =

n Oin

< Op(m) + Oyt — - (S.53)




Next

(Tin ()t — Uin|

< p(1)y/ BEEikBr < (1) (BrBK)? (HizK - Yk

:Op(l)a

1/2
+ 1Bl

)

where the O,(1) term is uniform in both ¢ and i. This combined with (S.33)

shows that

~

sup @(1in (1)) Ain ()| = Op(avy,). (S.54)

teR

Setting 7, (t) = (t — Uin)/0in, similar arguments as before lead to

$up @ (Fin ()]t — fin] < @(0)y/ (i — 10)? + 46%, = O, (1),

teR
where the last equality is due to |, — ;| = Op(ay,) and 62, < 5%51{( HZK — Yk

HEiKHopg) = 0,(1). With (S.53) this implies

+
op,2

~

sup @ (7in (t) | Ain(t)] = Op(aun). (5.55)

teR

Setting I, = [min{;,, U, }, max{d;,, @;, }|, then similar arguments as the ones

outlined in (S.47) and (S.48) shows that

sup| Fie (1) — Firc (0] < 9(0) Ain (D)L se,,y + [0(Fin(1)) + 0(ran(t))]|Ain(D)].

teR

This together with sup,p |Am(t)’1{t€fm} < Oplan) + Op(an) |ty — | =
O,(a,), where the latter follows from (S.53)), as well as (S.54) and (S.55) then



leads to

sup| Fig (t) — Figc (t)] = Oplaw). (S.57)

teR

The result in (4.18)) then follows from (S.52), and the triangle inequality.

For the next result in (4.19), similarly as before we first start by showing that
I fix = fixc |2y = Oplan +bn), where f(t) := F/(t) = @((t — @in) /in) /Fin-
Since f;(t) = F!(t) = ¢((t — u;)/0;) /0, we have

<~7m¢ Tin Ui(p 0; L2(R) ~ Oip 7 Tin ? o L2(R)
— ol e ()]
6’m g; v 0; Lz(]R)'
(S.58)

Thus, since [|¢ (;“1> | r2®) = 0(041/2) and |5, — 07| = O,(a, + by), we

)

o ().

Using the relation ¢’(t) = —tp(t) and a Taylor expansion, it follows that

- — Uip U
le(5) (=)
Oin o

where ¢, is between 7,(t) and 7;(t). Hence, from (S.38) and (S.59) it suffices

obtain

1

Oin

1
i

= Op(an + by). (S.59)

L*(R)

2

- / (& (e0)2A2 (1)t = / 2o () A2, (1),

L2 (R)

to show that [, e7¢*(e,)AZ, (t)dt = Oy((an + by)?). Indeed, from the fact that

el < Jran ()] +|ri()], suprer,,

rin(t” = Op(an+bn)’ SuPteIm|Ti(t)| = Op(an+



bn) and So(gt)l{tef 3= @(rin(t)) + o(ri(t)), we have

\

5t Az

— [ 2w+ / 202 (e A2 (1)dt

Iin I¢

mn

< @*(0)0p((an +b,)%) + /I_C [ (rin(t)) + (ra(0)* (rin(t) + ri(t))* A, (t)dt
< Op((an +ba)") + /R[w(nn(t)) +@(ri(®) (rin(t) + (1)) AL (t)dt,

(S.60)
where the first inequality follows from (S.50) and the relation |1, (¢)||7(t)|1{iere y =
Tin(t)7:(t) L isere y. From fRap )|s|Pds < oo, p € N, we obtain the following
facts:

| et OO < 5720,((an + b)),
[ 1080 < 770, (0, +.)°)
’/ 2(rin () rin (O (D) A (t) dt’ < 0;7°0,((an + bn)?),
| [0 A500] < (B Brdmin(Eir ) 0(an + )
/R PO (OAL ()t < (BEBrchwin(Sc) " Opl(an + ba)?),
/ PO, (DAL, (Dt < (BEBicAnin(Bisc)) 20, (an + b)),
| / (ront (DDA, (0] < 0720 ((an+ b))

These facts along with (S:60) imply [, e7¢?(e,) A7, (£)dt < Op((an + bn)°) +
Op((an + bn)?) = Oy((an + b,)?) and

fix — fi = Op(an + by).

L2(R)



Similar arguments imply || fix — fix| 2wy = Op(ay,) and the result in (4.19).
Finally, from condition we have A\pin(Xix) > ko and also o? =
(BEZikBr) > BEBrAmin(Zix) > BLBrro a.s., which implies o; 1 = O(1)
and Apin (Zix)™! = O(1) ass., where the O(1) terms are uniform in i. Since
HEZ-K — EZKHF = O(ay, + b,) a.s. as n — oo, where the O(a,, + b,,) term is

uniform over ¢, and H& K — &K

’ = O,(a, + by), where the O,(a,, + b,) term
2
is also uniform over i, it can be easily checked from the previous arguments that

the rates of convergence in (4.17), (4.18) and (4.19)) are uniform in s. ]

Proof of Theorem|[6] Recall that n;r = By + BL&ix is the K-truncated lin-
ear predictor for the ith subject and 7k := By + BL&i its best prediction.
Also, recall that P,k corresponds to the predictive distribution of 7;x given X;
and T;, and 75, Kk is the corresponding estimate. Writing Y; = 3y + BL&x +
Zk2K+1 Br&ik + €y = Nik + Rik + €y, where Rix = ZkZKH Br&ix, the

estimated Wasserstein discrepancy is given by D,,x = n™! S Wi (dy,, Pik),



where

n! Z W22(AYZ> 7511()
i=1
=n"t Y (Yi—iig)*+n ZB;@EMBK
i=1

=1
n

=n" Z(mx — i) +n" Z ey +nt Z R +2nt Z(mK — ik )€y
=1 i=1 i=1 i=1

+2n7t Z(mK — Mg ) Rire + 2n~* Z Rigeyy +n7! Z B}T(EzKBK

i=1 i=1 i=1
(S.61)

Since n; = mg < Ny, by the central limit theorem,

n” Z(”iK — i) Rik = —BLE <AK‘I’1TK211 Z ¢k(T1)/\k5k) +0,(n71?),
=1

kE>K+1

and

‘IZRzK = > B+ O, (S.62)

k>K+1

Combining this with n=! >"" | (75 — ik )? = Op(a2), as shown in the proof of
Lemma[S13]

nt Z(nm —fig ) Rixe = n~ ! Z(Thk — flig ) Rige + 7! Z(ﬁz‘K — ik ) Rix

=1 i1 i1
= —BLE (AK‘I’ ! Z or(T1) /\kﬁk) + Op(an).
k>KA1

(S.63)

Next

n n

nt Z ik — nzK Gy =1 ! Z ik — 77¢K €y +n Z K — ThK)EzY
i=1 i=1 i=1

= 0,(n"Y?) + O,(an) = O,(an), (S.64)



where the last equality follows from Lemma and since n=' > (i —

flix )eiy = Op(n~1/%), which is due to the Central Limit Theorem. Similarly,

from Lemma [ST4] we have
0 (i — k) = BRE(B1x) B + Op(n™7?), (S.65)
=1
and

n Yy (i — fig)? —nt Z(UZK —fig) =n"" Z(ﬁm — fig )
i1 i—1 i=1

+207 Y (ke — i) (e — i = Oplawn), (S.66)

i=1
where the last equality follows from the fact that n=' > " | (ix — Tix)? =
O,(a2), (S:63) and the Cauchy—Schwarz inequality. Combining and
leads to

n

n™Y ik — fix)? = BRE(S1x)Bx + Oplawn). (S.67)

i=1

We further note that

1BE 3k Bk — BEZ ik B
= |BE(Zik — Zik)Br + (B — Br) ik Br + BLZik (Br — Br )|

< Bk 31%ix — ik llopz + 118k — Br 2l Zik lop2 (|| Bk |2 + Bk ||2)-

From the proof of Theorem we have HZJz K — 21 K

’ = O(a, + b,) as. as
F

n — oo, where the O(a, + b,) term is uniform in ¢. Since | X;x||r = O(1)



uniformly over 7,

n

‘ S (BESikBr — BLZikBr) ‘ < _12|ﬂK ixBr — BBk Br|

=1

< 18k = Bxll2(|Bxll2 + Bk l2) ™" ZHEzKHF

+ 18kl D 1% — Skl

=1
< HBK - 5KH2(HBKH2 + 1|8k l2)O(1)

+ 1B [I30(an +by)  as.,

as n — 0o. From Lemma , we have ||Bx — Bkll2 = O,(a,), which com-

bined with ||Bx |2 < 1Bk — Bxll2 + ||Bk]l2 = Op(1) leads to
Y BEZikBr —nT'Y BESiBr = Oylan).
i=1 i=1
This along with an application of the Central Limit Theorem shows that

n~' Y BBk = BLE(S1k)Bk + Oplan). (S.68)

Finally, itis easy to show that n ™1 Y"1 | Riesy = O,(n~Y2)andn=t 30 €4, =
0240, (n~1/%), applying the CLT. Combining with (S.62)), (S.63), (5.64). (S.67),
and (S.68),

Dyox = 285 E(Z1k)Bk + 0% + Z Bi\r — 2BLE (AK‘I)lTKzll Z ¢k(T1))\kﬁk>

E>K+1 k>K+1

+ Op(an)v

implying the first result in (4.20). Similar arguments show that the Wasserstein



distance using true population quantities D,, i is such that

nl(—nilzyv2 AY7

=n"' Z(Y NiK) 4nt ZBK ik BK
=1

=Dg + Op(nilﬂ)
where

Y

Di = 285 E(Z1k)Bk + 0% + Z Bk

E>K+1
—2BLE (AK@?KEH > Gu(T)\eb

(T4) ) :
k>K+1
Since Y = py + [ B(t)U(t
u(t), we have E(Y?)

p5+05+E((8,U)72), where (
product. From ((X4)|it follows that E((5,U)7.)

= X(t) —
-2 is the L*(T) inner
JUY2,) = Z;’il /BJZA]‘ as the FPCs are
independent in the Gaussian case. Then
-

= Var(Y) + O,(n"?)
i=1

(t) + ey, where py = E(Y') and U(t)
2

J=1

oy + Y N+ Op(n?)

(S.69)
proof of Lemma [ST0| this leads to

M

‘ ~ 29

Also, |8;] < ||Barllz2 and |B;] < ||| 2. With perturbation results as used in the
A 6 - Amﬁ2

m=1

<|

i

M

gz m = Aml 157, — WHZM—AW+ZAW — B3
m=1

IE = Ellop(I1Barllz2 + 181122) Y15

) M
5m| + HE - EHOP Z ﬁfn
m= m=1

A M A

(Bsallze + 18122) S AlBn — Bl

(S.70)



From the proof of Lemma and since z;’il Aj < 0o, we have
M
> Xl B = Bl
m=1
M M
<V Bllr S Ml — bl + 130s — Bl (z Am)
m=1

m=1

M
1802 D Anlldm — bl 2

m=1
[e%e) R A R M )\m
< (Z Aj> 18x = Bllrz + 22|12 — Ellop (IlﬁM — Bllz2 + ||B||L2> (Z 5_> as.
j=1 m=1 "
< Op(an) +0,(1)O(cf) = Op(aw), (S.71)

where the last inequality follows from Lemma [ST5|and Lemma [ST1] Similarly

M A

> 1B = Bl

m=1 A A y 1 A

< 2v2Z = Zlop (1Bas = Bllzz + 181122 (Z 5—) + 18w = Bllie M as.
m=1 "

< 0(e)O(e™) (18 = Bllzz +118l1z2) + 13w = Bl O(e™) as,

< Op(ch) + Op(ch ay), (S.72)

where the second and third inequalities follow from Lemma and using that
SSM 51 = O(c™Y), which was shown in the proof of Lemma [S10} along

with the fact that M = O(c?~"), which is due to the condition 32 ﬁ =

O(c? 1) and 0 < 6,, < A\, < A\;. Combining (S.70), (S.71)) and leads to

M M
’ S -3 Amﬁ,‘i‘ = 0,(a).
m=1 m=1



This implies

M 00

B = D A S Oplan) + YD A
1 m

and the result in (4.21)) follows from (S.69). O

Proof of Theorem[7] Note that

K
€5 = &ll3 =D (g =X — pt) — &)

k=1

K K
S (@S X = )2+ > (WY — ) — &)
k

Il
—
B
Il
—

+ ( ZTW*E*)Q.

[~

b
Il

1

Similar to the proof of Theorem 3] we have
=1
K
E (Z(qs;;TW*(Y* - ) - §z>2> =0(m™?).

Also

and



Therefore

B (1€ - €xl3) = Om* ). (3.73)

Recall that Pj; LN (Bo+BLEL, BL X% Bk ). By construction of the 2-Wasserstein

distance,

W3 (P, Agyipre:) = (B (€5 — &i0))* + BLZ5cBx
< 1Bk 13115 = &5 l13 + 18|13 Z llop.2

— Op(m*_l),

where the last equality is due to (S.73) and using that || X% ||op2 = O,(m* 1),
which follows analogously as in the proof of Theorem 2l This shows the first

result. Next,

W3 (Pic, Agpssres) = BicZicBr + (Bo + Bic€ic — Bo — Biéi)’
S 1BklBIZ% = Sicllops + 18131 Zikllop.2 + (5o — Fo)?
+ 1B l311€5 — €53 + 18k — Brl1311€5 113

=0, (m*(a, +b,)> +m* " +a, +b,+71), (S5.74)

where the last equality is due to Theorem |I}, Theorem [2| the fact that ||&}; || =
Op(1),

Yicllope = Op(m*~1), and using Lemma [S11] with & = n~'/3. The

second result follows. L]

In the following, we say that a process X is explained by its first K principal

components if X (£) = pu(t) + .1, &¢x(t) and thus is of finite dimension K.



Lemma S1. Suppose that the process X is finite dimensional and explained by
its first K = 2 principal components. If ¢1 and ¢, are bijective and differentiable

in a finite partition of T, then X; i has a positive eigengap almost surely.

Proof of Lemma Recalling that 32,0 = Ax — AKQ?KﬁjléiKAK and since
K = 2, it follows that the characteristic polynomial of 3 is given by p(\) =
A2 — tr(X;x)A + det(X;), and thus the eigengap is equal to /A, where A,

is the discriminant of the quadratic polynomial p. It is easy to show that
Ap = (M = Ao+ X303 iz — Non B din)” + ANIAS (07, 357 di2)”,

so that it suffices to check that ¢J; 3. !¢,y is not identically zero almost surely.
Let B = 02I,,, + A\ ¢ ¢k, where I,,. denotes the n; x n; identity matrix, and
denote by ||-||2 the Euclidean norm in R™. By the Sherman-Morrison formula,
it follows that B™! = o2 <]m. — %) , and a second application of the

formula leads to

-1 _ B_l)\2¢i2¢@g3_l

Bl =B L+ Xogi, B~ din
Thus
3 i = 0B 0z ,
e 1+ )\2@7;3_1@2
where ¢}, B¢ = % and ¢L, B~ > 0 a.s. since the eigenvalues of

B are bounded below by 2. The conclusion then follows if we can show that
Phdiz # 0 almost surely. Note that ¢y iz = > ¢1(T35)¢2(T;) and the T
are i.i.d. with a continuous distribution supported on 7. Thus, the distribution

of ¢} ¢ corresponds to the n-fold convolution of the continuous distribution



associated with ¢, (7T;1)p2(7;1), which is a continuous probability measure, and

hence ¢}, ¢ # 0 holds almost surely. 0

Lemma S2. Let T, ..., T,, be i.i.d. with density function f(t), t € T = [0,1]
and let T(yy, . .., T(;m) be the order statistics. Let w; := T —T;—1), [ = 1,...,m,
where Tg) := 0, be the spacing between the order statistics. Suppose that there
exists ¢o > 0 such that f(t) > co for allt € T. Then, for any integer p > 1 it

holds that,

and

E[(l — T(m))p] = O(m*p).

Proof of Lemma|[S2] One can replace 7; with i.i.d. copies Q(U;), | = 1,...,m,
where the U, % U (0,1) and @ is the quantile function corresponding to f. Since
[ is strictly positive, then Tj;y = Q(Uy), I = 1, ..., m. From a Taylor expansion

of Q(+), we have
E(w)) = E[Q (m)(Uy — Uu—n))l < cg"E[Un — Ug-)l”,

where 7; is between U(;_y) and Uj;), and the last inequality follows from the fact
that Q'(t) = 1/f(Q(t)) < ¢y'. The first result follows since Uy — U1y ~
Beta(1, m) which implies E[U;) — Uqg_1y]? = O(m™P). Similarly, by expanding
QU ) around Q(1) = 1 and since it can be verified that E[(1 — U,,,)?] =

mlp!/(m + p)! = O(m™P), the second result follows. O

The next two lemmas are for establishing Theorem |1|and Theorem



Lemma S3. Suppose that assumptions (X2)| (X4), [(BI) and [(AIJH(AS) are sat-

isfied. Consider either a sparse design setting when n; < Ny < 00 or a dense

design when n; = m — oo, i = 1,...,n. Set a, = a,, and b, = by, for the
sparse case, and a,, = a,5 and b,, = b5 for the dense case. For a new indepen-
dent subject i*, suppose that m* = m*(n) — oo is such that m*(a,, +0b,) = o(1)

asn — oo. If K = K (n) satisfies (a, + b,) S0, \g ' = o(1) as n — oo, then
€5 — €icllz = Op(2),
where

R: = m*(an + by,) 262)\ +m*12)\2

+m*?(a, + by,) Z/\ +m*(a, +b,) 25 2/\ 2,
Proof of Lemma Similarly as in the proof of Theorem [I} write
éf = /T D(T*, t)op(t)dt — "W (S.75)
From Theorem 5.2 in Zhang and Wang| (2016)), we have
IT = T|eo = O(ay, +b,) as., (S.76)
as n — oo, which implies
IZ = Zlop = Olan +b,) as., (S.77)

as n — oo. This combined with perturbation results (Bosq, 2000) show that for

any k > 1,

1 — dullze < 2V207Y|1E = Ellop = O((an + 0,)67Y)  as.,  (S.78)



and
M — M| < E=Zlop = Olan +b,)  as., (S.79)

as n — oo. Similar to the proof of Theorem 2 in|Dai et al. (2018) and employing

Theorem 5.1 and 5.2 in Zhang and Wang| (2016), it holds that

857 = 5o S (6% = 02 + [0 = Tll) = O(m (0, + b)) s,

(S.80)

asn — oo. Also note that for 1 < k < K,

m* 1/2
IW*oilla =0 [ A (Z w:fz) : (S.81)
r=1

Similar arguments as in the proof of Theorem 2 in|Yao et al. (2005) along with

perturbation results (Bosg, 2000), (S.76])), and (S5.78)) show that

sup Ak (t) = M (8)] < T = Tlloo + [T lloolldr — dell.2
S

=0 ((an +b,)(1+6.")  as., (S.82)

as n — oo. By the Cauchy—Schwarz inequality and employing the orthonormal-

ityofthquk,
o] =| [ fesia] < ([ Peos) <l s
T T

Since for large enough n we have

K K
AEIE = Ellop < ZA,;luz —Zlop =0 ((an +by,) ZA;) =o(1) as.,
k=1

k=1



where the first equality is due to (S.77)) and the last is due to the condition (a,, +

by vk = o(1) as n — oo, we have |2 — Ellop < Ak/2 < Ag/2 ass. for large

enough n. In view of (S.79)), it follows that forany 1 < k < K,
Ak — el S Ae/2 as,

as n — oo. Combining with (S.83) and (S.76)) leads to

19klloe < AT loo < 20 (T = Tlloe + [Tllo) = 0N as,
for large enough n. This along with (S.79), (S.82), and (S.84) implies

Sup 161:(t) — S0 < (| DrllooNe 1Ak = Al + A APk — Motk oo
(S

=0 ((an + b)) N+ A+ A 10.))  as,,

as n — oo. Thus, using that §;, < A\, we obtain

(S.84)

(S.85)

(S.86)

1/2
IW* (¢} — #)lla = O (Zw ) A an +b)(1+61) | as,

(S.87)
asn — co. Let ¢F = ¢ (T*) and ¢} = ¢y (T*). From (S.73)), note that
leill < || [ PO )outs)ds = DT TTIW G+ 10°W G
where
16° Wil < (16% — 0°| + )| xlI2 fjw*z S A iwz@ 5., (S.88)
— =1



for large enough 7 and the last upper bound depends on £ only through )\,;2. Here
the last inequality uses that ||¢y]lc = O(A\;!) a.s. and |62 — 02| = O(ay + by)
a.s. as n — oo. Observe

/ [(T*, s)dp(s)ds — D(T*, T YW* gt = /
-

T

T(T*, s)dp(s)ds — / I'(T*, s)¢r(s)ds

.

+ / [(T*, s)¢r(s)ds — T(T*, T YW* o}
T

+ (T, T )W ;. — I(T*, T )W* b,

(S.89)

Hence, it suffices to control each of the differences in (S.89). First,
/ P(T*, 8)du(s) — T(T*, 5)éx(s)ds
T
= [R5 = DT pints)ds + [ DIT9)duls) = on(s))ds.
-

-
where, for j = 1,...,m", and by using the orthonormality of the ngSk
R R 1/2
/(F(Tj*7 s) — F(T;‘7 s))ok(s)ds| < </ (F(T;, s) — F(Tj*, 3))2d8)
T T

=O0(a, +b,) as.,

and

< 0ol — llz2 = O ((an +b,)8; ")  as.,

/ D(TS, )(dels) — du(s))ds
i

where we use that [7] = 1 and I'(s, ) is continuous over the compact set 7 2.

Thus

/T P(T*, $)x(s) — D(T*, )64 (s)ds

=0 <W(an +0,)(1+ 5,;1)> a.s.,

2

(5.90)



as n — oo, and the bound depends on k only through 5,;1. Second, from the
Riemann sum approximation in (S.4) and noting that the application g,(t) =
D(T7,t)on(t) satisfies || gjllc = O(A ') and 195 ]lc = O(A bym where

the O(\;') terms are uniform in j and depend on k only through A;*, we have

' [ @ s - r T wee;
(Z w4+ (1= TU)2 4 (1 - T(m*’)) ,
=1
where T("") := max;_; .+ T} and the upper bound is uniform in j and de-

pends on k only through A, '. Thus

/ [(T*, s)¢r(s)ds — T'(T*, T*)W*o;
T 2

=0 (WA; (Z w? + (1 —T™))? 4 (1 - TW)))) . (891
=1

Third, observe

+ (T, T (W* e, — W*éi).
(8.92)

Note that

| ) - P T W

< ey~ )| iweeil,

e 1/2
-1 (Z wl*2> HF<T*7 T*T) . f(T*, T*T)
=1

)
op,2



where the last equality follows similarly as in (S.7) and using that ||¢x |l =

O(\. ). Since [Allop2 < [IAll -, where || Al denotes the Frobenius norm of a

squared matrix A, and
~ 2 ~
HP(T*, ) - P(T*, T*T)H < m*2 sup |D(s,1) — D(s, )2 = O(m*™(an + bn)?)  as.,
F s,teT

as n — 0o, it follows that

| T — P Ty weer |

1/2
<A 'm*(an +by) (Zw ) a.s.,
(5.93)

as n — o0o. Also,

|ber Ty W - W) |

W (¢, = b1,

op,2

_ (Hf(T*,T*T) (T, |+ }|F(T*,T*T)Hop,2) ‘

1/2
< (m*(an + bn) +m)N (@, + b)) (1 + 0, (Zw ) a.s.

1/2
SmA (a4 b,)(1+ 6" (Zw ) a.s.,

as n — 0o, where the first inequality follows from and the last inequality

uses the condition m*(a,, + b,) = o(1) as n — oo. This along with (5.92) and

(S5.93) implies

|rer W - Do W |

1/2
SmA (@, +b,) (1 + 6, (Zw > :

(S.94)



almost surely as n — oo, where the bound depends on k only through )\,;1 and

5,;1. Combining (S.89), (S.90), (S.91), and (S.94)) leads to

< vm*(a, +b,) (1 + (5,;1)
+w%ﬂ?<Xﬁﬁ+u—ﬂWW+u—TW”>
l_

ﬁ_( Ddi(t)dt — T(T T T YW

2

1/2
+ AL (@ + by) (1 + 6, <Zw ) a.s., (S.95)

as n — oo. This along with (S.88]) implies

€511z < Vm*(an + b,)(1+ 6.1 + Vmea ! (Zw *>)+(1—T<m*>>>

1/2 . 1/2
+m* A (an + by) (146, " <Zw ) + A0 (Zw;@) a.s.,
=1
(5.96)

as n — oo, where the bound depends on k£ only through )\,;1 and 5,;1. De-

fine auxiliary quantities Z«, x = > [€ T3 HX* — @))% Zie i =

S [T SN XS = ), ek = Yo [T S (et — f1%)]?, and ob-

se€rve

Zm nKNZm nK_’_Nm K- (897)

By independence of the new subject’s observations from the estimated popula-



tion quantities, we have
B Zue kT T, 00,8, i1) S B | Zue ot T, 1 616, 1] 4 i i
K
~ kT vk—1 *—1 A
Z SIS TS 4 ek A5, (S.98)
and for large enough n

K
‘ § ézTE*flz*E*fléz
k=1

Mw

S‘ [A*T(E* 1 E*_I)E*(f]* 1 — 1)é2+2A*T(E* 1 e 1)é}2—|— *TE* 1A ]

1

MW

A (12 * Ak |2 ~x (]2
< D _m(an + 00)? €G]l + m(an + bo) €55 + 1€3ll)  as.

e
Il

1

< (14 m™(a, + by) Zuyﬂuz a.s.

() o ()

. X« .
+ m*2(ay, + by) (ZA% )Zw72+<2)\k2>2w J(1 4+ m*(an + bn)?)
=1

M=

2
w? + (1 —T™))? 4 (1 - T<m*>)>

=1 k=1

= (1+m"(an + b,)?)

Op( (an + by) (Za) (i/\,f)er (an + by) (Zﬂ(s ))

= (1 +m*(an + b,)*)O ( (i)\2>+m (an + by) (ZA% ))

k=1

= 0,(R)), (5.99)

where the second inequality is due to ||3*~1 — %71, 0 = O(m*(ay + by)) as.

asn — 00, |Z* Hopa < 072, [|E*|lop2 = O(m*), and the fourth inequality



follows from (S.96)). This shows that

K
D oelEIm s ey = O,(Ry).
k=1

Thus, for any € > 0 there exists Ny = Ny(e) > 1 and My = My(e) > 0 such

that for all n > N

P(R* I‘ZAZTE* 12 E* 1

k=1

> Mo) (S.100)
Let M > 0 and define
e i = P (R;;*Zm*,nﬂ > M|T*, T, éy. 6,,&) .

Choosing M = M(e) = My/e and using that u,,~, x < 1 along with the

relation
K

AxTxvx—1 gresk—1 Ax
E e, XYY ey,
k=1

1
<
K~ R;M

Um*
which follows analogously as in (S.98), leads to

P <R:_1Zm*,n,K > M) = E(um*,n,Kl{um*,nnge} + um*,n,Kl{um*,n7K>e})
S €+ P(um*,n,K > 6)

< 2¢

Y

where the last inequality follows from (S.100). Therefore

Zm* 7”7K = OP(R:L) N

Also, for large enough n and using (S.96)) along with || * — p*||3 = O(m*(a,, +

b,)?) a.s., we obtain

o ie S M (g + y) Z I Ak”% a.s.,



which in view of the third inequality in (S.99) and the condition m*(a,, + b,) =
o(1) as n — oo is of slower order compared to the rate O,(R;). These along

with (S.97) leads to
Zm* i = Op(RY). (S.101)
Then a conditioning argument leads to
Bl(ey’ = (X" — p"))?] = B(B[(ef =71 (X" — u"))*|T7))
= E(Var[e;’ (X" — p")|T"])
- B(e"="e})
<o ?E(|le;]3)
5 m*fl)\lza

where the last inequality holds for large enough n and follows analogously as in

(S:21). This implies

k=1 k=1
Hence
K K
Z(QZTE*_l(X* N /1/*))2 _ Op (m*—l Z/\kQ) . (S.102)
k=1 k=1
Forany k =1,..., K, observe
& — &

= ézTg*—l(X* — ﬂ*) + (ﬁsz*(X* _ ﬂ*) _ eZTE*_l(X* _ “*> _ ¢}ZTW*(X* N H*)~
(S.103)



From (S.81), (S.87). and using that | X* — p*|3 = Oy(m*) and || — p*|13 =
O,(m*(ay, + b,)?), we obtain

(" W*(X* = ") — & W (X" — u"))?]

[~

=~
Il

AT
]~

(W™ (0 — @)X — &rll5 + W i3I A" — p73]

=
Il

1

0, ( an + by) Z)\ 25, ) (S.104)
Combining (S.101)), (S.102)), (S.103)), and (S.104)) leads to

K

1€5 = &xll5 =D [ — &)%) = Ou(Ry),

k=1

which shows the result. ]

Lemma S4. Suppose that assumptions|[(X2)| (X4)| (BI) and[(AI)H(A8) are satis-

fied. Consider either a sparse design setting when n; < Ny < oo or a dense de-

sign whenn; = m — oo, 1 =1,...,n. Set a,, = a,, and b,, = b, for the sparse
case, and a,, = a,3 and b,, = b, for the dense case. Let v = Zszl /\,:1/ 25,;1.
For a new independent subject i*, suppose that m* = m*(n) — oo is such that
m*(a, + b,) = o(1) and K = K(n) satisfies (a,, + b,)vg = o(1) as n — oc.
Then

trace(f]}—E}):Op< (an + Dy) Zﬂa + (an + by) ZA%)

Proof of Lemma|[S4} In effect, for j = 1,..., K, the (j, j)-element of ﬁ)}} — 3%



is given by

[2* EK] _ A*TE* le* +é*Tw*¢ + QZ’)*TW*A* + q&;TW*g*W*QZ);
o (e;Tz*fle; _|_e;<TW*¢;< + ql);kTW*e;k + (ﬁ;TW*E*W*d);),
(S.105)
where é} is defined as in (S.75). Note that the conditions of Lemma hold

since (a, + b,)vk = o(1) which is due to vx < wvg and §; < A, where

v = Zle A ' Observing forany k= 1,..., K,

K K
1 25k Z A"V2g 1)\1/2 < )\1/2Z>\—1/25k1,
k=1 k=1 k=1

along with the condition vk (a, + b,) = o(1) as n — oo leads to

K
0 Han + ba) < N (a0 +0,) YN0 = 0(D),

k=1

as n — 0o, where the bound is uniform in k. This along with (S.81)) and

imply

* 1/2
IW*ills < [W*(¢; — di)ll2 + [W*oilla = O | A" (Zwi«”) as.,

(S.1006)

as n — 0o, where the bound depends on & only through A, '. Also, using

and since m*(a, + b,) = o(1) and |6* — ¢?| = O(a, + b,) as n — oo, which

follows from Proposition 1 in Dai et al.| (2018)), we obtain

132 lop.2 < 6% + |T(T*, T lop.2 < 6% + m*||T]|oc = O(m*) as., (S.107)



as n — oo. This along with (S.87)), (S.106), and (S.107) leads to
(9] — &7) WS W3] < [|[W*(8] — ¢) oIS W i 2
< W (@5 = )2l =" lop 2l W* 5 l2
- <<Z w:2> m*(a, + bn))\j_Q(l + 5;1)> a.s.,
(S.108)

as n — 0o, where the bound depends on j only through )\;1 and 5;1. Using the
fact that ||3* — 3*||op.2 = O(m(ay + b,)) a.s. as n — oo along with and
(S.106), we obtain

=Wt — S W% [s < |3 = 5|op o [W7 12 + |27 lop2 | W* (& — 5)l2
m* 1/2
=0 | m*(ay + by)A; ! (Z w;f2> 1+ | as,
r=1

(S.109)

as n — oo, where the bound depends on j only through A; " and d; '. Thus
67T W (ETW ] — W ))| < |W7 x| Z7W* ) — ZTW ]

=0 (m*(an + bn))\j_2 ( w;‘2> (1+ 5]-_1)) a.s.,
r=1

(S.110)

as n — oo, where the bound depends on j only through >\j’2 and (5].’1. This



combined with (S.108)) leads to

:0( (an + by) (Zw) (146" ) a.s., (S.111)

as n — oo, where the bound depends on j only through )\;2 and (5]1. Write

Ak =e;—e;, k=1,..., K, and observe
N7 — Nioille < m™ 2| Nids — Njdillee = O (M™% (ay + ba)(1+6771))  as,

as n — oo, where the last equality is due to (5.82) and the bound depends on j

only through & . This along with (S.T09) leads to

1850 = || [ B0 )i (0) =TT )0y o)s + 2W g5~ S W5

<A@ — Ndlle + [|ZWH T — W,

e 1/2
=0 | m™(ay +b,) 1+ 61 [ 1+m™2A? (Z w;‘2> as.,
r=1
(S.112)

as n — oo, where the bound depends on j only through )\j_l and (5;1. Using that
m*(a, + by,) = o(1) along with || Z*~1 — 3* 1| ,0 = O(m*(a, + b,)) as. as

n — 00, observe

]

6756 — e er] = O (A3 + 1A lalles s +m (an + b)) as.,

(S.113)



as n — 0o, where the bound depends on j only through ||A;||, and |e][2. Also,

€W d; — e W] < Ao W*5llz + [l o[ W* (5 — &)z
(S.114)

For large enough n and in view of (S.111), (S.112), and using that the bound

(S.20) holds analogously for ||€}||, and the time points T*, we obtain

K K
D [@WIEW G — ¢ "WIETW ] = O, ((an +b) Y A,ﬁ(skl) ,
k=1

j=1

(S.115)
and
K K
> 1A l2les 2] ((an+bn)ZA;2<§;1> , (S.116)
Jj=1 j=1
and
K ~
Z[IIAJ-H%]:Op( (an +bn) ZA °57 ) (S.117)
j=1

Since E([le;[|3) < m*'A;?, which follows analogously as in (S:21), we also

have

K K
> lesllz =0, <m*1 > Aﬂ) . (S.118)
i=1 i=1
From (S.106) and (S.112)), we obtain

K

K
> 11412 W* s 2] = ((an + bn) ZA;26;1) , (S.119)
j=1

j=1
and using (S.87) we also have

K

> Ml W (é; — ¢7)2] = O (an+b - 12)\ 257 ) (S.120)

j=1



Combining (S.113)), (S.116), (S.117), and (S.118) implies

K
Z‘éjTE*fléj - e;TE*fleﬂf’

J

K
S D UAE + 1A llleflla + m* (an + by)l€5113]
j=1

K K
— 0, (m*(an +H02)2 ) A6 (an +ba) Y A].—Zaj—l) ,(S.121)
j=1

J=1

while combining (S.114)), (S.119)), and (S.120) leads to
K K
> e W — e]"Wrgt| = O, <(an b)Y Aj25j1> . (5.122)
j=1 j=1
Combining (S.103)), (S.113)), (S.121)), and (S.122) leads to

|trace(3% — X3, )|

K

Z 2klisl Op< (an + by) ZA% + (an + by) Z)\25 )
and the result follows. O]

For the following, recall that w; = (3, m) " vy = M5t and
C(t) = E((X(t) — u(t)Y) = [ B(s)L'(t,s)ds, t € T.

Lemma S5. Suppose that[(X4), (BI){(B4)| [(AT)H(AS) hold and consider a sparse

design with n; < Ny < oo, setting a,, = a,1 and b, = b,,. Then

1YY ik — ExllE = Op((an + ba)?), (S.123)
=1

and

n Y [€ixll3 = 0,(1). (S.124)
=1



Proof of Lemma[S3] First note that || — ju||sc = O(a,) as. and ||T = T'|jo =
O(ay, + by) a.s., which are due to Theorem 5.1 and 5.2 in Zhang and Wang
(2016). From arguments in the proof of Theorem 2 in Dai et al. (2018)) and
noting that the constant ¢ that appears in Lemma A.3 in|Facer and Miiller (2003)

can be taken as a universal constant ¢ = 2,

1€ — &ixcll3 < O(an + b)) 1Xs = faall + O(ay) + Olan(an + b)) Xi = il as.,
(S.125)

where the O((a,, + b,)?), O(a?) and O(a,(a, + b,)) terms are uniform in 1.
Let U, = (Xi(Ty),...,Xi(Tin,))" be the true but unobserved values of the
trajectory for the ith subject at the time points T, so that by construction X; =

Ui -+ €;. Then
nS UK = gl =0 U+ € — 2
i=1 i=1
<07 YU = pille 0 Y Nl + 0t b — e,
i=1 i=1 i=1

(S.126)

where n=! 3" [|pi — fui]]2 = O(ay,) almost surely. Since n; < Nj in the sparse

case, it is easy to show that n=' > ||€|l2 = O,(1) and by Jensen’s inequality

n n n; 1/2
E (n_l >_lIUi- uZ-IIz) <n') (Z E(Xi(Ty) — ”(Tij)y)
n n; 1/2
=n"! ‘ (Z E(F(%,%))) < (Il No)'/2 = 0(1),

where the first equality follow by conditioning on 7};. This shows thatn=* " || U;—



pill2 = O,(1). Combining with (S.126)) leads to
n Y X = il = O,(1). (S.127)
i=1
By the triangle inequality

X = fuills < 11U = pill3 + el + i — £l

+2[[U; — il €6ll2 + 20U = pill2llpei — frill2 + 2l €:la][ e — frill2,

where ||p; — f1illa < v/Nosup,er(u(t) — f(t))?> = O(a,) as. and uniformly
over ¢. This along with the independence of €; and U, conditionally on T);, and
using similar arguments as before, leads to E||X; — f1;]|3 = O(1) uniformly over

7. Thus
n Y X = a3 = 0,(1). (S.128)
=1

Combining (S.123)), and (S.128) leads to the first result in (S.123)). Note

that

4

B(&ix€i)” < B(|Ax®i 2|,

E(IX; = pill,|T:)) < O(1),

where the O(1) term is uniform in ¢ and the last inequality follows from || A k||

K
ME, [ ®ixllops < Nodojmi 653

O(1) uniformly over ¢, where the latter is a consequence of the Gaussian pro-

op,2 S

- - 4
%, 1”op,z <072, E(HXl - Nz‘HQ ‘Tz) <

cess assumption on X;(-) and ||I]|c < oo. Thus, E(||€ix|3) = O(1) uni-
formly in 7 which implies E(n~" 3" ||€&x|3) = O(1) and the second result in
(S.124)). 0



Lemma S6. Suppose that|(X4)| [(BIJ{(B4), [(B2)A(B3)| [[AT)H(A8) hold and con-

sider a sparse design with n; < Ny < oo, setting a, = a,, and b, = b,,. Let

Zi(t) == X wi K (Tyy — 1) (%) (U,;Y; — C(t)), where Uy; = X (T};) —

w(T;;) and r = 0,1. Then
E[Z}(t)] = O((n*h)™"),
where the O((n*h)™") term is uniform in i and t.

Proof of Lemma[S6] Observe

- FE (Zw2Kh (T;; — t) (T - t)% (Us;Y; —O(t))Q)
(ZZwQKhT — ) Ky(Ty — t)
J=1 l#j

(Tijh_ t)r (Tﬂh_ t)r (U5Y; — C(t)(UnY; — C(t))>

and note that for any ¢,y € T, with uy = E(Y),

E(UR)U(8)Y?) = B(U-)U (1) [y + / B(s)U (s)ds + ey ])
— (2 4 o) (1 1) + 2 /T 1y B() E(U (1)U (t2)U (s))ds

+ /T /r B(s1)B(52) E(U (00U (t2)U (1)U (52))dss s

where the O(1) term is uniform over ¢, and t,, which follows from ||I'||.c <

oo and U(t) ~ N(0,I'(¢,t)), owing to [(X4). This implies that E((U;;Y; —



C(t))?|T;;) is uniformly bounded above, and by a conditioning argument it fol-

B (Z ati(r, -0 (Z70) - c<t>>2)

(ZwQKQ (T3; — t) <$>2>

= O((n*h)™),

lows that

where the last equality is due to w; < n~'. Let Rign(t) = wKu(Tiy —

t) (T“Z_t> q = j,l. Since E((U;Y; — C())(UnY: — C(1))|T;, Ta) = O(1)

uniformly in ¢ and ¢, similar arguments as before show that

(Z Z R'L]rh zlrh )(UUY; - C(t))(UzlY; — C(t)))

J=1 I#j

0SS B[Ry ()] E[Raes (1)

=1 1]

= O(n_2),
whence the result follows. O]

Lemma S7. Suppose that|(X4), (BIH(B4)| [(B2)A(B3)| [[ATJH(AS)| hold and con-

sider a sparse design with n; < Ny < oo, setting a,, = a,; and b, = b,,. For

r = 0,1 we have

n Ny I—IL . r
DIPIIATED ( ]h ) €i;Yill2 = Op((nh)™'%),  (8.129)

i=1 j=1

and

||§n: iwiKh(Tij _) (Tw'h_ ) (UiYi = CO))lle> = Oy ((% + h2)1/2>

i=1 j=1

(S.130)



where Uy; = X (T3;) — p(Ty).

Proof of Lemma[S7] Define Z;(t) := E}il w; Ky (T — 1) <T”}'L_t) €;Y;. Note

that the Z; are independent and by independence of the ¢;; along with a condi-
tioning argument, £(Z;(t)) = 0 and

n

BN ZI) = Y [ B0,

E(ZX(t) = E (i 3 wKn(T;j — 1) (Ti‘h_ t)re"th(T” ) (Tilh_ t)r '

Lz 7—; —¢ 2r
j=1

= B()o* Y B (w?Kﬁmj -0 () ) = O((nh)™),

where the O(h™') is uniform in ¢ and ¢. Thus E(||>"1, Z||3.) = O((nh)™!)
and the first result in (S.129) follows. Defining Z;(t) = > wil(Tiy —
t) (?)T (U;;Y; — C(t)), we have

B ZIg) = Y [ Bzl + Y | Bz@)E@0)

i=1 k#i
(S.131)

)



By a conditioning argument, it follows that

26 = ZwE (Khmj -0 (B2 ) - can) |

< sz/ @O+ uh) — OOt + uh)du

(1-1)/h
<sz swp (O et [
t

56[—

<0 (n_lh) ,

where the O (n~'h) is uniform in ¢ and ¢. This implies [} 1", >, . [+ E(Z;(t)E(Zy(1)| =
O(h?). Combining with (S.I3T) and Lemma|[S6] the second result in (S.130) fol-

lows. O

Lemma S8. Suppose that[(X4), [(BI)N(B4), [(ATJH(AS) hold and consider a sparse

design with n; < Ny < oo, setting a, = a1 and b, = b,,. Forr =0,1,

1503wy -0 (Z50) () = ()il = Oyfan)

i=1 j=1

Proof of Lemma|[S8} Setting Z; := > 7" | w; Ky(Tj;—t) ( ”f;t> (u(Tij)—(T35))Yis

note that

E(HiZA@g) /ZEZ2 dt+/ZZE () Z(1)]. (S.132)
=1

i=1 k#i



Since | Zi(t)] < |t — tlloo S0, wiEu (T — 1) (‘Th——t') 1Y;], it follows that

BZ}(1)]
= E[Hﬂ — #lls iiw?Yth(sz — 1)K (Ty —t) <mh_ t|)r (|Tilh— t|>r]

j=1 1=1

< 0){ S ut BV E KT, (Th_ t)%}

+ izwmww[m(% — ) (mj{ t|>T}E[Kh<Tfl - (mlh_ ”)T]}

=1 1

< 0(a2)[0(n~*h™") + O(n™?)]

= O(a2n?h™ 1), (S.133)

where the first inequality follows from Theorem 5.1 in Zhang and Wang| (2016))

and the term O(a?n"?h ') is uniform in 7 and ¢. Similarly, for k # i and setting

hgar (t) == (@)r, q=1,kand d = j,1, we have

E(|2:(t)Z(@)])

ng Nk

< E[E; lzl wi B (Tiy = #)hae (8) | (Ti5) — (T35)

Yo K (T = O (1) (Toa) = (L) Y
< O(@) z z Wit ELKA(Ty — Ohie () B (Tha — gy (D][E(Y )
= O(apn™?),

where the O(a2n~2) term is uniform in 4, k£ and ¢. Combining this with (S:132)

and (S.133)) leads to the result. O



Lemma S9. Suppose that[(X4), (BI){(B4)| [[AT)H(AS) hold and consider a sparse

design with n; < Ny < oo, setting a,, = a,1 and b, = b,,. Then

) 1 1/2
||C—C||L2:Op<(E+h2> +an> .

Proof of Lemma Proceeding similarly to the proof of Theorem 3.1 in Zhang

and Wang| (2016), using (S.2),

C(t)

where

Ra(0) = S wiki(my o (Z0) cr)
and r =0, 1, 2. Then
C(t) — C(t) = (Ro(t) = C(t)So(t)) Sa(t) = (Ru(t) — C(1)S1(1) 5 (1)

So(t)Sa(t) — SF(t)
(S.134)

Since C(Ti;) = (Xij — i(T35))Ys = (Uij + €i3)Yi + (u(Ti;) — i(T35))Yi, where



| Ro(t) — C(t)So(t)| 2

< IO S wiKu(Tiy = )(UY; = CO)lez + 11D wikn(Tyy — t)es;Yill 2

=1 5=1 i=1 j=1
I D wiku(Tiy = O)((Tig) — AlT)) Vil o2
i=1 j=1

1/2
=0, ((n—lh + h2) > + O,((nh) V) + O,(ay)

=0, ((n—lh + h2) 1/2> + Op(ay),

where the last equality follows from Lemma [S7|and Lemma [S8] Similarly
1B (t) = C(1)S1(t)]|12

<130 Y iy - ) (F270) Y- c)l

i=1 j=1

1D wiln(Ty — 1) ( ]h ) €;; Y|

i=1 j=1

IS Y (-0 (2 ) (i) - )il

i=1 j=1

=0, ((% + h2)1/2> + O, (ay).

These along with (S.134) and similar arguments as in the proof of Theorem 4.1
inZhang and Wang| (2016) show that Sy (¢)S5(t) — S%(t) is positive and bounded
away from 0 with probability tending to 1 and sup,.+|S,(t)] = O,(1), r = 1, 2.

The result then follows. O]

Recall that the eigenpairs of the integral operator = associated with I are



(As, &%), and those of = are (A, ¢p), k > 1.

Lemma S10. Suppose that [(X4)| [(BI1){(B4)| [((A1)H(A8)| hold and consider a

sparse design with n; < Ny < oo, setting a, = a, and b, = b,,. Then,

setting Ty = fo 1 )\ , for large enough n, the following relations hold almost
surely,
- &
Z = rul|C ~ Clle +70(),  (S.135)
—Am | 1/20) (o
Z|am — o | 2m T Al 0(20) 4|6 — O 27 H20(cP),  (S.136)
|>\ | A
ZI mIMA i < O(cn) T, (S.137)

M N

Um O-m N A
S |3 = 221 — bl < O+ O()IC = Clz + )i
m=1 m m

(S.138)
M
Z A—’” |6 — bmll2 < Olca)vn, (S.139)

Proof of Lemma First note

IA
o
M=

5
3

N———
N
NE

>~
\3_/

implying c, vy = O(c?) = o(1) as n — oo. By the Cauchy—Schwarz inequality

and from Theorem 5.2 inZhang and Wang| (2016), we have ||= —Z||op = O(ay +



b,) a.s.. Note that from the orthonormality of the ¢, and using perturbation
results (Bosq, 2000), we have ||¢, — ¢|l2 < 2v2|E — Ellop/0k, k > 1, so that

forany m > 1

|0A-m - Uml = |<éa $m>L2 - <C ¢m>L2|

~
’ ‘

< 2v2|C ~C||p2 5—”‘)"+HC Cllzz + 2v/2||C| 2 “6—”013
(S.140)
and from 6,, < A,
—E-2 E H
— —o /2 — =llo 1/2
mzzlAm—ap o Z - —TM/ O(c,)  as.. (S.141)
Thus
M |a_ g |
D < OC = Clliz + 7 |C = Cliz + 73 °0(ef) - as.
m=1 m

= 7u||C = C|| 2 + T1170(c?),

which shows the first result in (S.135). Since M = M (n) is such that 3 \/Eé =
O(ct™Y) as n — oo, then "M |2 — ZllpAn /26,1 = O(c2) = o(1) as.
and A\y; = o(1) as n — oo. Thus, for large enough n we have A\;; < 1 and
&= Zllopht 205 < S0 [E—Zlloph/20,1 < 1/2 2.0 50 that [E—Z]lgp <
)\}\225]\4/2 < 0pr/2 < Apr/2 as.. This shows that there exists ng > 1 such that

for all n. > nyg it holds that || = —Z||op < Apr/2 a.s.. Then [Ay — M| < |12 —Elop



implies [An| > A /2 a.s. for large enough n. With (S.140), (S-141),

M

’)‘ _-||op
Om — Om <2 Om — Om
> o~ il <3 g, — o 55

m=1
—
—

< 12 = C|1s ano cnnz'“ =l

m=1

T E-=l3
.
= =

+4V2||C| 2 ESTE

m=1

< (1€ = Cl20() + I — Cllamif?0(e) + O()  as.

= O(c*) + ||C = C|| 21 ?0(c?)  as.,

for large enough n, implying the second result in (S.136). Similarly, for large

enough n and a.s.

o |A Al M2\
Z| m| |>\ |)\ <2 Z| m| <O(Cn) Z)\_Z TM:O(Cn)TMa

where the last equality is due to > °-_ 02 /A% < co. This shows the third result

in (S.137). Now,

M 0 o
Z 7% = 321 = il
=1 m
M ~

m il A — A
<> lnztalyy, g S lln =y g,

mlm

m=1 m=1

G — O] Am = Al |+
+Z| = 6 — Gl (S.142)
m=1 |)\m|>\m

From (S.140), (S.141) and using that [|¢, — émll> < 2v2||Z — Ellep/Om. We



obtain

L o — ol +
Z%uqﬁm—qﬁmum

m

+2v2|C - |, QZ“ =llr

m

<8¢ = Cllze ZH~ —Elq

= 12— ElI3,
Am 52

0P>\ 52

+8[Cl 2

m=1
< || C = O 20() + [|C — Cl 1272y O(5) + O(c¥)  as.

= O() + ||C = C||271120(c?) . (S.143)

For large enough n,

L 1oml| A = Am] =),
Z ||¢m QSmHL2 < 4\/_Z| m| a.s.
m=1

m=1 |)\ |)\ )\25
M 1/2
on 14py,.1/2
< 2 O(c, ")y~ as.
m=1""m

= O(c)")mf. (S.144)



Similarly, from (S.140) we obtain

G — O | A — Am
> : 6m = Gl 22
— A |Am
< 123 o — ol 12
- — A2 6
< 16]|C — C|| 2 S w+4f||g |12 S HE_—EHQ
= PN P NG,
ol S IE S8,
FIOICY e 3
m=1 m-m

< O 1y ||C = Cll e + O(2)||C = Cl 2 + Oy as.

= OS2 + O(2)||C = C| 2 ass.. (S.145)

Combining (S.142), (S.143), (S.144) and (S.145) with the fact that ¢, 7y <

cnuyr = o(1) as n — oo, which was already shown, leads to the fourth result in

(S-138). Finally

m=1
M -
< 2\/52 |Um| H‘: — ‘:'Hop
B m=1 /\m(sm
M o 1/2 A
< )\_2m |12 = Ellopvmr = O(cn)vm  as.,
m=1""T

which shows the last result in (S.139). O

The next lemma provides the L? convergence of the empirical estimate B M

towards /3, which is required to construct the estimated predictive distribution



752- k. Recall that

Q>

" teT,

m

M
m=1

— m _\M -1
®M - H ZszJrl (;—m(ﬁmHLQ and ™ = Zm:l )\m .

Lemma S11. Suppose that |(X4)| (B1){(B4)| [(Al1)+(AS8)| hold and consider a

p

sparse design with n; < Ny < oo, setting a,, = a1 and b, = b,;. Let K > 1.

Then
180 — Blliz = Oplrn), (S.146)
and
[ Butvinvie= [ swontie+ 0, (5.147)
T T
where r,, = cnvM+chT;4/2+TM[(n—1h +h2)1/2+an] +Opandk=1,... K.

Proof of Lemma[S11} Observe

Om, Om
2 ¢m - )\mQSm

Om
L2+H 3 E%HLQ, (S.148)
m>M+1

and
M Oy ~ 1o M 0 o
>[5  F20u sz\— 2|~ qsmumz\—m—A—m
7M
DY b3, — ol (5.149)

By the triangle inequality and Lemma @L we have that for large enough n
M

- mj\m_)\m a m;\m_
onl [ 3" Lol

Am|

U_m_am‘ Z|0m_

m

HMi

|)\m|)\m m=1

= 1u|C = Cllzz + OS2I} + Olca)Tas as.

= ru[[C = Cllz= + O(e)mf®  as.,

A A



where the second equality is due to ¢, 7y = ¢ ]1\4/20711 PT;/[/Q o(1)c 7'1% , and

M
Om |5 |‘7m| 2
_)\_‘H@n_@num+Z)\—H¢m—¢mHL2

m=1 Z
< 0(2) + O(c)||C = Cll2mil* + O(cn)vns

With (S.148), (S.149) and the fact that vy; = O(c?™!) as n — oo, which was

shown in the proof of Lemma[SI0] we arrive at

N 0 gm
183 = Bllzz < Olen)uns + O()rif* + 1l = Clla + | 32 T6m
m>M+1 """

and the result in (S.146)) follows from Lemma Finally, recalling that Bk =
7 Bar(£)ér(t)dt and By = [ B(t)¢y(t)dt, we have

1Be— Bl = | /T Bar (0)6et) — BE)n(B)dt]

<||Bar — Bllz2 6% — Gelle + 11Bar — Bllze + 18Nz | ox — bl 2
= Op(ry + an + by) = Oy(1y),

where the second equality is due to the fact that || — ¢y 12 < O(ay + b,) a.s
which follows from the proof of Lemma This shows the second result in

(S.147). U

We remark that in the sparse case when choosing the optimal bandwidth

h = n~'/3, then the rate
[ ((nh) "+ 1) +a,),

is faster than c,,v); and thus the rate r, is equivalent to «,, defined as in Theorem

Recall that P;x corresponds to the true predictive distribution 7;x |X;, T}, or



equivalently N (By+B8% &ixc, B Zix Bic), while Pixc LN (Bot+BEEirc, BEZik Br)
corresponds to an intermediate target, replacing population quantities by their
estimated counterparts but keeping the true intercept and slope coefficients [
and Bg. Also Pirc corresponds to the estimated predictive distribution, i.e.
P = N(Bo + BLEx, BLS Bk ). Finally, recall that Fix (t), Fix(t) and Fix
are the distribution functions associated with P, 75”( and 751-;(, respectively.

We require the following auxiliary lemma.

Lemma S12. Under the conditions of Theorem |5} it holds that
IZirc = Sicllr = ONG(an + b)),
a.s. as n — oo.

Proof of Lemma Note that

ik — ik = (Ax — Ag) + Ag®L 371 @ A — A @ B0, Ay
= (Ag — Ag) + (Ag®L — Ax®L S D, Ag

+ AK@?K(ﬁ:;l(i’iKAK — 3P Ax). (S.150)
Denoting by C; := (ZAJi_l(i)iK./A\K — E;IQDZKAK), we have

Ci = (2 1—2[1)(‘i’iKAK—‘I’iKAK)—FEZl(‘i’iKIA\K—‘I’iKAK)ﬂL(g;l—Efl)q’iKAK,

(2

(S.151)

where

P Ax—PixAx = (‘i)iK—‘I’iK) (AK—AK)+‘I’iK(AK—AK)+(‘i’iK—‘I’iK)AK-
(S.152)



Note that |®;x — ®ix||r < VNoK maxi<per||or — Okl = O(VNolan +
b,)) a.s. as n — oo, which follows similarly as in Proposition 1 in Dai et al.
(2018) by employing Theorem 5.1 and 5.2 in Zhang and Wang| (2016). Using
perturbation results (Bosg, [2000), Theorem 5.2 in Zhang and Wang (2016) and
the Cauchy Schwarz inequality, it follows that [ Ay — A\g| < [T —I'|jec = O(an +
by) as. asn — oo. Thus [[Ax — Ag|lr < VK maxicpeg || — Milloe =
O(a, + b,) a.s. asn — oo. Furthermore, from the proof of Theorem 2 in
Dai et al| (2018) we have |2 — 7Y |op2 = O(No(a, + by,)) as. which
implies [ £ = 37! |r < VN[5 = B lop2 = O(N*(an + bn)) ass.
as n — oo. Thus, from and (S152), |=;  lop2 < 02 and || @ || <
VNOK maxi << || O oo» it follows that || @, A o — B Asc || = O(v/No(an+
b,)) and ||C;||r = O(NZ(an +b,)) a.s. as n — oo. From (S.130) and using that

[(Ar®l — Ax® S @i A||p = |[(Ax @] — Ax®l) (Ci + 271 @i Agc) ||
= O(Ny(an + ba)) + O(Ny*(a,, +b,)?) as.,

(S.153)

as n — oo, we obtain | Z;x — ik ||p = O(Ng/Q(an + b)) a.s. asn — oo,

which shows the result. O]

The following auxiliary lemmas will be used in the proof of Theorem [6]

Lemma S13. Suppose that |(X4), (BI)(B4), [(AI)H{(A8)| hold and consider a

sparse design with n; < Ny < oo, setting a,, = a,, and b, = b,1. Then

n! Z(ﬁm - ﬁz'K)Q‘Y = Op(an)v

=1



where i = Bo + ,éf(ém and (BO, BIT<)T are the estimates in the functional

linear model as in Theorem[3]

Proof of Lemma By the Cauchy—-Schwarz inequality

n n 1/2 n 1/2
> (i — ik e | < (”_1 > (i — fh‘K)Q) <”_1 > GZZy) ;

i1 i1 i1

(S8.154)
where (n™' Y0, efy)l/2 = 0,(1), whence |7;x — Nix| < |80 — Bol -+ HBK —
B ll2ll€ixc |2 + 1B ||2l|€ixc — Eixcl|2» and then

(i — Nirc)* < (Bo — 50)2 + HBK — Bx|2|€ixl2 + 1Bk |12k — éz‘KH;
+ 2|80 — BolllBx — Brll2ll€ixll2 + 21680 — Bolll B ll2|€ixc — Eixcll:
+2| 8k — Br 2| €ixll2l1Bx ll2l| i — Ei -

From Lemmawe have |8y — fo| = Op(n~"2) and ||Bx — B ||z = Oplaw,),

which combined with Lemma[S5|and the Cauchy—Schwarz inequality leads to

n

nt Y (i — ix)® = Opl(@a)?). (8.155)

=1

The result then follows from (S.154)) and (S.155)). O

Lemma S14. Under the conditions of Theorem|6] it holds that
n Z<77iK — fix)* = BRE(S1k)Bk = Op(n'7?).
i=1
Proof of Lemma Since & — é“x<|TZ ~ N(0, X;x), by conditioning on T},

E(pix — i)’ = E <E[ <6£(€iK - éK))Q ‘Tz]) = BLE(Z1k)Brk,



where the last equality is due to the fact that n, = mg implies that 3, are
a sequence of 1.i.d. random positive definite matrices. Similarly, since 7;x —
i |Ti ~ N(0, B Bix Bic) we have E((nix —iir)*|Ts) = 3(B5 BixBr)? and
thus
Var((ie — 7irc)?) = E(Var((mixc — 7ixc)*|T3)) + Var(B Bix Brc)

= 2E((BkZixBx)?) + Var(BL ik Bk)

= 0(1)7
where the O(1) term is uniform in ¢ since ||X;x||op is uniformly bounded in the

sparse case. Since the 7;x — 7, are independent, the result then follows from

the Central Limit Theorem. 0
Lemma S15. Under the assumptions of Theorem|6] it holds that
M M
>0
2 2 |
j=1 0] j=1 A;0;
asn — oo.

Proof of Lemma[S15] Since \; — 0 as j — oo, there exists J* > 1 such that

Aj > 1forj < J*and A\; < 1 whenever j > J*. Note that

M J* M
1 1) 1 1\ 1
P v R 1 (AJ Aj) SR (AJ Aj) s (8156

J j=J*+1
whence it suffices to show that the third term in diverges to —oo as

n — oo. For this,

> ()

J j=J*+1

1 Mo Moo Moo
5—2§)\27*+1 Z W_Z W:Z W (>‘2J*+1_



The result follows from the fact that A3, ; — 1 < 0 and since Zj\il )\;1/ 25]-’1 —
o0 as n — oo implies 0 1. A0 = oo as m — oo O

Consider the Brownian motion as an example of a Gaussian process for
which \,, = 4/(7%(2m — 1)?) and ¢,,(t) = v/2sin((2m — 1)7t/2) (Hsing and
Eubank, [2015). Adopting the optimal bandwidth choices as discussed in Section
Mlleads to ¢, = (log(n)/n)"/>.

Lemma S16. Let p € (1/3,1). For the Brownian motion, if M = M (n) satisfies

1 (p-1)/15
M(n) = ( Og(")> , (S.157)
n
then condition holds and
(-1)/5
™= <M) , (S.158)
n
4(p-1)/15
vnt < (bg(”)) . (S.159)
n

Moreover, if 02, < Cm~® for some constant C' > 0 and § > 0, then
is satisfied, ©; = O (M —(1+4/ 2)) and the rate o, in Theorem 5| satisfies the
following conditions: If p < (5-+6)/(15+6), then o, = O((log(n) /n)13r=3)/30)
while if p > (54 0)/(15 + 0) it holds that o, = O((log(n)/n)1=P)(1+3/2)/15)
The optimal rate is achieved when p = (5 + §)/(15 + ) and leads to o,, =
O((log(n)/n)9), where g = ((2+9)/(15 +0))/3.

Proof of Lemma For any m > 1

32 m
72 (2m —1)2(2m + 1)?’

>\m - )\m—l—l -



which is decreasing as 1 < m — oo and thus the eigengaps are given by

b = 2 = > 1
m=— , m>1.
w2 (2m — 1)2(2m + 1)?

Since the harmonic sum H (M) = 3> 1/m satisfies H(M) < 1 + log(M)

and M = M(n) — oo as n — 0o, we obtain

73 (2m —1)32m +1)?

> -
m=1 Am(sm 64 m=1 m

= M(n)®.

If M = M (n) satisfies (S.I57), then "M A,,'/?6,1 < ¢#~! and thus condition
(B3)|is satisfied. A simple calculation leads to

M M 2 2
2m —1
_ % ~ M(n)

and

2m —1)2(2m + 1)? 4
UM_Z(S 322( X +>xM(n).

m=1 m
The results in (S.158) and (S.139) then follow. If 02, < C'm~®+%) for some
C,d > 0,then >°°_ 02, /A2, < O(1) > m~(“+9) < oo and condition [(B2)

is satisfied. From the orthonormality of the ¢,,

_ Om o (2+6/2)
ou=| 3 Foul < 3 rl<om ¥ o
m2M+1 m>M+1 m>M+1
gO(l)/ s~ (/2 g
M

1
=0 (M1+5/2) ’

which implies ©; = (log(n)/n)(1=P)(1+/2)/15 - Also note that ¢, vy, =< (log(n)/n)(1F40)/15

and c?717” =< (log(n)/n)3=3)/30_ This implies

@ = evns + ey + Oy < O((log(n) /)1~ - (log(n) /n) -0 +/2/19),



REFERENCES

Thus, if p < (54 6)/(15 + 6), then a,, = O((log(n)/n)13=3)/30) " Similarly,
if p > (5+6)/(15 + 6), then a,, = O((log(n)/n)1=P(1+6/2)/15) " The optimal
rate is achieved when p = (5 + 60)/(15 + d) € (1/3,1) and leads to «,, =
O((log(n)/n)?), where ¢ = ((2+0)/(15+ 6))/3. O
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