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Abstract

Section [S1] provides proofs for all the lemmas and theorems in the main paper. Section

provides more details on the Gauss-Hermite Quadrature we used in the main paper.
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S1 Proofs of Lemmas and Theorems

Lemma[2.]. Firstly, the conditional density function of (R,Y) given X,

from one observation, is

{m(y,v) fyrx (v, x;8)}" {1 - /77(75711)fY|x(757X; ﬁ)dt}lr-

Thus, we need to show, if

{m(y, ) frix(y,x:8,)} {1 - /771(15, u)fy|x(t,x;ﬂ1)dt} 781-1)

1—r

_ {7r2(y7u)fY|x(y,X;ﬁz)}r{1— / 7r2<t,u>fY|x<t,x;ﬂ2>dt} (§1.2)

for all 7, y and x, then 7 (y, u) = ma(y, u) and B = B,. When (S1.1)=(S1.2),
let 7 = 1, it implies m(y, u)fyx(y,x;81) = m2(y, ) frix(y,x;B,); let

r = 0, it implies

/Wl(tau)fYX<t7X;/61)dt: /WQ(t7u>fY|X(t7X;ﬂ2>dt7

which is implied by (g, w) fyx (4% 81) = ma(y, w) frx(y,%; B,). Thus

we have

log fyx (v, x; B) — log fyx (v, x; B,) = logma(y, u) — logm (y, u).

Note that the above expression is a function not depending on z any more.
We denote it as m(y,u). Since random variable Z is one-dimensional, we

simply take the bounded set Z in condition as the closed interval
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21, 2,). Similar arguments naturally follow for other forms of Z. As ¢t —
0, we define a sequence of continuously differentiable (with respect to z)

functions ¢ (y,u, z) as

wlpz) = 1—t <2< )k (22 ) mi
+1(z < z < z,)m(y,u)z
Z— 2y
+1(zy < 2 < 2z + 1)K, ( ) m(y, )z,
where
( (

0, r < —1, 1, x <0,
21+x)?, —-l<z< -1, 1-22%, 0<a<4,
1-22%, —3<z<0, 21 —2)%, t<z<l,

1, x>0, 0, x> 1.

\ \

One can verify that, when z & 7, for every fixed ¢, ¢; is defined such that
¢; = 0 uniformly in (y,u) when z — oo or z — —o0. Also when ¢t — 0, ¢,

is defined such that fz o1 0q;/0zdz — 0. Then we have, for every t,

/ %(97 u, Z){long\X(y, x;3;) — 10gfy\x(?/a X; B,) }dz

zZ=00 0

= {1Og7T2(y7 u) - logﬂ-l (y7 u)}Qt<y7 u, Z) |z:—oo:

Additionally, by the definition of ¢;, one can easily verify

/ %(%u, z){log fyx (y,x; B1) — log fyx (v, x; B5) }d=
2¢T z

0
= {logms(y,u) — logm (v, u)}/ ﬁ(y, u, z)dz — 0,t — 0.
2¢T 32
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Therefore, we also have

Oqt
_q(y7 u, Z){long|X(y7 X; /81) - 10ng\X<y7 X 182)}d2

z€L 0z

- /I{lngYX(y,XSBO—longlX(?/’X3B2>}2dZ

= {logfyx(y,x; 8,) — logfyix(y,x; B2)}* (24 — 21) = 0, — 0.

Hence, we must have log fyx(y,x; 8;) — logfyx(y,x; B;) = 0 when z € Z.
Following the condition[(A3)] B, = B,. Then, we must also have m (y, u) =

mo(y,u). This completes the model identifiability. O

Theorem [3.1. This proof consists of three major steps.

In the first step, we construct some functions in S(m, K,,, M,,) to ap-
proximate the true parameters. To do that, we need the following general
result. From the properties of B-spline functions (Schumaker, 2007)), we
can define a linear operator @ mapping W**°(D) to the sieve space; that
is, for any g € W*>°(D),

Ky

Qo= Y. Ty aldBlw-- B, (w),

ll,...,lp+1:—m+1

where I, | are the linear functionals in L., (D), where Ly (-) is the set

olpt1
of all measurable functions that are bounded almost everywhere. Moreover,

Kn
S Thlgll < @m4 1P g g

l1yeilpr1=—m+1
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and according to [Schumaker| (2007)),
1Qlg] = gllzeaim) < O(m)K,".
Thus we define 7, (y, u) = Q[logitmy(y, u)]. Corresponding, we obtain
T (Y, u) = expit(m,(y, u)).
As a result, we have the bound
17 (y, w) = 7o(y, )|y < O,

For the second step, we first define P,, as the empirical measure based
on the n i.i.d. observations, P as the corresponding expectation, and G,, as
the empirical process v/n(P, — P). Recall that, in Section 2.2 we denoted

the likelihood function from one generic observation as
1—r
bl B.m) = {nln) it B} 1= [ttt
Then we have
Pn{logp(R7 Y7 Xa Bn7 %11)} 2 Pn{logp(R7 }/7 Xa 1607 7TTL>}

Equivalently, we have

. R,Y,X;B,, ) p(R,Y,X; By, ) p(R,Y,X; By, mo)
n2G, 1ng( < >P {log 0 + P < log 0 S1.3
{ p(R7Y7X;IBO77Tn) - p<R7 Y,X;ﬁo,ﬂ'0> p(R,KX,Bn,%n) )

In the next we will first bound the left hand side of (S1.3]) using empirical

process theory. For this purpose, we consider a collection of functions £,
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defined as

) PRY. X B, )
b= {1 P(R,Y,X; By, 7p)

(B, %) € S(m,Kn,Mn)} .

Since ||Bf"(*)||Lo(0,)) = 1, any function of 7, given in £, is bounded by
1. By the assumption, p(R,Y,X; B, m,) is bounded below by zero. Hence
the class £,, has an upper bound O,(M,). Also it can be verified that all
the functions in £,, are Lipschitz continuous and the Lipschitz constant is
bounded by O,(e®M~) and they lie in a hypercube of a real space R™"
with N,, = (K, + m)P*! + d. Therefore, for any € > 0, if we partition this
hypercube into subcubes with scale length €, the total number of subcubes is
at most O((M,,/e)N"). According to the Lipschitz property of the functions
in £,, the L.-distance between any two functions of £, with respective

COMn)

indexes in the same subcube is no more than O,(e Npe. Consequently,

we obtain that the bracketing number for £, satisfies
N(Op(e“M )N, e, Ly, Loo) < O((M,,/€)™).

According to van der Vaart (1998]), we have, in probability,

Mn) GCUMnN Nn
JAEL|P, — Plls. < / log ) de

< MK, . logK,.

pt+1
Thus the left hand side of (S1.3)) is bounded above by O, (M2 K,* logK, /\/n).
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We now bound below the right hand side of (S1.3). Firstly, since the
function p(-) is Lipschitz continuous with each argument, we have the first

component

P {logp(Ra Y7 X7 :607 ﬂ-n)
p(R7 Y7 X7 /307 7T0)

} > —0, (1)l - molln. > ~Op(D)EC*.

The second component is the Kullback-Leibler divergence. We linearize the
last term. The first order term in the expansion vanishes while the second

order term in the expansion is bounded below by
O(e™")[Ip(R, Y, X; By, m0) — (R, Y, X; B,,, T 17,

Combining all the above results, we have

pt1
ectMn - eerMn V2| 2 0g K, ~

Using some Taylor expansion arguments, although the constant ¢; changes
slightly, we can still obtain the same bound for |logp(R,Y,X; 8, m) —

logp(R, Y, X; B, )2, i,

pi1
ectMneartMu V2| 2 00 K,

In the third step, we aim to obtain the Lo-convergence of the estimators,

) Z /{lng(ﬂ Y, X; /807 7T0) - lng(T, Y, X; Brw %n)}2drdydésl5)

hence the consistency. In (S1.5)), if we let » = 1, then

/ {log7,(y,w) + log fyx (v, x; B,,) — logmo(y, u) — log fyx (¥, x; By) }dydx

pt1
erMnearMa V2K 2 |og K,
< op(1)< —— N .
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To proceed, we temporarily denote the right hand side bound in the
above expression as A,. Similar to the proof of Lemma [2.1, we take the
compact set Z in condition [(A3)|as the closed interval [z, z,]. Note that, for
each fixed n, log fyx (v, x; Bn) —log fyx (y,x; By) is a function of y, u, z and
we temporarily denote it as [(y, u, z). We denote one of its original functions
(with respect to z) as L(y,u, z) such that 0L(y,u,z2)/0z = l(y,u,2). As
t — 0, we define a sequence of continuously differentiable (with respect to
z) functions wy(y, u, 2) as

zZ— Z

wi(y,u,2) = I(z—t<z< )k ( ) Iy, u,2)

—|—](Zl <z < Zu)L(ya u, Z)

Z— Zy

+1(z, < zgzu—l—t)Kr(

)i

where K; and K, were defined in the proof of Lemma [2.1]

One can easily verify, when z € Z, 0w, /0z = l(y, u, z) = log fyx (v, X; ,/B\n)—
log fyx (y,x; By) for any t. When z ¢ Z, for every fixed ¢, w, is defined such
that w; = 0 uniformly in (y,u) when z — oo or z — —oo; also when
t — 0, w; is defined such that fzﬂ Ow;/0z l(y,u, z)dz — 0 for any bounded
function I(y, u, 2).

Firstly, we have

ow _ ~ ow
/ - {logfu(y, w) +log frix (v, x: B,) — logmo(y, u) — log fy x (. x: By) Ydydudz < A/* | ==

0z Ly
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Because

[ G108 (v.w) — ogmo(y. w)dydudz = [ {log (. w) ~ logmo(y. e % dydu = 0,(1)

we have

O

0z

0
/ O oty x (.3 B,) — Lo fy (v, Bo)ydud < A}

Lo

By the definition of w;, we then have

3wt Owy

- g frix(y.x: B,) — log fyix(y.%; By) Jdydudz < A/* || =

Lo
Let t — 0, this is equivalent to

c1 My,

p+1
eclM”]\anKn2 logK,

/I{logfyx(y,X; Bn) - 1ngY|X(y>X§ 50)}2dyd11d2 < A, =0,(1) (eKk

Therefore, if we choose a subsequence fyx(y,X; Bn) and we suppose Bn —
B*, from the above inequality as well as the condition [(A3), we must have

B* = 3,. Hence, we obtain

/I{logfnx(ya X; Bn) - 10ng|x(y: X, ﬁo)}2dydudz

pt1
etMn garMn \12[C 2 00 K,
0,(1) ( 4 n & ) ,

Kk NLD
as well as
[ 108,10 — ogro(y w) Payduds
z

p+1
ectMneaMn N2 [ 2 0o K,
< Op(1)< o NG :

vn

) |
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Then, using the Taylor’s expansion and provided that condition is
satisfied, we can achieve the same bound for ||3, — 3,2 and ||, — moll7,-
On the other hand, from [Schumaker| (2007) and the condition [[A4)], we
have
IV Vi (y, 0|z, < CK;; Z Tty | < O(MLK),
thus

HV'y“yVﬁ“/ﬁn(y,u)HLoo < C’e(k“)MT‘”JMnKLC < C’e(kH)M"Ks,

where k, + k, = k. According to the Sobolev interpolation inequality

(Adams and Fournier, 2003), we have
(1-3)/2

IV (7 — mo) || £, < CeFFIMA R

n

pF1
ec1Mn n e M MK, logK,
KF Vn

where A = (p + 3)/(2k) < 1/3. The choice of K,, and M,, will guarantee

this terms goes to zero. Hence we proved that
7 (y. w) = mo(y, w)[[wr. = 0.
This completes the proof of the consistency theorem. O
Theorem [3.4. We will show that
180 = Boll3 + 17 = moll7, < Op(K%*) + 0p(n %),

The proof is similar to that of Theorem 3.1} We define L,, as before, but the

functions in £,, are indexed by (8, 7), which belongs to a bounded set in
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R x WH*_ Thus, £, has a bounded covering function and the integration
of the entropy for the class £,, is finite. Moreover, the function in the left
hand side of converges to zero uniformly. Thus we apply Theorem
2.11.23 of jvan der Vaart and Wellner| (1996)), to obtain that the left hand
side of is bounded by o,(n"1/2).

For the right hand side of , we still perform Taylor expansion at
the true parameters. Since each parameter is in a small neighborhood of

the true parameters, the right hand side of is bounded below by
~Op(W)IIFn = moll%, + Op(VlIp(R. Y. X: B, m0) = p(R, Y, X: B, T [,
Therefore we have

0p(1)n ™2 + Op() I, = [[p(R, Y. X; By, m0) — p(R, Y, X; B, 7a)||751.6)

Note that (S1.6) is the same as (S1.4)) in the proof of Theorem [3.1] except for

the bound on the left hand side. In what follows we use the same argument

as in the proof of Theorem and then the proof is complete. O

Theorem [3.3. We will show that \/ﬁ(an — ;) can be written as a linear
functional of the empirical process G,,, and that Bn is semiparametrically
efficient.

We have the score function for parameter 3 is

[ Sa(t.x; B) fyrix(t,x; B)m(t, u)dt
1— [ fyx(t,x;B)m(t,u)dt ’

ls(B;m) = 18p(y,x;8) = (1=7)
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where Sg(y,x; 8) = 0log fyx(y,x; 3)/08 is the score vector, and the score
function for nuisance 7 (y, u) along the submodel 7;(y, u) = {1+th(y, u) }mo(y, u)
is

[ h(t,u) fyix(t,x; Bg)mo(t, u)dt
1- f fY|X(t7X; IBO)WO(t’ u)dt .

lﬂ(ﬁaﬂ) = Th(y,ll) - (1 - T)

After some algebra, we have

I Ss(t,x; B) fyix(t,x; B)7(t, u)
1— [ fyx(t,x; B)m (¢, u)dt

d
l;krlﬁ - Sﬁ(yv X, ﬁ)fY|X(y7 X, /B)ﬂ-(y7 Ll) + th|X(y7 X, /3)77-(?% 11),

and

f a(t’ u)fY|X(t> X3 IB)T((t7 u)dt
1 - f fY|X(t’ x; B)7(t, u)dt

where [7 is the adjoint operator of /. The information operator [/, is the

llra(y,w) = a(y,v) fyx (v, x; B)m(y, u) + frix(y,x; B)m(y, w),

sum of an invertible operator and a compact operator from the space BV
to itself, where BV contains all the functions of y (for each fixed x) with
bounded variation. By the Fredholm theory (Rudin, 1973), the informa-
tion operator is invertible if it is one to one, or equivalently, the Fisher
information along any nontrivial submodel is zero.

Suppose that the Fisher information is zero along some submodel (3, +
tw, {1 + th(y,u)}mo(y,u)). Then the score function along this submodel,
5w + I-(h(y,u)), is zero. Set R = 1, we have Sg(y,x; 8)"w + h(y,u) = 0,

for any (y,u, z) € P. Therefore, for any (y,u, z;), i = 1,2, we have

[Glog{fy|x(y, u,Z;; ﬁo)/fnx(y, u, Zo; 50)}/3ﬁ]TW = 0.
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By the local identifiability condition (A5), w = 0, hence h = 0 with prob-
ability one. Thus, the information operator is invertible. Consequently,

there exists a function h such that

I1:(h) = 1.

T

This means that the least favorable direction for 3, exists. In addition,
by using the arguments in the proof of Theorem 3.4 of [Zeng (2005) and
condition (A3), we can show that h belongs to the W"> space.

We now construct the projection of 7(y,u) on the tangent space of the
sieve space. First, by simple computation, the tangent vector h,(y,u) for
the nuisance parameter at 7, has the form 7,7(y, u), where n(y, u) has the
same form as 7(y, u) in the sieve space. Then, one good approximation to
the pseudo least favorable direction is to choose h,(y,u) such that its cor-
responding 7(y, u) satisfies n(y,u) = Q[h,/m]. Thus the previous results

imply that

Iha(y, ) = g, W), < Op(K,; ™) + 0(n"12).

Since (,@n, T,) maximizes the objective function in the sieve space, the

-~

score with respect to ¢ along the submodel (3,, + tw, (1 + th,)7,) must be

zero, where h,, is the projection of h onto the tangent space of the sieve
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space. Then it holds that

G {l(B 7o) — L (B ) [} = =P {l(By, Tn) — br (B 7on) [l }-

For the left hand side of the above equation, we apply Theorem 2.11.23
of van der Vaart and Wellner| (1996). Note that the function in the left
hand side, indexed by both (F,, h,) € W and 8, € [—M, M]%, belongs
to a P-Donsker class.

Moreover, we linearize the right hand side at the true parameters and

approximate h, by h. Since

P{l7r7r(/807 7TO)[%TZ — T, h] + ZBW(IBW 7'('0)[/7'(\'” - 7T0]} = 07

we obtain that

~P{Lp(Bo, m0) 1] + Lap(Bo, m0) }3/n(B,, — By)
= Gu{ls(By. m0) — L (Bo, mo)[A]} + VROp(W{IIB,, — Boll3 + 1Fn — moll2, + I — R13,}

= Gn{lﬂ(:@o: 7o) — l=(Bo, mo)[h]} + op(1),

where lgg is the derivative of g with respect to 3, lg.|h| is the derivative
of lg with respect to 7 along the direction h, l:g[h] is the derivative of [,[h]
with respect to 3, and l..[h1, he] is the derivative of [,[h;] with respect to

7 along the direction hy. Next we can show that

—P{lps(By: m0) — lxp(By, 7o) [M]} = P [{ls(By, m0) — Lx(Bo, o) [n]}**]
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is invertible. Therefore, the influence function of Bn is

d)(BOv 7T0) = _[P{lﬁﬁ(ﬂmﬂ-o) - lﬂﬁ(ﬁov WO)[h]}]_l{lﬁ<607 7T0> - lw(,@(),ﬂ'o)[h]},

which belongs to the space spanned by the scores. Thus, the asymptotic
variance of En is X =P {¢(By, m0)d(By, m0) " }, and it is semiparametrically

efficient. This completes the proof. O

S2 Gauss-Hermite Quadrature

The Gauss-Hermite quadrature (e.g., |Liu and Pierce|[1994) can be used to

calculate generic integrals in the form of

/Oo hy)é(y; . o*)dy,

where ¢(-; 1, 0?) is a normal pdf with mean ; and variance o%. The integral

is approximated by

a
e 1 [ 1
Mot o)y = = [ esp(-ath(Varsspds & 2 3 wih(VEoaitp),
/. 7l 2>
where {x;,1 =1,...,G} and the associated weights {w;,i =1,...,G} are
known constants given G. And a larger G will lead to a more precise ap-

proximation (but computationally heavier). In Equation (4.10), the integral

~(t
is an expectation with respect to fyx (v, Xi;,B( )), which is a normal pdf
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with mean (suppose X and 3 contain the intercept)

~ (0
i =x7p

(2

and variance ()2, The expectant is

log[fnx (% X 5)“%‘(3/)-

Thus, we can see that (4.11) is the result of directly applying the aforemen-

tioned Gauss-Hermite quadrature.
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