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Abstract: This supplementary material includes theoretical properties for the parametric CQR under mis-specification

in Section S1. Section S2 compares the proposed two CQR estimators and compares them with the Gaussian QMLE

(GQMLE) and exponential QMLE (EQMLE) for model (2.1). The details for calculating AREs of Examples 1-3 are

summarized in Section S3. Moreover, the proposed CQRs for DAR and NAR-GARCH type models are illustrated

in Section S4. Technical details for Theorems 1-4 and Corollary S1 are provided in Section S5. Section S6 proves

that Theorems 1-4 still hold for both CQR estimators in ARMA-GARCH, ALDAR and ESTAR-GARCH models

under some regular conditions. Section S7 establishes the selection consistency with proof for the BIC proposed

in Section 3.2 of the manuscript. In addition, Sections S8-S9 present additional results for simulation studies and

empirical analysis. To show Theorems 1-2 and Corollary S1, Lemmas 1-7 are introduced with proofs. Throughout

the supplement, the notation C is a generic constant that may take different values from line to line, and ρ P p0, 1q

is a generic constant that may take different values in different locations. Ñp and ÑL denote the convergences in

probability and in distribution, respectively, and opp1q denotes a sequence of random variables converging to zero in

probability. Moreover, the norm of a matrix or column vector is defined as }A} “
a

trpAA1q “
b

ř

i,j a
2
ij .
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S1 The parametric CQR under mis-specification

Note that Theorems 3-4 are established under the situation that the quantile function Qτ pλq

is correctly specified for the innovation ηt; see Assumption 4(ii). If Qτ pλq is mis-specified,

then the conditional quantile function gt,τ pψq in (2.8) is a working model, and the result-

ing parametric CQR estimator pψn in (2.9) will be asymptotically biased. To establish

the asymptotic properties for pψn under mis-specification, a pseudo-true parameter vector

needs to be defined for pψn based on the working model, and Assumptions 1, 2(ii) and 4(ii)

should be revised accordingly. Specifically, the pseudo-true parameter vector is defined as

ψ˚
0 “ pϑ˚1

0 ,λ
˚1

0 q1 “ argminψPΨ

řK
k“1Erρτk pyt ´ gt,τkpψqqs. Moreover, by imposing α-mixing

condition on the process tytu and replacing ψ0 with ψ˚
0 in Assumptions 2(ii) and 4(ii), As-

sumptions 1, 2 and 4 are replaced by the following conditions under mis-specification.

Assumption S1. tyt : t “ 1, 2, . . .u is strictly stationary and α-mixing with the mixing

coefficient αpnq satisfying
ř

ně1rαpnqs1´2{δ ă 8 for some δ ą 2.

Assumption S2. (i) The parameter space Ψ is compact; (ii) the pseudo-true parameter ψ˚
0

is an interior point in Ψ.

Assumption S3. (i) gt,τ pψq is continuous in ψ P Ψ; (ii) if gt,τ pψq “ gt,τ pψ˚
0q, then ψ “ ψ˚

0 .

DenoteZ˚
t “

řK
k“1 9gt,τkpψ˚

0qψτkpyt´gt,τkpψ˚
0qq andM˚ “ EpZ˚

tZ
˚1

t q` lim
nÑ8

n´1
řn

t‰sEpZ˚
tZ

˚1

s q,

where ψτ pxq “ τ ´ Ipx ă 0q. Define the matrix J˚ “
řK

k“1E r:gt,τkpψ˚
0qψτkpyt ´ gt,τkpψ˚

0qqs

and let N˚ “ N ´ J˚. Corollary S1 below establishes the asymptotic properties of pψn under

mis-specification, which implies that pψn is asymptotically biased as ψ˚
0 ‰ ψ0 if Qτ pλq is

mis-specified. The effect from mis-specification of Qτ pλq is examined through simulations in

Section 4. Simulation results indicate that the parametric CQR estimator rϑn is insensitive to
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the mis-specification due to Qτ pλq, while the conditional quantile estimation and forecasting

can be slightly affected. As a result, in practice we can choose a distribution such as the

Tukey-lambda distribution for ηt, which not only has explicit quantile function but also can

approximate various distributions; see Section 3 for details.

Corollary S1 (The parametric CQR under mis-specification). Suppose Π˚ “ N˚´1M˚N˚´1

is positive definite. For tytu generated by model (2.1), if Assumptions 3 and 5-S3 hold, then

we have (i) pψn Ñp ψ
˚
0 ; (ii)

?
nppψn ´ψ˚

0q ÑL Np0,Π˚q as n Ñ 8.

S2 Asymptotic efficiency comparison

This subsection compares the proposed two CQR estimators for model (2.1), and then com-

pares them with the Gaussian QMLE (GQMLE) and exponential QMLE (EQMLE).

We first compare the semi-parametric CQR estimator pϑn and parametric CQR estimator

rϑn for model (2.1). Let d (or ℓ) be the dimension of ϑ (or λ). Denote R1 “ pId,0dˆKq and

R2 “ pId,0dˆℓq, where Im is an m ˆ m identity matrix and 0mˆn is an m ˆ n zero matrix.

Note that ϑ0 “ R1ϕ0 “ R2ψ0. Then by Theorems 2 and 4, it follows that
?
nppϑn ´ϑ0q ÑL

Np0, R1ΞR
1
1q and

?
nprϑn ´ ϑ0q ÑL Np0, R2ΠR

1
2q as n Ñ 8, where Ξ “ Σ´1ΩΣ´1 and

Π “ N´1MN´1. To compare the efficiency of pϑn with that of rϑn, we may compare the

covariance matrices R1ΞR
1
1 and R2ΠR

1
2. Note that Σ and N can be rewritten as follows

Σ “

K
ÿ

k“1

fpbk0q

¨

˝

h´1
t pϑ0q 9qt,k 9q1

t,k 9qt,ke
1
k

ek 9q1
t,k htpϑ0qeke

1
k

˛

‚“:

¨

˝

AΣ BΣ

CΣ DΣ

˛

‚,

N “

K
ÿ

k“1

fpQτkpλ0qq

¨

˝

h´1
t pϑ0q 9gt,k 9g1

t,k 9gt,k 9Q
1

k

9Qk 9g1
t,k htpϑ0q 9Qk

9Q
1

k

˛

‚“:

¨

˝

AN BN

CN DN

˛

‚,

where 9qt,k “ 9µtpϑ0q ` bk0 9htpϑ0q, 9gt,k “ 9µtpϑ0q ` Qτkpλ0q 9htpϑ0q, 9Qk “ 9Qτkpλ0q, and ek P RK

is the vector with its kth element being one and the others being zero. Under the situation



Chaoxu Lei and Qianqian Zhu

of correct specification that bτ0 “ Qτ pλ0q and qt,τ pϕ0q “ gt,τ pψ0q for all τ P p0, 1q, we can

verify that pϑn and rϑn are asymptotically equivalent (i.e. R1ΞR
1
1 “ R2ΠR

1
2) if the following

Condition (S2.1) or (S2.2) holds:

ℓ “ d and 9Qτkpλ0q “ ek, k “ 1, . . . , K, (S2.1)

pDΣ ´ CΣA
´1
Σ BΣq´1 “ HpDN ´ CNA

´1
N BNq´1H 1, (S2.2)

where H “ p 9Q1
τ1

pλ0q, . . . , 9Q1
τK

pλ0qq1. However, this condition imposes very strong restrictions

on the distribution of ηt, and thus pϑn and rϑn are unlikely to be equivalent for general

situations. Moreover, it is difficult to determine whether R1ΞR
1
1 ´ R2ΠR

1
2 is (semi)-positive

or (semi)-negative definite for general specifications of Qτ pλq. Alternatively, we study the

asymptotic relative efficiency (ARE) of pϑn to rϑn, which can be calculated as AREppϑn, rϑnq “

p|R2ΠR
1
2|{|R1ΞR

1
1|q

1{d via simulation given the true parameter vectors and density function

fp¨q of ηt, where | ¨ | is the determinant of a matrix; see Serfling (2009). Simulation results

in Section 4 indicate that the parametric CQR estimator rϑn is asymptotically more efficient

than the semi-parametric CQR estimator pϑn when the data is more heavy-tailed.

Next we compare the semi-parametric CQR estimator pϑn with the GQMLE and EQMLE

for model (2.1). Define the GQMLE and EQMLE of model (2.1) as pϑ
G

n “ argminϑPΘ L
G
n pϑq

and pϑ
E

n “ argminϑPΘ L
E
n pϑq, respectively, where LG

n pϑq “ n´1
řn

t“1 l
G
t pϑq with lGt pϑq “

lnhtpϑq ` 0.5ryt ´ µtpϑqs2{h2t pϑq, and LE
n pϑq “ n´1

řn
t“1 l

E
t pϑq with lEt pϑq “ lnhtpϑq ` |yt ´

µtpϑq|{htpϑq. Under the conditions that ηt has a zero mean and unit variance with Epη4t q ă

8, together with Assumptions 1-2, we have
?
nppϑ

G

n ´ ϑ0q ÑL Np0, SGq as n Ñ 8, where

SG “ U´1
G VGU

´1
G with UG “ ErB2lGt pϑ0q{pBϑBϑ1qs and VG “ ErBlGt pϑ0q{BϑBlGt pϑ0q{Bϑ1s.

Meanwhile, under the conditions that ηt has a zero median with Ep|ηt|q “ 1 and Epη2t q ă 8,

together with Assumptions 1-3, we have
?
nppϑ

E

n ´ ϑ0q ÑL Np0, SEq as n Ñ 8, where
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SE “ U´1
E VEU

´1
E {4 with UE “ fp0qErh´2

t pϑ0q 9µtpϑ0q 9µ1
tpϑ0qs`0.5Erh´2

t pϑ0q 9htpϑ0q 9h1
tpϑ0qs and

VE “ Erh´2
t pϑ0q 9µtpϑ0q 9µ1

tpϑ0qs ` EpηtqEth´2
t pϑ0qr 9µtpϑ0q 9h1

tpϑ0q ` 9htpϑ0q 9µ1
tpϑ0qsu ` rEpη2t q ´

1sErh´2
t pϑ0q 9htpϑ0q 9h1

tpϑ0qs. To compare the asymptotic efficiency of the semi-parametric

CQR estimator pϑn with that of the GQMLE and EQMLE, it suffices to compare the asymp-

totic covariance R1ΞR
1
1 with SG and SE, respectively. Note that all the above asymptotic

covariances depend on ηt. If ηt follows the standard normal (or Laplace) distribution, then

GQMLE (or EQMLE) reduces to the MLE with the asymptotic covariance SG “ U´1
G (or

SE “ tErh´2
t pϑ0qp 9µtpϑ0q 9µ1

tpϑ0q ` 9htpϑ0q 9h1
tpϑ0qqsu´1) attaining the Cramér-Rao lower bound.

Thus the GQMLE ϑ̌n (or EQMLE ϑ̆n) is the most efficient among these three estimators

when ηt follows the standard normal (or Laplace) distribution. For general distributions of

ηt, it is difficult to determine which estimator is asymptotically more efficient. Alternatively,

as for the comparison between both CQRs, we also calculate the ARE of pϑn to ϑ̌n or ϑ̆n

via simulation. Given the true parameter vectors and density function fp¨q of ηt, the ARE

is calculated as AREppϑn, ϑ̌nq “ p|SG|{|R1ΞR
1

1|q
1{d and AREppϑn, ϑ̆nq “ p|SE|{|R1ΞR

1

1|q
1{d,

respectively. Simulation results in Section 4 indicate that the semi-parametric CQR is more

efficient than the GQMLE and EQMLE when the data is more heavy-tailed.

S3 The ARE of pϑn to rϑn, ϑ̌n or ϑ̆n for Examples 1-3

For the ARMA-GARCH, ALDAR and ESTAR-GARCH models in Examples 1-3, note that

ω “ 1 is imposed by Assumptions 41, 42 and 43 for identification of the semi-parametric

CQR, whereas such condition is not required for the parametric CQR, GQMLE and EQMLE.

Therefore, these models should be reparameterized such that ω “ 1, and then the ARE is

calculated using the true parameter vectors of the reparameterized models. For illustration,
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we show how to calculate the ARE of pϑn to rϑn, and the ARE of pϑn to ϑ̌n or ϑ̆n can be

similarly obtained.

The ARE of pϑn to rϑn is AREppϑn, rϑnq “ p| 9R2pψ0qΠ 9R1
2pψ0q|{|R1ΞR

1
1|q

1{d after model

reparameterization, where 9R2pψ0q is the first derivative of R2pψ0q. Specifically, for the

ARMA-GARCH model (2.2), let ϑ0 “ pα10, . . . , αp0, β10, . . . , βq0,υ
1
0q1 P Rp`q ˆ r0,8qP`Q

with υ0 “ pγ10, . . . , γQ0, ν10, . . . , νP0q1 and d “ p ` q ` P ` Q. Then 9R2pψ0q has the form of

9R2pψ0q “

¨

˝

Ip`q`P 0pp`q`P qˆ1 0pp`q`P qˆQ 0pp`q`P qˆℓ

0Qˆpp`q`P q ´ω´2
0 υ0 ω´1

0 IQ 0Qˆℓ

˛

‚.

For the ALDAR model (2.3), let ϑ0 “ pφ10, . . . , φp0,α
1
0q1 withα0 “ pα`

10, . . . , α
`
q0, α

´
10, . . . , α

´
q0q

1

and d “ p ` 2q. Then 9R2pψ0q has the form of

9R2pψ0q “

¨

˝

Ip 0pˆ1 0pˆ2q 0pˆℓ

02qˆp ´ω´2
0 α0 ω´1

0 I2q 02qˆℓ

˛

‚.

For the ESTAR-GARCH model (2.4), let ϑ0 “ pα00, . . . , α0p, α10, . . . , α1p, γ0, c0, a0, b0q
1 and

d “ 2p ` 6. Then 9R2pψ0q has the form of

9R2pψ0q “

¨

˚

˚

˚

˝

I2p`4 0p2p`4qˆ1 0p2p`4qˆ1 0p2p`4qˆ1 0p2p`4qˆℓ

01ˆp2p`4q ´ω´2
0 a0 0 ω´1

0 01ˆℓ

01ˆp2p`4q 0 1 0 01ˆℓ

˛

‹

‹

‹

‚

.

S4 Additional illustrations for CQRs

S4.1 CQRs in DAR type models

This subsection investigates the proposed CQRs in the framework of DAR type models.

Here we focus on the ALDAR model in (2.3) for illustration, and the proposed CQRs can be

similarly applied to other DAR type models in Example 2.

For the ALDAR model in (2.3), note that the location and scale functions µtpϑ
IIq and

htpϑ
IIq only depend on the finite past observations, and thus initial values are not re-



S4. Additional illustrations for CQRs

quired for estimation. Then the conditional quantile functions for the semi-parametric

and parametric CQRs can be rewritten as rqII
t,τk

pϕIIq “ qII
t,τk

pϕIIq “ µtpϑ
IIq ` bkhtpϑ

IIq and

rgII
t,τ pψIIq “ gII

t,τ pψIIq “ µtpϑ
IIq `Qτ pλqhtpϑ

IIq, respectively, where ϕII “ pϑII1

, b1, . . . , bKq1 and

ψII “ pϑII1

, λq1. As a result, the semi-parametric and parametric CQR estimators pϕ
II
n and pψ

II
n

can be calculated by (2.6) and (2.9), with t “ 1 replaced by t “ maxpp, qq ` 1, and rqt,τkpϕq

and rgt,τkpψq replaced by rqII
t,τk

pϕIIq and rgII
t,τk

pψIIq, respectively.

It can be proved that the asymptotic properties of pϕ
II
n and pψ

II
n in Theorems 1-4 still hold

for the ALDAR model (2.3), with some regular conditions adjusted accordingly. Specifically,

a sufficient condition for Assumption 1 is provided in Theorem 2.1 in Tan and Zhu (2022).

Meanwhile, Assumptions 42-52 below provide the sufficient conditions for identification and

moment conditions in Assumptions 4-5, respectively; see the detailed proofs in Section S6.2

of the Supplementary Material.

Assumption 42 (Identification). (i) ω “ 1 and K ě 2 for semi-parametric CQR; (ii) K ě 4

and λ ă 1 for parametric CQR.

Assumption 52 (Moments). (i) φ ď φi ď φ for 1 ď i ď p, 0 ă ω ď ω ď ω, 0 ă α ď

α`
i , α

´
i ď α for 1 ď i ď q, b ď bk ď b for 1 ď k ď K and λ ď λ ď λ, where φ, φ, ω, ω, α, α,

b,b, λ and λ are some constants; (ii) Ep|yt|
3q ă 8.

S4.2 CQRs in NAR-GARCH models

This subsection studies the proposed CQRs in the framework of NAR-GARCH models. We

focus on the 3-regime exponential STAR-GARCH model in (2.4) for illustration, and the

proposed CQRs can be similarly applied to other NAR-GARCH models in Example 3.

For the ESTAR-GARCH model in (2.4), the scale function htpϑ
IIIq depends on observa-



Chaoxu Lei and Qianqian Zhu

tions in the infinite past, and thus initial values are needed to calculate the feasible conditional

quantile functions. We set ys “ ϵs “ 0 and hs “ 1 for s ď 0 as initial values, and denote

the feasible conditional quantile functions as rqIII
t,τk

pϕIIIq and rgIII
t,τk

pψIIIq for the semi-parametric

and parametric CQRs, where ϕIII “ pϑIII1

, b1, . . . , bKq1 and ψIII “ pϑIII1

, λq1. It will be proved

that the effect of initial values on the estimation is asymptotically negligible.

For model (2.4), the semi-parametric and parametric CQR estimators pϕ
III
n and pψ

III
n are

defined by (2.6) and (2.9), with rqt,τkpϕq and rgt,τkpψq replaced by rqIII
t,τk

pϕIIIq and rgIII
t,τk

pψIIIq,

respectively. Denote their true parameter vectors by ϕIII
0 “ pϑIII1

0 , b10, . . . , bK0q
1 and ψIII

0 “

pϑIII1

0 , λ0q1, where ϑIII
0 “ pα˚

00, α
˚
01, . . . , α

˚
0p, α

˚
10, α

˚
11, . . . , α

˚
1p, γ0, c0, ω0, a0, b0q1. We will prove

that the asymptotic properties of pϕ
III
n and pψ

III
n in Theorems 1-4 still hold for the ESTAR-

GARCH model in (2.4), with some regular conditions adjusted accordingly. Specifically, a

sufficient condition for Assumption 1 is provided in Theorem 3 of Chan et al. (2015) for

ESTARp1q-GARCHp1, 1q model. Assumptions 43-53 below give the sufficient conditions for

identification and moment conditions in Assumptions 4-5, respectively; see the detailed proofs

in Section S6.3 of the Supplementary Material.

Assumption 43 (Identification). (i) ω “ 1 for semi-parametric CQR; (ii) K ě 4 and λ ă 1

for parametric CQR.

Assumption 53 (Moments). (i) α ď αij ď α for i “ 0, 1 and 0 ď j ď p, 0 ă ω ď ω ď ω,

0 ă a ď a ď a, 0 ă β ď b ď β, b ď bk ď b for 1 ď k ď K and λ ď λ ď λ, where α, α, ω, ω,

a, a, β, β, b, b, λ and λ are some constants; (ii) Epy2t q ă 8.

Remark S1 (Advantages of CQR over QR). This paper considers the CQR instead of QR

for conditional quantile estimation, owing to two advantages of CQR over QR: (a) CQR has

efficiency gain than QR by combining data information at multiple quantile levels, whereas the
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efficiency of QR at a tail quantile level can be arbitrarily low; see also Zou and Yuan (2008).

(b) CQR with a reasonable choice of K can avoid the identification issue in estimation for

model (2.1). Particularly, Assumptions 41, 42 and 43 indicate that K ě 4 is needed for

identification of the ARMA-GARCH, ALDAR and ESTAR-GARCH models estimated by the

parametric CQR, while K ě 2 is required for the ALDAR model estimated by the semi-

parametric CQR. These findings suggest that the QR (i.e. CQR with K “ 1) can be faced

with identification issue in estimation for location-scale time series models. As a result,

the CQR can not only improve estimation efficiency of QR, but also solve the identification

problem of QR for many specifications of model (2.1).

S5 Proofs of Theorems 1-4 and Corollary S1

In this section, we show the proofs of Theorems 1-4 and Corollary S1. Since the proofs of

Theorems 3-4 are similar to the proofs of Theorems 1-2, we only verify Theorems 1-2 and

Corollary S1 in this section.

S5.1 Proof of Theorem 1

To verify Theorem 1, we need the following lemma.

Lemma 1. Define Lnpϕq “ n´1
řn

t“1 ltpϕq, where ltpϕq “
řK

k“1 ρτk pyt ´ qt,τkpϕqq. Let

rLnpϕq “ n´1
řn

t“1
rltpϕq, where rltpϕq “

řK
k“1 ρτk pyt ´ rqt,τkpϕqq. If Assumptions 1-4, 5 (i)
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and 6 (i) hold, then

p1q E

„

sup
ϕPΦ

|ltpϕq|

ȷ

ă 8;

p2q E rltpϕqs has a unique minimum at ϕ0;

p3q sup
ϕPΦ

|Lnpϕq ´ rLnpϕq| “ opp1q.

Proof. Recall that qt,τkpϕq “ µtpϑq ` bkhtpϑq and rqt,τkpϕq is the approximation of qt,τkpϕq,

where ϕ “ pϑ1, b1q1 with b “ pb1, b2, . . . , bKq1. For Lemma 1 (1), since tytu is ergodic and

stationary by Assumption 1, E
“

supϕPΦ |qt,τkpϕq|
‰

ă 8 by Assumption 5 (i), and by the fact

that |ρτ pyq| ď |y|, it holds that

E sup
ϕPΦ

|ltpϕq| ď

K
ÿ

k“1

E

ˆ

sup
ϕPΦ

|ρτkpyt ´ qt,τkpϕqq|

˙

ď

K
ÿ

k“1

E

ˆ

sup
ϕPΦ

|yt ´ qt,τkpϕq|

˙

ď Ep|yt|q ` E

ˆ

sup
ϕPΦ

|qt,τkpϕq|

˙

ă 8.

We then consider Lemma 1 (2). For x ‰ 0, it holds that

ρτ px ´ yq ´ ρτ pxq “ ´yψτ pxq ` y

ż 1

0

rIpx ď ysq ´ Ipx ď 0qs ds

“ ´yψτ pxq ` px ´ yq rIp0 ą x ą yq ´ Ip0 ă x ă yqs , (S5.3)

where ψτ pxq “ τ ´ Ipx ă 0q; see Knight (1998). Let ξt,τk “ yt ´ qt,τkpϕ0q and υt,τkpϕq “

qt,τkpϕq ´ qt,τkpϕ0q. By (S5.3), it follows that

ltpϕq ´ ltpϕ0q

“ ´ υt,τkpϕqψτkpξt,τkq ` rξt,τk ´ υt,τkpϕqsrIp0 ą ξt,τk ą υt,τkpϕqq ´ Ip0 ă ξt,τk ă υt,τkpϕqqs.
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This together with Erψτkpξt,τkq|Ft´1s “ 0, implies that

E rltpϕqs ´ E rltpϕ0qs

“

K
ÿ

k“1

E trξt,τk ´ υt,τkpϕqsrIp0 ą ξt,τk ą υt,τkpϕqq ´ Ip0 ă ξt,τk ă υt,τkpϕqqsu ě 0.

Since fp¨q is continuous at the neighborhood of qt,τkpϕ0q by Assumption 3 , then the above

quality holds if and only if υt,τkpϕq “ 0 with probability one for t P Z. This together with

Assumption 4 (ii), implies that ϕ “ ϕ0 and Lemma 1 (2) is verified.

For Lemma 1 (3), since
ř8

t“1 supϕPΦ |qt,τkpϕq ´ rqt,τkpϕq| ă 8 by Assumption 6 (i), it holds

that

sup
ϕPΦ

|Lnpϕq ´ rLnpϕq| ď
1

n

n
ÿ

t“1

K
ÿ

k“1

sup
ϕPΦ

|ρτkpyt ´ qt,τkpϕqq ´ ρτkpyt ´ rqt,τkpϕqq|

ă
2

n

n
ÿ

t“1

K
ÿ

k“1

sup
ϕPΦ

|qt,τkpϕq ´ rqt,τkpϕq| “ opp1q.

Hence, Lemma 1 (3) is verified.

Proof of Theorem 1. Since ltpϕq ´Erltpϕqs is a measurable function of yt in Euclidean space

for each ϕ P Φ, which is also a continuous function of ϕ P Φ for each yt. Then by Theorem

3.1 of Ling and McAleer (2003), together with Lemma 1 (i) and the strict stationarity and

ergodicity of tytu by Assumption 1, we have

sup
ϕPΦ

|Lnpϕq ´ Erltpϕqs| “ opp1q.

This together with Lemma 1 (iii), implies that

sup
ϕPΦ

|rLnpϕq ´ Erltpϕqs| “ opp1q. (S5.4)

We next verify the uniform consistency. For any c ą 0, with probability tending to 1

uniformly in ϵ ě c and by pϕn “ argminϕPΦ
rLnpϕq, it holds that

rLnppϕnq ď rLnpϕ0q ` ϵ{3, (S5.5)
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and by (S5.4), it holds that

Erltppϕnqs ă rLnppϕnqq ` ϵ{3, (S5.6)

rLnpϕ0q ă Erltpϕ0qs ` ϵ{3. (S5.7)

Combining (S5.5), (S5.6) and (S5.7), with probability tending to 1, we have

Erltppϕnqs ă Erltpϕ0qs ` ϵ. (S5.8)

Let Bδpϕ0q be an open neighborhood of ϕ0 with radius δ ą 0, then Bc “ Φ{Bδpϕ0q is

compact and infϕPBc Erltpϕqs exists. Denote ϵ “ infϕPBc Erltpϕqs ´ Erltpϕ0qs. Since ϕ0 “

argminϕPΦErltpϕqs is unique by Lemma 1 (ii), we have ϵ ą 0. Select c ą 0 for any ϵ ą 0

which satisfies Prpϵ ą cq ą 1´ϵ. Then combining with (S5.8), it follows that with probability

greater than 1 ´ ϵ,

Erltppϕnqs ă Erltpϕ0qs ` inf
ϕPBc

Erltpϕqs ´ Erltpϕ0qs ă inf
ϕPBc

Erltpϕqs.

Therefore, we have pϕn P Bδpϕ0q and }pϕn ´ ϕ0} ă δ with probability greater than 1 ´ ϵ. By

the arbitrariness of ϵ, it holds that }pϕn ´ ϕ0} ă δ with probability tending to 1. The proof

is accomplished.

S5.2 Proof of Theorem 2

To show Theorem 2, we introduce Lemmas 2-4 below. Specifically, Lemma 2 verifies the

stochastic differentiability condition defined by Pollard (1985), and the bracketing method in

Pollard (1985) is used for its proof. Lemmas 3 and 4 are used to obtain the
?
n-consistency

and asymptotic normality of pϕn, and the proof of Lemma 3 needs Lemma 2.

Lemma 2. If Assumptions 1-5 hold, then for any sequence of random variables un such that
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un “ opp1q, it holds that

π1npunq “ opp
?
n}un} ` n}un}2q,

where π1npuq “ u1
řK

k“1

řn
t“1 9qt,τkpϕ0qtXt,τkpuq ´ E rXt,τkpuq|Ft´1su with

Xt,τkpuq “

ż 1

0

rIpyt ď qt,τkpϕ0q ` ∆t,τkpuqsq ´ Ipyt ď qt,τkpϕ0qqs ds

and ∆t,τkpuq “ qt,τkpϕ0 ` uq ´ qt,τkpϕ0q.

Proof. Define ℵ “ tu : ϕ0 `u P Φu, where ϕ0 “ pϑ1
0, b

1
0q

1 with b0 “ pbτ1 , . . . , bτK q1 is the true

parameter and Φ is the parameter space. For u P ℵ, note that

π1npuq ď
?
n}u}

K
ÿ

k“1

d
ÿ

j“1

ˇ

ˇ

ˇ

ˇ

ˇ

1
?
n

n
ÿ

t“1

mt,τk,jtXt,τkpuq ´ E rXt,τkpuq|Ft´1su

ˇ

ˇ

ˇ

ˇ

ˇ

,

where d is the dimension of ϕ, mt,τk,j “ Bqt,τkpϕ0q{Bϕj with ϕj is jth element with ϕ. For

1 ď j ď d and τ P r0, 1s, define gt,τ “ maxjtmt,τ,j , 0u or gt,τ “ maxjt´mt,τ,j , 0u. Let

ft,τ puq “ gt,τXt,τ puq and define

Dn,τ puq “
1

?
n

n
ÿ

t“1

tft,τ puq ´ E rft,τ puq|Ft´1su.

To establish Lemma S.1, it suffices to show that, for any η ą 0,

sup
}u}ďη

|Dt,τ puq|

1 `
?
n}u}

“ opp1q. (S5.9)

We follow Lemma 4 of Pollard (1985) to verify (S5.9). Let F “ tftpuq : }u} ď ηu be a

collection of functions indexed by u. First, we verify that F satisfies the bracketing condition

defined on page 304 of Pollard (1985). Let Brpζq be an open neighborhood of ζ with radius

r ą 0, and define a constant C1 to be selected later. For any fixed ϵ ą 0 and 0 ă δ ď η,

there exists a sequence of small cubes tBϵδ{C1puiquKϵ
i“1 to cover Bδp0q, where Kϵ is an integer

less than C0ϵ
´d and C0 is depending on neither ϵ nor δ. Denote Vipδq “ Bϵδ{C0puiq

Ş

Bδp0q.
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Let U1pδq “ V1pδq and Uipδq “ Vipδq ´
Ťi´1

j“1 Vjpδq for i ě 2, then tUipδquKϵ
i“1 is a partition of

Bδp0q. For each ui P Uipδq with 1 ď i ď Kϵ, define the following bracketing functions

f˘
t,τ puq “ gt,τ

ż 1

0

„

I

ˆ

yt ď qt,τ pϕ0q ` ∆t,τ puqs ˘
ϵδ

C1

} 9qt,τ pϕ0q}

˙

´ I pyt ď qt,τ pϕ0qq

ȷ

ds.

Since Ip¨q is non-decreasing and gt,τ ě 0, for any u P Uipδq, we have

f´
t,τ puiq ď ft,τ puq ď f`

t,τ puiq. (S5.10)

Furthermore, by Taylor expansion, it holds that

E
“

f`
t,τ puiq ´ f´

t,τ puiq|Ft´1

‰

ď
ϵδ

C1

2 sup
x
fpxq

1

htpϑ0q
} 9qt,τ pϕ0q}2. (S5.11)

Denote ϱt,τ “ 2 supx fpxq} 9qt,τ pϕ0q}2{htpϑ0q. By Assumption 3, we have supx fpxq ă 8.

Choose C1 “ Epϱt,τ q. Then by iterative-expectation and Assumption 5 (ii), it follows that

E
“

f`
t,τ puiq ´ f´

t,τ puiq
‰

“ EtE
“

f`
t,τ puiq ´ f´

t,τ puiq|Ft´1

‰

u ď ϵδ.

This together with (S5.10), implies that the family F satisfies the bracketing condition.

Pick δk “ 2´kη. Define Bpkq “ Bδkp0q, and Apkq to be the annulus BpkqzBpk ` 1q. Fix

ϵ ą 0, for each 1 ď i ď Kϵ, by bracketing condition, there exists a partition tUipδkquKϵ
i“1 of

Bpkq. For u P Uipδkq, by (S5.11) with δ “ δk, it holds that

Dt,τ puq ď
1

?
n

n
ÿ

t“1

tf`
t,τ puiq ´ E

“

f`
t,τ puiq|Ft´1

‰

u ` E
“

f`
t,τ puiq ´ f´

t,τ puiq|Ft´1

‰

ď D`
t,τ puiq `

?
nϵδk

1

nC1

n
ÿ

t“1

ϱt,τ , (S5.12)

where D`
t,τ puiq “ 1?

n

řn
t“1tf

`
t,τ puiq ´ E

“

f`
t,τ puiq|Ft´1

‰

u. Define the event

En “ tω :
1

nC1

n
ÿ

t“1

ϱt,τ pωq ă 2u.

For u P Apkq, i.e. δk`1 ď }u} ď δk, we have 1 `
?
n}u} ą

?
nδk`1 “

?
nδk{2. Thus, by
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(S5.12) and the Chebyshev’s inequality, we have

Pr

˜

sup
uPApkq

Dt,τ puq

1 `
?
n}u}

ą 6ϵ, En

¸

ď Pr

˜

max
1ďiďKϵ

sup
uPUipδkqXApkq

Dt,τ puq ą 3
?
nϵδk, En

¸

ď Kϵ max
1ďiďKϵ

Pr
`

D`
t,τ puiq ą

?
nϵδk

˘

ď Kϵ max
1ďiďKϵ

E
“

pD`
t,τ puiqq2

‰

nϵ2δ2k
. (S5.13)

Then by iterative-expectation, Taylor expansion and the Cauchy-Schwarz inequality, together

with }ui} ď δk for ui P Uipδkq, we have

Etrf`
t,τ puiqs2u “ EtEtrf`

t,τ puiqs2|Ft´1uu

ď2Etg2t,τ

ˇ

ˇ

ˇ

ˇ

ż 1

0

„

F

ˆ

bτ `
∆t,τ puiq

htpϑ0q
s `

ϵδ

C1

} 9qt,τ pϕ0q}

htpϑ0q

˙

´ F pbτ q

ȷ

ds

ˇ

ˇ

ˇ

ˇ

u

ďCδk sup
x
fpxqE

ˆ

sup
ϕ‹PΦ

} 9qt,τ pϕ‹q}3

htpϑ0q

˙

:“πnpδkq,

where ϕ‹ is between ϕ0 and ϕ0 ` ui. This, together with E
`

h´1
t pϑ0q supΦ } 9qt,τ pϕq}3

˘

ă

8 by Assumption 5 (ii), supx fpxq ă 8 by Assumption 3 and the fact that f`
t,τ puiq ´

E
“

f`
t,τ puiq|Ft´1

‰

is a martingale difference sequence, implies that

Et
“

D`
t,τ puiq

‰2
u “

1

n

n
ÿ

t“1

Ettf`
t,τ puiq ´ E

“

f`
t,τ puiq|Ft´1

‰

u2u

ď
1

n

n
ÿ

t“1

Et
“

f`
t,τ puiq

‰2
u ď πnpδkq ă 8 (S5.14)

Combining with (S5.13) and (S5.14), we have

Pr

˜

sup
uPApkq

Dt,τ puq

1 `
?
n}u}

ą 6ϵ, En

¸

ď
Kϵπnpδkq

nϵ2δ2k
,

Similar to the proof of the upper tail case, we can obtain the same bound for the lower tail

case. Therefore, it holds that

Pr

˜

sup
uPApkq

|Dt,τ puq|

1 `
?
n}u}

ą 6ϵ, En

¸

ď
2Kϵπnpδkq

nϵ2δ2k
. (S5.15)
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Since πnpδkq Ñ 0 as k Ñ 8, we can choose kϵ such that 2Kϵπnpδkq{pϵ2η2q ă ϵ for k ě kϵ.

Let kn be an integer satisfies n´1{2 ď 2´kn ď 2n´1{2. Split tu : }u} ď ηu into two sets

B :“ Bpkn ` 1q and Bc :“ Bp0q ´ Bpkn ` 1q “
Ťkn

k“0Apkq. Then by (S5.15), we have

Pr

ˆ

sup
uPBc

|Dt,τ puq|

1 `
?
n}u}

ą 6ϵ

˙

ď

kn
ÿ

k“0

Pr

˜

sup
uPApkq

|Dt,τ puq|

1 `
?
n}u}

ą 6ϵ, En

¸

` Pr pEc
nq

ď
1

n

kϵ´1
ÿ

k“0

2Kϵπnpδkq

ϵ2η2
22k `

ϵ

n

kn
ÿ

k“kϵ

22k ` PrpEc
nq

ď Op
1

n
q ` 4ϵ ` PrpEc

nq. (S5.16)

Since 1 `
?
n}u} ą 1 for u P B and

?
nδkn`1 ă 1, similar to the proof of (S5.13) and

(S5.14), we have

Pr

ˆ

sup
uPB

Dt,τ puq

1 `
?
n}u}

ą 3ϵ, En

˙

ď Pr

ˆ

max
1ďiďKϵ

D`
t,τ puiq ą ϵ, En

˙

ď
Kϵπnpδkn`1q

ϵ2
.

We can get the same bound for the lower tail. Therefore, we have

Pr

ˆ

sup
uPB

|Dt,τ puq|

1 `
?
n}u}

ą 3ϵ

˙

ď Pr

ˆ

sup
uPB

|Dt,τ puq|

1 `
?
n}u}

ą 3ϵ, En

˙

` Pr pEc
nq

ď
2Kϵπnpδkn`1q

ϵ2
` PrpEc

nq. (S5.17)

Note that πnpδkn`1q Ñ 0 as n Ñ 8. Furthermore, by the ergodic theorem, PrpEnq Ñ 1 and

thus PrpEc
nq Ñ 0 as n Ñ 8. Finally, (S5.9) follows by (S5.16) and (S5.17). The proof of

this lemma is accomplished.

Lemma 3. If Assumptions 1-5 hold, then for any sequence of random variables un such that

un “ opp1q, it holds that

n rLnpϕ0 ` unq ´ Lnpϕ0qs “ ´
?
nu1

nT n `
?
nu1

nΣ1

?
nun ` opp

?
n}un} ` n}un}2q,

where Lnpϕq “ n´1
řn

t“1

řK
k“1 ρτkpyt ´ qt,τkpϕqq, T n “ n´1{2

řn
t“1

řK
k“1 9qt,τkpϕ0qψτkpyt ´

qt,τkpϕ0qq, and Σ1 “ Σ{2 “
řK

k“1 fpbτkqE
“

h´1
t pϑ0q 9qt,τkpϕ0q 9q1

t,τk
pϕ0q

‰

{2.
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Proof. Denote u “ ϕ ´ ϕ0, where ϕ “ pϑ1, b1q1 and ϕ0 “ pϑ1
0, b

1
0q

1. Recall that Lnpϕq “

n´1
řn

t“1

řK
k“1 ρτkpyt ´ qt,τkpϕqq. Let Xt,τ puq “

ş1

0
rIpξt,τ ď ∆t,τ puqsq ´ Ipξt,τ ď 0qs ds with

∆t,τ puq “ qt,τ pϕ0 ` uq ´ qt,τ pϕ0q and ξt,τ “ yt ´ qt,τ pϕ0q. By the Knight identity (S5.3), it

holds that

n rLnpϕ0 ` uq ´ Lnpϕ0qs “

n
ÿ

t“1

K
ÿ

k“1

rρτkpξt,τk ´ ∆t,τkpuqq ´ ρτkpξt,τkqs

“ K1npuq ` K2npuq, (S5.18)

where u P ℵ ” tu P Rd : u` ϕ0 P Φu,

K1npuq “ ´

n
ÿ

t“1

K
ÿ

k“1

∆t,τkpuqψτkpξt,τkq, and K2npuq “

n
ÿ

t“1

K
ÿ

k“1

∆t,τkpuqXt,τkpuq.

By Taylor expansion, we have ∆t,τ puq “ u1 9qt,τ pϕ0q ` u1 :qt,τ pϕ‹qu{2, where ϕ‹ is between

ϕ0 ` u and ϕ0. Then,

K1npuq “ ´u1

n
ÿ

t“1

K
ÿ

k“1

9qt,τkpϕ0qψτkpξt,τkq ´ u1

K
ÿ

k“1

n
ÿ

t“1

:qt,τkpϕ‹qψτkpξt,τkqu

“ ´
?
nu1T n ´

?
nu1R1npϕ‹q

?
nu, (S5.19)

where

T n “
1

?
n

n
ÿ

t“1

K
ÿ

k“1

9qt,τkpϕ0qψτkpξt,τkq and R1npϕ‹q “
1

n

K
ÿ

k“1

n
ÿ

t“1

:qt,τkpϕ‹qψτkpξt,τkq.

Since E
“

supϕ‹PΦ }:qt,τkpϕ‹q}
‰

ă 8 by Assumption 5 (iii) and the fact that |ψτkpξt,τkq| ď 1, we

have

E

„

sup
ϕ‹PΦ

}:qt,τkpϕ‹qψτkpξt,τkq}

ȷ

ă 8.

Then by iterative-expectation and the fact E rψτkpξt,τkq|Ft´1s “ 0, it holds that

E r:qt,τkpϕ‹qψτkpξt,τkqs “ 0.
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Therefore, by Theorem 3.1 in Ling and McAleer (2003), we have

sup
ϕ‹PΦ

}R1npϕ‹q} “ opp1q. (S5.20)

This together with (S5.19), implies that

K1npunq “ ´
?
nu1

nT n ` oppn}un}2q. (S5.21)

Denote Xt,τ puq “ X1t,τ puq ` X2t,τ puq, where

X1t,τ puq “

ż 1

0

rIpξt,τ ď ∆t,τ puqsq ´ Ipξt,τ ď u1 9qt,τ puqsqs ds,

and

X2t,τ puq “

ż 1

0

rIpξt,τ ď u1 9qt,τ puqsq ´ Ipξt,τ ď 0qs ds.

For K2npuq, by Taylor expansion, it holds that

K2npuq “ R2npuq ` R3npuq ` R4npuq ` R5npuq, (S5.22)

where

R2npuq “ u1

K
ÿ

k“1

n
ÿ

t“1

9qt,τkpϕ0qtXt,τkpuq ´ E rXt,τkpuq|Ft´1su,

R3npuq “ u1

K
ÿ

k“1

n
ÿ

t“1

9qt,τkpϕ0qE rX1t,τkpuq|Ft´1s ,

R4npuq “ u1

K
ÿ

k“1

n
ÿ

t“1

9qt,τkpϕ0qE rX2t,τkpuq|Ft´1s ,

R5npuq “
1

2
u1

K
ÿ

k“1

n
ÿ

t“1

:qt,τkpϕ‹qXt,τkpuqu.

For R2npuq, by Lemma S.1, it holds that

R2npunq “ opp
?
n}un} ` n}u}2q. (S5.23)

For R3npuq, note that

E rX1t,τkpuq|Ft´1s “

ż 1

0

„

F pbτk `
∆t,τkpuqs

htpϑ0q
q ´ F pbτk `

u1 9qt,τkpϕ0qs

htpϑ0q
q

ȷ

ds. (S5.24)
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Then by iterative-expectation, Taylor expansion and the Cauchy-Schwarz inequality, together

with supx fpxq ă 8 by Assumption 3, E
“

h´1
t pϑ0q supϕPΦ } 9qt,τkpϕq}2

‰

ă 8 by Assumption 5

(ii), and E
“

h´1
t pϑ0q supϕPΦ }:qt,τkpϕq}2

‰

ă 8 by Assumption 5 (iii), for any η ą 0, it holds

that

E

˜

sup
}u}ďη

|R3npuq|

n}u}2

¸

ď
1

4
η sup

x
fpxq

K
ÿ

k“1

E

„

} 9qt,τkpϕ0q}
}:qt,τkpϕ‹q}

htpϑ0q

ȷ

ď Cη
K
ÿ

k“1

"

E

„

sup
ϕPΦ

} 9qt,τkpϕq}2

htpϑ0q

ȷ*1{2 "

E

„

sup
ϕPΦ

}:qt,τkpϕq}2

htpϑ0q

ȷ*1{2

Ñ 0 as η Ñ 0.

Therefore, by Markov’s theorem, for any ϵ, δ ą 0, there exists η0 “ η0pϵq such that

Pr

˜

sup
}u}ďη0

|R3npuq|

n}u}2
ą δ

¸

ă
ϵ

2
(S5.25)

for all n ě 1. Since un “ opp1q, it follows that

Pr p}un} ą η0q ă
ϵ

2
(S5.26)

as n is large enough. From (S5.25) and (S5.26), we have

Pr

ˆ

|R3npunq|

n}un}2
ą δ

˙

“ Pr

ˆ

|R3npunq|

n}un}2
ą δ, }un} ď η0

˙

` Pr

ˆ

|R3npunq|

n}un}2
ą δ, }un} ą η0

˙

ď Pr

˜

sup
}un}ďη0

|R3npunq|

n}u}2
ą δ

¸

` Pr p}un} ą η0q ă ϵ

as n is large enough. Therefore,

R3npunq “ oppn}un}2q. (S5.27)

For R4npuq, note that

E rX2t,τkpuq|Ft´1s “

ż 1

0

„

F pbτk `
u1 9qt,τkpϕ0qs

htpϑ0q
q ´ F pbτkq

ȷ

ds. (S5.28)
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Then by Taylor expansion and Assumption 3, it follows that

E rX2t,τkpuq|Ft´1s “
u1

2
fpbτkq

9qt,τkpϕ0q

htpϑ0q

` u1 9qt,τkpϕ0q

htpϑ0q

ż 1

0

„

fpbτk `
u1 9qt,τkpϕ0q

htpϑ0q
s‹q ´ fpbτkq

ȷ

sds,

where s‹ is between 0 and s. Therefore, it holds that

R4npuq “
?
nu1Σ1n

?
nu`

?
nu1π3npuq

?
nu, (S5.29)

where Σ1n “ p2nq´1
řK

k“1 fpbτkq
řn

t“1 h
´1
t pϑ0q 9qt,τkpϕ0q 9q1

t,τk
pϕ0q and

π3npuq “
1

n

K
ÿ

k“1

n
ÿ

t“1

1

htpϑ0q
9qt,τkpϕ0q 9q1

t,τk
pϕ0q

ż 1

0

„

fpbτk `
u1 9qt,τkpϕ0q

htpϑ0q
s‹q ´ fpbτkq

ȷ

sds.

By Taylor expansion, together with E
“

h´1
t pϑ0q supϕPΦ } 9qt,τkpϕq}3

‰

ă 8 by Assumption 5 (ii)

and supx

ˇ

ˇ

ˇ

9fpxq

ˇ

ˇ

ˇ
ă 8 by Assumption 3, for any η ą 0, it holds that

E

˜

sup
}u}ďη

}π3npuq}

¸

ď
1

2n
sup
x

ˇ

ˇ

ˇ

9fpxq

ˇ

ˇ

ˇ

K
ÿ

k“1

n
ÿ

t“1

E

˜

sup
}u}ďη

›

›

›

›

1

htpϑ0q
9qt,τkpϕ0q 9q1

t,τk
pϕ0q

u1 9qt,τkpϕ0q

htpϑ0q

›

›

›

›

¸

ď Cη sup
x

ˇ

ˇ

ˇ

9fpxq

ˇ

ˇ

ˇ

K
ÿ

k“1

E

„

sup
ϕPΦ

} 9qt,τkpϕq}3

h2t pϑ0q

ȷ

Ñ 0 as η Ñ 0.

Similar to (S5.25) and (S5.26), we can show that π3npunq “ opp1q. This together with (S5.29)

and Σ1 “ Σ1n ` opp1q by ergodic theorem, implies that

R4npunq “
?
nu1

nΣ1

?
nun ` oppn}un}2q, (S5.30)

where Σ1 “
řK

k“1 fpbτkqE
“

h´1
t pϑ0q 9qt,τkpϕ0q 9q1

t,τk
pϕ0q

‰

{2.

Finally, we consider R5npuq. Since Ipx ď aq ´ Ipx ď bq “ Ipb ď x ď aq ´ Ipb ě x ě aq

and ∆t,τ puq “ u1 9qt,τkpϕ˚q with ϕ˚ between ϕ0 and ϕ0 ` u. Then by Taylor expansion, we
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have

sup
}u}ďη

|Xt,τkpuq| ď

ż 1

0

sup
}u}ďη

ˇ

ˇ

ˇ

ˇ

I

ˆ

bτk ď ηt ď bτk `
∆t,τkpuq

htpϑ0q
s

˙ˇ

ˇ

ˇ

ˇ

ds

`

ż 1

0

sup
}u}ďη

ˇ

ˇ

ˇ

ˇ

I

ˆ

bτk ě ηt ě bτk `
∆t,τkpuq

htpϑ0q
s

˙ˇ

ˇ

ˇ

ˇ

ds

ďI

˜

bτk ď ηt ď bτk ` η sup
ϕ˚PΦ

} 9qt,τkpϕ˚q}

htpϑ0q

¸

` I

˜

bτk ě ηt ě bτk ´ η sup
ϕ˚PΦ

} 9qt,τkpϕ˚q}

htpϑ0q

¸

.

Then by iterative-expectation and the Cauchy-Schwarz inequality, together with supx

ˇ

ˇ

ˇ

9fpxq

ˇ

ˇ

ˇ
ă

8 by Assumption 3, E
“

h´1
t pϑ0q supϕPΦ } 9qt,τkpϕq}2q

‰

ă 8 by Assumption 5 (ii), and Erh´1
t pϑ0q

supϕPΦ }:qt,τkpϕq}2s ă 8 by Assumption 5 (iii), for any η ą 0, it follows that

E

˜

sup
}u}ďη

|R5npuq|

n}u}2

¸

ď
1

2n

K
ÿ

k“1

n
ÿ

t“1

E

«

sup
ϕ‹PΦ

}:qt,τkpϕ‹q}E

˜

sup
}u}ďη

|Xt,τkpuq| |Ft´1

¸ff

ď η sup
x
fpxq

K
ÿ

k“1

E

«

sup
ϕ‹PΦ

}:qt,τkpϕ‹q}

htpϑ0q
sup
ϕ˚PΦ

} 9qt,τkpϕ˚q}

ff

ď Cη
K
ÿ

k“1

#

E

«

sup
ϕ˚PΦ

} 9qt,τkpϕ˚q}2

htpϑ0q

ff+1{2
"

E

„

sup
ϕ‹PΦ

}:qt,τkpϕ‹q}2

htpϑ0q

ȷ*1{2

Ñ 0 as η Ñ 0.

Similar to (S5.25) and (S5.26), we can show that

R5npunq “ oppn}un}2q. (S5.31)

From (S5.23), (S5.27), (S5.30) and (S5.31), we have

K2npunq “
?
nu1

nΣ1

?
nun ` opp

?
n}un} ` n}un}2q. (S5.32)

In view of (S5.18), (S5.21) and (S5.32), we accomplish the proof of this lemma.

Lemma 4. If Assumptions 1-6 hold, then for any sequence of random variables un such that
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un “ opp1q, it holds that

n
”

rLnpϕ0 ` unq ´ rLnpϕ0q

ı

´ n rLnpϕ0 ` unq ´ Lnpϕ0qs “ opp
?
n}un} ` n}un}2q,

where rLnpϕq “ n´1
řn

t“1

řK
k“1 ρτkpyt´ rqt,τkpϕqq and Lnpϕq “ n´1

řn
t“1

řK
k“1 ρτkpyt´qt,τkpϕqq.

Proof. Recall that ξt,τk “ yt ´ qt,τkpϕ0q, ∆t,τkpuq “ qt,τkpϕ0 ` uq ´ qt,τkpϕ0q and Xt,τkpuq “

ş1

0
rIpyt ď qt,τkpϕ0q ` ∆t,τkpuqsq ´ Ipyt ď qt,τkpϕ0qqs ds. Define rξt,τk “ yt´rqt,τkpϕ0q, r∆t,τkpuq “

rqt,τkpϕ0`uq´rqt,τkpϕ0q and rXt,τkpuq “
ş1

0

”

Ipyt ď rqt,τkpϕ0q ` r∆t,τkpuqsq ´ Ipyt ď rqt,τkpϕ0qq

ı

ds.

Then by (S5.3), it holds

n
”

rLnpϕ0 ` unq ´ rLnpϕ0q

ı

´ n rLnpϕ0 ` unq ´ Lnpϕ0qs

“

n
ÿ

t“1

K
ÿ

k“1

!”

´ r∆t,τkpuqψτkprξt,τkq ` r∆t,τkpuq rXt,τkpuq

ı

´ r´∆t,τkpuqψτkpξt,τkq ` ∆t,τkpuqXt,τkpuqs

)

“

K
ÿ

k“1

”

rAk,1npuq ` rAk,2npuq ` rAk,3npuq ` rAk,4npuq

ı

, (S5.33)

where u P ℵ ” tu : u` ϕ0 P Φu,

rAk,1npuq “

n
ÿ

t“1

”

∆t,τkpuq ´ r∆t,τkpuq

ı

ψτkprξt,τkq,

rAk,2npuq “

n
ÿ

t“1

”

ψτkpξt,τkq ´ ψτkprξt,τkq

ı

∆t,τkpuq,

rAk,3npuq “

n
ÿ

t“1

”

r∆t,τkpuq ´ ∆t,τkpuq

ı

rXt,τkpuq, and

rAk,4npuq “

n
ÿ

t“1

”

rXt,τkpuq ´ Xt,τkpuq

ı

∆t,τkpuq.

For rAk,1npuq, since |ψτkprξt,τkq| ď 1,
ř8

t“1 supϕPΦ } 9qt,τkpϕq ´ 9
rqt,τkpϕq} ă 8 by Assumption 6

(ii), then by Taylor expansion, it holds

sup
uPℵ

| rAk,1npuq|
?
n}u}

ď
1

?
n

n
ÿ

t“1

sup
uPℵ

|∆t,τkpuq ´ r∆t,τkpuq|

}u}
|ψτkprξt,τkq|

ď
1

?
n

n
ÿ

t“1

sup
ϕ‹PΦ

} 9qt,τkpϕ‹q ´ 9
rqt,τkpϕ‹q} “ opp1q,
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where ϕ‹ is between ϕ0 and ϕ0 ` u. Therefore, for un “ opp1q, we have

rAk,1npunq “ opp
?
n}un}q. (S5.34)

For rAk,2npuq, by Taylor expansion and Cauchy-Schwarz inequality, together with the strict

stationarity and ergodicity of tytu by Assumption 1, E
“

supϕ‹PΦ } 9qt,τkpϕ‹q}
‰

ă 8 by Assump-

tion 5 (ii), it holds that

sup
uPℵ

| rAk,2npuq|
?
n}u}

ď
1

?
n

n
ÿ

t“1

sup
ϕ‹PΦ

} 9qt,τkpϕ‹q}|ψτkpξt,τkq ´ ψτkprξt,τkq|

ď
1

?
n

max
1ďtďn

sup
ϕ‹PΦ

} 9qt,τkpϕ‹q}

n
ÿ

t“1

|ψτkpξt,τkq ´ ψτkprξt,τkq|

ď opp1q

8
ÿ

t“1

|ψτkpξt,τkq ´ ψτkprξt,τkq|. (S5.35)

Since Ipx ă aq ´ Ipx ă bq “ Ip0 ă x ´ b ă a ´ bq ´ Ip0 ą x ´ b ą a ´ bq and ψτkpξt,τkq ´

ψτkprξt,τkq “ Ipyt ă rqt,τkpϕ0qq ´ Ipyt ă qt,τkpϕ0qq, we have

E
”

|ψτkpξt,τkq ´ ψτkprξt,τkq||Ft´1

ı

ďE rIp0 ă yt ´ qt,τkpϕ0q ă |rqt,τkpϕ0qq ´ qt,τkpϕ0q|q|Ft´1s

` E rIp0 ą yt ´ qt,τkpϕ0q ą ´|rqt,τkpϕ0qq ´ qt,τkpϕ0q|q|Ft´1s

ďF pbτk `
|rqt,τkpϕ0qq ´ qt,τkpϕ0q|

htpϑ0q
q

´ F pbτk ´
|rqt,τkpϕ0qq ´ qt,τkpϕ0q|

htpϑ0q
q

ď2 sup
x
fpxq

|rqt,τkpϕ0qq ´ qt,τkpϕ0q|

htpϑ0q
.

This together with supx fpxq ă 8 by Assumption 3,
ř8

t“1 h
´1
t pϑ0q supϕPΦ |rqt,τkpϕq´qt,τkpϕq| ă

8 by Assumption 6 (i), and Corollary 2.3 in Hall and Heyde (2014), we have

sup
uPℵ

| rAk,2npuq|
?
n}u}

ď opp1q

8
ÿ

t“1

|rqt,τkpϕ0qq ´ qt,τkpϕ0q|

htpϑ0q
ď opp1q.

Therefore, for un “ opp1q, we have

rAk,2npunq “ opp
?
n}un}q. (S5.36)
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For rAk,3npuq, since | rXt,τkpuq| ď 2, then similar to the proof of rAk,1npuq, for un “ opp1q,

we have

rAk,3npunq “ opp
?
n}un}q. (S5.37)

We finally consider rAk,4npuq. Denote

rct “

ż 1

0

”

Ipyt ď rqt,τkpϕ0q ` r∆t,τkpuqsq ´ Ipyt ď qt,τkpϕ0q ` ∆t,τkpuqsq
ı

ds,

and

rdt “

ż 1

0

rIpyt ď rqt,τkpϕ0qq ´ Ipyt ď qt,τkpϕ0qqs ds.

By using Ipx ď aq ´ Ipx ď bq “ Ip0 ď x ´ b ď a ´ bq ´ Ip0 ě x ´ b ě a ´ bq and Taylor

expansion, it holds that

E p|rct||Ft´1q

ďE

„
ż 1

0

I
´

|yt ´ qt,τkpϕ0q ´ ∆t,τkpuqsq| ď |rqt,τkpϕ0q ´ qt,τkpϕ0q| ` | r∆t,τkpuq ´ ∆t,τkpuq|s
¯

ds

ȷ

ďC sup
x
fpxq

«

|rqt,τkpϕ0q ´ qt,τkpϕ0q|

htpϑ0q
` }u} sup

ϕ‹PΦ

} 9
rqt,τkpϕ‹q ´ 9qt,τkpϕ‹q}

htpϑ0q

ff

,

and

E
´

| rdt||Ft´1

¯

ď E

„
ż 1

0

I p|yt ´ qt,τkpϕ0q| ď |rqt,τkpϕ0q ´ qt,τkpϕ0q|q ds

ȷ

ď 2 sup
x
fpxq

|rqt,τkpϕ0q ´ qt,τkpϕ0q|

htpϑ0q
.

Then by iterative-expansion,Cauchy-Schwarz and Taylor expansion, together with rXt,τkpuq´

Xt,τkpuq “ rct ´ rdt, supx fpxq ă 8 by Assumption 3, E
“

supϕ‹PΦ } 9qt,τkpϕ‹q}
‰

ă 8 by Assump-

tion 5 (ii),
ř8

t“1 h
´1
t pϑ0q supϕPΦ |rqt,τkpϕq ´ qt,τkpϕq| ă 8 by Assumption 6 (i),

ř8

t“1 h
´1
t pϑ0q
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supϕPΦ } 9
rqt,τkpϕq ´ 9qt,τkpϕq} ă 8 by Assumption 6 (ii), and and Corollary 2.3 in Hall and

Heyde (2014), we have

sup
uPℵ

| rAk,4npuq|
?
n}u} ` n}u}2

ď

n
ÿ

t“1

sup
uPℵ

∆t,τkpuq

}u}

| rXt,τkpuq ´ Xt,τkpuq|
?
n ` n}u}

ď
C

?
n

n
ÿ

t“1

sup
ϕ‹PΦ

} 9qt,τkpϕ‹q}
|rqt,τkpϕ0q ´ qt,τkpϕ0q|

htpϑ0q

`
C

n

n
ÿ

t“1

sup
ϕ‹PΦ

} 9qt,τkpϕ‹q}
| 9
rqt,τkpϕ0q ´ 9qt,τkpϕ0q|

htpϑ0q

ďopp1q

#

8
ÿ

t“1

|rqt,τkpϕ0q ´ qt,τkpϕ0q|

htpϑ0q
`

8
ÿ

t“1

| 9
rqt,τkpϕ0q ´ 9qt,τkpϕ0q|

htpϑ0q

+

“opp1q.

Therefore, for un “ opp1q, we have

rAk,4npunq “ opp
?
n}un} ` n}un}2q. (S5.38)

Combining (S5.33)-(S5.38), we accomplish the proof of this lemma.

Proof of Theorem 2. Recall that Lnpϕq “ n´1
řn

t“1

řK
k“1 ρτkpyt ´ qt,τkpϕqq. For u P ℵ ” tu :

ϕ0 ` u P Φu, define rHnpuq “ n
”

rLnpϕ0 ` uq ´ rLnpϕ0q

ı

. Denote pun “ pϕn ´ ϕ0. By the

consistency of pϕn, it holds that pun “ opp1q. Note that pun is the minimizer of rHnpuq, since

pϕn minimizes rLnpϕq. This together with Lemmas 1-3, implies that

rHnppunq “ ´
?
npu1

nT n `
?
npu1

nΣ1

?
npun ` opp

?
n}pun} ` n}pun}2q (S5.39)

ě ´
?
n}pun} r}T n} ` opp1qs ` n}pun}2 rλmin ` opp1qs ,

where λmin is the smallest eigenvalue of Σ1 “ Σ{2 with Σ defined before Theorem 1, and T n “

n´1{2
řn

t“1

řK
k“1 9qt,τkpϕ0qψτkpyt ´ qt,τkpϕ0qq. Denote Zt “

řK
k“1 9qt,τkpϕ0qψτkpyt ´ qt,τkpϕ0qq,

then T n “ n´1{2
řn

t“1Zt. If Assumptions 1-3 hold, by the Central Limit Theorem, we have

T n ÑL Np0,Ωq as n Ñ 8,
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where Ω “
řK

k“1

řK
k1“1 Γkk1E

”

9qt,τkpϕ0q 9q1
t,τk1

pϕ0q

ı

with Γkk1 “ minpτk, τk1qp1 ´ maxpτk, τk1qq.

Since rHnppunq ď 0, then we have

?
n}pun} ď rλmin ` opp1qs

´1
r}T n} ` opp1qs “ Opp1q. (S5.40)

This together with the consistency of pϕn, verifies the
?
n-consistency of pϕn, i.e.

?
nppϕn ´

ϕ0q “ Opp1q. Let
?
nu‹

n “ Σ´1
1 T n{2 “ Σ´1T n, then we have

?
nu‹

n ÑL Np0,Ξq as n Ñ 8,

where Ξ “ Σ´1ΩΣ´1. As a result, it is sufficient to show that
?
npun ´

?
nu‹

n “ opp1q. By

(S5.39) and (S5.40), we have

rHnppunq “ ´
?
npu1

nT n `
?
npu1

nΣ1

?
npun ` opp1q

“ ´2
?
npu1

nΣ1

?
nu‹

n `
?
npu1

nΣ1

?
npun ` opp1q,

and

rHnpu‹
nq “ ´

?
nu‹1

nT n `
?
nu‹1

nΣ1

?
nu‹

n ` opp1q

“ ´
?
nu‹1

nΣ1

?
nu‹

n ` opp1q.

It follows that

rHnppunq ´ rHnpu‹
nq “ p

?
npun ´

?
nu‹

nq1Σ1p
?
npun ´

?
nu‹

nq ` opp1q

ě λmin}
?
npun ´

?
nu‹

n}2 ` opp1q. (S5.41)

Since rHnppunq ´ Hnpu‹
nq ď 0 a.s., then (S5.41) implies that }

?
npun ´

?
nu‹

n} “ opp1q. We

verify the asymptotic normality of pϕn, and the proof is accomplished.
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S5.3 Proof of Corollary S1

For the consistency in Corollary S1 (i), the proof is the same as that for Theorem 1 and we

omit the detailed proof. Similar to the proof of Theorem 2, we introduce Lemmas 5-7 below

to show the asymptotic normality in Corollary S1 (ii). Since the proofs of Lemmas 5 and 7

are the same as those of Lemmas 2 and 4, we only verify Lemma 6.

Lemma 5. If Assumptions 3 and 5-S3 hold, then for any sequence of random variables un

such that un “ opp1q, it holds that

π˚
1npunq “ opp

?
n}un} ` n}un}2q,

where π˚
1npuq “ u1

řK
k“1

řn
t“1 9gt,τkpψ˚

0qtX˚
t,τk

puq ´ E
“

X˚
t,τk

puq|Ft´1

‰

u with

X˚
t,τk

puq “

ż 1

0

“

Ipyt ď gt,τkpψ˚
0q ` ∆˚

t,τk
puqsq ´ Ipyt ď gt,τkpψ˚

0qq
‰

ds

and ∆˚
t,τk

puq “ gt,τkpψ˚
0 ` uq ´ gt,τkpψ˚

0q.

Lemma 6. If Assumptions 3 and 5-S3 hold, then for any sequence of random variables un

such that un “ opp1q, it holds that

n rL˚
npψ˚

0 ` unq ´ L˚
npψ˚

0qs “ ´
?
nu1

nT
˚
n `

?
nu1

npN1 ´ J˚
1 q

?
nun ` opp

?
n}un} ` n}un}2q,

where L˚
npψq “ n´1

řn
t“1

řK
k“1 ρτkpyt ´ gt,τkpψqq, T ˚

n “ n´1{2
řn

t“1

řK
k“1 9gt,τkpψ˚

0qψτkpyt ´

gt,τkpψ˚
0qq, N1 “

řK
k“1 fpQτkpλ0qqErh´1

t pϑ0q 9gt,τkpψ˚
0q 9g1

t,τk
pψ˚

0qs{2 and J˚
1 “

řK
k“1Er:gt,τkpψ˚

0qψτkpyt´

gt,τkpψ˚
0qqs{2.

Lemma 7. If Assumptions 3 and 5-S3 hold, then for any sequence of random variables un

such that un “ opp1q, it holds that

n
”

rL˚
npψ˚

0 ` unq ´ rL˚
npψ˚

0q

ı

´ n rL˚
npψ˚

0 ` unq ´ L˚
npψ˚

0qs “ opp
?
n}un} ` n}un}2q,

where rL˚
npψq “ n´1

řn
t“1

řK
k“1 ρτkpyt´rgt,τkpψqq and L˚

npψq “ n´1
řn

t“1

řK
k“1 ρτkpyt´gt,τkpψqq.
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Proof of Lemma 6. Denote u “ ψ´ψ˚
0 , where ψ “ pϑ1,λ1q1 and ψ˚

0 “ pϑ˚1
0 ,λ

˚1
0 q1. Recall that

L˚
npψq “ n´1

řn
t“1

řK
k“1 ρτkpyt´gt,τkpψqq. LetX˚

t,τ puq “
ş1

0

“

Ipξ˚
t,τ ď ∆˚

t,τ puqsq ´ Ipξ˚
t,τ ď 0q

‰

ds

with ∆˚
t,τ puq “ gt,τ pψ˚

0 `uq´gt,τ pψ˚
0q and ξ˚

t,τ “ yt ´gt,τ pψ˚
0q. By the Knight identity (S5.3),

it holds that

n rL˚
npψ˚

0 ` uq ´ L˚
npψ˚

0qs “

n
ÿ

t“1

K
ÿ

k“1

“

ρτkpξ˚
t,τk

´ ∆˚
t,τk

puqq ´ ρτkpξ˚
t,τk

q
‰

“ K˚
1npuq ` K˚

2npuq, (S5.42)

where u P ℵ ” tu P Rd : u`ψ˚
0 P Ψu with d being the dimension of ψ,

K˚
1npuq “ ´

n
ÿ

t“1

K
ÿ

k“1

∆˚
t,τk

puqψτkpξ˚
t,τk

q, and K˚
2npuq “

n
ÿ

t“1

K
ÿ

k“1

∆˚
t,τk

puqX˚
t,τk

puq.

By Taylor expansion, we have ∆˚
t,τ puq “ u1 9gt,τ pψ˚

0q ` u1:gt,τ pψ:qu{2, where ψ: is between

ψ˚
0 ` u and ψ˚

0 . Then,

K˚
1npuq “ ´u1

n
ÿ

t“1

K
ÿ

k“1

9gt,τkpψ˚
0qψτkpξ˚

t,τk
q ´ u1

K
ÿ

k“1

n
ÿ

t“1

:gt,τkpψ:qψτkpξ˚
t,τk

qu

“ ´
?
nu1T ˚

n ´
?
nu1R˚

1npψ:q
?
nu, (S5.43)

where

T ˚
n “

1
?
n

n
ÿ

t“1

K
ÿ

k“1

9gt,τkpψ˚
0qψτkpξ˚

t,τk
q and R˚

1npψ:q “
1

n

K
ÿ

k“1

n
ÿ

t“1

:gt,τkpψ:qψτkpξ˚
t,τk

q.

Since E
“

supψ:PΨ }:gt,τkpψ:q}
‰

ă 8 by Assumption 5 (iii) and the fact that |ψτkpξ˚
t,τk

q| ď 1, we

have

E

«

sup
ψ:PΨ

}:gt,τkpψ:qψτkpξ˚
t,τk

q}

ff

ă 8.

Moreover, since :gt,τkpψq is continuous with respect to ψ P Ψ, then by ergodic theorem for

strictly stationary and α-mixing process under Assumption S1, together with ψn “ ψ˚
0`un “
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ψ˚
0 ` opp1q and ψ: between ψ˚

0 ` un and ψ˚
0 , it holds that

R˚
1npψ:q “ J˚

1 ` opp1q,

where J˚
1 “

řK
k“1E r:gt,τkpψ˚

0qψτkpyt ´ gt,τkpψ˚
0qqs {2. This together with (S5.43), implies that

K˚
1npunq “ ´

?
nu1

nT
˚
n ´

?
nu1

nJ
˚
1

?
nun ` oppn}un}2q. (S5.44)

Then similar to (S5.22)-(S5.32) in the proof of Lemma 3, we can prove that

K˚
2npunq “

?
nu1

nN1

?
nun ` opp

?
n}un} ` n}un}2q, (S5.45)

where N1 “
řK

k“1 fpQτkpλ˚
0qqE

“

h´1
t pϑ˚

0q 9gt,τkpψ˚
0q 9g1

t,τk
pψ˚

0q
‰

{2. In view of (S5.42)-(S5.45), we

accomplish the proof of Lemma 6.

Proof of Corollary S1. Recall that rL˚
npψq “ n´1

řn
t“1

řK
k“1 ρτkpyt ´ rgt,τkpψqq. For u P ℵ ”

tu P Rd : u ` ψ˚
0 P Ψu, define pH˚

npuq “ n
”

rL˚
npψ˚

0 ` uq ´ rL˚
npψ˚

0q

ı

. Denote pun “ pψn ´ ψ˚
0 .

By the consistency of pψn, it holds that pun “ opp1q. Note that pun is the minimizer of pH˚
npuq,

since pψn is the minimizer of rL˚
npψq. This together with Lemmas 5-7, implies that

rH˚
nppunq “ ´

?
npu1

nT
˚
n `

?
npu1

npN1 ´ J˚
1 q

?
npun ` opp

?
n}pun} ` n}pun}2q (S5.46)

ě ´
?
n}pun} r}T ˚

n} ` opp1qs ` n}pun}2 rλmin ` opp1qs ,

where λmin is the smallest eigenvalue of N1´J˚
1 “ N˚{2 with N˚ defined before Corollary S1,

and T ˚
n “ n´1{2

řn
t“1

řK
k“1 9gt,τkpψ˚

0qψτkpyt ´ gt,τkpψ˚
0qq. Denote Z˚

t “
řK

k“1 9gt,τkpψ˚
0qψτkpyt ´

gt,τkpψ˚
0qq, then T ˚

n “ n´1{2
řn

t“1Z
˚
t . Since ψ˚

0 “ argminψPΨ

řK
k“1Erρτk pyt ´ gt,τkpψqqs, we

have EpZ˚
t q “ 0. Moreover, by Lemma 2.1 of White and Domowitz (1984) and Assumption

S1, for any nonzero vector c P Rd, we can show that c1Z˚
t is also a strictly stationary and

α-mixing process with the mixing coefficient αpnq satisfying
ř

ně1rαpnqs1´2{δ ă 8 for some

δ ą 2. As a result, by central limit theorem for α-mixing process given in Theorem 2.21 of Fan
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and Yao (2003) and the Cramér-Wold device, T ˚
n convergences in distribution to a normal

random variable with mean zero and variance matrix M˚ “ EpZ˚
tZ

˚1

t q `n´1
řn

t‰sEpZ˚
tZ

˚1

s q

as n Ñ 8. Then similar to (S5.40)-(S5.41) in the proof of Theorem 2, we can verify the

asymptotic normality of pψn.

S6 Proofs of Theorems 1-4 for special cases

In this section, we prove that Theorems 1-4 still hold for both CQR estimators in ARMA-

GARCH, ALDAR and ESTAR-GARCH models. It is equivalent to verify that Assumptions

4-6 can be implied by Assumptions 41-51 (or Assumptions 42-52, or Assumptions 43-53) for

ARMA-GARCH models (or ALDAR models, or ESTAR-GARCH models).

S6.1 Proof of Theorems 1-4 for ARMA-GARCH models

Proof. For the ARMA-GARCH model (2.2), recall that

µtpϑ
Iq “

p
ÿ

i“1

αiyt´i `

q
ÿ

j“1

βjϵt´j and htpϑ
Iq “

g

f

f

eω `

Q
ÿ

i“1

γiϵ2t´i `

P
ÿ

j“1

νjh2t´j,

where ϑI “ pα1, . . . , αp, β1, . . . , βq, ω, γ1, . . . , γQ, ν1, . . . , νP q1. Define the characteristic poly-

nomials by αpzq “ 1 ´
řp

i“1 αiz
i, βpzq “ 1 `

řq
j“1 βjz

j, γpzq “
řQ

i“1 γiz
i and νpzq “

1´
řP

j“1 νjz
j. Denote

ř8

i“1 ciz
i “ γpzq{νpzq and 1`

ř8

i“1 diz
i “ αpzq{βpzq. Then µtpϑ

Iq and

htpϑ
Iq of model (2.2) have the autoregressive representions:

µtpϑ
Iq “ ´

8
ÿ

i“1

diyt´i and htpϑ
Iq “

g

f

f

eω{νp1q `

8
ÿ

i“1

ciϵ2t´ipϑ
Iq,

where ϵtpϑIq “ yt `
ř8

i“1 diyt´i.

We first verify that qI
t,τk

pϕIq and rqI
t,τk

pϕIq for model (2.2) with Assumptions 41-51 imply

Assumptions 4-6. Note that ω “ 1 by Assumption 41 (iii) for the semi-parametric CQR
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in model (2.2), then we rewrite the model parameter by ϑI
˚ “ pα1, . . . , αp, β1, . . . , βq, γ1, . . . ,

γQ, ν1, . . . , νP q1. Thus it holds that qI
t,τk

pϕIq “ µtpϑ
I
˚q`bkhtpϑ

I
˚q, where ϕI “ pϑI1

˚ , b1, . . . , bKq1.

Obviously, qI
t,τk

pϕIq is continuous in ϕI P ΦI and Assumption 4 (i) holds, where ΦI “ Rp`q ˆ

R`P`Q
ˆRK is the parameter space. Denote the true parameter by ϕI

0 “ pϑI1
˚0, b10, . . . , bK0q1,

where ϑI
˚0 “ pα10, . . . , αp0, β10, . . . , βq0, γ10, . . . , γQ0,ν10, . . . , νP0q

1. Then we can get α0pzq “

1 ´
řp

i“1 αi0z
i, β0pzq “ 1 `

řq
j“1 βj0z

j, γ0pzq “
řQ

i“1 γi0z
i and ν0pzq “ 1 ´

řP
j“1 νj0z

j. For

Assumption 4 (ii), we can write qI
t,τk

pϕIq “ yt´ϵtpϑ
I
˚q`bkhtpϑ

I
˚q. Then if qI

t,τk
pϕIq “ qI

t,τk
pϕI

0q,

it holds that

ϵtpϑ
I
˚q ´ ϵtpϑ

I
˚0q ´ bkhtpϑ

I
˚q ` bk0htpϑ

I
˚0q “ 0. (S6.1)

Denote ϵt “ ϵtpϑ
I
˚0q, then by Assumption 1, we have

ϵtpϑ
I
˚q ´ ϵt “

8
ÿ

i“1

aiϵt´i,

where 1 `
ř8

i“1 aiz
i “ αpzqβ0pzq{rα0pzqβpzqs. Therefore, (S6.1) can be written as

a1ϵt´1 ` H1,t´2 ´ bk

b

c1pϵt´1 ` H2,t´2q
2 ` H3,t´2 ` bk0

b

c10ϵ2t´1 ` H4,t´2 “ 0, (S6.2)

where
ř8

i“1 ci0z
i “ γ0pzq{ν0pzq,

H1,t´j “

8
ÿ

i“j

aiϵt´i, H2,t´j “

8
ÿ

i“1

aiϵt´j´i,

H3,t´j “ 1{νp1q `

8
ÿ

i“j

ciϵ
2
t´ipϑ

I
˚q, and H4,t´j “ 1{ν0p1q `

8
ÿ

i“j

ci0ϵ
2
t´i. (S6.3)

Since ϵt´1 is independent of all the others given Ft´2, it holds that

ai ´ bkc
1{2
i ` bk0c

1{2
i0 “ 0. (S6.4)

Let ςpxq “ ax ` H1 ´ bkrc1px ` H2q2 ` H3s
1{2 ` bk0pc10x

2 ` H4q1{2, then we can get from

(S6.2) that ςpxq “ 0 for all x P R. Since H4,t´j ą 0 for any t ´ j P Z and d3ςpxq{dx3 “ 0
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when x “ ´H2, it holds that H2 “ 0, which together with (S6.2) yields H2,t´2 “ 0. Hence,

ϵt´1pϑ
I
˚q “ ϵt´1, then together with Assumption 41 (i), we obtain αi “ αi0 for all 1 ď i ď p

and βj “ βj0 for all 1 ď j ď q. Then combining with (S6.3) and (S6.4), it can be further

verified that H1,t´j “ 0 for any t´ j P Z and bkc1{2
i “ bk0c

1{2
i0 for all i ě 1. Therefore, it holds

that

b2k
γpzq

νpzq
“ b2k0

γ0pzq

ν0pzq
, |z| ď 1. (S6.5)

This together with Assumption 41 (ii) implies that bk “ bk0 for 1 ď k ď K, and then γi “ γi0

for all 1 ď i ď Q and νj “ νj0 for 1 ď j ď P . Therefore, ϕI “ ϕI
0 and Assumption 4 (ii)

holds.

Denote 9ci “ Bci{BϕI, :ci “ B2ci{pBϕIBϕI1

q, and the same as 9di and :di for each i ě 1. Then

under Assumptions 1, 2 and 51 (i), it holds that

piq sup
ϕI

|ci|, sup
ϕI

} 9ci}, sup
ϕI

}:ci} sup
ϕI

|di|, sup
ϕI

} 9di}, sup
ϕI

} :di} ď Cρi;

piiqci ě Cρi, (S6.6)

for some constants C ą 0 and 0 ă ρ ă 1; see Francq and Zakoïan (2004). Since b ď bk ď b

for 1 ď k ď K by Assumption 51 (i), Ep|yt|q ă 8 by Assumption 51 (ii) and (S6.6), it follows

that

E sup
ϕIPΦI

|qI
t,τk

pϕIq| ď E sup
ϕIPΦI

«

8
ÿ

i“1

|di||yt´i| ` |b| ` |b|
8
ÿ

i“1

a

|ci||ϵt´i|

ff

ď CEp|yt|q
8
ÿ

i“1

pρi ` ρi{2q ă 8. (S6.7)

Since

›

›

›

›

Bhtpϑ
I
˚q

BϑI
˚

›

›

›

›

ďC `

8
ÿ

i“1

} 9ci{
?
ci}|ϵt´i| `

8
ÿ

i“1

?
ci

˜

8
ÿ

l“1

} 9dl}|yt´i´l|

¸

(S6.8)



S6. Proofs of Theorems 1-4 for special cases

and
›

›

›

›

›

B2htpϑ
I
˚q

BϑI
˚BϑI1

˚

›

›

›

›

›

ďC ` C
8
ÿ

i“1

p} 9ci{
?
ci} `

?
ciq

˜

8
ÿ

l“1

} 9dl}|yt´i´l|

¸

` C
8
ÿ

i“1

p}:ci{
?
ci} ` } 9ci{

?
ci}q |ϵt´i| `

8
ÿ

i“1

?
ci

˜

8
ÿ

l“1

} :dl}|yt´i´l|

¸

, (S6.9)

together with b ď bk ď b for 1 ď k ď K by Assumption 51 (i), Epy2t q ă 8 by Assumption 51

(ii), and (S6.6), we have

E

«

h´1
t pϑI

˚0q sup
ϕIPΦI

} 9qI
t,τk

pϕIq}3

ff

ďE

«

h´1
t pϑI

˚0q sup
ϕIPΦI

˜

›

›

›

›

Bµtpϑ
I
˚q

BϑI
˚

›

›

›

›

3

` b
3

›

›

›

›

Bhtpϑ
I
˚q

BϑI
˚

›

›

›

›

3

` |htpϑ
I
˚q|3

¸ff

ďCE sup
ϕIPΦI

«

8
ÿ

i“1

} 9di}
2y2t´i `

8
ÿ

i“1

p} 9ci{
?
ci}

2 ` ciqϵ
2
t´i `

8
ÿ

i“1

ci

˜

8
ÿ

l“1

} 9dl}
2y2t´i´l

¸ff

ďCEpy2t q

8
ÿ

i“1

pρ2i ` ρiq ă 8

and

E

«

h´1
t pϑI

˚0q sup
ϕIPΦI

}:qI
t,τk

pϕIq}2

ff

ďE

»

–h´1
t pϑI

˚0q sup
ϕIPΦI

¨

˝

›

›

›

›

›

B2µtpϑ
I
˚q

BϑI
˚BϑI1

˚

›

›

›

›

›

2

` b
2

›

›

›

›

›

B2htpϑ
I
˚q

BϑI
˚BϑI1

˚

›

›

›

›

›

2

` 4

›

›

›

›

Bhtpϑ
I
˚q

BϑI
˚

q

›

›

›

›

2
˛

‚

fi

fl

ďCE sup
ϕIPΦI

«

8
ÿ

i“1

} :di}|yt´i| `

8
ÿ

i“1

p} 9ci{
?
ci} `

?
ciq

˜

8
ÿ

l“1

} 9dl}|yt´i´l|

¸ff

` CE sup
ϕIPΦI

«

8
ÿ

i“1

p}:ci{
?
ci} ` } 9ci{

?
ci}q |ϵt´i| `

8
ÿ

i“1

?
ci

˜

8
ÿ

l“1

} :dl}|yt´i´l|

¸ff

ďCEp|yt|q
8
ÿ

i“1

pρi ` ρi{2q ă 8,

then Assumption 5 holds.

For Assumption 6, since µtpϑ
I
˚q ´ rµtpϑ

I
˚q “ ´

ř8

i“t diyt´i, 9µtpϑ
I
˚q ´ 9

rµtpϑ
I
˚q “ ´

ř8

i“t
9diyt´i,

htpϑ
I
˚q ´ rhtpϑ

I
˚q “

h2t pϑ
I
˚q ´ rh2t pϑ

I
˚q

htpϑ
I
˚q ` rhtpϑ

I
˚q

ď

8
ÿ

i“t

?
ci|ϵt´i| `

t´1
ÿ

i“1

?
ci|ϵt´i ´ rϵt´i|, (S6.10)
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and

9htpϑ
I
˚q ´

9
rhtpϑ

I
˚q “

1

2htpϑ
I
˚q

Bh2t pϑ
I
˚q

BϑI
˚

´
1

2rhtpϑ
I
˚q

Brh2t pϑ
I
˚q

BϑI

“
1

2htpϑ
I
˚q

«

Bh2t pϑ
I
˚q

BϑI
˚

´
Brh2t pϑI

˚q

BϑI
˚

ff

`

«

1

2htpϑ
I
˚q

´
1

2rhtpϑ
I
˚q

ff

Brh2t pϑI
˚q

BϑI
˚

ďC `

8
ÿ

i“1

9ci|ϵt´i|{
?
ci `

8
ÿ

i“t

?
ci

˜

8
ÿ

l“1

9dlyt´i´l

¸

`

t´1
ÿ

i“1

?
ci

«˜

8
ÿ

l“t´i

9dlyt´i´l

¸

`
1

2

˜

t´i´1
ÿ

l“1

9dlyt´i´l

¸ff

, (S6.11)

together with b ď bk ď b for 1 ď k ď K by Assumption 51 (i), Ep|yt|q ă 8 by Assumption 51

(ii) and (S6.6), it holds that

8
ÿ

t“1

h´1
t pϑI

˚0q sup
ϕIPΦI

|qI
t,τk

pϕIq ´ rqI
t,τk

pϕIq|2

ď2
8
ÿ

t“1

h´1
t pϑI

˚0q sup
ϕIPΦI

´

|µtpϑ
I
˚q ´ rµtpϑ

I
˚q|2 ` b

2
|htpϑ

I
˚q ´ rhtpϑ

I
˚q|2

¯

ďC
8
ÿ

t“1

ρt

«

8
ÿ

i“t

ρi|yt´i| `

8
ÿ

i“t

ρi{2|ϵt´i| `

8
ÿ

i“t

ρi{2

˜

8
ÿ

l“t´i

ρl|yt´i´l|

¸ff

ďC
8
ÿ

t“1

ρtςρ ă 8,

and

8
ÿ

t“1

h´1
t pϑI

˚0q sup
ϕIPΦI

} 9qI
t,τk

pϕIq ´ 9
rqI
t,τk

pϕIq}2

ďC
8
ÿ

t“1

h´1
t pϑI

˚0q sup
ϕIPΦI

ˆ

} 9µtpϑ
I
˚q ´ 9

rµtpϑ
I
˚q}2 ` b

2
} 9htpϑ

I
˚q ´

9
rhtpϑ

I
˚q}2 ` |htpϑ

I
˚q ´ rhtpϑ

I
˚q|2

˙

ďC
8
ÿ

t“1

ρt

«

8
ÿ

i“t

ρi|yt´i| `

8
ÿ

i“1

ρi{2|ϵt´i|

ff

` C
8
ÿ

i“t

ρi{2

˜

8
ÿ

l“1

ρl|yt´i´l|

¸

` C
t´1
ÿ

i“1

ρi{2

˜

8
ÿ

l“t´i

ρl|yt´i´l|

¸

ďC
8
ÿ

t“1

ρtςρ ă 8,

where 0 ă ρ ă 1 and ςρ “
ř8

t“0 ρ
t|y´t|. Then Assumption 6 holds.

Then we prove that gI
t,τk

pψIq and rgI
t,τk

pψIq of the parametric CQR for model (2.2) with
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Assumptions 41-51 imply Assumptions 4-6. For model (2.2), gI
t,τk

pψIq has the form of

gI
t,τk

pψIq “ µtpϑ
Iq ` Qτkpλqhtpϑ

Iq,

where ψI “ pϑI1

, λq1. Obviously, gI
t,τk

pψIq is continuous in ψI P ΨI and Assumption 4 (i)

holds, where ΨI “ Rp`q ˆ R`1`P`Q
ˆ R. For Assumption 4 (ii), similar to (S6.1)-(S6.5), it

holds that ϑI
˚ “ ϑI

˚0 and

?
ωQτkpλq “

?
ω0Qτkpλ0q

if gI
t,τk

pψIq “ gI
t,τk

pψI
0q. Then we prove that ω “ ω0 and λ “ λ0 under Assumption 41 (iv).

Consider four arbitrary quantile levels 0 ă τ1 ă τ2 ă τ3 ă τ4 ă 1, and two arbitrary shape

parameter λ, rλ ă 1 such that

Qτjpλq “ cQτjp
rλq for all 1 ď j ď 4, (S6.12)

where c ą 0. We show (S6.12) holds if and only if λ “ rλ and c “ 1 in the following.

Define Gpτq “ Qτ pλq ´ cQτ prλq, it follows that Gpτ1q “ Gpτ2q “ Gpτ3q “ Gpτ4q “ 0 and

thus Gpτq “ 0 has at least four different solutions. The first derivative of Gpτq is 9Gpτq “

τλ´1 ` p1 ´ τqλ´1 ´ crτ
rλ´1 ` p1 ´ τq

rλ´1s. Then 9Gpτq “ 0 if and only if Spτq “ c, where

Spτq “
τλ´1`p1´τqλ´1

τ rλ´1`p1´τq
rλ´1

. Then Spτq “ c has at least three different solutions. It can be simply

verified that: (i) when λ ă rλ ă 1, Spτq is strictly increasing for τ ą 0.5 and strictly

decreasing for τ ă 0.5, which implies that Spτq ě Sp0.5q “ 1; (ii) when rλ ă λ ă 1, Spτq

is strictly decreasing for τ ą 0.5 and strictly increasing for τ ă 0.5, which implies that

Spτq ď Sp0.5q “ 1; (iii) when λ “ rλ ă 1, Spτq “ 1 for all τ . Then it holds that: (a)

when c ‰ 1, the equation Spτq “ c has at most two different solutions; (b) when c “ 1 and

λ ‰ rλ, the equation Spτq “ 1 has at most two different solutions; (c) when c “ 1 and λ “ rλ,

Spτq “ 1 holds for all τ . Since Gpτq “ 0 has at least four different solutions, we prove that
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Case (c) holds, then λ “ λ0 and ω “ ω0. Therefore, ψI “ ψI
0 and Assumption 4 (ii) holds.

For Assumption 5, similar to (S6.8)-(S6.9), we have
›

›

›

›

Bhtpϑ
Iq

BϑI

›

›

›

›

ďC `

8
ÿ

i“1

} 9ci{
?
ci}|ϵt´i| `

8
ÿ

i“1

?
ci

˜

8
ÿ

l“1

} 9dl}|yt´i´l|

¸

and

›

›

›

›

B2htpϑ
Iq

BϑIBϑI1

›

›

›

›

ďC ` C
8
ÿ

i“1

p} 9ci{
?
ci} `

?
ciq

˜

8
ÿ

l“1

} 9dl}|yt´i´l|

¸

` C
8
ÿ

i“1

p}:ci{
?
ci} ` } 9ci{

?
ci}q |ϵt´i| `

8
ÿ

i“1

?
ci

˜

8
ÿ

l“1

} :dl}|yt´i´l|

¸

.

Since λ ď λ ď λ by Assumption 51 (i), there exist positive constants Q1 and Q2 such that

|Qτ pλq| ď Q1 and | 9Qτ pλq| ď Q2, (S6.13)

where 9Qτ pλq denotes the first derivative of Qτ pλq. This together with Epy2t q ă 8 by As-

sumption 51 (ii), and (S6.6) yields that

E sup
ψIPΨI

|gI
t,τk

pψIq| ď E sup
ψIPΨI

«

8
ÿ

i“1

|di||yt´i| ` Q1

?
ω ` Q1

8
ÿ

i“1

a

|ci||ϵt´i|

ff

ď CEp|yt|q
8
ÿ

i“1

pρi ` ρi{2q ă 8,

E

«

h´1
t pϑI

0q sup
ψIPΨI

} 9gI
t,τk

pψIq}3

ff

ďE

«

h´1
t pϑI

0q sup
ψIPΨI

˜

›

›

›

›

Bµtpϑ
Iq

BϑI

›

›

›

›

3

` Q
3

1

›

›

›

›

Bhtpϑ
Iq

BϑI

›

›

›

›

3

` |htpϑ
Iq|3

¸ff

ďCEpy2t q

8
ÿ

i“1

pρ2i ` ρiq ă 8,

and

E

«

h´1
t pϑI

0q sup
ψIPΨI

}:gI
t,τk

pϕIq}2

ff

ďE

«

h´1
t pϑI

0q sup
ψIPΨI

˜

›

›

›

›

B2µtpϑ
Iq

BϑIBϑI1

›

›

›

›

2

` Q
2

1

›

›

›

›

B2htpϑ
Iq

BϑIBϑI1

›

›

›

›

2

` Q
2

2

›

›

›

›

Bhtpϑ
Iq

BϑI

›

›

›

›

2
¸ff

ďCEp|yt|q
8
ÿ

i“1

pρi ` ρi{2q ă 8,
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then Assumption 5 holds.

For Assumption 6, similar to (S6.10)-(S6.11), we have µtpϑ
Iq ´ rµI

tpϑ
Iq “ ´

ř8

i“t diyt´i,

9µI
tpϑ

Iq ´ 9
rµI
tpϑ

Iq “ ´
ř8

i“t
9diyt´i,

htpϑ
Iq ´ rhtpϑ

Iq ď

8
ÿ

i“t

?
ci|ϵt´i| `

t´1
ÿ

i“1

?
ci|ϵt´i ´ rϵt´i|, and

9htpϑ
Iq ´

9
rhtpϑ

Iq ďC `

8
ÿ

i“1

9ci|ϵt´i|{
?
ci `

8
ÿ

i“t

?
ci

˜

8
ÿ

l“1

9dlyt´i´l

¸

`

t´1
ÿ

i“1

?
ci

«˜

8
ÿ

l“t´i

9dlyt´i´l

¸

`
1

2

˜

t´i´1
ÿ

l“1

9dlyt´i´l

¸ff

.

These together with Epy2t q ă 8 by Assumption 51 (ii) and (S6.13) imply that

8
ÿ

t“1

h´1
t pϑI

0q sup
ψIPΨI

|gI
t,τk

pψIq ´ rgI
t,τk

pψIq|2

ď2
8
ÿ

t“1

h´1
t pϑI

0q sup
ψIPΨI

´

|µtpϑ
Iq ´ rµtpϑ

Iq|2 ` Q
2

1|htpϑ
Iq ´ rhtpϑ

Iq|2
¯

ďC
8
ÿ

t“1

ρtςρ ă 8,

and

8
ÿ

t“1

h´1
t pϑI

0q sup
ψIPΨI

} 9gI
t,τk

pψIq ´ 9
rgI
t,τk

pψIq}2

ďC
8
ÿ

t“1

h´1
t pϑI

0q sup
ψIPΨI

ˆ

} 9µtpϑ
Iq ´ 9

rµtpϑ
Iq}2 ` Q

2

1} 9htpϑ
Iq ´

9
rhtpϑ

Iq}2 ` Q
2

2|htpϑ
Iq ´ rhtpϑ

Iq|2
˙

ďC
8
ÿ

t“1

ρtςρ ă 8,

where 0 ă ρ ă 1 and ςρ “
ř8

t“0 ρ
t|y´t|. Then Assumption 6 holds and the proof is accom-

plished.
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S6.2 Proof of Theorems 1-4 in ALDAR models

Similar to the previous subsection S6.1, we only verify that qII
t,τk

pϕIIq and gII
t,τk

pψIIq for ALDAR

model (2.3) with Assumptions 42-52 imply Assumptions 4-5.

Proof. For ALDAR model (2.3), recall that

µtpϑ
IIq “

p
ÿ

i“1

φiyt´i and htpϑ
IIq “ ω `

q
ÿ

j“1

pα`
j y

`
t´j ´ α´

j y
´
t´jq,

where ϑII “ pφ1, φ2, . . . , φp, ω, α
`
1 , α

`
2 , . . . , α

`
q , α

´
1 , α

´
2 , . . . , α

´
q q1.

We first verify that qII
t,τk

pϕIIq with Assumptions 42-52 satisfies Assumptions 4-5. Note that

ω “ 1 by Assumption 42 (i) for semi-parametric CQR in ALDAR models, then we denote the

model parameter by ϑII
˚ “ pφ1, φ2, . . . , φp, α

`
1 , α

`
2 , . . . , α

`
q , α

´
1 , α

´
2 , . . . , α

´
q q1. Thus it holds

that qII
t,τk

pϕIIq “ µtpϑ
II
˚ q ` bkhtpϑ

II
˚ q, where ϕII “ pϑII1

˚ , b1, . . . , bKq1. Obviously, qII
t,τk

pϕIIq is

continuous in ϕII P ΦII and then Assumption 4 (i) holds, where ΦII “ Rp ˆ R`2q
ˆ RK

is the parameter space. Denote the true parameter ϕII
0 “ pϑII1

˚0, b10, . . . , bK0q with ϑII
˚0 “

pφ10, . . . , φp0, α
`
10, . . . , α

`
q0, α

´
10, . . . , α

´
q0q. For Assumption 4 (ii), if qII

t,τk
pϕIIq “ qt,τkpϕII

0 q, it

holds that

pφ1 ´ φ10qyt´1 ` pbkα
`
1 ´ bk0α

`
10qy`

t´1 ´ pbkα
´
1 ´ bk0α

´
10qy´

t´1 ` pbk ´ bk0q

“

p
ÿ

i“2

pφi0 ´ φiqyt´i `

q
ÿ

i“2

“

pbk0α
`
i0 ´ bkα

`
i qy`

t´i ´ pbk0α
´
i0 ´ bkα

´
i qy´

t´1

‰

. (S6.14)

Since pyt´1, y
`
t´1, y

´
t´1q are independent of all the others given Ft´2, we have bk “ bk0 and

then it holds that α`
i “ α`

i0 and α´
i “ α´

i0 under Assumption 42 (i), thus φi “ φi0 follows.

Therefore, ϕII “ ϕII
0 and Assumption 4 (ii) holds.

Then we consider Assumption 5. In model (2.3), it holds that

9qII
t,τk

pϕIIq “ pY 1
t´1, bkX

1
t´1, htpϑ

II
˚ qe1

kq1,
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where Y t´1 “ pyt´1, yt´2, . . . , yt´pq1, X t´1 “ py`
t´1, . . . , y

`
t´q, ´y´

t´1, . . . ,´y
´
t´qq

1 and ek is a

K-dimensional vector with the kth element being 1 and others being 0. Since φ ď φi ď φ for

1 ď i ď p, 0 ď α ď α`
i , α

´
i ď α for 1 ď i ď q and b ď bk ď b for 1 ď k ď K by Assumption

52 (i) and Ep|yt|
3q ă 8 by Assumption 52 (ii), then by Taylor expansion, it holds that

E sup
ϕIIPΦII

|qII
t,τk

pϕIIq| ď E

«

|φ|

p
ÿ

i“1

|yt´i| ` b

˜

1 ` α
q

ÿ

i“1

|yt´i|

¸ff

ă 8,

E

«

h´1
t pϑII

˚0q sup
ϕIIPΦII

} 9qII
t,τk

pϕIIq}3

ff

ď CE

«

sup
ϕPΦII

} 9qII
t,τk

pϕIIq}3

ff

ď CE

»

–}Y t´1}
3 ` b

3
}X t´1}

3 `

˜

1 ` α
q

ÿ

i“1

|yt´i|

¸3
fi

fl

ď CEp|yt|
3q ă 8,

and

E

«

h´1
t pϑII

˚0q sup
ϕIIPΦII

}:qII
t,τk

pϕIIq}2

ff

ď 2E
“

}X t´1}
2
‰

ď CEpy2t q ă 8.

Then Assumption 5 holds.

We next prove that gII
t,τk

pψIIq with Assumptions 42-52 for model (2.3) implies Assumptions

4-5. For model (2.3), gII
t,τk

pψIIq has the form gII
t,τ pψIIq “ µtpϑ

IIq ` Qτ pλqhtpϑ
IIq, where ψII “

pϑII1, λq1. Clearly, gII
t,τ pψIIq is continuous in ψII P ΨII and then Assumption 4 (i) holds,

where ΨII “ Rp ˆ R`2q`1
ˆ R is the parameter space. For Assumption 4 (ii), similar to

(S6.14) and the proof of (S6.12), we can show that ψII “ ψII
0 under the Assumption 42 (ii)

if gII
t,τk

pψIIq “ gII
t,τk

pψII
0 q. Then Assumption 4 (ii) holds.

For Assumption 5, since

9gII
t,τk

pψIIq “ pY 1
t´1, Qτkpλq, QτkpλqX 1

t´1,
9Qτkpλqhtpϑ

IIqq1,

φ ď φi ď φ for 1 ď i ď p, ω ď ω ď ω and 0 ď α ď α`
i , α

´
i ď α for 1 ď i ď q by Assumption
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52 (i), Ep|yt|
3q ă 8 by Assumption 52 (ii), together with (S6.13), it holds that

E sup
ψIIPΨII

|gII
t,τk

pψIIq| ď E

«

|φ|

p
ÿ

i“1

|yt´i| ` Q1

˜

ω ` α
q

ÿ

i“1

|yt´i|

¸ff

ă 8,

E

«

h´1
t pϑII

0 q sup
ψIIPΨII

} 9gt,τkpψIIq}3

ff

ď CE sup
ψIIPΨII

} 9gII
t,τk

pψIIq}3

ď CE

»

–}Y t´1}3 ` Q
3

1}X t´1}
3 ` Q

3

2

˜

ω ` α
q

ÿ

i“1

|yt´i|

¸3
fi

fl

ď CEp|yt|
3q ă 8,

and

E

«

h´1
t pϑII

0 q sup
ψIIPΨII

}:gt,τkpψIIq}2

ff

ď CE
“

}X t´1}
2
‰

ď CEpy2t q ă 8.

Then Assumption 5 holds and the proof is accomplished.

S6.3 Proof of Theorems 1-4 in ESTAR-GARCH models

Similar to Section S6.1, we only verify that qt,τkpϕq and gt,τkpψq for ESTAR-GARCH model

(2.4) with Assumptions 43-53 imply Assumptions 4-5.

Proof. For ESTAR-GARCH model (2.4), recall that µtpϑ
IIIq “ α00 ` α10Gpyt´d; γ, cq `

řp
i“1rα0i`α1iGpyt´d; γ, cqsyt´i and htpϑIIIq “ pω`aϵ2t´1`bh

2
t´1q1{2 “

“

ω{p1 ´ bq ` a
ř8

i“1 b
i´1ϵ2i´1

‰1{2,

where ϑIII “ pα00, α01, . . . , α0p, α10, α11, . . . , α1p, γ, c, ω, a, bq
1.

We first verify that qIII
t,τk

pϕIIIq and rqIII
t,τk

pϕIIIq for model (2.4) with Assumptions 43-53

imply Assumptions 4-6. Note that ω “ 1 by Assumption 43 (i) for semi-parametric CQR

in model (2.4), then we rewrite the model parameter by ϑIII
˚ “ pα00, α01, . . . , α0p, α10, α11,

. . . , α1p, γ, c, a, bq
1. Thus it holds that qIII

t,τk
pϕIIIq “ µtpϑ

III
˚ q`bkhtpϑ

III
˚ q, where ϕIII “ pϑIII1

˚ , b1,

. . . , bKq1. Obviously, qIII
t,τk

pϕIIIq is continuous in ϕIII P ΦIII and Assumption 4 (i) holds, where
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ΦIII “ R2p`2 ˆ R` ˆ R ˆ R`2
ˆ RK is the parameter space. Denote the true parameter

by ϕIII
0 “ pϑIII1

˚0 , b10, . . . , bK0q
1 with ϑIII

˚0 “ pα˚
00, α

˚
01, . . . , α

˚
0p, α

˚
10, α

˚
11, . . . , α

˚
1p, γ0, c0, a0, b0q1.

Define fpzq “ α10e
´pzd´cq{γ`

řp
i“1rα0i`α1ie

´pzd´cq{γszi and f0pzq “ α˚
10e

´pzd´c0q{γ0`
řp

i“1rα
˚
0i`

α˚
1ie

´pzd´c0q{γ0szi, then we have ϵtpϑIII
˚ q “ ´α00 ` r1 ´ fpBqsyt and ϵtpϑ

III
˚0q “ ´α˚

00 ` r1 ´

f0pBqsyt. For Assumption 4 (ii), if qIII
t,τk

pϕIIIq “ qIII
t,τk

pϕIII
0 q, we can write qIII

t,τk
pϕIIIq “ yt ´

ϵtpϑ
III
˚ q ` bkhtpϑ

III
˚ q. Then if qIII

t,τk
pϕIIIq “ qIII

t,τk
pϕIII

0 q, it holds that

ϵtpϑ
III
˚ q ´ ϵtpϑ

III
˚0q ´ bkhtpϑ

III
˚ q ` bk0htpϑ

III
˚0q “ 0. (S6.15)

Denote ϵt “ ϵtpϑ
III
˚0q, then by Assumption 1, we have

ϵtpϑ
III
˚ q ´ ϵt “ m0 `

8
ÿ

i“1

miϵt´i,

where m0 “ ´α00 ` α˚
00r1 ´ fpzqs{r1 ´ f0pzqs and 1 `

ř8

i“1miz
i “ r1 ´ fpzqs{r1 ´ f0pzqs.

Then similar to (S6.2)-(S6.5), we can prove that αij “ α˚
ij for i “ 0, 1 and 0 ď j ď p, γ “ γ0,

c “ c0, a “ a0, b “ b0 and bk “ bk0 for 1 ď k ď K and then Assumption 4 (ii) holds.

Denote ci “ abi´1, 9ci “ Bci{BϕIII and :ci “ B2ci{pBϕIIIBϕIII1

q for each i ě 1. Then under

Assumptions 1, 2 and 53 (i), together with (S6.6), we have

piq sup
ϕIII

ci ď Cρi, sup
ϕIII

} 9ci} ď Cρi, sup
ϕIII

}:ci} ď Cρi;

piiqci ě Cρi, (S6.16)

for some constants C ą 0 and 0 ă ρ ă 1. Since α ď αij ď α for i “ 0, 1 and 0 ď j ď p,

b ď bk ď b for 1 ď k ď K by Assumption 53 (i), Ep|yt|q ă 8 by Assumption 53 (ii), together

with the fact that |Gpyt´d; γ, cq| ă 1 and (S6.16), it follows that

E sup
ϕIIIPΦIII

ˇ

ˇqIII
t,τk

pϕIIIq
ˇ

ˇ ď E

«

2αp1 `

p
ÿ

i“1

|yt´i|q ` b ` b
8
ÿ

i“1

sup
ϕIIIPΦIII

?
ci|ϵt´i|

ff

ď CEp|yt|qp1 `

8
ÿ

i“1

ρi{2q ă 8. (S6.17)
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Since 0 ă γ ď γ ď γ by Assumption 53 (i), together with the facts that x, x2 ă ex for x ą 0,

|xe´x2{γ| ď γ´1{2 and |x3e´x2{γ| ď γ3{2, it holds that

ˇ

ˇ

ˇ

ˇ

BGpyt´d; γ, cq

Bγ

ˇ

ˇ

ˇ

ˇ

“
pyt´d ´ cq2

γ2
e´

pyt´d´cq2

γ ď
1

γ
ď

1

γ
,

ˇ

ˇ

ˇ

ˇ

BGpyt´d; γ, cq

Bc

ˇ

ˇ

ˇ

ˇ

“
|2pyt´d ´ cq|

γ
e´

pyt´d´cq2

γ ď γ´1{2,

ˇ

ˇ

ˇ

ˇ

B2Gpyt´d; γ, cq

Bγ2

ˇ

ˇ

ˇ

ˇ

ď
2pyt´d ´ cq2

γ3
e´

pyt´d´cq2

γ `
pyt´d ´ cq4

γ4
e´

pyt´d´cq2

γ ď
3

γ2
,

ˇ

ˇ

ˇ

ˇ

B2Gpyt´d; γ, cq

Bc2

ˇ

ˇ

ˇ

ˇ

ď
2

γ
e´

pyt´d´cq2

γ `
|4pyt´d ´ cq2|

γ2
e´

pyt´d´cq2

γ ď
6

γ
,

ˇ

ˇ

ˇ

ˇ

B2Gpyt´d; γ, cq

BγBc

ˇ

ˇ

ˇ

ˇ

ď
2pyt´d ´ cq

γ2
e´

pyt´d´cq2

γ `
2pyt´d ´ cq3

γ3
e´

pyt´d´cq3

γ ď 2γ´1 ` γ´3{2. (S6.18)

These together with α ď αij ď α for i “ 0, 1 and 0 ď j ď p, b ď bk ď b for 1 ď k ď K by

Assumption 53 (i) and (S6.16), imply that

sup
ϕIIIPΦIII

ˇ

ˇhtpϑ
III
˚ q

ˇ

ˇ ďC

˜

1 `

8
ÿ

i“1

ρi{2|yt´i|

¸

,

sup
ϕIIIPΦIII

›

›

›

›

Bµtpϑ
III
˚ q

BϑIII
˚

›

›

›

›

ď sup
ϕIIIPΦIII

„

1 ` Gpyt´d; γ, cq ` α

ˆˇ

ˇ

ˇ

ˇ

BGpyt´d; γ, cq

Bγ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

BGpyt´d; γ, cq

Bc

ˇ

ˇ

ˇ

ˇ

˙ȷ

˜

1 `

p
ÿ

i“1

|yt´i|

¸

ďC

˜

1 `

p
ÿ

i“1

|yt´i|

¸

,

sup
ϕIIIPΦIII

›

›

›

›

Bhtpϑ
III
˚ q

BϑIII
˚

›

›

›

›

ďC ` sup
ϕIIIPΦIII

8
ÿ

i“1

} 9ci{
?
ci}|ϵt´i| ` sup

ϕIIIPΦIII

8
ÿ

i“1

?
ci

›

›

›

›

Bµt´ipϑ
III
˚ q

BϑIII
˚

›

›

›

›

ďC

˜

1 `

8
ÿ

i“1

ρi{2|yt´i|

¸

,

sup
ϕIIIPΦIII

›

›

›

›

›

B2µtpϑ
III
˚ q

BϑIII
˚ BϑIII1

˚

›

›

›

›

›

ď sup
ϕIIIPΦIII

„

α

ˆˇ

ˇ

ˇ

ˇ

B2Gpyt´d; γ, cq

Bγ2

ˇ

ˇ

ˇ

ˇ

` 2

ˇ

ˇ

ˇ

ˇ

B2Gpyt´d; γ, cq

BγBc

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

B2Gpyt´d; γ, cq

Bc2

ˇ

ˇ

ˇ

ˇ

˙

` 2

ˆˇ

ˇ

ˇ

ˇ

BGpyt´d; γ, cq

Bγ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

BGpyt´d; γ, cq

Bc

ˇ

ˇ

ˇ

ˇ

˙ ȷ

˜

1 `

p
ÿ

i“1

|yt´i|

¸

ďC

˜

1 `

p
ÿ

i“1

|yt´i|

¸

,
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sup
ϕIIIPΦIII

›

›

›

›

›

B2htpϑ
III
˚ q

BϑIII
˚ BϑIII1

˚

›

›

›

›

›

ďC ` C
8
ÿ

i“1

sup
ϕIIIPΦIII

p} 9ci{
?
ci} `

?
ciq

›

›

›

›

Bµt´ipϑ
III
˚ q

BϑIII
˚

›

›

›

›

` C
8
ÿ

i“1

sup
ϕIIIPΦIII

p}:ci{
?
ci} ` } 9ci{

?
ci}q |ϵt´i|

` C
8
ÿ

i“1

sup
ϕIIIPΦIII

?
ci

›

›

›

›

›

B2µt´ipϑ
III
˚ q

BϑIII
˚ BϑIII1

˚

›

›

›

›

›

ď C

˜

1 `

8
ÿ

i“1

ρi{2|yt´i|

¸

. (S6.19)

Since b ď bk ď b for 1 ď k ď K by Assumption 53 (i) and Epy2t q ă 8 by Assumption 53 (ii),

together with (S6.19), it holds that

E

«

h´1
t pϑIII

˚0q sup
ϕIIIPΦIII

›

› 9qIII
t,τk

pϕIIIq
›

›

3

ff

ďE

«

h´1
t pϑIII

˚0q sup
ϕIIIPΦIII

˜

›

›

›

›

Bµtpϑ
III
˚ q

BϑIII
˚

›

›

›

›

3

` b
3

›

›

›

›

Bhtpϑ
III
˚ q

BϑIII
˚

›

›

›

›

3

` |htpϑ
III
˚ q|3

¸ff

ďE

«

C

˜

1 `

p
ÿ

i“1

y2t´i

¸

` C

˜

1 `

8
ÿ

i“1

ρiy2t´i

¸ff

ďC
“

1 ` Epy2t q
‰

ă 8.

and

E

«

h´1
t pϑIII

˚0q sup
ϕIIIPΦIII

›

›:qIII
t,τk

pϕIIIq
›

›

2

ff

ďE

»

–h´1
t pϑIII

˚0q sup
ϕIIIPΦIII

¨

˝

›

›

›

›

›

B2µtpϑ
III
˚ q

BϑIII
˚ BϑIII1

˚

›

›

›

›

›

2

` b
2

›

›

›

›

›

B2htpϑ
III
˚ q

BϑIII
˚ BϑIII1

˚

›

›

›

›

›

2

` 4

›

›

›

›

Bhtpϑ
III
˚ q

BϑIII
˚

›

›

›

›

2
˛

‚

fi

fl

ďE

«

C

˜

1 `

p
ÿ

i“1

|yt´i|

¸

` C

˜

1 `

8
ÿ

i“1

ρi{2|yt´i|

¸ff

ďC p1 ` E|yt|q ă 8,

then Assumption 5 holds.

For Assumption 6, similar to (S6.10)-(S6.11), it holds that µtpϑ
III
˚ q “ rµtpϑ

III
˚ q,

htpϑ
III
˚ q ´ rhtpϑ

III
˚ q ď

8
ÿ

i“t

?
ci|ϵt´i|,
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and
›

›

›

›

›

Bhtpϑ
III
˚ q

BϑIII
˚

´
Brhtpϑ

III
˚ q

BϑIII
˚

›

›

›

›

›

ďC `

8
ÿ

i“1

} 9ci} |ϵt´i|{
?
ci `

8
ÿ

i“1

?
ci

›

›

›

›

Bµt´ipϑ
III
˚ q

BϑIII
˚

›

›

›

›

`

t´1
ÿ

i“1

} 9ci} |ϵt´i|{
?
ci `

t´1
ÿ

i“1

?
ci

›

›

›

›

Bµt´ipϑ
III
˚ q

BϑIII
˚

›

›

›

›

.

These together with Epy2t q ă 8 by Assumption 53 (ii) and b ď bk ď b for 1 ď k ď K by

Assumption 53 (i), imply that

8
ÿ

t“1

h´1
t pϑIII

˚0q sup
ϕIIIPΦI

|qIII
t,τk

pϕIIIq ´ rqIII
t,τk

pϕIIIq|2 ďC
8
ÿ

t“1

h´1
t pϑIII

˚0q sup
ϕIIIPΦIII

b
2
|htpϑ

III
˚ q ´ rhtpϑ

III
˚ q|2

ďC
8
ÿ

t“1

ρtςρ ă 8,

and

8
ÿ

t“1

h´1
t pϑIII

˚0q sup
ϕIIIPΦIII

} 9qIII
t,τk

pϕIIIq ´ 9
rqIII
t,τk

pϕIIIq}2

ďC
8
ÿ

t“1

h´1
t pϑIII

˚0q sup
ϕIIIPΦIII

¨

˝b
2

›

›

›

›

›

Bhtpϑ
III
˚ q

BϑIII
˚

´
Brhtpϑ

III
˚ q

BϑIII
˚

›

›

›

›

›

2

` |htpϑ
III
˚ q ´ rhtpϑ

III
˚ q|2

˛

‚

ďC
8
ÿ

t“1

ρtςρ ă 8,

where 0 ă ρ ă 1 and ςρ “
ř8

t“0 ρ
t|y´t|. Then Assumption 6 holds.

Then we prove that gIII
t,τk

pψIIIq and rgIII
t,τk

pψIIIq for model (2.4) with Assumptions 43-53

imply Assumptions 4-6. For model (2.4), gIII
t,τk

pψIIIq has the form of

gIII
t,τk

pψIIIq “ µtpϑ
IIIq ` Qτkpλqhtpϑ

IIIq,

where ψIII “ pϑIII1

, λq1. Obviously, gIII
t,τk

pψIIIq is continuous in ψIII P ΨIII and Assumption 4 (i)

holds, where ΨIII “ R2p`2ˆR`ˆRˆR`2
ˆR. For Assumption 4 (ii), if gIII

t,τk
pψIIIq “ gIII

t,τk
pψIII

0 q,

similar to the proof of (S6.15) and (S6.12), it holds that ψIII “ ψIII
0 under Assumption 43

(ii). Then Assumption 4 (ii) holds.
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For Assumption 5, similar to (S6.19), we have
ˇ

ˇhtpϑ
IIIq

ˇ

ˇ ď C
`

1 `
ř8

i“1 ρ
i{2|yt´i|

˘

,

sup
ϕIIIPΦIII

›

›

›

›

Bµtpϑ
IIIq

BϑIII

›

›

›

›

ď C

˜

1 `

p
ÿ

i“1

|yt´i|

¸

, sup
ϕIIIPΦIII

›

›

›

›

Bhtpϑ
IIIq

BϑIII

›

›

›

›

ď C

˜

1 `

8
ÿ

i“1

ρi{2|yt´i|

¸

,

sup
ϕIIIPΦIII

›

›

›

›

B2µtpϑ
IIIq

BϑIIIBϑIII1

›

›

›

›

ď C

˜

1 `

p
ÿ

i“1

|yt´i|

¸

, and sup
ϕIIIPΦIII

›

›

›

›

B2htpϑ
IIIq

BϑIIIBϑIII1

›

›

›

›

ď C

˜

1 `

8
ÿ

i“1

ρi{2|yt´i|

¸

.

These together with b ď bk ď b for 1 ď k ď K by Assumption 53 (i), Epy2t q ă 8 by

Assumption 53 (ii) and (S6.13), imply that

E sup
ψIIIPΨIII

|gIII
t,τk

pψIIIq| ď E sup
ψIIIPΨIII

“

|µtpϑ
IIIq| ` Q1|htpϑ

IIIq|
‰

ď CEp|yt|q
8
ÿ

i“1

p1 ` ρi{2q ă 8,

E

«

h´1
t pϑIII

0 q sup
ψIIIPΨIII

} 9gIII
t,τk

pψIIIq}3

ff

ďE

«

h´1
t pϑIII

0 q sup
ψIIIPΨIII

˜

›

›

›

›

Bµtpϑ
IIIq

BϑIII

›

›

›

›

3

` Q
3

1

›

›

›

›

Bhtpϑ
IIIq

BϑIII

›

›

›

›

3

` |htpϑ
IIIq|3

¸ff

ďCEpy2t q

8
ÿ

i“1

p1 ` ρiq ă 8,

and

E

«

h´1
t pϑIII

0 q sup
ψIIIPΨIII

}:gIII
t,τk

pϕIIIq}2

ff

ďE

«

h´1
t pϑIII

0 q sup
ψIIIPΨIII

˜

›

›

›

›

B2µtpϑ
IIIq

BϑIIIBϑI1 q

›

›

›

›

2

` Q
2

1

›

›

›

›

B2htpϑ
IIIq

BϑIIIBϑI1 q

›

›

›

›

2

` Q
2

2

›

›

›

›

Bhtpϑ
IIIq

BϑIII

›

›

›

›

2
¸ff

ďCEp|yt|q
8
ÿ

i“1

p1 ` ρi{2q ă 8,

then Assumption 5 holds.

For Assumption 6, similar to (S6.10)-(S6.11), it holds that µtpϑ
IIIq “ rµtpϑ

IIIq,

htpϑ
IIIq ´ rhtpϑ

IIIq ď

8
ÿ

i“t

?
ci|ϵt´i|,



Chaoxu Lei and Qianqian Zhu

and
›

›

›

›

›

Bhtpϑ
IIIq

BϑIII ´
Brhtpϑ

IIIq

BϑIII

›

›

›

›

›

ďC `

8
ÿ

i“1

} 9ci} |ϵt´i|{
?
ci `

8
ÿ

i“1

?
ci

›

›

›

›

Bµt´ipϑ
IIIq

BϑIII

›

›

›

›

`

t´1
ÿ

i“1

} 9ci} |ϵt´i|{
?
ci `

t´1
ÿ

i“1

?
ci

›

›

›

›

Bµt´ipϑ
IIIq

BϑIII

›

›

›

›

.

These together with Epy2t q ă 8 by Assumption 53 (ii) and (S6.13), imply that

8
ÿ

t“1

h´1
t pϑIII

0 q sup
ϕIIIPΦI

|qIII
t,τk

pϕIIIq ´ rqIII
t,τk

pϕIIIq|2 ďC
8
ÿ

t“1

h´1
t pϑIII

0 q sup
ϕIIIPΦIII

Q
2

1|htpϑ
IIIq ´ rhtpϑ

IIIq|2

ďC
8
ÿ

t“1

ρtςρ ă 8,

and

8
ÿ

t“1

h´1
t pϑIII

0 q sup
ϕIIIPΦIII

} 9qIII
t,τk

pϕIIIq ´ 9
rqIII
t,τk

pϕIIIq}2

ďC
8
ÿ

t“1

h´1
t pϑIII

0 q sup
ϕIIIPΦIII

¨

˝Q
2

1

›

›

›

›

›

Bhtpϑ
IIIq

BϑIII ´
Brhtpϑ

IIIq

BϑIII

›

›

›

›

›

2

` Q
2

2|htpϑ
IIIq ´ rhtpϑ

IIIq|2

˛

‚

ďC
8
ÿ

t“1

ρtςρ ă 8,

where 0 ă ρ ă 1 and ςρ “
ř8

t“0 ρ
t|y´t|. Then Assumption 6 holds and the proof is accom-

plished.

S7 The selection consistency for the proposed BIC

Theorem 1. Let pp0, q0q be the true order and mmax be a predetermined positive integer.

For pppn, pqnq “ argmin1ďp,qďmmax BICpp, qq, if Assumptions 1-6 hold and p0, q0 ď mmax, then

Prpppn “ p0, pqn “ q0q Ñ 1 as n Ñ 8.

Proof. Recall that the BIC proposed in Section S4.2 has the form of

BICpp, qq “ 2pn ´ mmaxq log rLnpυq ` d logpn ´ mmaxq, (S7.1)
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where rLnpυq “ pn ´ mmaxq´1
řn

t“mmax`1
rltpυq with rltpυq “

řK
k“1 ρτkpyt ´ rζt,τkpυqq, rζt,τkp¨q is

the feasible conditional quantile function of both CQRs for ARMA-GARCH, ALDAR and

ESTAR-GARCH models. Denote the true order by pp0, q0q, then it suffices to show that the

following result holds for any pp, qq ‰ pp0, q0q:

lim
nÑ8

pBICpp, qq ´ BICpp0, q0q ą 0q “ 1. (S7.2)

Denote pυp,q
n (or pυp0,q0

n ) as the semi-parametric or parametric CQR estimator for ARMA-

GARCH, ALDAR or ESTAR-GARCH models with the order pp, qq (or pp0, q0q). Then by

(S7.1), it holds that

BICpp, qq ´BICpp0, q0q “ 2pn´mmaxq

”

log rLnppυp,q
n q ´ log rLnppυp0,q0

n q

ı

` pd´d0q logpn´mmaxq,

where d is the dimension of pυp,q
n , d0 is the dimension of pυp0,q0

n , and mmax is a predetermined

positive integer. Moreover, denote Υp,q and υp,q
0 as the parameter space and true parameter

of υ with the order set to pp, qq, respectively. Below we prove the selection consistency of

BIC for the semi-parametric CQR, and the proof also applies to the parametric CQR. To

verify (S7.2), we next consider two cases.

Case I (overfitting): p ě p0 and q ě q0, and at least one inequality holds. In this case, it

holds that d ´ d0 ą 0, which implies that pd ´ d0q logpn ´ mmaxq Ñ 8 as n Ñ 8. Then by

Taylor expansion, we have

log rLnppυp,q
n q ´ log rLnppυp0,q0

n q “
1

rLnppυ˚
q

”

rLnppυp,q
n q ´ rLnppυp0,q0

n q

ı

,

where υ˚ is between υp,q
n and υp0,q0

n . By ergodic theorem, together with the stationarity and

ergodicity of tytu by Assumption 1 and Lemma 1, it holds that

sup
υ˚PΥ

|rLnppυ˚
q| “ sup

υ˚PΥ
|Lnppυ˚

q| ` opp1q ď E

„

sup
υ˚PΥ

|ltpυ
˚q|

ȷ

` opp1q ă 8,
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which implies that

rL´1
n ppυ˚

q “ Opp1q. (S7.3)

Rewrite rLnppυp,q
n q ´ rLnppυp0,q0

n q as follows:

rLnppυp,q
n q ´ rLnppυp0,q0

n q “

”

rLnppυp,q
n q ´ Lnpυp,q

0 q

ı

` rLnpυp,q
0 q ´ Lnpυp0,q0

0 qs

`

”

Lnpυp,q
0 q ´ rLnppυp0,q0

n q

ı

, (S7.4)

where Lnpυq “ pn´mmaxq´1
řn

t“mmax`1 ltpυq with ltpυq “
řK

k“1 ρτkpyt ´ ζt,τkpυqq. Note that

the model with order pp, qq in Case I corresponds to a bigger model, and then it holds that

ltpυ
p,q
0 q “ ltpυ

p0,q0
0 q and

Lnpυp,q
0 q “ Lnpυp0,q0

0 q. (S7.5)

Moreover, by Theorem 1, it holds that pυp,q
n Ñ υp,q

0 and pυp0,q0
n Ñ υp0,q0

0 as n Ñ 8. From

(S5.39) in the proof of Theorem 2, we have

n
”

rLnppυp,q
n q ´ rLnpυp,q

0 q

ı

“ ´
?
npup,q1

n T p,q
n `

?
npup,q1

n Σp,q
1

?
npun ` opp

?
n}pup,q

n } ` n}pup,q
n }2q,

where pup,q
n “ pυp,q

n ´ υp,q
0 , T p,q

n “ n´1{2
řn

t“1

řK
k“1

9ζt,τkpυp,q
0 qψτkpyt ´ ζt,τkpυp,q

0 qq, and Σp,q
1 “

řK
k“1 fpbτkqE

”

h´1
t pϑp,q

0 q 9ζt,τkpυp,q
0 q 9ζ 1

t,τk
pυp,q

0 q

ı

{2 with ϑp,q
0 being the true model parameter

vector with the order pp, qq. From the proof of Theorem 2, we have
?
n}pup,q

n } “ Opp1q,

}T p,q
n } “ Opp1q and }Σp,q

1 } “ Opp1q, which imply that n
”

rLnppυp,q
n q ´ rLnpυp,q

0 q

ı

“ Opp1q. This

together with Lemma 1 (3) implies that

rLnppυp,q
n q ´ Lnpυp,q

0 q “ Oppn´1q and Lnpυp0,q0
0 q ´ rLnppυp0,q0

n q “ Oppn´1q. (S7.6)

Then combining (S7.3)-(S7.6), we have

BICpp, qq ´ BICpp0, q0q “ Opp1q ` pd ´ d0q logpn ´ mmaxq Ñ 8 as n Ñ 8.
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As a result, (S7.2) holds for Case I.

Case II (underfitting): p ă p0 or q ă q0. Let p˚ “ maxpp, p0q and q˚ “ maxpq, q0q. Denote

υp,q
0˚ (or υp0,q0

0˚ ) as the parameter vector with the order set to pp˚, q˚q, including υp,q
0 (or υp0,q0

0 )

as its subvector at the corresponding locations and zeroes at the remaining locations. Since

E rltpυqs has a unique minimum at υp0,q0
0 by Lemma 1, the following result holds for some

constant δ ą 0:

E rltpυ
p,q
0 qs ´ E rltpυ

p0,q0
0 qs “ E rltpυ

p,q
0˚ qs ´ E rltpυ

p0,q0
0˚ qs ą δ.

This together with ergodic theorem, implies that

Lnpυp,q
0 q ´ Lnpυp0,q0

0 q ą opp1q ` δ. (S7.7)

Similar to the proof of (S7.6), it holds that

Lnpυp0,q0
0 q ´ rLnppυp0,q0

n q “ Oppn´1q. (S7.8)

Assume that E rltpυ
p,qqs has a unique minimum at υp,q

0 on Υp,q. Similar to the proof of

Theorem 1, we can prove that pυp,q
n Ñ υp,q

0 as n Ñ 8, which implies that }pυp,q
n ´υp,q

0 } “ opp1q.

Then by Taylor expansion and ergodic theorem, together with the fact that |ρτ pxq| ď |x| and

E

ˆ

supυp,qPΥp,q }
9
rζt,τkpυp,qq}

˙

ă 8 by Assumption 5 (ii), it holds that

rLnppυp,q
n q ´ rLnpυp,q

0 q ď
1

n ´ mmax

n
ÿ

t“mmax`1

K
ÿ

k“1

”

ρτkpyt ´ rζt,τkppυp,q
n qq ´ ρτkpyt ´ rζt,τkpυp,q

0 qq

ı

ď
1

n ´ mmax

n
ÿ

t“mmax`1

K
ÿ

k“1

|rζt,τkppυp,q
n q ´ rζt,τkpυp,q

0 q|

ď

K
ÿ

k“1

}pυp,q
n ´ υp,q

0 }

˜

1

n ´ mmax

n
ÿ

t“mmax`1

}
9
rζt,τkpυp,q

‹ q}

¸

ď opp1q

K
ÿ

k“1

„

E

ˆ

sup
υp,qPΥp,q

}
9
rζt,τkpυp,qq}

˙

` opp1q

ȷ

“ opp1q. (S7.9)
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where υp,q
‹ is between pυp,q

n and υp,q
0 . Combining (S7.3)-(S7.9), we have

log rLnppυp,q
n q ´ log rLnppυp0,q0

n q ą Oppn´1q ` opp1q ` δ.

Then as n Ñ 8, it holds that

BICpp, qq ´ BICpp0, q0q “ 2pn ´ mmaxqδ ` Opp1q ` oppnq ` pd ´ d0q logpn ´ mmaxq Ñ 8.

As a result, (S7.2) holds for Case II and the proof is accomplished.

S8 Additional simulation results

Due to space limitation, we only reported the results for ARMA-GARCH models for three

simulation experiments in Section 4, with the results for estimating and predicting high

conditional quantiles relegated to Table S.1. This section also provides additional results for

ALDAR and ESTAR-GARCH models in three experiments.

For the first experiment, Tables S.2-S.5 list the biases, empirical standard deviations

(ESDs), and asymptotic standard deviations (ASDs) of both CQRs for DGP2-DGP4. The

following findings in Section 4 remain unchanged: (i) as the sample size increases, biases,

ESDs, and ASDs generally decrease, and ESDs approach ASDs; (ii) most of the ASDs and

ESDs increase as the distribution of ηt gets more heavy-tailed; (iii) the ASDs of the semi-

parametric CQR using hHS in (2.7) are slightly smaller compared to those using hB, and closer

to the corresponding ESDs; (iv) for the mis-specified situation of Qτ pλq that ηt follows FN or

Ft5 but the Tukey-lambda distribution is employed for Qτ pλq, the biases of the parametric

CQR estimator are still small, and the ESDs/ASDs are close to those of the semi-parametric

CQR estimator.

For the second experiment, Tables S.6-S.9 report the biases and RMSEs of the in-sample
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estimation and out-of-sample prediction using the semi-parametric and parametric CQRs,

GQMLE and EQMLE for DGP2 and DGP4. For the ALDAR and ESTAR-GARCH models,

it can be found that (i) as the distribution of ηt becomes more heavy-tailed or the target

quantile level τ gets more extreme, the biases and RMSEs of all the estimation methods

generally increase, indicating that the accuracy of estimation and prediction decreases; (ii)

the semi-parametric CQR and EQMLE perform similarly and they have better performance

than the GQMLE; (iii) the parametric CQR outperforms the semi-parametric CQR when

the quantile function Qτ pλq is correctly specified for the innovation ηt.

For the third experiment, Figures S.1 and S.2 plot the AREppϑn, rϑnq, AREppϑn, ϑ̌nq and

AREppϑn, ϑ̆nq defined in Remark S3 for the ALDAR and ESTAR-GARCH models. The

following findings in Section 4 remain unchanged: (i) as ηt becomes more heavy-tailed,

AREppϑn, rϑnq gets smaller than one; (ii) the semi-parametric CQR is less efficient than

GQMLE (or EQMLE) when ηt approximately follows the normal (or Laplace) distribution,

but it tends to be more efficient than GQMLE and EQMLE when ηt becomes more heavy-

tailed; (iii) when δ “ 0 such that ηt „ Np0, 1q, then AREppϑn, ϑ̌nq ă 1 and the GQMLE is

the most efficient. (iv) when δ “ 1 and mpxq is the pdf of a standard Laplace distribution

such that ηt follows a standard Laplace distribution, then AREppϑn, ϑ̆nq ă 1 and the EQMLE

is the most efficient.

S9 Additional results for the empirical analysis

To save space, the ACF and PACF plots of tytu are provided in Figure S.3, which imply that

tytu is serial correlated.
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Table S.1: Biases and RMSEs for estimating and predicting conditional quantiles at τ “ 0.1%, 0.5%, 99.5%

and 99.9% for DGP1, where the innovations follow the standard normal, Student’s t5 or Tukey-lambda

distribution with the shape parameter λ “ 0.1, denoted by FN , Ft5 or Fλ, respectively. M1, M2, M3 and M4

represent the semi-parametric CQR, parametric CQR, GQMLE and EQMLE, respectively.

FN Ft5 Fλ

Bias RMSE Bias RMSE Bias RMSE

τ F in out in out in out in out in out in out

0.1% M1 -0.124 -0.139 1.119 1.109 0.725 0.949 7.317 7.604 6.499 9.354 11.919 15.761

M2 0.313 0.355 1.161 1.186 3.591 3.608 5.613 5.744 3.955 5.444 7.324 9.186

M3 0.108 0.111 0.374 0.376 -5.671 -5.935 15.373 16.391 -0.503 3.125 17.961 21.450

M4 0.159 0.159 0.946 0.921 -3.746 -3.957 12.243 14.061 -0.396 3.620 19.053 24.214

0.5% M1 -0.024 -0.039 0.635 0.651 0.073 0.066 3.260 3.024 3.396 5.144 7.129 9.830

M2 0.137 0.172 0.713 0.728 1.256 1.241 2.503 2.589 3.185 4.414 5.205 6.639

M3 0.022 0.024 0.265 0.263 -2.937 -3.106 7.578 7.597 0.260 3.322 13.953 17.519

M4 0.076 0.075 0.773 0.749 -1.718 -1.783 6.847 6.863 0.539 3.940 15.142 19.739

99.5% M1 0.034 0.040 0.635 0.640 0.026 0.056 3.003 4.195 -3.618 -5.027 7.254 9.448

M2 -0.137 -0.157 0.713 0.731 -1.256 -1.206 2.505 2.563 -3.183 -4.383 5.205 6.638

M3 -0.928 -0.038 0.260 0.255 -4.914 2.622 7.458 7.204 -16.277 -3.509 14.076 18.273

M4 -0.970 -0.093 0.774 0.750 -5.538 1.333 7.075 7.006 -16.728 -4.273 15.262 20.376

99.9% M1 0.148 0.152 1.174 1.159 0.779 0.843 8.274 13.191 -6.475 -9.451 12.075 15.998

M2 -0.312 -0.340 1.162 1.185 -3.592 -3.573 5.614 5.702 -3.954 -5.413 7.324 9.197

M3 -1.791 -0.118 0.379 0.379 -11.258 4.758 13.832 13.803 -29.562 -3.197 17.575 22.278

M4 -1.826 -0.171 0.940 0.914 -11.733 2.742 11.805 11.591 -30.057 -3.910 18.783 24.285
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Figure S.1: The AREppϑn, rϑnq (left), AREppϑn, ϑ̌nq (middle) and AREppϑn, ϑ̆nq (right) for the ALDAR model,

where λ “ 0.1 ` 0.02k and δ “ k{20 with k “ 0, 1, . . . , 20, for Tukey-lambda p△q, Np0, 6q plq, t5 p`q or

standard Laplace p˝q distribution.
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Figure S.2: The AREppϑn, rϑnq (left), AREppϑn, ϑ̌nq (middle) and AREppϑn, ϑ̆nq (right) for the ESTAR-

GARCH model, where λ “ 0.1`0.02k and δ “ k{20 with k “ 0, 1, . . . , 20, for Tukey-lambda p△q, Np0, 6q plq,

t5 p`q or standard Laplace p˝q distribution.
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Figure S.3: The ACF and PACF plots of tytu, where the dashed lines are the corresponding 95% confidence

bounds.
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Table S.2: Biases, ASDs, and ESDs of the semi-parametric CQR estimator for DGP2 and DGP3, where the

innovations follow the standard normal, Student’s t5 or Tukey-lambda distribution with the shape parameter

λ “ 0.1, denoted by FN , Ft5 or Fλ, respectively. ASD1 and ASD2 correspond to the bandwidths hB and

hHS , respectively.

n Bias ASD1 ASD2 ESD Bias ASD1 ASD2 ESD Bias ASD1 ASD2 ESD

F “ FN F “ Ft5 F “ Fλ

DGP2

ϕ1 500 -0.005 0.055 0.054 0.053 -0.004 0.057 0.055 0.055 -0.006 0.079 0.077 0.067

1000 -0.001 0.039 0.039 0.037 -0.001 0.041 0.039 0.040 -0.005 0.046 0.045 0.049

α`
1 500 -0.007 0.085 0.084 0.090 -0.006 0.086 0.080 0.085 -0.001 0.072 0.069 0.064

1000 -0.002 0.065 0.064 0.060 -0.004 0.060 0.056 0.058 -0.004 0.044 0.042 0.048

α´
1 500 -0.010 0.099 0.097 0.098 -0.004 0.106 0.098 0.109 -0.005 0.116 0.111 0.093

1000 -0.002 0.071 0.071 0.070 -0.003 0.077 0.072 0.071 -0.004 0.063 0.060 0.062

DGP3

ϕ1 500 -0.004 0.057 0.056 0.056 -0.008 0.059 0.057 0.062 -0.010 0.158 0.151 0.103

1000 -0.004 0.040 0.039 0.040 -0.003 0.041 0.040 0.046 -0.014 0.141 0.135 0.096

α`
1 500 -0.008 0.092 0.089 0.087 -0.004 0.091 0.088 0.097 0.048 0.170 0.165 0.190

1000 -0.002 0.067 0.066 0.063 -0.006 0.066 0.062 0.067 0.036 0.188 0.181 0.169

α`
2 500 -0.007 0.090 0.087 0.089 -0.003 0.089 0.087 0.100 0.053 0.172 0.167 0.187

1000 -0.004 0.064 0.063 0.059 -0.003 0.065 0.061 0.068 0.042 0.175 0.167 0.177

α´
1 500 -0.005 0.110 0.106 0.103 -0.007 0.114 0.111 0.118 0.086 0.249 0.242 0.273

1000 -0.004 0.075 0.073 0.073 -0.005 0.076 0.072 0.089 0.068 0.216 0.207 0.265

α´
1 500 -0.006 0.109 0.106 0.105 -0.006 0.113 0.110 0.136 0.102 0.240 0.233 0.307

1000 -0.002 0.073 0.072 0.073 -0.005 0.076 0.072 0.089 0.063 0.214 0.205 0.252
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Table S.3: Biases, ASDs, and ESDs of the parametric CQR estimator for DGP2 and DGP3, where the

innovations follow the standard normal, Student’s t5 or Tukey-lambda distribution with the shape parameter

λ “ 0.1, denoted by FN , Ft5 or Fλ, respectively.

n Bias ASD ESD Bias ASD ESD Bias ASD ESD

F “ FN F “ Ft5 F “ Fλ

DGP2

ϕ1 500 -0.002 0.079 0.053 -0.001 0.090 0.056 -0.002 0.069 0.067

1000 0.000 0.056 0.037 0.000 0.049 0.040 -0.003 0.047 0.049

α`
1 500 -0.038 0.080 0.084 -0.041 0.075 0.075 -0.003 0.054 0.054

1000 -0.034 0.059 0.056 -0.039 0.046 0.050 -0.004 0.038 0.042

α´
1 500 -0.046 0.093 0.092 -0.048 0.092 0.094 -0.010 0.089 0.072

1000 -0.037 0.065 0.066 -0.046 0.059 0.062 -0.005 0.056 0.055

DGP3

ϕ1 500 -0.001 0.113 0.056 -0.004 0.070 0.063 0.001 0.149 0.110

1000 -0.003 0.057 0.040 -0.001 0.050 0.047 -0.004 0.131 0.099

α`
1 500 -0.041 0.097 0.080 -0.047 0.066 0.076 -0.007 0.118 0.096

1000 -0.037 0.060 0.057 -0.048 0.050 0.053 -0.002 0.118 0.110

α`
2 500 -0.039 0.095 0.078 -0.045 0.065 0.076 0.003 0.117 0.124

1000 -0.038 0.058 0.053 -0.046 0.049 0.053 -0.002 0.106 0.090

α´
1 500 -0.045 0.115 0.092 -0.063 0.082 0.091 0.006 0.164 0.177

1000 -0.046 0.066 0.066 -0.062 0.057 0.069 0.004 0.121 0.166

α´
2 500 -0.044 0.116 0.094 -0.062 0.082 0.109 0.013 0.162 0.201

1000 -0.042 0.066 0.065 -0.060 0.057 0.071 -0.003 0.125 0.137
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Table S.4: Biases, ASDs, and ESDs of the semi-parametric CQR estimator for DGP4, where the innovations

follow the standard normal, Student’s t5 or Tukey-lambda distribution with the shape parameter λ “ 0.1,

denoted by FN , Ft5 or Fλ, respectively. ASD1 and ASD2 correspond to the bandwidths hB and hHS ,

respectively.

n Bias ASD1 ASD2 ESD Bias ASD1 ASD2 ESD Bias ASD1 ASD2 ESD

F “ FN F “ Ft5 F “ Fλ

α00 500 -0.038 0.062 0.061 0.102 -0.031 0.094 0.091 0.123 -0.053 0.126 0.124 0.173

1000 -0.023 0.053 0.052 0.083 -0.012 0.052 0.050 0.070 -0.036 0.086 0.084 0.111

α01 500 0.140 0.253 0.246 0.292 0.104 0.359 0.349 0.349 0.111 0.357 0.352 0.403

1000 0.105 0.206 0.203 0.231 0.041 0.235 0.230 0.232 0.069 0.265 0.262 0.304

α10 500 -0.095 0.337 0.326 0.358 -0.024 0.303 0.292 0.288 -0.024 0.341 0.334 0.332

1000 -0.054 0.304 0.294 0.307 -0.002 0.204 0.196 0.192 -0.012 0.204 0.199 0.208

α11 500 0.008 0.221 0.215 0.212 -0.013 0.088 0.086 0.115 -0.009 0.093 0.091 0.089

1000 -0.010 0.180 0.174 0.183 -0.011 0.053 0.050 0.059 -0.007 0.076 0.075 0.069

γ 500 0.234 0.599 0.578 0.626 0.223 0.457 0.439 0.404 0.236 0.655 0.646 0.790

1000 0.222 0.558 0.544 0.497 0.171 0.307 0.298 0.318 0.162 0.507 0.500 0.557

c 500 -0.017 0.271 0.263 0.309 -0.003 0.354 0.344 0.332 0.015 0.271 0.265 0.246

1000 -0.009 0.246 0.239 0.246 0.016 0.164 0.158 0.191 0.022 0.165 0.161 0.165

a 500 0.080 0.109 0.104 0.155 0.425 0.191 0.187 0.212 0.313 0.152 0.151 0.190

1000 0.071 0.082 0.078 0.106 0.405 0.160 0.154 0.168 0.316 0.107 0.105 0.126

b 500 0.037 0.057 0.055 0.083 0.027 0.059 0.057 0.052 0.020 0.053 0.053 0.055

1000 0.020 0.047 0.045 0.060 0.024 0.036 0.033 0.035 0.010 0.037 0.036 0.039
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Table S.5: Biases, ASDs, and ESDs of the parametric CQR for DGP4, where the innovations follow the

standard normal, Student’s t5 or Tukey-lambda distribution with the shape parameter λ “ 0.1, denoted by

FN , Ft5 or Fλ, respectively.

n Bias ASD ESD Bias ASD ESD Bias ASD ESD

F “ FN F “ Ft5 F “ Fλ

α00 500 -0.017 0.057 0.075 -0.021 0.080 0.093 -0.038 0.123 0.162

1000 -0.014 0.047 0.068 -0.014 0.037 0.055 -0.029 0.087 0.105

α01 500 0.083 0.303 0.251 0.050 0.313 0.275 0.135 0.440 0.409

1000 0.062 0.240 0.211 0.006 0.173 0.191 0.076 0.284 0.303

α10 500 0.010 0.244 0.235 -0.039 0.242 0.223 -0.006 0.238 0.290

1000 -0.016 0.218 0.210 -0.038 0.158 0.141 -0.008 0.165 0.184

α11 500 0.027 0.191 0.168 -0.006 0.083 0.092 -0.002 0.090 0.098

1000 0.003 0.164 0.144 -0.013 0.079 0.073 -0.001 0.057 0.059

γ 500 0.087 0.602 0.575 0.136 0.571 0.623 0.159 0.684 0.644

1000 0.127 0.550 0.521 0.100 0.404 0.437 0.114 0.508 0.545

c 500 0.025 0.223 0.195 -0.020 0.314 0.289 0.013 0.451 0.497

1000 0.005 0.209 0.174 -0.012 0.216 0.198 0.004 0.287 0.301

a 500 -0.100 0.074 0.047 -0.121 0.057 0.034 -0.018 0.078 0.078

1000 -0.098 0.053 0.039 -0.126 0.030 0.022 -0.016 0.055 0.056

b 500 -0.026 0.086 0.106 0.005 0.049 0.052 0.006 0.055 0.056

1000 -0.006 0.046 0.052 0.011 0.034 0.040 0.002 0.039 0.039
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Table S.6: Biases and RMSEs for estimating and predicting conditional quantiles at τ “ 5%, 10%, 90% and

95% for DGP2, where the innovations follow the standard normal, Student’s t5 or Tukey-lambda distribution

with the shape parameter λ “ 0.1, denoted by FN , Ft5 or Fλ, respectively. M1, M2, M3 and M4 represent

the semi-parametric CQR, parametric CQR, GQMLE and EQMLE, respectively.

FN Ft5 Fλ

Bias RMSE Bias RMSE Bias RMSE

τ F in out in out in out in out in out in out

5% M1 0.002 0.002 0.137 0.136 -0.004 -0.005 0.407 0.341 -0.024 -0.003 1.204 0.924

M2 -0.026 -0.043 1.406 0.772 0.519 0.520 0.695 0.685 -0.026 -0.043 1.406 0.772

M3 -0.582 -0.617 1.216 1.277 -1.341 -1.401 3.582 3.960 -5.217 -5.364 15.278 16.392

M4 0.010 0.008 0.134 0.137 -0.006 -0.003 0.463 0.378 0.009 0.057 1.085 1.121

10% M1 0.003 0.005 0.116 0.113 0.000 -0.003 0.283 0.255 -0.008 0.008 0.848 0.686

M2 0.035 0.036 0.108 0.107 0.079 0.081 0.305 0.283 -0.008 -0.016 1.093 0.580

M3 -0.457 -0.484 0.950 1.000 -0.933 -0.978 2.482 2.797 -3.611 -3.712 10.539 11.317

M4 0.006 0.005 0.115 0.118 -0.011 -0.007 0.330 0.254 0.010 0.054 0.748 0.765

90% M1 0.000 -0.002 0.115 0.108 0.004 -0.002 0.282 0.231 0.022 0.029 0.858 0.721

M2 -0.035 -0.037 0.107 0.105 -0.079 -0.070 0.297 0.222 0.006 0.020 0.986 0.575

M3 0.459 0.483 0.962 0.990 0.922 0.992 2.518 3.096 3.611 3.756 10.602 11.729

M4 -0.005 -0.005 0.116 0.124 -0.004 0.002 0.303 0.241 -0.024 0.006 0.796 1.242

95% M1 -0.001 -0.002 0.137 0.132 0.013 0.005 0.403 0.338 0.011 0.037 1.208 1.027

M2 -0.188 -0.190 0.229 0.230 -0.519 -0.508 0.691 0.627 0.024 0.047 1.288 0.782

M3 0.588 0.620 1.231 1.274 1.334 1.439 3.637 4.489 5.176 5.376 15.232 16.719

M4 -0.007 -0.006 0.134 0.139 -0.007 0.001 0.441 0.344 -0.049 -0.025 1.085 1.565
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Table S.7: Biases and RMSEs for estimating and predicting conditional quantiles at τ “ 0.1%, 0.5%, 99.5%

and 99.9% for DGP2, where the innovations follow the standard normal, Student’s t5 or Tukey-lambda

distribution with the shape parameter λ “ 0.1, denoted by FN , Ft5 or Fλ, respectively. M1, M2, M3 and M4

represent the semi-parametric CQR, parametric CQR, GQMLE and EQMLE, respectively.

FN Ft5 Fλ

Bias RMSE Bias RMSE Bias RMSE

τ F in out in out in out in out in out in out

0.1% M1 0.033 0.039 0.438 0.441 1.854 1.784 3.208 3.240 8.695 8.462 11.040 9.790

M2 1.417 1.423 1.458 1.462 9.737 9.729 10.536 10.580 -0.837 -1.002 6.673 5.679

M3 -0.870 -0.934 2.132 2.241 -3.251 -3.758 15.282 24.095 -13.905 -15.075 51.190 62.931

M4 0.177 0.174 0.394 0.385 1.667 1.648 5.105 4.863 2.905 2.744 8.858 7.249

0.5% M1 0.010 0.011 0.241 0.249 -0.099 -0.140 1.750 1.761 0.586 0.582 3.344 2.898

M2 0.889 0.893 0.925 0.928 4.165 4.160 4.566 4.579 -0.274 -0.352 3.323 2.455

M3 -0.860 -0.917 1.870 1.972 -3.042 -3.256 8.918 11.218 -11.164 -11.535 34.679 38.720

M4 0.047 0.045 0.244 0.242 0.213 0.187 1.565 1.448 0.560 0.603 3.383 3.036

99.5% M1 -0.011 -0.015 0.243 0.257 0.067 0.093 1.695 1.649 -0.532 -0.576 3.208 2.756

M2 -0.890 -0.895 0.925 0.930 -4.165 -4.149 4.565 4.534 0.272 0.357 3.210 2.501

M3 -0.579 0.927 1.895 1.982 -3.524 3.325 9.124 12.402 -5.034 12.245 35.770 38.335

M4 -0.038 -0.039 0.241 0.244 -0.223 -0.191 1.682 1.504 -0.246 -0.255 3.414 3.376

99.9% M1 -0.053 -0.058 0.448 0.456 -1.928 -1.861 3.246 3.188 -8.701 -8.490 11.127 9.858

M2 -1.418 -1.424 1.459 1.464 -9.737 -9.717 10.536 10.537 0.835 1.006 6.583 5.732

M3 -1.808 0.936 2.153 2.233 -11.026 3.985 16.936 24.536 -19.367 15.509 54.370 59.331

M4 -0.170 -0.170 0.387 0.387 -1.635 -1.519 5.131 4.767 -2.498 -2.492 8.807 8.801
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Table S.8: Biases and RMSEs for estimating and predicting conditional quantiles at τ “ 5%, 10%, 90% and

95% for DGP4, where the innovations follow the standard normal, Student’s t5 or Tukey-lambda distribution

with the shape parameter λ “ 0.1, denoted by FN , Ft5 or Fλ, respectively. M1, M2, M3 and M4 represent

the semi-parametric CQR, parametric CQR, GQMLE and EQMLE, respectively.

FN Ft5 Fλ

Bias RMSE Bias RMSE Bias RMSE

τ F in out in out in out in out in out in out

5% M1 -0.001 -0.004 0.116 0.129 0.142 0.142 0.285 0.308 0.083 -0.021 0.835 1.163

M2 0.008 0.012 0.076 0.107 0.170 0.224 0.319 0.382 0.079 0.019 0.764 0.758

M3 0.004 0.007 0.061 0.071 0.116 0.146 0.381 0.463 -0.665 -0.996 7.775 7.839

M4 0.002 0.006 0.068 0.073 0.127 0.169 0.283 0.361 -0.159 -0.140 2.674 2.317

10% M1 0.005 0.003 0.096 0.113 0.092 0.092 0.212 0.262 0.074 -0.010 0.750 1.005

M2 0.002 0.005 0.064 0.098 0.098 0.131 0.216 0.257 0.076 0.015 0.633 0.681

M3 0.002 0.005 0.054 0.064 0.076 0.092 0.300 0.394 -0.350 -0.660 6.921 6.731

M4 0.001 0.005 0.060 0.065 0.085 0.111 0.214 0.254 -0.081 -0.047 2.167 2.272

90% M1 -0.006 -0.004 0.097 0.112 -0.119 -0.142 0.240 0.299 -0.086 -0.008 0.815 1.038

M2 -0.002 -0.004 0.063 0.061 -0.105 -0.140 0.229 0.290 -0.072 -0.014 0.632 0.912

M3 -0.002 0.002 0.054 0.067 -0.090 -0.121 0.317 0.455 0.228 -0.088 6.507 5.350

M4 -0.002 0.001 0.059 0.064 -0.098 -0.129 0.227 0.289 0.086 0.197 2.353 3.449

95% M1 -0.003 0.000 0.117 0.125 -0.172 -0.202 0.318 0.399 -0.083 -0.020 0.824 0.992

M2 -0.008 -0.010 0.075 0.066 -0.178 -0.234 0.334 0.412 -0.075 -0.018 0.763 0.920

M3 -0.003 0.002 0.061 0.074 -0.135 -0.176 0.402 0.579 0.634 0.334 7.499 5.680

M4 -0.001 0.001 0.068 0.070 -0.145 -0.191 0.303 0.394 0.167 0.249 2.005 3.368
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Table S.9: Biases and RMSEs for estimating and predicting conditional quantiles at τ “ 0.1%, 0.5%, 99.5%

and 99.9% for DGP4, where the innovations follow the standard normal, Student’s t5 or Tukey-lambda

distribution with the shape parameter λ “ 0.1, denoted by FN , Ft5 or Fλ, respectively. M1, M2, M3 and M4

represent the semi-parametric CQR, parametric CQR, GQMLE and EQMLE, respectively.

FN Ft5 Fλ

Bias RMSE Bias RMSE Bias RMSE

τ F in out in out in out in out in out in out

0.1% M1 0.015 0.009 0.192 0.205 0.248 0.254 0.678 0.782 0.008 -0.022 1.778 1.865

M2 0.042 0.047 0.157 0.169 0.693 0.874 1.120 1.374 0.017 -0.079 1.243 1.470

M3 0.022 0.024 0.096 0.103 0.402 0.485 0.893 1.086 -2.292 -2.594 13.249 12.173

M4 0.013 0.018 0.104 0.103 0.406 0.507 0.771 0.948 -0.632 -0.584 6.622 4.861

0.5% M1 0.082 0.073 0.246 0.263 1.455 1.714 1.941 2.333 -0.054 -0.150 2.633 2.176

M2 0.079 0.083 0.243 0.245 1.470 1.829 2.269 2.818 -0.088 -0.095 1.792 1.799

M3 0.064 0.065 0.147 0.149 1.031 1.257 1.863 2.277 -3.585 -3.894 18.642 16.482

M4 0.052 0.056 0.151 0.148 1.020 1.228 1.755 2.202 -1.063 -1.067 9.717 8.260

99.5% M1 0.004 0.009 0.233 0.230 -1.434 -1.733 1.935 2.511 0.068 0.116 2.632 2.662

M2 -0.080 -0.082 0.244 0.221 -1.477 -1.838 2.284 2.839 0.092 0.096 2.025 1.876

M3 -0.067 -0.060 0.146 0.142 -1.118 -1.421 1.929 2.486 3.576 3.072 16.328 11.101

M4 -0.055 -0.051 0.150 0.137 -1.090 -1.400 1.790 2.509 1.203 1.107 11.003 10.569

99.9% M1 0.034 0.039 0.211 0.213 -0.286 -0.340 0.677 0.882 -0.008 0.056 1.777 1.775

M2 -0.042 -0.045 0.157 0.138 -0.701 -0.884 1.136 1.396 -0.004 0.023 1.203 1.207

M3 -0.025 -0.019 0.094 0.104 -0.460 -0.596 0.948 1.209 2.291 1.976 12.313 8.805

M4 -0.016 -0.014 0.101 0.101 -0.469 -0.615 0.833 1.149 0.621 0.698 7.120 9.797
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