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S1 Explanation of (General Assumptions

Remark 1. Explanation of general assumptions:

(Ia) This assumption means the treatment assigned to one unit does not
directly affect the outcomes of other units. In the context of survival out-
comes, it implies the presence or absence of treatment for one individual
does not impact the survival time or outcome of other individuals.

(Ib) This assumption means the treatment assigned to a unit has a con-
sistent causal effect on that unit’s outcome. In the context of survival
outcomes, it implies the treatment has a constant impact on each individ-
ual’s survival time or hazard rate, regardless of the treatment assignments

of other individuals. By assuming both the stability of units and consistent
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treatment effects, SUTVA allows us to leverage the presence of multiple
units in estimating causal effects with survival outcomes. This feature en-
ables us to draw valid causal inferences and evaluate the treatment effect on
survival outcomes by comparing the outcomes of treated units with those
of control units, accounting for potential confounding factors.

(IT) This assumption plays a crucial role in the identification of causal ef-
fects in this study. Specifically, it ensures the validity of the identifica-
tion formula (equation (2.4)) introduced in Section 2.3. The positivity of
PM(t) = m|T = t,X = x) > 0 is required to ensure that the inte-
gral is well-defined and that the conditional expectation E[Y (x,t', M;(x))]
can be estimated. Additionally, this assumption ensures that every sub-
ject has a positive probability of being assigned to each treatment arm,
which is critical for making valid causal inferences. In the context of
this study, as described in Section 7, the treatment variable T is binary,
indicating the presence of APOE-e4 alleles (1 = presence). The ADNI
dataset includes 718 subjects, with 367 in the 7" = 1 group and 351
in the T" = 0 group. This relatively balanced distribution ensures that
P(T = t|X = x) > 0 is plausible across all levels of the covariates X.
The mediator M, defined as the difference in the proportion of ventricle

volume in the whole brain between the 12th month and the baseline, is
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a continuous variable that has been standardized prior to analysis. The
standardization ensures that M has a smooth and continuous distribution,
making P(M(t) = m|T = t,X = x) > 0 generally plausible across its
range.

(III) The unconfoundedness assumptions guarantee the identification of
ICEs with survival outcomes, as introduced in Section 2.3. These assump-
tions require that the treatment is independent of the potential outcomes
and potential mediators, given the observed covariates X, and the mediator
is independent of the potential outcomes given the observed treatment T
and pre-treatment covariates X. By assuming treatment independence and
mediator independence, the unconfoundedness assumption aims to ensure
that any observed associations between treatment, mediator, and survival
outcomes can be causally attributed to the causal effect and not to unmea-
sured confounders or reverse causality.

(IV) The assumption of noninformative censoring states that the censoring
time C' and the event time Y are conditionally independent given the co-
variates X, treatment 7', and mediator M. It is crucial for making valid
causal inferences in survival analysis, ensuring that the censoring process is
not related to the unobserved outcomes, given the treatment, mediator, and

the observed covariates. As a result, we can treat the censored observations
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as missing at random (MAR).

S2 Some Details in Section 3

S2.1 Mediator Layer

Counterfactual block: it consists of a generator and a discriminator.
We first introduce the generator, Gy : R%* x X x {0,1} x M — M x
M, which takes several inputs, including the covariates x (where X =
x), the binary treatment variable ¢ (where T' = t), the factual media-
tor m (where M = m), and some noise Z. The output is the complete
mediator vector Gy (Z, x,t,m) = (Gg/})(z,x,t,m), G&)(Z,x,t,m)), where
Gum(Z, X, T, M) = (Gg\(/)[)(Z, X, T, M), G&)(Z, X, T, M)) represents the ran-
dom variable generated by Gyg. The discriminator, Dy : X' X M x M
0, 1], takes x, (1 —t)m + tGS[)(Z,x,t, m), and tm + (1 — t)G&)(Z,x,t, m)
as inputs. It outputs a scalar value representing the probability that the
last input tm + (1 — t)GS[)(Z, x,t,m) corresponds to the factual mediator
rather than the counterfactual mediator. This setup allows us to generate
the complete mediator vector by incorporating the covariates, treatment,
factual mediator, and noise into the generator, and then leveraging the dis-
criminator to distinguish between the factual and counterfactual mediators.

The loss function associated with this setup is
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L (G, Dm) = Ex,1,m)~ Py 12y B2~ Py {Tlog Dm(X, (1 —T)M + TG (Z,X, T, M), TM + (1 — T)G\} (Z, X, T, M))

+(1=T)log [1 — Dm (X, (1 = T)M + TGQ(Z, X, T, M), TM + (1 — T)G{})(Z, X, T, M))] }

and the corresponding minimax optimization problem can be formulated
as ming,, maxp,, Lv(Gwa, Dm). At the population level, the target condi-
tional generator and discriminator, G}, and Dy, are defined as the solu-

tions to the optimization problem:
(G, Dy) = argming  argmaxp Ly (G, D). (52.1)
Similar to Gm = (Gf\(}[), GS[)), we denote G} = (GI*\}I(O), G*M’(l)).

Empirical Loss Function of Counterfactual Block: for the dataset
{X =x;,T =t;, M = m;}",, independently and identically distributed
according to Px 1, and {Z = z;}!" | independently generated from Pz, we
define the sample set SM = {X = x;,,T = t;, M = m;,Z = z;}"_,. This
sample set is used to train the estimated conditional generator (A}M. We

consider the empirical version of Ly (Gw, Dwm):

. 1 n
Lm(Ga, D) = = {ti log D (Xi, (1= ti)m; + LGP (2, X, ti,mq), timi + (1 — )G (21, %1, 14, mi))
n

=1

+ (1 —t;)log [1 — Dwm (Xia (T —=ti)m; + tiGg\(/)[)(Ziaxiytiami)vtimi +(1— ti)G&)(ZmXiatiami))] }
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We also introduce a supervised loss to ensure that G;@(z,x,t,m) =

m: Zl(GM) =1 S ‘Gﬁ)(zi,xi,ti,mi) — mi|2. Now, we can define the

T on

empirical objective function as follows: for a supervised parameter a; > 0,

We use two feedforward neural networks (FNN) to estimate Gy, de-

noted as Gy, based on (S2.2)). See details in Section

Inferential Block: we extend the classical CGAN framework in this
block to generate the complete mediator vector solely based on the given
covariates x, without relying on factual mediator and treatment. After
training the above counterfactual mediator block, we obtain the complete
mediator vector ((1 — t)m + th\(/)I)(Z, x,t,m),tm + (1 — t)GSI)(Z, x,t,m)).
Then, we transfer this complete mediator vector and the given covariates
x (where X = x) to the inferential mediator block for inference. The
generator, denoted as In; : R% x X + M x M, takes the covariates
x (where X = x) and some noise Z as inputs. It produces the com-
plete mediator vector IM(Z X) = (]1(\91)(2, x), If\})(i, x)), where IM(Z, X) =
(Iﬁ)(z,X),Ig(z,X)) represents the random variable generated by Ip;.
The discriminator, Dr,,, in this case, takes either (x, (1—t)m—|—tG§3I)(Z, x,t,m),
tm+ (1 — t)GSI)(Z, x,t,m)) or (x,In(Z,x)) as inputs. By utilizing this ar-
chitecture, we can generate the complete mediator vector by integrating

the covariates and noise into the generator. The discriminator helps distin-

guish between the counterfactual and inferred complete mediator vectors.
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We employ the classical CGAN loss:
Lim (IM, DIM) = EquQ [log D[M (q)] + EXNPXEQNPZ IOg [1 — DIM (x, II(\Z) (/z\, x), II(\/ll) (/z\, X)):| s

where Pgq is the the joint distribution of (X,G3 (2, X, T = 1, My(X)), Mi(X)).

Subsequently, we aim to solve ming,, max Dry, Livi(In, Dry, ). Define

(I, D1y, ) == argminy, argmaxp, Liv(Inm, D1y, ) and Liv(Ing) := sup Liv(Inm, D1y ),
Dy,

and denote Iy = (159, 1Y), Based on the Lemmas regarding distribu-
tion matching presented in Section , we can show that IK}[(O) (2, X) ~
My(X) ~ Pyixr—o and I (Z, X) ~ My(X) ~ Pyix.r—1.

Empirical Loss Function of Inferential Block: given the sam-
ple set SM and {Z = z;}", independently generated from Py, after ob-
taining CA}M in the previous section, we define another sample set SIM :=
{(xi, ts,m” " 2) Yoy, where (M, ) = (G} (20, %, T = 1,m;), m;) +
(1—1) (mi, CAJSI) (zi,x;, T =0, mz)), to train the estimated conditional gen-
erator TM in the inferential block. Consider the following empirical version

Of »CIM (Il\/[7 DIM>:

- ~ 1 < . .
Lrna(Tna, Drygi Gna) = — 3 { log Dy, (x:, 2, V) + log [1 — Drye (6, I (3, x1), ILY (zi,xi))} }
i=1

To optimize the performance with respect to equation Ex.py [‘E[M 1(x) —
My(x)]—E [[1(\/1[)(2, x)—[f\g)(i, x)] H , we introduce a supervised loss: Lo(Ing; Gy) =

e (m@ —_il)) - (If\ﬁ’ (zi,x;) —Il(vl[) (Zi,%;)) ‘2. Meanwhile, we introduce

another supervised loss to ensure Il(\f[) (z,x) = m: Ls(Iy) = LD {Il(\f[") (z, %;)—

2 . .. :
mi‘ . For supervised parameters s, az > 0, we define an empirical objec-
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tive function as follows:

EIM(IM7 Dryy; GM) = ZIM(IM7 Dryy; GM) + 04222(IM§ GM) + 04323(IM)-

(52.3)

Again, we use FNN to estimate Iys, denoted as TM, based on the em-

pirical objective function (S2.3)). See details in Section [S2.4]

S2.2 Distribution Matching
First, we consider the loss function

l:M(GM, DM) =
B, 740~ P ag Bz { Tlog Daa (X, (1= T)M + TG (2, X, T, M), TM + (1 - T)G{) (2, X, T, M)

+ (1= T)log[l — Dnm (x, (1-T)M+71G6Q(Z,X,T, M), TM + (1 - T)G{Y (2, X, T, M))]},

and

(G, Dyp) = argming  argmaxp L (G, D). (52.4)

Now, we provide the form of the target discriminator D},. For any mea-
surable function Gy @ R% x X x {0,1} x M — M x M, we define
LM(GM) = SupDM ﬁM(GM, DM) Then,

Ly (Gwm) = sup ]EXNPX{P(T =1/X) - Extnpyy x 7oy Ezopy { log DM (X, G\ (2,X,1, M), M)}

Dm

+ P(T = O‘X) : EIVINPZM\X,T:OEZNPZ { IOg[l - DM(X7 M, G&)(Z>X7 0, M))]}}
:SUP/ / / (10gDM(x,G§8[>(z,x,1,m),m)-pM|x7T(M:m\X:x,T:1)-pT|X(T: 11X = x)
Dm Jx J M JRAz

+ log[1l — Dm(x, m, G;}I)(z,x, 0,m))] - pmx,r(M =m|X=%x,T=0) -prx(T=0X= x))

-pz(Z = z) dzdm px (X = x)dx
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:sup/// (10gDM(x,G§8[>(z,x,1,m),m)-pZ’XYTYM(Z:z,X:X,T:l,M:m)
x J M JRdz

Dm

+ log[l — Dm(x,m, G&)(zpc, 0,m))] - pzxrm(Z=2z,X=x,T=0,M = m)> dz dm dx
=sup (/ log Dm(q) - dPzx,m,m ((Z, X, T,M) € GK/Il’l(q))
G,1(REz X X x {1} x M)

Dm

+ / log[1 — Dat(w)] - dPz.x roas (2, X, T, M) € G;A{O(w))>
Ga,o(R%z x X x {0} x M)

= sup (Eqnrq 108 Du(@) + Ewn pyy log[1 = Dar(w)])

Dm

=Dss(pq,pw) —logd = Drr(pqll(prq +pw)/2) + Dk r(pwll(pq + pw)/2) — log4, (52.5)

where pq and pw are densities of Po(Q = q) = Pz,x,T,M<(Z, X, T,M) €
Gﬁjﬂq)) for any q € Gpmi(R% x X x {1} x M) and Py(W = w) =
PZX,T,M((Z, X, T, M) € G;}}O(w)> for any w € Garo(R% x X x {0} x M),
respectively; Gy @ (z,%,T,m) € R%=xX x{1}xM — (x, Gf\(/})(z,x, 1,m),m)
€ X xMx M, and Gymyp : (z,x,T,m) € RE x X x {0} x M
(x,m,G&)(z,x,O,m)) € X X M x M, GK/IIJ. is the inverse mapping of
Gwm,i for i € {0,1}; D;5(A, B) denotes the Jensen-Shannon (JS) divergence
between two distributions A and B, and D, (A||B) denotes the Kullback-
Leibler (KL) divergence between A and B.

Using the properties of the f-divergence including JS divergence as a

special case (Zhou et al.| |2022), we obtain that the optimal discriminator is

p (0) —
X,G Z,X,T=1,M1(X)),M1 (X
D* pQ M ( 1( )) 1< ) . (826)

x =
PQTPW Py Oz x 11,0y (%)), M5 (%) T PXMo(X),6 (2,X,7=0, Mo (X))

According to Statement 1 of Theorem S.2 in |Arjovsky et al. (2017), we can

deduce that D;s(pq,pw) = 0 if and only if the total variation distance of



10 CHENG HUAN, XINYUAN SONG, AND HONGWEI YUAN

probability measures is zero, i.e., [|[Pq — Pw||7v := Sup ey, o0 1PQ(A) —
Pw(A)| = 3llpq — pwll = 3 [vipen IPa(@) — pw(a)ldg = 0. Here,
Y xx mxm represents the set of all measurable subsets, Pq(A) = qu 1 Pa(a)dq,
Pw(A) = fqe 1Ppw(q)dq, and the second equality can be verified using
Proposition 4.2 in [Levin and Peres (2017). As a consequence, we obtain

the following lemma on distribution matching:

Lemma 1. A function G}; : R%= x X x {0,1} x M — M x M is a

minimizer of Lai(Gwm), that is, Gy € argming, Lav(Gwm), if and only if

’ ’vaG;}I(O) (2,X,T=1,M1(X)),M1(X) N pX7M0 (X)vGT\}I(l) (Z2,X,T=0,Mo(X)) ’ Lt

that is, (X,G*N’I(O)(Z,X,T =1, Ml(X)),Ml(X)) ~ (X,MO(X),GI*\;I(“(Z,X,T -0, MO(X))).

Denote the joint distribution in the above lemma by Pq.

Drawing an analogy to the counterfactual block in the mediator layer,
we can derive the expression for the optimal discriminator D3, in the out-
come layer. For any measurable function Gy : R% x X x {0,1} x M x Y,
the optimal discriminator is given by:

p 0) 7
X, MGy (Z,X,T=1,M,Y1 (X,M)),Y1 (X,M
DY = v ( 1( )Y ( ) . (S2.7)

Py 0,69 (2%, T=1,M,v3 (X, M), v3 (X, M) T P, Yo (%,0),680) (Z,X,T=0, M, Yo (X, M)

We have the following lemma regarding distribution matching.

Lemma 2. A function G% : R x X x {0,1} x M x Y +— Y x Y is a

minimizer of Ly(Gy) = supp, Ly(Gy,Dy), that is, Gy € argming, Ly (Gvy), if
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and only if

"px,M,G;’(O)(2,X,T:1,M,Y1(X,M)),Y1(X,M) - pX,M,YO(X,M),G;(”(i,X,Tzo,M,YO(X,M))”Ll =0,

or

(X, M, Gy (Z,X, T =1, M, Yi(X, M)), Y1 (X, M)) ~ (X, M,Yo(X, M), Gy "(Z, X, T = 0, M, Yo(X, M))).

Denote the joint distribution in the above lemma as Fg,.

Next, consider the classical CGAN loss:

Liv(Im, D1y ) = Eqnpg [10g Dy ()] + Ex~ i Esep, log [1 — Diy (%, I (2,%), I{}) (Z, x))] :
and

(Ip, D1,,) = argminIMargmaxDIM Livi(In, Dr,) and Ly (Ing) := %up Livi(In, Dry,)-
Im

Based on the standard theory of CGAN (Goodfellow et al., 2014; Mirza and

Osindero|, |2014)), it can be shown that the optimal discriminator is given by

DI — 5 (82-8)
Mo opq+ Dx 10 (Z,X)

and we can establish the following lemma regarding distribution matching.

Lemma 3. A function Ii; : R%= x X — M x M is a minimizer of Linv(Ing),

that is, Iy € argming, Liv(In) of and only if HpQ —pX,IM(i’X)’ B

that is, (X,G&(O)(Z,X,T = l,Ml(X)),Ml(X)) ~ (X,MO(X),GI*V’I(D(Z,X,T = O,MO(X))> ~

(x, 59z, %), 15"z, X)) ‘
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By considering the marginal distributions, we can conclude that I ;}I(O) (2, X)
~ My(X) ~ Pypxr—o and Iii(Z, X) ~ My (X) ~ Pyjxr—1-
Similarly, by the standard theory of CGAN, we can determine the op-

timal discriminator of inferential block in the outcome layer as follows:

e
Dj, = Q : (S2.9)
PQ t Px M1y (Z.X)

and obtain the following lemma on distribution matching.

Lemma 4. A function Ty : R%= x X x M — Y X Y is a minimizer of

Lry(Iy), that is, Iy, € argming, Lyy(Ly), if and only z'fHp@—po’IY(z,X,M)HLl
= 0, that is, (X,M, Gz, X, T =1,M,Y1(X, M)),Yl(X,M)> ~ (x M, Yo(X, M), G5 M(Z, X,

T =0,M, Yo (X, M))) ~ (X, M, 15 (Z, %, M), 150 (Z, X, M)

By considering the marginal distributions, we deduce that ];«(,(0) (Z,X, M) ~

YO(X> M) ~ PY\X,T:O,M and [;‘(’(1)(27 X, M) ~ Yl(X> M) ~ PY|X,T=1,M-

S2.3 Gy estimation

We use two FNNs (Goodfellow et al. 2016) to estimate Gy based on the
empirical objective function (3.11). Denote the conditional generator net-
work as G§; parameterized by 6, and the conditional discriminator net-
work as DKS/[ parameterized by ¢. For any function f(x) : X — R% denote
| fll oo = Supyew || f(x)]|, where ||| is the Euclidean norm.

e The generator network Gg/lz let G = Gy w,sp be the set of ReLU
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neural networks G§; : R% x X x {0,1} x M — M x M parameterized by

0, depth H, width W, size S, and HGI"\’/I < B. Here, the depth H refers

I
to the number of hidden layers, so the network has H + 1 layers in total. A
(H + 1)-vector (wg,ws, . ..,wy) specifies the width of each layer, where wy
is the dimension of the input data and wy is the dimension of the output.
The width W = max{wy,...,wy} is the maximum width of the hidden
layers. The size S = 3./, [wi X w;11] is the total number of parameters in
the network.

e The discriminator network DK’,I : denote D = Dy wsp as the set of
ReLU neural networks DK’,[ X X M x M — R, parameterized by ¢, depth
ﬁ, width W, size g, and HD{&HLOO <B.
Then, 6 and ¢ are estimated as follows: (5, 97)) = argmineargmaxd,EM(Gg/[, DY),
and the estimated conditional generator is Gy = Gﬁ/l, and the estimated
discriminator is ZA?M = Dl%,[. Note that EM(GM, Dyr) depends on ngl)(-, 5 1,)
and G&)(, -,0,) but not on Gﬁ})(., -, 0,-) or GSI)(-, -, 1,+), while ZI(GM) ex-
hibits the opposite behavior, meaning that it is dependent on Gf\(j[)(-, 5 0,)
and GS}(-, -, 1,+) but not on Gﬁ)(-, 1,-)or GS[)(-, -,0,-). Therefore, Gu is

also a minimizer of both Ly (G, D) and L£1(GY)).
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S2.4 Iy estimation

Denote the conditional generator network as I& parameterized by 1), and
the conditional discriminator network as Dy, parameterized by w.

e The generator network IK’/I: let T = Iy yy55 be the set of ReLU
neural networks Iﬁ :R% x X — M x M parameterized by 1, depth H,
width W, size S, and HI;@IHLM <B.

e The discriminator network Dy, : denote D; = Dy, 35, 5, 5, as the
set of ReLU neural networks Dy, : X x M X M — R, parameterized by

w, depth Hp, width Wp, size Sp, and HD}"MHLOO < Bp.

Then, 9 and w are estimated by the following:
(1, &) = argminargmax,, Lo (I, DY Gu), (S2.10)

and the estimated conditional generator is Ty = I, and the estimated

discriminator is Dry,, = Df., .
M

S2.5 Gy estimation

We use two FNNs to estimate Gy based on the empirical objective function
Zy(Gy, Dvy). Let Y=Y |JC. Following the approach in Section 3.1 in the
paper, we denote the conditional generator network as G% parameterized

by ¢, and the conditional discriminator network as D% parameterized by

£
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e The generator network G%: let Gy = Gy, wy.sy .8y be the set of ReLU
neural networks G% ‘R x X x {0,1} x M x Vs Y x)Y parameterized
by ¢, depth Hy, width Wy, size Sy, and HG@HLM < By.

e The discriminator network D% : denote Dy = D’fty,Vva, 3,5, 88 the
set of ReLU neural networks Dg XA XM xYxY = R, parameterized by
&, depth ﬁy, width Wy, size gy, and HD%HLoo < By.

Then, ¢ and & are estimated by the following:
(E,E) = argmingargmaxgzy(Gg, DY), (S2.11)

and the estimated conditional generator and discriminator are Gy = G$

and Dy = Dg, respectively.

S2.6 Iy estimation

We again use FNNs to estimate Iy based on the empirical objective function
ZIY(Iy, Dry; aY)

Denote the conditional generator network as I% parameterized by ¢,
and the conditional discriminator network as Df‘Y parameterized by A.

e The generator network IZ: denote Zy = T, Wy 5y By @ the set of
ReLU neural networks I : X x M +— Y x Y, parameterized by ¢, depth

Hy, width Wy, size Sy, and ||Ig||,. < By-.

e The discriminator network Df\ : denote Dy, = D

Hoy Woy Spy Bpy 85
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the set of ReLU neural networks Df‘Y XXM xYx)Y— R, parameterized
by A, depth Hp,., width Wp,, size Sp,, and ||Df, ||, < Bp,. Then, ¢

and A are estimated by the following:

~

(@, A) = argmin argmax, Lry (IZ, D7, ; Gy), (S2.12)

and the estimated conditional generator and discriminator are Iy = I?} and

lA)IY = DIX‘Y7 respectively.

S3 Regularity Conditions

(A.1) Gy(z,x,1,m) and Gy(2z,x,0,m) are continuous in (z,x,m) €
R4 XX X M with HGTV[(? : 1, ')HLW(RdZXXXM) < CO and HGTV[(? : O, ')”LW(RdZXXXM) <
Cy for some constant 0 < Cy < o0.

(A.2) For any Gy € G = Guw,s,5,

PQ pX,Gg(}ﬁ(z,X,T=1,M1(X)),M1(X)

(Pq + Pw) PX GO z,X,1=1,0, (X)), M1 (X) T PX,Mo(X),6 (2,X,7=0,M0 (X))
X x M x M — R is continuous and 0 < Cy < pg/(pq +pw) < Cy < 1 for
some constants 0 < C < Oy < 0.

(B.1) As sample size n goes to infinity, the network parameters of G satisfy

1 1
BSH 05;;(8) ogn

HW — oo and 0. (S3.13)



S3. REGULARITY CONDITIONS17

(B.2) As sample size n goes to infinity, the network parameters of D satisfy

BSH log(g) logn
n

HW — 0o and — 0. (S3.14)

(A.3) I};(z, x) is continuous in (z,x) € R% x X with [[Ti;(-, -)|| oo (ras xx) <

C'; for some constant 0 < C7 < oo.

px,@g\(/)[)(Z,X,T:I,]Wl (X)), M7 (X)

(A4) For any IM el = Iﬂﬂw7gjg, D

x,69) (2,3, 7=1,03 (), M1 (%) Px,1 2,0, 180 2%

Px a1y (x),6(Y (2%, 7=0,010 (%))

and are continuous in X x M x M,

P g (30,60 (2,x 70,00 P, 19 2,%),1() (2,%)

and they are bounded below by Cg and are bounded above by Cy for some
constants 0 < Oy < (g < .

(B.3) Assample size n goes to infinity, the network parameters of Z satisfies

BSH log(S) logn R

n

HW — oo and 0. (S3.15)

(B.4) As sample size n goes to infinity, the network parameters of D;

satisfies

BpSpHplog(Sp)logn R
n

HpWp — 0o and 0. (S3.16)

(C.1) Gy (7, x,1,m,y) and G (z,x,0,m, y) are continuous in (z, x, m,y) €
Rdz X X x M x y with HG*Y'<7 ° 1, ° ')HLOO(]RdZXXXMX))) < CYO and
1GY (-0, )| Lo Rtz xx mxy) < Cyo for some constant 0 < Cy < oo.

(C.2) For any Gy € Gy = gHy,Wy,Sy,Byv
p

©) 5 x. 7
X,M,G\>(Z,X,T=1,M,Y; (X,M)),Y7 (X, M)
Y ! ! t XXM XY X

~ + ~
pX,AI,G$)(Z,X,T:l,]vf,Yl(X,]\/I)),Yl(X,M) pX,]M,YO(X,JVI),G(Yl)(Z,X,T:O,M,YO(X,M))
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Y — R is continuous and it is not less than Cy; and not larger than Cy
for some constants 0 < Cy; < Cyy < 00.
(D.1) As sample size n; goes to infinity, the network parameters of Gy

satisfy

By Sy Hy log(Sy ) log ny

ni

HyWy — 0o and — 0. (8317)

(D.2) As sample size n; goes to infinity, the network parameters of Dy

satisfy

By Sy Hy log(gy) log ny
n

HyWy — 0o and — 0. (S3.18)

And suppose that, for any given GY € Gy,
(C.3) I (2, x,m) is continuous in (z,x, m) € R%x X x M with || Ty (-, -, ) || oo (rez x ¥ x 1) <
Cy5 for some constant 0 < Cy3 < 00.

(C.4) For any Iy € Zy = Iﬁy,WySyEw

Px 01,680 @,x,7=1,0,y1 (X,00)), v (X, M)

and

pX,M,G(\S)(i,X,T:l,M,Yl(X,M)),Yl (x,M)+px,M,1$) (Z,X,AI),I§(1>(7,X,M)

px,M,YO(x,M),Gg})(Z,x,T:o,M,YO(x,M)) . .
are continuous 1n

pX,M,YO(X,M),Gg)(Z,X,Tzo,]\/I,YO(X,Iw))+pX,M,I$) (Z,X,]\/I),Ig(l)(i,x,M)

X x M x )Y x Y, and they are bounded below by Cy, and are bounded
above by Cys for some constants 0 < Cy4 < Cys < 00.
(D.3) As sample size ny goes to infinity, the network parameters of Zy

satisfy

By SyHy log(Sy) log ny

ni

HyWy — oo and — 0. (S3.19)
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(D.4) As sample size n goes to infinity, the network parameters of D,

satisfy

Epygpyﬁpy log(gDY) log nq
n

Hp, Wp, — oo and

— 0. (S3.20)

S4 Proofs of Theoretical Results in Section 4
Mediator Layer: we shall first show the convergence of the total variation
norm

2 (S4.21)

pr,@;‘;Nz,x,T:l,Ml<X)),Ml<x> T X Mo (%), G (2,X,T=0,M (X))

L1

X, Mg, M1) — p (x, mo, m1)|dxdmodm1

/XXMXM 1P, 6 (2,3, 7=1,001 (30013 00 X, Mo(X),G (Z,X,T=0,M(X))

as sample size n tends to infinity, under some assumptions, which are

similar to those of [Zhou et al.| (2022).

Theorem S.1. Under the assumptions (A.1), (A.2), (B.1), and (B.2), then

2
ES%pr,éﬁ’(z,X,T=1,M1(X)),M1(X) _pX,Mo(X)ﬁSI)(Z,X,T:(J,MO(X))HLI — 0, as n — oo.

Let Iy be the number of samples in the sample set SIM where t; = 0,
and [; be the number of samples in the sample set SIM where ¢; = 1. Tt is
evident that lo+1; = n. Asn — oo, at least one of the following statements
holds true: (i) I; — oo; (ii) [y — oco. By employing a similar but simpler

argument compared to the proof of Theorem S.1, we can establish:

Theorem S.2. Under the assumptions (A.3), (A.4), (B.3), and (B.4), then



20 CHENG HUAN, XINYUAN SONG, AND HONGWEI YUAN

(@) Estnllog 60 2.5 r—1.0 )00 )~ Px. 20 @.%). 00 @0 120 = 0, as li— o0,

(1) Esiarllpy vy x),60 2%, 720, M0 ~ Px, 19 @.%), 10 @) L1 = 0, as lo = 0.

By combining Theorems S.1 and S.2, we can derive the following theo-
rem:

Theorem S.3. Under the assumptions (A.1)-(A.4) and (B.1)-(B.4), then

Esaroziy, pr,@i‘/})(z,x,T=1,Ml(X)),1\41(X) - pX,IA(I\?(i,X),T(I\/II)(i,X)HLl —0, as n— oo,

Esproma, 1Px sy x).60 z.x.r—0.00 %)) ~ Px.10 2.%). 10 z.x) It = 0, as n— oo,

Finally, we can derive Theorem 1.

Outcome Layer: Since we assume that the censoring rate «, is fixed
and strictly less than 1, the size of the non-censoring dataset 57(111) tends to
infinity as the size of the dataset .S,, approaches infinity. Consequently, when
n is sufficiently large and thus ny is also sufficiently large, we can exclusively

utilize the non-censoring dataset 57(111) to train the outcome layer.

Theorem S.4. Under the assumptions (C.1)-(C.4) and (D.1)-(D.4), the

following statements hold true, as nqy — oo,

Esyo@yr, HpX,M,@g?)(ZX,T:I,M,YI(X,M)),Yl(X,M) - px,Mﬁ”(zx,M),fQ(ZX,M)HU — 0,

Esyogzr, ”px,M,Yo(X,M),é%})(Zx,T:O,M,Yo(X,M)) ~ Px 10z x,0m) 10 (Z,X,M) Iz = 0.

By employing a similar argument to the proof of Theorem 1 and utiliz-

ing results of Theorem S.4, we can derive Theorem 2.



S4. PROOFS OF THEORETICAL RESULTS IN SECTION 421

S4.1 Proof of Theorem S.1

Proof. To handle the discrete variable ¢ € {0,1} in a continuous manner,
we introduce the following continuous function that smoothly connects the
two states t =0 and ¢ = 1:

m, t€0,1/4]

¢ (t,m,m) € [0,1] x M* x M* > p(t,m, ) = (2t —1/2)m + (3/2 — 2t)m, t € [1/4,3/4] € M,

m, t € [3/4,1]
(54.22)

and then define the extended generator (to t € [0, 1]) as follows:

él*\,[ (z,x,t,m) € R% x X x [0,1] x M go(t, Gh(z,x,O,m),Gh(z,x,l,m)) e M2

(S4.23)

< Cp.

L (Rdz x X x[0,1]x M)

Then, él*VI is continuous with Hél"{/l
By a truncation argument, we only need to consider on domains €2} =
[—B, B]%=%4 x [0,1] x [-B, B] and Q, = [~ B, B]%*? with B = logn.

We note that

D15 (P 6® (2.3 1-1.30, (%)) 001 (%) P 10 (%), G0 (2%, 70,310 (X))

D Px,&Q (2%, 7=1,01 (%)), 011 ) T Px 00 (30,64 (2%, =0, M, (X))
= VKL Px 69 (z,x,7=1,M, (X)),M; (X) 2

Px,GQ) (z,%,7=1,M; (X)), My (X) +px,Mo<X),é&)<z,x,T-o,Mo<X>>)
2

+ Dk (pX,Mo(X)ﬁ(h}[)(Z7X»T=D’MO(X)) ‘

> Px,6© (z,x,7=1,M, (X)), M; (X) +px,Mo(X),ég}R(z,x,T:o,MO(X)) 2
= 5pr,@;‘?<z,x,T=1,M1<X>>,M1<X) B 2 L
1 Px, 69 (z,x,7=1,M; (X)), M; (X) +px,zwg(X),c?;\}I)(z,x,T:o,MO(X)) 2
+ 5pr,Mo<x>,é§}I>(z,xﬁT:o,Mo<X)) - 2 ’ L

1 2
4 pr,éf\‘}[) (Z,X,T=1,M, (X)), M1 (X) _ PX,Mo(X),6( (2,X,T7=0,M (X)) 1,5 (54.24)
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where the inequality in the fourth line follows Pinskers inequalities (T'sy-

bakov|, 2008). Therefore,

2
pr,ég\(/}) (Z,X,T=1,M(X)),M1(X) px,Mo(x),(A;Sﬁ (Z,X,T=0,My(X)) HL1

< 4DJ5(px,é§3}(Z,X,T:LMl(X)),Ml(X)’pX,MO(X),é&)(z,x,T:O,MO(X)))

= 4(Lap(Gn) + log 4)

= 4(Lm(Gm) — Lm(Gn)), (54.25)

where the equality in the last line follows the fact that Ly (G3y) = —log4

from Lemma [l and Equation (S2.5). So it suffices to show that the last line

in ((S4.25)) converges to zero in expectation.

We follow the progress of proof in Zhou et al.| (2022) and write

0 S LM(GM) — LM(GK/I) = sup LM<GM, DM) — sup £M<G;/I, DM)

D D

= supEM(aM,DM) — sup EM(aMaDM)
Dwm DnmeD

+ sup [,M(@M,DM)— sup ZM(CAJM,DM)
DneD Dy eD

+ sup ZM(GM,DM>— sup EM(GM,DM)
DneD Dy eD

+ sup ZM(EMaDM)_ sup Ln(Gwm, Dm)
DmED Dn€eD

+ sup EM(EM, DM) — sSup EM(EM, DM)
DneD Dm

+ sup EM(EM, D) — sup Lav (G, Dv)
DM DM
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< sup La(Gu, Dm) — sup Laa(Gar, Dn)
Dwm DnmeD

+ sup EM(éM,DM)— sup ZM(CAJM,DM)
DmeD Dy eD

+ sup ZM(EM,DM> — Ssup EM(GM,DM)
Dm€eD DnmeD

+ sup CM(EM, D) — sup Ly (G, Dwm),
DM DM

< SUPEM(GM,DM) — sup /CM(GMaDM)
D DneD

+2  sup  |[Lm(Gum, Dm) — Lam(Gu, D)
DMGD,GMEQ

+ sup EM(GM, DM) — sup EM(GT\/I? DM),
DM DM

where Gy is any element that belongs to G. We then take infimum with

respect to Gy € G on both sides of the above inequality and get

]LM(CA}M) — Lm(Gyy) < sup £M(GM,DM) — sup ﬁM((A}M,DM)
D DyveD

Ay

S/

+ 2 sup |£M(GM7 DM) — EM(GM, DM)‘
DneD,Gum e

J

g

Ag

+ inf [La(Gum) — Lvi(Gig)]
S}MEQ

J/

-~

Az

= Al -+ AQ + Ag, (S426>

where A; and Aj are the approximation errors of D and G for their optimal

counterparts, respectively, and A, is the statistical error and thus can be
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further controlled by the empirical process theorem.

Lemma 5. (Theorem 4.2 in|Shen et al| (2019), Lemma B.5 in|Zhou et al.
(2022)) Let f be a uniformly continuous function defined on Q C [—R, R]%.
For arbitrary L € Nt and N € N*, there exists a function ReLU network

fo with width 3773 max{d| NY¢| N + 1} and depth 12L + 14+ 2d such that
If = foll (o) < 19Vdw}(2RN #4172/, (S4.27)

where |-] is the floor function and w?(t) is the modulus of continuity of f

satisfying w?(t) —0ast—0".

Lemma 6. (Lemma B.J in|Zhou et al.| (2022)) If &,i = 1,...m, are m

finite linear combinations of Rademacher variables €;,7 =1,...J. Then

1/2
Ee,jo1,.. max |&] < Ca(logm)'/? max (E€?)

for some constant Cy > 0.

Lemma 7. Under the assumptions (A.1), (A.2), (B.1) and (B.2), the

following statement is valid:

Az = inf [Ly(Gum) — Lpm(Gig)] = o(1), as n— oo.

GnEG
Proof. By Assumption (A.1), G%, is continuous on Q; = [—B, B]%+d- x

0,1] x [-B, B] with B = logn, and Hél"{/[ < Cy. Setting L = logn,

Loo (1)
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dy+dy+2

N = n2a+diz+9 [logn, = O and R = B, in Lemma [5, we get an ReLU

network Ei,[ € G with

depth H = 12logn + 14 + 2(d, + d, + 2),

. de+d.+5 sl 2 1/(dp+d.+2)  goxtdetz.
width W = 3%+%%5 max{(d, + d, 4 2)(n2d=+d=+0 / log n)'/(d=+d=+2), MECrET Ty /logn + 1},
size S = 7”Ldzﬁ:i4/(log;4 n) and B = 20 (54.28)

such that

G, — G’MHLOO(Ql) < 19V dy + d + 20§ (2(log n)n~H/(%F=HD) - (84.29)

Thus, there exist at least one ¢, € [0,1/4] and one t; € [3/4, 1] such that

Hé;/l(',',to,') ( s ,t(],')HLoo( —B,B]dz+dz+1) < 19\/d —|—d +2wf logn /(dm+dz+4)),
é* Yy tl, : . ,tl, Loo([—B,Bda+dz+1 <19 d + d + 2w logn ~1/(ds+da+4) s
M ( ] )
that is,

1G4(Z, X, T = 0, Mo(X)) — Gag (-, o, | oo (B pjieassry) = 0, as n — o0,

* —0
HGM<Z,X,T = 1,M1(X)) — GM(7 ',tl, ‘)HLoo([,B’B]dm-&-dz-&-l) — 0, as 1 — Q.

(S4.30)

— p (0) (n)
DM(T}) — XG (Z,X,tl,Ml(X)),Ml(X)

0,(1)

Px @09 (2.X 41, M1 (X)), M1 (X) (n) + Px o (%), (2.X o, Mo (X)) (n)

(S4.31)
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Px G20 (z,X, 7=1,M, (X)), M; (X) ()

Dy (n) = )
Px G50 (z.,X T=1,M, (X)), My (X) () + Px Mo (x),650 (2,.X,7=0,Mo (X)) (n)

(S4.32)

where n € X x M x M. Then, from the display on ([54.30) and continuity;,

we have
||D;/[ — EM||L0®([_B7B]dI+dZ+1) — 0 asn — oo, (84.33)
and therefore, we obtain

Lna(Ga) = sup Lna(Gut, Dit) = Laa(Gig, D)
M

converge to
Lm(Gy) = sup Lym(Gy, Dm) = Lm(Gy, D)
M

as n — oo. O

Lemma 8. Under the assumptions (A.1), (A.2), (B.1) and (B.2), the

following statement is valid:

2

Ay < O(n~ TFaid 4 n 5 ), (S4.34)

Proof. To bound the statistical error Ay, we follow the empirical process

argument in lemma B.2 in Zhou et al. (2022). By Assumption (A.2), for
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any GM < g,

px,Gg\(}[)(Z,X,T:LM1(X))7M1(X)(.) A XM M —=R

Px ¢ z,x,1=1,Mm (X)),MI(X)<’) T Px Mo (X),60 (2,X,7=0,Mp (X)) ()

(54.35)

is continuous and 0 < € < inf,cq, Dm(n) < sup,cq, Dm(n) < Cy < 1.
de+2

Setting L = logn, N = n2@+&+2 [logn, Q = Qs and R = B, in Lemma ,

we get an ReLU network Ei/[ € D with

depthH = 12logn + 14 + 2(d, + 2),
width W = 3%+ max{(d, + 2)(n?@ %% /log n) @+ paeta /logn + 1},

size S = nﬁ/(log4 n) and B = 2C, (54.36)
such that

1Dw — Diglli=(0a) < 19v/dy + 2072 (2(log n)n =/ (@4, (S4.37)

Let (X, T, M) ~ Pxpa and (x;,t;,m;), i = 1,...,n are i.i.d copies of
(X,T,M). Let Z ~ Pz and Z (X,T,M), z;, j = 1,...,n are i.i.d copies
of Z. Then, s; = (x;,t;,m;,2z;) are i.i.d copies of S = (X,T,M,Z) ~
Px 73 Pz. Denote
b(Gm, Dwm; S) =T'log Dai(X, (1 — TYM +tG\)) (2, X, T, M), TM + (1 — T)G\Y (Z, X, T, M))
+(1=T)log[l — Dm(X, (1 = T)M + TG)(Z,X, T, M), TM + (1 — T)G\}(Z,X, T, M))].
(54.38)

Then, La(Gn, Dy) = Es[b(Gar, Dag; S)] and Lya(Gaa, Dat) = £ 370 b(Gag, Do i)

Let ¢;,7 = 1,...,n bei.i.d Rademacher random samples that are independent
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of s;; i = 1,...,n. Denote the Rademacher complexity of D x G (Bartlett

and Mendelson, 2002) by

n

1
C(Dx@g)= EE{SZ.761.}?:1 [ sup ’ Z €:b (Gu, D si)

GMmEG,DvED i1

] . (S4.39)

Let €(D x G, e,1,0)) be the covering number of D x G with respect to the

empirical distance

O 1
en1((Gm, D), (Gm, Dm)) = HEQ

Also define

6n,oo((GMu DM)a (éM’ EM)) = Eﬁi |: sup

1<i<n

e (1(Gar. D)~ (Goar. i) )|
(S4.41)

First, by the standard symmetrization technique and the law of iterated

expectations, we have

sup |£M(GM, DM) — EM<GM,DM)| = QC(D X Q)

DnmEeD, Gy EG

= 2B, 5o {Eeiim1, 0 [C(G X D) | (s,...,80)]}- (54.42)

For § > 0, let Ds x G5 be such a covering set at scale § of D x G. Then, by

the triangle inequality and Lemma [ we have

IES1 Sn {Eezﬂ:l n [C(g X D) | (Slv s 7Sn)]}

----------
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1 n
<6+ EES1 ..... Sn {]Eei,il ..... n[ sup | Zeib(GM,DM;Si) || (s1,.. ,sn)} }

(Gm,Dm)EDs xGs 14

§5+C4%Esl Sn{[log@(@xg,em,&)}lﬂ max [Zb2(GM,DM;sZ-)}”2}.
=1

7777 (Gm,Dm)€EDs xGs
(84.43)

Since ||b(Gm, Dn; S) ||z~ < C5 := max{|log C4],|log(1 — C5)|}, we have

N 1/2
[Z v* (G, Do Sz)] < v/nCs.

i=1

Therefore,

(GM,DM)EDs xGs

n 1/2
1
51@81 ,,,,, o, { (log€ (D x G, en1,0))? max [;bQ(GM,DM;Si)]

< %Esl ..... Sn (log ¢ (D X g, €n,1; 5))1/2 \/503]
< % log € (D, en1,0) +1og€ (G, e, 1, M. (S4.44)

Now since € (G, e,1,9) < € (G, €00, 9) (similar result for D ) and

2
log € (G, €4.00,0)) < Pdimg log 5 cBn

img’
where Pdimg is the Pseudo dimension of Gy v s 5, which satisfies Bartlett

et al.| (2019)
C5HS IOgS < leg < CGHS log S,
for some positive constants C5 and Cs. Then, we have

1
7 108 € (D en1,8) +1og (G eny, o)t
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~ 1/2

HS log Slog 53‘-[5—1 + HS log S log L . (54.45)

s \/_ S SHS log S

As a result, (S4.34) follows from ((S4.28]), (S4.36]) and (S4.42)—(S4.45) with

the selection of the network parameters of Dﬁ,VN\/, e Guw.sp and with § =

O

l-
Lemma 9. Under the assumptions (A.1), (A.2), (B.1) and (B.2), the

following statement is valid:

Egum [A1] = Egu [sup La1(Gat, D) — sup Lag(Gag, Dy)] = 0 as n — oo,
Dn Dy eD
(S4.46)
Proof. Conditioning on the data S}, supp_ ,CM((A}M, Dyp) is attained at

Px GO)(z,X,7=1,M(X)),M (X) (n)

D&M (n) = :
Px GO (z.X,1=1,M (X)), M (X)(n) + pX,MO(X),@SI)(Z,X,T:O,MO(X))(n)

By Assumption (A.2), DﬁM (n) : X x M x M — R is continuous on
0y = [-B, B]%*? with B = logn, and HD M| Loy < Co. Setting L =
logn, N = nﬂﬁdﬁ?)/logn, Q =y and R = B, in Lemma , we get
an ReLU network D, € D with depth H = 12logn + 14 + 2(d, + 2),
P dy+2 dgp+2

W = 3dz+5 max{(dm + 2) (n2(2+dx+2)/10g n)l/(dz+2)’ n2(2+dm+2)/10gn+ 1}7 and

size S = nﬁ/(log4 n), B = 2C, such that

IDEM — D[l < 19v/dy + 2072 (2(log n)n Y/ 4+9)  (34.47)



S4. PROOFS OF THEORETICAL RESULTS IN SECTION 431

this is ||D1(:?'/IM — BK)/I”LOO(QQ) — 0, as n — oo. Then

0 < sup ,CM(GM,DM) — Ssup EM(GM, DM) S El(éM, DSIM) — El(aM,ﬁ&> — 0,

IV Dy eD

by continuity. O

Thus, combined with the results of the above three lemmas, we can

derive the result of Theorem S.1:

2
Esu \!px,@§i><z,x7T=1,Ml X)) Mi(X) — Pxovo(x),G (2,X,7=0,M0 (X)) Iz,

< Egnd(Lai(Gm) — Lar(Gy))

< 4ESTJ\L/IA1+A2+A3 — 0, as n — oQ.

S4.2  Proof of Theorem S.3

Proof. Without loss of generality, we assume that [y — oo as n — oo.
Otherwise, if [y — 0o as n — oo, we can employ a similar argument as
follows. For an arbitrary ¢ > 0, by Theorem S.1, there exists Ny > 0 such

that, for any n > N,

B ||pX,@$I)(Z,X,T:l,Ml(X)),Ml X) ~ Pxmy(x),GY (2,X,7=0,Mo (X)
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Let (A}M,NO be the estimated conditional generator corresponding to the

sample set S U {z;}1,. Then,

1
ES%O pr,@ﬁ{%(z,x,Tzl,Ml(X)),Ml(X) - px,MU(X),@S[{NO(Z,X,T:o,MO(x))HL1 < 5¢
(S4.49)

Next, for any n > Ny, we can define the sample set SI7 := {(x;, t;, mED),mg”,z) o,
where (70,7, ) = t;-(G\p w, (20 X0, T = 1,m),m)+(1—t3)-(my, Gy v (20, %5, T =
0,m;)), and thus, by Theorem S.2, there exists N; > Ny such that, for any

nZNh

1
ES%MHpX,@ﬁ{NO(Z,X,T=1,M1(X)),M1(X) _px,ﬂhﬁ>(2,X),ﬂh}I>(2,x)||L1 < 567 (54.50)

which implies

ES{V||px,é§91{N0(z,x,T:LMl(X)),Ml(X) _px,f(l\g>(2,x)7ﬂh}1)(2,x)||L1 < 2¢ (S4.51)

In addition, by (54.49) and (S4.50)),

ES%“px,Mo(X),@&{NO(z,x,T=o,Mo(X)> ~Pxivaxipaxle <e  (8452)

Therefore, by (S4.51)), (S4.52) and the arbitrary nature of €, we have the

results of Theorem S.3. O

S4.3 Proof of Theorem 1

Proof. By using the first result of Theorem S.3, we have

Esnmizyn, Ipx an x) = Px 70 (%) 22
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=Egamyzyn /XxM ‘px,Ml(X)(I’m) *pxyf(l\/p(zx)(%m) dmdz

:ESTIYIU{%}Ll /XxM ‘/M px,éﬁ)(z,x,T:1,M1(x)),Ml(x>(x’m’ m)dm — /M px,ﬂl\?{’(i,x),fli}[)(i,x)(z’m’ m)dm‘dmdm

SESEI s prn

T, m,m) —p (z,m, m) ‘dﬁzdmdm

‘pr;;? (23X, =10, (%)), 03 ) x, 19 2.,%).1{} (Z,%x)

=Bsymuzyr, pr,ég‘}l)(z,x,T:1,M1<X)),Ml(X) T Px 70 (2,%),70(Z.%) lzx = 0.

By applying a similar augmentation technique as above and utilizing the
second result of Theorem S.3, we can demonstrate the validity of the second

result of this Theorem. O

S5 Implementation of CGAN-ICMA-SO

We describe the implementation of CGAN-ICMA-SO. We use ReLLU as the
activation function to train the generator G&;, 1%, G$,I% and the discrim-

inator Df,[, Dy

IM,D%,DI)‘Y. We train the discriminator and the generator

iteratively by updating 6,1, ¢, ¢, ¢, w, & and X as follows:

(a) Fix 0, update the discriminator DK’/I by ascending the stochastic gra-

dient of the loss (52.2) with respect to ¢.

(b) Fix ¢, update the generator G§; by descending the stochastic gradient

of the loss (52.2) with respect to 6.

(c) Fix ¢, update the discriminator D% by ascending the stochastic gra-

dient of the loss (3.10) with respect to &.



34 CHENG HUAN, XINYUAN SONG, AND HONGWEI YUAN

(d) Fix &, update the generator Gg by descending the stochastic gradient

of the loss (3.10) with respect to (.

(e) Fix 4, update the discriminator Dy, by ascending the stochastic gra-

dient of the loss (52.3) with respect to w.

(f) Fix w, update the generator I¥; by descending the stochastic gradient

of the loss (52.3) with respect to .

(g) Fix ¢, update the discriminator Df‘Y by ascending the stochastic gra-

dient of the loss (3.11) with respect to A.

(h) Fix A, update the generator I¥ by descending the stochastic gradient

of the loss (3.11) with respect to ¢.

The training process is described below.

Algorithm 1 Training CGAN-ICMA-SO
Input: (a) Samples {X = x;,T = t;, M = m;,Y = Ui, 0 = 0, =

{X=x,T=t;, M =m;,Y =y;,0 =06, =1}2,U{X=x;,T =t;,, M =
m;,C' = ¢;,0 = 6 = 0}iL,,, 415 (b) Samples {Z = z};", from Pyz; (c)
Samples {Z = z;}", from P3; (d) Samples {Z = Z;}", from Py; (e)
Samples {Z = z;}7, from Py

Output: Conditional generator (A}M, (/:J}Y7/]:\M,/fy, and discriminator lA)M,

DYvDIMa DIY
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Optimizer: Adam (Kingma and Ba, [2014))

First Step:

while not converged do

e Compute G§;(z;, x;,t;, m;) = (Gi}l(o) (Zi, X4, t, ), Gg&(l)(zi,xi,ti,mi)),

i=1,...,nand G$ (@ xi, tiymi, i) = (G0 (@i %0t i, 10), G (@,
X, ti,miy i), i = 1,...,n, where {G%(Ei,xi,ti,mi, vi),i=1,...,n} =
{G%(’zvi,xi,ti, mi,yi), i =1,... ,nl}U{Gg(Ei,xi, ti,mi, ¢i)y i = ni+
1,...,n}. Let Sy = {xi, t;, ms, Ui, GO (zi, %5, ti, mi), G (Zi, X4t M, i),
0ii=1,...,n} = SyUSk, where Sy = {x;, t;, mq, yi, G4(2i, X4, ti, my),
G%(’zvi,xi,ti,mi,yi),éi =1,i=1,...,n1},and Sy = {x;,t;, m;, c;, G4 (2,

Xi, tivmi)a GCY(iMX’L?tl; m;, Ci>7 61 - Oal =" + 17 LR 7n}'

e Randomly select B samples from S;, where B; samples from Sy,
By samples from S;», and B = B; + B,. Denote the subscripts of
the selected samples by {b; : ¢ = 1,...,B},{b; : i = 1,..., B},
and {b; :i=B; +1,...,B}.

e Update DK’/I and D% by ascending their stochastic gradients:

B

1 6,(0 0,(1

Ve {B > {tbi log Dy (Xbi (1= to, ), + to, Gag ™ (2b;, Xp;s to; M, ), b, + (1 — b, )Gt >(Zbi»xbi,tbi,mbi))
i=1

6,(0 6,(1
+ (1 —tp,;) log [1 - DY, (wa (1 =ty )mp, + tbiGM( )(wawatbi,mw)ﬁbimbi +(1- tbi)GM( )(wawatbwmbi)ﬂ }}
1 2
,(0) /~ ,(1) )~
Ve { > {tb,; log D% (Xb,-,7mb,;1 (1 —tp,)yp, + tbiGi( >(Zbi7xbi7tbi7mbi7ybi)»tbiybi +(1- tbi)Gi( )(Zbivxbivtbq;umbivybi))

B

(0) ~ (1)~
+ (1 —tp,;)log [1 - D (Xbi»mb“ (1 —to, )y, + tbtiCy( >(Zbi,Xbi,tbi,mbi,ybi)ibiybi +(1- tb,i)G'%( )(Zbivxbiatb,ivmbivybi))]}}
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e Update G§; and G% by descending their stochastic gradients:

B
1 6,(0 6,(1
Ve {B Z {tbi log DY, (wa (1 =ty )myp,; +ty, GM( )(Zbi7Xbi7tbi,mbi),tbiMbi +(1- tbi)GM( )(Zbi:xbi:tbivmbi))

i=1

+ (1 —tp,) log [1 - D, (Xb“ (1 —ty, )mp, + ty, Gi/}(o) (Zby > Xb; s toy s M), to, M, + (1 — tbj)Gﬁ}I(l)(waXbi,tb,;,mbi))}

B i

1 0) ,~ 1)~
Ve {31 > {tbi log D%, (qu,:mbiv (1=t ), + o, G @by Xby o> M, Y, )5 by Uy + (1 — 1, )G )(zwabi’tbi’mbi’ybi))

i=1

0,(ty;)

+a1|Gyp P (Zh, Xby s thy M) — M,

L(0) = (1)~
+ (1 —tp,;)log [1 - D <Xb,i»mbiv (1 —ty, )y, + tbiG%}( )(Zbi7Xb¢7tbi7mbiaybi)ytbiybi +(1- tbi)G%( )(Zbi7Xbi7tbwmbwybi))}}

By B
1 Ci(ty,) 1 S (tp,)
+og— E Gy b (Zy s Xy s toy s My s Yoy ) — Yoy | + a — E max< 0,¢5, — Gy bi (Zb; s Xb; 5 to; s My 5 Chy )
B; Bg .
i=1 i=B+1
end while

Second Step (after G§; and Gg( have been fully trained):
while not converged do
e Compute @ﬂ)(zi,xi,T =1,m;), @&)(zi,xi, T =0,my), C/;\(YO)(Z,XZ-, T =

Lo, §:), G @y %, T = 0,ma, ), By (2, x:) = (135" @0 x), g™ (22, %)),
and IZ.(z,, x,, m;) = (150 (2, %0, my), 190 @, xi,ma)). Let (m”,mi") =
ti - (G (2o, %, T = 1,my),my) + (1 — t;) - (my, G\ (26, %, T =
0,m)), @) = ti - (Y @i T = Lomiyi),y) + (1= 1) -
(v, ég})('z},xi, T =0,m;,y;)), and Sy = {x;, t;, mi, Ui, 6, @g/)[)(ZuXi,T =
1,m;), (A}’&)(zi,xi,T =0,m;), é@(’z},xi, T =1,m;y), @%})(Ei,xi,T =
0, m;, Yi), I}\P/I(/z\i,xi), I£(Zi, xi,m;),i = 1,...,n} = SnUSpa, where
St = {xi tima,yi 6 = 1,6V (2%, T = 1,my), Gy (20, %, T =

Ovmi)7 @(YO)(ileZ?T = lamia yl)7 @(Yl')(EZaXuT = 07 mzayz)vIﬁ(/Z\zaxl)a
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If’(zzvx’nml)al = ]-> s 7n1}> and S[t? = {Xiati7mia Ci, 52 = 07 G\ie[)(zivxlﬁT =
1,mi), @%}B(Zi,XhT = O,mi), a(YO)(il,xl, T = 1,mi, Ci), ég)(ZZ,XZ,T =

0,mi,ci),I;\/’/[(/z\i,Xi),I;’}(Z,Xi,mi),i =Nnq + 1, e ,TL}.

e Randomly select B samples from S, where By samples from Sp1,
By samples from Sy, and B = By + By. Denote the subscripts
of the selected samples by {b; : i =1,...,B},{b; :i=1,..., B},

and{bZ@:Bl—f—l,,B}

e Update Df, and Df‘Y by ascending their stochastic gradients:

B
Vw {; Zl { lOg D?’M <xbt’ml()?)’ml()f)> + IOg [1 - DidM (Xbi ’ Il,l\p/[y(O)(Ebiaxbi% Il’l\p/[y(l)(zb”xbl)>i| }}

By
1 _ _
VA { B Z { log Df‘Y (xbi’mbi@é?)@z(yi)> + log [1 — Di\Y (wambi,I“’;v(O) (Zb; , Xp; >, M, ), ]‘t,(l)(zbi,xbi,mbi))] }}
1 3

i=1

e Update IK’/I and I by descending its stochastic gradient:

B
Vap {; Z { log DY, , (Xbiymé?),m£:)> + log [1 - Dy, (waff\l)/l’(o)(iwabih ff\l)/f(l)(fwabi))]

)

Bo(tn,)
+ o Ing "% @by, Xp,) —

() =) = (15 @, x0,) 1;”4’<”(zbi,xbi))‘ +

B,
1 _ _
Ve {Bl Z { log D1>‘Y (Xb“mbiv?é?)@l(,i» + log [1 - Df‘Y (Xb“mb“ Ii’(o) (Zb,; > Xp;, ™Mb, ), I@’(l)(waXbi,mbi))] }

i=1
By

1 _ _

+ a5 Z (?;,?) - ?21’) - (1$’<0)(Zbi,><bi,mh) - I\?(l)(zbi:xbi:mbi))‘

=1

B, B
1 @, (ty;) 1 @, (ty;)

+ ae—— Z ‘IY b (Zb; > Xby s M) — Yo, | + 6 =~ Z max {0, cp, — Iy bi (zbi,xbi,mbi)}
B By i=B1+1

end while
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S6 Competing Methods

This section briefly introduces five competing methods: LR+AFT, LR+2AFT,

ILR+IAFT, RF+RSF, and BART.

S6.1 Linear regression + AFT interaction model (LR+AFT)

As our proposed method consists of a mediator layer and an outcome layer,
the competing approaches should also contain the two components.
LR+AFT adopts linear regression (LR) in the mediator layer and an
AFT interaction model in the outcome layer. The LR is implemented using
the LinearRegression function available in the sklearn.linear_model module
of Python. We now introduce the AFT interaction model (Lo, 2002 Tabib
and Larocque, 2020)). It is a generalization of the methodology presented
in [Tabib and Larocque| (2020), which builds upon the work of Lo (2002).
Lo| (2002) employed a logistic regression model to estimate individualized
treatment effects without mediators, focusing on binary responses. They
included all covariates, the binary treatment variable, and interactions be-
tween the treatment variable and covariates. |Tabib and Larocque| (2020)
adapted this method using an AFT model instead of logistic regression.

We generalize their idea to incorporate mediators into the AFT model as
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follows:
log YV (x,t, My(x)) = o + X'By + tf2 + My(x) S5 + x'tB, + €. (S6.53)

We use the function survreg in the survival package (Therneau et al., 2015)
of R and fit models with the exponential and lognormal distributions in this
study.

Once the model is fitted, we can follow a three-step process to estimate
ICEs. First, we predict the potential mediators by performing LR while
setting the treatment variable to zero or one. This step allows us to obtain
estimates of the potential mediator values. Second, we use these predicted
potential mediators to forecast survival times based on an AFT interaction
model. This step helps us generate predictions for the potential event times.

Finally, we use these predicted potential event times to estimate ICEs.

S6.2 Linear regression + 2AFT interaction model (LR+2AFT)

LR+2AFT also incorporates LR in the mediator layer, utilizing the Lin-
earRegression function from the sklearn.linear_model module in Python.
However, it generalizes the approach of Tabib and Larocque, (2020) by fit-

ting two separate AFT models (2AFT) as follows:

log Y (x,0, M (x)) = fo+x'By + M(x)52 + ¢, (S6.54)

logY(x,1, My(x)) = ps+ x84+ M(x)05 + €. (S6.55)
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Similarly, we use the function survreg in the survival package (Therneau
et al.,; 2015) of R and fit models with the exponential and lognormal dis-
tributions. Once the model is fitted, we can first predict the potential
mediators through LR, then use these potential mediators to predict the

potential event times through the 2AFT model, and finally estimate ICEs.

S6.3 Interaction Linear regression + Another Interaction AFT

model (ILR+IAFT)

ILR4+IAFT incorporates interaction LR in the mediator layer using the
LinearRegression function from the sklearn.linear_model module in Python.

The formula for the mediator layer is as follows:

My(x) = Buro + X' Bay + tBu + X'tB)y5 + €. (56.56)

In the outcome layer, we use another interaction AFT model, which can be
fitted using the survreg function in the survival package (Therneau et al.|

2015) of R. The formula for the outcome layer is as follows:

log Y (x,t, My(x)) = Bo + x'B; + tB2 + Ms(x) B3 + x'tB, + x' My(x)B5 + tM:(x)Bs + €. (S6.57)

Subsequently, once the model is fitted, we first fit the ILR model to predict
the potential mediators and then use the predicted mediators to fit the

IAFT model to predict potential event times. Finally, we can estimate

ICEs.
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S6.4 Random forest (RF) + Random survival forest (RSF) (RF+RSF)

This method uses RF for regression in the mediator layer and RSF in the
outcome layer. We use the RandomForestRegressor function provided by
the sklearn.ensemble module in Python in the mediator layer. For the out-
come layer, the function survival_forest in the R package grfhttps://github.com/grf-
labs/grf is used. Once the model is fitted, an alternative approach is to pre-
dict the potential mediators through RF for regression. However, it is worth
noting that the survival_forest function does not directly predict potential
event times for new data. Instead, it provides the conditional survival func-
tion. Nonetheless, we can still estimate ICEs using the following methods.
Denote by S*(-, x, My (x)) the conditional survival function of the event time
for a subject, for each ¢, ' € {0,1}, S*(y, x, My(x)) = P(Y > y|t,x, My (x)),

then we have
§(t;x) = E[Y (x, ¢, M1 (x))] — E[Y (x,t, Mo(x))] = /Ooo[St(y,Xa Mi(x)) = S" (y, %, Mo (x))]dy,
C(t; X) = E[Y(X, 1, Mt(x))] - E[Y(X7 07 Mt(x))] = /(;OO[Sl(y7 X, Mt(x)) - So(yvx7 Mt(X))]dtv

7(x) = E[Y'(x,1, Mi(x))] = E[Y (x,0, Mo(x))] = /0 (5" (y, %, My (x)) = S°(y, x, Mo(x))]dt.

(S6.58)

Thus, we can estimate ICEs by approximating a definite integral of the

predicted conditional survival function.

S6.5 Bayesian additive regression trees (BART)

BART is described in [Sparapani et al.| (2021)), which is implemented using

the functions wbart and abart in the R package BART in the mediator and


https://github.com/grf-labs/grf
https://github.com/grf-labs/grf
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outcome layers, respectively.

Once the model is fitted, an alternative approach is to predict the po-
tential mediators using the wbart function. However, it is important to
note that the abart function does not directly predict potential event times
for new data. Instead, it provides the logarithm of the predicted potential
event times. We need to apply the exponential function to the logarithmic
predictions to obtain the predicted potential event times. By doing so, we

can proceed to estimate ICEs.

S7 Performance Metrics

In the absence of mediators, if both factual and counterfactual outcomes are
observed, but the underlying distribution is unknown, Yoon et al. (2018)
introduced an empirical precision in the estimation of heterogeneous effect

(PEHE) as follows:

L

€PEHE = n ;([yz(l) —2i(0)] = [5:(1) — %:(0)])?, (57.59)
where y;(1) and ;(0) are potential outcomes of treated and controlled,
respectively, and g;(1) and ;(0) are their estimates. We generalize
to define three metrics about the ICEs defined in Section 2.3 in the paper

with potential survival time.



S7. PERFORMANCE METRICS43

We note the observed dataset is S = {X = x;,T = t;,, M = mi,? =
Ui, 0 = 8;}_,, where n is the number of observations. Let S, = {X,;, tyi, Muiy Uiy Opi iy
denote the observed training dataset and S, = {Xei, tei, Meis Yei, Oci ey de-
note the observed testing dataset, where n, and n., are the numbers of
training and testing samples, respectively, with n, +n, = n.

For prediction, we first generate n, samples {Z.,,h = 1,...,n.} from
7 ~ P; and m, samples {Z.;,j = 1,...,7.} from Z ~ Py, and calculate con-
ditional samples {f(l\f[) (Zen, Xei),h =1,...,7n.} and {fg) (Zej, Xeis f(l\jl) (Zeh, Xei)),
h=1,...,n.j=1,...,71.} for each ¢,¢ € {0,1}. We take n, = n, = 100.
Then, we can estimate £(t;X.;), ((t;Xe;), and 7(X.;) based on (2.7), (2.8),

and (2.9) in the paper, denote as £(t;Xe;), ((t; Xe;), and T(X¢;). Then, the

metrics on the testing dataset are defined by

. 1 & ~ 2
€PEHETE — T<Xei) - T(Xei)} )
¢ i=1
. 1 & ~ 2
€PEHENDE = — {f(t;xei) — &t Xe) )
€ i=1
. 1 & ~ 2
CPRHENE = Z {C(t;xei) —C(txe) )
€ i=1

For simplicity, we consider the decomposition with £(1;x,;) and {(0; X;),
but the alternative decomposition with £(0;x.;) and ((1;%.;) can also be
used with similar procedures. A small value of éppyr means an accurate

estimate.
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S8 Hyperparameters of CGAN-ICMA-SO

Table |[S1| presents the setting of the hyperparameters in the network for the

simulation studies and the application.

Table S1: Hyperparameters of CGAN-ICMA-SO

Blocks Setting of the hyper-parameters in the network
Initialization Weight matrix: Xavier Initialization.
Bias vector: Zero initialization.
Batch size (B) 256
Depth of layers 3
Hidden state dimension (all blocks) 10
aq,...,Qq 1
Optimization Adam Moment Optimization

S9 Simulation Implementation and Results

We generate 1,000 samples and use 900 instances for training and 100 cases
for testing (the training rate is 0.9). We compare our approach with the five
competing methods by repeating them 100 times and reporting the average
value of the square root of metrics and the corresponding standard devia-
tion (std). Table [S2|presents comparison results when CR = 50%, with the

last column indicating the time spent in each replication. Our method per-
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forms best with the smallest values for the averaged \/€prHE 1y, \/ €PEHENDS»
and \/€ppuRy, Suggesting that our approach estimates ICEs with survival

outcomes more accurately than the others, although it takes longer.

Table S2: Performance of five methods for estimating ICEs (CR = 50%)

Mean(std) based on 100 replications

Véppnprs  \/PRHBNpe  \/éPEHBNe  time(s)
CGAN-ICMA-SO 6.519(2.543) 2.134(1.192) 6.040(2.559) 107.87
LR+AFT (exponential) 97.943(47.070)  72.037(36.917)  27.357(11.279)  0.78
LR+AFT(lognormal) 9.490(2.920) 3.934(1.020) 8.449(3.099) 0.66
LR+2AFT(exponential) 99.917(49.080)  72.562(37.588)  28.779(12.763)  0.35
( ( (

( ( (

( (

Methods

LR+2AFT (lognormal) 9.509(3.054) 3.839(0.992) 8.437(3.151)  0.39
ILR+IAFT (exponential) 390.969(651.824) 131.966(193.621) 297.544(482.996)  0.63

ILR+IAFT(lognormal)  7.301(2.760) 2.927(0.755) 6.428(2.748)  0.52
RF+RSF 11.249(3.004)  5.605(0.495) 8.824(3.300)  1.71
BART 126.938(69.397)  102.821(55.811)  52.084(33.726)  8.14

Note: The reported time includes training and prediction. CPU time was used for CGAN-ICMA-SO,

and GPU parallelization can potentially reduce the time.

Notably, our goal is to compare our proposed method with existing
approaches to evaluate its empirical performance. However, since no meth-
ods are specifically designed to address the problem at hand, we conducted
simulations and proposed the above alternative approaches for comparison.
It is crucial to highlight that the alternative methods used for comparison
fail to achieve identification of the ICEs. This limitation stems from the

fact that in our method, as demonstrated by Equation (2.4) in the paper,
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we employ a sampling-based approach by drawing multiple values from the
estimated probability distribution of the potential mediator, Py, to es-
timate potential outcomes. On the contrary, the competing methods rely
on separate regressions for the mediator and outcome layers, incorporating
the predicted expected value of the mediator into the outcome regression
model for prediction, failing to satisfy the requirements for identification.
By adopting the sampling-based approach, our method provides a compre-
hensive understanding of the causal mediation effects. It allows for a more
nuanced analysis, capturing the potential variations and uncertainties in
the estimation process. Despite the longer computational time required, we
find the trade-off acceptable due to the substantial improvement in accu-
racy. Moreover, the increased accuracy of our model contributes to a more
reliable assessment of the causal mediation effects, which is paramount in
understanding the underlying mechanisms and making informed decisions.

We then examine the robustness of the proposed and competing meth-
ods to model parameters using the setting in the paper. Tables [S3| and
show the performance of CGAN-ICMA-SO when changing CR to 30%, but
other settings remain the same and changing the batch size from 256 to
128, aq, ..., a¢ from 1 to 1.5, layer depth from 3 to 2, and the hidden state

dimension from 10 to 8 but CR remains 50%. The last column reports the
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time spent in each replication. CGAN-ICMA-SO still outperforms the five

other methods in almost all situations.

Table S3: Performance of six methods for estimating ICEs (CR = 30%)

Mean(std) based on 100 replications

Meth

ethods \/m \/m \/m time(e)
CGAN-ICMA-SO 6.201(2.676)  1.982(1.338)  5.748(2.592)  107.91
LR+AFT(exponential)  15.562(3.705) 10.230(3.190)  8.994(2.722)  0.49
LR+AFT(lognormal) 8.733(3.136)  2.766(0.684)  8.448(3.182) 0.49
LR+2AFT(exponential)  15.626(3.785) 10.253(3.197)  9.029(2.742) 0.58
LR+2AFT(lognormal)  8.866(3.187)  2.782(0.712)  8.455(3.199)  0.87
ILR+IAFT (exponential) 18.894(6.763)  9.256(2.552)  13.733(5.908) 0.70
ILR+IAFT(lognormal)  T7.054(2.799)  2.422(0.625)  6.441(2.797)  0.55
RF+RSF 11.194(2.791)  6.930(0.832)  8.695(3.205)  2.15
BART 11.124(3.068)  8.422(1.807)  6.031(2.715)  12.23

We also increase the sample size n from 1000 to 2000 while keeping the
other settings unchanged and decrease the training rate from 0.9 to 0.8 while
maintaining the other parameters the same. Table shows the results.
Again, CGAN-ICMA-SO is superior to others regardless of the situations
considered. Moreover, the performance of most methods improves when
the sample size or training rate increases.

Next, we consider another setting to demonstrate our method’s superi-
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Table S4: Performance of six methods for estimating ICEs (CR = 50%)

Mean(std) based on 100 replications

Methods

VéPEHE V/EPEHENDE VéPEHE S time(s)
CGAN-ICMA-SO (Table 1) 6.519(2.543) 2.134(1.192) 6.040(2.550)  107.87
CGAN-ICMA-SO (batch size=128)  6.939(2.923) 2.358(1.189) 6.316(2.951)  102.14
CGAN-ICMA-SO (ay,...,as=1.5) 6.785(2.372) 2.550(1.317) 6.090(2.487) 106.51
CGAN-ICMA-SO (layer depth 2) 6.878(2.786) 2.837(1.160) 6.043(2.853)  100.69
CGAN-ICMA-SO (hsd = 8) 6.918(2.549) 2.867(1.264) 5.997(2.703) 102.95
LR+AFT(exponential) 07.9043(47.070)  72.037(36.917)  27.357(11.279)  0.78
LR+ AFT(lognormal) 9.490(2.920) 3.934(1.020) 8.449(3.099) 0.66
LR+2AFT(exponential) 99.917(49.080)  72.562(37.588)  28.779(12.763) 0.3
LR+2AFT (lognormal) 9.509(3.054) 3.839(0.992) 8.437(3.151) 0.39
ILR+IAFT (exponential) 390.969(651.824) 131.966(193.621)  297.544(482.996) 0.63
ILR+TAFT (lognormal) 7.301(2.760) 2.927(0.755) 6.428(2.748) 0.52
RF+RSF 11.249(3.004) 5.605(0.495) 8.824(3.300) 1.71
BART 126.938(69.397) 102.821(55.811) 52.084(33.726) 8.14

Note: “hsd” — hidden state dimension.

ority to a greater extent. The model is defined as follows:

M(x,t) = 0.2 + 0.5|xs] + 1522 + 0.1 + t(x3 + 24)* + €1,

Y (x,t,m(x)) = 0.1+ 0.2exp (10) + 2|zs| + t(xs + 29)* + 0.5m7 (%) + €,

Y (x,t,my(x)) = min(Y(x,t, my(x)),C), § = {Y(x,t,m(x)) < C},

where the notation and distribution setup is the same as in the paper.
Again, we generate 1,000 samples and use 900 instances for training and

100 cases for testing. Table [S6 presents the comparison results when CR =



S9. SIMULATION IMPLEMENTATION AND RESULTS 49

Table S5: Performance of six methods for estimating ICEs (CR = 50%)

Mean(std) based on 100 replications

Methods

n = 2000, training rate = 0.9
CGAN-ICMA-SO 5.419(2.200) 1.782(1.103) 4.916(2.148)
LR+AFT(exponential) 93.117(31.533) 67.869(24.160) 26.631(7.925)
LR+AFT(lognormal) 9.214(2.078) 3.949(0.795) 8.165(2.361)
LR+2AFT (exponential) 95.214(31.060) 68.363(23.885) 28.192(8.173)
LR+2AFT(lognormal) 9.235(2.212) 3.862(0.794) 8.149(2.410)

ILR-+IAFT (exponential)  631.037(2725.948) 139.560(273.889)  524.544(2452.434)

ILR-+IAFT(lognormal) 7.124(2.077) 3.005(0.556) 6.256(2.177)
RF+RSF 10.690(2.283) 5.503(0.367) 8.377(2.554)
BART 320.647(230.179)  238.454(182.446)  165.136(117.392)

n = 1000, training rate = 0.8

CGAN-ICMA-SO 7.076(2.217) 2.363(1.428) 6.561(2.131)
LR~+AFT (exponential) 102.948(43.433)  75.581(32.944) 28.809(11.972)
LR+AFT (lognormal) 9.583(2.048) 4.069(0.849) 8.528(2.270)
LR+2AFT(exponential) ~ 105.300(45.811)  76.274(33.821) 30.435(13.533)
LR+2AFT (lognormal) 9.609(2.124) 3.972(0.828) 8.517(2.312)

ILR+IAFT (exponential) 588.769(1293.877) 165.603(242.278) 503.405(1215.426)

ILR-+IAFT(lognormal) 7.437(2.009) 3.007(0.618) 6.571(2.079)
RF+RSF 11.328(2.352) 5.723(0.359) 8.908(2.462)
BART 109.825(52.659)  90.640(43.212)  43.289(24.245)

50%. Our method significantly outperforms others regarding the averaged

V €PEHE 5 \/ €PEHENDE > A0 \/€PEHEL, Suggesting that our approach esti-

mates all three metrics with survival outcomes more accurately than the
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others.

Table S6: Performance of six methods for estimating ICEs in other setting (CR = 50%)

Mean(std) based on 100 replications

Meth

ethods \/m \/m \/m ime(e)
CGAN-ICMA-SO 5.122(1.765) 2.691(1.217) 4.232(1.493) 149.88
LR+AFT (exponential) 428.666(373.617) 244.553(224.063) 191.517(152.674) 0.74
LR+AFT (lognormal) 15.045(5.788) 12.181(5.900) 7.167(1.532) 0.83
LR+2AFT (exponential) 445.754(413.446) 253.348(241.264) 200.369(174.837) 0.70
LR+2AFT(lognormal) 15.057(5.973) 12.672(6.557) 6.844(1.282) 0.93

ILR+IAFT (exponential) 9.351x103(2.034x10%) 2.686x103(6.315x10%) 7.315x103(1.578x10%)  0.60
LR+4IAFT(lognormal) 10.679(3.121) 8.588(2.828) 4.570(0.945) 0.57
RF+RSF 10.236(1.408) 6.153(0.552) 6.316(1.387) 2.25

BART 1.266x10%(1.490x103) 1.097x103(1.253x103)  349.601(472.022) 11.47
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S10 Additional Results in ADNI Study

S10.1 Results using five other methods

We use the five other methods to estimate E[M (x.;, 1)] — E[M (x;,0)] and
three ICEs defined in the article. The results shown in the following fig-
ures are discouraging. We noticed that the other five methods all per-
formed poorly. For the predicted values of E[M (x.;,1)] — E[M(x.;,0)],
the values estimated by LR+AFT (exponential), LR+AFT (lognormal),
LR+2AFT (exponential), and LR+2AFT (lognormal) are completely in-
variant in each fold, and the values estimated by ILR+IAFT (exponential),
ILR+IAFT (lognormal), RF+RSF, and BART randomly fluctuated from
positive to negative with some zero values. For the predicted values of three
ICEs, the five methods all produce a significant amount of positive values
which are unreasonable, and LR+AFT (exponential), LR+AFT (lognor-
mal), LR+2AFT (exponential), LR+2AFT (lognormal), ILR+IAFT (ex-

ponential), and ILR+IAFT (exponential) produce some outliers.
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LR+AFT (exponential):
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Figure S1: The estimated values of E[M (x¢;,1)] — E[M(x;,0)] and three ICEs with

respect to the patient index.
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LR+AFT (lognormal):
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LR+2AFT (exponential):

to the patient index.
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LR+2AFT (lognormal):
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ILR+IAFT (exponential):
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ILR+IAFT (lognormal):

Estimated EM(x_{ei}, 1)]-E[M(x_{ei},0)]
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RF+RSF:
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BART:
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S10.2 Best linear prediction of GACEs

We model GACEs using the multivariate OLS regression with six covariates.
Although it may be misspecified, the model gives the best linear predictor of
GACEs with six covariates and provides an accessible summary of the effect
heterogeneities. Table[S7|shows the results, which agree with those obtained
in the paper. For example, in the white group, the group average TE is
significant and negative, suggesting that the APOE-e4-AD association is
stronger in the white group. Similarly, the coefficients of gender, Hispanic
or Latino, married, education level, and age yield the same conclusions as

above.

S10.3 Average causal effects

We can obtain the average causal effects based on the three kinds of esti-
mated ICEs. The results are: average TE = L 3" 7(x,;) = —8.332, aver-
age NDE = £ 57" C(0;%x.;) = —3.205, and average NIE = LD £(1; %)
= —5.127 (n = 718). All three values are negative, supporting the above
conclusion that the presence of APOE-c4 alleles can cause the onset of AD
not only directly but also indirectly by expanding the ventricle. Moreover,
the average NDE is less than the average NIE, confirming the above con-

clusion that the existence of APOE-¢4 alleles contributes to the onset of
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AD mainly through the mediated mechanism.

Table S7: Coefficients and heteroscedasticity robust standard errors (in parentheses) of

best linear prediction of GACEs. * p < 0.05; ** p < 0.01

Te,g(%) Ce,g(0:%) €eg(13%)
Constant —15.336** (0.506) —7.233%* (0.349) —8.105%* (0.311)
Age 0.146** (0.006)  0.079%* (0.004)  0.067** (0.004)
Male —1.152%* (0.087)  —0.934%* (0.056) —0.218%* (0.052)
Education level —0.129%* (0.018)  —0.041%** (0.011) —0.088** (0.010)
Hispanic or Latino  0.003 (0.414)  —1.767** (0.316)  1.766%*(0.228)
White —0.547%* (0.171)  —0.057 (0.130)  —0.490%* (0.085)

Married —0.514** (0.094)  —0.554** (0.065) 0.040 (0.057)
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S11 Derivation of Equation (2.4)

Under Assumptions (III) in Section 2.3, identification of the relevant po-

tential outcome in Equation (2.4) is derived as follows:

E[Y (x, ¢/, My(x))] = E[Y (', M(£))|X = x

E[Y (', m)|M(t) = m, X = x|d Py x=x(m)

EY (t',m)|T =t, M(t) = m, X = x|d P x=x(m)

]E[Y(Zf/, m)]T = t, X = X]dPM(t)\X:x(m) (SllGO)

E[Y (', m)|T = t',X = x|d Py () x=x(m)

E[Y(t/, m)|T = t/, M(t/) =m,X = X]dPM(t)|X:x(m)

I
— e S S —

EY|T =t, M = m, X = x]dPu)x=x(m).
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