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Supplementary Material

The Supplementary Material consists of ten sections (S.1–S.10). Section S.1 provides a more

general form of Theorem 3. Section S.2 introduces some useful notations and lemmas that are

used to prove the theoretical properties in Section 3. Sections S.3–S.7 present the proofs of

Theorems 1, 2, S.1 and 3, 4, and Proposition 1, respectively. Section S.8 provides additional al-

gorithmic details. Section S.9 details the comparison methods. Section S.10 presents additional

simulation results.

S.1 More General Theoretical Results

In this section, we present a more general result regarding the convergence

rates of B̂ and Σ̂Y .

Theorem S.1. Suppose Assumptions 1–3 and 5 hold. If [log(p)]2/rm−1 ≪ T ,

and λ ≫ dp,T , we have

min
OO⊤=O⊤O=Ir

p−1||B̂O − B0||2F = Op(θp,T log(p)/T + 1/(pv2p)),

*Corresponding author.



YUZHOU ZHAO, XINYAN FAN AND BO ZHANG

and

||Σ̂Y − ΣY0 ||ΣY0
= Op(

√
pθp,T log(p)/T + v−2

p /
√
p+∆Σe),

where

∆Σe =
[
(ρp,TKT + log(p) + p

√
log(p)/T + v−2(1+ε)

p + ρ2p,TDp)/p
]1/2

,

and

pθp,T = (log(p) + p
√

log(p)/T + v−2(1+ε)
p )/ρp,T +KT

+
[
(p+Dp)(ρp,TKT + log(p) + p

√
log(p)/T + v−2(1+ε)

p + ρ2p,TDp)
]1/2

.

This theorem establishes the convergence rate of our estimators when

the λ is sufficiently large. It is important to emphasize that, under As-

sumptions 3 and 5, θp,T = o(1), which implies that the convergence rate

of min
OO⊤=O⊤O=Ir

p−1||B̂O − B0||2F exceeds the rate Op(log(p)/T ) when p is

sufficiently large. Furthermore, Theorem 3 can be viewed as a special case

of Theorem S.1. The proof of Theorem S.1 is provided in Section S.5.

S.2 Some Useful Notations and Lemmas

To simplify the proofs, we first introduce some notations following Bai and

Liao (2016). Define

Q1(Σe) =
1

p
log |Σe|+

1

p
tr(SeΣ

−1
e ) +

ρp,T
p

∑
i ̸=j

|Σe,ij|,
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Q2(B,Σe) =
1

p
tr(B⊤

0 Σ
−1
e B0 − B⊤

0 Σ
−1
e B(B⊤Σ−1

e B)−1B⊤Σ−1
e B0)

=
1

p
||(Ip − Σ−1/2

e B(B⊤Σ−1
e B)−1B⊤Σ−1/2

e )Σ−1/2
e B0||2F ,

and

Q3(B,Σe) =
1

p
log |BB⊤ + Σe|+

1

p
tr(Sy(BB⊤ + Σe)

−1)

− 1

p
log |Σe| −

1

p
tr(SeΣ

−1
e )−Q2(B,Σe),

where Se = EE⊤/T , E = (e1, . . . , eT ). Then

1

p
L(B,Σe,Ω, α) =

1

p
log |BB⊤ + Σe|+

1

p
tr(Sy(BB⊤ + Σe)

−1)

+
ρp,T
p

∑
i ̸=j

|Σe,ij|+
λ

pT
LA(B,Ω, α)

=Q1(Σe) +Q2(B,Σe) +Q3(B,Σe) +
λ

pT
LA(B,Ω, α).

Denote PX = X(X⊤X)−1X⊤ as the projection matrix of X,for any full rank

matrix X. Let x+ = max(x, 0) and x− = −min(x, 0) for any x ∈ R. Re-

mind that dp,T = max{log(p)T/p,
√

log(p)T}. Denote Xn = Op(an) for ma-

trix Xn if ||Xn||2 = Op(an). It is easy to verify that Op(an)Op(bn) = Op(anbn)

and Op(an) +Op(bn) = Op(an + bn).

To prove the theorems, we next introduce the following ten useful lem-

mas. Lemmas 1(i),(ii), 2, 3, 8, and 9, below are directly modified from

Lemmas A.1, A.2, B.1 in Bai and Liao (2016), Lemma A.1 in Bai and Li

(2012) and Lemma 28 in Ma et al. (2020), respectively. We only present
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the proofs of Lemmas 4–7 and 10.

Lemma 1. Under Assumption 1 and assume that [log(p)]2/rm−1 ≪ T

(i) supi,j≤p

∣∣∣ 1T ∑T
t=1 eitejt − Eeitejt

∣∣∣ = Op(
√

log(p)/T ).

(ii) supi≤r,j≤p

∣∣∣ 1T ∑T
t=1 fitejt

∣∣∣ = Op(
√
log(p)/T )

Lemma 2. Under Assumption 1 and assume that [log(p)]2/rm−1 ≪ T ,

sup
(B,Σe,Ω,α)∈Ξδ

|Q3(B,Σe)| = Op(
log(p)

p
+

√
log(p)

T
).

Lemma 3. Denote ∆ = Σ̂−1
e − Σ−1

e0 , and remind KT =
∑

(i,j)∈JL
|Σe0,ij|. For

all large enough p and T , there exists a constant c4 such that

pQ1(Σ̂e)− pQ1(Σe0) ≥
1

2
ρp,T

∑
(i,j)∈JL

∣∣∣Σ̂e,ij − Σe0,ij

∣∣∣+ c4∥∆∥2F − 2ρp,TKT

−

(
Op

(√
log(p)

T

)√
p+Dp + ρp,T

√
Dp

)
∥∆∥F .

Lemma 4. Under Assumptions 1-3,4(1), and 5, for [log(p)]2/rm−1 ≪ T and

λ ≫ min{v2εp , log−ε/(1+ε)(p)}dp,T , we have

p−1B⊤
0 (Σ̂

−1
e − Σ−1

e0 )B0 = op(1).

Proof: We prove Lemma 4 following Bai and Liao (2016). Denote ∆1 =

Σ̂e − Σe0, B⊤
0 Σ

−1
e0 = (v1, . . . , vp), and B⊤

0 Σ̂
−1
e = (u1, . . . , up) . According to

Assumption 1, ||Σ−1
e0 ||1 and ||Σ̂−1

e ||1 are bounded. Then we have sup
i≤p

||vi||2 =
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O(1) and sup
i≤p

||ui||2 = Op(1). After simple calculation, we have

B⊤
0 (Σ̂

−1
e − Σ−1

e0 )B0 = −B⊤
0 Σ̂

−1
e ∆1Σ

−1
e0 B0

= −(
∑

(i,j)∈JL

uiv
⊤
j ∆1,ij +

∑
(i,j)∈JU

uiv
⊤
j ∆1,ij).

Notice that sup
i,j≤p

σ1(uiv
⊤
j ) ≤ sup

i≤p
||ui||2 sup

j≤p
||vj||2 = Op(1), which is a

uniformly bound. Thus,

B⊤
0 (Σ̂

−1
e − Σ−1

e0 )B0 = Op(1)
∑

(i,j)∈JL

|∆1,ij|+Op(1)
∑

(i,j)∈JU

|∆1,ij|.

Now we consider the two terms
∑

(i,j)∈JL |∆1,ij| and
∑

(i,j)∈JU |∆1,ij| re-

spectively. For
∑

(i,j)∈JL |∆1,ij|, according Lemma 3, we have

1

2
ρp,T

∑
(i,j)∈JL

|∆1,ij| ≤ pQ1(Σ̂e)− pQ1(Σe0)−
[
c4∥∆∥2F − 2ρp,TKT

−

(
Op

(√
log(p)

T

)√
p+Dp + ρp,T

√
Dp

)
∥∆∥F

]
= I1 + I2.

For I1, using (S4.5), we can obtain that I1 ≤ Op(log(p) + p
√

log(p)/T +

v
−2(1+ε)
p ), and this result doesn’t depend on the proof of this lemma. For

I2, it is a univariate quadratic function on ||∆||F , which is bounded by

2ρp,TKT + (Op

(√
log(p)/T

)√
p+Dp + ρp,T

√
Dp)

2/(4c4).
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Thus we have:∑
(i,j)∈JL

|Σ̂e,ij − Σe0,ij| = Op((I1 + I2)/ρp,T )

= Op((log(p) + p
√

log(p)/T + v−2(1+ε)
p )/ρp,T +KT )

+Op((p+Dp) log(p)/(Tρp,T ) + ρp,TDp).

Remind that under Assumptions 3 and 5, we have log(p)/p+
√

log(p)/T +

v
−2(1+ε)
p /p ≪ ρp,T ≪ p/Dp and Dp ≪ p

√
T/ log(p). Thus

Dp log(p)/(Tρp,T ) = (Dp

√
log(p)/T )(

√
log(p)/T/ρp,T ) = o(p)o(1) = o(p).

Combine with KT = o(p), we have

∑
(i,j)∈JL

|Σ̂e,ij − Σe0,ij| = op(p).

Meanwhile,
∑

(i,j)∈JU |∆1,ij| is bounded by√∑
i,j

(∆1,ij)2
∑
i,j

12{(i,j)∈JU} =
√
p+Dp||Σ̂e − Σe0||F .

From (S4.6), we also see that

||Σ̂e − Σe0||2F = Op(ρp,TKT + log(p) + p
√

log(p)/T + v−2(1+ε)
p + ρ2p,TDp).

Thus

(p+Dp)||Σ̂e − Σe0||2F

= Op((p+Dp)(ρp,TKT + log(p) + p
√

log(p)/T + v−2(1+ε)
p + ρ2p,TDp))

= Op(pρp,TKT + p log(p) + p2
√

log(p)/T + pv−2(1+ε)
p + pρ2p,TDp))

+Op(Dpρp,TKT +Dp log(p) +Dpp
√
log(p)/T +Dpv

−2(1+ε)
p + ρ2p,TD

2
p)).
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Now we bound (p+Dp)||Σ̂e − Σe0||2F . The term p log(p) + p2
√
log(p)/T +

pv
−2(1+ε)
p = o(p2) is easy to verify. Assumption ρp,T ≪ p/KT implies

pρp,TKT = o(p2). Assumption ρp,T ≪ p/Dp and KT = o(p) imply Dpρp,TKT =

o(p2) and ρ2p,TD
2
p = o(p2). Assumption of Dp implies that Dp log(p) +

Dpp
√

log(p)/T + Dpv
−2(1+ε)
p = o(p2). Assumption ρp,T ≪

√
p/Dp implies

that pρ2p,TDp = o(p2) . Thus (p+Dp)||Σ̂e − Σe0||2F = op(p
2) and derive the

desired result √
p+Dp||Σ̂e − Σe0||F = op(p).

Thus we have ∑
(i,j)∈JU

|Σ̂e,ij − Σe0,ij| = op(p).

p−1B⊤
0 (Σ̂

−1
e − Σ−1

e0 )B0 = p−1(Op(1)
∑

(i,j)∈JL

|∆1,ij|+Op(1)
∑

(i,j)∈JU

|∆1,ij|) = op(1).

Lemma 5. Under Assumptions 1,2 and 4,

||(Ip − PJpB̂
)JpB0||F = Op(v

−1
p max{

√
dp,T
λ

, 1}).

Proof: We prove Lemma 5 in two Steps. In Step I, we bound ||Θ̂A −

ΘA0||F . Recall that ΘA = ΘA(B,Ω, α) = JpBΩB⊤Jp + α1⊤
p + 1pα

⊤, Θ̂A =

ΘA(B̂, Ω̂, α̂) and ΘA0 = ΘA(B0,Ω0, α0). In Step II, we use the relationship

between Θ̂A and B̂ to bound ||(Ip − PJpB̂
)JpB0||F .

Step I: By the definition of (B̂, Σ̂e, Ω̂, α̂), we have L(B̂, Σ̂e, Ω̂, α̂) ≤ L(B0, Σ̂e,Ω0, α0).
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That is

Q1(Σ̂e) +Q2(B̂, Σ̂e)+Q3(B̂, Σ̂e) +
λ

pT
LA(B̂, Ω̂, α̂) ≤ Q1(Σ̂e) +Q2(B0, Σ̂e)

+Q3(B0, Σ̂e) +
λ

pT
LA(B0,Ω0, α0).

Using the definition of Q2, we can easily derive that Q2(B0, Σ̂e) = 0 and

Q2(B̂, Σ̂e) ≥ 0. Combining the results of Lemma 2, we have

LA(B̂, Ω̂, α̂)− LA(B0,Ω0, α0) ≤ Op(
log(p)T

λ
+

p
√
log(p)T

λ
). (S2.1)

Now we consider the term LA(B̂, Ω̂, α̂) − LA(B0,Ω0, α0). Let A1, P1 ∈

Rp×p where A1,ij = Aij1{i<j} and P1,ij = P0,ij1{i<j}, where we use P0 to

denote the true probability matrix of A. Notice that

LA(B,Ω, α) = −[tr(A1ΘA)−
∑
i<j

log(1 + exp(ΘA,ij))]

= −[tr((A1 − P1)ΘA) + tr(P1ΘA)−
∑
i<j

log(1 + exp(ΘA,ij))]

= −tr((A1 − P1)ΘA)−
∑
i<j

[P0,ijΘA,ij − log(1 + exp(ΘA,ij))].

Using Taylor expansion, we have:

∑
i<j

[P0,ijΘA,ij − log(1 + exp(ΘA,ij))]

= −
∑
i<j

exp(ξij)

(1 + exp(ξij))2
(ΘA,ij −ΘA0,ij)

2 +
∑
i<j

[ΘA0,ijP0,ij − log(1 + exp(ΘA0,ij))],
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where ξij is between ΘA,ij and ΘA0,ij. Thus

LA(B̂, Ω̂, α̂)− LA(B0,Ω0, α0)

= −tr((A1 − P1)(Θ̂A −ΘA0)) +
∑
i<j

exp(ξij)

(1 + exp(ξij))2
(Θ̂A,ij −ΘA0,ij)

2

≥ −tr((A1 − P1)(Θ̂A −ΘA0)) +
∑
i<j

min
|ξ|≤max{M1,δ3}

exp(ξ)

(1 + exp(ξ))2
(Θ̂A,ij −ΘA0,ij)

2

= −tr((A1 − P1)(Θ̂A −ΘA0)) +
∑
i<j

CM(Θ̂A,ij −ΘA0,ij)
2,

where CM = min|ξ|≤max{M1,δ3} exp(ξ)/(1 + exp(ξ))2. Notice that

|tr((A1 − P1)(Θ̂A −ΘA0))| ≤ ||A1 − P1||2
√
rank(Θ̂A −ΘA0)||Θ̂A −ΘA0||F ,

and
√

rank(Θ̂A −ΘA0) ≤
√
2r + 2. Using the results of Latała (2005), we

have that ||A1 − P1||2 = Op(
√
p). Then

LA(B̂, Ω̂, α̂)− LA(B0,Ω0, α0) ≥
∑
i<j

CM(Θ̂A,ij −ΘA0,ij)
2 −Op(

√
p)||Θ̂A −ΘA0||F . .

Then we have:

LA(B̂, Ω̂, α̂)− LA(B0,Ω0, α0) + CM

∑
i≤p

(Θ̂A,ii −ΘA0,ii)
2/2

≥ CM ||Θ̂A −ΘA0||2F/2−Op(
√
p)||Θ̂A −ΘA0||F .

.

Notice that
∑

i≤p(Θ̂A,ii − ΘA0,ii)
2 ≤ Op(p) as |Θ̂A,ii| and |ΘA0,ii| are uni-

formly bounded, combine with the equation (S2.1), we have

CM

2
||Θ̂A −ΘA0||2F −Op(

√
p)||Θ̂A −ΘA0||F ≤ Op(

log(p)T

λ
+

p
√

log(p)T

λ
+ p).
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Based on quadratic function knowledge, we have

||Θ̂A −ΘA0||F = Op(max(

√
log(p)T

λ
,

√
p

√
log(p)T

λ
,
√
p)).

Step II: Let O1 be the matrix such that O⊤
1 B

⊤
0 JpB0O1 = Λ1 is diagonal,

and O2 be the matrix such that O⊤
2 B̂

⊤JpB̂O2 = Λ2 is diagonal.

According to Assumption 2 and using knowledge in OLS, we have

1√
Mp

||(Ip − JpB̂(B̂⊤JpB̂)−1B̂⊤)JpB0||F

≤ σr(Λ
−1/2
1 )||(Ip − JpB̂(B̂⊤JpB̂)−1B̂⊤)JpB0||F

= σr(Λ
−1/2
1 ) min

X∈Rr×r
||JpB0 − JpB̂X||F

≤ σr(Λ
−1/2
1 )||JpB0 − JpB̂O2Λ

−1/2
2 O3Λ

1/2
1 O⊤

1 ||F

≤ ||JpB0O1Λ
−1/2
1 − JpB̂O2Λ

−1/2
2 O3||F ,

(S2.2)

for any matrix O3 ∈ Rr×r. According to Davis-Kahan Theorem (Davis and

Kahan, 1970; Yu et al., 2015), there exist an orthogonal matrix O3 and a

constant M2 such that

||JpB0O1Λ
−1/2
1 − JpB̂O2Λ

−1/2
2 O3||F ≤ M2||JpB̂ΩB̂⊤Jp − JpB0ΩB

⊤
0 Jp||F

σr(JpB0Ω0B⊤
0 Jp)− σr+1(JpB0Ω0B⊤

0 Jp)
.
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Furthermore, as Jp1p = 0p, we have:

||Θ̂A −ΘA0||2F = ||JpB̂Ω̂B̂⊤Jp − JpB0Ω0B
⊤
0 Jp||2F + ||1p(α̂− α0)

⊤ + (α̂− α0)1
⊤
p ||2F

+ 2tr((JpB̂Ω̂B̂⊤Jp − JpB0Ω0B
⊤
0 Jp)(1p(α̂− α0)

⊤ + (α̂− α0)1
⊤
p ))

= ||JpB̂Ω̂B̂⊤Jp − JpB0Ω0B
⊤
0 Jp||2F + ||1p(α̂− α0)

⊤ + (α̂− α0)1
⊤
p ||2F

+ 2tr((B̂Ω̂B̂⊤ − B0Ω0B
⊤
0 )Jp(1p(α̂− α0)

⊤ + (α̂− α0)1
⊤
p )Jp)

= ||JpB̂Ω̂B̂⊤Jp − JpB0Ω0B
⊤
0 Jp||2F + ||1p(α̂− α0)

⊤ + (α̂− α0)1
⊤
p ||2F

≥ ||JpB̂Ω̂B̂⊤Jp − JpB0Ω0B
⊤
0 Jp||2F ,

which implies that ||JpB̂ΩB̂⊤Jp − JpB0ΩB
⊤
0 Jp||F is bounded by ||Θ̂A −

ΘA0||F . By Assumption 3, σr+1(JpB0Ω0B
⊤
0 Jp) = 0 and σr(JpB0Ω0B

⊤
0 Jp) ≥

σ2
r(JpB0)σr(Ω0) ≥ c3mpvp. Thus,

||JpB0O1Λ
−1/2
1 − JpB̂O2Λ

−1/2
2 O3||F = Op(

1

pvp
max(

√
log(p)T

λ
,

√
p

√
log(p)T

λ
,
√
p)).

By (S2.2), we have:

||(Ip − JpB̂(B̂⊤JpB̂)−1B̂⊤Jp)JpB0||F = Op(v
−1
p max{

√
log(p)T

λp
,

√√
log(p)T

λ
, 1})

= Op(v
−1
p max{

√
dp,T
λ

, 1}).

Lemma 6. Under Assumption 3 and without assuming the lower bound of

σr(Ω), we have

sup
(B,Σe,Ω,α)∈Ξδ

(LA(B,Ω, α)− LA(B0,Ω0, α0))
− = Op(p).
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Proof: Using result in Lemma 5, for any (B,Σe,Ω, α) ∈ Ξδ, we have:

LA(B,Ω, α)− LA(B0,Ω0, α0) ≥
CM

2
||ΘA −ΘA0||2F +Op(p)

− ||A1 − P1||2
√

rank(ΘA −ΘA0)||ΘA −ΘA0||F .
.

Then we have

sup
(B,Σe,Ω,α)∈Ξδ

(LA(B,Ω, α)− LA(B0,Ω0, α0))
−

≤ (||A1 − P1||2
√

rank(ΘA −ΘA0))
2/(2CM) +Op(p) = Op(p).

Lemma 7. For any random function Zn(x, ω) : R × Ω → R satisfies

Zn(xn, ω) →p 0 for any xn ≪ an or xn ≫ bn, where 0 < bn ≪ an. Then for

any nonrandom sequence {λn}∞n=1, we have Zn(λn, ω) →p 0.

Proof:

For any λn and ε, we have

Pr(|Zn(λn, ω)| > ε)

≤ Pr(max(|Zn(min(λn,
√

anbn), ω)|, |Zn(max(λn,
√
anbn), ω)|) > ε)

≤ Pr(|Zn(min(λn,
√

anbn), ω)| > ε) + Pr(|Zn(max(λn,
√

anbn), ω)| > ε)

→ 0,

as min(λn,
√
anbn) ≪ an and max(λn,

√
anbn) ≫ bn. Thus Zn(λn, ω) →p 0.

Lemma 8. Assume matrix X ∈ Rk×k satisfy X⊤X−Ir = 0 and XΦ1X
⊤ =

Φ2 for diagonal matrices Φ1 and Φ2, where Φ2 has distinct diagonal ele-

ments. Then X is diagonal with Xii = 1 or −1.
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Lemma 9. For any matrix Z1, Z2 ∈ Rp×r, we have:

min
OO⊤=O⊤O=Ir

||Z1 − Z2O||2F ≤ (2
√
2− 2)−1σ−1

r (Z2Z
⊤
2 )||Z1Z

⊤
1 − Z2Z

⊤
2 ||2F .

Lemma 10. Assume zt = g(ft, et) for measurable function g and there

exists a positive Cz such that E(z6t |F )1/6 ≤ Cz where Cz doesn’t depend

on p, t, T and F , E(zt|F ) = 0. Under Assumptions 1, 6 and 7, we

have E[(T−1/2
∑T

t=1 zt)
4|F ] is bounded by a constant that only depend on

Cz, a
′
3, d

′
3.

Proof: We denote E·|F (X) = E(X|F ) for random variable X. Notice that

E·|F (T
−1/2

T∑
t=1

zt)
4 = T−2

∑
i,j,k,l

E·|F (zizjzkzl)

= T−2
∑

1≤t1≤t2≤T

∑
min{i,j,k,l}=t1,max{i,j,k,l}=t2

E·|F (zizjzkzl).

Now we consider the term
∑

min{i,j,k,l}=t1,max{i,j,k,l}=t2
|E·|F (zizjzkzl)|. We

denote g1(x1, x2, x3, x4) = max{|x(2) − x(1)|, |x(4) − x(3)|} where x(i) is the

ith smallest element in {x1, x2, x3, x4}. We have

∑
min{i,j,k,l}=t1,max{i,j,k,l}=t2

|E·|F (zizjzkzl)|

=
∞∑
d=0

∑
min{i,j,k,l}=t1,max{i,j,k,l}=t2,g1(i,j,k,l)=d

|E·|F (zizjzkzl)|.

For each d, we first bound the |E·|F (zizjzkzl)|. Without loss of generality,

we assume i ≤ j ≤ k ≤ l and |i − j| = d. Notice {ft} is independent to
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{et}, we have:

|E(zizjzkzl|F = {ft})|

= |[E
∏

t=i,j,k,l

g(xt, et)]

∣∣∣∣
{xt=ft,t=i,j,k,l}

|

= |[cov(g(xi, ei),
∏

t=j,k,l

g(xt, et))]

∣∣∣∣
{xt=ft,t=i,j,k,l}

|

≤ ρ(d)([var(g(xi, ei))]
1/2[var(g(xj, ej)g(xk, ek)g(xl, el))]

1/2)

∣∣∣∣
{xt=ft,t=i,j,k,l}

≤ ρ(d)([Eg2(xi, ei)]
1/2[Eg2(xj, ej)g

2(xk, ek)g
2(xl, el)]

1/2)

∣∣∣∣
{xt=ft,t=i,j,k,l}

≤ ρ(d)[Eg2(xi, ei)]
1/2[Eg6(xj, ej)]

1/6[Eg6(xk, ek)]
1/6[Eg6(xl, el)]

1/6

∣∣∣∣
{xt=ft,t=i,j,k,l}

≤ ρ(d)([E·|Fg
2(fi, ei)]

1/2[E·|Fg
6(fj, ej)]

1/6E·|F [g
6(fk, ek)]

1/6E·|F [g
6(fl, el)]

1/6

≤ C4
z exp(−a′3d

r′3).

Meanwhile we should notice that #{(i, j, k, l) : min{i, j, k, l} = k1,max{i, j, k, l} =

k2, g1(i, j, k, l) = d} ≤ 24(2d+ 2)2. Thus we have

|
∞∑
d=0

∑
min{i,j,k,l}=k1,max{i,j,k,l}=k2,g1(i,j,k,l)=d

E·|F (zizjzkzl)|

≤
∞∑
d=0

24(2d+ 2)2C4
z exp(−a′3d

r′3).

This is bounded by a constant only depend on Cz, a
′
3, r

′
3. Thus

|
∑

1≤k1,k2≤T

∞∑
d=0

∑
min{i,j,k,l}=k1,max{i,j,k,l}=k2,g1(i,j,k,l)=d

E·|F (zizjzkzl)|,

is bounded by T 2 multiplied by a constant, which implies E·|F (T
−1/2

∑T
t=1 zt)

4

is uniformly bounded by a constant.
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S.3 Proof of Theorem 1

Since JpBΩB⊤Jp + 1pα
⊤ + α1⊤

p = JpB⋆Ω⋆B
⊤
⋆ Jp + 1pα

⊤
⋆ + α⋆1

⊤
p , we have

JpBΩB⊤Jp − JpB⋆Ω⋆B
⊤
⋆ Jp = 1p(α⋆ − α)⊤ + (α⋆ − α)1⊤

p ,

and hence

Jp(JpBΩB⊤Jp − JpB⋆Ω⋆B
⊤
⋆ Jp)Jp = Jp(1p(α⋆ − α)⊤ + (α⋆ − α)1⊤

p )Jp.

Notice that J2
p = Jp and Jp1p = 0, we have

JpBΩB⊤Jp − JpB⋆Ω⋆B
⊤
⋆ Jp = 0p×p,

and

1p(α⋆ − α)⊤ + (α⋆ − α)1⊤
p = JpBΩB⊤Jp − JpB⋆Ω⋆B

⊤
⋆ Jp = 0p×p.

Notice that diag(1p(α⋆ − α)⊤ + (α⋆ − α)1⊤
p ) = 2(α⋆ − α) = 0p, we have

α⋆ = α.

Now we back to JpBΩB⊤Jp − JpB⋆Ω⋆B
⊤
⋆ Jp = 0p×p. It is easy to verify

that σr(JpBΩB⊤Jp) ≥ σ2
r(JpB)σr(Ω) ̸= 0. Thus

rank(JpB) = rank(JpBΩB⊤Jp) = r.

We will use this result later.

Denote span(X) = {Xa : a is a vector}. Then span(JpBΩB⊤Jp) ⊂

span(JpB). By the fact rank(JpB) = rank(JpBΩB⊤Jp), we have span(JpBΩB⊤Jp) =
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span(JpB). Similarly we have span(JpB) = span(JpBΩB⊤Jp) = span(JpB⋆Ω⋆B
⊤
⋆ Jp) =

span(JpB⋆). Thus there exists a matrix X0 such that JpBX0 = JpB⋆.

Now we prove that there exists an orthogonal matrix O⋆ such that

B = B⋆O⋆. Consider that B = (JpB, 1p)(Ir, x0)
⊤ = (JpB, 1p)W and B⋆ =

(JpB⋆,1p)(Ir, x⋆)
⊤ = (JpB, 1p)(X

⊤
0 , x⋆)

⊤ = (JpB, 1p)W⋆. We only need to

prove there exists an orthogonal matrix O⋆ such that W = W⋆O⋆. From

lemma 9, we see that we only need to prove WW⊤ = W⋆W
⊤
⋆ .

Denote G0 = (JpB, 1p). For matrix X ∈ R
p1×p2 , we denote [X]i· =

(Xi1, ..., Xip2) . We should notice that

∥JpBΩ[JpB]⊤i· ∥F = (

p∑
j=1

([JpΘAJp]ij)
2)1/2 ≤ 4(p sup

i,j
(ΘA,ij)

2)1/2 ≤ 4δ3p
1/2,

and

∥JpBΩ[JpB]⊤i· ∥2 ≥ σr(JpB)σr(Ω)∥[JpB]i·∥2 ≥ δ
−1/2
2 δ5p

1/2vp∥[JpB]i·∥2.

Thus

sup
i

∥[JpB]i·∥2 ≤ 4δ3δ
1/2
2 δ−1

5 v−1
p := K1(δ)v

−1
p .

Now we use the results presented above to prove that we can extract

about O(pv2p) of (r + 1)× (r + 1) full rank submatrices from G0. First, we

have

||G0,i·||2 ≤ ||[JpB]i·||2 + 1 ≤ (K1(δ) + sup
p∈N+

vp)v
−1
p ≤ (K1(δ) +K2)v

−1
p ,
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where K2 = supp∈N+ vp = O(1). Meanwhile, notice that

σr+1(G0) = σ
1/2
r+1(G

⊤
0 G0) = σ

1/2
r+1(

B⊤JpB 0p×1

01×p p

) ≥
√

min(δ2, 1)p.

Denote G(0) = G0, I(0) = ∅. We consider an iterative procedure: For

the k-th step, we draw I
(k) = {i(k)1 , ..., i

(k)
r+1} ⊂ {1, 2, ..., p} such that I(k) ∩⋃k−1

i=0 I
(i) = ∅ and G(k) = ([G(0)]⊤

i
(k)
1 ·

, ..., [G(0)]⊤
i
(k)
r+1·

) is full rank. We denote

G(−k) is the matrix after removing G(1), ..., G(k) from G(0). We denote Ik =⋃k
i=0 I

(i). Notice that after the k-th step, we have

σ2
r+1(G

(−k)) = σ2
r+1(G

(−k)⊤G(−k))

= λr+1(
∑

i∈{1,2,...,p}−Ik

[G(0)]⊤i· [G
(0)]i·)

= λr+1(

p∑
i=1

[G(0)]⊤i· [G
(0)]i· −

∑
i∈Ik

[G(0)]⊤i· [G
(0)]i·)

≥ λr+1(

p∑
i=1

[G(0)]⊤i· [G
(0)]i·)− λ1(

∑
i∈Ik

[G(0)]⊤i· [G
(0)]i·)

≥ λr+1(G
(0)⊤G(0))−

∑
i∈Ik

||[G(0)]i·||22

≥ min(δ−1
2 , 1)p− (r + 1)k(K1(δ) +K2)

2v−2
p ,

which implies we can repeat this procedure until k = ⌊min(δ−1
2 , 1)(r +

1)−1(K1(δ) + K2)
−2pv2p⌋ > K3(δ)pv

2
p, where K3(δ) = 2−1 min(δ−1

2 , 1)(r +

1)−1(K1(δ)+K2)
−2 for some large p. If WW⊤ ̸= W⋆W

⊤
⋆ , for all pairs of 0 <

k1, k2 ≤ ⌊K3(δ)pv
2
p⌋ + 1, k1 ̸= k2, we have G(k1)(WW⊤ − W⋆W

⊤
⋆ )G(k2)⊤ ̸=
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0(r+1)×(r+1), which implies there exists (ik1 , ik2) ∈ {i(k1)1 , ..., i
(k1)
r+1}×{i(k2)1 , ..., i

(k2)
r+1}

such that (BB⊤ − B⋆B
⊤
⋆ )ik1 ik2 ̸= 0, and then

∑
i ̸=j

1{(BB⊤−B⋆B⊤
⋆ )ij ̸=0} ≥ (max(K3(δ)pv

2
p − 1, 0))2.

Denote Ndiag(X) ∈ R
p×p, where [Ndiag(X)]ij = Xij1{i ̸=j} for X ∈ R

p×p.

Notice that ∥Σe∥0 − p = ∥Ndiag(Σe)∥0 and ∥Σe⋆∥0 − p = ∥Ndiag(Σe⋆)∥0,

we choose C(δ) = 4−1(K3(δ) − supp≥p0(p
−1v−2

p ))2 for large enough p0 such

that K3(δ)− supp≥p0(p
−1v−2

p ) > 0. Then for p ≥ p0, we have

max{∥Σe∥0, ∥Σe⋆∥0} − p ≥ 2−1∥Ndiag(Σe − Σe⋆)∥0

= 2−1∥Ndiag(BB⊤ − B⋆B
⊤
⋆ )∥0

≥ 2−1(K3(δ)pv
2
p − 1)2 ≥ 2C(δ)p2v4p.

This contradict to max{∥Σe∥0, ∥Σe⋆∥0} − p ≤ C(δ)p2v4p. Thus we have

WW⊤ = W⋆W
⊤
⋆ and BB⊤−B⋆B

⊤
⋆ = G0(WW⊤−W⋆W

⊤
⋆ )G⊤

0 = 0p×p. Thus

there exists an orthogonal matrix O⋆ ∈ Rr×r such that ||B − B⋆O⋆||F = 0

and Σe − Σe⋆ = −(BB⊤ − B⋆B
⊤
⋆ ) = 0p×p.

Finally, we consider Ω. Remind that JpBΩB⊤Jp−JpB⋆Ω⋆B
⊤
⋆ Jp = 0p×p.

We have JpB(Ω − O⋆Ω⋆O
⊤
⋆ )B

⊤Jp = 0p×p. As rank(JpB) = r, we have

JpB(Ω−O⋆Ω⋆O
⊤
⋆ )B

⊤Jp = 0p×p if and only if Ω−O⋆Ω⋆O
⊤
⋆ = 0r×r.
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S.4 Proof of Theorem 2

We divide the proof into two Parts. In Part I, we prove the consistency

result when λ ≫ min{v2εp , log−ε/(1+ε)(p)}dp,T . In Part II, we illustrate the

consistency result when λ ≪ dp,T . Finally, as min{v2εp , log−ε/(1+ε)(p)}dp,T ≪

dp,T , we directly use Lemma 7 for the desired result.

Part I: In this Part, we use three Steps to prove the desired result. In

Step I, we prove the consistency result of Σ̂e. In Step II, we bounded an

important term R = (B̂ − B0)
⊤Σ̂−1

e B̂(B̂⊤Σ̂−1
e B̂)−1 which has been used in

(Bai and Liao, 2016). In Step III, we prove the consistency result.

Step I: The main idea in this Step is to bound the pQ1(Σ̂e) − pQ1(Σe0)

and apply Lemma 3 to derive the consistency result of Σ̂e.

Consider that for any γ ∈ R
r such that σ1(JpB̂ + 1pγ

⊤) ≤
√
δ1p and

σr(JpB̂+1pγ
⊤) ≥

√
δ−1
1 p, which implies that (JpB̂+1pγ

⊤,Σe0, Ω̂, α̂) ∈ Ξδ.

We have

L(B̂, Σ̂e, Ω̂, α̂) ≤ L(JpB̂ + 1pγ
⊤,Σe0, Ω̂, α̂).

That is

pQ1(Σ̂e) + pQ2(B̂, Σ̂e) + pQ3(B̂, Σ̂e) + λT−1LA(B̂, Ω̂, α̂)

≤ pQ1(Σe0) + pQ2(JpB̂ + 1pγ
⊤,Σe0) + pQ3(JpB̂

+ 1pγ
⊤,Σe0) + λT−1LA(JpB̂ + 1pγ

⊤, Ω̂, α̂).
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It is easy to verify that

LA(JpB̂ + 1pγ
⊤, Ω̂, α̂) = LA(B̂, Ω̂, α̂).

Combined with Lemma 2 that sup(B,Σe,Ω,α)∈Ξδ
|Q3(B,Σe)| = Op(log(p)/p+√

log(p)/T ), we have

(pQ1(Σ̂e)− pQ1(Σe0)) + (pQ2(B̂, Σ̂e)− pQ2(JpB̂ + 1pγ
⊤,Σe0))

≤ pQ3(JpB̂ + 1pγ
⊤,Σe0)− pQ3(B̂, Σ̂e) + λT−1(LA(JpB̂ + 1pγ

⊤, Ω̂, α̂)

− LA(B̂, Ω̂, α̂))

≤ Op(log(p) + p

√
log(p)

T
).

(S4.3)

First, we bound the pQ2(JpB̂ + 1pγ
⊤,Σe0). Denote γ0 = B⊤

0 1p/p and

B∗ = JpB̂ + 1pγ
⊤.

pQ2(JpB̂ + 1pγ
⊤,Σe0)

= ||(Ip − Σ
−1/2
e0 B∗(B∗TΣ−1

e0 B
∗)−1B∗TΣ

−1/2
e0 )Σ

−1/2
e0 B0||2F

= min
X∈Rr×r

||Σ−1/2
e0 B0 − Σ

−1/2
e0 B∗X||2F

≤ ||Σ−1/2
e0 B0 − Σ

−1/2
e0 B∗(B̂⊤JpB̂)−1B̂⊤JpB0||2F

≤ σ1(Σ
−1
e0 )||JpB0 − JpB̂(B̂⊤JpB̂)−1B̂⊤JpB0 + 1p(γ

⊤
0 − γ⊤(B̂⊤JpB̂)−1B̂⊤JpB0)||2F

≤ 2c−1||JpB0 − JpB̂(B̂⊤JpB̂)−1B̂⊤JpB0||2F

+ 2c−1||1p(γ
⊤
0 − γ⊤(B̂⊤JpB̂)−1B̂⊤JpB0)||2F .

Set γ = (B⊤
0 JpB̂(B̂⊤JpB̂)−1)−1γ0 such that ||1p(γ

⊤
0 −γ⊤(B̂⊤JpB̂)−1B̂⊤JpB0)||2F =
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0. To choose such a γ, we need to illustrate that it is well defined. First,

we need to prove that for sufficiently large p and T , B⊤
0 JpB̂(B̂⊤JpB̂)−1 is

invertible. Notice that

B⊤
0 JpB0 = B⊤

0 JpB̂(B̂⊤JpB̂)−1B̂⊤JpB0+(B⊤
0 JpB0−B⊤

0 JpB̂(B̂⊤JpB̂)−1B̂⊤JpB0).

Now we bound B⊤
0 JpB0−B⊤

0 JpB̂(B̂⊤JpB̂)−1B̂⊤JpB0 = B⊤
0 Jp(Ip−PJpB̂

)JpB0.

First, we need to bound ||(Ip − PJpB̂
)JpB0||2F . Using the result in Lemma

5, we have

||(Ip − PJpB̂
)JpB0||2F = (Op(v

−1
p max{

√
dp,T
λ

, 1})2

≤ Op(max{v−1
p max{v−ε

p , logε/2(1+ε)(p))}, v−1
p }))2

= Op((max{v−(1+ε)
p , log1/2(p)})2)

= Op(v
−2(1+ε)
p + log(p)) = op(p).

(S4.4)

Thus, we have the term B⊤
0 JpB0−B⊤

0 JpB̂(B̂⊤JpB̂)−1B̂⊤JpB0 = B⊤
0 Jp(Ip−

PJpB̂
)JpB0 is semi-positive definite and its max eigenvalue is bounded by

tr(B⊤
0 JpB0−B⊤

0 JpB̂(B̂⊤JpB̂)−1B̂⊤JpB0) = ||(Ip−PJpB̂
)JpB0||2F = op(p) by

the result in (S4.4). Thus

σ2
r(B

⊤
0 JpB̂(B̂⊤JpB̂)−1)σ1(B̂

⊤JpB̂) ≥ σr(B
⊤
0 JpB̂(B̂⊤JpB̂)−1B̂⊤JpB0)

≥ σr(B
⊤
0 JpB0)− op(p) ≥ mp− op(p).

Thus σr(B
⊤
0 JpB̂(B̂⊤JpB̂)−1) ≥

√
m/δ2 + op(1), which implies the matrix

B⊤
0 JpB̂(B̂⊤JpB̂)−1 is invertible. Then, we need to test the upper and lower
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bound of σ1(JpB̂+1pγ
⊤) and σr(JpB̂+1pγ

⊤). We have σ1(JpB̂+1pγ
⊤) ≤

||JpB̂||2 + ||1p||2||γ0||2||(B⊤
0 JpB̂(B̂⊤JpB̂)−1)−1||2 ≤

√
δ2p +

√
C1rpδ2/m +

√
εp (ε can be replaced by any small positive number) by noticing that

p||γ0||2F = ||1pγ
⊤
0 ||2F ≤ tr(JpB0B

⊤
0 Jp) + tr(1pγ

⊤
0 γ01

⊤
p ) = ||JpB0 + 1pγ

⊤
0 ||2F ≤

C1rp. We assume δ1 is large enough. Thus σ1(JpB̂ + 1pγ
⊤) ≤

√
δ1p. For

lower bound, we have

σr(JpB̂ + 1pγ
⊤) =

√
σr((JpB̂ + 1pγ⊤)⊤(JpB̂ + 1pγ⊤))

=

√
σr(B̂⊤JpB̂ + pγγ⊤)

≥
√

σr(B̂⊤JpB̂) ≥
√
δ−1
2 p ≥

√
δ−1
1 p.

Thus we prove that γ is well defined. For the chosen γ, we have

pQ2(JpB̂ + 1pγ
⊤,Σe0) ≤ 2c−1||(Ip − PJpB̂

)JpB0||2F = Op(v
−2(1+ε)
p + log(p)).

Combined with (S4.3) and notice that pQ2(B̂, Σ̂e) ≥ 0, we have

pQ1(Σ̂e)− pQ1(Σe0) ≤ Op(log(p) + p

√
log(p)

T
+ v−2(1+ε)

p ). (S4.5)
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Using Lemma 3, we have

c4∥∆∥2F − 2ρp,TKT

−

(
Op

(√
log(p)

T

)√
p+Dp + ρp,T

√
Dp

)
∥∆∥F

≤ 1

2
ρp,T

∑
(i,j)∈JL

∣∣∣Σ̂e,ij − Σe0,ij

∣∣∣+ c4∥∆∥2F − 2ρp,TKT

−

(
Op

(√
log(p)

T

)√
p+Dp + ρp,T

√
Dp

)
∥∆∥F

≤ Op(log(p) + p

√
log(p)

T
+ v−2(1+ε)

p ).

Thus using the knowledge of quadratic function, we have:

||∆||2F = Op(ρp,TKT ) +Op(log(p) + p

√
log(p)

T
+ v−2(1+ε)

p )

+Op

((√
log(p)

T

)√
p+Dp + ρp,T

√
Dp

)2

= Op(ρp,TKT + log(p) + p

√
log(p)

T
+ v−2(1+ε)

p +
Dp log(p)

T
+ ρ2p,TDp).

Then by Assumption 3, we have Dp log(p)/T = o(p
√

log(p)/T ) as Dp ≪

p
√

T/ log(p). Denote

∆Σe =

√
(ρp,TKT + log(p) + p

√
log(p)

T
+ v

−2(1+ε)
p + ρ2p,TDp)/p.

We have ||∆||F = Op(p
1/2∆Σe). Notice that ||Σ̂e − Σe0||F is bounded by

||∆||F as σ1(Σe0) and σ1(Σ̂e) are bounded. Under Assumption 3 and 5, we

have:

||Σ̂e − Σe0||F/
√
p = Op(∆Σe) = op(1). (S4.6)
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Step II: This Step is similar to Bai and Liao (2016). We denote R =

(B̂ − B0)
⊤Σ̂−1

e B̂(B̂⊤Σ̂−1
e B̂)−1. To bound the term R, we need to bound

(Ir −R)⊤(Ir −R)− Ir and B⊤
0 Σ

−1
e0 B0 − (Ir −R)B̂⊤Σ̂−1

e B̂(Ir −R)⊤.

First, we bound B⊤
0 Σ

−1
e0 B0 − (Ir −R)B̂⊤Σ̂−1

e B̂(Ir −R)⊤, we have:

B⊤
0 Σ

−1
e0 B0 − (Ir −R)B̂⊤Σ̂−1

e B̂(Ir −R)⊤

= B⊤
0 Σ

−1
e0 B0 − B⊤

0 Σ̂
−1
e B̂(B̂⊤Σ̂−1

e B̂)−1B̂⊤Σ̂−1
e B0

= B⊤
0 (Σ

−1
e0 − Σ̂−1

e )B0 +B⊤
0 Σ̂

−1
e B0 − B⊤

0 Σ̂
−1
e B̂(B̂⊤Σ̂−1

e B̂)−1B̂⊤Σ̂−1
e B0

= Op(pQ2(B̂, Σ̂e)) + B⊤
0 (Σ

−1
e0 − Σ̂−1

e )B0.

The third equality can be obtained by noticing that the matrix B⊤
0 Σ̂

−1
e B0−

B⊤
0 Σ̂

−1
e B̂(B̂⊤Σ̂−1

e B̂)−1B̂⊤Σ̂−1
e B0 is semi-positive definite and hence its spec-

tral norm is bounded by its trace. The term B⊤
0 (Σ

−1
e0 − Σ̂−1

e )B0 = op(p) by

Lemma 4. Thus we only need to bound pQ2(B̂, Σ̂e). Remind (S4.3), we

have

pQ2(B̂, Σ̂e)

≤ Op(log(p) + p

√
log(p)

T
)− (pQ1(Σ̂e)− pQ1(Σe0)) + pQ2(JB̂ + 1pγ

⊤,Σe0).

≤ Op(log(p) + p

√
log(p)

T
+ ρp,TKT +

(p+Dp) log(p)

T
+ ρ2p,TDp + v−2(1+ε)

p )

= op(p).
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The second inequality above can be directly obtained from Lemma 3 that

(pQ1(Σ̂e)− pQ1(Σe0))

≥ c4∥∆∥2F −

(
Op

(√
log(p)

T

)√
p+Dp + ρp,T

√
Dp

)
∥∆∥F − 2ρp,TKT .

≥ Op(
(p+Dp) log(p)

T
+ ρ2p,TDp)− 2ρp,TKT .

Thus we have:

B⊤
0 Σ

−1
e0 B0 − (Ir −R)B̂⊤Σ̂−1

e B̂(Ir −R)⊤ = op(p).

Now we bound the (Ir−R)⊤(Ir−R)−Ir. To bound this term, we need

the first order condition. For given (JpB̂, 1p), we denote

B̂ = (JpB̂, 1p)Ŵ := (JpB̂, 1p)

 Ir

1⊤
p B̂/p

 .

Then we have:

(Ŵ , Σ̂e, Ω̂, α̂)

= argmin{(W,Σe,Ω,α):((JpB̂,1p)W,Σe,Ω,α)∈Ξδ}[LY ((JpB̂, 1p)W,Σe)

+ LA((JpB̂, 1p)W,Ω, α) + PT (Σe)].

Denote

Ξδ,1 = {(W,Σe,Ω, α) : δ
−1/2
1 ≤ σr((JpB̂, 1p)W/

√
p) ≤ σr((JpB̂, 1p)W/

√
p) ≤ δ

1/2
1 ,

δ
−1/2
2 ≤ σr((JpB̂, 0p)W/

√
p) ≤ σr((JpB̂, 0p)W/

√
p) ≤ δ

1/2
2 ,

max
i,j

|(JpB̂ΩB̂TJp + 1pα
⊤ + α1⊤

p )ij| ≤ δ3,

and max{||Σe||1, ||Σ−1
e ||1, ||Σe||2, ||Σ−1

e ||2} ≤ δ4}.
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It is easy to verify that

(Ŵ , Σ̂e, (Ŵ Ω̂Ŵ⊤)[1:r,1:r], α̂) = argmin{(W,Σe,Ω1,α)∈Ξδ,1} L1(W,Σe,Ω1, α)

:= argmin{(W,Σe,Ω1,α)∈Ξδ,1}[LY ((JpB̂, 1p)W,Σe)

+ LA(JpB̂,Ω1, α) + PT (Σe)],

where X[1:r,1:r] ∈ Rr×r and (X[1:r,1:r])ij = Xij, for matrix X ∈ R(r+k1)×(r+k2),

k1, k2 ∈ N. Thus, we have:

∂L1/∂W

∣∣∣∣
Ŵ ,Σ̂e,(Ŵ Ω̂Ŵ⊤)[1:r,1:r],α̂

= ∂LY ((JpB̂, 1p)W,Σe)/∂W

∣∣∣∣
W=Ŵ ,Σe=Σ̂e

= 0(r+1)×r.

By noticing that (JpB̂, 1p)Ŵ = B̂, we have:

∂L1/∂W

∣∣∣∣
Ŵ ,Σ̂e,(Ŵ Ω̂Ŵ⊤)[1:r,1:r],α̂

= (JpB̂, 1p)
⊤(B̂B̂⊤ + Σ̂e)

−1(B̂B̂⊤ + Σ̂e − Sy)(B̂B̂⊤ + Σ̂e)
−1B̂ = 0(r+1)×r.

(S4.7)

Then we have

B̂⊤(B̂B̂⊤ + Σ̂e)
−1(B̂B̂⊤ + Σ̂e − Sy)(B̂B̂⊤ + Σ̂e)

−1B̂ = 0r×r.

Using the Sherman–Morrison–Woodbury formula we have

B̂⊤(B̂B̂⊤ + Σ̂e)
−1

= B̂⊤(Σ̂−1
e − Σ̂−1

e B̂(Ir + B̂⊤Σ̂−1
e B̂)−1B̂⊤Σ̂−1

e )

= (Ir − B̂⊤Σ̂−1
e B̂(Ir + B̂⊤Σ̂−1

e B̂)−1)B̂⊤Σ̂−1
e

= ((Ir + B̂⊤Σ̂−1
e B̂)(Ir +B⊤Σ̂−1

e B̂)−1 − B̂⊤Σ̂−1
e B̂(Ir + B̂⊤Σ̂−1

e B̂)−1)B̂⊤Σ̂−1
e

= (Ir + B̂⊤Σ̂−1
e B̂)−1B̂⊤Σ̂−1

e .
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Thus we have

(Ir + B̂⊤Σ̂−1
e B̂)−1B̂⊤Σ̂−1

e (B̂B̂⊤ + Σ̂e − Sy)Σ̂
−1
e B̂(Ir + B̂⊤Σ̂−1

e B̂)−1 = 0r×r.

Then we multiply both sides of the above equation by Ir + B̂⊤Σ̂−1
e B̂ and

H to obtain

HB̂⊤Σ̂−1
e (B̂B̂⊤ + Σ̂e − Sy)Σ̂

−1
e B̂H = 0r×r,

where H = (B̂⊤Σ̂−1
e B̂)−1. We first point out that ||H||2 = Op(p

−1) and

||H||F ≤
√
r||H||2 = Op(p

−1), which are easy to verify.

Under identification condition T−1FF⊤ = Ir and T−1
∑T

t=1 ft = 0. We

expand the Sy to obtain

−HB̂⊤Σ̂−1
e (B̂B̂⊤ + Σ̂e − Sy)Σ̂

−1
e B̂H

= −HB̂⊤Σ̂−1
e (B̂B̂⊤ + Σ̂e − Se + ēē⊤ − B0B

⊤
0 − B0FE⊤/T − EF⊤B⊤

0 /T )Σ̂
−1
e B̂H

= HB̂⊤Σ̂−1
e (Se − ēē⊤ − Σ̂e)Σ̂

−1
e B̂H + (Ir −R)⊤(Ir −R)

+ (Ir −R)⊤FE⊤Σ̂−1
e B̂H/T +HB̂⊤Σ̂−1

e EF (Ir −R)/T − Ir = 0r×r,

where ē =
∑T

t=1 et/T . Similar to the argument in Bai and Liao (2016)

in Lemma A.5, we have (Ir − R)⊤(Ir − R) − Ir = op(1). Combine (Ir −

R)⊤(Ir−R)−Ir = op(1) with B⊤
0 Σ

−1
e0 B0−(Ir−R)B̂⊤Σ̂−1

e B̂(Ir−R)⊤ = op(p)

where the eigenvalues of B⊤
0 Σ

−1
e0 B0 are distinct. We directly use Lemma 8

to obtain that R = op(1), which is similar to (Bai and Liao, 2016).
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Step III: Finally we use R to bound the ||B̂ − B0||F :

Q2(B̂, Σ̂e) + tr(
1

p
RB̂⊤Σ̂−1

e B̂R⊤)

= p−1tr(B⊤
0 Σ̂

−1
e B0 − B⊤

0 Σ̂
−1
e B̂(B̂⊤Σ̂−1

e B̂)−1B̂⊤Σ̂−1
e B0)

+ p−1tr((B̂ − B0)
⊤Σ̂−1

e B̂(B̂⊤Σ̂−1
e B̂)−1B̂⊤Σ̂−1

e (B̂ − B0))

= p−1[tr(B⊤
0 Σ̂

−1
e B0 − B⊤

0 Σ̂
−1
e B̂(B̂⊤Σ̂−1

e B̂)−1B̂⊤Σ̂−1
e B0)

+ tr(B̂⊤Σ̂−1
e B̂ − B⊤

0 Σ̂
−1
e B̂ − B̂⊤Σ̂−1

e B0) + tr(B⊤
0 Σ̂

−1
e B̂(B̂⊤Σ̂−1

e B̂)−1B̂⊤Σ̂−1
e B0)]

= p−1tr(B̂⊤Σ̂−1
e B̂ − B⊤

0 Σ̂
−1
e B̂ − B̂⊤Σ̂−1

e B0 +B⊤
0 Σ̂

−1
e B0)

= tr{1
p
(B̂ − B0)

⊤Σ̂−1
e (B̂ − B0)}.

Thus, we have

1

p
σmin(Σ̂

−1
e )||B̂ − B0||2F ≤ tr{1

p
(B̂ − B0)

⊤Σ̂−1
e (B̂ − B0)}

= Q2(B̂, Σ̂e) + tr(
1

p
RB̂⊤Σ̂−1

e B̂R⊤)

≤ Q2(B̂, Σ̂e) +
1

p
||R||2F ||B̂⊤Σ̂−1

e B̂||2 = op(1).

As σmin(Σ̂
−1
e ) is bounded away from 0, we have p−1||B̂−B0||2F = op(1).

Hence minOO⊤=O⊤O=Ir p
−1||B̂O − B0||2F ≤ p−1||B̂ − B0||2F = op(1).
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Then we consider 1

pT
||B̂F̂ − B0F ||2F . Notice that

1

pT
||B̂F̂ − B0F ||2F =

1

pT
||B̂F̂ − B̂F + B̂F − B0F ||2F

≤ 2

pT
||B̂(F̂ − F )||2F +

2

pT
||(B̂ − B0)F ||2F

≤ 2

pT
||B̂||2F ||F̂ − F ||2F +

2

pT
||F ||2F ||B̂ − B0||2F .

.

We have ||B̂||2F ≤ r||B̂||22 ≤ rδ1p = Op(p) and 1

T
||F ||2F =

1

T
tr(FF⊤) =

tr(Ir) = Op(1).

We have already proved that ||B̂ − B0||2F = op(p). Now we consider

||F̂ −F ||2F . using the result in Bai and Liao (2016) that f̂t − ft = −R⊤ft +

(B̂⊤Σ̂−1
e B̂)−1B̂⊤Σ̂−1

e (et − ē), we have:

1

T
||F̂ − F ||2F =

1

T

T∑
t=1

|| − R⊤ft + (B̂⊤Σ̂−1
e B̂)−1B̂⊤Σ̂−1

e (et − ē)||2F

≤ 2

T

T∑
t=1

(||R⊤ft||22 + ||(B̂⊤Σ̂−1
e B̂)−1B̂⊤Σ̂−1

e (et − ē)||2F ) = A1 +A2.

The term A1 ≤ 2||R||22
1

T

T∑
t=1

||ft||22 = op(1). Now we consider the term
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A2 , as JT is a projection matrix:

A2 = 2T−1||(B̂⊤Σ̂−1
e B̂)−1B̂⊤Σ̂−1

e EJT ||2F

≤ 2T−1||(B̂⊤Σ̂−1
e B̂)−1B̂⊤Σ̂−1

e E||2F

≤ 2T−1||(B̂⊤Σ̂−1
e B̂)−1||2F ||B̂⊤Σ̂−1

e E||2F

≤ Op((p
2T )−1)(||(B̂⊤Σ̂−1

e − B⊤
0 Σ

−1
e0 )E||2F + ||B⊤

0 Σ
−1
e0 E||2F )

= Op((p
2T )−1)(A21 +A22).

Notice that

EA22 = Etr(B⊤
0 Σ

−1
e0 EE⊤Σ−1

e0 B0)

= tr(Σ−1
e0 B0B

⊤
0 Σ

−1
e0 EEE⊤)

≤ ||EEE⊤||2
√

rank(Σ−1
e0 B0B⊤

0 Σ
−1
e0 )||Σ−1

e0 B0B
⊤
0 Σ

−1
e0 ||F

≤ rT ||Σe0||2||Σ−1
e0 B0B

⊤
0 Σ

−1
e0 ||2 = O(pT ).

We have A22 = Op(pT ). Then consider that

A21 ≤ 2||(B̂⊤ − B⊤
0 )Σ̂

−1
e E||2F + 2||B⊤

0 (Σ̂
−1
e − Σ−1

e0 )E||2F = A211 +A212.

Notice that E||E||2F =
∑

i≤p,t≤T E(e2it) = O(pT ) and ||B̂ − B0||2F = op(p)

, we have A211 ≤ Op(||B̂ − B0||2F ||E||2F ) = op(p
2T ). Now we turn to A212.

Notice that

A212 = Op(||B⊤
0 (Σ̂

−1
e − Σ−1

e0 )E||22),

as B⊤
0 (Σ̂

−1
e − Σ−1

e0 )E is a low rank matrix. Thus we only need to bound
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||B⊤
0 (Σ̂

−1
e − Σ−1

e0 )E||2. Notice that

B⊤
0 (Σ̂

−1
e − Σ−1

e0 )E = B⊤
0 Σ̂

−1
e (Σe0 − Σ̂e)Σ

−1
e0 E .

Remind ui is the ith column of B⊤
0 Σ̂

−1
e and denote wi is the ith row vector

of Σ−1
e0 E . We directly use Lemma 1 to obtain that maxi≤p |T−1

∑T
t=1 e

2
it| =

Op(1+
√
log(p)/T ) = Op(1). Notice that ||Σ−1

e0 ||1 and ||Σ̂−1
e ||1 are uniformly

bounded, we have maxi≤p ||wi||22 = Op(T ). Then we have:

||B⊤
0 (Σ̂

−1
e − Σ−1

e0 )E||2

≤
∑
i,j

|Σ̂e,ij − Σe0,ij|||ui||2||wj||2

≤ max
i≤p

||ui||2 max
i≤p

||wi||2(
∑
JL

|Σ̂e,ij − Σe0,ij|+
∑
JU

|Σ̂e,ij − Σe0,ij|)

= op(p
√
T ),

where we can directly obtain that
∑

JL
|Σ̂e,ij−Σe0,ij|+

∑
JU

|Σ̂e,ij−Σe0,ij| =

op(p) in the proof of Lemma 4. Thus we have a2 = op(p
2T ). Thus

A2 =Op((p
2T )−1)(A21 +A22) = Op((p

2T )−1)(op(p
2T ) +Op(pT )) = op(1).

Hence we have minOO⊤=O⊤O=Ir T
−1||OF̂ − F ||2F ≤ T−1||F̂ − F ||2F = A1 +

A2 = op(1) and (pT )−1||B̂F̂ − B0F ||2F = op(1).

Part II: Now consider λ ≪ dp,T , we have:

L(B̂, Σ̂e, Ω̂, α̂) ≤ L(B0,Σe0,Ω0, α0).
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Thus

Q1(Σ̂e) +Q2(B̂, Σ̂e) +Q3(B̂, Σ̂e) +
λ

pT
LA(B̂, Ω̂, α̂)

≤ Q1(Σe0) +Q2(B0,Σe0) +Q3(B0,Σe0) +
λ

pT
LA(B0,Ω0, α0).

Using Lemma 6, we have:

sup
(B,Σe,Ω,α)∈Ξδ

(
λ

pT
LA(B,Ω, α)− λ

pT
LA(B0,Ω0, α0))

− ≪ max(
log(p)

p
,

√
log(p)

T
).

Thus

Q1(Σ̂e)−Q1(Σe0) +Q2(B̂, Σ̂e)

≤ −(
λ

pT
LA(B̂, Ω̂, α̂)− λ

pT
LA(B0,Ω0, α0)) + Op(

log(p)

p
+

√
log(p)

T
)

≤ sup
(B,Σe,Ω,α)∈Ξδ

(
λ

pT
LA(B,Ω, α)− λ

pT
LA(B0,Ω0, α0))

− +Op(
log(p)

p
+

√
log(p)

T
).

Q1(Σ̂e)−Q1(Σe0) +Q2(B̂, Σ̂e) ≤ Op(
log(p)

p
+

√
log(p)

T
).

This means that the effect of LA can be absorbed into Op(
log(p)

p
+√

log(p)

T
). Meanwhile, notice that HB̂⊤Σ̂−1

e (B̂B̂⊤ + Σ̂e − Sy)Σ̂
−1
e B̂H = 0

is still true. Thus we can totally imitate the proof in Bai and Liao (2016)

to obtain the same convergence result. We don’t repeat this procedure. We

should point out that when σr(Ω0) = 0, this convergence result still holds

for λ ≪ dp,T , as the result in Lemma 6 holds.

By the Lemma 7, notice that min{v2εp , log−ε/(1+ε)(p)}dp,T ≪ dp,T . We

directly obtain the consistency results for these estimators for any nonran-
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dom positive λ < +∞ which may vary as p, T changing.

S.5 Proof of Theorem 3 and Theorem S.1

We denote B1 = (JpB̂, 1p) and B2 = Σ̂
−1/2
e B1. Consider minOO⊤=O⊤O=Ir ||B̂O−

B0||F , which has the convergence rate same to minOO⊤=O⊤O=Ir ||Σ̂
−1/2
e B̂O−

Σ̂
−1/2
e B0||F . The latter can be controlled by the following sum of two parts:

||Σ̂−1/2
e B̂O − PB2Σ̂

−1/2
e B0||F + ||PB2Σ̂

−1/2
e B0 − Σ̂−1/2

e B0||F .

We divide the proof into three Steps. In Step I, we use Lemma 5 to bound

the second term. In Step II, we use the first order condition to bound the

first term. In Step III, we use minOO⊤=O⊤O=Ir ||B̂O − B0|| to bound the

||ΣY − ΣY 0||ΣY 0
. Then we detail the proof:

Step I: We bound the term ||PB2Σ̂
−1/2
e B0 − Σ̂

−1/2
e B0||F . Using Lemma 5,
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we have:

||PB2Σ̂
−1/2
e B0 − Σ̂−1/2

e B0||F = min
X

||Σ̂−1/2
e B0 − Σ̂−1/2

e B1X||F

≤ σmax(Σ̂
−1/2
e )min

X
||B0 − B1X||F

≤ δ
1/2
4 ||(Ip − PB1)B0||F

= δ
1/2
4 ||(Ip − PB1)JpB0||F

= δ
1/2
4 ||(Ip − PJpB̂

− P(Ip−P
JpB̂

)1p)JpB0||F

= δ
1/2
4 ||(Ip − PJpB̂

)JpB0||F = Op(v
−1
p ).

(S5.8)

Now we explain some equality in (S5.8). Notice that PB11p = 1p , we have

(Ip − PB1)B0 = (Ip − PB1)JpB0 + (Ip − PB1)(1p1
⊤
p /p)B0 = (Ip − PB1)JpB0.

Thus δ1/24 ||(Ip−PB1)B0||F = δ
1/2
4 ||(Ip−PB1)JpB0||F . Meanwhile notice that

(Ip − PJpB̂
)1p = 1p and P1pJpB̂ = 0p×r, which can be easily conducted by

Jp1p = 0p, we have δ
1/2
4 ||(Ip − PJpB̂

− P(Ip−P
JpB̂

)1p)JpB0||F = δ
1/2
4 ||(Ip −

PJpB̂
)JpB0||F .

Step II: We consider the term ||Σ̂−1/2
e B̂O−PB2Σ̂

−1/2
e B0||F . To bound this

term, we need to bound ||Σ̂−1/2
e B̂B̂⊤Σ̂

−1/2
e −PB2Σ̂

−1/2
e B0B

⊤
0 Σ̂

−1/2
e PB2 ||F such
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that we can directly use Lemma 9. We have:

||Σ̂−1/2
e B̂B̂⊤Σ̂−1/2

e − PB2Σ̂
−1/2
e B0B

⊤
0 Σ̂

−1/2
e PB2 ||F − ||PB2 ||F

− 2||PB2Σ̂
−1/2
e T−1B0FE⊤Σ̂−1/2

e PB2 ||F − ||PB2Σ̂
−1/2
e T−1EJTE⊤Σ̂−1/2

e PB2 ||F

= ||Σ̂−1/2
e B̂B̂⊤Σ̂−1/2

e − PB2Σ̂
−1/2
e B0B

⊤
0 Σ̂

−1/2
e PB2 ||F −R1 −R2 −R3

≤ ||Σ̂−1/2
e B̂B̂⊤Σ̂−1/2

e + PB2Σ̂
−1/2
e (Σ̂e − Sy)Σ̂

−1/2
e PB2 ||F .

First, we bound ||Σ̂−1/2
e B̂B̂⊤Σ̂

−1/2
e + PB2Σ̂

−1/2
e (Σ̂e − Sy)Σ̂

−1/2
e PB2 ||F . To

bound this term, we need the first order condition:

(JpB̂, 1p)
⊤(B̂B̂⊤ + Σ̂e)

−1(B̂B̂⊤ + Σ̂e − Sy)(B̂B̂⊤ + Σ̂e)
−1B̂ = 0(r+1)×r.

Using the Sherman–Morrison–Woodbury formula we have (JpB̂, 1p)
⊤(Σ̂−1

e +

Σ̂−1
e B̂(Ir + B̂⊤Σ̂−1

e B̂)−1B̂⊤Σ̂−1
e )(B̂B̂⊤ + Σ̂e − Sy)Σ̂

−1
e B̂(Ir + B̂⊤Σ̂−1

e B̂)−1 =

0(r+1)×r. Notice that

B̂⊤Σ̂−1
e (B̂B̂⊤ + Σ̂e − Sy)Σ̂

−1
e B̂ = 0r×r,

after a simple calculation, we have:

(JpB̂, 1p)
⊤Σ̂−1

e (B̂B̂⊤ + Σ̂e − Sy)Σ̂
−1
e B̂ = 0(r+1)×r.

That is

B⊤
2 Σ̂

−1/2
e (B̂B̂⊤ + Σ̂e − Sy)Σ̂

−1
e B̂ = 0(r+1)×r.

Remind that Σ̂
−1/2
e B̂ = Σ̂

−1/2
e B1Ŵ = B2Ŵ , we have

B⊤
2 PB2(B2ŴŴ⊤B⊤

2 + Σ̂−1/2
e (Σ̂e − Sy)Σ̂

−1/2
e )PB2B2Ŵ = 0(r+1)×r.
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Denote U = (B⊤
2 B2)

1/2Ŵ and C = (B⊤
2 B2)

−1/2B⊤
2 Σ̂

−1/2
e (Sy−Σ̂e)Σ̂

−1/2
e B2(B

⊤
2 B2)

−1/2,

we obtain that

UU⊤U − CU = 0(r+1)×r. (S5.9)

To build the connection between B̂B̂⊤ and UU⊤. We first verify that

(B⊤
2 B2)

1/2X(B⊤
2 B2)

1/2 share the same r+1 eigenvalues with B2XB⊤
2 for any

symmetric matrix X ∈ R(r+1)×(r+1). Assume B2 = Qp×pΛp×(r+1)V(r+1)×(r+1)

is SVD decomposition. Then

(B⊤
2 B2)

1/2X(B⊤
2 B2)

1/2 = V ⊤(Λ⊤Λ)1/2V XV ⊤(Λ⊤Λ)1/2V,

and

B2XB⊤
2 = Q⊤ΛV XV ⊤ΛQ = Q⊤

(Λ⊤Λ)1/2V XV ⊤(Λ⊤Λ)1/2 0(r+1)×(p−r−1)

0⊤
(r+1)×(p−r−1) 0(p−r−1)×(p−r−1)

Q.

Notice that V and Q are orthogonal. It is easy to verify they share same

r + 1 eigenvalues and the rest eigenvalues of B⊤
2 XB2 are all 0.

Assume U = Q∗
1,(r+1)×rΛ

∗
1,r×rV

∗
1,r×r is SVD decomposition. Notice that

Λ∗
1,ii ̸= 0 as rank(U) = r. Using result in (S5.9), We have Q∗

1Λ
∗2
1 − CQ∗

1 =

0(r+1)×r, which implies Λ∗2
1,ii is the kith eigenvalue of C and Q∗

1,·i is the eigen-

vector. Thus UU⊤ = Q∗Λ∗2Q∗⊤ =
∑r

i=1 σki(C)uki(C)u⊤
ki
(C) where ui(C) is

the i-th eigenvector and k1, . . . , kr are distinct value from {1, 2, . . . , r + 1}.

Now we show that maxi{ki} = r. By Lemma 1, we have:

||EE⊤/T ||F ≤ ||EE⊤/T − Σe0||F + ||Σe0||F = Op(
√
p+ p

√
log(p)/T ).
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We should notice that σr(UU⊤) = σr(B̂B̂⊤) ≥ δ−1
1 p . Now we consider

σr+1(C). We have σr+1(C) = σr+1(PB2Σ̂
−1/2
e (Sy − Σ̂e)Σ̂

−1/2
e PB2) ≤ 1 +

σr+1(PB2Σ̂
−1/2
e SyΣ̂

−1/2
e PB2), which can be directly obtained by the fact C =

(B⊤
2 B2)

1/2(B⊤
2 B2)

−1B⊤
2 Σ̂

−1/2
e (Sy−Σ̂e)Σ̂

−1/2
e B2(B

⊤
2 B2)

−1(B⊤
2 B2)

1/2 and PB2Σ̂
−1/2
e (Sy−

Σ̂e)Σ̂
−1/2
e PB2 = B2(B

⊤
2 B2)

−1B⊤
2 Σ̂

−1/2
e (Sy − Σ̂e)Σ̂

−1/2
e B2(B

⊤
2 B2)

−1B⊤
2 . Now

we consider σr+1(PB2Σ̂
−1/2
e SyΣ̂

−1/2
e PB2). Notice that

Sy = (B0F + E)JT (B0F + E)⊤/T.

Thus

σr+1(PB2SyPB2) = σ2
r+1(PB2Σ̂

−1/2
e (B0F + E)JT/

√
T )

≤ σ2
r+1(PB2Σ̂

−1/2
e (B0F + E)/

√
T )σ2

1(JT )

= σ2
r+1(PB2Σ̂

−1/2
e (B0F + E)/

√
T )

≤ σ2
1(PB2Σ̂

−1/2
e E/

√
T )

≤ ||PB2Σ̂
−1/2
e EE⊤Σ̂−1/2

e PB2 ||F/T

= Op(
√
p+ p

√
log(p)/T ).

The forth inequality can be directly obtained by Weyl’s inequality. Thus for

log(p) ≪ T , we have σr(UU⊤) ≫ σr+1(C). And thus we have UU⊤ − C =

σr+1(C)ur+1(C)u⊤
r+1(C).
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We have:

||Σ̂−1/2
e B̂B̂⊤Σ̂−1/2

e + PB2Σ̂
−1/2
e (Σ̂e − Sy)Σ̂

−1/2
e PB2 ||F

=

√√√√ r+1∑
i=1

σ2
i (Σ̂

−1/2
e B̂B̂⊤Σ̂

−1/2
e + PB2Σ̂

−1/2
e (Σ̂e − Sy)Σ̂

−1/2
e PB2)

=

√√√√ r+1∑
i=1

σ2
i (UU⊤ − C) = ||UU⊤ − C||F ≤ ||PB2Σ̂

−1/2
e EE⊤Σ̂−1/2

e PB2 ||F/T + 1.

The second equality is obtained by the fact that Σ̂−1/2
e B̂B̂⊤Σ̂

−1/2
e +PB2Σ̂

−1/2
e (Σ̂e−

Sy)Σ̂
−1/2
e PB2 = B2(ŴŴ⊤−(B⊤

2 B2)
−1B⊤

2 Σ̂
−1/2
e (Σ̂e−Sy)Σ̂

−1/2
e B2(B

⊤
2 B2)

−1)B⊤
2

share the same first r+1 eigenvalues with UU⊤−C = (B⊤
2 B2)

1/2(ŴŴ⊤−

(B⊤
2 B2)

−1B⊤
2 Σ̂

−1/2
e (Σ̂e − Sy)Σ̂

−1/2
e B2(B

⊤
2 B2)

−1)(B⊤
2 B2)

1/2.

Then we have:

∆B := ||Σ̂−1/2
e B̂B̂⊤Σ̂−1/2

e − PB2Σ̂
−1/2
e B0B

⊤
0 Σ̂

−1/2
e PB2 ||F

= Op(R1 +R2 +R3 + ||Σ̂−1/2
e B̂B̂⊤Σ̂−1/2

e + PB2Σ̂
−1/2
e (Σ̂e − Sy)Σ̂

−1/2
e PB2 ||F )

= Op(||PB2Σ̂
−1/2
e T−1EE⊤Σ̂−1/2

e PB2 ||F + ||PB2Σ̂
−1/2
e B0FE⊤Σ̂−1/2

e PB2 ||F + 1)

= Op(H1 +H2 + 1).

(S5.10)

To obtain the desired result, we need to give a more accurate rate of H1

and H2. We first consider PB2 . It is easy to verify that σmax(B2) ≍ p1/2

and σmin(B2) ≍ p1/2. Thus

PB2Σ̂
−1/2
e = B2(B

⊤
2 B2)

−1B⊤
2 Σ̂

−1/2
e = Op(1/

√
p)

(X⊤
1 )

−1 0

0 1

 (JpB̂X1,1p)
⊤Σ̂−1

e ,
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where X1 = O2Λ
−1/2
2 O3Λ

1/2
1 O⊤

1 and notations Λ1, Λ2, O1, O2 and O3 from

the proof of Lemma 5. Thus σr(X1) ≥ σr(Λ
1/2
1 )σr(Λ

−1/2
2 ) ≥ (m/δ2)

1/2,

which implies X−1
1 = Op(1). Then we have

PB2Σ̂
−1/2
e = Op(1/

√
p)(JpB̂X1 − JpB0,0p)Σ̂

−1
e +Op(1/

√
p)(JpB0,1p)

⊤(Σ̂−1
e − Σ−1

e0 )

+Op(1/
√
p)(JpB0,1p)

⊤Σ−1
e0 = M1 +M2 +M3.

(S5.11)

Thus, we can easily write

H1 = ||(M1 +M2 +M3)EE⊤(M1 +M2 +M3)
⊤/T ||F

≤ ||Σ̂−1/2
e ||2||M1 +M2||2||EE⊤/T ||F + ||M3EE⊤(M1 +M2 +M3)

⊤/T ||F

≤ (||Σ̂−1/2
e ||2 + ||M3||2)(||M1||2 + ||M2||2)||EE⊤/T ||F + ||M3E/

√
T ||2F ,

and

H2 ≤ ||Σ̂−1/2
e ||2||B0FE⊤(M1 +M2 +M3)

⊤/T ||F

≤ ||Σ̂−1/2
e ||2(||M1||2 + ||M2||2)||B0FE⊤/T ||F + ||Σ̂−1/2

e ||2||B0FE⊤M⊤
3 /T ||F

≤ ||Σ̂−1/2
e ||2((||M1||2 + ||M2||2)||B0FE⊤/T ||F + ||B0||F ||F ||F ||M3E||F/T ).

To bound H1 and H2, we need to bound ||M1||2, ||M2||2, ||M3||2 and

||M3E/
√
T ||F .

Using Lemma 5, when λ ≫ dp,T , we have

σ1(M1) ≤ Op(1/
√
p)σ1(Λ

1/2
1 )||JpB0O1Λ

−1/2
1 −JpB̂O2Λ

−1/2
2 O3||F = Op(v

−1
p /

√
p).

As we assume the 2-norms of row vectors of B0 are uniformly bounded

by a constant, it is easy to verify the norms of (JpB0,1p)’s row vectors are
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also uniformly bounded by a constant. Thus

σ1(M2) ≤ Op(p
−1/2)

√
||(JpB0,1p)⊤(Σ̂−1

e − Σ−1
e0 )

2(JpB0,1p)||2.

We have:

(JpB0,1p)
⊤(Σ̂−1

e −Σ−1
e0 )

2(JpB0,1p) = (JpB0,1p)
⊤Σ−1

e0 (Σe0−Σ̂e)Σ̂
−1
e (Σ̂−1

e −Σ−1
e0 )(JpB0,1p).

Denote (JpB0,1p)
⊤Σ−1

e0 = (h1, ..., hp) and (JpB0,1p)
⊤(Σ̂−1

e − Σ−1
e0 )Σ̂

−1
e =

(l1, ..., lp). Notice that ||Σ̂−1
e − Σ−1

e0 ||1 ≤ ||Σ̂−1
e ||1 + ||Σ−1

e0 ||1 is bounded by

a constant. We have supi≤p ||hi||2 = O(1) and supi≤p ||li||2 = Op(1). By

Lemma 4, we have
∑

i,j |∆1,ij| = Op(pθp,T ). Thus

||(JpB0,1p)
⊤(Σ̂−1

e − Σ−1
e0 )

2(JpB0,1p)||2 ≤
∑
i,j

|∆1,ij|||li||2||hj||2

≤ sup
i≤p

||li||2 sup
j≤p

||hj||2
∑
i,j

|∆1,ij|

= Op(pθp,T ).

Thus we have ||M2||2 = Op(
√
θp,T ).

Finally, we consider the ||M3E/
√
T ||F . We have:

||M3E/
√
T ||F ≤ r1/2||M3E/

√
T ||2 = Op(p

−1/2||(JpB0,1p)
⊤Σ−1

e0 E/
√
T ||F ).
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Now, we bound ||(JpB0,1p)
⊤Σ−1

e0 E/
√
T ||F . We should notice that

E||(JpB0,1p)
⊤Σ−1

e0 E/
√
T ||2F

= E(tr((JpB0,1p)
⊤Σ−1

e0 T
−1EE⊤Σ−1

e0 (JpB0,1p)))

= tr[(JpB0,1p)
⊤Σ−1

e0 T
−1E(EE⊤)Σ−1

e0 (JpB0,1p)]

= tr(Σ−1
e0 (JpB0,1p)(JpB0,1p)

⊤Σ−1
e0 Σe0)

≤ ||Σe0||2
√
r + 1||Σ−1

e0 (JpB0,1p)(JpB0,1p)
⊤Σ−1

e0 ||F

≤ ||Σe0||2
√
r + 1||Σ−1

e0 ||22||(JpB0,1p)||2F = O(p).

Thus

||(JpB0,1p)
⊤Σ−1

e0 E/
√
T ||F = Op(

√
p),

and hence

||M3E/
√
T ||F = Op(1).

Now we back to H1 and H2. It is easy to verify that ||M3||2 = Op(1).

Then we have:

H1 ≤ (||Σ̂−1/2
e ||2 + ||M3||2)(||M1||2 + ||M2||2)||T−1EE⊤||F + ||M3E/

√
T ||2F

≤ Op(v
−1
p /

√
p+

√
θp,T )||T−1EE⊤||F +Op(1)

= Op((v
−1
p /

√
p+

√
θp,T )(p

√
log(p)/T +

√
p)) + Op(1),
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and
H2 ≤ ||Σ̂−1/2

e ||2(||M1||2 + ||M2||2)||T−1B0FE⊤||F

+ ||Σ̂−1/2
e ||2||B0||F ||T−1/2F ||F ||M3E/

√
T ||F

≤ Op(v
−1
p /

√
p+

√
θp,T )||T−1B0FE⊤||F +Op(

√
p)

= Op((v
−1
p /

√
p+

√
θp,T )p

√
log(p)/T ) +Op(

√
p).

It is easy to verify v−1
p /

√
p ≪

√
θp,T ≪ 1. Thus

∆B = Op(H1 +H2 + 1) = Op(p
√
θp,T log(p)/T +

√
p).

Now we bound the term minOO⊤=O⊤O=Ir ||Σ̂
−1/2
e B̂O − PB2Σ̂

−1/2
e B0||. We

directly use Lemma 9 to obtain that

p−1 min
OO⊤=O⊤O=Ir

||Σ̂−1/2
e B̂O − PB2Σ̂

−1/2
e B0||2F

= Op(∆
2
B/(pλr(Σ̂

−1/2
e B̂B̂⊤Σ̂−1/2

e ))) = Op(θp,T log(p)/T + 1/p).

Combined with (S5.8), we have

p−1 min
OO⊤=O⊤O=Ir

||B̂O − B0||2F = Op(θp,T log(p)/T + v−2
p /p).

Step III: Now we consider the term ||Σ̂Y − ΣY 0||ΣY 0
.

||Σ̂Y − ΣY 0||ΣY0
≤ ||B̂B̂⊤ − B0B

⊤
0 ||ΣY0

+ ||Σ̂e − Σe0||ΣY0
.

Notice that

||Σ̂e−Σe0||ΣY0
= p−1/2||Σ−1/2

Y 0 (Σ̂e−Σe0)Σ
−1/2
Y 0 ||F ≤ p−1/2σmax(Σ

−1
Y 0)||Σ̂e−Σe0||F ,
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and σmax(Σ
−1
Y 0) ≤ σ−1

min(B0B
⊤
0 + Σe) ≤ c−1. As proved in Theorem 2, when

λ ≫ dpT , ||Σ̂e−Σe0||ΣY0
is bounded by Op(∆Σe). Now we consider the term

||B̂B̂⊤ − B0B
⊤
0 ||ΣY0

.

||B̂B̂⊤−B0B
⊤
0 ||ΣY0

≤ ||(B̂O−B0)(B̂O−B0)
⊤||ΣY0

+2||(B̂O−B0)B
⊤
0 ||ΣY0

,

for any orthogonal matrix O. We choose O which minimize ||B̂O − B0||F .

The term

||(B̂O − B0)(B̂O − B0)
⊤||ΣY0

≤ p−1/2σ1(Σ
−1
Y0
)||(B̂O − B0)(B̂O − B0)

⊤||F

≤ Op(p
−1/2||(B̂O − B0)||2F )

= Op(
√
pθp,T log(p)/T + v−2

p /
√
p).

Now we consider ||(B̂O − B0)B
⊤
0 ||ΣY

. We have

p−1/2||Σ−1/2
Y 0 (B̂O − B0)B

⊤
0 Σ

−1/2
Y 0 ||2F = p−1/2tr(Σ−1

Y 0(B̂O − B0)B
⊤
0 Σ

−1
Y 0B0(B̂O − B0)

⊤).

Using the Sherman-Morrison-Woodbury formula we have

Σ−1
Y 0 = Σ−1

e0 − Σ−1
e0 B0

(
Ir +B⊤

0 Σ
−1
e0 B0

)−1
B⊤

0 Σ
−1
e0 .

And thus

B⊤
0 Σ

−1
Y 0B0 = B⊤

0 Σ
−1
e0 B0

(
Ir +B⊤

0 Σ
−1
e0 B0

)−1 (
Ir +B⊤

0 Σ
−1
e0 B0 − B⊤

0 Σ
−1
e0 B0

)
=
(
Ir +B⊤

0 Σ
−1
e0 B0 − Ir

) (
Ir +B⊤

0 Σ
−1
e0 B0

)−1

= Ir −
(
Ir +B⊤

0 Σ
−1
e0 B0

)−1
.
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Combined with
(
Ir +B⊤

0 Σ
−1
e0 B0

)−1
= Op(1). We have ||B⊤

0 Σ
−1
Y 0B0||F =

Op(1). Then, we have

p−1||Σ−1/2
Y 0 (B̂O − B0)B

⊤
0 Σ

−1/2
Y 0 ||2F

= p−1tr(Σ−1
Y 0(B̂O − B0)B

⊤
0 Σ

−1
Y 0B0(B̂O − B0)

⊤)

≤
√
rp−1||Σ−1

Y 0||2||(B̂O − B0)B
⊤
0 Σ

−1
Y 0B0(B̂O − B0)

⊤||F

≤
√
rp−1||Σ−1

Y 0||2||B̂O − B0||2F ||B⊤
0 Σ

−1
Y 0B0||F

= Op(θp,T log(p)/T + v−2
p /p).

Thus we have

||Σ̂Y −ΣY 0||ΣY 0
= Op(

√
θp,T log(p)/T +

√
pθp,T log(p)/T + v−2

p /
√
p+∆Σe).

Finally we absorb
√

θp,T log(p)/T into ∆Σe for desired result. Theorem

3 is a special case of this result, which can be proved by directly substi-

tuting log(p) ≪ T ≪ p4/5, max{KT , v
−1
p } = O(1), and Dp ≍ p into the

convergence rate of Theorem S.1.

S.6 Proof of Theorem 4

The proof of Theorem 4 is totally similar to the proof of Theorem 3.

We will give the rate of the term ∆B in (S5.10) when Σ̂e is diagonal,

which is controlled by H1 = ||PB2Σ̂
−1/2
e T−1EE⊤Σ̂

−1/2
e PB2 ||F and H2 =

||PB2Σ̂
−1/2
e T−1B0FE⊤Σ̂

−1/2
e PB2 ||F . We first consider the term PB2 . It is
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easy to verify that σmax(B2) ≍ p1/2 and σmin(B2) ≍ p1/2. Thus

PB2Σ̂
−1/2
e = B2(B

⊤
2 B2)

−1B⊤
2 Σ̂

−1/2
e = Op(1/

√
p)

(X⊤
1 )

−1 0

0 1

 (JpB̂X1,1p)
⊤Σ̂−1

e ,

where we remind that X1 = O2Λ
−1/2
2 O3Λ

1/2
1 O⊤

1 . Thus σr(X1) ≥ σr(Λ
1/2
1 )σr(Λ

−1/2
2 ) ≥

(m/δ2)
1/2, which implies X−1

1 = Op(1). We assume Σe0 is diagonal in The-

orem 4. Then we have

PB2Σ̂
−1/2
e = Op(1/

√
p)(JpB̂X1 − JpB0,0p)Σ̂

−1
e +Op(1/

√
p)(JpB0,1p)

⊤(Σ̂−1
e − Σ−1

e0 )

+Op(1/
√
p)(JpB0,1p)

⊤Σ−1
e0 = D1 +D2 +D3.

(S6.12)

Then, we have

H1 = ||(D1 +D2 +D3)EE⊤(D1 +D2 +D3)
⊤/T ||F

≤ (||Σ̂−1/2
e ||2 + ||D3||2)(||D1||2 + ||D2||2)||EE⊤/T ||F + ||D3E/

√
T ||2F ,

and

H2 ≤ ||Σ̂−1/2
e ||2||T−1B0FE⊤(D1 +D2 +D3)

⊤||F

≤ ||Σ̂−1/2
e ||2(||D1||2 + ||D2||2)||B0FE⊤/T ||F + ||Σ̂−1/2

e ||2||B0FE⊤D⊤
3 /T ||F

≤ ||Σ̂−1/2
e ||2((||D1||2 + ||D2||2)||B0FE⊤/T ||F + ||B0||F ||F ||F ||D3E||F/T ).

To bound H1 and H2, we need to bound ||D1||2, ||D2||2, ||D3||2 and ||D3E/
√
T ||F .

Using Lemma 5, when λ ≫ dp,T , we have

σ1(D1) ≤ Op(1/
√
p)σ1(Λ

1/2
1 )||JpB0O1Λ

−1/2
1 −JpB̂O2Λ

−1/2
2 O3||F = Op(v

−1
p /

√
p).
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As we assume the 2-norms of row vectors of B0 are uniformly bounded

by a constant, it is easy to verify the norms of (JpB0,1p)’s row vectors are

also uniformly bounded by a constant. Thus

σ1(D2) ≤ Op(p
−1/2)

√
tr((JpB0,1p)⊤(Σ̂−1

e − (Σe0)−1)2(JpB0,1p))

≤ Op(p
−1/2)

√√√√O(1)

p∑
i=1

((Σ̂e,ii)−1 − (Σe0,ii)−1)2.

(S6.13)

We need to bound p−1
p∑

i=1

((Σ̂e,ii)
−1−(Σe0,ii)

−1)2. Denote pQ̃1(Σe) = log |Σe|+

tr(SeΣ
−1
e ), we have:

L(B̂, Σ̂e, Ω̂, α̂) ≤ L(JpB̂ + 1pγ
⊤,Σe0, Ω̂, α̂),

and then

(pQ̃1(Σ̂e)−pQ̃1(Σe0))+(pQ2(B̂, Σ̂e)−pQ2(JpB̂+1pγ
⊤,Σe0)) ≤ Op(log(p)+p

√
log(p)

T
),

where the γ from Proof of Theorem 2. Similar to argument in Proof of

Theorem 2, for λ ≫ dp,T we have:

pQ̃1(Σ̂e)−pQ̃1(Σe0)+pQ2(B̂, Σ̂e) ≤ Op(log(p)+p

√
log(p)

T
+v−2

p ). (S6.14)

We imitate the proof in Bai and Liao (2016). Denote f(t) = − log |Σ−1
e0 +
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t∆2|+ tr(Se(Σ
−1
e0 + t∆2)), where ∆2 = Σ̂−1

e − Σ−1
e0 is diagonal. We have:

|f ′(0)| = |tr(∆2(Se − (Σ−1
e0 + t∆2)

−1))|t=0|

= |tr((Se − Σe0)∆2)| ≤ max
i≤p

|Se,ii − Σe0,ii|
∑
i

|∆2,ii|

≤ Op(
√

log(p)/T )
∑
i

|∆2,ii| ≤ Op(
√
p log(p)/T )||∆2||F ,

and

f ′′(t) = tr((Σ−1
e0 + t∆2)

−1∆2(Σ
−1
e0 + t∆2)

−1∆2)

= vec(∆2)
⊤[(Σ−1

e0 + t∆2)
−1 ⊗ (Σ−1

e0 + t∆2)
−1]vec(∆2).

As λmax(Σ
−1
e0 + t∆2) = λmax((1− t)Σ−1

e0 + tΣ̂−1
e ) ≤ δ4 + c−1

1 for t ∈ [0, 1], we

have λmin((Σ
−1
e0 + t∆2)

−1) ≥ (δ4 + c−1
1 )−1 . Thus there exists a constant d

such that

f ′′(t) ≥ λmin((Σ
−1
e0 + t∆2)

−1 ⊗ (Σ−1
e0 + t∆2)

−1)||vec(∆2)||22

= λ2
min((Σ

−1
e0 + t∆2)

−1)||vec(∆2)||22 ≥ d||∆2||2F ,

for t ∈ [0, 1]. Thus

pQ̃1(Σ̂e)−pQ̃1(Σe0) = f(1)−f(0) = f ′(0)+f ′′(ξ) ≥ −Op(
√

p log(p)/T )||∆2||F+d||∆2||2F ,

(S6.15)

where ξ ∈ (0, 1). From (S6.14), we have pQ̃1(Σ̂e)− pQ̃1(Σe0) ≤ Op(log(p)+

p

√
log(p)

T
+ v−2

p ) by pQ2(B̂, Σ̂e) ≥ 0. Thus

p−1||∆2||2F = p−1

p∑
i=1

((Σ̂e,ii)
−1−Σ−1

e0,ii)
2 = ∆2

Σ,dg := Op(log(p)/p+
√

log(p)/T+v−2
p /p).

(S6.16)
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By (S6.13), we have

D2 = Op(∆Σ,dg).

Finally, we can totally imitate the Proof of Theorem 3 to obtain that

||D3E/
√
T ||F = Op(1).

It is easy to verify that ||D3||2 = Op(1). Then we have:

H1 ≤ (||Σ̂−1/2
e ||2 + ||D3||2)(||D1||2 + ||D2||2)||T−1EE⊤||F + ||D3E/

√
T ||2F

≤ Op(v
−1
p /

√
p+∆Σ,dg)||T−1EE⊤||F +Op(1)

= Op((v
−1
p /

√
p+∆Σ,dg)(p

√
log(p)/T +

√
p)) + Op(1),

and

H2 ≤ ||Σ̂−1/2
e ||2((||D1||2 + ||D2||2)||T−1B0FE⊤||F + ||B0||F ||F ||F ||D3E||F/T )

≤ Op(v
−1
p /

√
p+∆Σ,dg)||T−1B0FE⊤||F +Op(

√
p)

= Op((v
−1
p /

√
p+∆Σ,dg)p

√
log(p)/T ) +Op(

√
p).

Now we simplify (v−1
p /

√
p+∆Σ,dg)(p

√
log(p)/T +

√
p), we have:

(v−1
p /

√
p+∆Σ,dg)(p

√
log(p)/T +

√
p)

= O(
[
(log(p)/p)1/2 + (log(p)/T )1/4 + v−1

p /p1/2
] [

p(log(p)/T )1/2 +
√
p
]
)

= O(p1/2 log(p)/T 1/2 + p(log(p)/T )3/4 + p1/2(log(p)/T )1/2v−1
p )

+O(log(p)1/2 + p1/2(log(p)/T )1/4 + v−1
p )

= O(p1/2 log(p)/T 1/2 + p(log(p)/T )3/4 + p1/2v−1
p + p1/2)

= O(p1/2 log(p)/T 1/2 + p(log(p)/T )3/4 + p1/2v−1
p ).
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Then, use the same method in proof of Theorem 3, we have:

min
OO⊤=O⊤O=Ir

p−1/2||Σ̂−1/2
e B̂O − PB2Σ̂

−1/2
e B0||F

= p−1/2Op(∆B/

√
λr(Σ̂

−1/2
e B̂B̂⊤Σ̂

−1/2
e ))

= p−1Op(H1 +H2 + 1)

= Op(log(p)/
√

pT + (log(p)/T )3/4 + v−1
p /

√
p).

Using a similar method, we obtain the result same as (S5.8) . Thus we have

min
OO⊤=O⊤O=Ir

p−1||B̂O − B0||2F = Op(
log2(p)

pT
+

(
log(p)

T

)3/2

+
1

pv2p
).

S.7 Proof of Proposition 1

The main idea to prove the desired result is using Theorem 3 in Bai and Li

(2012). This result suggests that when λ = 0, we may have B̂ML − B0 =

EF⊤/T + op(
√

p/T ). In this proof, we need to use theorems and lemmas

in Bai and Li (2012). Thus we divide the proof into three Steps. Step

I is introduced to prove assumptions in Bai and Li (2012) are satisfied.

In Step II, we prove that given F , B̂ML − B0 = EF⊤/T + op(
√

p/T ) is

true. In Step III, we prove the desired result base on the fact B̂ML −B0 =

EF⊤/T + op(
√

p/T ). In Bai and Li (2012), factors ft are assumed to be

fixed. Thus we need to consider the convergence result given factors F . In

the following content, without specified the Op and op are all conditioning
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on {ft}Tt=1. We use Pr·|F and E·|F to denote the conditional probability and

expectation of {ft}Tt=1.

Step I: In this step, we prove that given bounded {ft}Tt=1, Assumptions A-

E in Bai and Li (2012) are satisfied under Assumptions 1-3, 4(1’), 6 and 7 in

this article such that we can directly use lemmas and theorems in Bai and

Li (2012). Assumptions A,B,C.1-3 and D and E are obviously satisfied.

The bound of 8-th order moment in C.1 can be obtained by the uniform

exponential tail. We denote E·|F (e
8
it) = E(e8it) ≤ C8

e as {et}Tt=1 and {ft}Tt=1

are independent. Thus for all n ≤ 8, (E|eit|n)1/n ≤ Ce.

To show that C.4 is satisfied, notice that E·|F [eiteis] = E[eiteis]. Under

Assumption 6, we have:

|E(eiteis)| ≤ ρ(|s− t|)
√

E(|eit|2)E(|eis|2) ≤ C2
e exp(−a′3|s− t|r3).

Denote ρst = C2
e exp(−a′3|s− t|r3), we have:

T−1

T∑
t=1

T∑
s=1

ρst ≤ 2
∞∑
d=0

ρ0d ≤
∞∑
d=0

2C2
e exp(−a′3d

r′3).

This sum is convergence. Thus T−1
∑T

t=1

∑T
s=1 ρst is bounded by a constant

that only depends on Ce, a
′
3, r

′
3.

To verify Lemma C.5 in (Bai and Li, 2012), we set g(ft, et) = eitejt −

E(eitejt) and apply Lemma 10. The moment condition in Lemma 10 can

be easily verified by a uniform exponential tail. Thus we prove that A-E in
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(Bai and Li, 2012) are all satisfied.

Step II: In this step, we will prove B̂ML−B0 = EF⊤/T +op(
√
p/T ). First,

we transform the ∂L/∂B to obtain the formula of B̂ML − B0. We have:

B̂⊤
MLΣ̂

−1
e,ML(B̂MLB̂

⊤
ML + Σ̂e,ML − Sy) = 0r×p.

Thus we have

B̂⊤
MLΣ̂

−1
e,MLB̂ML(B̂ML − B0)

⊤ + B̂⊤
MLΣ̂

−1
e,ML(B̂ML − B0)B

⊤
0

+ B̂⊤
MLΣ̂

−1
e,ML(Σ̂e,ML − Σe0)− B̂⊤

MLΣ̂
−1
e,MLB0FE⊤/T − B̂⊤

MLΣ̂
−1
e,MLEF

⊤B⊤
0 /T

− B̂⊤
MLΣ̂

−1
e,ML(EE

⊤/T − Σe0) + B̂⊤
MLΣ̂

−1
e,MLēē

⊤ = 0r×p.

Remind H = (B̂⊤
MLΣ̂

−1
e,MLB̂ML)

−1, we have

(B̂ML − B0)
⊤ = −HB̂⊤

MLΣ̂
−1
e,ML(B̂ML − B0)B

⊤
0

−HB̂⊤
MLΣ̂

−1
e,ML(Σ̂e,ML − Σe0) +HB̂⊤

MLΣ̂
−1
e,MLB0FE⊤/T +HB̂⊤

MLΣ̂
−1
e,MLEF

⊤B⊤
0 /T

+HB̂⊤
MLΣ̂

−1
e,ML(EE

⊤/T − Σe0)−HB̂⊤
MLΣ̂

−1
e,MLēē

⊤

= J1 + J2 + J3 + J4 + J5 + J6.

(S7.17)

Now we show that J1,J2,J4,J5 and J6 are all op(
√

p/T ). We directly

use lemmas in (Bai and Li, 2012). The proof of Theorem 3 in Bai and Li

(2012) implies that HB̂⊤
MLΣ̂

−1
e,ML(B̂ML − B0) = Op((pT )

−1/2 + p−1 + T−1).

Thus

J1 = −HB̂⊤
MLΣ̂

−1
e,ML(B̂ML−B0)B

⊤
0 = Op(T

−1/2+p−1/2+p1/2T−1) = op(
√

p/T ).
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For J2, notice that p ≫ T , it is easy to verify J2 = Op(||HB̂⊤
MLΣ̂

−1
e,ML(Σ̂e,ML−

Σe0)||2) ≤ Op(||H||2||B̂ML||2||Σ̂−1
e,ML||2||Σ̂e,ML−Σe0||2) = Op(p

−1/2) = op(
√

p/T ),

as ||Σ̂e,ML − Σe0||2 ≤ ||Σ̂e,ML||2 + ||Σe0||2 = Op(1).

Using Lemma C.1 in (Bai and Li, 2012), we have HB̂⊤
MLΣ̂

−1
e,MLEF⊤/T =

Op((pT )
−1/2 + T−1). Thus

J4 = HB̂⊤
MLΣ̂

−1
e,MLEF

⊤B⊤
0 /T = Op(T

−1/2 + p1/2T−1) = op(
√
p/T ).

Now we bound J5. We first consider ||HB̂⊤
MLΣ̂

−1
e,ML(EE⊤/T −Σe0)||F . It is

bounded by

||HB⊤
0 Σ

∗−1
e (EE⊤/T − Σe0)||F + ||H(B̂ML − B0)

⊤Σ̂−1
e,ML(EE

⊤/T − Σe0)||F

+ ||HB⊤
0 (Σ̂

−1
e,ML − Σ∗−1

e )(EE⊤/T − Σe0)||F = K1 +K2 +K3,

where Σ∗
e ∈ Rp×p and Σ∗

e,ij = Σe0,ij1i=j. For K1, we have:

K1 ≤ ||H||F ||B⊤
0 Σ

∗−1
e (EE⊤/T − Σe0)||F

≤ Op(p
−1)

√√√√ p∑
j=1

||
p∑

i=1

T∑
t=1

(Σe0,ii)−1b0i[eitejt − E(eitejt)]/T ||22.

Under Assumption 7 (3) we have

E(

p∑
j=1

||
p∑

i=1

T∑
t=1

(Σe0,ii)
−1b0i[eitejt − E(eitejt)]||22)

= E(pT

p∑
j=1

E||(pT )−1/2

p∑
i=1

T∑
t=1

(Σe0,ii)
−1b0i[eitejt − E(eitejt)]||22) ≤ Kp2T.

And thus√√√√ p∑
j=1

||
p∑

i=1

T∑
t=1

(Σe0,ii)−1b0i[eitejt − E(eitejt)]/T ||22 = Op(pT
−1/2),
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K1 = Op(T
−1/2).

For term K2, we have K2 ≤ Op(p
−1)||B̂ML − B0||F ||(EE⊤/T − Σe0)||F .

The Assumption C.5 in Bai and Li (2012) implies that

E||EE⊤/T − Σe0||2F =

p∑
i=1

p∑
j=1

E[(
T∑
t=1

(eitejt − E(eitejt))/T )
2]

≤ p2T−1 max
i,j

E[(T−1/2

T∑
t=1

(eitejt − E(eitejt)))
2]

≤ p2T−1 max
i,j

(E[(T−1/2

T∑
t=1

(eitejt − E(eitejt)))
4])1/2

= O(p2/T ),

which implies that ||EE⊤/T −Σe0||F = Op(p/
√
T ). Notice that p−1||B̂ML−

B0||2F = Op(T
−1 + p−2) directly by Theorem 2 in (Bai and Li, 2012), we

have:

K2 = Op(
√
p/T +

√
1/(pT )).

For term K3, we have

K2
3 ≤ ||H||2F ||B⊤

0 (Σ̂
−1
e,ML − Σ∗−1

e )||22||(EE⊤/T − Σe0)||2F

= Op(p
−2

p∑
i=1

(Σ̂−1
e,ML,ii − (Σe0,ii)

−1)2||(EE⊤/T − Σe0)||2F )

= Op((p
−3 + p−1T−1)||(EE⊤/T − Σe0)||2F ).

The second row is directly from

||B⊤
0 (Σ̂

−1
e,ML−Σ∗−1

e )||22 ≤ tr(B⊤
0 (Σ̂

−1
e,ML−Σ∗−1

e )2B0) = Op(1)

p∑
i=1

(Σ̂−1
e,ML,ii−(Σe0,ii)

−1)2,
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as the row vectors of B0 are uniformly bounded. Then the bound of

p−1
∑p

i=1(Σ̂
−1
e,ML,ii − (Σe0,ii)

−1)2 is given as

p−1

p∑
i=1

(Σ̂−1
e,ML,ii − (Σe0,ii)

−1)2 = p−1||Σ̂−1
e,ML − Σ∗−1

e ||2F

= p−1||Σ̂−1
e,ML(Σ̂e,ML − Σ∗

e)Σ
∗−1
e ||2F

≤ p−1||Σ̂−1
e,ML||

2
2||Σ̂e,ML − Σ∗

e||2F ||Σ∗−1
e ||22

= Op(T
−1 + p−2).

Remind ||EE⊤/T−Σe0||F = Op(p/
√
T ), we have K3 = Op(

√
p/T+

√
1/(pT )).

Thus we have

J5 = Op(K1 +K2 +K3) = op(
√

p/T ).

Finally we consider

J6 = HB̂⊤
MLΣ̂

−1
e,MLēē

⊤ = Op(p
−1/2||ē||22) = Op(

√
p/T ) = op(

√
p/T ).

The third equality can be obtained by noticing that

E(||ē||22) =
p∑

i=1

E(ēi)
2

= T−2

p∑
i=1

T∑
t=1

T∑
s=1

E(eiteis)

≤ 2T−2

p∑
i=1

T∑
t=1

∞∑
s=1

Ceρ(|s− t|) = O(p/T ).

Thus, we have

B̂ML−B0 = (HB̂⊤
MLΣ̂

−1
e,MLB0FE⊤/T )⊤+op(

√
p/T ) = EF⊤/T +op(

√
p/T ),
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as HB̂⊤
MLΣ̂

−1
e,ML(B0 − B̂ML) = op(1) and EF⊤/T = Op(

√
p/T ) by Lemma

B.2 in Bai and Li (2012) and ||(HB̂⊤
MLΣ̂

−1
e,MLB0)

−1||2 = ||(Ir − op(1))
−1||2 =

Op(1). We should notice that J1:6 and (HB̂⊤
MLΣ̂

−1
e,ML(B0 − B̂ML)FE⊤/T )⊤

are all low-rank matrices, which implies that the rate of their Frobenius

norms is same to the rate of their 2-norms. Thus we have

min
OO⊤=O⊤O=Ir

||B̂MLO − B0||F = min
OO⊤=O⊤O=Ir

||B̂ML − B0O||F

= min
OO⊤=O⊤O=Ir

||(B̂ML − B0)− B0(O − I)||F

≥ min
X∈Rr×r

||(B̂ML − B0)− B0X||F

= ||(Ip − PB0)(EF⊤/T + op(
√

p/T ))||F

≥ ||EF⊤/T ||F − ||PB0EF⊤/T ||F − op(
√

p/T ).

Notice that ||PB0EF⊤/T ||F ≤ ||PB0E/
√
T ||F ||F/

√
T ||F and combine with

E||PB0E/
√
T ||2F = Etr(PB0T

−1EE⊤PB0) = tr(PB0Σe0) = O(1), we have

||PB0E/
√
T ||F = Op(1) and then we have ||PB0EF⊤/T ||F = Op(1) = op(

√
p/T ).

Thus

min
OO⊤=O⊤O=Ir

||B̂MLO − B0||F ≥ ||EF⊤/T ||F − op(
√

p/T ).

Step III: Denote X2 = p−1||EF⊤/
√
T ||2F . Recall that m1 is defined in
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Assumption 6, we consider ζ ∈ R

Pr·|F( min
OO⊤=O⊤O=Ir

T/p||B̂MLO− B0||2F ≥ m1ζ)

≥ Pr·|F(X2 ≥ 1.1m1ζ)− Pr·|F( min
OO⊤=O⊤O=Ir

T/p||B̂MLO− B0||2F − X2 ≤ −0.1m1ζ)

= C1 + C2.

Then, we will illustrate that E·|F (X2) ≥ m1 almost surely and use the

Paley–Zygmund inequality to give the lower bound of C1. Thus we need the

first and second order moment of X2. We have:

E·|F (X2) = (pT )−1E·|F (

p∑
i=1

||(
T∑
t=1

fteit)||2F )

= (pT )−1E·|F (

p∑
i=1

T∑
t=1

T∑
s=1

tr(ftf
⊤
s eiteis))

= (pT )−1

p∑
i=1

T∑
t=1

T∑
s=1

tr(ftf
⊤
s cov(eit, eis))

≥ m1,

and

E·|F (X
2
2 ) = p−2E·|F (

p∑
i=1

r∑
j=1

(
T∑
t=1

fjteit/
√
T )2)2

≤ p−2E·|F ((

p∑
i=1

r∑
j=1

12)(

p∑
i=1

r∑
j=1

(
T∑
t=1

fjteit/
√
T )4)).

Denote g(ft, et) = fjteit. Notice that E·|F (g(ft, et)) = 0 and notice that

Pr·|F(|fjteit| ≥ s) ≤ exp(−(s/(a1K))r1) almost surely as ||ft||2 is uniformly

bounded by K, we have E·|F (z
6
t ) ≤

∫∞
0

6s5 exp(−(s/(a1K))r1)ds is bounded

by a constant doesn’t depend on i, j, p, t, T and F . Directly use Lemma 10,



S.8. ADDITIONAL ALGORITHMIC DETAILS

we have E·|F [((
∑T

t=1 fjteit)/
√
T )4] is uniformly bounded by a constant Ce1

that doesn’t depend on i, j, p, T and F . We have:

E·|F (X
2
2 ) ≤ r2Ce1.

Thus for ζ < 1/1.1, we have C1 ≥ Pr·|F(X2 ≥ 1.1ζE·|F(X2)) ≥ (1 −

1.1ζ)2E2
·|F(X2)/E·|F(X

2
2) ≥ (1− 1.1ζ)2m2

1/(r
2Ce1).

Now we bound C2. We denote C =
√

T/pminOO⊤=O⊤O=Ir ||B̂MLO −

B0||F . By the fact C −
√
X2 ≥ op(1) and 0 ≤ C = Op(T

1/2(p−1 + T−1/2)) =

Op(1), we have C2 −X2 = (C +
√
X2)(C −

√
X2) ≥ op(1). Thus C2 converge

to 0. Thus we have:

lim inf
p,T→∞

Pr( min
OO⊤=O⊤O=Ir

p−1||B̂MLO− B0||2F ≥ T−1m1ζ)

≥ E[lim inf
p,T→∞

Pr·|F( min
OO⊤=O⊤O=Ir

p−1||B̂MLO− B0||2F ≥ T−1m1ζ)]

≥ (1− 1.1ζ)2m2
1/(r

2Ce1).

For example, we can choose ζ = 0.5, then k1 = 0.5m1 and k2 =

0.2025m2
1/(r

2Ce1) for the desired result.

S.8 Additional Algorithmic Details

We use cross-validation to select the tuning parameters λ and ρp,T , following

Bai and Liao (2016). The index set {1, 2, . . . , T} is divided into K subsets

of approximately equal size, denoted as {Tk}k≤K , with minor adjustments



YUZHOU ZHAO, XINYAN FAN AND BO ZHANG

if T/K /∈ Z. For each fold k, let Y,−Tk denote the submatrix of Y obtained

by excluding the columns indexed by Tk, and Y,Tk denote the submatrix

of Y containing only the columns indexed by Tk. Obtain the estimator,

B̂k,(λ,ρp,T ) and Σ̂e,k,(λ,ρp,T ) using Y,−Tk , with fixed λ and ρp,T . The average

loss function is given by

Lλ,ρp,T = K−1
∑
k≤K

LY,Tk
(B̂k,(λ,ρp,T ), Σ̂e,k,(λ,ρp,T )),

where LY,Tk
(B̂k,(λ,ρp,T ) is proportional to the negative log-likelihood of Y,Tk .

The optimal values of λ and ρp,T are chosen by minimizing Lλ,ρp,T .

S.9 Details of Comparison Methods

In this subsection, we briefly introduce the PCA, POET, PML, TSM, PC-L,

and ML-nL methods used for comparison.

(a) PCA method (Bai, 2003): The PCA method provides the esti-

mators of the factor model by solving the following optimization problem:

(B̂PCA, F̂ PCA) = argmin(B,F ):F⊤F/T=Ir ||Y − BF ||2F .

Furthermore, the covariance matrix estimator of the idiosyncratic error

component is given by Σ̂PCA
e = T−1(Y − B̂PCAF̂ PCA)(Y − B̂PCAF̂ PCA)⊤.

Finally, the covariance matrix estimator of the series Y is given by Σ̂PCA
Y =

B̂PCA(B̂PCA)⊤ + Σ̂PCA
e .
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(b) POET method (Fan et al., 2013): The POET estimator of

factor loadings matrix and factors are given by B̂POET = B̂PCA, F̂ POET =

F̂ PCA. The estimator of Σe0 is defined by Σ̂POET
e,ij = S(Σ̂PCA

e,ij , τijIi ̸=j), where

S(a, b) = sign(a)(|a| − b)+, and τij is the threshold. The threshold term

τij = C(1/
√
p+
√

log(p)/T )θ̂
1/2
ij , where θ̂ij = T−1

∑T
t=1(ê

PCA
it êPCA

jt −Σ̂PCA
e,ij )2

and êPCA
it = Yit − (̂bPCA

i )⊤f̂PCA
t . Then the covariance matrix estimator of

the series Y is given by Σ̂POET
Y = B̂POET (B̂POET )⊤ + Σ̂POET

e .

(c) PML method (Bai and Liao, 2016): The PML estimator of the

factor loadings B0 and the covariance matrix Σe0 are given by

(B̂PML, Σ̂PML
e ) = argmin(B,Σe) LY (B,Σe) + PT (Σe),

where LY (B,Σe) = log(det(BB⊤ + Σe)) + tr(Sy(BB⊤ + Σe)
−1), PT (Σe) =∑

i ̸=j ρp,T |Σe,ij| and ρp,T is the tuning parameter. The details of the algo-

rithms for solving the above optimization problem can be found in Bai and

Liao (2016). The covariance matrix estimator of the series Y is given by

Σ̂PML
Y = B̂PML(B̂PML)⊤ + Σ̂PML

e , and the estimator of factor is given by

F̂ PML = ((B̂PML)⊤(Σ̂PML
e )−1B̂PML)−1(B̂PML)⊤(Σ̂PML

e )−1Y.

(d) TSM method: We analyze A using the project gradient descent

algorithm to obtain the Θ̃A as an estimator of ΘA0 = JpB0Ω0B
⊤
0 Jp+α01

⊤
p +

1pα
⊤
0 (Zhang et al., 2020).Then, we find ̂̄Γ such that JpΘ̃AJp = ̂̄ΓIq̃1,q̃2 ̂̄Γ⊤

,

where q̃1, q̃2 are the numbers of positive and negative eigenvalues of Θ̃A,
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respectively. The TSM estimator of B0 and Σe0 are given by

(B̂TSM , Σ̂TSM
e ) = argmin(B,Σe) LY (B,Σe)+PT (Σe), with JpB = ̂̄ΓW̄ , for some W̄ .

The estimator of ΣY and F are Σ̂TSM
Y = B̂TSM(B̂TSM)⊤ + Σ̂TSM

e , and

F̂ TSM = ((B̂TSM)⊤(Σ̂TSM
e )−1B̂TSM)−1(B̂TSM)⊤(Σ̂TSM

e )−1Y, respectively.

(e) PC-L method: The PC-L method provides the estimators of the

factor model by solving the following optimization problem:

(B̂PC−L, F̂ PC−L) = argmin(B,F ):FF⊤/T=Ir(pT )
−1||Y−BF ||2F+p−1α∗tr(B⊤(D−A)B),

where D is a diagonal matrix with Dii =
∑p

j=1 Aij, and α∗ is the tuning

parameter. The covariance matrix estimator of the idiosyncratic error com-

ponent is given by Σ̂PC−L
e = T−1(Y − B̂PC−LF̂ PC−L)(Y − B̂PC−LF̂ PC−L)⊤,

and the covariance matrix estimator of the series Y is given by Σ̂PC−L
Y =

B̂PC−L(B̂PC−L)⊤ + Σ̂PC−L
e .

(f) ML-nL method: The ML-nL method provides the estimators of

the factor model based on the normalized Laplacian, Specifically,

(B̂ML−nL, Σ̂ML−nL
e ) = argmin(B,Σe) LY (B,Σe)+λnLtr(B

⊤(Ip−D
−1/2
1 AD

−1/2
1 )B)+PT (Σe),

where λnL is the tuning parameter, D1 is a diagonal matrix with D1,ii =

max{Dii, 1}. The estimator of the ΣY is given by Σ̂ML−nL
Y = B̂ML−nL(B̂ML−nL)⊤+

Σ̂ML−nL
e , and the estimator of factor is given by

F̂ML−nL = ((B̂ML−nL)⊤(Σ̂ML−nL
e )−1B̂ML−nL)−1(B̂ML−nL)⊤(Σ̂ML−nL

e )−1Y.
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(g) covar-based method: We introduce how we use this method in

real data analysis. We consider the following model:

Yt = Xcβ +B0ft + et,

where Xc ∈ Rp×K and Xc,ij = 1 if and only if j = 1 or i-th stock belong to

(j − 1)-th group for j > 1, K is the number of industries, B0 is the factor

loading matrix, ft is the unobservable factor vector, and et is the idiosyn-

cratic error vector with mean zero and covariance matrix Σe. The estimator

β̂ is defined as (X⊤
c Xc)XcY 1T/T . Then we apply PCA to Y −Xcβ̂ to ob-

tain B̂cov−based and F̂ cov−based. The estimator of Σe0 is given by Σ̂cov−based
e,ij =

T−1(Y −Xcβ̂ − B̂cov−basedF̂ cov−based)(Y −Xcβ̂ − B̂cov−basedF̂ cov−based)⊤Ii=j.

Then the covariance matrix estimator of the series Y is given by Σ̂cov−based
Y =

B̂cov−based(B̂cov−based)⊤ + Σ̂cov−based
e .

S.10 Additional Simulation Results

S.10.1 The simulation results of Example III

We provide the results of Example III in the simulation setting in Table

S.1.
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Table S.1: Simulation results of Example III. Each cell shows the mean×10 (standard

error ×10).
T Case MEB MEΣY

MEΣe
MEF

300 PML 0.82(0.07) 2.04(0.08) 0.94(0.06) 2.09(0.09)

Case (a) 0.61(0.05) 1.80(0.07) 0.94(0.06) 2.08(0.09)

Case (b) 0.67(0.05) 1.87(0.07) 0.94(0.06) 2.09(0.09)

Case (c) 0.75(0.06) 1.97(0.07) 0.94(0.06) 2.08(0.09)

500 PML 0.51(0.04) 1.56(0.06) 0.76(0.05) 2.07(0.07)

Case (a) 0.44(0.04) 1.47(0.05) 0.76(0.05) 2.07(0.07)

Case (b) 0.45(0.04) 1.49(0.05) 0.76(0.05) 2.07(0.07)

Case (c) 0.47(0.04) 1.52(0.05) 0.76(0.05) 2.07(0.08)

S.10.2 Factor number selection

In this subsection, we report the accuracy of r selection. The values of Yt are

generated as described in Section 4.1 with (p, T ) ∈ {50, 100, 150}×{50, 100}

and {100, 150, 200} × {300, 500}. The results for r selection are presented

in Table S.2. Each simulation is replicated 100 times. We can correctly

select r in all cases.

Table S.2: Correct Selection Rate of r for Different Values of p and T .

T = 50 T = 100 T = 300 T = 500

p = 50 1 1 p = 100 1 1

p = 100 1 1 p = 150 1 1

p = 150 1 1 p = 200 1 1
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