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S1 Proofs

S1.1 Tail approximation to the distribution function

In this subsection, we give a lemma regarding the tail approximation to the

distribution function F'.
Lemma S1. Assume F satisfies the second order condition (2.2)) withy € R
and p < 0. Then,

lim su (1+ 'yx)*lh
500 aeb | £(1 — F(bo(t) + zao(t)))

— 1| = 0(A(1)).

Remark 1. A similar, but somewhat different result has been shown in
Drees et al.| (2006), see also Theorem 5.1.1 in de Haan and Ferreiral (2006).
The ‘supremum’ is taken over D* = {z : (1 +~yz)""/7 < ct7°"'} with § > 0

in [Drees et al,| (2006) and it is obvious that D C D*. However, when the
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‘supremum’ is taken over D*, the upper bound in Lemma [S1|is o(1) instead
of a precise speed, O(A(t)).

Proof of Lemma[S1 We define

1
t{1 — F(bo(t) + zap(t))}’

Y=

which implies that,

_ Ul(ty) — bo(?)
ao(t) '

First, note that for sufficiently large t, x € D for some x, if and only if
y > (14yw0)'/7 for some, possibly different, 2. So, the supremum of z € I
can be replaced by the supremum of y > ¢ for any ¢ > 0.

This leads to the following expansion, where the notation g(y) := (1 +
1)1 and (y) = (Ulty) — bo(t)) fao(t) — (47 — 1) /7 is used:

t(1 — F(bo(t) + zao(t))) — (1 +~x)~ '/
—1/7 T e Vs
—<1+7M) +<1+7y71)

Qo (t)

=—g<%&;’°@>+g(y”—1)

Qt Yo 1
= q(y) ( ( )) q" (y + u) duds
v v
qt(y) y'y -1 —1/v-2
=y 7 qly) — (14+7) / / (1—1—7( 5 —i—u>> duds.
The integrand function (1 4+ y((y” — 1)/7 + u))~Y/772 always lies between

its value for u = 0 and u = ¢(y), i.e., between y~'=?7 and y~'727(1 +

Yy q(y)) T2



S1. PROOFS

By (2.3) and recall that p < 0, we have

lim sup y~7 |g:(y)| = O(Ao(2)). (S1.1)

t—o00 y>e

v _1 —1/~v-2
(5t e
Y

for y > ¢ and ¢ sufficiently large, which leads to

Hence, we have

|t(1 = F(bo(t) + zao(t))) — (1 +72) ™" =y q(y)| <201+ 41y~ P a(y)*.

Combining the inequality above with (S1.1f), we have

tlim sup |y(1 + ya) "M — 1| = O(A4(1)).
— 00 y>c

S1.2 Proofs for Section [3l

We start with proving Proposition [l Without loss of generality, we will
skip the superscript 7 and consider the approximation in a specific machine.
We start with considering the ‘simple’ case where F' is the standard uniform
distribution.

Assume Uy, ..., U, are i.i.d. uniform distributed random variables. We

define the uniform empirical process as

en(s) == n'2{U,(s) — s}, se€l0,1],
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where
U (s) = }n:z
n(s) = Y.
niil {UZS}

First, we give a weighted approximation to the uniform empirical pro-

cess €,(s).

Proposition S1. For any v € (0,1/2) and sufficiently large n, under
proper Skorokhod construction, there exist a sequence of Brownian bridges

{Bn,n > 1} and a constant Cy = Cy(v) > 0 such that for all r > 0,

n(s)— B, _ 1
P sup €0 (s) 1/<2S)| >n"“rlogr | < Cor 1/2=v.
0<s<1 {5(1 — s)} v

Proof of Proposition[S1. Note that, given any ro > 0, for 0 < r < rg, by

1

setting Cy = 7" such that C’er/Q%v > 1, the statement of Proposition
follows. Therefore, we only need to handle the case r > ry, for instance, we
assume that r > 8. By Theorem 3.1.2 in Mason| (2001)), for any v € (0,1/2)
and sufficiently large n, under proper Skorokhod construction, there exist
constants Cy; > 0, Cy 9 > 0 and a sequence of Brownian bridges { B,,,n > 1}

such that for all » > 0,

n B Bn -
P sup [en(s) 1/(28_)| >ntr | < Cyyexp (—Copar).
1/n<s<1-1/n {s(1 — 5)} ’

Therefore, the statement of Proposition[S1]holds for 1/n < s <1—1/n.

By symmetry, we only handle s € [0,1/n] here.
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S1. PROOFS

Note that (1 — s)*~%/2 — 1 uniformly for all 0 < s < 1/n, it suffices
to show that for any v € (0,1/2) and sufficiently large n, there exists a

constant Cy 3 > 0 such that for all » > 8,

n - Bn 1
P( sup e (8)1/2_v (s)l > n‘”rlogr) < Cyar = (S1.2)
0<s<1/n S
Denote
|en(s) — Ba(s)] len(s)] | Bn(s)]
dp := su < su + su =:0;+6
° 0<s§11)/n st/2=v 0<s§1:1)/n st/2=v O<s§13/n st/2=v ' ?

Then, we have that P (09 > n "rlogr) < P(0; > %n’”rlogr) + P(6y >

1

sn"rlogr).

First, we handle do. Write B, (s) = W,,(s)—sW,, (1), where {W,, : n > 1}
is a sequence of Brownian motions. Then 6, < supg_ <y, [Wa(s)|/s/27 +

SUPg<s<1/n |sW,(1)|/sY/27v. Tt follows that
1 v 1/2—v 1 —v
P(dy>—-n""rlogr | <P | sup [W,(s)|/s > —n"Vrlogr
2 0<s<1/n 4

1
+ P sup |sW,(1)|/sY*" > ~n"rlogr | .
0<s<1/n 4
Since W, (1) ~ N(0,1), there exist constants Cy4 > 0,Cs5 > 0 such that

n(l 1 1
P{ sup s Wa(b)] > —n“rlogr} =P <\Wn(1)| > an/erogr)

0<s<1/n st/2—v 4

< Cyy exp(—C’275r2 log” 7)

1
S r 1/2-v
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for sufficiently large r. By replacing s with s/n and using \/n{W,, (s/n)} <

{/T/Iv/n(s)} where {/T/Iv/n(s) tn > 1} is also a sequence of Brownian motions,

we get that there exist constants Cys > 0,Cs7 > 0 such that

Wi (s) 1
> —rlogr

0<s<1 S§Y/27v 4

W, 1 _
P{ sup W (s)] > —n ”rlogr}:P sup

0<s<i/m SY/27 4

< Oy exp(—C’2,7r2 log? T)

_ 1

S r 1/2—v

for sufficently large r, where the first inequality follows by Lemma 4.2.1
in |Csorgo and Horvath| (1993)). Combining the two parts, we obtain that,

there exists a constant Cy g such that for all » > 0,

1 _
P ((52 > En_”rlog r) < Cygr 1/21%.

Next, we handle d;. Note that for r > 8,

1 1
P (51 > §n_”7’log r) =P (61 > in_”rlog r, Un < 1/n> ,

since for Uy, > 1/n, 61 = supg_eci )y 08?0 = n™" < in""rlogr. On

the set {Uy, < 1/n}, we have that

e wp vy ap WG 0
0<s<U1n Uy n<s<l/n sl/2-v

Uy
S\/E(U1,n)1/2+v+ sup Vv (5)+ sup \/581/2—1—1)

Upn<s<in SY* Ui n<s<l/n
< 207" + n " nU,(1/n)(nU; )"~ /2
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S1. PROOFS

It follows that
1 _
P (51 > on “rlogr, Uy, < 1/n)

1
20" 4+ n="nU,(1/n)(nU; )"~ "/* > in_”rlog 7“)

1
<P <nUn 1/n)(nUy )"~ ?% > Z’rlogr)

_ 1/2-1}1
UlOgT} +P{(nl/17n) > 5 47“}

1 1
4 16 \ 72
1 P
1_Uogr}+ {Ul’n<(1—2v) n }
2 1\ 1 16 \ 72w T
12—1)/’“ 1/2—wv
< 2expd — logr—= | +-b+1—[1-
= eXp{ (1—2v cer 2)+4}+ ( (1—21}) n )

where the last inequality follows by applying Lemmawith xr = 1f2v

1 and ¢t = 1/2. Thus, there exists a constant Cy 9 > 0 such that

1 _
P (51 > En_”rlog r) < Cyor 1/21—v.

By combining the result for d; and d,, the proposition is proved. n

Next, we give a weighted approximation to the tail empirical process of

the i.i.d. uniform random variables, which is defined as

) =10, () - s

Proposition S2. For any 0 < v < 1/2 and ¢ > 0, under proper Skorokhod
construction, there exist a sequence of Brownian motions {W,, :n > 1} and

a constant C3 = Cs(v,c) > 0 such that for sufficiently large n and t satis-
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fying condition (3.6)),

P sup s o) = Wals) 2 1) < Cur

0<s<c
where r = r(t, k) is defined by k~"rlogr = t.
Proof of Proposition[S3. Replace s by ks/n in Proposition and note that
(1 — ks/n)"~1/2 — 1 uniformly for 0 < s < c. After some arrangement, we

obtain that there exists a constant C3, > 0 such that,

1/2 L )
Wy (s) — (%) B, <§)‘ > t> < Cyqr TR

where t = k7"rlogr. Note that we can construct a sequence of Brownian

P ( sup s"/?

0<s<c

motions {W : n > 1} such that B, (t) = W;(t)—tW}(1),0 <t < 1. Define

1/2
do = sup 8w, (s) = (1) Wy (E) ‘
0<s<c k n
1/2 ks
e - (25 ()]
! OJiECS v (8) k n

1\ /2
5y = sup sT1/2 (ﬁ) |[Wx(1)].
Then,
dp < 81 + 0.
Note that 1 — ®(z) < 1/2exp(—2?/2), where ® is the cumulative distribu-

tion function of a standard normal distribution. Then we obtain that

P (52 > %t) =P <|W;§(1)| > —c”1/2k1/2n1/2t)




S1. PROOFS

Without loss of generality, we assume that r > 1, otherwise Proposition
holds by choosing C5 = 1. Since t = k~"rlogr — 0, we have logk/logr —

o0 as n — 0o. Combining with condition (3.6]), we have that, as n — oo,

o ot log’k
log?r  klogk? log?r

— 00,
Thus, for sufficiently large r,
1 C—2v—1 L
P <52 > §t> < exp <— S log? r) < 12w,

The proposition is proved by combining §; and d, and defining a new Brow-

nian motion W, (s) = (n/kz)l/2 W (ks/n) for 0 < s <c. O
Now, we are ready to prove Proposition

Proof of Proposition [ Define

=26 (2) <0 ()] =2 {0 (2) 50 (1)}

With replacing s by z,(x) in Proposition , and using the same Skorokhod
construction as in Proposition [S2| we have that there exists a constant C}

such that for sufficiently large n, and for t satisfying condition (3.6]),

P( sup {zn(x)}v_l/2

0<zn(z)<c

VE (Y(a) — 20() = Wy {z(a)}| %t)

1
< Cyrm 1
(S1.3)



where r = r(t, k) is defined by k~"rlogr = t. Note that Dy := {z : 0 < z,(z) < ¢}

is equivalent to

Since as n — 00,

(n/(ck))~bo(n/k) _-

by choosing a sufficiently large ¢ and a sufficiently large nq, we get g a0 (n7F)

xo for n > ny. Thus, we can replace the supremum over ID; by the supre-
mum over D and use the bound in Lemma [STl
Our goal is to replace the three z,(z) terms in (S1.3)) by its limit z(z) =

(14 ~2)~'/7, and derive a probability inequality for

0o = sup {z(x)}"
zeD

VE (Ya(2) = 2(x)) = W, {2(2)}

— VEAo(n/k) {2(2)}7 0, {1/2(2)} .

First, Lemma allows us to replace the factor {z, (9@')}”71/2 by {z(x)}””/?

Then, we obtain that there exists a constant C'j; > 0 such that

Wl

P (sup [y}

zeD

VR(Y(2) = 2a)) = W ()] 2 5¢) -
1.4

1
< Crar 172w,
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S1. PROOFS

Define
61 = sup {=(a)}" ™ |V (Vi (@) = 2a(@) = W {zn2)},
6 = sup {2(e)} 2 VR |2(@) + Aol /) {=(2)} T, (1/2(2)} = (o).

03 = sup {z(@)} 2 W {=(2)} = Wa {za(@)}]
Then,
dg < 01 + g + 03.
Since d; has been handled in , the statement of Proposition |1| follows

if we can prove that there exists a ng > 0 such that for all n > ny,

(a) b2 < 3t

(b) 03 < 5t a.s..
By Proposition 3.1 in Drees et al. (2006)), we have that 6, = o(1)v/kAg(n/k).
Then (a) holds from the condition (3.6). For d3, by the modulus of con-

tinuity of Brownian motions and Lemma [SI| we have that for any £ > 0,

83 = O{A(n/k)}"/*~¢ a.s.. Then (b) holds from the condition (B.8). O
Finally, we prove Theorem [T}

Proof of Theorem[1. For each given N, we can construct an enlarged prob-
ability space to accommodate all X;, Xs,..., Xy and { éj)} such that
j=1
X1, Xo,..., Xy areiid. and {W,Sj)} are independent acorss 1 < 5 < m.
j=1

11



Next define Ay := /mmax;<j<p 5. We are going to show that for any

constant C' > 0, as N — oo,
P(AN > C) — 0.

Take t = C'/y/m and define r = r(t, k) by k~*rlogr = t. Since v > (2+n)7},
by using the condition , we have that » — oo and logr/logk — 0 as
N — oo. First, we verify that this choice of ¢ satisfies conditions —.
For condition (3.6)),

Y212 og ot — (B Pl k=00

as N — oo, from the condition [(A3), For condition (3.6)), by using the

condition |(A1)| we have that,
kY2 Ag(n/k) /t = C~WEmAy(n/k) = O(1),

as N — oo. Condition holds with € = /(4 + 4n), since, as N — oo,
{Ao(n/E)}Y*7F Jt = O m 2 (Ag(n/k))ETm/ )

! - v VEmA (

=¢ (kmn)@+m)/(a-+4m) { kmAo(n/ k‘)}

m2+3n> 1/(8+8n)

=00) (W
where the last step follows from the condition |(A2)]

2+n)/(4-+4n)

= o(1),

Then, by Theorem [I, we have that,

P (69 > C/vm) < Cyr 7,
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S1. PROOFS

By construction, 5§ ), 7 =1,2,...,m are independent. Hence, we have that,
P(Ay>C)<P <1r<na<x 59 > C/\/m> <1- (1 . cr*f%—ﬁ .
<j<m
So, to prove Ay = op(1), as N — oo, it suffices to show that,
1
mr 17270 — 0. (S1.5)

Recall that rlogr = Ck¥//m, we have that

mr i = m(rlogr)_l/?%” (logr)lﬂ%
__1 1
=o(1)m (k;”/\/ﬁ) 172=v (log k)172=v
= 0(1)m1+ﬁk;_1/2%v (log k)W%v
1 1

= o(V)k(F ) (55) = (1og k)72 |

where the last equality follows from the condition . Since (2 + 77)_1 <

v < 1/2, we get that,

p— S P ——Y
1—2v) \1+n 1/2—v

Hence (S1.5) holds, which implies that Ay = op(1) as N — oo.

S1.3 Proofs for Section 4

To prove Theorem [3| we need some preliminary lemmas.
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Lemma S2. [Gut|(2013), Theorem 1.2 (ii) in Chapter 3 with b = 1]
Let X1, X5, ..., X, be independent random variables with mean 0. Suppose
that P (|Xx| <1)=1 for allk > 1, and set o = VarXy. Then for 0 <t <

1 and x > 0,
P (S, > z) <2exp (—tm —|—t220z) .
k=1
Lemma S3. Assume condition|(A3) As N — oo,
P(QY(s)eD, j=1,2,....m, 1/k<s<1) =1

Proof of Lemma[S3. By checking the expression of by and ag (see Corollary

2.3.7 in de Haan and Ferreiral (2006)), we have that for v < 0,

XN,N - bg(%) U(OO) — bo(%) 1

() _
max @, (s) < — < — =—— a.s.
1<j<m (5) ao(%) ao(%) gl
Since Q%j)(s) is a decreasing function of s and Qg)(s), i=12....m

are independent, it suffices to show that as N — oo,

P (QM(1) > m) — 1. (S1.6)
Denote z,, = zgag (n/k) + by (n/k) . Note that,

) n
P (lel)(l) > ZL‘O) _p (Xn—k,n bo (k) > x0>

ao (})

=1-P <z_1: I{X§1>>xn} —nF (x,) <k—nF (q:n)> :
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S1. PROOFS

Note that, nF (z,) ~ k(1 + yzo)™*/7, as N — oo, and that (1 +
yx) Y7 > 1 since 29 < 0. Then, for sufficiently large N, k — nF(z,) < 0.
We can thus apply Lemma [S2 with ¢ = 27, /(1 +t;) and x = nF(z,) — k,

where tg = (1 + y2) /7 — 1, to obtain that,

log P (Z I{lenn} —nF (z,) <k —nF (:vn)>

2

<log2— %1 _tfto (nF(z,) — k) + i(l_i—oto)an(In)

=log2 — 1t kto {1 +o0(1)} + 1Lk(to +1){1+0(1)}
21+1 4 (1 +t9)?

=log2— - 6 k+ o(k)
41+t

Thus, (S1.6) holds, which yields the statement in Lemma .

Lemma S4. Assume that conditions|(A1) and|(A2) hold. Then, as N —

o0,

() ?
2
Vkm max sup s°tY/2 {ﬁ — 1} =op(1),

1§]‘Smk71§5§1 S

where

j —1/y
' X(J) _ b() n
tg)(S) _ <1 4y n—l[ks|,n (k) .

Proof of Lemma[S] Define s; =i/k for 1 <1i < k. Then

t(j)(s) 2 (j)(s) 2
sup s*t/2{ 220 1% = max  sup VT2 1%

k—1<s<1 S 1<ish—1g,<s<sip S

15



: : U (s,
For any s € [s;, 5i11), we have that t9'(s) = t¥(s;) and hence, 02 <

Si+1 -

) @Dy . . ‘ ‘
b (8) < M Since (x — 1)? is a convex function of =, we obtain that,
Sq 1)

Thus,

(i) 2
Vkm max sup s*t1/? {n_(s) — 1}

1<jSm p-1<4<1 s

(7) 2 /,0) 2
ty’(S; n (8
max vkms?:fp max max ( (s:) 1) 7 ( (s1) _ 1) :

T 1<i<k—1 1<j<m

and hence for any constant C' > 0,

1/2 tglj)(5>
P{VEkm max sup s'tY -1 >C
1<jsmp-1<5<1 s
S : /_ +1/2 g)(si)
< a ms; 1 11%37(” T —1 > C

v41/2 tgzj)(si) i
+ ZP Vkms,[['" max —1| >¢C

1<j<m Si+1

k—
::Z 11+ZI'LZ
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S1. PROOFS

We start with 1, ;,

() (. 2
Ly=1-pP" ("(80—1) <Y

. v+1/2 / —
Si HJ—FI/
C1/2 glj) : C1/2
=1-pP" {1 T /2114 1/4 < S(.S : <1+ v/2+1/4 1/4
Siy1 | (km) g iy (km)
(])(S ) /2
=1—-1|1-P T>1+ Ei/ i
: Siv1 | (km)
() 1/2 m
- P S: <1l- v/2+1/4 1/4
: Siv1 | (km)

=1- (]_ — Ii,l,a — ]7;717b)m .
We first handle /; ; ,. Define

-
/2
(o))
s, (km)1/4
. w () + 0 (5):

v

Tpn =

k k

Then, we have that,

1/2
si | 1+ W) } —1
s; (km)1/4
Ii,l,a — P X(J) 1 Qo <n> + b[) (n)

nk31n< 7y 7. k

\

= P Z[{ij)zxn} < ]{;81)

=P ZI{X“)> N F(z, <ksl—nF(9§n)>.

We intend to show that

1 Iz a
hmsupog—’ll’ = —00. (S1.7)
N—o00 ]{;v/ i(1+n)
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By Lemma |S1{ and using the condition |(A1)| we have that, as N — oo,

nF(z,) = k%F(%) = ks [1 + CM25T P A () VA {1 4 0(1)}]

Thus, for sufficiently large N, ks; — nF(z,) < 0. We can therefore apply
Lemma [S2| with ¢t = 271/(1 + to) and * = nF(z,) — ks;, where t, =

V257> (km) =14 to obtain that,

1t t2 _
1 z a2 F n _kz 4, N9 n
_ ! £ ks; {1+ (1)}+1—tg ksi [1+to {1+ 0(1)}]
— 21—|—t0 S; 0] 4(1 )2 S; 0 o
1 1
= —— ks; {1 1 — k
1T gL+l )}+4(1—|—t0) sio(1)
1 2
=_Z 1
41+t0k8‘{ +o(l)}

Note that, 1+t k‘sl > 27 ks;ty if to > 1 and that 1+t k;sZ > 27 kst if ty < 1.

Henc ; > 27 min {ks;to, ks;t3}. Thus, by using the condition |(A2)}

) 1+t

we get that, as N — oo,

2 OkM2m~—1/2g,5 0712
v/];:SZtOl v/2— — > Ck‘l/Q_v/QJrﬁm_l/QS}ﬂ_v — 00,
koA k 4(1+n)
and
kst k3/4m*1/43 s —1/4—v/2 k;s/4ﬂf1/483/4—1)/2
i 01 _ Y2 z+1 > /2 11 s 0.
]{;U/Qi 4(1+n) k’v/Q 4(1+77) kv/Qi 4(1+m)

Hence (S1.7) holds, which leads to I;1, = o(l)exp <—k”/2_4<11+n)>,
where the o(1) term is uniform for 1 < ¢ < k — 1. The term I;;; can

18



S1. PROOFS

be handled in a similar way as that for /;;, and we obtain that, I;;;, =
o(1) exp (—kv/2_4(11+">). Hence, as N — oo, m(l;14 + Li1p) — 0, which

implies that

Ii,l =1- (1 - Ii717a — I’i,l,b)m = O(l)m exp <_kv/2_4(li-n)> ,

where the o(1) is uniform for 1 < i < k. By using the condition |[(A2)| we
conclude that, as N — oo, Zf:_f I;1 = o(1). The terms I; 5 can be handled
in a similar way as that for I; ;. Thus, the statement in Lemma [S4] follows.

[]

Lemma S5. Assume that conditions [(A1) and [(A2) hold. Let v € ((2 +

n)~1,271Y). Then, for any § € (0,1), as N — oo,

max sup
1<j<m k_1+5§s§1

Proof of Lemma [S3. Define iy = [k°] and s; = i/k for iy < i < k. Similar

to the proof of Lemma [S4 we have that, for any constant C' > 0,

()
tn
P{max sup (S)—l >C}
1<j<m k71+6S$§1 S
k (4) k (4)
tr i n 7
Sg P{max (S)—l >C}+E P{max (S)—l >C}
L 1<j<m | s; - 1<<m | Sigq
=10 =10

k k
=: Z Iy + Z I 5.

=10 =10
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We start with I 5,

Im:l—Pm< <O>
G) /o () (o "
:1—{1—P<t" (81)>1+C>—P<" (SZ)<1—C>}

S; Si

=1-(1- Iiie— [i,l,b)m-

t) ()

Si

-1

We first handle [, ,. Define

_ s+ 0)}" - 1a0 (ﬁ) + b (ﬁ) .

n

Then, we have that,

=P (Z ]{X_(j)>$ . nF(x,) < ks; — nF(x,J) .
i=1 L
We intend to show that

log Ii,l,a
Bz

(S1.8)

lim sup
N—o0

By Lemma [S1|and condition |(A1)l we have that, as N — oo,

nF(z,) = k—F(z,) = ks; (1+C) {1 +0(1)}.

n
k
Thus, for sufficiently large N, ks; — nF(z,) < 0. Applying Lemma [S2| with
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1+C
log(li14/2) < —%HLC (nF(z,) — ksi) + 411(15—20)2"”‘”")
_ —%1 kaSlC {14 0(1)} + i%k&(l +O) {1 +o(1)}
_ —%1220165,.{1 +o(1)}.

Thus, (S1.8) holds since ks; > k° for all iy < i < k. The rest of the proofs

are similar to that in Lemma ]
Now, we are able to give the proof of Theorem [3]

Proof of Theorem[3. Lemma [S3| ensures that we can replace x,x € D by
Q,(f)(s), s € [k~1*9,1] in Proposition , and obtain that, as N — oo,

1

vk

— Ao(n/k) {t;j)(s)}lﬂ U {1/t9)(s)} | =op(1).
(S1.9)

Vkm max  sup {tﬁlj)(s)}”*l/2 s — t(s)

. n
1<j<m k—1+d<g<

WO {19(s)}

Our goal is to replace the three ¢ )(s) terms in (S1.9)) by its limit s and
show that, as N — oo,

1

0o :=Vkm max su sv1/2
0 p \/E

1<j<m k_1+‘5§8§1

s —t9(s) — —=WY (s) — Ag(n/k)s" 1 T(s7)

= Op(l).

. v—1/2
Note that, Lemma |S5{allows us to replace the first factor {12(5 ) (s)}
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by s'=12. So, as N — o0,

. 1 ) )
01 :=Vkm max  su sV TV21s — W) (5) — ——WW {0 (g
1 1§j§mk71+5£s§1 n ( ) \/E n { n ( )}

— Ao(n/k) {t ()} 0 {1/t9(s)} | = 0p(1).
(S1.10)

Define

0y = +/m max sup s'"1/? ’Wn(j) {tfj)(s)} - Wéj)(s)’ ,

1§J§m k*1+5§SS1

03 = VkmAg(n/k) max sup s°7Y/2

1<j<m k‘71+5§s§1

Obviously, dg < 01 + d9 + d3. Since d; has been handled in (S1.10]), we only

need to show dy = op(1) and 93 = op(1), as N — oc.
Firstly, we handle d,. By the modulus of continuity of Brownian mo-

tions and Lemma [S5| we have that, for any & > 0,

6y < +/m max sup s"V2 {tg)(s) - 3}1/275 a.s.,

1<j<m k—l-&-égsgl
which yields d2 = 0p(1) by Lemma
Next, we handle d3. We only consider the case v + p # 0. The proof

for v + p = 0 is similar. By checking the definition of ¥, we have that,

(g j ey =
{t()} 7w {1/6)(s)} — s (s )=

= [{t9 ()} —1].
By Lemma [S4, we have that, as N — oo,

D(s)

=1+ o0p(1)s™"/2 4 (km) =/,

22
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S1. PROOFS

where the op(1) term is uniform for k7' < s <1 and 1 < j < m. Thus, as

N — oo,

max sup U7V [{tg)(s)/s}l_p - 1} = op(1).

1<5<m 1o cgcy
Combining with the condition vkmA(n/k) = O(1) as N — oo, we have
that, d3 = op(1). Combining d;, d and d3, we conclude that, 6y = op(1) as
N — oo.

around

By applying Taylor’s expansion to the function f(x) =: %

z = s, and noting that f'(z) = —z7 Y and f"(z) = (y+1)z~7~2, we have

that,
QY (s) = F(1(s) = T (s = )+ )T 0 5

where 14 is a random value between s and ¢ )(s). It follows that,

STl L ey — A /)T (s
5 7 W7 (s) — Ao(n/k)¥(s™")

<8y + Vkm max  sup s“+7+1/27—+1 ‘{u(j)(s)}_7_2 {tD(s) — 3}2

1<j<m g 145<g<q 2 "

Vikm  sup  s'TFY2 max

k16 <s<1 1<jsm

Q(s) =

Note that

Vkm max  sup sUTIHY2 ’{ug)(s)}ﬂ_z {tff)(s) - 3}2‘

1<j<m k_1+5§s§1

‘ —y—2
u,(f)(s) !

S

< | max sup

1<j<m k—1+0<s<1 1<5<k k—1+6<s<1 S

t(j)(s) 2
max sup Vkms'TV? [ 2222 g

== Il . IQ.
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()|~

s

y—2
Obviously, I; < max {1,max1<j<m SUPg-140< <1 } By Lemma
S5 we have that I; = Op(1) as N — co. By Lemma [S4], we have that as

N — 00, I = 0p(1). Then, the proof is completed.

Recall that U = {1/(1 - F)}". Write X = U(Y), where Y fol-
lows the Pareto (1) distribution with distribution function 1 — 1/y. Let
{Y1,Ys,...,Yx} be a random sample of Y. Then we can regard our obser-
vations as {U(Y}), U(Y2),..., U(Yn)}, which are stored in m machines with
n observations each. And let Yn(Q > > }/1(,{1) denote the order statistics
of the n Pareto (1) random variable corresponding to the observations in

machine j. Then, X =U¥", ).

n

Proof of Proposition[3 First, we show that, as N — oo.

k—1+5

g [ o

1<j<m

s —1
Y

‘d520p<1). (S1.11)
We intend to apply (2.3) with ¢ = n/k and tx = Yn(f)[ks]m. For this

purpose, we introduce the set ; = {Y@km >tg, forall1 <5 < m} By

n

Lemma S.2 in the supplementary material of |Chen et al.| (2022)), we have
that, under condition [(A2)} limy_o P (£2;) = 1 for any ¢, > 0. Conse-

quently, on the set {21, we can replace t and tx by n/k and YW in (2.3)),

n—l[ks],n

24



S1. PROOFS

respectively, for 7 = 1,2,...,m and obtain that,

- 57 —1
Q(s) -
(s) 5
. v
(k’Yn(_)kS n/n) — 577 4
- +40 () ¥ (2 01m)

e ()] (1 m) ™

= 19(s) + I (s) + IY)(s).

We are going to prove that, as N — oo,

Vkm max / g() IV (s)ds = op(1), for i=1,23.
0

We start with Ifj)(s). We consider the cases (i) v > 0, (ii) v < 0 and
(iii) v = 0 separately.

Case (1): v > 0. First, from the condition 5 > v — and condition

_n__
2(14n)

(A2)| we have that, as N — oo, Vkm fkiHé

0 g(s)s™7ds = o(1). Next, note

25



that, for v > 0,

k71+6

[l ©) K
kmlgljzggn/o g(s) <kYn7[ks]7n/n) ds
k71+6
\/ @) /)"
< kmlrgnjagn/o g(s) (kY2 /n)" ds

146
—\/ @) /)"
=Vkm max. (kYY) /n) /0 g(s)ds
E—1+6

< VEkm (kYy n/n) / g(s)ds

0

::()P(1>(an)7+l/2kf{1—6X5+1)

= 0p (1) YD) = (1=0)(B+1)

::OP(1%

where the last equality follows from the condition that g > ﬁ—z — 2(1177).

Case (ii) v < 0. Similar to the proof for the case v > 0, we have that,
k—1+6

as N — oo, Vkm [ g(s)s™7ds = o(1). Since v < 0, we have that,

(kYn(i)[,w]m/n)7 < (kYn(f)[k(;] /n)7. Thus, it suffies to show that, as N — oo,

k—1+5 '
Vkm max g(s) <kY(J_) s /n)vds = op(1). (S1.12)
1<j<m J n—[kd],n
First, we introduce the set {2y = {keri)[ks] n/n > 27110 forall 1 <j < m}
and show that, as N — oo, P (§22) — 1. Note that,

() = P (kY2 fn > 27047

=pP" (Z I{Yi(j)ZZ_ln/ka} > [k6]>
=1
— {1 —P (Z J{szn/kg} — 2K < [K°] — 2/&) } :
=1
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S1. PROOFS

We intend to prove limy_, P (£22) = 1 by showing that

log P {Z?:l I{Yi(”zrln/ké} —92k% <« [k5] _ Qka}
s - -

Applying Lemma [S2| with ¢ = 1/4 and o = 2k° — [k°], we have that,

1 1 1
0 ) 1) 0
10gP{ E I{Y<J)>2 1 /k5} < [k°] — 2k } <log2 — —4k’ +—8k = log2 — —8k‘ .

Thus, as N — oo, P () — 1

On the set 25, we have that,

g—145 ‘ R
Vkm max / g(s) (kYn(J_)[k(;]m/n)AY ds < Vkm max / g(s) (/<:1_5/2)7 ds
0 0

1<j<m 1<j<m

= O(1) [Tk (1=0) = (1=6)(B+1)

From the condition that § > v— we have that, v kmkY(1=0 f~(0-0)(B+1) _

(1+n

0 as N — oo and hence holds.
Case (iit) v = 0. Fory = 0, the term Il(j)(s) is interpreted as log (kYn(f)[ks]’n/n> -

log s. Since log(z) is an increasing function of z, the case v = 0 can be han-

dled in a similar way as that for the case v > 0.

Thus, we conclude that, as N — oo,
146

Vkm max /0 g(s)]{j)(s)ds = op(1).

1<j<m

The terms I (s) and I3 U)(s) can be handled in a similar way as that for

Il(j)(s). Hence, (S1.11) follows.

27



By using the condition 5 > v — ﬁ and checking the definition of U,

we get that, as N — oo,

k71+5

VimA, (%)/ o(s)B(s~Y)ds = o(1).

0

Thus, the statement in Proposition [2| holds provided that, as N — oo,

k—1+5

Vkm max /0 g(s)

1<j<m

1 .
— s WU ()| ds = op(1).
7 2 (8) p(1)

By the modulus of continuity of Brownian motions, we have that, for any

constant € > 0,

Wéj)(s)‘ < s'?2q.s. for all 0 < s < k=9 and sufficiently

large k. Thus, we have that, as N — oo,

k71+6

VEm max / 9(s)

1<j<m

1 ' fe—1+06
—s WY ()| ds < \/m/ g(s)s 7712 = ds,
0

Vi

= O(I)kﬁk—(l—@(ﬁ—vﬂ/z—e)

where the last equality follows from the condition that § > n — ﬁ

Proposition [2] is thus proved. O

S1.4 Proofs for Section [5

Proof of Corollary[3 By applying the same techniques used in proving the

asymptotic normality of the oracle Hill estimator (cf. Example 5.1.5 in
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de Haan and Ferreira (2006))), we have that, as N — oo,

ds
_ Vel
= Z /X(J) S

/U(n/k)

n—k,n

= [1 -+ [2 + 13.
For I, note that, as N — oo,
1 & 1/7
=S (X2 )
j=1

By taking s = 1 in Theorem 4, we get that, as N — oo,

X '
n—kn _ _ (4) _
mlg% \/E<U(n/k:) 1) AWD ()| = op(1). (S1.13)
Thus, as N — oo,
I =— PRl — ZWJ km)™20p(1).

For I, the uniform convergence in (S1.13|) and Theorem (I| imply that
as N — oo, I, = (km)™'?0p(1).

For I3, since Fy = m™! Z;n:l FT(Lj), we obtain that,

o [ (o ()]

~Oracle

We can handle v in a similar way and get that,

~Uracle 1 —
ygrete — q = —y—=Wy(1) + (km) ™ 20p(1) + L.

Vkm
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The Corollary is proved by noting that Wy = m~1/2 Py W O

Proof of Corollary[3. For a continuous function f : [0,1] — R, define an

operator

L) = (=) =) [ =4s) =901 =26} {f(5) — F(1)} ds.
It is obvious that L is a linear operator.

Note that, for the oracle PWM estimator using top km exceedances,

we have that, as N — oo,

~Oracle _ 1 —v—1 n -1 1
Yok — 7 = mL (s "W (s)) + Ao (E) L(V(s™h)+ T

see e.g. Section 3.6.1 in |de Haan and Ferreira (2006). By using similar

OP(l)a

techniques, we obtain that, as N — oo,

1 =
—Z’ng)ww_’Y
7j=1

1 « L, : n
- _E { —’7—1[)[/0) A <_> L(U(st
m f=i ]{? n (S)) + Ao L ( (S ))
) ' (9)
J J
+ Op(1 1r<n]£2<n/ ’f s)| ds + Op( )1%%}%/0 s|fP(s)|ds.
Recall that L is a linear operator and Wy = m™/237"" W, we get
that
1 « 4
—— L (s Wh(s)) = — E =1y () )
km (s~ w( mi (s 2 (5)

The Corollary is proved provided that, as N — 00, I := maxi<j<m, fo

W (s)

1 féj)(s)‘ ds —

(km)~Y20p(1) and Iy := max;<j<p, fol 5 ds = (km)~20p(1).
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For handling I, we divide [0,1] into [k~1*° 1] and [0, k~1*?]. Thus,

f—1to 1
I < ma @) (s)| ds + ma / @) (s)| ds
< [ @]+ [ 1006)
L= 1171 —|-1172.

We first handle I 5. Note that, for n > 1/22—17, we can always find a v > ﬁ?

such that v + v < 1/2. Then, by Theorem , as N — oo,

1

s = Op(l)(km)_l/z/ sTUTY2 s = (km)"Y20p(1).

f— 140
The term I, ; can be handled by Proposition [2| as follows. Choose g(s) = 1.
Since v < 1/2 and n > max {O, 1/22—777}, the conditions in Proposition
hold. The proposition yields that I;; = (km)~'/20p(1). Hence, we obtain
I) = (km)™'20p(1) as N — co. The term I, can be handled in a similar

way with choosing ¢(s) = s. ]

Next, we prove Corollary 4], the oracle property of the maximum likeli-
hood estimator (MLE). A detailed proof will be given only for v > 0. The
cases v =0 or —1/2 < v < 0 can be handled in a similar way.

Let Uy,U,, ..., Uy be iid. uniformly distributed random variables
and denote X; = U <UL) ,0 = 1,2,..., N. Assume that the N obser-
vations are stored in m machines with n observations in each machine.
Let Uff% > U,(lj_)ljn > 0 > Ul(])l be the order statistics of uniform ran-

dom variables corresponding to the observations in machine j. Then,
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X(j) - U (#)
n—lks],n U[(Igz]+l,n

Lemma S6. Assume that condition )| holds. Then, as N — oo,

)
nUks]—Hn
max sup ———— =Op(1).
1SGSmpatscecy kS

Proof. Define ig = [k°] and s; = i/k for ip < i < k. For any s € [s;, 5,41),

we have that, Uks n = U(kjS J+1m and hence
(4)
nU[ks +1,n nU[ks J+1,n
ks - ks;
Thus, we have that,
(4) (4)
nU[ks +1,n nU[ksi]+1,n
max sup ———— < max max —————.
1<j<mp1toceey kS 1<j<nig<i<k  ks;

Hence, for any constant C' > 0,

nUY) nU
>Jsm

1<J<mk 1+6<g<1 =
0

2{ ( C)}

k

::Z(l—]im).

Note that,

=P {U(”

[ksi]+1,n

P {zn: I (Uf” < C’ksi/n> < [ksi]}
{Z[( <Cl{:sl/n) — Cks; < (1_0)]{57}
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Applying Lemma [S2| with ¢ = 1/2, we obtain that,

log I; < —=(C' — ks; + ~ks; (1 —
ogI; < 2(6’ )k‘sz+4k‘sz( - )

_ _}l (2C — 3) ks; {1+ o(1)} .

Since ks; < k° for all iy < i < k, by choosing C' > 3/2, we have that,

i log I; B
imanp S5 = e
The rest of the proofs are similar to that of Lemma [S4] O

Define

206 = K2 Q) - QP (1) - ).

We rewrite the equation (10) as

A {< o (Hﬂ(@ﬂ() Q?(l)))

6/
( ) Wa) (@ -w) |
v +(30/58)) (QF(s) - QP (1)) |

[ () S0 i,

e + (39 /5 (Q(s) - QP (1))

where 65 = 5) Jaq (n/k).

(S1.14)

Lemma S7. Assume the same conditions as in Corollary[f] and v > 0. Let

(79, 59)) be such that

7§19 =l = Op(k71)
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uniformly for 1 < j <m. Then,

~(9) : .
P{l + 15 (@9(5) = QY1) = s s € [k7147,1], 5 = 1,2,.--,m} 1

Og

Proof. By using the second order condition and Lemma [S6, we obtain that,

for all 6 > 0,
8
Ul —— |-U(z —— | -1
(U[(Igi]+1n> (k) . < U[(zs)]+1n>
max sup s7TPHO (%) ! .} —k
Isjsm gep—1+4 1 Ao (%) U[(kjs)]Jrl n

= OP(l).

We use this approximation simultaneously for s € [k~ 1] and s = 1.

Then, we have that,
() U ;>
an [ks],n 7k R0 (U[(kjs)]Jrl n > (UISJ-F)I n
1 2l
~ ()
Y (n [ks+1n ) (nUki-ln>

o ( > (nU[k]s)Jdn) - <%> v (”U§£1n>

+op(D) A (7) (777 = 1),
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Hence,

n

.
~(J) 1
nUkJrln 7\ nU k+1n
(4) 7 (])
+7<>1< <£ >+ Ao Z‘I’< %) )
K U[k5]+1=" %0 nU[ks +1,n
— ij)A <E> ] L +op(1)A (ﬁ) (S—v—p—5 _ 1)
5(()j) "k "Ulgr)l,n " "\

) G)
39 X g = X

1+

Il

By Lemma [S6] we have that, s7I11; is bounded away from zero uniformly
for s € [k71*° 1] and 1 < j < m. We can show that all the other terms
tend to 0 uniformly for s € [k=1%°,1],1 < j < m when multiplied by s7,
so Lemma [S7) follows with Cy := min;<j<y, infep—145 1) s7111; — ey, for a

suitable sequence ¢y | 0.

O
Proof of Corollary [ If v # 0, the equation (S1.14]) can be simplified to
1 ~(7) ‘ A .
/ log (1 + 5 (Q9(6) - Q;“(l))) ds =77,
0
70 (S1.15)

1 1
ds =

/olm/ D) (P -ePm) AL

We will find expansions for the left-hand side of both equations uniformly

for1 <j<m.
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Rewrite the first one as

[ o1 T 00 o [ et

1 7(]) ; ;
+ /kua log{ (1 + — O'é 5 (Q,(l)(s) — Q,Q(l))) } ds

— 17 4+~ (1 - 0Ok logk) + IS

k—1+6

We start from handling [ l(j ). Note that, as N — oo,

19 < B+ 10g ( % Q¥ (0) - Q&Jﬂ))) .

and
5(4) , .
1+ 15 (@90) - Q2'(1) = 0p(V").
0

uniformly for 1 < 57 <m.

Thus, we have that,
D = Op(1)k™2 = (km)™20p(1),

uniformly for 1 < 57 <m.

Next, we handle [2(]' ). Define
71) A ,
KO(s) = (14 155 (@) - @) ) - 1.

By the mean value theorem, we have that,
1

1
| | ~1
I = K9 (s)ds + /
res

T (KW($)) ds
k—1+98 1+§(j)(8))2 (K ( )) d )

= 19 4 1Y
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where £)(s) is a random value between 0 and K (s).

For Iéj), note that,

| ) 1o A0 1 |
13(3) :/ T —  ds+ L k_l/Q/ s7Z9(s)ds
s \ 63 ol 5V —

~(5) 1 ~(5) ~(9) 1 :
[ v —148y . V-2 )

Choose g(s) = s7. Since n > 2+, the condition of Proposition [2[ holds. By

applying Proposition 2, we obtain that,

k—1+6

/ 9 Z9(s) = op(Lym™72,
0
uniformly for 1 < j < m. Thus, we conclude that,
, ~() 1 209 %) 1 ,
1 = (T =) gt T — o) 0 ) Tk [ 020 (s)dskop (1)) 1
Gy y+1 \5y Gy 0
For I LE]' ), by Lemma we obtain that,

1
max su —_— = O 1 .
1<j<m se[k—fw,l] (1+£06)(s))2 r(1)

Thus,
1

) = op(1>/ (KV)(s))" ds = op(1) (km) ™",

k—1+6

uniformly for 1 < 7 <m.
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Combining Iéj ) and I f ), we conclude that, as N — oo,

(]) 1 ~(]) 1

~() — b =172 v 7 (3) -1/

5 y v — + =k / SZ (s)ds +op(1)(km) ’
(0(()]) ) v+l 5(@ 0

uniformly for 1 < 7 < m. Similarly, we can find the asymptotic expansions

for the second equation of (S1.15)):

v+1 (v + 1)(
uniformly for 1 < j < m.

By Proposition 3.1 of Drees et al.| (2004)), we can obtain similar expan-
sions for (§9racte 5Oracle) and thus the oracle property holds for the MLE

» Omle

for the extreme value index and the scale parameter.

S2 Simulation

In this section, we conduct a simulation study to demonstrate the finite
sample performance of the distributed estimator. We consider four distri-
butions: the Fréchet distribution (F(z) = exp (—z73),z > 0), the Gumbel
distribution (F(z) = exp (—e™*),z € R), the standard normal distribution
and the reversed Burr distribution (F(z) =1 — (1 + (4 —2)™%)™%4,z < 4).
The first and second order indices of the four distributions are list in Table

STl The normal distribution is not under our framework as we assume that

38
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S2. SIMULATION

p < 0. Note that the distributed Hill estimator in Chen et al.| (2022)) is only
applicable for estimating a positive extreme value index. As a result, the
distributed Hill estimator will fail for distributions with a negative or zero
extreme value index, such as the Gumbel distribution, normal distribution,

and reversed Burr distribution in our simulation.

Table S1: Distributions for simulation.

Parameters Fréchet Gumbel Normal Reversed Burr

5 1/3 0 0 0.2

p -1 -1 0 0.8

S2.1 Distributed PWM estimation for extreme value index

We compare the finite sample performances of the distributed PWM es-
timators for the extreme value index 35y,,, with different levels of m for
various levels of km. Recall that, 75y, involves km top exceedances: with
k from each machine. In the calculation of the PWM estimator, we take

the suggestion in [Hosking and Wallis| (1987)) to modify Qv(f ) as

k—
S 18Ni+035
() .— — 2 Y9 (5 ) G
Q,g._kEj =2 (X2, - XD,
1=0

We generate r = 200 samples with sample size N = 10000. We assume

that the N = 10000 observations are stored in m = 1,20,40 machines
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with n = N/m observations in each machine. Note that the case m =
1 corresponds to applying the statistical procedure to the oracle sample
directly. Thus, the corresponding estimator is the oracle estimator.

In Figure we plot the mean squared errors (MSE) of the estimates
of v against different levels of km for different distributions. We observe
that, for large m, when km is low, the distributed PWM estimator fails.
This is in line with the condition that m should be much smaller than k.
As km increases, the distributed PWM estimators and the oracle PWM es-
timator (m = 1) have similar MSEs. Although the oracle PWM estimator
outperforms the distributed PWM estimator, it may be impractical in sce-
narios where data is stored in a distributed manner due to privacy, storage,
or memory constraints, as highlighted at the beginning of the introduction.
The distributed PWM estimator can overcome these challenges by employ-
ing a divide-and-conquer algorithm, achieving performance comparable to
that of the oracle PWM estimator.

We then evaluate the performance of the distributed PWM estimators
for different values of N. Let N be chosen from {1000, 2000, . .., 20000} .
We fix n = [N*™], m = [N/n] and k = [n°%]. Denote N = nm. For
each value of N , we generate B = 50000 samples with sample size N. For

each sample ¢, we calculate the distributed PWM estimator /7\113{}/ u and the
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Figure S1: MSE of « for 200 samples with sample size N = 10000.
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oracle PWM estimator ﬁ% - We then calculate the normalized root mean
squared error (RMSE) for the distributed PWM estimator and oracle PWM

estimator as

AOracle i 2
TYpwm )

IIMtU

B
1 ~Di 2
B Z (’YPWM ’Y)
i=1
respectively. Moreover, we calculate the normalized distance between the

two estimators as

B
1 ~D.i ~Oracle,i 2
Vkm B Z <7PWM Trwm > :

=1

The normalized RMSE and normalized distance across various values of N
for the four distributions are shown in Figure We observe that, the
normalized RMSE remains almost constant, consistent with the fact that
VEm (Ypwar —7) = Op(1) and VEkm (38555 —7) = Op(1) as n — oc.
Furthermore, the normalized distance tends to decrease as N increases,
aligning with Corollaryl 3, which states that vVkm (38, — 7954¢) = op(1)
as N — oo. The observed fluctuations in the normalized distance in
Figure arise due to the relative size of m (the number of machines)
and k (the number of observations per machine). Condition (A2) states
that k/m — oo as N — 0o. Due to the finite sample setup and the integer
function, as N varies from 1000 to 20000, the ratio k/m may either increase

or decrease, leading to the observed fluctuations in Figure S2.

42



S2. SIMULATION

Normalized RMSE

o
&

\ 5
Normalized Distance

Normalized RMSE

o
o

Normalized RMSE

Normalized RMSE

Normalized Distance

H
3

i

o

5000

100

054~

0.50-

0.46-

00 15000

50‘00
N
(a) Fréchet Distribution
— oracle 0.40-
-- dc
777777777777 .
]
B 0.35-
g
=
2
©
g 0.30-
5
z
' ' ' 0.25- '
5000 10000 15000 5000
N

5000

5000

10000

10000

N

(b) Gumbel Distribution

057-
— oracle
-- dc
0.56-
0.55-

054~

053~

Normalized Distance

i

052-

051~

15000 5000

(c) Normal Distribution

0.45-

B 040~

0.35-

15000 5000

(d) Reversed Burr Distribution

10000

10000 15000

15000

10000

15000

10000

15000

Figure S2: Normalized RMSE and normalized distance between the distributed PWM
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S2.2 Distributed PWM estimation for high quantile

Recall that the estimation procedures for high quantile proposed in Section
first compute the distributed estimation for the extreme value index, scale
parameter and location parameter. Then the estimation for high quantile
can be obtained. Nevertheless, one can also directly apply the DC algorithm
to the estimation of the high quantile. The detailed procedures are given

as follows:
e On each machine j, we calculate ;y\l(gje,{, o> A9 (%), X G)

e On each machine j, we estimate the high quantile by
( % )%M B
20 (py) = X9, +av) (9) il

n—k,n (i )
k Vgt)/VM

and transmit ) (py) to the central machine.

e On the central machine, we take the average of these estimates by

Z 2 (pN)'

Jj=1

zh? (pn) =

By using similar techniques as in proving the oracle property of the PWM
estimator for the extreme value index, we can also establish the oracle
property of 772(py).

We compare the finite sample performances of the two estimators Z2 (py)

and 7P2(py) of the 1 — p quantile with p = 1/5000. We also generate

44



S2. SIMULATION

r = 200 samples with sample size N = 10000. Figures [S3| and [S4] demon-
strate the performances of the high quantile estimators in terms of the
average of the estimates (bias) and the MSE. We have three main observa-
tions from these figures. First, the performance of distributed high quantile
estimator is similar to that of the oracle estimator both in the bias and the
MSE, and the gap between them widens as m increases. This is in line with
the asymptotic theory.

Second, the average of 77?(py) is overall higher than that of ZP(py)
for the same m, which can be explained by the fact that (a® — 1)/x is a
convex function of z, for large a.

Third, we observe that, the average of ZP2(py) is generally higher
than that of the oracle estimate. Since the oracle PWM estimator tends to
underestimate the high quantile, 77?(py) performs better than the oracle

estimator in terms of the MSE.

S2.3 Distributed MLE for the extreme value index

We compare the MSE and the computation cost of the distributed MLE and
the oracle MLE. We generate r = 100 samples with sample size N = 5x 107.
Fix m = 1000 and n = 50000. We consider three different choices of

kE = 1000, 1500, 2500.
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Figure S3: Average of quantile estimation for 200 samples with sample size N = 10000.

Horizontal lines indicate the value of x;, with p = 1/5000.
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Figure S4: MSE of quantile estimation (p = 1/5000) for 200 samples with sample

N = 10000.
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Table [S2 summarizes the MSE of the distributed MLE and the oracle
MLE for different levels of k. The values in parentheses are the MSE of the
oracle MLE. For the Gumbel distribution, the distributed MLE achieves
better performance compared to the oracle MLE. For the Fréchet, Normal
and Reversed Burr distributions, the distributed MLE has higher MSE
compared to the oracle MLE for all levels of k. Nevertheless, the MSE of
these two estimators are still comparable.

We further compare the computation time of the distributed MLE and
the oracle MLE] For the calculation of MLE, we use the gpdFit() function
from R package "fExtremes” (Wuertz et al| (2017)).

First, assume that no parallel computing techniques can be used, then
the distributed MLE must be calculated in sequence. In particular, we split
the datasets into m subsets. For j = 1,2,...,m, we record the local com-
putation time tU). The total computation time for the distributed MLE
is Z;”Zl tU). Table |S3| summarizes the computation time of these two esti-
mators. The values in parentheses are the computation time of the oracle
MLE. The distributed MLE performs faster for the Fréchet, Normal and
Reversed Burr distributions. For the Gumbel distribution, the oracle MLE

perfroms slightly faster while the computation time of these two estimators

The comparison is conducted in R on an AMD R5 4600U CPU.
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are still comparable.

Table S2: The MSE of the distributed MLE (and oracle MLE)

k = 1000 k = 1500 k = 2500
Fréchet 1.8 x 1075(5.0 x 1075) 2 x 1075(9.3 x 107%) 3.4 x 1075(2.5 x 107°)
Gumbel 3 x 107°(0.01) 3.3 x 1075(0.011) 5.81 x 107°(0.012)
Normal 0.011(0.0099) 0.013(0.012) 0.015(0.013)

Reversed Burr 3 x 1074(1.5 x 107%) 4.3 x 107%(2.7x 107%) 8 x 107%(5.4 x 107%)

Next, we consider the computation time of the distributed MLE if we
can utilize parallel computing. We take the maximum of the local compu-
tation time maxij<j<m tU) as an estimated time for applying the distributed
MLE. The total computational time for all the 100 samples is shown in
Table [S4 The computational efficiency can be significantly improved by

using the distributed MLE and parallel computing.
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Table S3: Total computational time (in seconds) of the distributed MLE (and oracle

MLE) without parallel computing.

k = 1000 k = 1500 k = 2500
Fréchet 804.6(1001.5)  874(1014.2)  1052.5(1322)
Gumbel 811.7(785.4)  906.3(791.3)  1086.9(980.1)
Normal 865.2(984.8)  974.5(1057.9) 1181.5(1361.3)

Reversed Burr  810.5(1062.3)  903(1206.5)  1085.1(1531.8)

Table S4: Total computational time (in seconds) of the distributed MLE with parallel

computing.

k=1000 %k =1500 k& = 2500

Fréchet 5.201 6.12 6.521
Gumbel 3.076 6.295 7.373
Normal 2.699 6.556 7.689
Reversed Burr 2.607 3.189 4.845
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