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This supplementary material contains implementation details of our estimators, some additional
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of the paper.

S1 Estimation of Information matrix and Simultane-

ous Confidence Band

In this section, we provide some details on the estimation of information ma-

trix In in Theorem 3 and Jn in Theorem 4. In applications, we first estimate

the gradient of loglikelihood (given by equation (2.6) in the manuscript)

with respect to all the coefficient, which involves a solution to the ODE

system. Therefore, we first evaluate ΛUi
(Yi; θ) by calculating the solution

of (2.7) given the parameter estimates θ and covariates Ui at time t = Yi.

Then, we obtain the derivatives of ΛUi
(Yi; θ) with respect to the parameters
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by solving another ODE, that is, Λ′
α(Yi, θ),Λ

′
a(Yi, θ),Λ

′
b(Yi, θ) and Λ′

c(Yi, θ)

is the solution of the following ODE at time Yi:

dΛ′
α(t)

dt
= Ψ(t,Xi, Zi, θ)

(
Xi +

qn,3∑
j=1

cjB
g
j (ΛUi

(t)) Λ′
α(t)

)
,

dΛ′
a(t)

dt
= Ψ(t,Xi, Zi, θ)

([∫ 1

0

Bβ
1 (s)Zi(s)ds, . . . ,

∫ 1

0

Bβ
qn,1

(s)Zi(s)ds

]T
+

qn,3∑
j=1

cjB
g
j (ΛUi

(t)) Λ′
a(t)

)
,

dΛ′
b(t)

dt
= Ψ(t,Xi, Zi, θ)

([
Bγ

1 (t), . . . , B
γ
qn,2

(t)
]T

+

qn,3∑
j=1

cjB
g
j (ΛUi

(t)) Λ′
b(t)

)
,

dΛ′
c(t)

dt
= Ψ(t,Xi, Zi, θ)

([
Bg

1(ΛUi
(t), . . . , Bg

qn,3
(ΛUi

(t)
]T

+

qn,3∑
j=1

cjB
g
j (ΛUi

(t)) Λ′
α(t)

)
(S1.1)

with initial value Λ′
α(0) = Λ′

a(0) = Λ′
b(0) = Λ′

c(0) = 0, where

Ψ(t,X, Z, θ) = exp

(
αTX +

qn,1∑
j=1

aj

∫ 1

0

Bβ
j (s)Z(s)ds+

qn,2∑
j=1

bjB
γ
j (t) +

qn,3∑
j=1

cjB
g
j (ΛU(t))

)
.

Then we plug in the value of Λ′
α(Yi, θ),Λ

′
a(Yi, θ),Λ

′
b(Yi, θ) to obtain the gra-

dient of loglikelihood ∂
∂θ
ln(θ). It follows that the matrixA = ∂

∂θ
ln(θ)

(
∂
∂θ
ln(θ)

)T
can be expressed as

A =


∂ln
∂α

(∂ln
∂α

)T ∂ln
∂α

(∂ln
∂a

)T ∂ln
∂α

( ∂ln
∂(b,c)

)T

∂ln
∂a

(∂ln
∂α

)T ∂ln
∂a

(∂ln
∂a

)T ∂ln
∂a

( ∂ln
∂(b,c)

)T

∂ln
∂(b,c)

(∂ln
∂α

)T ∂ln
∂(b,c)

(∂ln
∂a

)T ∂ln
∂(b,c)

( ∂ln
∂(b,c)

)T





S2. ADDITIONAL SIMULATION RESULT

Suppose the inverse of matrix A takes the form of

A−1 =


A11 A12 A13

A21 A22 A23

A31 A32 A33


Then, the inverse information matrix for the scalar parameter I−1

n (α) can

be estimated by the first diagnoal block A11 and the matrix J−1
n in Theorem

4 can be estimated by the second diagnoal block A22.

S2 Additional Simulation Result

S2.1 Estimation of nuisance parameter

This section presents the estimation of nuisance parameter under setting 3,

4, 5 of our simulation study. Figure 1 displays the estimates of functional

parameters β(·), γ(·) and g(·) with a sample size of n = 800. The dash

line and dash-dotted line represent the true value and the point-wise mean

estimates, respectively. The dotted line represents 95% point-wise confi-

dence bands. Clearly, the mean of estimates approximates the true value

well in all scenarios. Table 1 presents the empirical coverage probability of

simultaneous confidence band. As shown in Table 1, the empirical cover-

age probability of simultaneous confidence band approaches its theoretical

value 0.95 as sample size increases.
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Figure 1: Estimates of functional parameters based on 1000 replications.
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Table 1: Simulation results for functional parameter β under setting 3, 4 and 5, where

CP represents the empirical coverage probability of simultaneous confidence band.

Censoring rate = 15% Censoring rate = 30%

Setting N RIMSE CP RIMSE CP

3 200 0.072 0.782 0.080 0.779

400 0.034 0.842 0.035 0.844

600 0.026 0.910 0.030 0.915

800 0.019 0.947 0.022 0.938

4 200 0.115 0.779 0.102 0.788

400 0.045 0.840 0.069 0.848

600 0.035 0.903 0.042 0.907

800 0.030 0.927 0.036 0.925

5 200 0.047 0.798 0.044 0.808

400 0.023 0.880 0.024 0.874

600 0.017 0.904 0.018 0.894

800 0.013 0.940 0.015 0.936

S2.2 Sensitivity to spline basis

In this subsection, we provide some additional simulation results about the

sensitivity to the spline basis. In this simulation, we considered “Setting

5” from the manuscript and let the order of the B-spline basis be either 2
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or 3. We examined the impact of varying the number of interior knots—1,

2, 3, 5, 10, and 20—on the integrated mean square error of the functional

parameter, β. The results are presented in the following table.

As shown in Table 2, there is no significant difference in the performance

of the estimators when the number of interior knots is similar. However, we

observed that when the number of interior knots is relatively large (e.g., 10

or 20), the estimated functional parameter may become quite unsmooth.

Therefore, we recommend treating the number of basis functions as prede-

termined. In general, we suggest using cubic B-splines of order 3.

Additionally, based on our theoretical results, the optimal rate of con-

vergence is achieved by choosing the number of interior knots to beO(n−1/(2p+1)).

Thus, we recommend using ⌈n−1/(2p+1)⌉ as the number of interior knots.

Table 2: Integrated mean square error of functional estimators

order/interior knot 1 2 3 5 10 20

n = 200 p = 2 0.034 0.031 0.035 0.058 0.067 0.067

p = 3 0.029 0.032 0.041 0.071 0.066 0.067

n = 400 p = 2 0.024 0.016 0.015 0.022 0.022 0.025

p = 3 0.014 0.015 0.017 0.023 0.024 0.025

n = 800 p = 2 0.020 0.011 0.007 0.009 0.010 0.011

p = 3 0.009 0.007 0.008 0.010 0.011 0.011
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S2.3 Pointwise confidence interval vs simultaneous confidence

band

Simultaneous confidence band is usually wider than the confidence inter-

val. Here we provide some insights about pointwise confidence interval vs

simultaneous confidence band. Figure 2, 3, 4 shows instances of confidence

interval vs confidence band when sample size n = 400, 800 and 1600. The

red curve represents the true function, the blue dash line represents confi-

dence interval and the light blue dash line represents confidence band.

As shown in Figure 2, 3, 4 , although the true functional parameter may

occasionally fall outside the pointwise confidence interval, it is covered by

the confidence band. Meanwhile, the widths of both the confidence interval

and the confidence band decrease as sample size n increases. The decay rate

of the width of confidence band is slightly slower than
√
n, which aligns with

our theoretical O(n−ν1).
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Figure 2: Confidence interval vs confidence band for n = 400

Figure 3: Confidence interval vs confidence band for n = 800

S2.4 Comparison of computation cost with MPLE based method

We have also conducted additional simulations to compare the computa-

tion efficiency. We consider the functional Cox model (Qu et al., 2016)
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Figure 4: Confidence interval vs confidence band for n = 1600

setting and recorded the computation time of the two estimators under dif-

ferent sample sizes vary from 400, 800, 1200, 1600, 2000, 3000. The results

are shown in figure 5. As the figure indicates, the computation time our

methods increases significantly slower than MPLE-based method as sample

size grows.

Figure 5: Log computation time of two methods under different sample sizes
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S3 Further discussion about real data example

To demonstrate the advantage of our model, we compared its concordance

index (C-index) with that of other alternative models. The C-index is a

measure of model fitting for survival models, defined as the proportion of

all usable subject pairs where the predictions and outcomes are concordant.

It is calculated as follows:

(
m

2

)−1∑
i ̸=j

I{Ti < Tj} · I{T̂i < T̂j}, (S3.2)

where I(·) is the indicator function and m is the number of uncensored

event time and Ti, T̂i, i = 1, . . . ,m are corresponding event time and ex-

pected event time. This concordance index allows us to justify the superior

performance of our proposed method compared to other alternative meth-

ods including functional Cox model and functional accelerated failure time

model (Qu et al., 2016; Liu et al., 2024). We considered the following three

models: (i) Model 1, which includes only three scalar-type covariates—age,

gender, and Charlson morbidity index; (ii) Model 2, which adds an indi-

vidual’s SOFA score on the first day as an additional covariate; and (iii)

Model 3, which incorporates the same three scalar-type covariates plus the

SOFA score from the first five days as a functional covariate. The results

are presented in Table 3. These results indicate that the model including
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functional covariate significantly improves prediction accuracy, and our pro-

posed model outperforms both the functional Cox Model and the functional

Accelerated Failure Time Model.

Table 3: Comparison of C-index across different statistical models. ”/” represents not

available.

Model
∖

Covariate Model 1 Model 2 Model 3

Cox Proportional Hazard model 0.57 0.63 /

Functional Cox model / / 0.71

Accelerated Failure Time model 0.60 0.63 /

Functional Accelerated Failure Time model / / 0.73

Functional ODE model 0.59 0.62 0.75

Model 1 includes only three scalar-type covariates—age, gender, and Charlson morbidity index.

Model 2 adds an individual’s SOFA score on day 1 as an additional covariate.

Model 3 further incorporates the SOFA score from the first five days as a functional covariate.
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S4 Proof of lemmas

We begin with some notations. Let Fp([a, b]) as the class of functions f on

[a, b] with bounded derivatives f (j), j = 1, . . . , k and the k−th derivative

satisfies the m-Hölder continuity condition:

|f (k)(s)− f (k)(t)| ≤M |s− t|m, ∀s, t ∈ [a, b].

Let Fp1 := Fp1 ([0, 1]) ,Γp2 := {γ ∈ Fp2 ([0, τ ]) : γ(0) = 0} and Gp3 :=

Fp3([0, µ]).

Lemma 1 (Existence and uniqueness). Under Conditions (A1)-(A5), For

any x ∈ Rd, z ∈ L2([0, 1]), α ∈ B, β ∈ Fp1 , γ ∈ Γp2 , g ∈ Gp3, the initial

problem
Λ′

u(t) = exp

(
αTx+

∫
K

β(s)z(s)ds+ γ(t) + g(Λu(t))

)
Λu(0) = 0

(S4.3)

has exactly one bounded and continuous solution Λu(t) on [0, τ ]. The first

and second partial derivatives of Λu(t) with respect to α ∈ B and Fréchet

derivatives with respect to β ∈ Fp1 , γ ∈ Γp2 , g ∈ Gp3 are also bounded and

continuous on [0, τ ].

Proof of Lemma 1

Let f(t,Λ) = exp
(
αTx+

∫
K
β(s)z(s)ds+ γ(t) + g(Λ(t))

)
, then followed by
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mean-value theorem, for any (t,Λ1), (t,Λ2) ∈ [0, τ ]× [0, µ], we have

|f(t,Λ1)− f(t,Λ2)|

≤ exp

(
αTx+

∫
K

β(s)z(s)ds+ γ(t) + g(Λ̃)

)
|g′(Λ̃)| · |Λ1 − Λ2|

≤ L|Λ1 − Λ2|,

where Λ̃ is a point between Λ1 and Λ2, L < ∞. This implies that f(t,Λ)

satisfies the Lipschitz condition with respect to Λ in [0, τ ]×[0, µ]. According

to Theorem 10.VI in Walter (1998), there is exactly one solution to the

initial value problem (S4.3). The solution Λ(t, x, z, θ) satisfies

Λ(t, x, z, θ) =

∫ t

0

exp

(
αTx+

∫
K

β(u)z(u)du+ γ(s) + g(Λu(s, x, z, θ))

)
ds.

(S4.4)

For simplicity of notation, we denote Λ(t, x, z, θ) by Λ(t). Then the follow-

ing initial value problems have unique, bounded and continuous solutions.

dΛ′
α(t)

dt
= f(t,Λ(t))(x+ g′(Λ(t))Λ′

α(t)),Λ
′
α(t) = 0, (S4.5)

dΛ′
β(t)[h]

dt
= f(t,Λ(t))(

∫
K

β(s)h(s)ds+ g′(Λ(t))Λ′
β(t)[h]),Λ

′
β(0)[h] = 0,(S4.6)

dΛ′
γ(t)[v]

dt
= f(t,Λ(t))(v(t) + g′(Λ(t))Λ′

γ(t)[v]),

Λ′
γ(0)[v] = 0, (S4.7)
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dΛ′
g(t)[w]

dt
= f(t,Λ(t))(w(Λ(t)) + g′(Λ(t))Λ′

g(t)[w]),Λ
′
g(0)[w] = 0, (S4.8)

dΛ′′
αα(t)

dt
= f(t,Λ(t))

{
(x+ g′(Λ(t))Λ′

α(t))(x+ g′(Λ(t))Λ′
α(t))

T

+g′′(Λ(t))Λ′
α(t)Λ

′
α(t)

T + g′(Λ(t))Λ′′
αα(t)

}
,Λ′′

αα(0) = 0, (S4.9)

dΛ′′
αβ(t)[h]

dt
= f(t,Λ(t))

{
(x+ g′(Λ(t))Λ′

α(t))(

∫
K

β(s)h(s)ds+ g′(Λ(t))Λ′
β(t)[h])

+g′′(Λ(t))Λ′
α(t)Λ

′
β(t)[h] + g′(Λ(t))Λ′′

αβ(t)[h]
}
,

Λ′′
αβ(0)[h] = 0, (S4.10)

dΛ′′
αγ(t)[h]

dt
= f(t,Λ(t))

{
(x+ g′(Λ(t))Λ′

α(t))(v(t) + g′(Λ(t))Λ′
γ(t)[v])

+g′′(Λ(t))Λ′
α(t)Λ

′
γ(t)[v] + g′(Λ(t))Λ′′

αγ(t)[v]
}
,

Λ′′
αγ(0)[v] = 0, (S4.11)

dΛ′′
αg(t)[w]

dt
= f(t,Λ(t))

{
(x+ g′(Λ(t))Λ′

α(t))(w(Λ(t)) + g′(Λ(t))Λ′
g(t)[w])

+g′′(Λ(t))Λ′
α(t)Λ

′
g(t)[v] + g′(Λ(t))Λ′′

αg(t)[w]
}
,

Λ′′
αg(0)[w] = 0. (S4.12)

Now we prove that the solution of (S4.5), Λ′
α(t), is the derivative of Λ(t)
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with respect to α. Using equation (S4.4) and (S4.5), we have

lim sup
δ→0

1

|δ|
|Λ(t, x, z, α + δ, β, γ, g)− Λ(t, x, z, α, β, γ, g)− Λ′

α(t)
T δ|

= lim sup
δ→0

1

|δ|

∣∣∣ ∫ t

0

exp

(
(α + δ)Tx+

∫
K

β(u)z(u)du+ γ(s) + g(Λ(s, x, z, α+ δ, β, γ, g))

)
− exp

(
αTx+

∫
K

β(u)z(u)du+ γ(s) + g(Λ(s, x, z, α, β, γ, g))

)
− exp

(
αTx+

∫
K

β(u)Z(u)ds+ γ(s) + g(Λ(s))

)
(x+ g′(Λ(s))Λ′

α(s))ds
∣∣∣

≤ lim sup
δ→0

1

|δ|

∫ t

0

∣∣∣ exp((α + δ)Tx+

∫
K

β(u)z(u)du+ γ(s) + g(Λ(s, x, z, α + δ, β, γ, g))

)
− exp

(
αTx+

∫
K

β(u)z(u)du+ γ(s) + g(Λ(s, x, z, α, β, γ, g))

)
− exp

(
αTx+

∫
K

β(u)Z(u)ds+ γ(s) + g(Λ(s))

)
(x+ g′(Λ(s))Λ′

α(s))δ
∣∣∣ds

≤
∫ t

0

lim sup
δ→0

1

|δ|

∣∣∣ exp((α + δ)Tx+

∫
K

β(u)z(u)du+ γ(s) + g(Λ(s, x, z, α+ δ, β, γ, g))

)
− exp

(
αTx+

∫
K

β(u)z(u)du+ γ(s) + g(Λ(s))

)
− exp

(
αTx+

∫
K

β(u)Z(u)ds+ γ(s) + g(Λ(s))

)
(x+ g′(Λ(s))Λ′

α(s))δ
∣∣∣ds

=

∫ t

0

exp

(
αTx+

∫
K

β(u)z(u)du+ γ(s) + g(Λ(s))

)
· g′(Λ(s))

×{lim sup
δ→0

1

|δ|
|Λ(s, x, z, α+ δ, β, γ, g)− Λ(s)− Λ′

α(s)
T δ|}ds.

It then follows from Gronwall’s Lemma (Walter, 1998) that

lim sup
δ→0

1

|δ|
|Λ(s, x, z, α + δ, β, γ, g)− Λ(s)− Λ′

α(s)
T δ| ≤ 0, (S4.13)

which indicates that the solution of (S4.5) is the derivative of Λ(t) with

respect to α. The other first and second order derivatives of Λ(t) with
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respect to β, γ, g can be proved to be the solution of (S4.6)-(S4.9) using

similar argument as before. The details is omitted.

Lemma 2 (Spline Approximation). Under Conditions (A5) and (A6), for

any β0 ∈ Fp1 , γ0 ∈ Γp2 and g0 ∈ Gp3, there exist functions β0n ∈ Fp1
n , γ0n ∈

Γp2
n and g0n ∈ Gp3

n such that

∥β0n − β0∥∞ = O(n−ν1p1),

∥γ0n − γ0∥∞ = O(n−ν2p2),

∥g0n − g0∥∞ = O(n−ν3p3),

where ν1, ν2 and ν3 are defined in Assumption (A6).

Proof of Lemma 2

This Lemma is a direct result according to Corollary 6.21 in Schumaker

(2007).

Lemma 3 (Bracketing number). Let θ0n = (α0, β0n, γ0n, ζ0n(·, α0, β0n, γ0n)),

denote

Fn = {l(θ,W )− l(θ0n,W ), θ ∈ Θn} .

Then, under Conditions (A1)-(A6), the ε-bracketing number associated with

∥ · ∥∞ norm of Fn satisfies

N[ ](ε,Fn, ∥ · ∥∞) ≲ (1/ε)c1qn1+c2qn2+c3qn3+d
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for some positive constants c1, c2, c3 > 0, where qn1 , qn2 , qn3 and d appeared

in Assumption (A3) and (A6).

Proof of Lemma 3

Following the calculation of Shen and Wong (1994) on page 597, for any

ε > 0, there exists sets of ε-brackets

{[βL
i , β

U
i ], ∥βU

i − βL
i ∥∞ ≤ ε, i = 1, 2, . . . , ⌈(1/ε)c1Kn1⌉},

{[γLj , γUj ], ∥γUj − γLj ∥∞ ≤ ε, j = 1, 2, . . . , ⌈(1/ε)c2Kn2⌉},

{[gLk , gUk ], ∥gUk − gLk ∥∞ ≤ ε, k = 1, 2, . . . , ⌈(1/ε)c3Kn3⌉}

such that for any β ∈ Fp1
n , γ ∈ Γp2

n , g ∈ Gp3
n ,

βL
i (t) ≤ β(t) ≤ βU

i (t), t ∈ [0, 1],

γLj (t) ≤ γ(t) ≤ γUj (t), t ∈ [0, τ ],

gLk (t) ≤ β(t) ≤ gUk (t), t ∈ [0, µ]

holds for some i, j, k. This leads to
∫ 1

0

∣∣(β(s)− βL
i (s))Z(s)

∣∣ ds ≤ c5ε for

some constant c5. Moreover, under condition (A1), B ⊆ Rd is compact. B

can be covered by ⌈c4(1/ε)d⌉ balls with radius ε. Hence, there exists {αl :

l = 1, 2, . . . ⌈c4(1/ε)d⌉}, for any α ∈ B, there exists l ∈ {1, 2, . . . ⌈c4(1/ε)d⌉}

such that |XT (α−αl)| ≤ c6ε for some constant c6. For any η = (α, β), define

ηl,i = (αl, β
L
i ). Next we verify that |Λ(t, U, α, β, γ, g)−Λ(t, U, αl, β

L
i , γ

L
j , g

L
k )| ≤

Cϵ for all t ∈ [0, τ ]. For notation simplicity, denote Λ(t, U, α, β, γ, g) =
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Λθ(t),Λ(t, U, αl, β
L
i , γ

L
j , g

L
k ) = Λijkl(t), then Λθ(t) and Λijkl(t) satisfies∫ t

0

exp

(
αTX +

∫
β(u)Z(u)du+ γ(s)

)
ds =

∫ Λθ(t)

0

exp(−g(s))ds,∫ t

0

exp

(
αT
l X +

∫
βL
i (u)Z(u)du+ γLj (s)

)
ds =

∫ Λijkl(t)

0

exp(−gLk (s))ds,

which leads to∣∣∣∣∣
∫ Λθ(t)

Λijkl(t)

exp(−g0(s))ds

∣∣∣∣∣ =

∣∣∣∣ ∫ t

0

exp

(
αTX +

∫
β(u)Z(u)du+ γ(s)

)
ds

−
∫ t

0

exp

(
αT
l X +

∫
βL
i (u)Z(u)du+ γLj (s)

)
ds

−
∫ Λθ(t)

0

exp(−g(s))− exp(−gLk (s))ds
∣∣∣∣.

Under conditions (A1)-(A6), the right hand side is upper bounded by

τM1(c5 + c6 +1)ϵ+µM2ϵ, and the left hand side is no less than ec|Λ1θ(t)−

Λθ(t)|,where c = ming∈Gp3
n ,t∈[0,τ ](−g(t)). Therefore, |Λ(t, U, α, β, γ, g) −

Λ(t, U, αl, β
L
i , γ

L
j , g

L
k )| ≤ c7ϵ for some constant c7.

Next, we construct a set of ϵ-bracket for Fn. Given θ ∈ Θn, denote

m(θ,W ) = l(θ,W )− l(θ0n,W )

= ∆

(
αTX +

∫
β(s)Z(s)ds+ γ(Y ) + g(Λ(Y, U, θ))

)
−Λ(Y )− l(θ0n,W ).

Define

mL
ijkl(W ) = ∆

(
αT
l X − c6ε+

∫
βL
i (s)Z(s)ds− c5ε+ γLj (Y ) + gLk (c

L
ijlk)

)
−Λijkl(Y )− c7ε− l(θ0n,W ),
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mU
ijkl(W ) = ∆

(
αT
l X + c6ε+

∫
βL
i (s)Z(s)ds+ c5ε+ γUj (Y ) + gUk (c

U
ijlk)

)
−Λijkl(Y ) + c7ε− l(θ0n,W ),

where cLijlk, c
U
ijlk are the minimum and maximum point of gLk and gUk within

the interval [Λijkl(Y )− c7ε,Λijkl(Y ) + c7ε]. Noted that

|mU
ijkl(W )−mL

ijkl(W )|

= |∆(2(c5 + c6)ϵ+ γUj (Y )− γLj (Y ) + gUk (c
U
ijlk)− gLk (c

L
ijlk) + 2c7ε|

≤ 2(c5 + c6 + c7)ε+ ∥γUj − γLj ∥∞ + gUk (c
U
ijlk)− gLk (c

U
ijlk)

+gLk (c
U
ijlk)− gLk (c

L
ijlk)

≤ 2(c5 + c6 + c7)ε+ ∥γUj − γLj ∥∞ + ∥gUk − gLk ∥∞ + ∥ġLk ∥∞|cLijlk − cUijlk|

≲ ε.

The last inequality follows from that |cLijlk − cUijlk| < 2c7ε and ∥ġLk ∥∞ is

bounded by a constant under condition (A4). Therefore,{
[mL

ijkl(W ),mU
ijkl(W )] : i ∈ {1, 2, . . . , ⌈(1/ε)c1Kn1⌉}; j ∈ {1, 2, . . . , ⌈(1/ε)c2Kn2⌉}

k ∈ {1, 2, . . . , ⌈(1/ε)c3Kn3⌉}; l ∈ {1, 2, . . . ⌈c4(1/ε)d⌉}
}

is a set of ε-bracket of the class Fn and the ε-bracketing number associated

with ∥ · ∥∞ norm of Fn satisfies

N[ ](ε,Fn, ∥·∥∞) ≤ (1/ε)c1Kn1(1/ε)c2Kn2(1/ε)c3Kn3c4(1/ε)
d ≲ (1/ε)c1qn1+c2qn2+c3qn3+d.
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Lemma 4. For 1 ≤ j ≤ d, denote the following classes of functions

Fβ
n,j(η) = {l′β(θ,W )[h∗1j − hj] : θ ∈ Θn, hj ∈ F2

n, d(θ, θ0) ≤ η, ∥h∗1j − hj∥∞ ≤

η}, Fγ
n,j(η) = {l′γ(θ,W )[h∗2j − hj] : θ ∈ Θn, hj ∈ Γ2

n, d(θ, θ0) ≤ η, ∥h∗2j −

hj∥∞ ≤ η} and F ζ
n,j(η) = {l′ζ(θ,W )[h̃∗3j − hj] : θ ∈ Θn, hj ∈ H2

n, d(θ, θ0) ≤

η, ∥h̃∗3j − hj∥∞ ≤ η}, where

h̃∗3j(·, α, β, γ) = h∗3j(Λ(·, α, β, γ, g)) + g′(Λ(·, α, β, γ, g))Λ′
g(·, α, β, γ, g)

and h∗1j, h
∗
2j, h

∗
3j are given in Theorem 2. Then under Conditions (A1)-(A6),

we have

N[ ](ϵ,Fβ
n,j(η), ∥ · ∥∞) ≲

(η
ϵ

)c1qn1+c2qn2+c3qn3+d

,

N[ ](ϵ,Fγ
n,j(η), ∥ · ∥∞) ≲

(η
ϵ

)c1qn1+c2qn2+c3qn3+d

,

N[ ](ϵ,F ζ
n,j(η), ∥ · ∥∞) ≲

(η
ϵ

)c1qn1+c2qn2+c3qn3+d

for some positive constants c1, c2 and c3.

Lemma 5. For 1 ≤ j ≤ d, define the following class of functions

F∗α
n,j(η) = {l′αj

(θ,W )− l′αj
(θ0,W ) : d(θ, θ0), ∥g′(Λ(·, θ))− g′0(Λ0(·))∥2 ≤ η},

F∗β
n,j(η) = {l′β(θ,W )− l′β(θ0,W )[h∗1j] : d(θ, θ0), ∥g′(Λ(·, θ))− g′0(Λ0(·))∥2 ≤ η},

F∗γ
n,j(η) = {l′γ(θ,W )− l′γ(θ0,W )[h∗2j] : d(θ, θ0), ∥g′(Λ(·, θ))− g′0(Λ0(·))∥2 ≤ η},

F∗ζ
n,j(η) = {l′ζ(θ,W )− l′ζ(θ0,W )[h̃∗3j] : d(θ, θ0), ∥g′(Λ(·, θ))− g′0(Λ0(·))∥2 ≤ η},

where h̃∗3j(·, α, β, γ) = h∗3j(Λ(·, θ)) + g′(Λ(·, θ))Λ′
g(·, θ)[h∗3j] and h∗1j, h∗2j, h∗3j
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are defined in Theorem 2. Then under Conditions (A1)-(A6), we have

N[ ](ϵ,F∗α
n,j(η), ∥ · ∥∞) ≲ (

η

ϵ
)c1qn1+c2qn2+c3qn3+d,

N[ ](ϵ,F∗β
n,j(η), ∥ · ∥∞) ≲ (

η

ϵ
)c1qn1+c2qn2+c3qn3+d,

N[ ](ϵ,F∗γ
n,j(η), ∥ · ∥∞) ≲ (

η

ϵ
)c1qn1+c2qn2+c3qn3+d,

N[ ](ϵ,F∗ζ
n,j(η), ∥ · ∥∞) ≲ (

η

ϵ
)c1qn1+c2qn2+c3qn3+d.

for some positive constants c1, c2 and c3.

Proof of Lemma 4 and 5

The proof of Lemma 4 and Lemma 5 are similar to the bracketing number

calculation in Lemma 3, the details are omitted.

Lemma 6 (Bounded operator). Let ψ(t, x, z, α, β, γ, g) = αTx+
∫ 1

0
β(s)z(s)ds+

γ(t) + g(Λx,z(t)). Denote the derivatives of ψ(t, x, z, α, β, γ, g) with respect

to β, γ, g at the true parameter (α0, β0, γ0, g0) by ψ
′
0β, ψ

′
0γ, ψ

′
0g, respectively.

For any

ψ′
0β(·)[h] ∈ Eβ = {ψ′

0β(·)[h] : ψ′
0β(t, u)[h], t ∈ [0, τ ], u ∈ U = X×L2([0, 1]), h ∈ Fp1},

the L2-norm of ψ′
0β(·)[h] is defined as

∥ψ′
0β(·)[h]∥2 =

[∫
U

∫ τ

0

(ψ′
0β(t, u)[h])

2dΛ0(t, u)dFU(u)

]1/2
.

The L2-norm of ψ′
0γ(·)[v], ψ′

0g(·)[w] are similarly defined. Then, under

Conditions (A1)-(A5),ψ′
0β(·) : h → ψ′

0β(·)[h], ψ′
0γ(·) : v → ψ′

0γ(·)[v] and
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ψ′
0g(·) : w → ψ′

0g(·)[w] are bounded linear operators and are bounded from

below, i.e.

∥ψ′
0β(·)[h]∥2 ≳ ∥h∥2, for any h ∈ Fp1 ,

∥ψ′
0γ(·)[v]∥2 ≳ ∥v∥2, for any v ∈ Γp2 ,

∥ψ′
0g(·)[w]∥2 ≳ ∥w∥2, for any w ∈ Gp3 .

Proof of Lemma 6

By solving the initial problems in Lemma 1 and some direct calculations,

we have

ψ′
0β(t, u)[h] = g′0(Λ0(t, u))Λ

′
0β(t, u)[h] +

∫
z(s)h(s)ds

=

{
g′0(Λ0(t, u)) exp

(
αT
0 x+

∫
z(s)β0(s)ds+ g0(Λ0(t, u))

)
×
∫ t

0

exp(γ0(s))ds+ 1

}∫
K

z(s)u(s)ds,

ψ′
0γ(t, u)[v] = g′0(Λ0(t, u))Λ

′
0γ(t, u)[v] + v(t)

= g′0(Λ0(t, u)) exp

(
αT
0 x+

∫
z(s)β0(s)ds+ g0(Λ0(t, u))

)
×
∫ t

0

exp(γ0(s))v(s)ds+ v(t),

ψ′
0g(t, u)[w] = g′0(Λ0(t, u))Λ

′
0g(t, u) + w(Λ0(t, u))

= g′0(Λ0(t, u)) exp(g0(Λ0(t, u)))

∫ Λ0(t,u)

0

w(s) exp(−g0(s))ds

+w(Λ0(t, u)).
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We first prove that ψ′
0γ(·)[v] is bounded. Noted that

∥ψ′
0γ(·)[v]∥22 =

∫
U

∫ τ

0

(ψ′
0γ(t, u)[v])

2dtdFU(u) ≤ 2(I1 + I2),

(S4.14)

where

I1 =

∫
U

∫ τ

0

[
g′0(Λ0(t, u)) exp

(
αT
0 x+

∫
z(s)β0(s)ds+ g0(Λ0(t, u))

)
×
∫ t

0

exp(γ0(s))v(s)ds
]2
dΛ0(t, u)dFU(u),

I2 =

∫
U

∫ τ

0

v2(t)dΛ0(t, u)dFU(u).

Since the boundedness of α0, β0, x, z implies exp(αT
0 x +

∫
z(s)β0(s)ds +

g0(Λ0(t, u)) <∞. It follows that I2 ≲ ∥v∥22. By Cauchy-Schwarz inequality,

we have

(∫ t

0

exp(γ0(s))v(s)ds

)2

≤
∫ t

0

exp(2γ0(s))ds ·
∫ t

0

v2(s)ds

≤ τ exp(max
s∈[0,τ ]

2γ0(s))∥v∥22.

Thus, based on the boundedness of α0, β0, x, z, g0, g
′
0, we have I1 ≲ ∥v∥22.

Therefore, ∥ψ′
0γ(·)[v]∥2 ≲ ∥v∥22. Similarily, we have

∥ψ′
0g(·)[w]∥22

=

∫
U

∫ τ

0

(ψ′
0g(t, u)[w])

2dtdFU(u)
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≤ 2

∫
U

∫ τ

0

(
g′0(Λ0(t, u)) exp(g0(Λ0(t, u)))

∫ Λ0(t,u)

0

w(s) exp(−g0(s))ds

)2

dΛ0(t, u)dFU(u) + 2

∫
U

∫ τ

0

w2(Λ0(t, u))dΛ0(t, u)dFU(u)

≤
∫
U

∫ Λ0(τ,u)

0

(
g′0(t) exp(g0(t))

∫ t

0

w(s) exp(−g0(s))ds
)2

dtdFU(u)

+2

∫
U

∫ Λ0(τ,u)

0

w2(t)dtdFU(u)

≤
∫
U

∫ µ

0

(g′0(t))
2 exp(2g0(t))

∫ t

0

exp(−2g0(s))ds

∫ t

0

w2(s)dsdtdFU(u)

+2

∫
U

∫ µ

0

w2(t)dtdFU(u).

Combine with the boundedness of g0 and g′0, ∥ψ′
0g(·)[w]∥2 ≲ ∥w∥2 follows.

Next we show that ψ′
0γ(·) is bounded from below. Using the fact that

ψ′
0γ(t)[v] = v(t) + g′0(Λ0(t))Λ

′
0γ(t)[v], we have

v(t) = ψ′
0γ(t)[v]− g′0(Λ0(t))

∫ t

0

ψ′
0γ(s)[v]dΛ0(s).

Therefore, ∥ψ′
0γ(t)[v1]−ψ′

0γ(t)[v2]∥2 = 0 indicates
∫
U

∫ τ

0
(v1(t)−v2(t))2dtdFU(u) =

0. Hence, ψ′
0γ(·) is a bijective operator. This indicates ψ′

0γ(·) is a bounded

operator and is bounded from below. The boundedness of ψ′
0β and ψ′

0g can

be proved similarly, the details are omitted.

S5 Proof of Proposition 1

We first consider model (3) in the manuscript. If there exists at least

one coordinate of X is continuous with a nonzero coefficient α, then fol-
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low the same argument as Horowitz (1996), we have (φ(·), α, β, ε) and

(φ̃(·), α̃, β̃, ε̃), specify the same distribution of T if and only if φ̃ = c1φ+ c,

α̃ = c1α, β̃ = c1β and ε̃ = c1ε + c, for some constant c1 and c. Then∫ t

0
h̃(u)du = exp(φ̃(t)) = ec exp(c1φ(t)) = ec

(∫ t

0
h(u)du

)c1
. Denote the

survival function of exp(ε̃) and exp(ε) by G̃(t) and G(t) respectively. Then

we have

G̃(t) = P
(
eε̃ > t

)
= P

(
eε > (te−c)1/c1

)
= G

(
(te−c)1/c1

)
,

It follows that G̃−1(t) = ec (G−1(t))
c1 . Using the fact that

∫ − ln t

0
q̃−1(s)ds =

G̃−1(t) and
∫ − ln t

0
q−1(s)ds = G−1(t), we have∫ t

0

q̃−1(s)ds = G̃−1(e−t) = ec
(
G−1(e−t)

)c1 = ec
(∫ t

0

q−1(s)ds

)c1

.

Take c2 = ec, then Proposition 1 follows.
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S6 Proof of Theorem 2

The score vector for α0, the score operator for coefficient function β0, the

score operator for γ0 and g0 are given by

l̇α0 = X

∫ (
g′0(Λ̃0(t)) exp

(
g0(Λ̃0(t))

)
t+ 1

)
dM(t) =: X

∫
ε1(t)dM(t),

l̇β0h1 =

(∫ 1

0

h1(s)Z(s)ds

)∫ (
g′0(Λ̃0(t)) exp

(
g0(Λ̃0(t))

)
t+ 1

)
dM(t)

=:

(∫ 1

0

h1(s)Z(s)ds

)∫
ε1(t)dM(t),

l̇γ0h2 =

∫ (
g′0(Λ̃0(t)) exp

(
g0(Λ̃0(t))

)∫ t

0

h2(L
−1(se−V ))ds+ h2(L

−1(te−V ))

)
dM(t),

=:

∫
ε2(t, V )[h2]dM(t)

l̇g0h3 =

∫ (
g′0(Λ̃0(t)) exp

(
g0(Λ̃0(t))

)∫ Λ̃0(t)

0

exp(−g0(s))h3(s)ds+ h3(Λ̃0(t))

)
dM(t)

=:

∫
ε3(t)[h3]dM(t).

where M(t) = ∆I(R ≤ t) −
∫ t

0
I(R ≥ s)dΛ̃0(s) is a counting process mar-

tingale associated with the counting process
{
I{R≤t}, t ≥ 0

}
. Define

Tβ0 =

{
h1 ∈ Fp1 : P

[
∆

(∫ 1

0

h1(s)Z(s)ds

)2
]
<∞

}
,

Tγ0 =
{
h2 ∈ Γp2 : P

[
∆(ε2(R, V )[h2])

2] <∞
}
,

Tg0 =
{
h3 ∈ Gp3 : P

[
∆(ε3(R)[h3])

2] <∞
}
.

The efficient score function for α0 is

l∗α0
= l̇α0 − Π(l̇α0|Ṗ1 + Ṗ2 + Ṗ3), (S6.15)
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where Ṗ1 = {l̇β0h : h ∈ Tβ0}, Ṗ2 = {l̇γ0h : h ∈ Tγ0}, Ṗ3 = {l̇γ0h : h ∈ Tg0}.

Finding Π(l̇α0|Ṗ1 + Ṗ2 + Ṗ3) is equivalent to finding the vector function

(h∗
1,h

∗
2,h

∗
3) such that

E
{(
l̇α0 − l̇β0h

∗
1 − l̇γ0h

∗
2 − l̇g0h

∗
3

)
l̇β0h

}
= 0 for all h ∈ Tβ0 ,

E
{(
l̇α0 − l̇β0h

∗
1 − l̇γ0h

∗
2 − l̇g0h

∗
3

)
l̇γ0h

}
= 0 for all h ∈ Tγ0 ,

E
{(
l̇α0 − l̇β0h

∗
1 − l̇γ0h

∗
2 − l̇g0h

∗
3

)
l̇g0h
}
= 0 for all h ∈ Tg0 . (S6.16)

Then Π(l̇α0|Ṗ1 + Ṗ2 + Ṗ3) = l̇β0h
∗
1 + l̇γ0h

∗
2 + l̇g0h

∗
3. This implies that

(h∗
1,h

∗
2,h

∗
3) = argmin

(h1,h2,h3)∈T
d
β0

×Td
γ0

×Td
g0

E
[∥∥∥l̇α0 − l̇β0h1 − l̇γ0h2 − l̇g0h3

∥∥∥2] ,
(S6.17)

which is equivalent to minimizing

E
[
∆
∥∥∥(g′0(Λ̃0(R)) exp

(
g0(Λ̃0(R))

)
R + 1

)(
X −

∫ 1

0

h1(s)Z(s)ds

)
−g′0(Λ̃0(R)) exp

(
g0(Λ̃0(R))

)∫ R

0

h2(L
−1(se−V ))ds+ h2(L

−1(Re−V ))

g′0(Λ̃0(R)) exp
(
g0(Λ̃0(R))

)∫ Λ̃0(R)

0

exp(−g0(s))h3(s)ds+ h3(Λ̃0(R))
∥∥∥2].
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Since the space Tβ0 ×Tγ0 ×Tg0 is closed, so that the solution is well defined

and the efficient score is

l̇∗α0
=

∫ {(
g′0(Λ̃0(t)) exp

(
g0(Λ̃0(t))

)
t+ 1

)(
X −

∫ 1

0

h∗
1(s)β0(s)ds

)
−g′0(Λ̃0(t)) exp

(
g0(Λ̃0(t))

)∫ t

0

h∗
2(L

−1(se−V ))ds+ h∗
2(L

−1(se−V ))

−g′0(Λ̃0(t)) exp
(
g0(Λ̃0(t))

)∫ Λ̃0(t)

0

exp(−g0(s))h∗
3(s)ds+ h∗

3(Λ̃0(t))

}
dM(t),

and the information matrix is I(α0) = P
{
l̇∗⊗2
α0

}
.

S7 Proof of Theorem 3

For any θ1 = (α1, β1, γ1, ζ1), θ2 = (α2, β2, γ2, ζ2), define a pseudometric d(·, ·)

as

d(θ1, θ2)
2 = E

[
(α1 − α2)

TX +

∫
Z(s)(β1 − β2)(s)ds

]2
+∥γ1 − γ2∥22 + ∥ζ1(·, α1, β1, γ1)− ζ2(·, α2, β2, γ2)∥22 .

We first prove that d(θ̂, θ0) = Op(n
−c). Following the proof of theorem 1

in Shen and Wong(1994), the proof proceeds by verifying their conditions

(C1)-(C3).

First we verify condition (C1). Denote

A = (α−α0)
TX+

∫ 1

0

(β−β0)(s)Z(s)ds+γ(Y )−γ0(Y )+g (Λ(Y, U, θ))−g0 (Λ0(Y, U)) .
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Direct calculation yields

Pl0(θ0, Y )− Pl(θ, Y ) = P (∆ {exp(A)− 1− A}) .

Using Taylor expansion, we have

Pl0(θ0,W )− Pl(θ,W ) =
1

2
P
{
∆A2

}
+ o

(
P
{
∆A2

})
.

Noted that

P
{
∆A2

}
= P∆

[
(α− α0)

TX +

∫ 1

0

(β − β0)(s)Z(s)ds+ γ(Y )− γ0(Y )

+g (Λ(Y, U, θ))− g (Λ0(Y, U, θ)) + g (Λ0(Y, U, θ))− g0 (Λ0(Y, U))

]2
= P

{
∆

[
(g′(Λ0(Y, U))Λ

′
0α(Y, U) +X)T (α− α0)

+g′0(Λ0(Y, U))Λ
′
0β(Y, U)[β − β0] +

∫ 1

0

Z(s)(β − β0)(s)ds

+g′0(Λ0(Y, U))Λ
′
0γ(Y, U)[γ − γ0] + γ(Y )− γ0(Y )

+g′0(Λ0(Y, U))Λ
′
0g(Y, U)[g − g0] + g(Λ0(Y, U))− g0(Λ0(Y, U))

+o(∥α− α0∥2) + o(∥β − β0∥C) + o(∥γ − γ0∥2) + o(∥g − g0∥2)
]2}

≳ P

{
∆

[
(g′0(Λ0(Y, U))Λ

′
0α(Y, U) +X)T (α− α0)

+g′0(Λ0(Y, U))Λ
′
0β(Y, U)[β − β0] +

∫ 1

0

Z(s)(β − β0)(s)ds

+g′0(Λ0(Y, U))Λ
′
0γ(Y, U)[γ − γ0] + γ(Y )− γ0(Y )

+g′0(Λ0(Y, U))Λ
′
0g(Y, U)[g − g0] + g(Λ0(Y, U))− g0(Λ0(Y, U))

]2}
+o(d2(θ0, θ)), (S7.18)
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where the first equality is obtained by Taylor expasion, the second equality

holds under condition (A1)-(A5) and the fact that Λ′
0β,Λ

′
0γ,Λ

′
0g are bounded

operators.

Recall that L(t) =
∫ t

0
exp(γ0(s))ds, V = αT

0X+
∫ 1

0
β0(s)Z(s)ds,R = eVL(Y ),

ψ(t, u, α, β, γ, g) = αTX +
∫ 1

0
β(s)Z(s)ds + γ(t) + g(Λ(t, u, α, β, γ, g)) and

ψ′
0α(Y, U) is the partial derivative of ψ with respect to α and ψ′

0β(Y, U),

ψ′
0γ(Y, U), ψ

′
0g(Y, U) are the Fréchet derivatives of ψ with respect to β, γ, g

at the true parameter (α0, β0, γ0, g0). By solving the initial problem in

Lemma 1.1, we have

ψ′
0α(Y, U) =g

′
0(Λ0(Y, U))Λ

′
0α(Y, U) +X

=

(
g′0(Λ0(Y, U)) exp

(
αT
0X +

∫
β0(s)Z(s)ds

)
× exp(g0(Λ0(Y, U)))L(Y ) + 1

)
=
(
g′0(Λ̃0(R)) exp(g0(Λ̃0(R)))R + 1

)
X

=:ε1(R)X, (S7.19)

where ε1(·) is a deterministic function of R. Similarly, we also have

ψ′
0β(Y, U)[β − β0]

=
(
g′0(Λ̃0(R)) exp(g0(Λ̃0(R)))R + 1

)∫
Z(s)(β − β0)(s)ds

=:ε1(R)

∫
Z(s)(β − β0)(s)ds, (S7.20)
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and

ψ′
0γ(Y, U)[γ − γ0]

=g′0(Λ0(Y, U)) exp

(
αT
0X +

∫
β0(s)Z(s)ds+ g0(Λ0(Y, U))

)
×
∫ Y

0

exp(γ0(t))(γ − γ0)(t)dt+ γ(Y )− γ0(Y )

=g′0(Λ̃0(R)) exp(g0(Λ̃0(R)))

∫ R

0

(γ − γ0)(L
−1(se−V ))ds

+ (γ − γ0)(L
−1(Re−V ))

=:ε2(R, V )[γ − γ0], (S7.21)

where ε2(·) is a deterministic function of R, V and the second equality is

derived by variable transformation s = eVL(t).

ψ′
0g(Y, U)[g − g0]

= g′0(Λ0(Y, U)) exp(g(Λ0(Y, U)))

∫ Λ0(Y,U)

0

(g − g0)(s) exp(−g0(s))ds

+(g − g0)(Λ0(Y, U))

= g′0(Λ̃0(R)) exp(g0(Λ̃0(R)))

∫ Λ̃0(R)

0

(g − g0)(s) exp(−g0(s))ds

+(g − g0)(Λ̃0(R))

= ε3(R)[g − g0], (S7.22)
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where ε3(·) is a deterministic function of R. Plugging (S7.19), (S7.20),

(S7.21) and (S7.22) into (S7.18) yields

P
{
∆A2

}
≳P

{
∆
[
ε1(R)X

T (α− α0) + ε1

∫
Z(s)(β − β0)(s)ds+ ε2(R, V )[γ − γ0]

+ ε3(R)[g − g0]
]2}

+ o
(
d2(θ, θ0)

)
=P

{
∆

[
ε1(R)

{
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

}]2}

+ 2P

{
∆

[
ε1(R)

{
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

}]
× [ε2(R, V )[γ − γ0] + ε3(R)[g − g0]]

}
+ P

{
∆ [ε2(R, V )[γ − γ0] + ε3(R)[g − g0]]

2}+ o
(
d2(θ, θ0)

)
≥P

{
∆

[
ε1(R)

{
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

}]2}

− 2

∣∣∣∣∣P
{
∆

[
ε1(R)

{
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

}]

× [ε2(R, V )[γ − γ0] + ε3(R)[g − g0]]

}∣∣∣∣∣
+ P

{
∆ [ε2(R, V )[γ − γ0] + ε3(R)[g − g0]]

2}+ o
(
d2(θ, θ0)

)
. (S7.23)

Noted that P{∆f(R,U)} = P{
∫ Y

0
f
(
L(t)eV , U

)
dΛ0(t, U)} = P{

∫ R

0
f(t, U)dΛ̃0(t)}

holds for any measurable function f , together with Cauchy inequality we
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have

∣∣∣∣∣P
{
∆

[
ε1(R)

{
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

}]

× [ε2(R, V )[γ − γ0] + ε3(R)[g − g0]]

}∣∣∣∣∣
2

=

(
P

{∫ R

0

[
ε1(R)

{
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

}]

× [ε2(t, V )[γ − γ0] + ε3(t)[g − g0]] dΛ̃0(t)

})2

=

(
P

{∫ R

0

ε1(t)P

[
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds|R, V

]

× [ε2(t, V )[γ − γ0] + ε3(t)[g − g0]] dΛ̃0(t)

})2

=P

{∫ R

0

(ε1(t))
2

(
P

[
XT (α− α0)

∫
Z(s)(β − β0)(s)ds|R, V

])2

dΛ̃0(t)

}

× P
{
ε2(t, V )[γ − γ0] + ε3(t)[g − g0])

2dΛ̃0(t)
}
.

Since Condition (A7) implies that

(
P

[
XT (α− α0)

∫
Z(s)(β − β0)(s)ds|R, V

])2

≤ (1− η1)P

[{
XT (α− α0)

∫
Z(s)(β − β0)(s)ds

}2 ∣∣∣R, V ]
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holds for some η1 ∈ (0, 1), hence,

∣∣∣∣∣P
{
∆

[
ε1(R)

{
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

}]

× [ε2(R, V )[γ − γ0] + ε3(R)[g − g0]]

}∣∣∣∣∣
2

≤ (1− η1)P

{∫ R

0

ε2(t, V )[γ − γ0] + ε3(t)[g − g0])
2dΛ̃0(t)

}
×P

{∫ R

0

(ε1(t))
2P

[(
XT (α− α0)

∫
Z(s)(β − β0)(s)ds

)2 ∣∣∣R, V ] dΛ̃0(t)

}

= (1− η1)P

{∫ R

0

(ε1(t))
2

(
XT (α− α0)

∫
Z(s)(β − β0)(s)ds

)2

dΛ̃0(t)

}

×P
{∫ R

0

ε2(t, V )[γ − γ0] + ε3(t)[g − g0])
2dΛ̃0(t)

}
= (1− η1)P

{
∆

[
ε1(R)

{
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

}]2}
×P

{
∆(ε2(R, V )[γ − γ0] + ε3(R)[g − g0])

2}

Using the elementary inequality 2ab ≤ a2 + b2, we obtain

P
{
∆A2

}
≳ A1 + A2,

where

A1 = P

{
∆

[
ε1(R)

{
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

}]2}
,

A2 = P
{
∆(ε2(R, V )[γ − γ0] + ε3(R)[g − g0])

2} .
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For A1, we have

A1 =P

{∫ Y

0

(
ε1(e

VL(t))

(
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

))2

dΛ0(t)

}

=P

{∫ τ

0

E[I(Y ≥ t)|U ]
(
ε1(e

VL(t))

(
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

))2

dΛ0(t)

}

≥δ0P
{∫ τ

0

(
ε1(e

VL(t))

(
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

))2

× exp (V + γ0(t) + g0(Λ0(t, U))) dt

}
,

where the last inequality holds under Condition (A4). Take the variable

transformation u = eVL(t) and denote c = min
x∈X ,z∈Z

exp(αT
0X+

∫
β0(s)z(s)ds),

then

A1 ≥ δ0P

{∫ eV L(τ)

0

(
ε1(u)X

T (α− α0)
)2

exp
(
g0(Λ̃0(u))

)
dt

}

≥ δ0P

(
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

)2

∫ ecL(τ)

0

(ε1(u))
2 exp

(
g0(Λ̃0(u))

)
dt.

Since exp
(
g0(Λ̃0(u))

)
is strictly positive and ε1(t) satisfies

∫ t

0
exp

(
g0(Λ̃0(s))

)
ε1(s)ds =

t exp
(
g0(Λ̃0(t))

)
, thus ε1(t) cannot be a constant zero. Hence,

∫ ecL(τ)

0

(ε1(u))
2 exp

(
g0(Λ̃0(u))

)
dt
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is bounded away from 0 below andA1 ≳ P
(
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

)2
.

For A2, we have

A2 = P
{
∆
[
ε2(R, V ) + ε3(R)[g − g0]

]2}
= P

{
∆(ϵ2(R, V )[γ − γ0])

2
}
+ P

{
∆(ϵ3(R)[g − g0])

2
}

+2P {∆ϵ2(R, V )[γ − γ0]ϵ3(R)[g − g0]}

≥ P
{
∆(ϵ2(R, V )[γ − γ0])

2
}
+ P

{
∆(ϵ3(R)[g − g0])

2
}

−2 |P {∆ϵ2(R, V )[γ − γ0]ϵ3(R)[g − g0]}|

≥ P
{
∆(ϵ2(R, V )[γ − γ0])

2
}
+ P

{
∆(ϵ3(R)[g − g0])

2
}

−2η
1/2
3 P{∆}

(
P
{
∆(ϵ2(R, V )[γ − γ0])

2
})1/2 (

P
{
∆(ϵ3(R)[g − g0])

2
})1/2

≳ A3 + A4,

where A3 = P {∆(ϵ2(R, V )[γ − γ0])
2}, A4 = P {∆(ϵ3(R)[g − g0])

2}. The

fourth inequality holds under Condition (A8), and the last inequality is

obtained by 2ab ≤ a2 + b2. Then, under Condition (A1)-(A6),

A3 = P

{∫ Y

0

(ψ′
0γ(t, U)[γ − γ0])

2dΛ0(t, U)

}
≥ P

{∫ τ

0

P (Y ≥ t|U)(ψ′
0γ(t, U)[γ − γ0])

2dΛ0(t, U)

}
≥ δ0P

{∫ τ

0

(ψ′
0γ(t, U)[γ − γ0])

2dΛ0(t, U)

}
≳ ∥γ − γ0∥22,
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where the last equality is obtained by Lemma 1.6 and the fact that γ−γ0 ∈

Γp2 , and

A4 = P

{∫ Y

0

(ψ′
0g(Y, U)[g − g0])

2dΛ0(t, U)

}
≥ P

{∫ τ

0

P (Y ≥ t|U)(ψ′
0g(Y, U)[g − g0])

2dΛ0(t, U)

}
≥ δ0P

{∫ τ

0

(ψ′
0g(Y, U)[g − g0])

2dΛ0(t, U)

}
≳ ∥g − g0∥2.

Therefore,

Pl0(θ0,W )− Pl(θ,W )

=
1

2
P{∆A2}+ o(P{A2})

≳ P

(
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

)2

+ ∥γ − γ0∥22 + ∥g − g0∥22

≳ d(θ, θ0)
2,

which implies

inf
d(θ,θ0)≥ϵ,θ∈Θn

Pl0(θ0,W )− Pl(θ,W ) ≳ ϵ2.

Thus the condition (C1) in theorem 1 of Shen and Wong (1994) holds with

α = 1 in their notation.

Next we examine the condition (C2) of Shen and Wong (1994). By direct
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calculation,

(l(θ;W )− l(θ0;W ))2

=
{
∆
[
(α− α0)

TX +

∫
(β − β0)(s)Z(s)ds+ (γ − γ0)(Y ) + g(Λ(Y, U, θ))

−g0(Λ0(Y, U))
]
−
∫ Y

0

[
exp(αTX +

∫
β(s)Z(s)ds+ γ(t) + g(Λ(Y, U, θ)))

− exp(αT
0X +

∫
β0(s)Z(s)ds+ γ0(t) + g0(Λ0(Y, U)))

]
dt
}2

.

Therefore,

P (l(θ;W )− l(θ0;W ))2

≲ P

(
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

)2

+ P{∆(γ(Y )− γ0(Y ))2}

+P{∆(g(Λ(Y, U, θ))− g0(Λ0(Y, U)))
2}

+P{
∫ Y

0

(exp(αTX +

∫
β(s)Z(s)ds+ γ(t) + g(Λ(Y, U, θ)))

− exp(αT
0X +

∫
β0(s)Z(s)ds+ γ0(t) + g0(Λ0(Y, U))))

2dt}.

For the second term P{∆(γ(Y )− γ0(Y ))2}, we have

P{∆(γ(Y )− γ0(Y ))2}

= P{
∫ Y

0

(γ(t)− γ0(t))
2dΛ0(t)}

≤
∫ τ

0

P{exp(αT
0X +

∫
β0(s)Z(s)ds+ γ0(t) + g(Λ0(Y, U)))((γ − γ0)(t))

2dt}

≲ ∥γ − γ0∥22,

where the last inequality holds since exp(αT
0X +

∫
β0(s)Z(s)ds + γ0(t) +

g(Λ0(Y, U))) is bounded above under conditions (A1)-(A5). For the third
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term P{∆(g(Λ(Y, U, θ))− g0(Λ0(Y, U)))
2}, we have

P{∆(g(Λ(Y, U, θ))− g0(Λ0(Y, U)))
2}

= P

{∫ Y

0

(g(Λ(t, U, θ))− g0(Λ0(Y, U)))
2dΛ0(t)

}
≤ P

{∫ τ

0

(g(Λ(t, U, θ))− g0(Λ0(Y, U)))
2dΛ0(t)

}
= ∥ζ(·, α, β, γ)− ζ0(·, α0, β0, γ0)∥.

For the last term, mean value theorem yields

P

{∫ Y

0

(exp(αTX +

∫
β(s)Z(s)ds+ γ(t) + g(Λ(Y, U, θ)))

− exp(αT
0X +

∫
β0(s)Z(s)ds+ γ0(t) + g0(Λ0(Y, U))))

2dt

}
= P

{∫ Y

0

exp(2ψ̃(t, U))
(
(α− α0)

TX +

∫
(β − β0)(s)Z(s)ds+ γ(t)− γ0(t)

+g(Λ(Y, U, θ))− g0(Λ0(Y, U))
)2
dt

}
,

where ψ̃(t, U) is some point between αT
0X+

∫
β0(s)Z(s)ds+γ0(t)+g0(Λ0(Y, U))

and αTX +
∫
β(s)Z(s)ds + γ(t) + g(Λ(Y, U, θ)). Thus, under Conditions

(A5) and (A6), ψ̃(t, U) is bounded (or growing with n slowly enough so it

can be treated as bounded based on the same argument of Shen and Wong

on page 591). It follows that the last term is bounded by a constant multi-

ple of P
(
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

)2
+ ∥γ− γ0∥22+ ∥ζ(·, α, β, γ)−

ζ0(·, α0, β0, γ0)∥.
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Consequently,

P (l(θ;W )− l(θ0;W ))2 ≤ P

(
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

)2

+∥γ − γ0∥22 + ∥ζ(·, α, β, γ)− ζ0(·, α0, β0, γ0)∥

≲ d2(θ, θ0),

which implies that

sup
d(θ0,θ)≤ϵ,θ∈Θn

V ar (l(θ;W )− l(θ0;W ))

≤ sup
d(θ0,θ)≤ϵ,θ∈Θn

P (l(θ;W )− l(θ0;W ))2

≲ ϵ2.

Thus, condition (C2) of Shen and Wong (1994) holds with β = 1 in their

notation.

Finally we check condition (C3) of Shen and Wong (1994). The result

of lemma 1.3 shows that

H(ε,Fn, ∥ · ∥∞) = logN(ε,Fn, ∥ · ∥∞)

≲ (c1qn1 + c2qn2 + c3qn3 + d) log(
1

ε
)

≲ (nν1 + nν2 + nν3) log(
1

ε
)

≲ nmax{ν1,ν2,ν3} log(
1

ε
).

Thus, condition (C3) of Shen andWong (1994) holds with r0 =
1
2
max{ν1, ν2, ν3},
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r = 0+ in their notation. It follows that the constant τ in Theorem 1 of

Shen and Wong (1994) is 1−max{ν1,ν2,ν3}
2

− log logn
2 logn

. Using the same argument

as in the proof of Condition (C2), we have K(θ0n, θ0) ≲ O(d2(θ0n, θ0)). By

Lemma 1.2, d(θ0n, θ0) = O(n−min{p1ν1,p2ν2,p3ν3}), therefore, By theorem 1 of

Shen and Wong (1994), we have

d(θ̂n, θ0) = OP (max{n− 1−max{ν1,ν2,ν3}
2 , n−min{p1ν1,p2ν2,p3ν3}})

= Op(n
−min{p1ν1,p2ν2,p3ν3, 1−max{ν1,ν2,ν3}

2
}) =: Op(n

−c).

It follows that ∥γ̂−γ∥2 = Op(n
−c), ∥ζ̂(·, α̂, β̂, γ̂)−ζ0(·, α0, β0, γ0)∥2 = Op(n

−c)

and

P

{(
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

)2
}

= Op(n
−c). (S7.24)

From the proof of Theorem 2, we have

P

{
∆ε21(R)

(
XT (α− α0) +

∫
Z(s)(β − β0)(s)ds

)2
}

= P

[
∆

(
ε1(R)(X −

∫
Z(s)h∗

1(s)ds)− ε2(R, V )[h∗
2]− ε3(R)[h

∗
3]

)T

(α− α0)

]2

+P

[
∆

(
ε1(R)

∫
Z(s)h∗

1(s)ds+ ε2(R, V )[h∗
2] + ε3(R)[h

∗
3]

)T

(α− α0)

+

∫
Z(s)(β − β0)(s)ds

]2
,

where (h∗
1,h

∗
2,h

∗
3) are defined in (13). When I(α0) is non-singular, (S7.24)

leads to |α− α0| = Op(n
−c). This in turn implies ∥β − β0∥C = Op(n

−c).



42 Zhou et al.

S8 Proof of Theorem 4

We prove the theorem by verifying assumptions (A1)-(A6) of Theorem 3

in Tang et al. (2022). By Theorem 3 we know that assumption (A1) holds

with

ξ = min{p1ν1, p2ν2, p3ν3,
1−max{ν1, ν2, ν3}

2
}.

Assumption (A2) holds since the score functions have zero mean. For

assumption (A3), following the line of proving Theorem 2, there exists

(h∗
1,h

∗
2,h

∗
3) such that

E
{(
l̇α0 − l̇β0h

∗
1 − l̇γ0h

∗
2 − l̇g0h

∗
3

)
l̇β0h

}
= 0 for all h ∈ Tβ0 ,

E
{(
l̇α0 − l̇β0h

∗
1 − l̇γ0h

∗
2 − l̇g0h

∗
3

)
l̇γ0h

}
= 0 for all h ∈ Tγ0 ,

E
{(
l̇α0 − l̇β0h

∗
1 − l̇γ0h

∗
2 − l̇g0h

∗
3

)
l̇g0h
}
= 0 for all h ∈ Tg0 . (S8.25)

Take h̃
∗
3 = h∗

3(Λ0(·)) + g′0(Λ0(·))Λ′
0g(·)[h∗

3], then for any h ∈ T1,

P
{
l
′′

αβ(θ0)[h]− l
′′

ββ(θ0)[h
∗
1, h]− l

′′

βγ(θ0)[h
∗
2, h]− l

′′

βζ(θ0)[h̃
∗
3, h]

}
= P

{(
l̇α0 − l̇β0h

∗
1 − l̇γ0h

∗
2 − l̇g0h

∗
3

)
l̇β0h

}
= 0,

for any h ∈ T2,

P
{
l
′′

αγ(θ0)[h]− l
′′

βγ(θ0)[h
∗
1, h]− l

′′

γγ(θ0)[h
∗
2, h]− l

′′

ζγ(θ0)[h̃
∗
3, h]

}
= P

{(
l̇α0 − l̇β0h

∗
1 − l̇γ0h

∗
2 − l̇g0h

∗
3

)
l̇γ0h

}
= 0,
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for any h ∈ T3,

P
{
l
′′

αγ(θ0)[h]− l
′′

βγ(θ0)[h
∗
1, h]− l

′′

γγ(θ0)[h
∗
2, h]− l

′′

ζγ(θ0)[h̃
∗
3, h]

}
= P

{(
l̇α0 − l̇β0h

∗
1 − l̇γ0h

∗
2 − l̇g0h

∗
3

)
l̇γ0h

}
= 0.

The matrix A in assumption (A3) is given by

A = P
{
(l′α(θ0,W )− l′β(θ0,W )− l′γ(θ0,W )− l′ζ(θ0,W ))⊗2

}
= I(α0),

which is nonsingular under the assumption of Theorem 4. Hence, assump-

tion (A3) holds.

To verify assumption (A4), we need to show that Pn

{
l′α(θ̂n,W )

}
= op(n

−1/2),

Pn

{
l′β(θ̂n,W )[h∗

1]
}
= op(n

−1/2) , Pn

{
l′γ(θ̂n,W )[h∗

2]
}
= op(n

−1/2) and

Pn

{
l′ζ(θ̂n,W )[h̃

∗
3]
}

= op(n
−1/2). Since α̂n satisfies Pn

{
l′α(θ̂n,W )

}
= 0 =

op(n
−1/2), the first equality naturally holds. Next we show Pn

{
l′β(θ̂n,W )[h∗1j]

}
=

op(n
−1/2) for each j ∈ {1, 2, . . . , d}. By Lemma 2, there exists h1j,n ∈ F2

n,

such that ∥h∗1j − h1j,n∥∞ = O(n−2ν1). Based on the fact that θn maximizes

the loglikelihood on the sieve space, we have Pn

{
l′β(θ̂n,W )[h1j,n]

}
= 0.

Additionally, Pl′β(θ0,W )[h∗1j] = 0 holds automatically, hence, it suffices to

study Pnl
′
β(θ̂n,W )[h∗1j − h1j,n], which can be further decomposed as

Pnl
′
β(θ̂n,W )[h∗1j − h1j,n] = B1n +B2n,
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where

B1n = (Pn − P ){l′β(θ̂n,W )[h∗1j − h1j,n]},

B2n = P{l′β(θ̂n,W )[h∗1j − h1j,n]} − P{l′β(θ0,W )[h∗1j − h1j,n]}.

We first show that B1n = op(n
−1/2). By Lemma 4, the ε-bracketing number

associated with ∥·∥∞ norm for the class Fβ
n,j(η) is bounded by (η/ε)c1qn1+c2qn2+c3qn3+d,

thus the bracketing integral satisfies

J[ ](η,Fβ
n,j(η), L2(P )) =

∫ η

0

√
1 + logN[ ](ε,Fβ

n,j(η), L2(P ))dε

≤
∫ η

0

√
1 + logN[ ](ε,Fβ

n,j(η), ∥ · ∥∞)dε

≲ (c1qn1 + c2qn2 + c3qn3)
1/2η.

Pick ηn = O(n−min{2ν1,p2ν2,p3ν3,(1−max{ν1,ν2,ν3})/2}), then ∥h∗1j − h1j,n∥∞ =

O(n−2ν1) ≤ ηn and d(θn, θ0) = Op(n
−c) ≤ ηn, hence, l

′
β(θ̂n,W )[h∗1j −h1j,n] ∈

Fβ
n,j(ηn). Using the boundedness of Z, g′ and Λ′

β, we have for any θ ∈ Θn,

P{l′β(θ,W )[h∗1j − h1j,n]}2

= P

{
∆

(∫ 1

0

(h∗1j − h1j,n)(s)Z(s)ds+ g′(Λ(Y, U, θ))Λ′
β(Y, U, θ)[h

∗
1j − h1j,n]

)
−Λ′

β(Y, U, θ)[h
∗
1j − h1j,n]

}2

≲ ∥h∗1j − h1j,n∥2∞,

and supd(θ,θ0)≤ηn,∥h∗
1j−h1j,n∥∞≤ηn |l′β(θ,W )[h∗1j − h1j,n]| is bounded by some

constant M <∞. Thus, the prerequisites of Lemma 3.4.2 of Van der Vaart
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and Wellner (1996) are satisfied. By Lemma 3.4.2 of Van der Vaart and

Wellner (1996),

E∥Gn∥Fβ
n,j(ηn)

≲ J[ ](ηn,Fβ
n,j(ηn), L2(P ))

(
1 +

J[ ](η,Fβ
n,j(ηn), L2(P ))

η2n
√
n

)
≲ (c1qn1 + c2qn2 + c3qn3)

1/2ηn + (c1qn1 + c2qn2 + c3qn3)
√
n

≲ O(n
max{ν1,ν2,ν3}

2 )O(n−min{2ν1,p2ν2,p3ν3,(1−max{ν1,ν2,ν3})/2})

+O(nmax{ν1,ν2,ν3}−1/2)

= op(1),

whereGn =
√
n(Pn−P) and the last equality holds because max{ν1, ν2, ν3} <

1/2 and νmax < 4νmin. Then by Markov’s inequality, we have

B1n = (Pn − P){l′β(θ̂n,W )[h∗1j − h1j,n]} = op(n
−1/2).

Next we consider B2n. Denote h̄ = h∗1j − h1j,n. By adding and subtracting

some terms, we have

∥ζ̂ ′n,β(·, α̂n, β̂n, γ̂n, ĝn)[h̄]− ζ ′0β(·, α0, β0, γ0, g0)[h̄]∥2

= ∥ĝ′n(Λ(·, α̂n, β̂n, γ̂n, ĝn))Λ
′
β(·, α̂n, β̂n, γ̂n, ĝn)[h̄]− g′0(Λ0(·))Λ′

0β(·)[h̄]∥2

≤ J1 + J2 + J3 + J4 + J5,
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where

J1 = ∥ĝ′n(Λ(·, α̂n, β̂n, γ̂n, ĝn))Λ
′
β(·, α̂n, β̂n, γ̂n, ĝn)[h̄]

−g′0(Λ0(·))Λ′
β(·, α̂n, β̂n, γ̂n, ĝn)[h̄]∥2,

J2 = ∥g′0(Λ0(·))Λ′
β(·, α̂n, β̂n, γ̂n, ĝn)[h̄]− g′0(Λ0(·))Λ′

β(·, α0, β̂n, γ̂n, ĝn)[h̄]∥2,

J3 = ∥g′0(Λ0(·))Λ′
β(·, α0, β̂n, γ̂n, ĝn)[h̄]− g′0(Λ0(·))Λ′

β(·, α0, β0, γ̂n, ĝn)[h̄]∥2,

J4 = ∥g′0(Λ0(·))Λ′
β(·, α0, β0, γ̂n, ĝn)[h̄]− g′0(Λ0(·))Λ′

β(·, α0, β0, γ0, ĝn)[h̄]∥2,

J5 = ∥g′0(Λ0(·))Λ′
β(·, α0, β0, γ0, ĝn)[h̄]− g′0(Λ0(·))Λ′

0β(·)[h̄]∥2.

We first consider J1. Based on the boundedness of ĝn, ĝ
′
n, we have

∥Λ′
β(·, α̂n, β̂n, γ̂n, ĝn)[h̄]∥∞ ≲ ∥h̄∥∞ and it follows that

J1 ≤ ∥ĝ′n(Λ(·, α̂n, β̂n, γ̂n, ĝn))− g′0(Λ0(·))∥2 · ∥Λ′
β(·, β̂n, γ̂n, ĝn)[h̄]∥∞

≲ ∥ĝ′n(Λ(·, α̂n, β̂n, γ̂n, ĝn))− g′0(Λ0(·))∥2 · ∥h̄∥∞

= Op(n
−min{p1ν1,p2ν2,(p3−1)ν3,(1−max{ν1,ν2,ν3})/2}) ·O(n−2ν1)

= Op(n
−min{(p1+2)ν1,p2ν2+2ν1,(p3−1)ν3+2ν1,(1−max{ν1,ν2,ν3})/2+2ν1}),

where the third equality holds based on the same argument of Ding and
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Nan (2011) on page 3058. Next we consider J2. By mean value theorem,

J2 = ∥g′0(Λ0(·))(Λ′′
αβ(·, α̃n, β̂n, γ̂n, ĝn)[h̄])

T (α̂n − α0)∥2

≲ ∥Λ′′
αβ(·, α̃n, β̂n, γ̂n, ĝn)[h̄]∥2∥α̂n − α0∥

≲ ∥h̄∥∞ · ∥α̂n − α0∥

= Op(n
−c+2ν1),

where α̃n is a point between α0 and α̂n and the third inequality can be

derived by solving the initial problem in Lemma 1 and similar argument

as in Lemma 6 based on the boundedness of β̂n, γ̂n, ĝn, ĝ
′
n, ĝ

′′
n. As for J3, J4

and J5, similar argument leads to J3 = Op(n
−c+2ν1), J4 = Op(n

−c+2ν1) and

J5 = Op(n
−c+2ν1). Thus, we have

∥ζ̂ ′n,β(·, α̂n, β̂n, γ̂n, ĝn)[h̄]− ζ ′0β(·, α0, β0, γ0, g0)[h̄]∥2

≲ Op(n
−min{(p1+2)ν1,p2ν2+2ν1,(p3−1)ν3+2ν1,(1−max{ν1,ν2,ν3})/2+2ν1}).

Now we turn to B2n. Direct calculation yields that

B2
2n =

(
P

{
∆
(
ζ̂ ′n,β(Y, U, α̂n, β̂n, γ̂n)[h̄]− ζ ′0β(Y, U, α0, β0, γ0)[h̄]

)
−
∫ Y

0

exp

(
α̂T
nX +

∫
β̂n(s)Z(s)ds+ γ̂n(t) + ĝ(Λ(t, U, θ̂n))

)
×
(∫

h̄(s)Z(s)ds+ ζ̂ ′β(t, U, θ̂n)[h̄]

)
dt

+

∫ Y

0

exp

(
αT
0X +

∫
β0(s)Z(s)ds+ γ0(t) + g0(Λ0(t, U))

)
×
(∫

h̄(s)Z(s)ds+ ζ ′0β(t, U, θ0)[h̄]

)
dt

})2



48 Zhou et al.

≤ P

{
∆
(
ζ̂ ′n,β(Y, U, α̂n, β̂n, γ̂n)[h̄]− ζ ′0β(Y, U, α0, β0, γ0)[h̄]

)2
+

∫ τ

0

I(Y ≥ t) exp
(
2ψ(t, U, α̂, β̂, γ̂, ĝ)

)(
ζ̂ ′β(t, U, θ̂n)[h̄]− ζ ′0β(t, U, θ0)[h̄]

)2
dt

+

∫ τ

0

I(Y ≥ t)
[
exp(ψ(t, U, α̂, β̂, γ̂, ĝ))− exp (ψ(t, U, α0, β0, γ0, g0))

]2
·
(∫

h̄(s)Z(s)ds+ ζ ′0β(t, U, θ0)[h̄]

)2

dt

}

≲ ∥ζ̂ ′n,β(·, α̂n, β̂n, γ̂n, ĝn)[h̄]− ζ ′0β(·, α0, β0, γ0, g0)[h̄]∥22 + d2(θ, θ0) · ∥h̄∥2∞

= Op(n
−2min{(p1+2)ν1,p2ν2+2ν1,(p3−1)ν3+2ν1,(1−max{ν1,ν2,ν3})/2+2ν1}),

where the third inequality is obtained by the boundedness of ψ and mean

value theorem. Thus, we have B2n = op(n
−1/2) under the restrictions

of Theorem 4. By combining B1n = op(n
−1/2) and B2n = op(n

−1/2),

we have Pnl
′
β(θ̂n,W )[h∗1j − h1j,n] = op(n

−1/2) for j = 1, 2, . . . , d, which

leads to Pn

{
l′β(θ̂n,W )[h∗

1]
}
= op(n

−1/2). Similarly, Pn

{
l′γ(θ̂n,W )[h∗

2]
}
can

be proved to be op(n
−1/2). To verify Pn

{
l′ζ(θ̂n,W )[h̃

∗
3]
}

= op(n
−1/2) for

h̃
∗
3 = h∗

3(Λ̂(·)) + ĝ′n(Λ̂(·))Λ̂′
g(·)[h∗

3]. By Lemma 2, for each j ∈ {1, 2, . . . d},

there exists h3j,n ∈ G2
n such that ∥h3j,n − h∗3j∥∞ = O(n−2ν3) and let h̃3j,n =

h3j,n(Λ̂(·)) + ĝ′n(Λ̂(·))Λ̂′
g(·)[h3j,n]. Then, Pn

{
l′ζ(θ̂n,W )[h̃∗3j]

}
can be decom-

posed as

Pnl
′
ζ(θ̂n,W )[h̃∗3j − h̃3j,n] = B3n +B4n,
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where

B3n = (Pn − P ){l′ζ(θ̂n,W )[h̃∗3j − h̃3j,n]},

B4n = P{l′ζ(θ̂n,W )[h̃∗3j − h̃3j,n]} − P{l′ζ(θ0,W )[h̃∗3j − h̃3j,n]}.

We first verify B3n = op(n
−1/2). By Lemma 4, we have

logN[ ](ϵ,F ζ
n,j(η), L2(P )) ≤ logN[ ](ϵ,F ζ

n,j(η), ∥ · ∥∞)

≲ (c1qn1 + c2qn2 + c3qn3) log(η/ϵ).

The corresponding bracketing integral satisfies

J[ ](η,F ζ
n,j(η), L2(P )) =

∫ η

0

√
1 + logN[ ](ϵ,F ζ

n,j(η), L2(P ))dϵ

≲ (c1qn1 + c2qn2 + c3qn3)
1/2η. (S8.26)

Pick ηn = O(n−min{p1ν1,p2ν2,2ν3,(1−max{ν1,ν2,ν3})/2}), then ∥h3j,n − h∗3j∥∞ =

O(n−2ν3) ≤ ηn, d(θ̂n, θ0) ≤ ηn. By Lemma 3.4.2 of Van der Vaart and

Wellner (1996), we have

EP∥Gn∥Fζ
n,j(ηn)

≲ (c1qn1 + c2qn2)
1/2ηn + (c1qn1 + c2qn2)n

−1/2

= O(n(max{ν1,ν2,ν3})/2) ·O(n−min{p1ν1,p2ν2,2ν3,(1−max{ν1,ν2,ν3})/2})

+O(nmax{ν1,ν2,ν3}−1/2)

= o(1).

where the last equality holds under the restrictions of Theorem 4. Thus,

by Markov’s inequality, we have B3n = op(n
−1/2). Next, we show B4n =
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op(n
−1/2). Denote h̃ = h̃∗3j − h̃3j,n, then according to mean value theorem,

h̃(t, u, α̂n, β̂n, γ̂n)− h̃(t, u, α0, β0, γ0)

= (α̂n − α0)
T h̃′α(t, u, α̃n, β̃n, γ̃n) + h̃′β(t, u, α̃n, β̃n, γ̃n)[β̂n − β0]

+h̃′γ(t, u, α̃n, β̃n, γ̃n)[γ̂n − γ0].

Based on the boundedness of γ̃n, g̃n, g̃
′
n, g̃

′′
n, Λ̃

′
α(·), Λ̃′

β(·), Λ̃′
γ(·), we have

∥h̃(·, α̃n, β̃n, γ̃n)∥∞

= ∥(h3j,n − h∗3j)(Λ̃(·)) + g̃′n(Λ̃(·))Λ̃′
g(·)[h3j,n − h∗3j]∥∞

≲ ∥h3j,n − h∗3j∥∞,

∥h̃′α(·, α̃n, β̃n, γ̃n)∥∞

= ∥(h3j,n − h∗3j)
′(Λ̃(·))Λ̃α(·) + g̃′n(Λ̃(·))Λ̃′′

gα(·)[h3j,n − h∗3j]

+g̃′′n(Λ̃(·))Λ̃′
g(·)[h3j,n − h∗3j]Λ̃

′
α(·)∥∞

≲ ∥h3j,n − h∗3j∥∞ + ∥(h3j,n − h∗3j)
′∥∞,

∥h̃′β(·, α̃n, β̃n, γ̃n)[β̂n − β0]∥2

= ∥(h3j,n − h∗3j)
′(Λ̃(·))Λ̃′

β(·) + g̃′n(Λ̃(·))Λ̃′′
gβ(·)[h3j,n − h∗3j, β̂n − β0]

+g̃′′n(Λ̃(·))Λ̃′
g(·)[h3j,n − h∗3j]Λ̃

′
β(·)[β̂n − β0]∥2

≲ (∥h3j,n − h∗3j∥∞ + ∥(h3j,n − h∗3j)
′∥∞)∥β̂n − β0∥2,
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∥h̃′γ(·, α̃n, β̃n, γ̃n)[γ̂n − γ0]∥2

= ∥(h3j,n − h∗3j)
′(Λ̃(·))Λ̃′

γ(·) + g̃′n(Λ̃(·))Λ̃′′
gγ(·)[h3j,n − h∗3j, γ̂n − γ0]

+g̃′′n(Λ̃(·))Λ̃′
g(·)[h3j,n − h∗3j]Λ̃

′
γ(·)[γ̂n − γ0]∥2

≲ (∥h3j,n − h∗3j∥∞ + ∥(h3j,n − h∗3j)
′∥∞)∥γ̂n − γ0∥2.

Hence, h̃(t, u, α̂n, β̂n, γ̂n) − h̃(t, u, α0, β0, γ0) ≲ (∥h3j,n − h∗3j∥∞ + ∥(h3j,n −

h∗3j)
′∥∞)d(θ̂n, θ0). It follows that

B2
4n ≤ P

{(
l′ζ(θ̂n,W )− l′ζ(θ0,W )

)
[h̃]
}2

= P

{
∆
(
h̃(Y, U, α̂n, β̂n, γ̂n)− h̃(Y, U, α0, β0, γ0)

)
−
∫ τ

0

I(Y ≥ t) exp
(
ψ(t, U, θ̂n)

)
h̄(t, U, α̂n, β̂n, γ̂n)dt

+

∫ τ

0

I(Y ≥ t) exp (ψ(t, U, θ0)) h̄(t, U, α0, β0, γ0)dt

}2

≲ P

{
∆
(
h̃(Y, U, α̂n, β̂n, γ̂n)− h̃(Y, U, α0, β0, γ0)

)
−
∫ τ

0

(
exp(ψ(t, U, θ̂n))− exp (ψ(t, U, θ0))

)
h̄(t, U, α̂n, β̂n, γ̂n)dt

−
∫ τ

0

exp (ψ(t, U, θ0))
(
h̄(t, U, α̂n, β̂n, γ̂n)− h̄(t, U, α0, β0, γ0)

)
dt

}2

≲ (∥h3j,n − h∗3j∥∞ + ∥(h3j,n − h∗3j)
′∥∞)2d2(θ̂n, θ0).

Using Corollary 6.21 in Schumaker (2007), we have ∥(h3j,n − h∗3j)
′∥∞ =

O(n−ν3), hence, B4n = op(n
−1/2) under the restrictions of Theorem 4. Com-

bining B3n = op(n
−1/2) and B4n = op(n

−1/2), we have Pn

{
l′ζ(θ̂n,W )[h̃∗3j]

}
=

op(n
−1/2) for each j ∈ {1, . . . , d}, which indicates Pn

{
l′ζ(θ̂n,W )[h̃

∗
3]
}

=
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op(n
−1/2). Thus, Assumption (A4) holds.

Now we verify assumption (A5). First, by Lemma 5, the ϵ-bracketing

numbers associated with ∥·∥∞ norm for the classes of functions F∗α
n,j(η),F

∗β
n,j(η),

F∗γ
n,j(η),F

∗ζ
n,j(η) are all bounded by (η/ϵ)c1qn1+c2qn2+c3qn3+d, which implies

that the corresponding ϵ-bracketing integrals are all bounded by (c1qn1 +

c2qn2+c3qn3)
1/2η, that is, J[ ](η,F∗α

n,j(η), ∥·∥∞) ≲ (c1qn1+c2qn2+c3qn3)
1/2η,

J[ ](η,F∗β
n,j(η), ∥ · ∥∞) ≲ (c1qn1 + c2qn2 + c3qn3)

1/2η, J[ ](η,F∗γ
n,j(η), ∥ · ∥∞) ≲

(c1qn1 + c2qn2 + c3qn3)
1/2η and J[ ](η,F∗ζ

n,j(η), ∥ · ∥∞) ≲ (c1qn1 + c2qn2 +

c3qn3)
1/2η. Then for l′αj

(θ,W )− l′αj
(θ0,W ), by applying Cauchy-Schwarz in-

equality together with subtracting and adding g′0(Λ0(Y ))Λ′
αj
(Y, U, θ),

∫ Y

0
(X+

g′(Λ(t, U, θ))Λ′
αj
(t, U, θ))dΛ0(t, U), we have

{l′αj
(θ,W )− l′αj

(θ0,W )}2

=

{
∆
(
g′(Λ(Y, U, θ))Λ′

αj
(Y, U, θ)− g′0(Λ0(Y, U))Λ

′
0αj

(Y, U)
)

−
∫ τ

0

I(Y ≥ t)
(
Xj + g′(Λ(t, U, θ))Λ′

αj
(t, U, θ)

)
dΛ(t, U, θ)

+

∫ τ

0

I(Y ≥ t)
(
Xj + g′0(Λ0(t, U))Λ

′
0αj

(t, U)
)
dΛ0(t, U)

}2

≲ C1 + C2 + C3 + C4,
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where

C1 = ∆
(
g′(Λ(Y, U, θ))Λ′

αj
(Y, U, θ)− g′0(Λ0(Y, U))Λ

′
αj
(Y, U, θ)

)2
,

C2 = ∆
(
g′0(Λ0(Y, U))Λ

′
αj
(Y, U, θ)− g′0(Λ0(Y, U))Λ

′
0αj

(Y, U)
)2
,

C3 =

∫ τ

0

{
(exp(ψ(t, U, θ))− exp(ψ(t, U, θ0)))

(
Xj + g′(Λ(t, U, θ))Λ′

αj
(t, U, θ)

)}2

dt,

C4 =

∫ τ

0

(
g′(Λ0(t, U, θ))Λ

′
αj
(t, U, θ)− g′0(Λ0(t, U))Λ

′
0αj

(t, U)
)2

exp(2ψ(t, U, θ0))dt.

Apparently, PC1 ≤ η2. For C2, by the boundedness of g′0,Λ
′
αjθ

and mean

value theorem, we have

PC2 ≲ P
(
Λ′

αj
(Y, U, θ)− Λ′

0αj
(Y, U)

)2
= P

(
Λ′

θαj
(Y, U, θ̃)[θ − θ0]

)2
≲ d2(θ, θ0) ≲ η2,

where θ̃ is a point between θ and θ0. For C3, by the boundedness of ψ,Xj, g
′

and Λαj
and mean value theorem, we have

PC3 ≲ P

∫ τ

0

exp(2ψ̃)(ψ(t, U, θ)− ψ(t, U, θ))2dt

≲ d2(θ, θ0) ≲ η2,
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and for C4, we have

PC4 ≲
∫ τ

0

(
g′(Λ(t, U, θ))Λ′

αj
(t, U, θ)− g′0(Λ0(t, U, θ))Λ

′
αj
(t, U)

)2
dt

+

∫ τ

0

(
g′0(Λ0(t, U))Λ

′
αj
(t, U, θ)− g′0(Λ0(t, U))Λ

′
0αj

(t, U)
)2
dt

≲ d2(θ, θ0) + ∥g′(Λ(·, θ))− g′0(Λ0(·))∥2 ≲ η2.

Therefore, we have P{l′αj
(θ,W )−l′αj

(θ0,W )}2 ≤ η2. Using the similar argu-

ment, we can show that P{l′β(θ,W )[h∗1j]−l′β(θ0,W )[h∗1j]}2, P{l′γ(θ,W )[h∗2j]−

l′γ(θ0,W )[h∗2j]}2, P{l′ζ(θ,W )[h̃∗3j] − l′ζ(θ0,W )[h̃∗3j]}2 are all bounded by η2.

We also have ∥l′αj
(θ,W )− l′αj

(θ0,W )∥∞, ∥l′β(θ,W )[h∗1j]− l′β(θ0,W )[h∗1j]∥∞,

∥l′γ(θ,W )[h∗2j]−l′γ(θ0,W )[h∗2j]∥∞ and ∥l′ζ(θ,W )[h̃∗3j]−l′ζ(θ0,W )[h̃∗3j]∥∞ are all

bounded. Now we choose ηn = O(n−min{p1ν1,p2ν2,(p3−1)ν3,(1−max{ν1,ν2,ν3})/2}),

By the maximal inequality in Lemma 3.4.2 of Van der Vaart and Wellner

(1996) and the restrictions of Theorem 4, it follows that

EP∥Gn∥F∗αj
n,j (ηn)

≲ (c1qn1 + c2qn2 + c3qn3)
1/2ηn + (c1qn1 + c2qn2 + c3qn3)n

−1/2

= O(nmax{ν1,ν2,ν3})ηn +O(nmax{ν1,ν2,ν3}−1/2)

= o(1).

Similarly, we have EP∥Gn∥F∗βj
n,j (ηn)

= o(1), EP∥Gn∥F∗γj
n,j (ηn)

= o(1) and

EP∥Gn∥F∗ζj
n,j (ηn)

= o(1). Thus for ξ = c and Cn−ξ = O(n−c), by Markov’s
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inequality, we have

sup
d(θ,θ0)≤Cn−ξ,θ∈Θn

|Gn{l′αj
(θ,W )− l′αj

(θ0,W )}| = op(1),

sup
d(θ,θ0)≤Cn−ξ,θ∈Θn

|Gn{l′βj
(θ,W )[h∗1j]− l′βj

(θ0,W )[h∗1j]}| = op(1),

sup
d(θ,θ0)≤Cn−ξ,θ∈Θn

|Gn{l′γj(θ,W )[h∗2j]− l′γj(θ0,W )[h∗2j]}| = op(1),

sup
d(θ,θ0)≤Cn−ξ,θ∈Θn

|Gn{l′ζj(θ,W )[h̃∗3j]− l′ζj(θ0,W )[h̃∗3j]}| = op(1).

This completes the verification of assumption (A5).

Finally, assumption (A6) can be verified using Taylor expansion. Since

the proof of three equations are essentially identical, we only present the

proof of the first equation. In a neighborhood of θ0 : {θ : d(θ, θ0) ≤

Cn−ξ, θ ∈ Θn} with ξ = −c, the Taylor expansion for lα(θ,W ) yields

l′α(θ,W ) = l′α(θ0,W ) + l′′αα(θ̃,W )(α− α0) + l′′αβ(θ̃,W )[β − β0]

+l′′αγ(θ̃,W )[γ − γ0] + l′′αζ(θ̃,W )[ζ − ζ0],

where θ̃ is a point between θ and θ0. So

P{l′α(θ,W )} − P{l′α(θ0,W )} − P{l′′αα(θ0,W )(α− α0)} − P{l′′αβ(θ0,W )[β − β0]}

−P{l′′αγ(θ0,W )[γ − γ0]} − P{l′′αζ(θ0,W )[ζ − ζ0]}

= P{(l′′αα(θ̃,W )− l′′αα(θ0,W ))(α− α0)}+ P{(l′′αβ(θ̃,W )− l′′αβ(θ0,W ))[β − β0]}

+P{(l′′αγ(θ̃,W )− l′′αγ(θ0,W ))[γ − γ0]}+ P{(l′′αζ(θ̃,W )− l′′αζ(θ0,W ))[ζ − ζ0]}.
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Direct caluclation yileds

|P{(l′′αα(θ̃,W )− l′′αα(θ0,W ))}|

≤ P

{∫ Y

0

∣∣∣ζ̃ ′′αα(t, U)(exp(ψ(θ̃,W ))− exp(ψ(θ0,W )))
∣∣∣ dt}

+P

{∫ Y

0

∣∣∣(X + ζ̃ ′α(t, U))(X + ζ̃ ′α(t, U))
T
(
exp(ψ(θ̃,W ))− exp(ψ(θ0,W ))

)∣∣∣ dt}
+P

{∫ Y

0

∣∣∣(X + ζ ′0α(t, U))(X + ζ ′0α(t, U))
T − (X + ζ̃ ′α(t, U))(X + ζ̃ ′α(t, U))

T
∣∣∣ dΛ0(t)

}
= D1 +D2 +D3.

By applying mean value theorem and the Cauchy-Schwarz inequality, we

can show that

D1 = P

{∫ Y

0

(
(α̃− α0)

TX +

∫
(β̃ − β0)(s)Z(s)ds+ (γ̃ − γ0)(t) + (ζ̃ − ζ0)(t, U)

)
×ζ̃ ′′αα(t, U) exp(ψ̃(t, U))dt

}
≲ ∥α̃− α0∥2 + ∥β̃ − β0∥C + ∥γ̃ − γ0∥2 + ∥ζ̃ − ζ0∥2 ≤ d(θ0, θ)

≤ O(n−c).

For D2, based on the boundedness of X and ζ̃ ′α, we can similarly show that

D2 ≲ ∥α̃− α0∥2 + ∥β̃ − β0∥C + ∥γ̃ − γ0∥2 + ∥ζ̃ − ζ0∥2 = O(n−c).

For D3, using a similar argument that we used before for verifying assump-

tion (A5), we can show that

D3 ≲ ∥ζ ′0α(·)− ζ̃ ′α(·)∥2 = O(n−min{p1ν1,p2ν2,(p3−1)ν3,(1−max{ν1,ν2,ν3})/2}).
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Therefore,

|P{(l′′αα(θ̃,W )− l′′αα(θ0,W ))(α− α0)}|

= O(n−c) ·O(n−min{p1ν1,p2ν2,(p3−1)ν3,(1−max{ν1,ν2,ν3})/2})

= o(n−1/2).

Similarly, we can show that

P |(l′′αβ(θ̃,W )− l′′αβ(θ0,W ))[β − β0]|

= O(n−c) ·O(n−min{p1ν1,p2ν2,(p3−1)ν3,(1−max{ν1,ν2,ν3})/2}) = o(n−1/2),

P |(l′′αγ(θ̃,W )− l′′αγ(θ0,W ))[γ − γ0]|

= O(n−c) ·O(n−min{p1ν1,p2ν2,(p3−1)ν3,(1−max{ν1,ν2,ν3})/2}) = o(n−1/2),

and

P{(l′′αζ(θ̃,W )− l′′αζ(θ0,W ))[ζ − ζ0]}

= O(n−c) ·O(n−min{p1ν1,p2ν2,(p3−1)ν3,(1−max{ν1,ν2,ν3})/2}) = o(n−1/2).

Thus, we have

P{l′α(θ,W )} − P{l′α(θ0,W )} − P{l′′αα(θ0,W )(α− α0)}

−P{l′′αβ(θ0,W )[β − β0]} − P{l′′αγ(θ0,W )[γ − γ0]} − P{l′′αζ(θ0,W )[ζ − ζ0]}

= O(n−c−min{p1ν1,p2ν2,(p3−1)ν3,(1−max{ν1,ν2,ν3})/2}) = O(n−αξ),

where α = 1 + (min{p1ν1, p2ν2, (p3 − 1)ν3, (1 − max{ν1, ν2, ν3})/2})/c > 1
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and αξ > 1/2.

Therefore, we have verified all six assumptions. By Theorem 3 of Tang

(2021), we have

√
n(α̂n−α0) = A−1

√
nPnl

∗(α0, β0, γ0, ζ0,W )+ op(1) → N(0, A−1B(A−1)T ),

where l∗(α0, β0, γ0, ζ0,W ) is the efficient score function for α0 and A =

P{l∗(α0, β0, γ0, ζ0,W )⊗2} = I(α0), which is shown when verifying assump-

tion (A3). Thus, A = B = I(α0) and A
−1B(A−1)T = I−1(α0), and

√
n(α̂n − α0) → N(0, I−1(α0)).

This completes the proof.

S9 Proof of Theorem 5

We first introduce some notations. LetBβ
n =

(
Bβ

1 , . . . , B
β
qn,1

)T
be a B-spline

basis for estimating β0 and v∗
1 ∈ Bqn,1 ,v∗

2 ∈ Tqn,1

γ0
,v∗

3 ∈ Tqn,1

g0
satisfies

E
{(
l̇β0 [B

β
n]− l̇α0v

∗
1 − l̇γ0v

∗
2 − l̇g0v

∗
3

)
l̇Tα0
v
}
= 0 for all v ∈ B,

E
{(
l̇β0 [B

β
n]− l̇α0v

∗
1 − l̇γ0v

∗
2 − l̇g0v

∗
3

)
l̇γ0v
}
= 0 for all v ∈ Tγ0 ,

E
{(
l̇β0 [B

β
n]− l̇α0v

∗
1 − l̇γ0v

∗
2 − l̇g0v

∗
3

)
l̇g0v
}
= 0 for all v ∈ Tg0 .(S9.27)
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Similar as the line of proving Theorem 2, v∗
1,v

∗
2,v

∗
3 can be found by mini-

mizing

E
[
∆
∥∥∥(g′0(Λ̃0(R)) exp

(
g0(Λ̃0(R))

)
R + 1

)(∫ 1

0

Bβ
n(s)Z(s)ds− v1X

)
−g′0(Λ̃0(R)) exp

(
g0(Λ̃0(R))

)∫ R

0

v2(L
−1(se−V ))ds+ v2(L

−1(Re−V ))

g′0(Λ̃0(R)) exp
(
g0(Λ̃0(R))

)∫ Λ̃0(R)

0

exp(−g0(s))v3(s)ds+ v3(Λ̃0(R))
∥∥∥2].(S9.28)

Let l̇∗β0n
= l̇β0 [B

β
n]−l̇α0v

∗
1−l̇γ0v∗

2−l̇g0v∗
3 and Jn = E[l̇∗⊗2

β0n
]. We first investigate

the eigenvalue of Jn. For any vector v ∈ Rqn,1 ,

vTJnv

= E
[
∆
∣∣∣ (g′0(Λ̃0(R)) exp

(
g0(Λ̃0(R))

)
R + 1

)(∫ 1

0

vTBβ
n(s)Z(s)ds− vTv∗

1X

)
−g′0(Λ̃0(R)) exp

(
g0(Λ̃0(R))

)∫ R

0

vTv∗
2(L

−1(se−V ))ds+ vTv∗
2(L

−1(Re−V ))

g′0(Λ̃0(R)) exp
(
g0(Λ̃0(R))

)∫ Λ̃0(R)

0

exp(−g0(s))vTv∗
3(s)ds+ vTv∗

3(Λ̃0(R))
∣∣∣2]

≲ E
{∫ 1

0

vTBβ
n(s)Z(s)ds

}2

= vT
{∫ 1

0

∫ 1

0

Bβ
n(s)E[Z(s)Z(t)]B

β
n(t)

Tdsdt

}
v

≲
∫ 1

0

(vTBβ
n(s))

2ds = ∥v∥22O(nν1).
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On the other hand, follow a similar argument in proving Theorem 3, we

have

vTJnv ≳ E
{∫ 1

0

vTBβ
n(s)Z(s)ds− vTv∗

1X

}2

= E
{∫ 1

0

vTBβ
n(s)(Z(s)−K(s))ds

}2

+E
{∫ 1

0

vTBβ
n(s)K(s)ds− vTv∗

1X

}2

≥
∫ 1

0

∫ 1

0

vTBβ
n(s)K(s, t)Bβ

n(t)
Tvdsdt.

Based on the fact that the covariance kernel K(s, t) is symmetric and semi-

positive definite, we may denote H(K) as the reproducing kernel Hilbert

space induced by kernel function K. Let

H(P ) =
{
f ∈ W1

2 [0, 1] : f(0) = f(1) = 0
}
,

where W1
2 [0, 1] is the Sobolev space defined as

W1
2 [0, 1] =

{
f ∈ C1([0, 1]) : f absolutely continuous , f ′ ∈ L2[0, 1]

}
.

Noted that H(P ) is also a reproducing kernel Hilbert space with kernel

function G(s, t) = min{s, t}. According to Corollary 1 in Ritter et al.

(1995), we have H(P ) ⊆ H(K) ⊆ W1
2 [0, 1]. Therefore, for any f ∈ H(K),

|f(s)| = |⟨f,K(s, ·)⟩H(K)| ≤ ∥K(s, ·)∥H(K)∥f∥H(K) ≲
√
K(s, s)∥f∥K ,
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with ∥f∥2K =
∫ 1

0

∫ 1

0
f(s)K(s, t)f(t)dtds and the last inequality follows from

Corollary 2 in Ritter et al. (1995). It follows that

∫ 1

0

f 2(s)ds ≲ ∥f∥2K
∫ 1

0

K(s, s)ds.

Since vTBβ
n(s) ∈ H(P ) ⊆ H(K), we have

∫ 1

0

∫ 1

0

vTBβ
n(s)K(s, t)Bβ

n(t)
Tvdsdt ≳

∫ 1

0

(vTBβ
n(s))

2ds = ∥v∥22O(nν1).

Therefore, the largest and smallest eigenvalue of Jn, denoted by λmax(Jn)

and λmin(Jn) respectively, satisfies

c1n
ν1 ≤ λmin(Jn) ≤ λmax(Jn) ≤ c2n

ν1 (S9.29)

for some positive constant c1 and c2. Next we derive the asymptotic confi-

dence band for β0. Denote

Γ(θ,W ) = l′β(θ,W )[Bn]− l′α(θ,W )[v∗
1]− l′γ(θ,W )[v∗

2]− l′ζ(θ,W )[ṽ∗
3],

with ṽ∗
3 = v∗

3(Λ0(·)) + g′0(Λ0(·))Λ′
0g(·)[v∗

3]. Follow a similar argument as

proving Theorem 4, we have

√
nPn {Γ(θ0,W )} = −

√
nP
{
Γ′
β(θ0,W )

}
[β̂n − β0] +Rn, (S9.30)

where the remainder term satisfies ∥Rn∥2 = oP (n
ν1
2
−min{c1,c2}) with c1 =

1
2
− 2c + ν3 and c2 = νmax

2
− min{p1ν1, p2ν2, (p3 − 1)ν3,

1−νmax

2
}. It follows
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that

√
n(Bβ

n(s))
TJ−1

n Pn {Γ(θ0,W )}√
(Bβ

n(s))TJ−1
n Bβ

n(s)

= −
√
nP
{
Γ′
β(θ0,W )

}
[β̂n − β0]√

(Bβ
n(s))TJ−1

n Bβ
n(s)

+
Bβ

n(s))
TJ−1

n Rn√
(Bβ

n(s))TJ−1
n Bβ

n(s)
. (S9.31)

Combining (S9.29) and 1
2p1+2

< ν1 < −1/2 + 2c − ν3, we have uniformly

over s ∈ (0, 1),

Bβ
n(s))

TJ−1
n Rn√

(Bβ
n(s))TJ−1

n Bβ
n(s)

= oP (1).

Recall that Lemma 1.2 indicates there exists β0n ∈ Fp1
n such that ∥β0n −

β0∥∞ = O(n−ν1p1), we assume β0n = bT0B
β
n and β̂n = bTnB

β
n. Therefore,

√
nP
{
Γ′
β(θ0,W )

}
[β̂n − β0]

=
√
nP
{
Γ′
β(θ0,W )

}
[β̂n − β0n] +

√
nP
{
Γ′
β(θ0,W )

}
[β0n − β0]

=
√
nJn(bn − b0) +Qn

with ∥Qn∥2 = O(n
ν1
2
−ν1p1), where the last equality is obtained by (S9.27).

Multiplying (Bβ
n(s))

TJ−1
n on both sides, we have

√
n
(
β̂n(s)− β0n(s)

)
= −

√
n(Bβ

n(s))
TJ−1

n P
{
Γ′
β(θ0,W )

}
[β̂n−β0]+o(n−ν/2)

holds uniformly over s ∈ (0, 1). Together with (S9.31) indicates

sup
s∈(0,1)

∣∣∣∣∣∣
√
n
(
β̂n(s)− β0(s)

)
√

(Bβ
n(s))TJ−1

n Bβ
n(s)

−
√
n(Bβ

n(s))
TJ−1

n Pn {Γ(θ0,W )}√
(Bβ

n(s))TJ−1
n Bβ

n(s)

∣∣∣∣∣∣ = oP (1).

(S9.32)
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Define Un = 1√
n

∑n
i=1 J

−1/2
n Γ(θ0,Wi) =

√
nJ

−1/2
n Pn {Γ(θ0,W )}. Noted that

for any i ∈ {1, . . . , n}, J−1/2
n Γ(θ0,Wi) is a qn,1 dimensional random vector

with zero mean and identity covariance. Moreover,

E
∣∣J−1/2

n Γ(θ0,Wi)
∣∣3 = O(n2ν1).

From Yurinskii’s coupling (Yurinskii, 1978) for sums of random vectors,

there exists Vn ∼ N (0, I), such that

P (|Un − Vn| > 3/ log n) = O
(
(log n)3n3ν−1/2

)
,

which indicates Un
P→ Vn. Denote

Gn(s) =
(Bβ

n(s))
TJ

−1/2
n Vn√

(Bβ
n(s))TJ−1

n Bβ
n(s)

, s ∈ [0, 1].

It follows from (S9.32) that

sup
s∈(0,1)

∣∣∣∣∣∣
√
n
(
β̂n(s)− β0(s)

)
√
(Bβ

n(s))TJ−1
n Bβ

n(s)
−Gn

∣∣∣∣∣∣ = oP (1).

Noted that Gn is a Gaussian process on [0, 1] with E[Gn(s)] = 0 and

Var[Gn(s)] = 1 and covariance

Gn(s, t) = E[Gn(s)Gn(t)] =
(Bβ

n(s))
TJ−1

n Bβ
n(t)√

(Bβ
n(s))TJ−1

n Bβ
n(s)

√
(Bβ

n(t))TJ−1
n Bβ

n(t)
,

∀s, t ∈ [0, 1], which completes the proof.
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