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S1 Optimal (sN,2"s)-designs among FE(dy, P)

We provide the optimal (sV,2"s)-designs among F(dy, P) with N = 8,16
runs and the corresponding SGWLP=(As, ..., A,+1,1). The initial design
dy in Tables E] and E are chosen to be the 2"~™ design given by Wu and
Hamada (2021)) and Mukerjee and Wu (2006), respectively. According to
() in Algorithm 1, it suffices give (p!,...,p%"), denoted as P in the
tables. Then, the corresponding optimal (sNV,2"s) SFDs can be found by
(@) Here w,’s are s-tuple binary vectors, where wy = (0,...,0), w; as an

s-tuple binary vector with (s —i+ 1)th entry 1 and the others being 0, and



wi 2 as the elementwise sum w; and wy module 2, etc. We give an example
to illustrate how to use the tables. Consider the case of (5 - 8,275)-design,
in which the initial design d, is the 2% MA design given by Mukerjee and
Wu (R006) with four independent defining pencils w; = (1,1,0,1,0,0,0),
uy = (1,0,1,0,1,0,0), ug = (0,1,1,0,0,1,0), uy = (1,1,1,0,0,0,1). Then,
from (), W is the identity matrix of order 4. Table m shows that

00 00
1001

P:(w2,4,w2,3,w2,3,w1,2,3,4): 01 1 1

1111

0001

Thus, use (.13) to obtain the optimal switch matrix

P=(0ss, PW=|0000111

00011171

000O0O0O01

Finally, the optimal (5 -8, 275)-design among E(dy, P) can be calculated by

(1.9).



S1. OPTIMAL (sN,2"s)-DESIGNS AMONG E(dy, P)

Table 1: Catalog of optimal SFDs among E(dy, P) with N =8

dy s P SGWLP
2072 (W) (0%,1)
3 (w) (02,0.11,0.89)
4 (wi2) (03,1)
5 (wis) (02,0.04,0.96)
6 (wi23) (03,1)
7 (w1,23) (02,0.02,0.98)
2572 2 (wy,wi) (0,2,1,0%)
3 (wi,ws) (0.22,1.78,0.11,0.89,0%)
4 (wi3,wie) (0,2,0,1,02)
5 (w3, wie) (0.08,1.92,0.04,0.96,0%)
6 (Wio4,w123) (0,2,0.11,0.89,02)
7 (wia5wio3) (0.04,1.96,0.02,0.98,02)
20-3% 2 (wy,wi,w1) (0,4,3,0%)
3 (wawi,wi) (0.44,3.56,1.22,1.78,0%)
4 (wi3,wi2,wi2) (0,4,1,2,0)
5 (wad, w3 wiz) (0.16,3.84,0.44,2.56,0%)
6 (w135 Wi24,w1,23) (0,4,0.33,2.67,04)
274 2 (w1, wp,wp,w1) (3,4,3,4,04,1,0)
3 (wa,wo,wa, w1) (0.78,6.22,3.44,3.56,01,0.11,0.89)
4 (wi3,wi3,wi3,wi2) (0,7,3,4,0%,1)
5 (wo4,ws3,wa3,wi234) (0.28,6.72,1.88,5.12,0%,0.04,0.96)

* The corresponding dj is from Table 5A.1 in Wu and Hamada (2021)).
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S2 Proof of Theorem 1

Equation (@) is straightforward.

To prove (@), write

Yu = (Ju(Po)a R Ju(ps—l))T

and
e, = (X\2(0),....x¥W(s—-1)", v=0,...,5 1 (S2.1)
Clearly, e is the vector of ones, and (e,,,€,,) = S0y, 1,, Where 9, ,, is

the Kronecker delta. {eq,...,es_ 1} is a set of s orthogonal vectors in the

s-dimensional space. Therefore,

Si <§ Tu(P)X,” (i))z = i(yu, e,)?

v=1 =0 v=1

= 5(Yu Yu) — (Yo 490>2
- Z sJu(P;)? — Ju(P)?.

As J,(p;) = £1, obtain

S3 Proof of Proposition 1

Since {p, = Pu’ : w € G} are uniquely determined by {p,, ..., P, }.

Thus J,(P) is fully determined by {p,,,...,P,,, }- There are 2m(s=1) dif-



REFERENCE

ferent p,, ,...,p,, , resulting in 2m(s=1) distinct P. After excluding the P
that produce equivalent SFDs through row permutations, there are at most

(2m+s—2

o ) different sequences (Bs, ..., B,) remaining.
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