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In the supplementary material, we include the proofs for Theorem 1 and Theorem 2
and state additional Theorem S1 with its proof, and report additional simulations, real data

application results, and figures.

1 Proofs of Theorem 1 and Theorem 2

We shall first state the lemmas used in the proof for Theorem 1.

Lemma 1. Let hg be fixed. For any U, V € Hp when p is fixed or p diverges, it holds that
[Sho (U) = Sio (V)| < ¢-D(U, V),

where c is a positive constant, and

~

Spy (U) = 8, (V)| < ¢- D(U, V),
where ¢ = O,(1).

Proof of Lemma 1. Let U = (U,,---,U,)and V = (V4,---,V,,), where U, =
(Uy, -, Up) ", V= (Vyj,---, V). Weassume that ULV, € [0,1] and D(U, V) =
\/Z {1 —tr (U;UlV.,;V])} by arranging the orders of {U.;}}_, and {V;}?_,. Recall




that

(r {UUT}) $(U) = 3 D> —E YU, ULY [UT(Yis - Y ) ]

p

= 3N E(I-UUDY, JUUN(Yn - Y]] -
h=0

By the Cauchy Schwarz inequality, we have

|Sho (U) — S (V)]
1 ho P
5 SIS FE YT A- U UD Y {JUUL (Y = Y )| = [VaVI(Yeen = Y, )]

h=0 i=1

IN

1 ho p
+ ; SN FEY(VLV] - UUNDY[VaVI(Ye = Y )]
h=0 =1
1 ho p 1/2

SO o (- U U} (B [(UU] = Vv (Yo - Y1)

p h=0 i=1

+ ]1) i i (E [{Yj (V.VT - U.Z-UI)Y;}Q} ) v (E [VaVI(Yin =Y, \\2)

h=0 i=1

IN

1/2

ho P ho p

1 c

p d Y eyp UUL = VIV|p < ]—9\/5' > ) V21—t (U UVLIV)Y2 (ST
h=0 =1 h=0 =1

¢-D(U, V). (S2)

IN

IN

Note that (S1) is obtained by
E(VaVI(Yen =Y, < tr [E{V.VIY, Y, V.V =c- [Vall",
E (U U] = V.V (Yo = Yi,)|
< ce-tr [E{(UU] -V, V)Y, .Y/ ,(UU; -V, V))}] =c-[[U U] - V.V,

and (S2) is implied by

P P 1/2
S {1 -t (U UV < p (Z{l - tr(U.iUzv.z-Vm) — J5-D(U,V).

i=1 =1



By using the similar arguments, we can show that §h0(U) - gho (V)| < ¢-D(U, V). This

completes the proof of Lemma 1. &

When p diverges, we shall often use Lemma 3, whose proof relies on Lemma 2. Lemma 2
is proved in Appendix of Dette & Spreckelsen (2004), hence its proof is omitted. The fol-
lowing lemma indicates that similar result of Lemma 1 in Yoshihara (1976) holds for the

varying kernel under a certain finite moment condition.

Lemma 2 (Lemma A.1. in Dette & Spreckelsen (2004)). Let v,(Zy,, -+ ,Zy,), t1 < la <
- < t, be a symmetric kernel which depends on n. If (Z;)}_, is an absolutely regular
process with mixing coefficients ((j) and if for some § > 0, 1 < j < r and for all p, there

exists a finite constant C' such that

tj1?

1+9 ~
M, = max{E|g0n(Zt1,--- 2| B \onl(Zays o Ly L ,zgr)( } < C < o0,

then

1

6
‘]Espn(ztp"' aztr) _ESO’VL(ZtU'” 7Zt]'7Z, aZ:fr> < 4Mn} 6/314—(S (tj—‘rl _t])a

tiy1?
where (Zy,,- - -, Zy;) are independent of (Zy - -+, Zy ).

Lemma 3. Let p,(Zs,,- -+ ,Zy,), t1 < tg < -+ < t,, r = 2,3,4 be a symmetric kernel
which depends on n and (Z)}_, is an absolutely regular process with mixing coefficients
B(j). Assume that for any z,, -+, z,_,, Bon(ze, -+, 2,1, 2y, ) = 0 almost surely. If for
some & > 0, and for all p, there exists a finite constant C such that Doy kﬁﬁ(k) < 00

and

Elpn(Ze, - 2 )P < C < 00, Epn(Zuy T,y Z,)[ Y < O < ox,

then

E {% Z gon(ztl’”'ﬂztr)} :O<n71)'

T/t <<ty

3



Proof of Lemma 3. We shall consider the case when r = 3 and show the proof since
the proofs in the other cases » = 2,4 are similar. By Cauchy Schwarz inequality and

E|¢on(Zs,, Zy,, Zt3)|2(1+6) < oo, for any (t1,--- ,ts), we have

E |907I(Zt17 tha Zt3)90n(zt4’ Zt57 Zt6)|1+5

1/2
S (E |90n(zt17 Zt2v Zt3)|2(1+6)> (E |§0n(zt4v Ztsa Zt6>|2(1+6)>

< 0.

1/2

By this fact, we have E |p,(Z:,, Z+,, Z+,)0n(Zs,, Zy,, Zs,)| < 00, where there are at least
two identical indices among (¢1,- - ,s), e.g., (t1,- -+ ,ts) = (1,2,3,4,5,1), (t1,--+ ,tg) =
(1,2,3,2,5,1). This further implies that

E {% Z SOn(Ztly th? Zts)}

3/ t1<to <t3

= O(n_G) Z ]Egpn(ztm tha Zt3)90n(zt4a Ztsa Zts)
t1<to<ts,ty4<ts<tg
= O(niG) Z “Ehn(ztl? 2y, 2y, 2y, Ly, Zt6>| + O(nil)a

1 <to<tz<ts<its<tg

Where hn<zt17 Zt27 Zt37 Zt47 Zt57 Ztg) = é Z(Ztv... 7Zt6) @n(ztp Zt27 Zt3)¢n(zt47 Zt57 ZL‘S)’

Z(Ztl v Zng) denotes the summation over all permutations of the 6-tuple of indices of (Z;,, - - - , Zy,)-

7,2, 2, 7, ) =

t3) Tty 5o

Notice that for any t; < to < t3 < t4 < t5 < tg, we have Eh,,(Z,,, Z]

to)

Ehn(Zy,, Zyy, Ly, 2y, 2oy, 2, ) = 0O since @y, is degenerate. Also, for any t; < ty < t3 <

ty < ts < tg, we have

E ‘hn(ztm Z;,27 Z;37 Z:f4’ Z;57 Z26)|1+5

2(1+6)\ /2 2(144)\ 1/2
S (E‘gpn(Ztl,Z227Z23)| ( )) (]E|S0n(Z£4,Z;5,Z26>} ( )> < 00

under the assumptions that E |, (Zy, , Zu,, Zy, )" < €' < coand E on(Ze,, Z, ZQS)‘Q(IH) <

to)

C < co. Similarly, we obtain E }hn(Ztl, Zi,, 2y, 2y, 72y, ZQG)‘H(S < 00. Thus, we apply

4



Lemma A.1 in Dette & Spreckelsen (2004) with j = 1, 5 and obtain

O(n76) Z |Ehn(zt17 Zt27 Zt37 Zt47 Zt57 Zt6)|
t1 <ta<tz<tsa<ts<tg
< OmHCTY 3 min (51%@6 _t5), BT (¢ — tl))
t1<ta<t3<ts<ts<tg
_1
< o %O S BTt —ts)
t1<to<tz<ts<ts<tg
to—t1<te—ts
_1
+ o e Y BTt - t), (S3)
t1<ta<tz<tys<ts<tg
te—ts<to—t1

where

o 1446
Cnl - max{tl<t2<gl?§<t5<t6E’hn<zt1,Zt27Zt3,Zt4,Zt5aZt6)’ ’
A 1+6

ts)

Z/

tq)

/
Z,,,

max  E|h,(Z,, Z;

11 <to<t3<ta<ts<te fo?

Z,)|

max  E ]hn(Ztl,Zt2,Zt3,Zt4,ZtS,ZQG)}H(S} < .

t1 <ta<tz3<tg<t5<ts

Next, we can show that

3

. BE(te—ts) <n'y_ kBT (k). (s4)

t1<ta<tz<ty<ts<tg k=1
ta—t1<te—t5

3

S BTt —t) <ty kBT (), (S5)
t1<to<t3<ta<its<ts k=1
te—ts<to—t1
Since the proofs are similar, we shall focus on showing (S4). Notice that we have t5 —t; <

te — ts. Hence,

Z 5”‘5(6—% <n3z Z (te —t5)3 %(t6_t5)

t1<ta<t3<ts<ts<tg ts=1tg=ts+1
to—t1<te—15

< 0y kBT (k)
k=1



)

Finally, by (S3) and >~ , k57 (k) < oo, we obtain

E{% > %(Zmzthts)} <O(m™)-Coy" Y kBT (k) +O0(n™") =0(n™").

3/ t1<to<ts

This completes the proof of Lemma 3. &

Proof of Theorem 1. We shall first show the proof of the first assertion in Theorem 1 which

is the case when p is fixed. Recall that

Sy (A) = MDD*(A]Y, | ALY
ho( ) {AAT} hzo;; t‘ th)

ho P

1 ~ ~

= (-) § :E 'MDD*(A"Y, | AJY 1),
p h=0 i=1

where :&‘_i = (;&.1, e AL A, ,ji.p) e RP*(=1_ First, we show that for any
;& € Hp,

2 ~ ~ ~ ~
MDD'(AT,Y, | ATY, 1) - MDD*ALY, | A]Y, )| = O,(n %), (56)
which implies

‘:?ho (A) —sho(,&)‘

IN

( ) "Y,|AlY, ) —MDD*(AT,Y, | AlY, ;)
h=0 i=1
= 0,(n"'?). (S7)

2 ~ ~
Notice that MDD (A .Y, | ALY, ;) can be rewritten as
(n—h-—1)

MDD (AT,Y, | ALY, ;) =
—q 4 t—h (n . h)

{un,l + Z/{n,Z + un,S + unA}a (SS)

where

Ui = R SN ALY TALY ) ALY on — Yo,

(TL - t1 toFty



Uy — CE—" S ALY) (ALY [AT (Yo~ Yea)]

<n_ t1 taFty
Uns = — (R CEEY YA (—ATY)T(AT,Y,,) KI(Ytl,h—YtQ,h)‘,
t1 to#ty
Ups = — (ALY)" T.?‘ATY_—Y_
! (n—h)(n—h-—1) tztg i Y) | A (Y ta—h)| >
1 2 1

and Y = ﬁ > tns1 Y. Here, U, ; is a U-statistic of order 2 with the kernel,
1 ~ ~ ~ ~ ~
01(20.2) = —5 {ALY)TALY) + ALY) ALY, } AL (Yen - Y1)

where Z; = (Y, Y;_5). Under the second condition in Assumption 1 and by the Cauchy

Schwarz inequality, for any ¢; and ¢, we have

Elgl(ztm Zt2)|2+6

6435\ 1/3 ~
) (E “AT_thQ

IN
O
A/~
=
>
_'
=

IN

< ¢ E|Y % < oo,

where || B|, is a spectral norm of a matrix B and ||A._; ||, = 1 since A._; is semi-orthogonal,
ie, AT,A._; =1 c Rr~'. This implies that E|gy(Zy,, Zy, +x)[>™ < oo for k = 1,2, - -
Similarly, we have E|g;(Z;, Z,)|**° < oco. Hence, we apply Theorem 1 in Yoshihara (1976)

and obtain
~ ~ 2
U,1 —MDD*(AT Y, | AlY, ;)| =0,(n™). (S10)

Furthermore, since we have E||AT Y, [|[||AT, Y, ||AT (Y, —n— Yi_n)| < 0o by (S9) and
E||AT, Y, |[|AT, Y, IIAT(Yy,—n — Yi,_1)| < oo after using similar arguments in (S9),

) ()A Ytl‘ +E‘A3Yt2_h’ )

< 6+35\ % (1% 6436 < 6+35) /3
¢ (1A E )" (IR 1) (1R R 1Y)

(59)



we obtain

1 AT T(AT
Un = G —h =) D2 D ALY)(ALY,)

*&I (Yt1*h - Ytth) ’

t1 toFt; t3
_ 1 AT T(AT AT _
= T 2 ALY ALY ALY - Vi)
t1#taFLs3
1 AT TI(RT AT AT _
+ (n _ h)Q(n —h— 1) t; (A-—z’Ytl) {(A-f’thl) + (A-fiYh)} )A-i (Ytrh Ytrh)‘
(n—h—-2)= -1
— 11

where Umg is a U-statistic of order 3 with the kernel,

1 ~ ~ ~
92(Z0, 24, Z) = 5 Y. ALY)ALY)|AN(Yn - Y1)
(Z4.24,2)
where Y ;. 7 74 denotes the summation over all permutations of the 3-tuple of (Z¢, Z;, ZY).
Under the second condition in Assumption 1 and after applying similar arguments in (S9),

we have

E'QQ(Ztu Zt27 Zts) ‘2+6

6435 1/3 _ 1/3
) (IE HAT_Z.YtQ

- 6+30 1/3 - 6+35 - 6+36
< c.(EHAT_thl ) (E)AIYtlh‘ +E’A3Yt3,h‘ )

< o0

for any ti, to, t3 which implies that E|ga(Zs,, Zit, 1 ry > Zity 1 kg 1k ) |7T2 < 00 for Ky, ky =
1,2,---. By using similar arguments, we further have E|g(Z,, Z,, Z/)|**° < oo. Thus, we
apply Theorem 1 in Yoshihara (1976) to HW and obtain Umg = Op(n_l/ 2) which implies
that Uy, » = O,(n~'/?). Similarly, we obtain U,, ; = O,(n~"/?), j = 3,4 which implies (S6)
and (S7). As, we have (S7) for any Ac ‘Hp, this further implies that

sSup gho (;&) - Sho (;&) =7 0.

AE'HD



By the result above, Lemma 1, and the argmax mapping theorem (Theorem 3.2.2 and Corol-

lary 3.2.3) in Vaart & Wellner (1997), we obtain
D(;&,A) —P 0asn — oo.
This completes the proof for the first assertion in Theorem 1.

Next, we shall show the second assertion in Theorem 1. The main idea of the proof for
diverging p is using Corollary 2.3, Proposition 2.4 in White & Wooldridge (1991), who have
shown the consistency of the sieve extremum estimate with dependent data where the sieve
extremum estimate is obtained by optimizing an objective function. In their setting, the di-
mension of sieve grows with the sample size n; see Chen (2007) and White & Wooldridge
(1991) for more details. Also, we shall follow the proof in Dette & Spreckelsen (2004), who
have shown the convergence rate of U-statistic with a varying kernel and dependent data. In
particular, we shall use Lemma A.1. in Dette & Spreckelsen (2004) and Lemma 3 to find the
order in probability for )@2 <\/L§.ZA/_T_th | \%)KIYt_;J — MDD? (\%ALYt | \/L;,;&IYt—hﬂ
for any A.

Recall our objective function,

ho
su®) = (1) 3> Mopt (ALY, ATV,

h=0 i=1

_< )ZZMDD2< ATYt|7ATYt h)

h=0 =1
We further note that our objective function depends on n since p grows with n. For the ease

of notation, we shall suppress the index n for our objective function.

We shall show that
——2 (1 = 1 ~ 1 ~ 1 ~
MDD [ —A")Y,| —AlY,_ ) — MDD? (—AT_,.Y —AlY, ) = 0,(n""?(S12)
DD (ALYl AT oY g )| = Ot
By (S8), we have
2/ 1 ~ 1 ~+ _(n—h-1) }
MDD (%A._th | %A.th—h> BT {unl + Uz +Uns + Uy p, (S13)
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where

Z:in’lz_(n— (n—h-1) ZZ

t1 toFty

2

1 ~ 1 ~
(—AT 'Yt2> ‘_AI(Ytlh -Y,
p

1
VP o

-
Y,
-
ALY ——A'Y LZ&T(Y -Y
t1 \/]—) —q \/]—) g ti—h to
T

LAT ) (LAT—zYtQ) L;&—zr (Yh*h - Ytz
VP VP VP

(G
o =~ R =R =) Z§(§p
s =~ 2 2 (-

t1 toFt)

et S () () v

t1 taFty

Here, Z:{/ml is a U-statistic of order 2 with a varying kernel which depends on 7 since p grows

with n.
1 1~ T~ 1~ T~
9ui(Ze,Z}) = —= ( AT Yt) (—AT_iY;)+(—AT_iY;) (—A,T_th)
2 | \vp VP VP VP
X 7AT(Yt n=Y ).

Under the fourth condition in Assumption 1, we shall first show that

Bl gn1(Zys,, Z1,))*™ < c- C < 00, Elgn1(Zy, Z,)|*™ < ¢- C < oo for any ty, o, p(S14)

10

_h)

,h)

)|




By the Cauchy Schwarz inequality, we have

E'Qn 1 (Zt1 9 th) |2+26
2420

1 _ 2426 1 2426 _ _
< ¢ E {H—AT Y 7AT iYi, (7) (’AIYtl—hF”& + |AIYt2—h|2+26>}

b D

6-+65 6-+66 6465\ 1/3
6466 1 6465\ 1/3
< A—z 6+65EH Y A—z 6+65EH Y
< (H | 7Y A 5
N 1 6+65\ /3
X A, 6+65EH—Y
(H | N
6-+60

< ( H—Yt )<c-C’<oo, (515)

where A._; is semi-orthogonal. Similarly, we obtain E|g, 1 (Z,, Z])[>*% < ¢- C' < oo.
Next, similar to the proof in Dette & Spreckelsen (2004), we shall apply Hoeffding

decomposition to U, i, i.e.,

-~ 1 ~ 1 ~
Z/{n,l = MDD2 (%AT_ZYt | ﬁA—[Yth> + Hél) + H7s2)7

where H\" = (nfh) Ztgr(zl,%(zt)’ HY = WZMm gfz%i(ztlvzh)’ QS%( ) =
E{gn1(22)} = MDD? (LAY, | ZATY. 1), g3(2, ) = gaa(z2) — g (2) -
%) (+') — MDD? (\%}KLYt | LAY, h)

By (S14) and MDD? (%KLYt L
sumption 1, for any t; # to, we have

E{o (2%}

By Lemma A.1. in Dette & Spreckelsen (2004), Eg ) (Zy,) g )(Z’ )=0,and > 1, B0+ (t) <

A Y h) < oo under the fourth condition in As-

1+0

( ) (1) (1) 1) g |0
(Ztl)gn 1<Zt2) < o0, E 9n,1 (Ztl) (th) < 00(S16)
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00, we obtain

E{(H")?} = O )Y E {g&i(zmgi%i(zm)}

t1,t2

= O(n~ )E{gff{( } ZE{Q(U Z:,)g )(th)}

t1#to

On"E {g}(2)*} +O<n2>i<n—t>E {209 (Z01)}

IN

O™ +0m™)Y \Eg&%(zl)gn%i(zm))

<
t=1
< O™+ 0 HCLF Z B () = O(n"), (S17)
= e 1) 1o (1) VN
where C), 1 = max { maxy, <, 1(Z,)gp1(Zy,) ,maxy, <1, E g, 1(Zt,) 9,1 (Z4,) <
oo by (S16).
After using similar arguments in (S15) and by (S14) and MDD? (\/Lﬁgzth | fA Y, h)
oo, for any ¢, < t5 and p, we also have
2(146) 2(14-6)
E |9\ (Zs,, Zs,) < oo, E|gP)(Z,,Z;) < 0. (S18)
Since we have (S18), we apply Lemma 3 and further obtain
E{(H?)*} =0(n™). (S19)
Thus, by (S17) and (S19), we obtain
U, , — MDD? <LAT Y, | ifﬂ.m_h) T O,(n~Y). (S20)
, \/Z_) -—1 \/2—9 -7 p
Notice that by the similar arguments used in (S15), we have
E|FALY,| || HALY, %ﬁj&jml,h —Y,,_4)| < ooand
E \/iﬁAIthl \/%A,Tﬂ-Yt1 \/iﬁAI(Ytl_h —Yy,-1)| < co which imply that
» (n—h—-2)- ~1
Upnp = ~—F——F—Up2+ 0 ; S21
12 (TL — h) 2t p(n ) ( )

12



where Zjin,z is a U-statistic of order 3 with a varying kernel,
Gur(Z0 T T = = Y (LA’T Yt) ! ( AL Y’) AL(Yin—Y",)|522)
s [ 2 Y i - t—h
3’ (Zt,Z;,Zg) \/ﬁ \/_ \/_
By applying Hoeffding decomposition, we have

)

Uy =HY +TY +HY, (S23)

where 1, = = Wz, 10, = T C DA 9Ly, Zs),
Y = opomiomies S st 0B Ly, ). 03(2) = E{gna(2, 2, Z")}. g0 (2, ') =
E{gna(z, 2 Z") =903 (2) — g0 (), g3 (2, 2, 2") = gua(2, 2 2") =g\ 3 (2, 2') —g ) (2, 2")—
g (2, ") — gi(2) — gl () — gl ("),

Similarly, by Cauchy Schwarz inequality, for any ¢; < ¢, < t3 and p, we have

]E ‘gn,Q(ZtU Zt27 Zt3)|2+26 <c- C < o0, E |gn,2(zt17 Z/

2426
to) Z;3) ‘

<c-C<oo (S24)

under the fourth condition in Assumption 1. This further implies that similar moment condi-

tions in (S18) hold for g( ) and similar moment conditions in (S16) hold for gf}% Therefore,

by the similar arguments in (S17) and Lemma 3, we obtain
F7M\2 | _ -1 7@\ | _ -1
E{(@))?} = o), E{@?} =0m™). (s25)

By (S24), we further have

3) 2(1+4) , 2(1+6)
E gn,2<ztl7 Zt27 Zt3) (Zh? Zt27 Z ) < Q.
Therefore, we apply Lemma 3 to g( ) and obtain
73)\2 | -1
]E{(Hn ) } = O(nY). (S26)

Thus, we have U,, 5 = O,(n~'/2) which implies that I, », = O, (n"/2).

13



By the similar arguments, we have U, ; = O,(n~"/2), j = 3, 4. Hence, we obtain (S12) for
any A c Hp, i.e.,

VDD (A 1 5 1 ~ 1 ~
‘MDD <—A.Tth ’ _AIYth) — MDD? (—ATth | —AIYth) — Op(nfl/Q).

Also, for any A c ‘Hp, we have
Sha(A) = Sia(A))

PV 5y

= O,(py/p-n?). (S27)

IN

MDD (_ALYt | —AIYt_h) — MDD? (—ALYt | —AIYt—h)
VP VP VP VP

This further implies that
sup |Spy(A) — Spo(A)| = 0 (S28)
AE'H'D

/2 5 0asn — oco.

under the assumption that p,/p - n
Lastly, since we have Lemma 1 and third condition in Assumption 1, our estimate A that
minimizes our objective function §h0 i1s well defined and measurable by Theorem 2.2 in
White & Wooldridge (1991). Hence, by Lemma 1, (S28), and the third condition in As-
sumption 1, we apply Proposition 2.4, Corollary 2.3 in White & Wooldridge (1991) and

obtain

D(;&,A) —P 0asn — oo.
This completes the proof of Theorem 1. &
We shall introduce Lemma 4 which is used to show Theorem 2.
Lemma 4. Let hy and m be fixed. For any U, V € Hp, it holds that
11y (U) = G (V)| < ¢ D(U, V),

14



where c is a positive constant, and
G\ho (U) - é\ho (V) <c- D(U7 V)>
where ¢ = Op(1).

Proof of Lemma 4. Let (Uy,--- ,U,,)and (Vy,---,V,,) form orthogonal matrices, where
U, = {(Uy)a, -, (Up)p} € RPZPUV, = {(Vy)a,--+, (Vi) b € RP*P for any i. By
arranging the orders, we assume that D*(U;, V;) = Y- {p; — tr (U; U]V, V) }. Recall

that
1 1/2 ho m
G (U) = (m) YO —EYUUYUS (Y — Yi)|]
h=0 i=1 j#i
1 1/2 ho m
= (m) 222 EYIUUIY U U] (Yo = Yi,)|]
h=0 i=1 j#i

1 1/2 ho m
_ (m) SN -E[Y] (1-UU) Y U] (Y= Y]
h=0 i=1

due to the fact that U] U; = I. By Cauchy Schwarz inequality and the fact that ||[U; U, —

15



V.VIE =2{p; — tr(G;U] V,V)LE||V,V] (Y, — Yé_h)H2 < ¢ p;, we have

1 ho m
< SR T -UU) Y {|[UU (Y = Y| = [ ViV (Yen = Y| 1]
VP m
h=0 =1
1 h m
+ ~E[Y, (V;V] =G U)Y, |[V.V] (Yo = Y )|]]
mg;\ t tH ¢ t—h H ’
< oy et w ) (e oy vy o vif )
B p mh:O i=1
1 ho  m 97\ 1/2 o\ 1/2
+ {vy,(u;y/ —v,v)y;} E| ViV (Y — Y.,
Wh:0;<[ ! t]) ( h )
1
< ¢ NALAYER A
VD" m; F
\/2—9 ho 1/2
< c- pi —tr (G, UV, V] <c¢-D(U,V).
JZS (St ) - <enmy)

By using the similar arguments, we can show ‘G\ho(U) — Gy (V)’ < ¢-D(U, V). This

completes the proof of Lemma 4. O

Proof of Theorem 2. We shall show the first assertion in Theorem 2 which is the case when
p is fixed. Recall that the objective function is

m

. 1 1/2 ho S [~ .
GuA) = () S MoD (AT A7),
h=0 i=1 j#i
where A = (Al, e ,;&m) € Hp. Notice that the similar decomposition in (S8) remains

2 [/~ ~
valid for MDD (A]Y, | A]Y, 1), ie

2 [~ ~ —h-—1
MDD (A]Y, | A]Y, ) = %{Un,l + Un + Ung + Una},
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1 T
Un1 == (n—h)(n—h—1) ZZ (ATY0)T(ATY.) ‘A (Ye - Ytz_h)H7

t1 toFty

S gy ] Oy > (AT ‘Z‘Z—'r?)H;&;—(Ytl—h_Ytz—h)H’

t1 toFt

1 N T
Uns =~ i —h = 1) YOS (-AIY)T(ATY,,)

t1 toFt

‘A Ytl Ytg—h)H )

1
= (AJY)T(A]Y) HAT (Yo n— Yo
Un.a (n—h)(n—h-—1) ;tgl = t2-h)

and U, ; is a U-statistic of order 2 with the kernel,

Y

) I < < < <
01(20,2) = =5 {(A]Y) TATY) + (ATY) (AT YO} AT (Ve - YL |

Under the second condition in Assumption 1 and by the same arguments in (S9), we have
E|G1(Zy,, Ze, 11)|**° < oo for k = 1,2,--- and E[g1(Z¢, Z})|*"® < oc. Therefore, after

applying Theorem 1 in Yoshihara (1976), we obtain

2

Uni —MDD*(A]Y, | A]Y, ;)| =0,(n™).

Similar to (S11) and by E| AT Y, || [|ATY,,||- HAT (Yo, Yt2_h)H < o0, E|ATY,|-
IATY,, | - HAT Yo — Yo, H < 00, we have

1 ~ ~ -
Upo = ATY,)T(ATY ‘ATY,—Y, H
2 (TL _ h)Q(n —h— 1) tl?%;étg( i tl) ( i t3) ] ( t1—h to h)
1 AT T(/XT AT AT
+ (n . h)Q(TL —h— 1) tz?é; (Az Ytl) {(Az Yt1) + (Az Ytz)} HA] (Yt1—h - Ytg—h)“
(n—h—2)= o
= —U, @) ,
(n— h) 2+ O0p(n7)
where Un’g is a U-statistic of order 3 with the kernel,
(207 7)) = - ATY)T(ATY) | AT (Y. — Y
92(Z4, Zy, t)_3| Z (A YY) (A YY) j(t—h =) || -
" (Z0,2},Z))
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Note that we further have E|gy(Z;,, Zs, 1k, , Zity 1y 1k ) |20 < 00 for by, ko = 1,2,--- and
E|g2(Zy, Z}, Z))|>*° < oo under the second condition in Assumption 1. Hence by Theorem
1 in Yoshihara (1976), we obtain U,,» = O,(n~/?) which implies that U,,» = O,(n~'/?).
Similarly, we have U, ; = O,(n~%/2), j = 3,4 which implies that

MDD (A]Y, | A]Y. ) ~MDD? (&)Y, [ A]Y. )| = 0,(n72)
and
(g}o(&) _ gho(l&)) = 0,(n"Y?) forany A € Hop. (S29)

This further implies that

sup ’Qho — Gy (A)]| =P 0.
AEH'D

By the result above, Lemma 4, and the argmax mapping theorem (Theorem 3.2.2 and Corol-

lary 3.2.3) in van der Vaart and Wellner (1996), we have
D(;&,A) —P 0asn — oo.

Next, we shall show the second assertion in Theorem 2 which is the case when p di-

verges. Note that the objective function is

=0 i=1 j#i

1/2 ho  m
Gin(A) = t{g;;&} S S MDD (ATY: | A] Y )
r m h
— sz:MDDQ( ALY, | 7A Y, h)

hOzl

where A_; = (Al, A L A, ,A,,) € RP*(P=P) and similar decomposition in
2 ~ ~

(S13) remians valid for MDD (\/LﬁALYt | \/LﬁA;rYt_;J ,i.e

(n—h-—1)

1 ~ ~ - ~ ~
A;rYt—h) =— {Un,l +Up2+Ups+ Un,4} )

—2 1 ~
MDD ( —A'Y,| —
(\/13 | NG (n—h)
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)
1 ~ 1 ~
(%ATZ‘Y”) \ 75 Yuon = Y|

()
U = (; P <LALY“> T (_%AL?) %A’T(Yt“h Y]l
(

; ! Lare) (Larv )| iy,
Un,3 = - (n — h)(n —h_ 1) Z Z __A—iY) (\/EA_th2) \/ﬁAZ (Ytlfh YtQ*h) )

t1 toFty
_ T
e B () () v

t1 toF#t

?

and (7”,1 is a U-statistic of order 2 with a varying kernel which depends on n.

oz - L { (\/]_?AT Yt>T (%A’LYQ) + (%Z&LYQ)T <%2&LY})}

H—AT (Yion —Y,_,)

By the similar arguments in (S15), for any ¢; < ¢, and p, we have
E(Gn1(Zt,, Ze,)|* < ¢- C < 00, E|gn1(Zy,Z;,)*" <c-C < o0 (S30)

under the fourth condition in Assumption 1. By the Hoeffding decomposition, we further

have

~ 1 ~ 1 ~ ~ ~
Un1 = MDD’ (7ATth | %A;Yt—h) +HY + P,

(1 ~(1 2 ~(2) (1 ~
where i) = 22557, G4 (Z), HyY = ooty St 9o (B Za)s Gt (2) = B {1 (2, Z)}—
MDD? (LATY, | fATYt 1> 5 #) = Gua (5 2) = G (2) — G ()

VP
—MDD? (\%ALY} A Y, h) Note that for any ¢ # ¢, we also have E {gn H(Zy)? }
+

| 7
~(1 ~(1
I(2:)3" (Z4,)

iz g0z :
oo, E 1(Z4,)g,1(Z1,) < 00. By Lemma A.1. in
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Dette & Spreckelsen (2004) and Eﬁgi(ztl)gﬂ(zg) = 0, we obtain

E{(ﬁrgl)>2} = 72 ZE{gnl Ztl gnl Zt2 }

t1,t2

3

< o ME{GN@)*} + 0> (- OE {52030 (Zern) }
t=1
< O(n Y +0(n Z B/ (1) = O(n7Y). (S31)
t=1
By (S30) and MDD? <\/if7 A Y, | fA Y, _ h) < 00, for any t; < t5 and p, we also have
. 2(146) . 2(1+4)
E ggi(ztm th) < 00, E gsz,i(ztn Z:tg) < 0.
Thus, we apply Lemma 3 to :cjﬁ and obtain
E {(f[@)?} = 0. (S32)
Hence we have
U,1 — MDD? (LJ&T.Yt | iATYth) T Op(n1).
> \/]—) —1 \/ﬁ 7 p
By the similar arguments used in (S15), we have E H LATY,, ‘ LATY, ||| KT(Ytl_h —~Ysn) H <
0 and E H LATY || | AT Y ||| AT (Yoo~ Yir ‘ < oo which imply that
7 (n—h—2)- ~1
Uyo=——U, @) ,
,2 (n — h) 2+ p(n )

where Umg is a U-statistic of order 3 with a varying kernel,

~ 1 1 ~ T
Gz ) =g S (AT ( SALY) H—AT (Yion = Yis)
3. (Ztvzg’zg) \/ﬁ

By Hoeffding decomposition, we obtain
Uno=H + H? + HY,
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where A = T Ze), Y = s 3y G (2, ),

HY = o Lotats Ine B By Z)s 03 (2) = B G2, 2 21}, G (2, 7') =
E {Gna(z 2, 2" =350 (2)=G53(2). B3 (2. 2, 2") = Gaa(2, 2, 2") =G (2, ) =G0 (2, ) —
IR, ) = g (2) — B () — g (.

Similarly, by Cauchy Schwarz inequality, for any ¢; < ¢ < t3 and p, we have

~ ~ 2426
E\gn2(Zy,, Zy,, Ztg)‘2+26 <c-C<oo, E |gn,2(Zt17 Z i

e Zi)|T T <c-C<oo (833)

under the fourth condition in Assumption 1. Hence, by using similar arguments in (S31)

and (S32), we obtain
E{(HM)?} =0mn™), E{(HP)*} =0(n™").

By (S33), we also have

2(1+9) 2(14-98)

E 92, 2, < 0.

i%(ztlvztzazl‘a) tQ’Z )

Therefore, we apply Lemma 3 to 57(13% and obtain

E{(HA®)*} =0(n™).

Thus, we have U,,, = O,(n~"/2) which implies that U, » = O,(n~"/2). Similarly, we can
obtain U, ; = O,(n""/2), j = 3,4 by Lemma 3 and using similar arguments. Therefore,

we ultimately have

——~2/ 1 ~ 1 ~ 1 ~ 1 ~
MDD | —ALY, | —A]Y, ) — MDD? (—ATZ-Y —AY, )’ = 0,(n"1?).
’ <\/z_? a NI VP a N/ A p(n)

Hence, for any Ac Hp, we further have
‘Q\ho A - gho(:&))
- I~ of 1 7 I~
ZZ —AlY,_, | -MDD? (| —ATY,| —A]Y,_,
VP TS VP VP VP
< p(p-\/ﬁ-n 12y, (S34)

1 ~
MDD (—ALYt |
VD
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Under the assumption that p - \/m - n~/2 — 0 as n — oo, we obtain
sup |Gno(A) — Gro (A)| =2 0. (S35)
AE'Hﬁ

Finally, since we have Lemma 4 and third condition in Assumption 1, our estimate A that
minimizes our objective function QAhO is well defined and measurable by Theorem 2.2 in
White & Wooldridge (1991). Furthermore, since Lemma 4 and (S35) are satisfied and we
have the third condition in Assumption 1, we apply Proposition 2.4, Corollary 2.3 in White
& Wooldridge (1991) and obtain

D(A,A) —? 0 asn — oo,

This completes the proof of Theorem 2. O

2 Additional Theorem and the Proof

Assumption S1. When p diverges, for any vector v with ||v|| = 1, there exists a constant
C" > 0 such that E {exp (2[v"Y,|)} < C' for all p. The data (Y,)}-, is strictly stationary
and a-mixing with oy, — 0 as k — 00, where oy, = SUp; SUP s i peroe, |P(ANB) —
P(A)P(B)|, and F is the o-field generated by {Y, : i <t < j}. Forall k > 1, there exists

a constant C" > 0 such that sup >, a, < exp(—C"k"™), where ry € (0,1] is a constant.

Theorem S1. Let hy be a fixed integer and p grow with n such that p(log(p))*" /n — 0
asn — oo, where ¥'~t = 1+ ry'. Under Assumption S1 and the first, third conditions in

Assumption 1 in our manuscript, we have D(A, A) —? 0 as n — oo.
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Proof for Theorem S1. Note that for any € > 0 and A, we have

P (‘§ho<2&) —shO<A)( > g)

ho p
DI (‘MDD2(AIY,§ |ATY, ;) - MDD*ATY, | ATY, )| > c ) .
h=0 i=1 j#i ’ ! (p—1)(ho + 1)

(S36)
Next, we shall show that for any € > 0 and A,
P (‘S\h(}(.&) — Sh()(.g)‘ > E)
c- p’n® exp(—c(e/p)n®) + ¢ p’n® exp(—c(e/p)" *n®") + ¢ - p*n® exp(—c(e/p)"*n*")

+ c-pPnexp(—c(e/p)’*n") + ¢ p*nexp(—cle/p)”*nY) + ¢ - p? exp(—c(e/p)/*n)

IN

+ c-pPexp(—c(e/p)n) + ¢ p* exp(—c(e/p)n?) + ¢ p* exp(—c(e/p)*n?)

by following the idea in the proof of Chang et al. (2018).
Recall that E(Y;) = 0. Notice that we have

2 ~ ~
MDD (ALY, | ALY, ) =1+11+1II,

where
[ > (ALY) (ALY )AL Y, — ALY,

- 7’[,2 s k1 -7 ko J ki1—h ] ko—h|>
17k

—1 ~ ~

1= — > (ATY)T( ATYk2 Z ALY — ALY,
k:l,k‘g k‘lka
=2 > (ATY) (ALY )AL Y — ALY, )

- n3 1 k1 -7 ks i ks—h j ko—h|-

k1,k2,k3

We shall first show that for any s > 0,
P (‘I — MDD*(AY, | KEYt_h)‘ > s) < c-n?exp(—cs'n*) + c - exp(—cs*n?)(S37)
where 7! =3 + ;L.
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We let
1 xT TXT xT CXT
I = oy P > (ALY (AJY)ATY o — ATY
k1 7k

which will not affect the result in (S37). We obtain the following for any s > 0.

P <‘—A—EY1€1A—£Yk2|A—;Yk1_h — A;Y@_M — MDDQ(A—ZFYt | A.—;Yt_h)‘ > S)

— P (‘—K}Y,QKIY,Q > s,

‘—AIYMKIY]@‘;&EYM,}L — A.—EYkgfhl — MDD2<;&—£Y1§ | AEthh)‘ > S)

L P (’—j&jY,ﬂi&ijQ < s

‘_AIYkl*K—EYkQLK—;YkJ—h — :&EY/ﬂz—hl — MDDQ(A—L—Yt | A.—;Yt_h)‘ > S)

> 36>

v P (|A§Y,ﬁ,h — Al | +EAIY, o — ATY, | > SH)
<

IN

P (’—Z&IY,QA’}Y,Q

c-exp(—s/?) + ¢ exp(—s179),

where
P (‘—KIYMKIY;@ >s) <P (‘;&IYM > 572) 4 P (‘A’IY,Q > s12)
< c-exp(—s/HE {exp (‘K:Ykl )} = c-exp(—s?),
and
P (yTxTY,ﬂ, —ATY |+ EIAT Y — ATY | > 3“_5))
S eXp {exp |A Ykl h — ‘ATYk2 | + E‘;&.—;Ykl—h — ;&—JrYkz—hD}

IN

c-exp(—s""")E {exp(| ATV, nl) - exp(|A] Vi nl) |

. - 1/2 ~ 1/2
c- exp(—s(1 >)E {exp(2|AEYk1_h|)} E {exp(2|ATij2_h|)}

- exp(—s(l_e)),

IN

A
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by Markov inequality and Cauchy Schwarz inequality under Assumption S1. By setting

1

i Thus, we obtain

(1 —€) =¢€/2, we have € =

p (’—KIYMKIYb@;Yh_h ~ AlY}, 4| — MDDX(ATY, | JQYt_h)’ > s)

< c-exp(—s'?)

We further apply Theorem 1 in Merlevede et al. (2011) and obtain that

1

P <‘] - MDD2(—X-—EYt | ;&.—l]—'Yt—h>‘ > S)
n(n —1) Z {_AIY'“AIY’“?'AEY’H—’Z - Kngg—h’

b (
k1#k2

—  MDD*AlY, | KTth_h)H > s)

< c-nPexp(—cs'n®) + ¢ exp(—cs*n?),

where v~ = (1/3)7! 4 ;1.

By using the similar arguments, we have
P (|I1] > s) < enexp(—es”/*n? )+cn? exp(—cs” *n?")+cexp(—cs'/*n)+c-exp(—csn?),

P (|I1I] > s) < enexp(—cs” ?n ) +cn? exp(—cs” ?n®" ) 4c-exp(—csn)+c-exp(—csn?),
where (7)™ = 17! + 51, 4"t = (1/2)~! 4 r5*. Hence, for any s > 0, we finally have
2 ~ ~ ~ ~
P (‘MDD (A1Y,|AlY, ,) — MDD*(A]Y; | Ath_h)( > s>
< c-n?exp(—es™n®) + c-n?exp(—cs’Pn?") 4+ ¢ - n2exp(—cs” Pn®") + ¢ - nexp(—ecs? 40

+ c-nexp(—es”? ) + ¢ exp(—cs'/?n) + ¢ - exp(—csn) + ¢ - exp(—csn?) + ¢ - exp(—cs®n?).
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By (S36), we finally obtain

p (\g,m(;) —5h0<i)( > e)

IN

+ c-p*nexp(—c(e/p)”*n) + ¢ pPnexp(—c(e/p)" ") + ¢ - p*exp(—c(e/p)/*n)

+ c-pPexp(—c(e/p)n) + ¢ p* exp(—c(e/p)n?) + ¢ p* exp(—c(e/p)*n?)

Thus, for any ;& we have

S1ul(A) = S (A)] = 0, (£ (10g(0)*)
which further implies
sup ‘Sho Sho(;&)) =70
AEHD

under the assumption that p(log(p))*"?’ /n — 0 as n — co. By using the same arguments in

the proof of Theorem 1, our estimate A is well defined and measurable, and we obtain
D (A, A) 0.

This completes the proof of Theorem S1. &

3 Additional Simulations, Real Data Application Results,
and Figures

In this section, we report additional simulation results in Section 5 and additional real data

application results, figures in Section 6.
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Table S1: Reported are the average and the standard deviation of D?-distance with hy = 2 based
on 500 replications. Three methods are compared: our method (MICA), the method in Matteson &
Tsay (2011, DOC), the method in Belouchrani et al. (1997, SOBI).

Dist. p  Methods n = 50 n = 100 n = 200

MICA  0.192 (0.071) 0.165 (0.071) 0.134 (0.068)
5  DOC  0.184 (0.070) 0.152(0.068) 0.116 (0.065)
SOBI  0.178 (0.060) 0.148 (0.051) 0.114 (0.062)

Normal

MICA  0.370 (0.051) 0.343 (0.055) 0.317 (0.055)

10 DOC 0.364 (0.052) 0.325(0.055) 0.279 (0.060)

SOBI  0.368 (0.050) 0.324 (0.078) 0.279 (0.089)

MICA  0.141 (0.070) 0.109 (0.065) 0.078 (0.057)

5 DOC  0.208 (0.083) 0.169 (0.078) 0.125 (0.076)

Example I SOBI  0.220 (0.089) 0.166 (0.083) 0.132 (0.078)

t

MICA  0.321 (0.060) 0.280 (0.058) 0.237 (0.057)

10  DOC  0.401 (0.064) 0.350 (0.071) 0.296 (0.077)

SOBI  0.404 (0.063) 0.367 (0.073) 0.304 (0.075)

MICA  0.161 (0.069) 0.115(0.070) 0.076 (0.052)

5 DOC  0.232(0.068) 0.215 (0.069) 0.183 (0.068)

SOBI  0.192 (0.076) 0.152(0.074) 0.112 (0.066)

exp

MICA  0.357 (0.057) 0.327 (0.057) 0.272 (0.058)

10 DOC  0.383(0.051) 0.358 (0.053) 0.320 (0.059)

SOBI  0.370 (0.050) 0.329 (0.059) 0.282 (0.062)

MICA  0.136 (0.075) 0.087 (0.068) 0.041 (0.036)

5 DOC  0.280(0.091) 0.275 (0.084) 0.270 (0.086)

SOBI  0.269 (0.085) 0.271 (0.082) 0.262 (0.083)

t

MICA  0.302 (0.071) 0.197 (0.083) 0.110 (0.064)

10 DOC  0.457 (0.067) 0.444 (0.068) 0.435(0.07°)

Example 1T SOBI  0.449 (0.052) 0.442(0.054) 0.441 (0.053)
MICA  0.169 (0.068) 0.079 (0.063) 0.026 (0.027)

5 DOC  0.266 (0.083) 0.263 (0.083) 0.257 (0.081)

SOBI  0.270 (0.084) 0.269 (0.080) 0.261 (0.083)

exp

MICA 0358 (0.057) 0.270 (0.065) 0.143 (0.059)
10 DOC 0438 (0.055) 0.431(0.057) 0.424 (0.059)
SOBI  0.450 (0.050) 0.443 (0.053) 0.445 (0.054)

27




We compare the simualtion results for larger dimension, p = 20, 50. For the method
Matteson & Tsay (2011), we only report the result for p = 20 due to the computational time.
For instance, it took more than 24 hours to generate a result for one replicate when p = 50.
Table S2: Reported are the average and the standard deviation of D?-distance with hy = 1 based

on 500 replications. Three methods are compared: our method (MICA), the method in Matteson &
Tsay (2011, DOC), the method in Belouchrani et al. (1997, SOBI).

Dist. p  Methods n = 100 n = 200

MICA  0.556 (0.257) 0.509 (0.250)
20  DOC  0.512(0.223) 0.465 (0.212)
Normal SOBI  0.529 (0.237) 0.483 (0.208)

MICA  0.775(0.298) 0.736 (0.268)
SOBI  0.752(0.302) 0.724 (0.284)

50

MICA 0.511(0.273) 0.482 (0.263)
20 DOC  0.551(0.265) 0.512(0.239)

Example I
t SOBI  0.558(0.274) 0.513(0.243)
s MICA  0.730(0.301) 0.709 (0.274)
SOBI  0.765(0.328) 0.747 (0.298)
MICA  0.501 (0.202) 0.462 (0.197)
20 DOC  0.525(0.224) 0.476 (0.201)
exp SOBI  0.531(0.239) 0.485(0.210)
s MICA  0.729 (0.291) 0.698 (0.277)
SOBI  0.743 (0.304) 0.722 (0.285)
MICA  0.444 (0.231) 0.344 (0.171)
20 DOC  0.615(0.331) 0.616(0.334)
t SOBI  0.611(0.344) 0.610(0.331)
s MICA  0.533(0.382) 0.485(0.327)
Example IT SOBI  0.778 (0.493) 0.776 (0.490)

MICA  0.455(0.294) 0.397 (0.256)
20  DOC  0.598 (0.287) 0.597 (0.288)
exp SOBI  0.610(0.319) 0.609 (0.329)

MICA 0.563 (0.361) 0.512(0.302)
SOBI  0.777 (0.493) 0.778 (0.491)

50
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For the existing method TS-PCA, we only report the results for p = 6 when hy = 1 since

the proportion of the correct segmentation 7 for p = 12 is extremely small, e.g., 7 < 0.04.

Table S3: Reported are the proportions of correct segmentations, m, the average and the standard
deviation of D?-distance when estimated groups are correct with hy = 1 based on 500 replications.

Two methods are compared: our method (GMICA), the method in Chang et al. (2018, TS-PCA)

n = 200 n = 500 n = 1000
Dist. p  Method
T D? T D? T D2
6 GMICA 0.520 0.060 (0.117) 0.674 0.024 (0.075) 0.740 0.009 (0.005)
Normal TS-PCA 0.136 0.101 (0.052) 0.126 0.093 (0.054) 0.122 0.064 (0.043)

12 GMICA 0.164 0.094 (0.169) 0.274 0.053 (0.127) 0.388 0.019 (0.011)

E el 6 GMICA 0.416 0.068 (0.143) 0.496 0.032(0.100) 0.730 0.021 (0.089)
xample
t TS-PCA 0.124 0.120 (0.069) 0.184 0.087 (0.057) 0.194 0.063 (0.052)

12 GMICA 0.312 0.092(0.168) 0.420 0.040(0.148) 0.544 0.038 (0.112)

GMICA 0.408 0.059(0.128) 0.588 0.018 (0.056) 0.798 0.006 (0.005)
exp TS-PCA 0.134 0.127 (0.057) 0.140 0.093 (0.080) 0.122 0.062 (0.044)

12 GMICA 0.320 0.095(0.142) 0.420 0.039(0.081) 0.718 0.024 (0.028)

GMICA 0.546 0.040 (0.091) 0.652 0.026 (0.021) 0.750 0.014 (0.044)

6
t TS-PCA 0.062 0.254 (0.069) 0.062 0.244 (0.092) 0.054 0.227 (0.079)
Example 1T 12 GMICA 0.214 0.125(0.081) 0.374 0.064 (0.074) 0.542 0.073 (0.053)
6 GMICA 0.664 0.045(0.053) 0.744 0.034 (0.032) 0.810 0.026 (0.025)
exp TS-PCA 0.036 0.287 (0.077) 0.028 0.276 (0.106) 0.016 0.321 (0.089)

12 GMICA 0.302 0.128 (0.082) 0.492 0.093 (0.053) 0.722 0.054 (0.042)

We compare the simulation results for larger dimension, p = 24. We only report the

results for our method since the proportion of the correct segmentation 7 for TS-PCA is
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extremely small, e.g., 7 < 0.04.

Table S4: Reported are the proportions of correct segmentations, 7, the average and the standard

deviation of D?-distance when estimated groups are correct with hg = 5 based on 500 replications.

n = 500 n = 1000

Dist. p  Method
T D? T D?

Normal 24 GMICA 0222 0.074(0.018) 0.501 0.043 (0.014)

Example I, 54 GMICA 0292 0.085(0.010) 0.462 0.056 (0.008)

exp 24 GMICA 0.320 0.073(0.041) 0.500 0.045 (0.047)

t 24 GMICA 0.279 0.066 (0.039) 0.433 0.049 (0.035)
Example II

exp 24 GMICA 0.325 0.079(0.042) 0.461 0.061 (0.032)

We further compare the finite sample performance between our approach with the ob-
jective function S, and a variant objective function by aggregating MDD jointly. In par-
ticular, the joint approach shall construct the objective function by adding MDD(A Y |
AEYt, ATY, -, ATth,hO) for each component. It turns out that the joint approach is
very comparable for Example I but inferior to the ones generated by the current approach
for Example II. The results are summarized in Table S5.

In Section 6, the community mobility data captures movements across 6 categories of lo-
cations: retail and recreation, groceries and pharmacies, parks, transit stations, workplaces,
and residential areas. We compare prediction performance by considering each category

separately.

30



Table S5: Reported are the average and the standard deviation of D?-distance with kg = 1 based on

500 replications. Two methods are compared: MICA and joint approach of MICA (joint MICA).

Dist.

p

Methods

n =50

n =100

n = 200

Example I

Normal

MICA
joint MICA

0.193 (0.069)
0.193 (0.068)

0.172 (0.071)
0.173 (0.071)

0.147 (0.074)
0.148 (0.075)

10

MICA
joint MICA

0.374 (0.050)
0.380 (0.051)

0.349 (0.054)
0.351 (0.055)

0.323 (0.055)
0.335 (0.025)

t

MICA
joint MICA

0.140 (0.068)
0.141 (0.068)

0.102 (0.061)
0.106 (0.060)

0.075 (0.056)
0.077 (0.056)

10

MICA
joint MICA

0.317 (0.062)
0.322 (0.065)

0.269 (0.059)
0.276 (0.059)

0.231 (0.055)
0.237 (0.055)

exp

MICA
joint MICA

0.153 (0.071)
0.153 (0.070)

0.109 (0.065)
0.110 (0.064)

0.067 (0.050)
0.068 (0.050)

10

MICA
joint MICA

0.350 (0.058)
0.355 (0.059)

0.314 (0.058)
0.318 (0.059)

0.268 (0.056)
0.273 (0.058)

Example II

MICA
joint MICA

0.137 (0.076)
0.137 (0.077)

0.075 (0.058)
0.076 (0.057)

0.037 (0.037)
0.039 (0.038)

10

MICA
joint MICA

0.292 (0.072)
0.292 (0.072)

0.188 (0.075)
0.192 (0.075)

0.099 (0.057)
0.105 (0.060)

exp

MICA
joint MICA

0.161 (0.072)
0.160 (0.072)

0.074 (0.052)
0.076 (0.052)

0.021 (0.024)
0.026 (0.020)

10

MICA
joint MICA

0.349 (0.060)
0.354 (0.061)

0.261 (0.064)
0.264 (0.065)

0.132 (0.052)
0.139 (0.055)
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Table S6: Average MSPE for community mobility data in retail and recreation category.

Method ho =7 ho =14
Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)
GMICA MSPE(g=1) 1.016 1.033
MSPE (q = 2) 0.990 0.996
Groups 8 Groups 8 Groups
MICA P P P
MSPE (¢ = 1) 1.038 1.009
MSPE (¢ = 2) 1.015 1.005
Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)
TS-PCA
MSPE (¢ =1) 1.296 1.180
MSPE (¢ = 2) 1.191 1.119
Groups 8 Groups 8 Groups
DOC
MSPE (¢ =1) 1.264 1.259
MSPE (q = 2) 1.192 1.187
Groups 8 Groups 8 Groups
SOBI
MSPE (¢ = 1) 1.253 1.231
MSPE (q = 2) 1.183 1.172
Groups 8 Groups 8 Groups
sUARMA
MSPE (¢ =1) 1.618 1.618
MSPE (q = 2) 1.152 1.152
Groups 1 Group 1 Group
sVARMA
MSPE (¢ =1) 1.178 1.178
MSPE (q = 2) 1.192 1.192
Groups 1 Group 1 Group
refVAR
MSPE (¢ = 1) 1.612 1.612
MSPE (q = 2) 2.552 2.552

32



Table S7: Average MSPE for community mobility data in grocery and pharmacy category.

Method ho=T7 ho = 14
Groups 6 Groups (2,2,1,1,1,1) 6 Groups (2,2,1,1,1,1)
GMICA MSPE(g=1) 1.026 0.999
MSPE (¢ = 2) 0.985 0.985
Groups 8 Groups 8 Groups
MICA P P P
MSPE (¢ =1) 1.045 1.048
MSPE (q = 2) 1.039 1.048
Groups 7 Groups (2,1,1,1,1,1,1) 6 Groups (3,1,1,1,1,1)
TS-PCA
MSPE (¢ =1) 1.119 1.339
MSPE (¢ = 2) 1.091 1.269
Groups 8 Groups 8 Groups
DOC
MSPE (¢ =1) 1.213 1.267
MSPE (¢ = 2) 1.121 1.244
Groups 8 Groups 8 Groups
SOBI
MSPE (¢ = 1) 1.202 1.324
MSPE (¢ = 2) 1.115 1.298
Groups 8 Groups 8 Groups
sUARMA
MSPE (¢ = 1) 1.957 1.957
MSPE (¢ = 2) 1.156 1.156
Groups 1 Group 1 Group
sVARMA
MSPE (¢ = 1) 1.078 1.078
MSPE (q = 2) 1.178 1.178
Groups 1 Group 1 Group
refVAR
MSPE (¢ = 1) 1.755 1.755
MSPE (q = 2) 2.845 2.845
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Table S8: Average MSPE for community mobility data in park category.

Method ho =7 ho =14
Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)
GMICA MSPE(g=1) 0.975 0.968
MSPE (q = 2) 0.901 0.906
Groups 8 Groups 8 Groups
MICA P P P
MSPE (¢ =1) 1.018 1.018
MSPE (¢ = 2) 0.988 0.989
Groups 5 Groups (4,1,1,1,1) 5 Groups (4,1,1,1,1)
TS-PCA
MSPE (¢ =1) 1.013 1.018
MSPE (¢ = 2) 0.996 0.966
Groups 8 Groups 8 Groups
DOC
MSPE (¢ =1) 1.025 1.027
MSPE (q = 2) 0.976 0.972
Groups 8 Groups 8 Groups
SOBI
MSPE (¢ = 1) 1.013 1.011
MSPE (q = 2) 0.984 0.983
Groups 8 Groups 8 Groups
sUARMA
MSPE (¢ =1) 1.518 1.518
MSPE (q = 2) 1.056 1.056
Groups 1 Group 1 Group
sVARMA
MSPE (¢ = 1) 0.982 0.982
MSPE (q = 2) 2.523 2.523
Groups 1 Group 1 Group
refVAR
MSPE (¢ = 1) 1.412 1.412
MSPE (q = 2) 0.957 0.957
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Table S9: Average MSPE for community mobility data in transit category.

Method ho =7 ho =14
Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)
GMICA MSPE(g=1) 1.071 1.058
MSPE (q = 2) 0.994 0.977
Groups 8 Groups 8 Groups
MICA P P P
MSPE (¢ = 1) 1.045 1.101
MSPE (¢ = 2) 0.996 1.000
Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)
TS-PCA
MSPE (¢ =1) 1.233 1.227
MSPE (¢ = 2) 1.109 1.141
Groups 8 Groups 8 Groups
DOC
MSPE (¢ = 1) 1.179 1.182
MSPE (q = 2) 1.118 1.128
Groups 8 Groups 8 Groups
SOBI
MSPE (¢ =1) 1.216 1.320
MSPE (q = 2) 1.092 1.081
Groups 8 Groups 8 Groups
sUARMA
MSPE (¢ = 1) 1.812 1.812
MSPE (q = 2) 1.159 1.159
Groups 1 Group 1 Group
sVARMA
MSPE (¢ = 1) 1.649 1.649
MSPE (q = 2) 2.975 2.975
Groups 1 Group 1 Group
refVAR
MSPE (¢ =1) 1.193 1.193
MSPE (q = 2) 2912 2912
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Table S10: Average MSPE for community mobility data in workplace category.

Method ho=T7 ho = 14
Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)
GMICA MSPE(g=1) 1.081 1.104
MSPE (q = 2) 1.091 1.095
Groups 8 Groups 8 Groups
MICA P P P
MSPE (¢ = 1) 1.001 1.002
MSPE (¢ = 2) 1.098 0.997
Groups 5 Groups (4,1,1,1,1) 6 Groups (3,1,1,1,1,1)
TS-PCA
MSPE (¢ = 1) 1.876 1.792
MSPE (¢ = 2) 1.933 1.786
Groups 8 Groups 8 Groups
DOC
MSPE (¢ = 1) 1.235 1.182
MSPE (q = 2) 1.112 1.158
Groups 8 Groups 8 Groups
SOBI
MSPE (¢ =1) 1.241 1.237
MSPE (q = 2) 1.143 1.183
Groups 8 Groups 8 Groups
sUARMA
MSPE (¢ =1) 1.613 1.613
MSPE (q = 2) 1.034 1.034
Groups 1 Group 1 Group
sVARMA
MSPE (¢ =1) 1.178 1.178
MSPE (q = 2) 3.179 3.179
Groups 1 Group 1 Group
refVAR
MSPE (¢ = 1) 1.593 1.593
MSPE (q = 2) 1.299 1.299
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Table S11: Average MSPE for community mobility data in residential areas category.

Method ho =7 ho =14
Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)
GMICA MSPE(g=1) 0.985 1.009
MSPE (q = 2) 0.974 0.989
Groups 8 Groups 8 Groups
MICA P P P
MSPE (¢ = 1) 1.012 1.012
MSPE (¢ = 2) 1.008 1.007
Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)
TS-PCA
MSPE (¢ = 1) 1.200 1.178
MSPE (¢ = 2) 1.197 1.186
Groups 8 Groups 8 Groups
DOC
MSPE (¢ = 1) 1.127 1.128
MSPE (q = 2) 1.118 1.119
Groups 8 Groups 8 Groups
SOBI
MSPE (¢ =1) 1.115 1.235
MSPE (q = 2) 1.109 1.218
Groups 8 Groups 8 Groups
sUARMA
MSPE (¢ = 1) 1.505 1.505
MSPE (q = 2) 1.093 1.093
Groups 1 Group 1 Group
sVARMA
MSPE (¢ = 1) 1.086 1.086
MSPE (q = 2) 1.029 1.029
Groups 1 Group 1 Group
refVAR
MSPE (¢ = 1) 1.590 1.590
MSPE (q = 2) 2.571 2.571
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Figure S1: Auto and cross correlations of the 8 states of community mobility data.
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Figure S2: Auto and cross correlations of the uncorrelated components obtained by TS-PCA for

community mobility data. The subseries inside the red box belong to the same group.
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Figure S3: Auto and cross correlations of the group mean independent components obtained by

GMICA for community mobility data. The subseries inside the red box belong to the same group.
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Figure S4: Auto and cross correlations of the uncorrelated components components obtained by

DOC for community mobility data. The series inside the red box forms one group.
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Figure S5: Auto and cross correlations of the uncorrelated components obtained by SOBI for com-

munity mobility data. The series inside the red box forms one group.
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Figure S6: Auto and cross correlations of the mean independent components obtained by MICA for

community mobility data. The series inside the red box forms one group.
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