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In the supplementary material, we include the proofs for Theorem 1 and Theorem 2

and state additional Theorem S1 with its proof, and report additional simulations, real data

application results, and figures.

1 Proofs of Theorem 1 and Theorem 2

We shall first state the lemmas used in the proof for Theorem 1.

Lemma 1. Let h0 be fixed. For any U, V ∈ HD when p is fixed or p diverges, it holds that

|Sh0(U)− Sh0(V)| ≤ c · D(U,V),

where c is a positive constant, and∣∣∣Ŝh0(U)− Ŝh0(V)
∣∣∣ ≤ c · D(U,V),

where c = Op(1).

Proof of Lemma 1. Let U = (U·1, · · · ,U·p) and V = (V·1, · · · ,V·p), where U·i =

(U1i, · · · ,Upi)
⊤, V·j = (V1j, · · · ,Vpj)

⊤. We assume that U⊤
·iV·i ∈ [0, 1] and D(U,V) =√∑p

i=1

{
1− tr

(
U·iU⊤

·iV·iV⊤
·i
)}

by arranging the orders of {U·i}pi=1 and {V·i}pi=1. Recall
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that(
tr
{
UU⊤})Sh0(U) =

h0∑
h=0

p∑
i=1

∑
j ̸=i

−E
[
YtU·jU

⊤
·jY

′
t

∣∣U⊤
·i (Yt−h −Y′

t−h)
∣∣]

=

h0∑
h=0

p∑
i=1

−E
[
Yt(I−U·iU

⊤
·i )Y

′
t

∥∥U·iU
⊤
·i (Yt−h −Y′

t−h)
∥∥] .

By the Cauchy Schwarz inequality, we have

|Sh0(U)− Sh0(V)|

≤ 1

p

h0∑
h=0

p∑
i=1

∣∣−E
[
Y⊤

t (I−U·iU
⊤
·i )Y

′
t

{∥∥U·iU
⊤
·i (Yt−h −Y′

t−h)
∥∥− ∥∥V·iV

⊤
·i (Yt−h −Y′

t−h)
∥∥}]∣∣

+
1

p

h0∑
h=0

p∑
i=1

∣∣−E
[
Y⊤

t (V·iV
⊤
·i −U·iU

⊤
·i )Y

′
t

∥∥V·iV
⊤
·i (Yt−h −Y′

t−h)
∥∥]∣∣

≤ 1

p

h0∑
h=0

p∑
i=1

{
tr
(
I−U·iU

⊤
·i
)}1/2 (E∥∥(U·iU

⊤
·i −V·iV

⊤
·i )(Yt−h −Y′

t−h)
∥∥2)1/2

+
1

p

h0∑
h=0

p∑
i=1

(
E
[{

Y⊤
t (V·iV

⊤
·i −U·iU

⊤
·i )Y

′
t

}2])1/2 (E∥∥V·iV
⊤
·i (Yt−h −Y′

t−h)
∥∥2)1/2

≤ 1

p

h0∑
h=0

p∑
i=1

c
√
p · ∥U·iU

⊤
·i −V⊤

·iV·i∥F ≤ c

p

√
p ·

h0∑
h=0

p∑
i=1

√
2{1− tr(U·iU

⊤
·iV·iV

⊤
·i )}1/2 (S1)

≤ c · D(U,V). (S2)

Note that (S1) is obtained by

E
∥∥V·iV

⊤
·i (Yt−h −Y′

t−h)
∥∥2 ≤ c · tr

[
E
{
V·iV

⊤
·iYt−hY

⊤
t−hV·iV

⊤
·i
}]

= c · ∥V·i∥4,

E
∥∥(U·iU

⊤
·i −V·iV

⊤
·i )(Yt−h −Y′

t−h)
∥∥2

≤ c · tr
[
E
{
(U·iU

⊤
·i −V·iV

⊤
·i )Yt−hY

⊤
t−h(U·iU

⊤
·i −V·iV

⊤
·i )
}]

= c · ∥U·iU
⊤
·i −V·iV

⊤
·i ∥2F ,

and (S2) is implied by

p∑
i=1

{1− tr(U·iU
⊤
·iV·iV

⊤
·i )}1/2 ≤

√
p

(
p∑

i=1

{1− tr(U·iU
⊤
·iV·iV

⊤
·i )}

)1/2

=
√
p · D(U,V).
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By using the similar arguments, we can show that
∣∣∣Ŝh0(U)− Ŝh0(V)

∣∣∣ ≤ c · D(U,V). This

completes the proof of Lemma 1. ♢

When p diverges, we shall often use Lemma 3, whose proof relies on Lemma 2. Lemma 2

is proved in Appendix of Dette & Spreckelsen (2004), hence its proof is omitted. The fol-

lowing lemma indicates that similar result of Lemma 1 in Yoshihara (1976) holds for the

varying kernel under a certain finite moment condition.

Lemma 2 (Lemma A.1. in Dette & Spreckelsen (2004)). Let φn(Zt1 , · · · ,Ztr), t1 < t2 <

· · · < tr be a symmetric kernel which depends on n. If (Zt)
n
t=1 is an absolutely regular

process with mixing coefficients β(j) and if for some δ > 0, 1 ≤ j < r and for all p, there

exists a finite constant C̃ such that

Mn = max

{
E |φn(Zt1 , · · · ,Ztr)|

1+δ ,E
∣∣∣φn(Zt1 , · · · ,Ztj ,Z

′
tj+1

, · · · ,Z′
tr)
∣∣∣1+δ

}
< C̃ < ∞,

then∣∣∣Eφn(Zt1 , · · · ,Ztr)− Eφn(Zt1 , · · · ,Ztj ,Z
′
tj+1

, · · · ,Z′
tr)
∣∣∣ ≤ 4M

1
1+δ
n β

δ
1+δ (tj+1 − tj),

where (Zt1 , · · · ,Ztj) are independent of (Z′
tj+1

, · · · ,Z′
tr).

Lemma 3. Let φn(Zt1 , · · · ,Ztr), t1 < t2 < · · · < tr, r = 2, 3, 4 be a symmetric kernel

which depends on n and (Zt)
n
t=1 is an absolutely regular process with mixing coefficients

β(j). Assume that for any zt1 , · · · , ztr−1 , Eφn(zt1 , · · · , ztr−1 ,Ztr) = 0 almost surely. If for

some δ > 0, and for all p, there exists a finite constant C̃ such that
∑∞

k=1 kβ
δ

1+δ (k) < ∞

and

E |φn(Zt1 , · · · ,Ztr)|
2(1+δ) < C̃ < ∞, E

∣∣φn(Zt1 ,Z
′
t2
, · · · ,Z′

tr)
∣∣2(1+δ)

< C̃ < ∞,

then

E

{ 1(
n
r

) ∑
t1<···<tr

φn(Zt1 , · · · ,Ztr)

}2
 = O(n−1).
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Proof of Lemma 3. We shall consider the case when r = 3 and show the proof since

the proofs in the other cases r = 2, 4 are similar. By Cauchy Schwarz inequality and

E |φn(Zt1 ,Zt2 ,Zt3)|
2(1+δ) < ∞, for any (t1, · · · , t6), we have

E |φn(Zt1 ,Zt2 ,Zt3)φn(Zt4 ,Zt5 ,Zt6)|
1+δ

≤
(
E |φn(Zt1 ,Zt2 ,Zt3)|

2(1+δ)
)1/2 (

E |φn(Zt4 ,Zt5 ,Zt6)|
2(1+δ)

)1/2
< ∞.

By this fact, we have E |φn(Zt1 ,Zt2 ,Zt3)φn(Zt4 ,Zt5 ,Zt6)| < ∞, where there are at least

two identical indices among (t1, · · · , t6), e.g., (t1, · · · , t6) = (1, 2, 3, 4, 5, 1), (t1, · · · , t6) =

(1, 2, 3, 2, 5, 1). This further implies that

E

{
1(
n
3

) ∑
t1<t2<t3

φn(Zt1 ,Zt2 ,Zt3)

}2

= O(n−6)
∑

t1<t2<t3,t4<t5<t6

Eφn(Zt1 ,Zt2 ,Zt3)φn(Zt4 ,Zt5 ,Zt6)

≤ O(n−6)
∑

t1<t2<t3<t4<t5<t6

|Ehn(Zt1 ,Zt2 ,Zt3 ,Zt4 ,Zt5 ,Zt6)|+O(n−1),

where hn(Zt1 ,Zt2 ,Zt3 ,Zt4 ,Zt5 ,Zt6) = 1
6!

∑
(Zt1 ,··· ,Zt6 )

φn(Zt1 ,Zt2 ,Zt3)φn(Zt4 ,Zt5 ,Zt6),∑
(Zt1 ,··· ,Zt6 )

denotes the summation over all permutations of the 6-tuple of indices of (Zt1 , · · · ,Zt6).

Notice that for any t1 < t2 < t3 < t4 < t5 < t6, we have Ehn(Zt1 ,Z
′
t2
,Z′

t3
,Z′

t4
,Z′

t5
,Z′

t6
) =

Ehn(Zt1 ,Zt2 ,Zt3 ,Zt4 ,Zt5 ,Z
′
t6
) = 0 since φn is degenerate. Also, for any t1 < t2 < t3 <

t4 < t5 < t6, we have

E
∣∣hn(Zt1 ,Z

′
t2
,Z′

t3
,Z′

t4
,Z′

t5
,Z′

t6
)
∣∣1+δ

≤
(
E
∣∣φn(Zt1 ,Z

′
t2
,Z′

t3
)
∣∣2(1+δ)

)1/2 (
E
∣∣φn(Z

′
t4
,Z′

t5
,Z′

t6
)
∣∣2(1+δ)

)1/2
< ∞

under the assumptions that E |φn(Zt1 ,Zt2 ,Zt3)|
2(1+δ) < C̃ < ∞ and E

∣∣φn(Zt1 ,Z
′
t2
,Z′

t3
)
∣∣2(1+δ)

<

C̃ < ∞. Similarly, we obtain E
∣∣hn(Zt1 ,Zt2 ,Zt3 ,Zt4 ,Zt5 ,Z

′
t6
)
∣∣1+δ

< ∞. Thus, we apply

4



Lemma A.1 in Dette & Spreckelsen (2004) with j = 1, 5 and obtain

O(n−6)
∑

t1<t2<t3<t4<t5<t6

|Ehn(Zt1 ,Zt2 ,Zt3 ,Zt4 ,Zt5 ,Zt6)|

≤ O(n−6)C
1

1+δ

n,1

∑
t1<t2<t3<t4<t5<t6

min
(
β

δ
1+δ (t6 − t5), β

δ
1+δ (t2 − t1)

)
≤ O(n−6)C

1
1+δ

n,1

∑
t1<t2<t3<t4<t5<t6

t2−t1≤t6−t5

β
δ

1+δ (t6 − t5)

+ O(n−6)C
1

1+δ

n,1

∑
t1<t2<t3<t4<t5<t6

t6−t5<t2−t1

β
δ

1+δ (t2 − t1), (S3)

where

Cn,1 = max

{
max

t1<t2<t3<t4<t5<t6
E |hn(Zt1 ,Zt2 ,Zt3 ,Zt4 ,Zt5 ,Zt6)|

1+δ ,

max
t1<t2<t3<t4<t5<t6

E
∣∣hn(Zt1 ,Z

′
t2
,Z′

t3
,Z′

t4
,Z′

t5
,Z′

t6
)
∣∣1+δ

,

max
t1<t2<t3<t4<t5<t6

E
∣∣hn(Zt1 ,Zt2 ,Zt3 ,Zt4 ,Zt5 ,Z

′
t6
)
∣∣1+δ

}
< ∞.

Next, we can show that ∑
t1<t2<t3<t4<t5<t6

t2−t1≤t6−t5

β
δ

1+δ (t6 − t5) ≤ n4

n∑
k=1

kβ
δ

1+δ (k). (S4)

∑
t1<t2<t3<t4<t5<t6

t6−t5<t2−t1

β
δ

1+δ (t2 − t1) ≤ n4

n∑
k=1

kβ
δ

1+δ (k), (S5)

Since the proofs are similar, we shall focus on showing (S4). Notice that we have t2 − t1 ≤

t6 − t5. Hence, ∑
t1<t2<t3<t4<t5<t6

t2−t1≤t6−t5

β
δ

1+δ (t6 − t5) ≤ n3

n−1∑
t5=1

n∑
t6=t5+1

(t6 − t5)β
δ

1+δ (t6 − t5)

≤ n4

n∑
k=1

kβ
δ

1+δ (k).

5



Finally, by (S3) and
∑∞

k=1 kβ
δ

1+δ (k) < ∞, we obtain

E

{
1(
n
3

) ∑
t1<t2<t3

φn(Zt1 ,Zt2 ,Zt3)

}2

≤ O(n−2) · C
1

1+δ

n,1

n∑
k=1

kβ
δ

1+δ (k) +O(n−1) = O(n−1).

This completes the proof of Lemma 3. ♢

Proof of Theorem 1. We shall first show the proof of the first assertion in Theorem 1 which

is the case when p is fixed. Recall that

Sh0(Ã) =

 1

tr
{
ÃÃ⊤

}
 h0∑

h=0

p∑
i=1

∑
j ̸=i

MDD2(Ã⊤
·jYt | Ã⊤

·iYt−h)

=

(
1

p

) h0∑
h=0

p∑
i=1

MDD2(Ã⊤
·−iYt | Ã⊤

·iYt−h),

where Ã·−i = (Ã·1, · · · , Ã·i−1, Ã·i+1, · · · , Ã·p) ∈ Rp×(p−1). First, we show that for any

Ã ∈ HD,∣∣∣M̂DD
2
(Ã⊤

·−iYt | Ã⊤
·iYt−h)− MDD2(Ã⊤

·−iYt | Ã⊤
·iYt−h)

∣∣∣ = Op(n
−1/2). (S6)

which implies∣∣∣Ŝh0(Ã)− Sh0(Ã)
∣∣∣

≤
(
1

p

) h0∑
h=0

p∑
i=1

∣∣∣M̂DD
2
(Ã⊤

·−iYt | Ã⊤
·iYt−h)− MDD2(Ã⊤

·−iYt | Ã⊤
·iYt−h)

∣∣∣
= Op(n

−1/2). (S7)

Notice that M̂DD
2
(Ã⊤

·−iYt | Ã⊤
·iYt−h) can be rewritten as

M̂DD
2
(Ã⊤

·−iYt | Ã⊤
·iYt−h) =

(n− h− 1)

(n− h)
{Un,1 + Un,2 + Un,3 + Un,4}, (S8)

where

Un,1 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(Ã⊤
·−iYt1)

⊤(Ã⊤
·−iYt2)

∣∣∣Ã⊤
·i (Yt1−h −Yt2−h)

∣∣∣ ,
6



Un,2 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(Ã⊤
·−iYt1)

⊤(−Ã⊤
·−iY)

∣∣∣Ã⊤
·i (Yt1−h −Yt2−h)

∣∣∣ ,
Un,3 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(−Ã⊤
·−iY)⊤(Ã⊤

·−iYt2)
∣∣∣Ã⊤

·i (Yt1−h −Yt2−h)
∣∣∣ ,

Un,4 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(Ã⊤
·−iY)⊤(Ã⊤

·−iY)
∣∣∣Ã⊤

·i (Yt1−h −Yt2−h)
∣∣∣ ,

and Y = 1
(n−h)

∑n
t=h+1Yt. Here, Un,1 is a U-statistic of order 2 with the kernel,

g1(Zt,Z
′
t) = −1

2

{
(Ã⊤

·−iYt)
⊤(Ã⊤

·−iY
′
t) + (Ã⊤

·−iY
′
t)

⊤(Ã⊤
·−iYt)

} ∣∣∣Ã⊤
·i (Yt−h −Y′

t−h)
∣∣∣ ,

where Zt = (Yt,Yt−h). Under the second condition in Assumption 1 and by the Cauchy

Schwarz inequality, for any t1 and t2, we have

E|g1(Zt1 ,Zt2)|2+δ

≤ c ·
(
E
∥∥∥Ã⊤

·−iYt1

∥∥∥6+3δ
)1/3(

E
∥∥∥Ã⊤

·−iYt2

∥∥∥6+3δ
)1/3(

E
∣∣∣Ã⊤

·iYt1−h

∣∣∣6+3δ

+ E
∣∣∣Ã⊤

·iYt2−h

∣∣∣6+3δ
)1/3

≤ c ·
(
∥Ã·−i∥6+3δ

2 E ∥Yt∥6+3δ
)1/3 (

∥Ã·−i∥6+3δ
2 E ∥Yt∥6+3δ

)1/3 (
∥Ã·i∥6+3δE ∥Yt−h∥6+3δ

)1/3
≤ c · E ∥Yt∥6+3δ < ∞, (S9)

where ∥B∥2 is a spectral norm of a matrix B and ∥Ã·−i∥2 = 1 since Ã·−i is semi-orthogonal,

i.e., Ã⊤
·−iÃ·−i = I ∈ Rp−1. This implies that E|g1(Zt1 ,Zt1+k)|2+δ < ∞ for k = 1, 2, · · · .

Similarly, we have E|g1(Zt,Z
′
t)|2+δ < ∞. Hence, we apply Theorem 1 in Yoshihara (1976)

and obtain ∣∣∣Un,1 − MDD2(Ã⊤
·−iYt | Ã⊤

·iYt−h)
∣∣∣2 = Op(n

−1). (S10)

Furthermore, since we have E∥Ã⊤
·−iYt1∥∥Ã⊤

·−iYt2∥|Ã⊤
·i (Yt1−h−Yt2−h)| < ∞ by (S9) and

E∥Ã⊤
·−iYt1∥∥Ã⊤

·−iYt1∥|Ã⊤
·i (Yt1−h − Yt2−h)| < ∞ after using similar arguments in (S9),
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we obtain

Un,2 =
1

(n− h)2(n− h− 1)

∑
t1

∑
t2 ̸=t1

∑
t3

(Ã⊤
·−iYt1)

⊤(Ã⊤
·−iYt3)

∣∣∣Ã⊤
·i (Yt1−h −Yt2−h)

∣∣∣
=

1

(n− h)2(n− h− 1)

∑
t1 ̸=t2 ̸=t3

(Ã⊤
·−iYt1)

⊤(Ã⊤
·−iYt3)

∣∣∣Ã⊤
·i (Yt1−h −Yt2−h)

∣∣∣
+

1

(n− h)2(n− h− 1)

∑
t1 ̸=t2

(Ã⊤
·−iYt1)

⊤
{
(Ã⊤

·−iYt1) + (Ã⊤
·−iYt2)

} ∣∣∣Ã⊤
·i (Yt1−h −Yt2−h)

∣∣∣
=

(n− h− 2)

(n− h)
Un,2 +Op(n

−1), (S11)

where Un,2 is a U-statistic of order 3 with the kernel,

g2(Zt,Z
′
t,Z

′′
t ) =

1

3!

∑
(Zt,Z′

t,Z
′′
t )

(Ã⊤
·−iYt)

⊤(Ã⊤
·−iY

′
t)
∣∣∣Ã⊤

·i (Yt−h −Y′′
t−h)

∣∣∣ ,
where

∑
(Zt,Z′

t,Z
′′
t )

denotes the summation over all permutations of the 3-tuple of (Zt,Z
′
t,Z

′′
t ).

Under the second condition in Assumption 1 and after applying similar arguments in (S9),

we have

E|g2(Zt1 ,Zt2 ,Zt3)|2+δ

≤ c ·
(
E
∥∥∥Ã⊤

·−iYt1

∥∥∥6+3δ
)1/3(

E
∥∥∥Ã⊤

·−iYt2

∥∥∥6+3δ
)1/3(

E
∣∣∣Ã⊤

·iYt1−h

∣∣∣6+3δ

+ E
∣∣∣Ã⊤

·iYt3−h

∣∣∣6+3δ
)1/3

< ∞

for any t1, t2, t3 which implies that E|g2(Zt1 ,Zt1+k1 ,Zt1+k1+k2)|2+δ < ∞ for k1, k2 =

1, 2, · · · . By using similar arguments, we further have E|g2(Zt,Z
′
t,Z

′′
t )|2+δ < ∞. Thus, we

apply Theorem 1 in Yoshihara (1976) to Un,2 and obtain Un,2 = Op(n
−1/2) which implies

that Un,2 = Op(n
−1/2). Similarly, we obtain Un,j = Op(n

−1/2), j = 3, 4 which implies (S6)

and (S7). As, we have (S7) for any Ã ∈ HD, this further implies that

sup
Ã∈HD

∣∣∣Ŝh0(Ã)− Sh0(Ã)
∣∣∣→p 0.
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By the result above, Lemma 1, and the argmax mapping theorem (Theorem 3.2.2 and Corol-

lary 3.2.3) in Vaart & Wellner (1997), we obtain

D(Â,A) →p 0 as n → ∞.

This completes the proof for the first assertion in Theorem 1.

Next, we shall show the second assertion in Theorem 1. The main idea of the proof for

diverging p is using Corollary 2.3, Proposition 2.4 in White & Wooldridge (1991), who have

shown the consistency of the sieve extremum estimate with dependent data where the sieve

extremum estimate is obtained by optimizing an objective function. In their setting, the di-

mension of sieve grows with the sample size n; see Chen (2007) and White & Wooldridge

(1991) for more details. Also, we shall follow the proof in Dette & Spreckelsen (2004), who

have shown the convergence rate of U-statistic with a varying kernel and dependent data. In

particular, we shall use Lemma A.1. in Dette & Spreckelsen (2004) and Lemma 3 to find the

order in probability for
∣∣∣M̂DD

2
(

1√
p
Ã⊤

·−iYt | 1√
p
Ã⊤

·iYt−h

)
− MDD2

(
1√
p
Ã⊤

·−iYt | 1√
p
Ã⊤

·iYt−h

)∣∣∣
for any Ã.

Recall our objective function,

Sh0(Ã) =

(
1

p

) h0∑
h=0

p∑
i=1

MDD2
(
Ã⊤

·−iYt | Ã⊤
·iYt−h

)
=

(
p
√
p

p

) h0∑
h=0

p∑
i=1

MDD2

(
1
√
p
Ã⊤

·−iYt |
1
√
p
Ã⊤

·iYt−h

)
.

We further note that our objective function depends on n since p grows with n. For the ease

of notation, we shall suppress the index n for our objective function.

We shall show that∣∣∣∣M̂DD
2
(

1
√
p
Ã⊤

·−iYt |
1
√
p
Ã⊤

·iYt−h

)
− MDD2

(
1
√
p
Ã⊤

·−iYt |
1
√
p
Ã⊤

·iYt−h

)∣∣∣∣ = Op(n
−1/2).(S12)

By (S8), we have

M̂DD
2
(

1
√
p
Ã⊤

·−iYt |
1
√
p
Ã⊤

·iYt−h

)
=

(n− h− 1)

(n− h)

{
Ũn,1 + Ũn,2 + Ũn,3 + Ũn,4

}
, (S13)

9



where

Ũn,1 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(
1
√
p
Ã⊤

·−iYt1

)⊤(
1
√
p
Ã⊤

·−iYt2

) ∣∣∣∣ 1
√
p
Ã⊤

·i (Yt1−h −Yt2−h)

∣∣∣∣ ,
Ũn,2 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(
1
√
p
Ã⊤

·−iYt1

)⊤(
− 1
√
p
Ã⊤

·−iY

) ∣∣∣∣ 1
√
p
Ã⊤

·i (Yt1−h −Yt2−h)

∣∣∣∣ ,
Ũn,3 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(
− 1
√
p
Ã⊤

·−iY

)⊤(
1
√
p
Ã⊤

·−iYt2

) ∣∣∣∣ 1
√
p
Ã⊤

·i (Yt1−h −Yt2−h)

∣∣∣∣ ,
Ũn,4 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(
1
√
p
Ã⊤

·−iY

)⊤(
1
√
p
Ã⊤

·−iY

) ∣∣∣∣ 1
√
p
Ã⊤

·i (Yt1−h −Yt2−h)

∣∣∣∣ .
Here, Ũn,1 is a U-statistic of order 2 with a varying kernel which depends on n since p grows

with n.

gn,1(Zt,Z
′
t) = −1

2

{(
1
√
p
Ã⊤

·−iYt

)⊤(
1
√
p
Ã⊤

·−iY
′
t

)
+

(
1
√
p
Ã⊤

·−iY
′
t

)⊤(
1
√
p
Ã⊤

·−iYt

)}

×
∣∣∣∣ 1
√
p
Ã⊤

·i (Yt−h −Y′
t−h)

∣∣∣∣ .
Under the fourth condition in Assumption 1, we shall first show that

E|gn,1(Zt1 ,Zt2)|2+2δ < c · C < ∞, E|gn,1(Zt,Z
′
t)|2+2δ < c · C < ∞ for any t1, t2, p.(S14)

10



By the Cauchy Schwarz inequality, we have

E|gn,1(Zt1 ,Zt2)|2+2δ

≤ c · E

{∥∥∥∥ 1
√
p
Ã⊤

·−iYt1

∥∥∥∥2+2δ ∥∥∥∥ 1
√
p
Ã⊤

·−iYt2

∥∥∥∥2+2δ (
1
√
p

)2+2δ (
|Ã⊤

·iYt1−h|2+2δ + |Ã⊤
·iYt2−h|2+2δ

)}

≤ c ·

(
E
∥∥∥∥ 1
√
p
Ã⊤

·−iYt

∥∥∥∥6+6δ
)1/3(

E
∥∥∥∥ 1
√
p
Ã⊤

·−iYt

∥∥∥∥6+6δ
)1/3(

E
∣∣∣∣ 1
√
p
Ã⊤

·iYt

∣∣∣∣6+6δ
)1/3

≤ c ·

(
∥Ã·−i∥6+6δ

2 E
∥∥∥∥ 1
√
p
Yt

∥∥∥∥6+6δ
)1/3(

∥Ã·−i∥6+6δ
2 E

∥∥∥∥ 1
√
p
Yt

∥∥∥∥6+6δ
)1/3

×

(
∥Ã·i∥6+6δE

∥∥∥∥ 1
√
p
Yt

∥∥∥∥6+6δ
)1/3

≤ c ·

(
E
∥∥∥∥ 1
√
p
Yt

∥∥∥∥6+6δ
)

< c · C < ∞, (S15)

where Ã·−i is semi-orthogonal. Similarly, we obtain E|gn,1(Zt,Z
′
t)|2+2δ < c · C < ∞.

Next, similar to the proof in Dette & Spreckelsen (2004), we shall apply Hoeffding

decomposition to Ũn,1, i.e.,

Ũn,1 = MDD2

(
1
√
p
Ã⊤

·−iYt |
1
√
p
Ã⊤

·iYt−h

)
+H(1)

n +H(2)
n ,

where H
(1)
n = 2

(n−h)

∑
t g

(1)
n,1(Zt), H

(2)
n = 1

(n−h)(n−h−1)

∑
t1 ̸=t2

g
(2)
n,1(Zt1 ,Zt2), g

(1)
n,1(z) =

E {gn,1(z,Z′)} − MDD2
(

1√
p
Ã⊤

·−iYt | 1√
p
Ã⊤

·iYt−h

)
, g(2)n,1(z, z

′) = gn,1(z, z
′) − g

(1)
n,1(z) −

g
(1)
n,1(z

′)− MDD2
(

1√
p
Ã⊤

·−iYt | 1√
p
Ã⊤

·iYt−h

)
.

By (S14) and MDD2
(

1√
p
Ã⊤

·−iYt | 1√
p
Ã⊤

·iYt−h

)
< ∞ under the fourth condition in As-

sumption 1, for any t1 ̸= t2, we have

E
{
g
(1)
n,1(Zt)

2
}
< ∞, E

∣∣∣g(1)n,1(Zt1)g
(1)
n,1(Zt2)

∣∣∣1+δ

< ∞, E
∣∣∣g(1)n,1(Zt1)g

(1)
n,1(Z

′
t2
)
∣∣∣1+δ

< ∞.(S16)

By Lemma A.1. in Dette & Spreckelsen (2004), Eg(1)n,1(Zt1)g
(1)
n,1(Z

′
t2
) = 0, and

∑n
t=1 β

δ/(1+δ)(t) <

11



∞, we obtain

E
{
(H(1)

n )2
}

= O(n−2)
∑
t1,t2

E
{
g
(1)
n,1(Zt1)g

(1)
n,1(Zt2)

}
= O(n−1)E

{
g
(1)
n,1(Zt)

2
}
+O(n−2)

∑
t1 ̸=t2

E
{
g
(1)
1,n(Zt1)g

(1)
n,1(Zt2)

}
≤ O(n−1)E

{
g
(1)
n,1(Zt)

2
}
+O(n−2)

n∑
t=1

(n− t)E
{
g
(1)
n,1(Z1)g

(1)
n,1(Zt+1)

}
≤ O(n−1) +O(n−1)

n∑
t=1

∣∣∣Eg(1)n,1(Z1)g
(1)
n,1(Zt+1)

∣∣∣
≤ O(n−1) +O(n−1)C̃

1
1+δ

n,1

n∑
t=1

βδ/(1+δ)(t) = O(n−1), (S17)

where C̃n,1 = max

{
maxt1<t2 E

∣∣∣g(1)n,1(Zt1)g
(1)
n,1(Zt2)

∣∣∣1+δ

,maxt1<t2 E
∣∣∣g(1)n,1(Zt1)g

(1)
n,1(Z

′
t2
)
∣∣∣1+δ

}
<

∞ by (S16).

After using similar arguments in (S15) and by (S14) and MDD2
(

1√
p
Ã⊤

·−iYt | 1√
p
Ã⊤

·iYt−h

)
<

∞, for any t1 < t2 and p, we also have

E
∣∣∣g(2)n,1(Zt1 ,Zt2)

∣∣∣2(1+δ)

< ∞, E
∣∣∣g(2)n,1(Zt1 ,Z

′
t2
)
∣∣∣2(1+δ)

< ∞. (S18)

Since we have (S18), we apply Lemma 3 and further obtain

E
{
(H(2)

n )2
}
= O(n−1). (S19)

Thus, by (S17) and (S19), we obtain∣∣∣∣Ũn,1 − MDD2

(
1
√
p
Ã⊤

·−iYt |
1
√
p
Ã⊤

·iYt−h

)∣∣∣∣2 = Op(n
−1). (S20)

Notice that by the similar arguments used in (S15), we have

E
∥∥∥ 1√

p
Ã⊤

·−iYt1

∥∥∥∥∥∥ 1√
p
Ã⊤

·−iYt2

∥∥∥ ∣∣∣ 1√
p
Ã⊤

·i (Yt1−h −Yt2−h)
∣∣∣ < ∞ and

E
∥∥∥ 1√

p
Ã⊤

·−iYt1

∥∥∥∥∥∥ 1√
p
Ã⊤

·−iYt1

∥∥∥ ∣∣∣ 1√
p
Ã⊤

·i (Yt1−h −Yt2−h)
∣∣∣ < ∞ which imply that

Ũn,2 =
(n− h− 2)

(n− h)
Un,2 +Op(n

−1), (S21)
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where Un,2 is a U-statistic of order 3 with a varying kernel,

gn,2(Zt,Z
′
t,Z

′′
t ) =

1

3!

∑
(Zt,Z′

t,Z
′′
t )

(
1
√
p
Ã⊤

·−iYt

)⊤(
1
√
p
Ã⊤

·−iY
′
t

) ∣∣∣∣ 1
√
p
Ã⊤

·i (Yt−h −Y′′
t−h)

∣∣∣∣ .(S22)

By applying Hoeffding decomposition, we have

Un,2 = H
(1)

n +H
(2)

n +H
(3)

n , (S23)

where H
(1)

n = 3
(n−h)

∑
t g

(1)
n,2(Zt), H

(2)

n = 3
(n−h)(n−h−1)

∑
t1 ̸=t2

g
(2)
n,2(Zt1 ,Zt2),

H
(3)

n = 1
(n−h)(n−h−1)(n−h−2)

∑
t1 ̸=t2 ̸=t3

g
(3)
n,2(Zt1 ,Zt2 ,Zt3), g

(1)
n,2(z) = E {gn,2(z,Z′,Z′′)}, g(2)n,2(z, z

′) =

E {gn,2(z, z′,Z′′)}−g
(1)
n,2(z)−g

(1)
n,2(z

′), g(3)n,2(z, z
′, z′′) = gn,2(z, z

′, z′′)−g
(2)
n,2(z, z

′)−g
(2)
n,2(z, z

′′)−

g
(2)
n,2(z

′, z′′)− g
(1)
n,2(z)− g

(1)
n,2(z

′)− g
(1)
n,2(z

′′).

Similarly, by Cauchy Schwarz inequality, for any t1 < t2 < t3 and p, we have

E |gn,2(Zt1 ,Zt2 ,Zt3)|
2+2δ < c · C < ∞, E

∣∣gn,2(Zt1 ,Z
′
t2
,Z′

t3
)
∣∣2+2δ

< c · C < ∞ (S24)

under the fourth condition in Assumption 1. This further implies that similar moment condi-

tions in (S18) hold for g(2)n,2 and similar moment conditions in (S16) hold for g(1)n,2. Therefore,

by the similar arguments in (S17) and Lemma 3, we obtain

E
{
(H

(1)

n )2
}
= O(n−1), E

{
(H

(2)

n )2
}
= O(n−1). (S25)

By (S24), we further have

E
∣∣∣g(3)n,2(Zt1 ,Zt2 ,Zt3)

∣∣∣2(1+δ)

< ∞, E
∣∣∣g(3)n,2(Zt1 ,Z

′
t2
,Z′

t3
)
∣∣∣2(1+δ)

< ∞.

Therefore, we apply Lemma 3 to g
(3)
n,2 and obtain

E
{
(H

(3)

n )2
}
= O(n−1). (S26)

Thus, we have Un,2 = Op(n
−1/2) which implies that Ũn,2 = Op(n

−1/2).
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By the similar arguments, we have Ũn,j = Op(n
−1/2), j = 3, 4. Hence, we obtain (S12) for

any Ã ∈ HD, i.e.,∣∣∣∣M̂DD
2
(

1
√
p
Ã⊤

·−iYt |
1
√
p
Ã⊤

·iYt−h

)
− MDD2

(
1
√
p
Ã⊤

·−iYt |
1
√
p
Ã⊤

·iYt−h

)∣∣∣∣ = Op(n
−1/2).

Also, for any Ã ∈ HD, we have∣∣∣Ŝh0(Ã)− Sh0(Ã)
∣∣∣

≤
p
√
p

p

h0∑
h=0

p∑
i=1

∣∣∣∣M̂DD
2
(

1
√
p
Ã⊤

·−iYt |
1
√
p
Ã⊤

·iYt−h

)
− MDD2

(
1
√
p
Ã⊤

·−iYt |
1
√
p
Ã⊤

·iYt−h

)∣∣∣∣
= Op(p

√
p · n−1/2). (S27)

This further implies that

sup
Ã∈HD

∣∣∣Ŝh0(Ã)− Sh0(Ã)
∣∣∣→p 0 (S28)

under the assumption that p
√
p · n−1/2 → 0 as n → ∞.

Lastly, since we have Lemma 1 and third condition in Assumption 1, our estimate Â that

minimizes our objective function Ŝh0 is well defined and measurable by Theorem 2.2 in

White & Wooldridge (1991). Hence, by Lemma 1, (S28), and the third condition in As-

sumption 1, we apply Proposition 2.4, Corollary 2.3 in White & Wooldridge (1991) and

obtain

D(Â,A) →p 0 as n → ∞.

This completes the proof of Theorem 1. ♢

We shall introduce Lemma 4 which is used to show Theorem 2.

Lemma 4. Let h0 and m be fixed. For any U, V ∈ HD, it holds that

|Gh0(U)− Gh0(V)| ≤ c · D(U,V),

14



where c is a positive constant, and∣∣∣Ĝh0(U)− Ĝh0(V)
∣∣∣ ≤ c · D(U,V),

where c = Op(1).

Proof of Lemma 4. Let (U1, · · · ,Um) and (V1, · · · ,Vm) form orthogonal matrices, where

Ui = {(Ui)·1, · · · , (Ui)·pi} ∈ Rp×pi , Vi = {(Vi)·1, · · · , (Vi)·pi} ∈ Rp×pi for any i. By

arranging the orders, we assume that D2(Ui,Vi) =
∑m

i=1

{
pi − tr

(
UiU

⊤
i ViV

⊤
i

)}
. Recall

that

Gh0(U) =

(
1

tr {UU⊤}m

)1/2 h0∑
h=0

m∑
i=1

∑
j ̸=i

−E
[
Y⊤

t UiU
⊤
i Y

′
t

∥∥U⊤
j (Yt−h −Y′

t−h)
∥∥]

=

(
1

tr {UU⊤}m

)1/2 h0∑
h=0

m∑
i=1

∑
j ̸=i

−E
[
Y⊤

t UiU
⊤
i Y

′
t

∥∥UjU
⊤
j (Yt−h −Y′

t−h)
∥∥]

=

(
1

tr {UU⊤}m

)1/2 h0∑
h=0

m∑
i=1

−E
[
Y⊤

t

(
I−UiU

⊤
i

)
Y′

t

∥∥UiU
⊤
i (Yt−h −Y′

t−h)
∥∥]

due to the fact that U⊤
i Ui = I. By Cauchy Schwarz inequality and the fact that ∥UiU

⊤
i −

15



ViV
⊤
i ∥2F = 2{pi − tr(UiU

⊤
i ViV

⊤
i )}, E

∥∥ViV
⊤
i (Yt−h −Y′

t−h)
∥∥2 ≤ c · pi, we have

|Gh0(U)− Gh0(V)|

≤ 1
√
p ·m

h0∑
h=0

m∑
i=1

∣∣−E
[
Y⊤

t (I−UiU
⊤
i )Y

′
t

{∥∥UiU
⊤
i (Yt−h −Y′

t−h)
∥∥− ∥∥ViV

⊤
i (Yt−h −Y′

t−h)
∥∥}]∣∣

+
1

√
p ·m

h0∑
h=0

m∑
i=1

∣∣−E
[
Y⊤

t (ViV
⊤
i −UiU

⊤
i )Y

′
t

∥∥ViV
⊤
i (Yt−h −Y′

t−h)
∥∥]∣∣

≤ 1
√
p ·m

h0∑
h=0

m∑
i=1

{
tr(I−UiU

⊤
i )
}1/2(E [∥∥∥{UiU

⊤
i −ViV

⊤
i

}⊤
(Yt−h −Y′

t−h)
∥∥∥2])1/2

+
1

√
p ·m

h0∑
h=0

m∑
i=1

(
E
[{

Y⊤
t (UiU

⊤
i −ViV

⊤
i )Y

′
t

}2])1/2 (E∥∥ViV
⊤
i (Yt−h −Y′

t−h)
∥∥2)1/2

≤ c · 1
√
p ·m

h0∑
h=0

m∑
i=1

√
p
∥∥UiU

⊤
i −ViV

⊤
i

∥∥
F

≤ c ·
√
p

√
p ·m

h0∑
h=0

√
m

(
m∑
i=1

{
pi − tr

(
UiU

⊤
i ViV

⊤
i

)})1/2

≤ c · D(U,V).

By using the similar arguments, we can show
∣∣∣Ĝh0(U)− Ĝh0(V)

∣∣∣ ≤ c · D(U,V). This

completes the proof of Lemma 4. ♢

Proof of Theorem 2. We shall show the first assertion in Theorem 2 which is the case when

p is fixed. Recall that the objective function is

Gh0(Ã) =

(
1

p ·m

)1/2 h0∑
h=0

m∑
i=1

∑
j ̸=i

MDD2
(
Ã⊤

i Yt | Ã⊤
j Yt−h

)
,

where A = (Ã1, · · · , Ãm) ∈ HD. Notice that the similar decomposition in (S8) remains

valid for M̂DD
2
(
Ã⊤

i Yt | Ã⊤
j Yt−h

)
, i.e.,

M̂DD
2
(
Ã⊤

i Yt | Ã⊤
j Yt−h

)
=

(n− h− 1)

(n− h)
{Un,1 + Un,2 + Un,3 + Un,4},
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where

Un,1 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(Ã⊤
i Yt1)

⊤(Ã⊤
i Yt2)

∥∥∥Ã⊤
j (Yt1−h −Yt2−h)

∥∥∥ ,
Un,2 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(Ã⊤
i Yt1)

⊤(−Ã⊤
i Y)

∥∥∥Ã⊤
j (Yt1−h −Yt2−h)

∥∥∥ ,
Un,3 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(−Ã⊤
i Y)⊤(Ã⊤

i Yt2)
∥∥∥Ã⊤

j (Yt1−h −Yt2−h)
∥∥∥ ,

Un,4 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(Ã⊤
i Y)⊤(Ã⊤

i Y)
∥∥∥Ã⊤

j (Yt1−h −Yt2−h)
∥∥∥ ,

and Un,1 is a U-statistic of order 2 with the kernel,

g̃1(Zt,Z
′
t) = −1

2

{
(Ã⊤

i Yt)
⊤(Ã⊤

i Y
′
t) + (Ã⊤

i Y
′
t)

⊤(Ã⊤
i Yt)

}∥∥∥Ã⊤
j (Yt−h −Y′

t−h)
∥∥∥ .

Under the second condition in Assumption 1 and by the same arguments in (S9), we have

E|g̃1(Zt1 ,Zt1+k)|2+δ < ∞ for k = 1, 2, · · · and E|g̃1(Zt,Z
′
t)|2+δ < ∞. Therefore, after

applying Theorem 1 in Yoshihara (1976), we obtain∣∣∣Un,1 − MDD2(Ã⊤
i Yt | Ã⊤

j Yt−h)
∣∣∣2 = Op(n

−1).

Similar to (S11) and by E∥Ã⊤
i Yt1∥ ·∥Ã⊤

i Yt1∥ ·
∥∥∥Ã⊤

j (Yt1−h −Yt2−h)
∥∥∥ < ∞, E∥Ã⊤

i Yt1∥ ·

∥Ã⊤
i Yt2∥ ·

∥∥∥Ã⊤
j (Yt1−h −Yt2−h)

∥∥∥ < ∞, we have

Un,2 =
1

(n− h)2(n− h− 1)

∑
t1 ̸=t2 ̸=t3

(Ã⊤
i Yt1)

⊤(Ã⊤
i Yt3)

∥∥∥Ã⊤
j (Yt1−h −Yt2−h)

∥∥∥
+

1

(n− h)2(n− h− 1)

∑
t1 ̸=t2

(Ã⊤
i Yt1)

⊤
{
(Ã⊤

i Yt1) + (Ã⊤
i Yt2)

}∥∥∥Ã⊤
j (Yt1−h −Yt2−h)

∥∥∥
=

(n− h− 2)

(n− h)
Un,2 +Op(n

−1),

where Un,2 is a U-statistic of order 3 with the kernel,

g̃2(Zt,Z
′
t,Z

′′
t ) =

1

3!

∑
(Zt,Z′

t,Z
′′
t )

(Ã⊤
i Yt)

⊤(Ã⊤
i Y

′
t)
∥∥∥Ã⊤

j (Yt−h −Y′′
t−h)

∥∥∥ .
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Note that we further have E|g̃2(Zt1 ,Zt1+k1 ,Zt1+k1+k2)|2+δ < ∞ for k1, k2 = 1, 2, · · · and

E|g̃2(Zt,Z
′
t,Z

′′
t )|2+δ < ∞ under the second condition in Assumption 1. Hence by Theorem

1 in Yoshihara (1976), we obtain Un,2 = Op(n
−1/2) which implies that Un,2 = Op(n

−1/2).

Similarly, we have Un,j = Op(n
−1/2), j = 3, 4 which implies that∣∣∣M̂DD

2
(
Ã⊤

i Yt | Ã⊤
j Yt−h

)
− MDD2

(
Ã⊤

i Yt | Ã⊤
j Yt−h

)∣∣∣ = Op(n
−1/2)

and ∣∣∣Ĝh0(Ã)− Gh0(Ã)
∣∣∣ = Op(n

−1/2) for any Ã ∈ HD. (S29)

This further implies that

sup
Ã∈HD

∣∣∣Ĝh0(Ã)− Gh0(Ã)
∣∣∣→p 0.

By the result above, Lemma 4, and the argmax mapping theorem (Theorem 3.2.2 and Corol-

lary 3.2.3) in van der Vaart and Wellner (1996), we have

D(Â,A) →p 0 as n → ∞.

Next, we shall show the second assertion in Theorem 2 which is the case when p di-

verges. Note that the objective function is

Gh0(Ã) =

 1

tr
{
ÃÃ⊤

}
m

1/2
h0∑
h=0

m∑
i=1

∑
j ̸=i

MDD2
(
Ã⊤

i Yt | Ã⊤
j Yt−h

)

=
p
√
p

√
p ·m

h0∑
h=0

m∑
i=1

MDD2

(
1
√
p
Ã⊤

−iYt |
1
√
p
Ã⊤

i Yt−h

)
,

where Ã−i = (Ã1, · · · , Ãi−1, Ãi+1, · · · , Ãm) ∈ Rp×(p−pi), and similar decomposition in

(S13) remians valid for M̂DD
2
(

1√
p
Ã⊤

−iYt | 1√
p
Ã⊤

i Yt−h

)
, i.e.,

M̂DD
2
(

1
√
p
Ã⊤

−iYt |
1
√
p
Ã⊤

i Yt−h

)
=

(n− h− 1)

(n− h)

{
Ũn,1 + Ũn,2 + Ũn,3 + Ũn,4

}
,

18



where

Ũn,1 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(
1
√
p
Ã⊤

−iYt1

)⊤(
1
√
p
Ã⊤

−iYt2

)∥∥∥∥ 1
√
p
Ã⊤

i (Yt1−h −Yt2−h)

∥∥∥∥ ,
Ũn,2 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(
1
√
p
Ã⊤

−iYt1

)⊤(
− 1
√
p
Ã⊤

−iY

)∥∥∥∥ 1
√
p
Ã⊤

i (Yt1−h −Yt2−h)

∥∥∥∥ ,
Ũn,3 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(
− 1
√
p
Ã⊤

−iY

)⊤(
1
√
p
Ã⊤

−iYt2

)∥∥∥∥ 1
√
p
Ã⊤

i (Yt1−h −Yt2−h)

∥∥∥∥ ,
Ũn,4 = − 1

(n− h)(n− h− 1)

∑
t1

∑
t2 ̸=t1

(
1
√
p
Ã⊤

−iY

)⊤(
1
√
p
Ã⊤

−iY

)∥∥∥∥ 1
√
p
Ã⊤

i (Yt1−h −Yt2−h)

∥∥∥∥ ,
and Ũn,1 is a U-statistic of order 2 with a varying kernel which depends on n.

g̃n,1(Zt,Z
′
t) = −1

2

{(
1
√
p
Ã⊤

−iYt

)⊤(
1
√
p
Ã⊤

−iY
′
t

)
+

(
1
√
p
Ã⊤

−iY
′
t

)⊤(
1
√
p
Ã⊤

−iYt

)}

×
∥∥∥∥ 1
√
p
Ã⊤

i (Yt−h −Y′
t−h)

∥∥∥∥ .
By the similar arguments in (S15), for any t1 < t2 and p, we have

E|g̃n,1(Zt1 ,Zt2)|2+2δ < c · C < ∞, E|g̃n,1(Zt1 ,Z
′
t2
)|2+2δ < c · C < ∞ (S30)

under the fourth condition in Assumption 1. By the Hoeffding decomposition, we further

have

Ũn,1 = MDD2

(
1
√
p
Ã⊤

−iYt |
1
√
p
Ã⊤

i Yt−h

)
+ H̃(1)

n + H̃(2)
n ,

where H̃(1)
n = 2

n−h

∑
t g̃

(1)
n,1(Zt), H̃

(2)
n = 1

(n−h)(n−h−1)

∑
t1 ̸=t2

g̃
(2)
n,1(Zt1 ,Zt2), g̃

(1)
n,1(z) = E {g̃n,1(z,Z′)}−

MDD2
(

1√
p
Ã⊤

−iYt | 1√
p
Ã⊤

i Yt−h

)
, g̃(2)n,1(z, z

′) = g̃n,1(z, z
′)− g̃

(1)
n,1(z)− g̃

(1)
n,1(z

′)

−MDD2
(

1√
p
Ã⊤

−iYt | 1√
p
Ã⊤

i Yt−h

)
. Note that for any t1 ̸= t2, we also have E

{
g̃
(1)
n,1(Zt)

2
}
<

∞, E
∣∣∣g̃(1)n,1(Zt1)g̃

(1)
n,1(Zt2)

∣∣∣1+δ

< ∞, and E
∣∣∣g̃(1)n,1(Zt1)g̃

(1)
n,1(Z

′
t2
)
∣∣∣1+δ

< ∞. By Lemma A.1. in
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Dette & Spreckelsen (2004) and Eg̃(1)n,1(Zt1)g̃
(1)
n,1(Z

′
t2
) = 0, we obtain

E
{
(H̃(1)

n )2
}

= O(n−2)
∑
t1,t2

E
{
g̃
(1)
n,1(Zt1)g̃

(1)
n,1(Zt2)

}
≤ O(n−1)E

{
g̃
(1)
n,1(Zt)

2
}
+O(n−2)

n∑
t=1

(n− t)E
{
g̃
(1)
n,1(Z1)g̃

(1)
n,1(Zt+1)

}
≤ O(n−1) +O(n−1)

n∑
t=1

βδ/(1+δ)(t) = O(n−1). (S31)

By (S30) and MDD2
(

1√
p
Ã⊤

−iYt | 1√
p
Ã⊤

i Yt−h

)
< ∞, for any t1 < t2 and p, we also have

E
∣∣∣g̃(2)n,1(Zt1 ,Zt2)

∣∣∣2(1+δ)

< ∞, E
∣∣∣g̃(2)n,1(Zt1 ,Z

′
t2
)
∣∣∣2(1+δ)

< ∞.

Thus, we apply Lemma 3 to g̃
(2)
n,1 and obtain

E
{
(H̃(2)

n )2
}
= O(n−1). (S32)

Hence we have∣∣∣∣Ũn,1 − MDD2

(
1
√
p
Ã⊤

−iYt |
1
√
p
Ã⊤

i Yt−h

)∣∣∣∣2 = Op(n
−1).

By the similar arguments used in (S15), we have E
∥∥∥ 1√

p
Ã⊤

−iYt1

∥∥∥∥∥∥ 1√
p
Ã⊤

−iYt2

∥∥∥∥∥∥ 1√
p
Ã⊤

i (Yt1−h −Yt2−h)
∥∥∥ <

∞ and E
∥∥∥ 1√

p
Ã⊤

−iYt1

∥∥∥∥∥∥ 1√
p
Ã⊤

−iYt1

∥∥∥∥∥∥ 1√
p
Ã⊤

i (Yt1−h −Yt2−h)
∥∥∥ < ∞ which imply that

Ũn,2 =
(n− h− 2)

(n− h)
Un,2 +Op(n

−1),

where Un,2 is a U-statistic of order 3 with a varying kernel,

g̃n,2(Zt,Z
′
t,Z

′′
t ) =

1

3!

∑
(Zt,Z′

t,Z
′′
t )

(
1
√
p
Ã⊤

−iYt

)⊤(
1
√
p
Ã⊤

−iY
′
t

)∥∥∥∥ 1
√
p
Ã⊤

i (Yt−h −Y′′
t−h)

∥∥∥∥ .
By Hoeffding decomposition, we obtain

Un,2 = Ȟ(1)
n + Ȟ(2)

n + Ȟ(3)
n ,
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where Ȟ
(1)
n = 3

(n−h)

∑
t g̃

(1)
n,2(Zt), Ȟ

(2)
n = 3

(n−h)(n−h−1)

∑
t1 ̸=t2

g̃
(2)
n,2(Zt1 ,Zt2),

Ȟ
(3)
n = 1

(n−h)(n−h−1)(n−h−2)

∑
t1 ̸=t2 ̸=t3

g̃
(3)
n,2(Zt1 ,Zt2 ,Zt3), g̃

(1)
n,2(z) = E {g̃n,2(z,Z′,Z′′)}, g̃(2)n,2(z, z

′) =

E {g̃n,2(z, z′,Z′′)}−g̃
(1)
n,2(z)−g̃

(1)
n,2(z

′), g̃(3)n,2(z, z
′, z′′) = g̃n,2(z, z

′, z′′)−g̃
(2)
n,2(z, z

′)−g̃
(2)
n,2(z, z

′′)−

g̃
(2)
n,2(z

′, z′′)− g̃
(1)
n,2(z)− g̃

(1)
n,2(z

′)− g̃
(1)
n,2(z

′′).

Similarly, by Cauchy Schwarz inequality, for any t1 < t2 < t3 and p, we have

E |g̃n,2(Zt1 ,Zt2 ,Zt3)|
2+2δ < c · C < ∞, E

∣∣g̃n,2(Zt1 ,Z
′
t2
,Z′

t3
)
∣∣2+2δ

< c · C < ∞ (S33)

under the fourth condition in Assumption 1. Hence, by using similar arguments in (S31)

and (S32), we obtain

E
{
(Ȟ(1)

n )2
}
= O(n−1), E

{
(Ȟ(2)

n )2
}
= O(n−1).

By (S33), we also have

E
∣∣∣g̃(3)n,2(Zt1 ,Zt2 ,Zt3)

∣∣∣2(1+δ)

< ∞, E
∣∣∣g̃(3)n,2(Zt1 ,Z

′
t2
,Z′

t3
)
∣∣∣2(1+δ)

< ∞.

Therefore, we apply Lemma 3 to g̃
(3)
n,2 and obtain

E
{
(Ȟ(3)

n )2
}
= O(n−1).

Thus, we have Un,2 = Op(n
−1/2) which implies that Ũn,2 = Op(n

−1/2). Similarly, we can

obtain Ũn,j = Op(n
−1/2), j = 3, 4 by Lemma 3 and using similar arguments. Therefore,

we ultimately have∣∣∣∣M̂DD
2
(

1
√
p
Ã⊤

−iYt |
1
√
p
Ã⊤

i Yt−h

)
− MDD2

(
1
√
p
Ã⊤

−iYt |
1
√
p
Ã⊤

i Yt−h

)∣∣∣∣ = Op(n
−1/2).

Hence, for any Ã ∈ HD, we further have∣∣∣Ĝh0(Ã)− Gh0(Ã)
∣∣∣

≤
p
√
p

√
p ·m

h0∑
h=0

m∑
i=1

∣∣∣∣M̂DD
2
(

1
√
p
Ã⊤

−iYt |
1
√
p
Ã⊤

i Yt−h

)
− MDD2

(
1
√
p
Ã⊤

−iYt |
1
√
p
Ã⊤

i Yt−h

)∣∣∣∣
≤ Op(p ·

√
m · n−1/2). (S34)
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Under the assumption that p ·
√
m · n−1/2 → 0 as n → ∞, we obtain

sup
Ã∈HD̃

∣∣∣Ĝh0(Ã)− Gh0(Ã)
∣∣∣→p 0. (S35)

Finally, since we have Lemma 4 and third condition in Assumption 1, our estimate Â that

minimizes our objective function Ĝh0 is well defined and measurable by Theorem 2.2 in

White & Wooldridge (1991). Furthermore, since Lemma 4 and (S35) are satisfied and we

have the third condition in Assumption 1, we apply Proposition 2.4, Corollary 2.3 in White

& Wooldridge (1991) and obtain

D(Â,A) →p 0 as n → ∞.

This completes the proof of Theorem 2. ♢

2 Additional Theorem and the Proof

Assumption S1. When p diverges, for any vector v with ∥v∥ = 1, there exists a constant

C ′ > 0 such that E
{
exp

(
2|v⊤Yt|

)}
< C ′ for all p. The data (Yt)

n
t=1 is strictly stationary

and α-mixing with αk,p → 0 as k → ∞, where αk,p = supi supA∈Fi
−∞,B∈F∞

i+k
|P (A ∩ B)−

P (A)P (B)|, and F j
i is the σ-field generated by {Yt : i ≤ t ≤ j}. For all k ≥ 1, there exists

a constant C ′′ > 0 such that supp≥1 αk,p ≤ exp(−C ′′kr2), where r2 ∈ (0, 1] is a constant.

Theorem S1. Let h0 be a fixed integer and p grow with n such that p(log(p))4/γ
′
/n → 0

as n → ∞, where γ′−1 = 1 + r−1
2 . Under Assumption S1 and the first, third conditions in

Assumption 1 in our manuscript, we have D(A, Â) →p 0 as n → ∞.
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Proof for Theorem S1. Note that for any ε > 0 and Ã, we have

P
(∣∣∣Ŝh0(Ã)− Sh0(Ã)

∣∣∣ > ε
)

≤
h0∑
h=0

p∑
i=1

∑
j ̸=i

P

(∣∣∣M̂DD
2
(Ã⊤

·iYt | Ã⊤
·jYt−h)− MDD2(Ã⊤

·iYt | Ã⊤
·jYt−h)

∣∣∣ > ε

(p− 1)(h0 + 1)

)
.

(S36)

Next, we shall show that for any ε > 0 and Ã,

P
(∣∣∣Ŝh0(Ã)− Sh0(Ã)

∣∣∣ > ε
)

≤ c · p2n2 exp(−c(ε/p)γn2γ) + c · p2n2 exp(−c(ε/p)γ
′/2n2γ′

) + c · p2n2 exp(−c(ε/p)γ
′′/2n2γ′′

)

+ c · p2n exp(−c(ε/p)γ
′/4nγ′

) + c · p2n exp(−c(ε/p)γ
′/2nγ′

) + c · p2 exp(−c(ε/p)1/2n)

+ c · p2 exp(−c(ε/p)n) + c · p2 exp(−c(ε/p)n2) + c · p2 exp(−c(ε/p)2n2)

by following the idea in the proof of Chang et al. (2018).

Recall that E(Yt) = 0. Notice that we have

M̂DD
2
(Ã⊤

·iYt | Ã⊤
·jYt−h) = I + II + III,

where

I =
−1

n2

∑
k1 ̸=k2

(Ã⊤
·iYk1)

⊤(Ã⊤
·iYk2)|Ã⊤

·jYk1−h − Ã⊤
·jYk2−h|,

II =
−1

n2

∑
k1,k2

(Ã⊤
·iYk1)

⊤(Ã⊤
·iYk2)

1

n2

∑
k1 ̸=k2

|Ã⊤
·jYk1−h − Ã⊤

·jYk2−h|,

III =
2

n3

∑
k1,k2,k3

(Ã⊤
·iYk1)

⊤(Ã⊤
·iYk3)|Ã⊤

·jYk3−h − Ã⊤
·jYk2−h|.

We shall first show that for any s > 0,

P
(∣∣∣I − MDD2(Ã⊤

·iYt | Ã⊤
·jYt−h)

∣∣∣ > s
)
≤ c · n2 exp(−csγn2γ) + c · exp(−cs2n2),(S37)

where γ−1 = 3 + r−1
2 .
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We let

I =
−1

n(n− 1)

∑
k1 ̸=k2

(Ã⊤
·iYk1)

⊤(Ã⊤
·iYk2)|Ã⊤

·jYk1−h − Ã⊤
·jYk2−h|

which will not affect the result in (S37). We obtain the following for any s > 0.

P
(∣∣∣−Ã⊤

·iYk1Ã
⊤
·iYk2|Ã⊤

·jYk1−h − Ã⊤
·jYk2−h| − MDD2(Ã⊤

·iYt | Ã⊤
·jYt−h)

∣∣∣ > s
)

= P
(∣∣∣−Ã⊤

·iYk1Ã
⊤
·iYk2

∣∣∣ > sϵ,∣∣∣−Ã⊤
·iYk1Ã

⊤
·iYk2 |Ã⊤

·jYk1−h − Ã⊤
·jYk2−h| − MDD2(Ã⊤

·iYt | Ã⊤
·jYt−h)

∣∣∣ > s
)

+ P
(∣∣∣−Ã⊤

·iYk1Ã
⊤
·iYk2

∣∣∣ ≤ sϵ,∣∣∣−Ã⊤
·iYk1Ã

⊤
·iYk2 |Ã⊤

·jYk1−h − Ã⊤
·jYk2−h| − MDD2(Ã⊤

·iYt | Ã⊤
·jYt−h)

∣∣∣ > s
)

≤ P
(∣∣∣−Ã⊤

·iYk1Ã
⊤
·iYk2

∣∣∣ > sϵ
)

+ P
(
|Ã⊤

·jYk1−h − Ã⊤
·jYk2−h|+ E|Ã⊤

·jYk1−h − Ã⊤
·jYk2−h| > s1−ϵ

)
≤ c · exp(−sϵ/2) + c · exp(−s(1−ϵ)),

where

P
(∣∣∣−Ã⊤

·iYk1Ã
⊤
·iYk2

∣∣∣ > sϵ
)
≤ P

(∣∣∣Ã⊤
·iYk1

∣∣∣ > sϵ/2
)
+ P

(∣∣∣Ã⊤
·iYk2

∣∣∣ > sϵ/2
)

≤ c · exp(−sϵ/2)E
{
exp

(∣∣∣Ã⊤
·iYk1

∣∣∣)} = c · exp(−sϵ/2),

and

P
(
|Ã⊤

·jYk1−h − Ã⊤
·jYk2−h|+ E|Ã⊤

·jYk1−h − Ã⊤
·jYk2−h| > s

(1−ϵ)
)

≤ exp(−s
(1−ϵ)

)E
{
exp(|Ã⊤

·jYk1−h − Ã⊤
·jYk2−h|+ E|Ã⊤

·jYk1−h − Ã⊤
·jYk2−h|)

}
≤ c · exp(−s

(1−ϵ)

)E
{
exp(|Ã⊤

·jYk1−h|) · exp(|Ã⊤
·jYk2−h|)

}
≤ c · exp(−s

(1−ϵ)

)E
{
exp(2|Ã⊤

·jYk1−h|)
}1/2

E
{
exp(2|Ã⊤

·jYk2−h|)
}1/2

≤ c · exp(−s
(1−ϵ)

),
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by Markov inequality and Cauchy Schwarz inequality under Assumption S1. By setting

(1− ϵ) = ϵ/2, we have ϵ = 1
1+1/2

. Thus, we obtain

P
(∣∣∣−Ã⊤

·iYk1Ã
⊤
·iYk2 |Ã⊤

·jYk1−h − Ã⊤
·jYk2−h| − MDD2(Ã⊤

·iYt | Ã⊤
·jYt−h)

∣∣∣ > s
)

≤ c · exp(−s1/3)

We further apply Theorem 1 in Merlevède et al. (2011) and obtain that

P
(∣∣∣I − MDD2(Ã⊤

·iYt | Ã⊤
·jYt−h)

∣∣∣ > s
)

= P

(∣∣∣∣∣ 1

n(n− 1)

∑
k1 ̸=k2

{
−Ã⊤

·iYk1Ã
⊤
·iYk2|Ã⊤

·jYk1−h − Ã⊤
·jYk2−h|

− MDD2(Ã⊤
·iYt | Ã⊤

·jYt−h)
}∣∣∣ > s

)
≤ c · n2 exp(−csγn2γ) + c · exp(−cs2n2),

where γ−1 = (1/3)−1 + r−1
2 .

By using the similar arguments, we have

P (|II| > s) ≤ c·n exp(−csγ
′/4nγ′

)+c·n2 exp(−csγ
′/2n2γ′

)+c·exp(−cs1/2n)+c·exp(−csn2),

P (|III| > s) ≤ c·n exp(−csγ
′/2nγ′

)+c·n2 exp(−csγ
′′/2n2γ′′

)+c·exp(−csn)+c·exp(−csn2),

where (γ
′
)−1 = 1−1 + r−1

2 , γ′′−1 = (1/2)−1 + r−1
2 . Hence, for any s > 0, we finally have

P
(∣∣∣M̂DD

2
(Ã⊤

·iYt | Ã⊤
·jYt−h)− MDD2(Ã⊤

·iYt | Ã⊤
·jYt−h)

∣∣∣ > s
)

≤ c · n2 exp(−csγn2γ) + c · n2 exp(−csγ
′/2n2γ′

) + c · n2 exp(−csγ
′′/2n2γ′′

) + c · n exp(−csγ
′/4nγ′

)

+ c · n exp(−csγ
′/2nγ′

) + c · exp(−cs1/2n) + c · exp(−csn) + c · exp(−csn2) + c · exp(−cs2n2).
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By (S36), we finally obtain

P
(∣∣∣Ŝh0(Ã)− Sh0(Ã)

∣∣∣ > ε
)

≤ c · p2n2 exp(−c(ε/p)γn2γ) + c · p2n2 exp(−c(ε/p)γ
′/2n2γ′

) + c · p2n2 exp(−c(ε/p)γ
′′/2n2γ′′

)

+ c · p2n exp(−c(ε/p)γ
′/4nγ′

) + c · p2n exp(−c(ε/p)γ
′/2nγ′

) + c · p2 exp(−c(ε/p)1/2n)

+ c · p2 exp(−c(ε/p)n) + c · p2 exp(−c(ε/p)n2) + c · p2 exp(−c(ε/p)2n2)

Thus, for any Ã, we have∣∣∣Ŝh0(Ã)− Sh0(Ã)
∣∣∣ = Op

(p
n
(log(p))4/γ

′
)

which further implies

sup
Ã∈HD

∣∣∣Ŝh0(Ã)− Sh0(Ã)
∣∣∣→p 0

under the assumption that p(log(p))4/γ′
/n → 0 as n → ∞. By using the same arguments in

the proof of Theorem 1, our estimate Â is well defined and measurable, and we obtain

D
(
Â,A

)
→ 0.

This completes the proof of Theorem S1. ♢

3 Additional Simulations, Real Data Application Results,

and Figures

In this section, we report additional simulation results in Section 5 and additional real data

application results, figures in Section 6.
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Table S1: Reported are the average and the standard deviation of D2-distance with h0 = 2 based

on 500 replications. Three methods are compared: our method (MICA), the method in Matteson &

Tsay (2011, DOC), the method in Belouchrani et al. (1997, SOBI).

Dist. p Methods n = 50 n = 100 n = 200

Example I

Normal

5

MICA 0.192 (0.071) 0.165 (0.071) 0.134 (0.068)

DOC 0.184 (0.070) 0.152 (0.068) 0.116 (0.065)

SOBI 0.178 (0.060) 0.148 (0.051) 0.114 (0.062)

10

MICA 0.370 (0.051) 0.343 (0.055) 0.317 (0.055)

DOC 0.364 (0.052) 0.325 (0.055) 0.279 (0.060)

SOBI 0.368 (0.050) 0.324 (0.078) 0.279 (0.089)

t

5

MICA 0.141 (0.070) 0.109 (0.065) 0.078 (0.057)

DOC 0.208 (0.083) 0.169 (0.078) 0.125 (0.076)

SOBI 0.220 (0.089) 0.166 (0.083) 0.132 (0.078)

10

MICA 0.321 (0.060) 0.280 (0.058) 0.237 (0.057)

DOC 0.401 (0.064) 0.350 (0.071) 0.296 (0.077)

SOBI 0.404 (0.063) 0.367 (0.073) 0.304 (0.075)

exp

5

MICA 0.161 (0.069) 0.115 (0.070) 0.076 (0.052)

DOC 0.232 (0.068) 0.215 (0.069) 0.183 (0.068)

SOBI 0.192 (0.076) 0.152 (0.074) 0.112 (0.066)

10

MICA 0.357 (0.057) 0.327 (0.057) 0.272 (0.058)

DOC 0.383 (0.051) 0.358 (0.053) 0.320 (0.059)

SOBI 0.370 (0.050) 0.329 (0.059) 0.282 (0.062)

Example II

t

5

MICA 0.136 (0.075) 0.087 (0.068) 0.041 (0.036)

DOC 0.280 (0.091) 0.275 (0.084) 0.270 (0.086)

SOBI 0.269 (0.085) 0.271 (0.082) 0.262 (0.083)

10

MICA 0.302 (0.071) 0.197 (0.083) 0.110 (0.064)

DOC 0.457 (0.067) 0.444 (0.068) 0.435 (0.07‘)

SOBI 0.449 (0.052) 0.442 (0.054) 0.441 (0.053)

exp

5

MICA 0.169 (0.068) 0.079 (0.063) 0.026 (0.027)

DOC 0.266 (0.083) 0.263 (0.083) 0.257 (0.081)

SOBI 0.270 (0.084) 0.269 (0.080) 0.261 (0.083)

10

MICA 0.358 (0.057) 0.270 (0.065) 0.143 (0.059)

DOC 0.438 (0.055) 0.431 (0.057) 0.424 (0.059)

SOBI 0.450 (0.050) 0.443 (0.053) 0.445 (0.054)
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We compare the simualtion results for larger dimension, p = 20, 50. For the method

Matteson & Tsay (2011), we only report the result for p = 20 due to the computational time.

For instance, it took more than 24 hours to generate a result for one replicate when p = 50.

Table S2: Reported are the average and the standard deviation of D2-distance with h0 = 1 based

on 500 replications. Three methods are compared: our method (MICA), the method in Matteson &

Tsay (2011, DOC), the method in Belouchrani et al. (1997, SOBI).

Dist. p Methods n = 100 n = 200

Example I

Normal

20

MICA 0.556 (0.257) 0.509 (0.250)

DOC 0.512 (0.223) 0.465 (0.212)

SOBI 0.529 (0.237) 0.483 (0.208)

50
MICA 0.775 (0.298) 0.736 (0.268)

SOBI 0.752 (0.302) 0.724 (0.284)

t

20

MICA 0.511 (0.273) 0.482 (0.263)

DOC 0.551 (0.265) 0.512 (0.239)

SOBI 0.558 (0.274) 0.513 (0.243)

50
MICA 0.730 (0.301) 0.709 (0.274)

SOBI 0.765 (0.328) 0.747 (0.298)

exp

20

MICA 0.501 (0.202) 0.462 (0.197)

DOC 0.525 (0.224) 0.476 (0.201)

SOBI 0.531 (0.239) 0.485 (0.210)

50
MICA 0.729 (0.291) 0.698 (0.277)

SOBI 0.743 (0.304) 0.722 (0.285)

Example II

t

20

MICA 0.444 (0.231) 0.344 (0.171)

DOC 0.615 (0.331) 0.616 (0.334)

SOBI 0.611 (0.344) 0.610 (0.331)

50
MICA 0.533 (0.382) 0.485 (0.327)

SOBI 0.778 (0.493) 0.776 (0.490)

exp

20

MICA 0.455 (0.294) 0.397 (0.256)

DOC 0.598 (0.287) 0.597 (0.288)

SOBI 0.610 (0.319) 0.609 (0.329)

50
MICA 0.563 (0.361) 0.512 (0.302)

SOBI 0.777 (0.493) 0.778 (0.491)
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For the existing method TS-PCA, we only report the results for p = 6 when h0 = 1 since

the proportion of the correct segmentation π for p = 12 is extremely small, e.g., π ≤ 0.04.

Table S3: Reported are the proportions of correct segmentations, π, the average and the standard

deviation of D2-distance when estimated groups are correct with h0 = 1 based on 500 replications.

Two methods are compared: our method (GMICA), the method in Chang et al. (2018, TS-PCA)

Dist. p Method
n = 200 n = 500 n = 1000

π D2 π D2 π D̃2

Example I

Normal
6

GMICA 0.520 0.060 (0.117) 0.674 0.024 (0.075) 0.740 0.009 (0.005)

TS-PCA 0.136 0.101 (0.052) 0.126 0.093 (0.054) 0.122 0.064 (0.043)

12 GMICA 0.164 0.094 (0.169) 0.274 0.053 (0.127) 0.388 0.019 (0.011)

t
6

GMICA 0.416 0.068 (0.143) 0.496 0.032 (0.100) 0.730 0.021 (0.089)

TS-PCA 0.124 0.120 (0.069) 0.184 0.087 (0.057) 0.194 0.063 (0.052)

12 GMICA 0.312 0.092 (0.168) 0.420 0.040 (0.148) 0.544 0.038 (0.112)

exp
6

GMICA 0.408 0.059 (0.128) 0.588 0.018 (0.056) 0.798 0.006 (0.005)

TS-PCA 0.134 0.127 (0.057) 0.140 0.093 (0.080) 0.122 0.062 (0.044)

12 GMICA 0.320 0.095 (0.142) 0.420 0.039 (0.081) 0.718 0.024 (0.028)

Example II

t
6

GMICA 0.546 0.040 (0.091) 0.652 0.026 (0.021) 0.750 0.014 (0.044)

TS-PCA 0.062 0.254 (0.069) 0.062 0.244 (0.092) 0.054 0.227 (0.079)

12 GMICA 0.214 0.125 (0.081) 0.374 0.064 (0.074) 0.542 0.073 (0.053)

exp
6

GMICA 0.664 0.045 (0.053) 0.744 0.034 (0.032) 0.810 0.026 (0.025)

TS-PCA 0.036 0.287 (0.077) 0.028 0.276 (0.106) 0.016 0.321 (0.089)

12 GMICA 0.302 0.128 (0.082) 0.492 0.093 (0.053) 0.722 0.054 (0.042)

We compare the simulation results for larger dimension, p = 24. We only report the

results for our method since the proportion of the correct segmentation π for TS-PCA is
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extremely small, e.g., π ≤ 0.04.

Table S4: Reported are the proportions of correct segmentations, π, the average and the standard

deviation of D2-distance when estimated groups are correct with h0 = 5 based on 500 replications.

Dist. p Method
n = 500 n = 1000

π D2 π D2

Example I

Normal 24 GMICA 0.222 0.074 (0.018) 0.501 0.043 (0.014)

t 24 GMICA 0.292 0.085 (0.010) 0.462 0.056 (0.008)

exp 24 GMICA 0.320 0.073 (0.041) 0.500 0.045 (0.047)

Example II
t 24 GMICA 0.279 0.066 (0.039) 0.433 0.049 (0.035)

exp 24 GMICA 0.325 0.079 (0.042) 0.461 0.061 (0.032)

We further compare the finite sample performance between our approach with the ob-

jective function Sh0 and a variant objective function by aggregating MDD jointly. In par-

ticular, the joint approach shall construct the objective function by adding MDD(A⊤
·iYt |

A⊤
·jYt,A

⊤
·jYt−1, · · · ,A⊤

·jYt−h0) for each component. It turns out that the joint approach is

very comparable for Example I but inferior to the ones generated by the current approach

for Example II. The results are summarized in Table S5.

In Section 6, the community mobility data captures movements across 6 categories of lo-

cations: retail and recreation, groceries and pharmacies, parks, transit stations, workplaces,

and residential areas. We compare prediction performance by considering each category

separately.
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Table S5: Reported are the average and the standard deviation of D2-distance with h0 = 1 based on

500 replications. Two methods are compared: MICA and joint approach of MICA (joint MICA).

Dist. p Methods n = 50 n = 100 n = 200

Example I

Normal

5
MICA 0.193 (0.069) 0.172 (0.071) 0.147 (0.074)

joint MICA 0.193 (0.068) 0.173 (0.071) 0.148 (0.075)

10
MICA 0.374 (0.050) 0.349 (0.054) 0.323 (0.055)

joint MICA 0.380 (0.051) 0.351 (0.055) 0.335 (0.025)

t

5
MICA 0.140 (0.068) 0.102 (0.061) 0.075 (0.056)

joint MICA 0.141 (0.068) 0.106 (0.060) 0.077 (0.056)

10
MICA 0.317 (0.062) 0.269 (0.059) 0.231 (0.055)

joint MICA 0.322 (0.065) 0.276 (0.059) 0.237 (0.055)

exp

5
MICA 0.153 (0.071) 0.109 (0.065) 0.067 (0.050)

joint MICA 0.153 (0.070) 0.110 (0.064) 0.068 (0.050)

10
MICA 0.350 (0.058) 0.314 (0.058) 0.268 (0.056)

joint MICA 0.355 (0.059) 0.318 (0.059) 0.273 (0.058)

Example II

t

5
MICA 0.137 (0.076) 0.075 (0.058) 0.037 (0.037)

joint MICA 0.137 (0.077) 0.076 (0.057) 0.039 (0.038)

10
MICA 0.292 (0.072) 0.188 (0.075) 0.099 (0.057)

joint MICA 0.292 (0.072) 0.192 (0.075) 0.105 (0.060)

exp

5
MICA 0.161 (0.072) 0.074 (0.052) 0.021 (0.024)

joint MICA 0.160 (0.072) 0.076 (0.052) 0.026 (0.020)

10
MICA 0.349 (0.060) 0.261 (0.064) 0.132 (0.052)

joint MICA 0.354 (0.061) 0.264 (0.065) 0.139 (0.055)
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Table S6: Average MSPE for community mobility data in retail and recreation category.

Method h0 = 7 h0 = 14

GMICA

Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)

MSPE (q = 1) 1.016 1.033

MSPE (q = 2) 0.990 0.996

MICA
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.038 1.009

MSPE (q = 2) 1.015 1.005

TS-PCA
Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)

MSPE (q = 1) 1.296 1.180

MSPE (q = 2) 1.191 1.119

DOC
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.264 1.259

MSPE (q = 2) 1.192 1.187

SOBI
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.253 1.231

MSPE (q = 2) 1.183 1.172

sUARMA
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.618 1.618

MSPE (q = 2) 1.152 1.152

sVARMA
Groups 1 Group 1 Group

MSPE (q = 1) 1.178 1.178

MSPE (q = 2) 1.192 1.192

refVAR
Groups 1 Group 1 Group

MSPE (q = 1) 1.612 1.612

MSPE (q = 2) 2.552 2.552
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Table S7: Average MSPE for community mobility data in grocery and pharmacy category.

Method h0 = 7 h0 = 14

GMICA

Groups 6 Groups (2,2,1,1,1,1) 6 Groups (2,2,1,1,1,1)

MSPE (q = 1) 1.026 0.999

MSPE (q = 2) 0.985 0.985

MICA
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.045 1.048

MSPE (q = 2) 1.039 1.048

TS-PCA
Groups 7 Groups (2,1,1,1,1,1,1) 6 Groups (3,1,1,1,1,1)

MSPE (q = 1) 1.119 1.339

MSPE (q = 2) 1.091 1.269

DOC
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.213 1.267

MSPE (q = 2) 1.121 1.244

SOBI
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.202 1.324

MSPE (q = 2) 1.115 1.298

sUARMA
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.957 1.957

MSPE (q = 2) 1.156 1.156

sVARMA
Groups 1 Group 1 Group

MSPE (q = 1) 1.078 1.078

MSPE (q = 2) 1.178 1.178

refVAR
Groups 1 Group 1 Group

MSPE (q = 1) 1.755 1.755

MSPE (q = 2) 2.845 2.845
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Table S8: Average MSPE for community mobility data in park category.

Method h0 = 7 h0 = 14

GMICA

Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)

MSPE (q = 1) 0.975 0.968

MSPE (q = 2) 0.901 0.906

MICA
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.018 1.018

MSPE (q = 2) 0.988 0.989

TS-PCA
Groups 5 Groups (4,1,1,1,1) 5 Groups (4,1,1,1,1)

MSPE (q = 1) 1.013 1.018

MSPE (q = 2) 0.996 0.966

DOC
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.025 1.027

MSPE (q = 2) 0.976 0.972

SOBI
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.013 1.011

MSPE (q = 2) 0.984 0.983

sUARMA
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.518 1.518

MSPE (q = 2) 1.056 1.056

sVARMA
Groups 1 Group 1 Group

MSPE (q = 1) 0.982 0.982

MSPE (q = 2) 2.523 2.523

refVAR
Groups 1 Group 1 Group

MSPE (q = 1) 1.412 1.412

MSPE (q = 2) 0.957 0.957
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Table S9: Average MSPE for community mobility data in transit category.

Method h0 = 7 h0 = 14

GMICA

Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)

MSPE (q = 1) 1.071 1.058

MSPE (q = 2) 0.994 0.977

MICA
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.045 1.101

MSPE (q = 2) 0.996 1.000

TS-PCA
Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)

MSPE (q = 1) 1.233 1.227

MSPE (q = 2) 1.109 1.141

DOC
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.179 1.182

MSPE (q = 2) 1.118 1.128

SOBI
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.216 1.320

MSPE (q = 2) 1.092 1.081

sUARMA
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.812 1.812

MSPE (q = 2) 1.159 1.159

sVARMA
Groups 1 Group 1 Group

MSPE (q = 1) 1.649 1.649

MSPE (q = 2) 2.975 2.975

refVAR
Groups 1 Group 1 Group

MSPE (q = 1) 1.193 1.193

MSPE (q = 2) 2.912 2.912
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Table S10: Average MSPE for community mobility data in workplace category.

Method h0 = 7 h0 = 14

GMICA

Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)

MSPE (q = 1) 1.081 1.104

MSPE (q = 2) 1.091 1.095

MICA
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.001 1.002

MSPE (q = 2) 1.098 0.997

TS-PCA
Groups 5 Groups (4,1,1,1,1) 6 Groups (3,1,1,1,1,1)

MSPE (q = 1) 1.876 1.792

MSPE (q = 2) 1.933 1.786

DOC
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.235 1.182

MSPE (q = 2) 1.112 1.158

SOBI
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.241 1.237

MSPE (q = 2) 1.143 1.183

sUARMA
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.613 1.613

MSPE (q = 2) 1.034 1.034

sVARMA
Groups 1 Group 1 Group

MSPE (q = 1) 1.178 1.178

MSPE (q = 2) 3.179 3.179

refVAR
Groups 1 Group 1 Group

MSPE (q = 1) 1.593 1.593

MSPE (q = 2) 1.299 1.299
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Table S11: Average MSPE for community mobility data in residential areas category.

Method h0 = 7 h0 = 14

GMICA

Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)

MSPE (q = 1) 0.985 1.009

MSPE (q = 2) 0.974 0.989

MICA
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.012 1.012

MSPE (q = 2) 1.008 1.007

TS-PCA
Groups 7 Groups (2,1,1,1,1,1,1) 7 Groups (2,1,1,1,1,1,1)

MSPE (q = 1) 1.200 1.178

MSPE (q = 2) 1.197 1.186

DOC
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.127 1.128

MSPE (q = 2) 1.118 1.119

SOBI
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.115 1.235

MSPE (q = 2) 1.109 1.218

sUARMA
Groups 8 Groups 8 Groups

MSPE (q = 1) 1.505 1.505

MSPE (q = 2) 1.093 1.093

sVARMA
Groups 1 Group 1 Group

MSPE (q = 1) 1.086 1.086

MSPE (q = 2) 1.029 1.029

refVAR
Groups 1 Group 1 Group

MSPE (q = 1) 1.590 1.590

MSPE (q = 2) 2.571 2.571
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Figure S1: Auto and cross correlations of the 8 states of community mobility data.
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Figure S2: Auto and cross correlations of the uncorrelated components obtained by TS-PCA for

community mobility data. The subseries inside the red box belong to the same group.
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Figure S3: Auto and cross correlations of the group mean independent components obtained by

GMICA for community mobility data. The subseries inside the red box belong to the same group.
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Figure S4: Auto and cross correlations of the uncorrelated components components obtained by

DOC for community mobility data. The series inside the red box forms one group.
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Figure S5: Auto and cross correlations of the uncorrelated components obtained by SOBI for com-

munity mobility data. The series inside the red box forms one group.
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Figure S6: Auto and cross correlations of the mean independent components obtained by MICA for

community mobility data. The series inside the red box forms one group.
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