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In the Supplementary Material, we provide additional discussions in Sections S1-S3, including
the discussions on the kernel matrix in COPES-DR, technical Assumption (A1), and addi-
tional asymptotic results of COPES methods. The additional numerical results are presented

in Section S4. In Section S5, we present technical proofs.
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S1 Kernel matrix in COPES-DR and its sample esti-

mator

We show that the matrix M’y can be re-expressed as M, = 2 Zle K,

where the expressions of K;, 1 =1,...,8, are

2 2

K, = %/01 Dy, (u)D; (u)du, K,y = (/OluDh(u)du) . Ky= (/01 ch(u)c;(u)du> :

K, = ( /0 1 C;(u)ch(u)du> ( /0 1 ch(u)c;(u)du) :
Ky — — (/01 Dh(u)Ch(u)du) (/01 uc;(u)du) ,

K¢ = — {/01 Dy, (u) </01 uCh(u)du) C;(u)du} ., K;=K., Kg=Kj.

We first decompose Gy, (u, u*) as follows,

G (u, ") :%E {(? XX - XOTIY < FH b)) (Y < (F) 7))}
—u* - median{o (Z7V2T), (1) X7Y?)} 2 — u - median{o(Z~Y2T, (v*) X ?)} 2
:u*%E {)‘f)‘fﬁ(f/ < F—1<uh))} + U%E {)?*()_()*)U(f/* < (F*)—l(u*h))}
- %]E {?1(? < F'(uh))} E {()?*)U(?* < (F)(uwh)) }

- %E (X107 < (P ) JE{XTIT < P (wh)) |

—u* - median{o (X ?T, (1) £~} — u - median{o (X ~/?T, (v )=~ ?)1 2

=u*Dy,(u) + uDy(u*) — Cy(u)C,l (u*) — Cp(u*)C} (u).
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Then,

Y [ —/ / G (u, u*)G;, (u, u*)dudu*

/ / 2Dy (u)D] (u)dudu” + / / u*uDy, () D] (u”)dudur
— /O /O w*Dy,(u)Ch(u*)C} (u)dudu® — /0 /0 uw*Dy,(u)Cp(u)C,l (u*)dudu*
+ /0 1 /O 1 u?Dy, (u*)Dy] (u)dudu* + /0 1 /0 1u*uDh(u*)D;(u)dudu*
— / 1 / 1 uDy, (u*)Cp(u)C,l (u*)dudu® — / 1 / luDh(u*)Ch(u*)C;(u)dudu*
/O/Ouch u)C, (u*)D; (u)dudu* —/ / uCh(u)C;, (u")D] (u*)dudu*
+/01/Olch )C} (u*)Cp(u*)C; (u)dudu* +/ / Ch(u)C] (u*)Cy(u)C} (u*)dudu*
_/01/01u0h )C; (u)D] (u*)dudu* —// u*Cp(u*)C, (u)D,) (u)dudu*
J

1 1

+ Ch(u*)C;(u)Ch(u)CZ(u*)dudu*—1—/0 /0 Ch(u*)C}, (u)Cy(u*)C;, (u)dudu*

0 0

8
=2 Z K;.
=1

Note that K3 follows from the fact that

/01 /01 Cy(u)C; (u)Ch(u*)C, (u)dudu* :/01 /01 Co (") C] (1) Co(w)C (u)dudu®

= (/01 Ch(u)c;(u)du) </01 Ch(u*)C;(u*)dU*) 7

where the first equation holds since C} (u)Cp(u*) = C; (u*)Cp(u) always

holds.
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Consequently, the sample estimator of the kernel matrix is

8
My =2 Ki™,
i=1

where each component K?/”,izl,...,& is as follows.
~ 1 P m\ -~ m ~ 1 u m -~ m ’
= 00 ()50 () R (1350 ()
13kmz::1k/k ki \k 2 k:mz::lk:k/k

&= (i e (Pen () (15em (e (7).
m=1 m=1
&= - (100 (D) ewn (1)) (1 Fen (7))

S2 Discussion on Assumption (A1)

Aghbalou et al. (2024) assumed that lim,,,+ E(X|Y > y), which does
not hold for many common distributions. We consider a toy example on
E(X]Y > y) where the dimension p = 1. Note that E(X|Y > y) is re-
lated to the concept of marginal expected shortfall (Acharya et al. 2017) in
systemic risk management.

Assume that the two random variables X,Y € R are asymptotically de-

4
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pendent in the sense that for any (z,y) € [0, 00]%\ {(c0, 0)}, the following

limit exists and is not identically zero,
tlim tPr(l — Fx(X) <z/t,1 - Fy(Y) <y/t),
—00

where 'y and Fy are cumulative distribution functions for X and Y, respec-
tively. Assuming that X has a heavy right-hand tail, it has been established

in Cai et al. (2015) that the following asymptotic limit exists,

. EX|Y >y
T W) O

where ¢ > 0 is some constant and @) is the quantile function of X such
that Q(a) = inf{z € R: Pr(X < x) > a} forany 0 < a < 1. Thus, as y
approaches y™, the conditional expectation E(X | Y > y) — oo, resulting
in the collapse of the convergence condition. Even in the case where X
follows the normal distribution, Hua & Joe (2014) showed that with some
additional conditions on the tail dependence of Y and X, we still have
EX|Y >y »occasy—yt.

Assuming that X is from the univariate EC distribution. When we
2

replace X with the contour-projected predictor )_(> = sign(X)o, where 0% is

the scatter parameter, the tail moment becomes to
E(X |Y > y) = oE(sign(X) | Y > y) = 20 Pr{sign(X) = 1|Y >y} — 1.

Then, the convergence assumption on E(X | Y > y) reduces to assuming

5
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the convergence of the conditional probability Pr{sign(X)=1|Y > y} as

y — y*+, which is fairly mild in most applications.

S3 Additional asymptotic results

We first present the refinement of Theorem 5 under new assumptions. Then,
parallel to the development of the asymptotic theory of COPES-DR, we
develop the asymptotic theories of COPES-SIR and COPES-SAVE.
Recall that F denotes the cumulative distribution function of ¥ = —V.
A function f(y) is called eventually decreasing if there exists a constant v,
such that f(y) is decreasing for y > yo. We introduce the following two

assumptions, adapted from Assumptions (A1) and (A2).

(A1) Let a(y) = E(i |'Y > y)—v with v in Assumption (A1). Assume that
|a(y)|| is an eventually decreasing function such that v&||a{—F~*(k/n)}|| =

O(1) as n — oc.

(A2') Let b(y) = E(??T\Y > y) — T with T in Assumption (A2). As-
sume that ||b(y)||r is an eventually decreasing function such that

VE|b{=F'(k/n)}||r = O(1) as n — oo.

Corollary S1. Assume the same assumptions in Theorem 5 and that As-

sumptions (A1') & (A2) hold. Then, as n — oo, we have (i) |M g —

6
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Maolr = Op(k™12); (ii) [Pgy = P, xllr = Op(k™17%).
eDR

Assumption (A1") specifically quantifies the convergence rate of E(§ |
Y > y) — v in Assumption (A1) and imposes restrictions on the choice of
k to control the biases of the estimators; namely, k£ cannot be too large.
Similar conditions are often assumed in the literature on extreme value
statistics; see, for example, Lalancette et al. (2021) and de Haan & Fer-
reira (2006). Assumption (A2') is proposed in the same spirit as Assump-
tion (A1’), specifying the convergence rate of E(iiTlY > y) —T. With
these additional convergence rate assumptions, /ME]/;PL{ and span(,@fé%) ex-
hibit \/E—consistency in estimating Mepr and Sy, x.

The following two theorems claim the consistency results for the esti-

mated kernel matrices and working subspaces in COPES-SIR and COPES-

SAVE.

Theorem S1. Assume that X follows the EC distribution and Assumption
(A1) & (A3) hold. Moreover, we assume that COV(?‘Y > y) converges as
y — y*. Then, as n — oo, we have (i) ”ﬁjs/ﬁ% - Ml:é?RHF = Op(k~Y/?);
(i) N, — Mastnll e = 0p(1); (iii) [IPgisn — Pl = 0p(1).

Theorem S2. Assume that X follows the EC distribution and Assumptions
(A2) € (A3) hold. Moreover, we assume that Cov{vec(??TﬂY > y}

converges asy — y*. Then, asn — oo, we have (i) | MEr o — MR | e =

7
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Op(k=2); (i) [|[MFY 5 — Mesavellr = op(1). By further assuming that
dim(Sesave) < p/2, we have (iii) ||P[’3‘k/n —Ps,_xllr =op(1).
eSAVE

With additional convergence Assumptions (A1") and (A2'), a refined

o~
description of the convergence properties for P B P B span(ﬁes/fLR),

and span(ﬁes/ ave) 1s available, presented in the following two corollaries.
Corollary S2. Assume the same assumptions in Theorem S1 and that
Assumption (A1) holds. Then, asn — oo, we have (i) HMesm Mesir | F =

Op(k™12%); (ii) 1P gt — — Psullr = Op(k71/2).

Corollary S3. Assume the same assumptions in Theorem S2 and that As-
sumption (A2 ) holds. Then, asn — oo, we have (1) HMeSAVE Mesavel|r =

Op(k™12); (i) [Pgrn = Psy xllr = Op(k71/?).

S4 Additional numerical results

S4.1 The discussion on numerical performance of COPES

We provide more details about the comparison among the three specific
COPES methods. In summary, COPES-DR combines the advantages of
COPES-SIR and COPES-SAVE, dominating other competitors in most sit-
uations. And in scenarios where d* > 1, COPES-SAVE and COPES-DR

are better choices. Specifically, in Model A, where there is a monotone

8
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trend in the more contributing component of the model, COPES-SIR ex-
hibits the most favorable estimation performance and COPES-DR perform
comparably to COPES-SIR. In comparison, COPES-SAVE performs worse.
In Model C, where the monotone trend is absent, COPES-SAVE performs
comparably with COPES-SIR, while COPES-DR achieves the best perfor-
mance. In Models B and D, where d* = 2, the dimension-deficient method
COPES-SIR performs the worst. COPES-DR is, once again, the best com-
petitor in either heavy-tailed or light-tailed cases. In fact, under the mul-
tivariate normal distribution, similar patterns in the four models have also
been observed by their SDR counterparts, SIR, SAVE, and DR, see Li &
Wang (2007), for example. Thus, these COPES methods partly inherit the

characteristics of their counterparts in SDR.

S4.2 MSE plots under Models A—-D

The MSE of the subspace estimation plots under Models A, C, and D are

presented in Figures S1-S3.

S4.3 Accuracy of structural dimension determination

In this section, we evaluate the accuracy of the dimension determination

based on COPES-SAVE and COPES-DR. The procedure has been de-

9
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Figure S1: MSEs for different competitors under various v’s under Model A.
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Figure S2: MSEs for different competitors under various v’s under Model C.

tailedly discussed in Section 5.4.

We set the ratio adjustment constant ¢ = 107°. In each model, we
record the correct dimension selection ratio. We consider three sample sizes,
n = 5000, 10000, and 20000, and four ks, including k = 2[n%%], k = [n?/3],

10
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Figure S3: MSEs for different competitors under various v’s under Model D.

k = [n°7], and k = [2n°75], where [a] denotes the largest integer less or
equal to a. In Table S1, we report the dimension determination results of
COPES-DR under the scenario where the degree of freedom v = 3. The
results for COPES-SAVE and other v’s yield similar findings and are not
reported here.

Generally speaking, when the sample size n is large enough, and k is
selected at some reasonable ratio, our procedure achieves accurate deter-
mination of the structural dimension. Specifically, for fixed k, the correct
selection ratio steadily increases as n increases. For fixed n, the correct
selection ratio attains the peak for some properly selected k. Thus, when
samples are efficient, our method provides a simple and accurate way of de-

termining the structural dimension. The high accuracy also suggests that

11
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Table S1: Correct selection ratio based on COPES-DR under the scenario where v = 3.

k n=5000 n=10000 n=20000 n=>5000 n=10000 n = 20000
Model A Model B
2[n%] 0.965 1 1 0.875 0.96 1
[n?/3] 0.965 1 1 0.85 0.96 1
[n%7] 0.975 0.995 1 0.9 0.98 1
(200751 0.975 0.995 1 0.9 0.98 1
Model C Model D
2[n0-6] 0.685 0.905 0.98 0.92 0.99 0.995
[n?/3] 0.58 0.88 0.98 0.855 0.985 0.995
[n%7] 0.765 0.96 0.995 0.94 1 1
[2n0-75] 0.76 0.955 0.995 0.94 1 1

the extreme SAVE subspace S.save and extreme DR subspace S.pr co-

incide with the CES Sy, x, indicating the exhaustiveness of two extreme

subspaces.

S4.4 Simulation results with non-identity scatter matrix

In this subsection, we examine the performance of our methods under Mod-

els A-D with X = W/\/u/v, where W ~ N(0,%), u ~ x2, and u is

independent of W. Here, we consider ¥ = (oy;) with o;; = 0.5 for

1 <4 < j <p. All other settings remain consistent with those in Section 6.

The MSE of subspace estimation for each method is presented in Figures

S4-57.

12
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Figure S4: MSEs for different competitors under various v’s under Model A for autore-

gressive scatter matrix.

The results indicate patterns similar to those observed in Section 6.
Specifically, the COPES methods outperform the TIREX methods under
the heavy-tailed distribution, while they demonstrate comparable perfor-

mance under the normal distribution.

S4.5 Simulation results with non-EC distribution

Our proposal assumes the EC distribution for predictors. One intuitive
question is how the COPES methods perform when such EC distribution
is violated. To this end, we independently generate each covariate Xj,
J=1,...,p, from t distribution with degree of freedom v. We repeat all

experiments in Section 6. The results under four models with v = 2,3,5

13
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Figure S5: MSEs for different competitors under various v’s under Model B for autore-

gressive scatter matrix.

0.00- 0.00
0 500 1000 1500 2000 0 500 1000 1500 2000
k k
v=5 Multivariate Normal

0 500 1000 1500 2000 0 500 1000 1500 2000
k k

- - TIREX1 - - TIREX2 — COPES-SIR — COPES-SAVE — COPES-DR

Figure S6: MSEs for different competitors under various v’s under Model C for autore-

gressive scatter matrix.

are displayed in Figures S8-S10. It can be seen that COPES methods

still outperform TIREX1 and TIREX2 even when X is not from the EC

14



S4. ADDITIONAL NUMERICAL RESULTS15
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Figure S7: MSEs for different competitors under various v’s under Model D for autore-

gressive scatter matrix.

distribution, suggesting their insensitivity to the violation of the EC distri-
bution assumption. It is worth noting that COPES-DR performs the best

or comparably to the best method throughout all four models.

S4.6 Scatterplot in real data analysis

On Chinese stock dataset, we display the scatterplot of the reduced pre-
dictors B\ITX and B\; X from COPES-SAVE in Figure S11. The red circles
represent the non-tail samples, and the green crosses represent the tail sam-

ples.

15
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Model (A) Model (B)
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Figure S8: MSE under Models A-D with X;, j =1,...,p, are independently generated

from t5.

S5 Proofs

S5.1 Proof of Theorem 1

It suffices to show that for any two EDR subspaces, S, and Sg, their
intersection So(Sg = Ss is also an extreme SDR subspace. Let o =
(a1,6), B =(B1,0), and n = (a1,31,6). When a; = 0 or B; = 0, then
0 = o or 6 = (3, and the result trivially follows. We consider the case
where a7 # 0 and 37 # 0. We first introduce the following preliminary

lemma.

Lemma S1. Assume that Sg, is an EDR subspace of Y given X. For any

S, such that Sg, C Sga,, Sg, 1s also an EDR subspace of Y given X.

16
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Figure S9: MSE under Models A-D with X;, j = 1,...,p, are independently generated

from t3.
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Figure S10: MSE under Models A-D with X, j =1,...,p, are independently generated

from t5.
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%

W 5

Figure S11: Scatter plot of the reduced predictors 3 X and 37 X from COPES-SAVE on
Chinese stock dataset. The green crosses correspond to the observations with a response

less than yg, and the red circles correspond to those with a response greater than .

Since S, and Sg are EDR subspaces, then by Lemma S1, S, is also an
EDR subspace. Let W = n'X = (W] W, W, where W; = a/X,
W, = 3/ X, and W3 = §'X. Consider a fixed point € Qx and n'z =
(wl, w],wl

w] ,w, ,w, ). We prove by showing that for any & > 0, there exists some

constant gy such that for any y > o, we have

Pr(Y >y | X=z) - Pr(Y >y | W3 =w;)
Pr(Y > y)

<eg, Vxelx.

Let Qw denote the support of W. Also, let 493(w3) denote the support

18
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of (Wi, Wy) | (W3 = w;3), which is defined as Qyo3(w3) = {(wq, ws) :
(w1, we, w3) € Q,}. Then, it is also equivalent to show that for any & > 0,

there exists some constant y, such that for any y > yo, we have

Pr(Y >y | X=z) - Pr(Y >y | W3 =ws) <.
Pr(Y > vy) -7

V(wl, ’LUQ) € ng|3<’l,U3).

We prove by exploiting the fact that any two points in a convex set can be
chained by series of linked points. Here, we call that two points (w;, ws)
and (w}, w3) in Qyg3(ws) are linked if wy; = wj or wy = wj. This chain-
ing argument is motivated by the proof of Proposition 6.4 in Cook (1998).
However, Cook’s proof only involves the conditional distribution. In com-
parison, we need to deal with the conditional tail probability, used in the
definition of EDR subspace, more carefully.

Since S, is an EDR subspace, for any € > 0, there exists some constant

Yo such that for any y > y,, we have

Pr(Y >y |X=x)—Pr(Y >y | W, = w;, W3 = ws)
Pr(Y > y)

<e.  (S5.1)

For any (w}, w3) € Qig3(ws), assume (wy, w3) € Qyg3(ws), which is linked

with both (w7, ws3) and (w;,ws). Since (wq, w3) € Qig3(ws), then there

exists some point z* € (x such that n'x* = (w], (w3)",w] )", then for

Y > Ya,

Pr(Y >y | X =x*) —Pr(Y >y | Wy, = wy, W3 = ws)
Pr(Y > y)

<e,  (S5.2)

19
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and there exists some constant y, such that for any y > y,,

Pr(Y >y | X=2*) = Pr(Y >y | Wy = w;, Wy = w}, W3 = w;)
Pr(Y > y)

(95.3)

Combining (S5.2) and (55.3), for y > max{ya, y,}, we have

‘Pr(Y>y|W1 :wl,W3:w3)—Pr(Y>y | W, :wl,WQZW;,Wgz’(Ug)

Pr(Y > y)
(S5.4)

The subspace Sg is also an EDR subspace, there exists some constant yg

such that for any y > ysz,

Pr(Y >y | X=a") - Pr(Y >y | Wy = wi, W3 = w;)
Pr(Y > y)

<e. (S5.5)

Combining (55.3) and (55.5), by taking y > max{yg, y, }, we have

‘PI‘(Y>y’W2 :'w;,Wgzwg)—Pr(Y>y | Wl :wl,szw;,Wgz'IUg)

Pr(Y > y)
(S5.6)

Since (w7}, w3) € g3(ws), then there exists some point £** € Qx such
that p'z* = ((w;)7, (w})",wy)". Similarly, for y > max{ys,y,}, we
obtain

Pr(Y >y | X=x*) - Pr(Y >y | W; =w;, Wy = wj, W3 = w;)
Pr(Y > y)

and

Pr(Y >y | X=a™) - Pr(Y >y | Wy = w}, W3 = w;)
Pr(Y > y)

20

< 2e.

< 2e.
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which is followed by

PI‘(Y>y’W2:'LU;,W3:’lU3) —PI‘(Y>y ‘ Wl :wI7W2 :’LU;,W:;I’LU?)) < 9
Pr(Y > y) -

(S5.7)
Combining all results in (S5.1)(55.4)(55.6)(55.7), for any y > max{ya, ¥, Yy}

we obtain

PI‘(Y>y|X:.’B)—PI"(Y>y|W1:WI,W2:U);,W3:'LU3) < 7e
Pr(Y > vy) -

(S5.8)
Since the support {2x is convex, then Qyg3(ws) is also convex. Any two
points in Q93(ws) are connected by a series of linked points. Therefore,

(55.8) holds for any (w7, ws3) € Qy93(w3). Then, it follows that

Pr(Y >y | X=x) —Pr(Y >y | W3 = w;3)
Pr(Y > y)

S 75, ‘v’(wl,wz) - ng|3(’QU3),

which completes the proof. O

S5.2 Proof of Lemma 1

For EC distributed X, let R = ||X — p|s. It is known that X and R are

independent (Johnson 1987). Thus,
Pa(y > yf%) B {Pr(y > y X 0K} = [Py > oK ()
:/Pr(Y > y|z,’l“)dFR(7“) = ER {PT(Y > y|§; R)} )

21
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where Eg denotes the expectation over R. Similarly, we have that,
Pr(Y > 4|87 X) = En {Pr(y > y|ﬁT>_<>,R)} .

As a result,

Pr(Y > y|X) — Pr(Y > y|87X) ’

=[En {Pr(y > yIX, R) — Pr(Y > 3|87 X, )|

=|Eg {Pr(Y > y[X) = Pr(Y > y|B"X, R) }|

—|Ex {Pr(Y > yX) = Px(Y > y|B87X) + Pr(Y > y|87X) — Pr(Y > y|8TX, R)}|
<Eg |Pr(Y > y|X) = Pr(Y > y|B8'X)| + Eg |[Pr(Y > y|8'X) — Pr(Y > y|3'X, R)|
=10+ L.

Since Sg is an EDR subspace, then for any ¢ > 0, there exists some constant

Yo such that for all y > v,

Pr(Y >y X=z)-Pr(Y >y|3'X=8"x)

< for all x € Q
Pr(Y > 9) <eg, forallx X,

(85.9)

which leads to

I <ePr(Y >y).
For I,, since

Pr(Y > y[B8'X) = E{Pr(Y >y|8'X)|8"X, R},
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and

Pr(Y > y|B'X, R) =E{I(Y > y)|B8"X, R}
=E [E{I(Y > y)|X} |3'X, R]
=E {Pr (Y > y[X)|B8"X, R},
then we have
L =Eg [Pr(Y > y|B8'X) — Pr(Y > y|B" X, R)|
=Eg [E{Pr(Y > y|B8"X) — Pr(Y > y|X)|8'X, R}|.

By (S5.9), we have that, for y > yo,
I, <ePr(Y >y).

For any « € Qx, let Z denote the corresponding contour-projected
vector and let Qz denote the support of Z. By combining the results for I;
and I, we conclude that, for any € > 0, there exists some constant g, such

that for all y > o,

Pr(Y > y|X = @)~ Pr(Y > y|3TX = 87 %)
Pr(Y > y)

<2, foral & € Qg

and thus the proof is completed. O]

S5.3 Proof of Theorem 2
We first introduce the following auxiliary lemma.

23
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Lemma S2. If Sg is an EDR subspace of Y giwen X, then for any real

valued functions g and h, measurable and bounded, we have

E [h(8TX)I(Y > y) {E (¢(X)|V,87X) —E (9(X)|87X)}]
P(Y >y)

— 0, y— y+.
(S5.10)

Proof of Lemma S2. Since span(3) is an EDR subspace, we have that for

any € > 0, there exists some constant y, such that for all y > y,

’Pr(Y>y|X)—Pr(Y>y|,BTX)

< Q
Pr(Y > y) ’—5’ T E€Lx,

By dominance convergency theorem, we have

’Pr(Y>y|X)—Pr(Y>y|,@TX

) L
— 0 L.

Then, by Propositions 3 and 4 in Aghbalou et al. (2024), (S5.10) holds. O

The proof is similar to that of Theorem 1 in Aghbalou et al. (2024). It

suffices to show that
QS EX |Y >y) —0, y—y.
Let m, = Pr(Y > y), then

QEEX | Y > y) =7, QsS E{XI(Y > y))
—r QeI E{E(X | 87X, V)I(Y > )}
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Since X is EC distributed, so is i Then ? satisfies the linearity condition

and we have that

which follows from Lemma 1.1 in Li (2018) and the fact that Cov(?) =

p~'S. Therefore,

Q= E(X | 87X) = Qo= P, 15X = 0.
Then,
Qs 'E(X |V > 1) = 7 'QpS'E [{E()‘f 187X, Y)-EX 87X\ 1 } Y >y } .

According to Lemma 1, Sg is also an EDR subspace of Y given 2 We take
h =1 and g(i) = ?i, 1 =1,...,p, in Lemma S2. Since YZ is bounded,

then Lemma S2 is satisfied and we obtain that for i =1,...,p,
m,'E [{E(Yl | ﬁTi,Y) ? | ,BTi } Y >y ] 0, y—uy.
As a consequence,
QR EX [V >y) — 0, yoyt,

which completes the proof. O]
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S5.4 Proof of Lemma 2

Since

Ch(u) = uE {? |V < Pl uh)},
then under Assumption (A1), for any u € [0, 1], we have
Cy(u) — uv, h —0.

Since ||§|| is bounded from above, by dominated convergence theorem, we

have

1 1

/ Cy(u)C, (u)du — / w*vv'du, h—0.
0 0
Therefore,
h L T

Then,

Y 'span(Mesr) = X 'span(v) = Susr,
which completes the proof. O]

S5.5 Proof of Lemma 3

We define the standardized predictor 7 = xV 2?, which is uniformly

distributed on the unit sphere SP~* = {u € R? | |lu|| = 1}. Let a € RP*4
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be the orthonormal basis matrix of subspace X!/2span(n), then we have

Cov(f | an) = 21/2(30\,(7 | nT21/2?)E1/2

— SV2Cov(Z |« Z)SV2, (S5.11)

Let ap € RP*=9 he the orthonormal basis of the orthogonal complement
of span(a) such that (a, ay) is orthogonal. Following the arguments in the

proof of Lemma 3 in Luo et al. (2009), we have that

Cov(Z o' Z) = %C?HZPQO.

Since
la"Z|2= Z TP Z = X S 2P, x 12X,
and
Py =Psup, = 3°n(n'Sn) 'n' B2
Then,

la"Z|1? = X Tn(n =n) "' X = [P 5 X[
By noting that Hi”% =1, we obtain

L= @7 Z|P = IX|Z - [P] s X% = Qs X2 (S5.12)
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From (S5.12), it can be seen that 1— HozT7||2 is a function of nTi. There,

we denote

%) = —]g{d?u? 19y X

p—d

and it follows that
Cov(Z | aTZ) = c(n"X)P (85.13)
Combining (S5.11) and (S5.13), we obtain

Cov(X [ n™X) = ((n"X)BV2P 4, B2 = (" X)2Qus)

S5.6 Proof of Theorem 3
We show that
Qe E [XXT—(BTX)T Y > 9] —0, gyt
which is equivalent to
7, QS 'E ([iiT ﬂTi } (Y >y > 0, y—y,
where 7, = Pr(Y > y).

We begin with proving

Q= 'E [?fT —(BTX)Z | fﬂi} —0. (5.14)
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According to Lemma 3, we have
Cov(X | B7X) = ((BTX)SQas)
Then,

Q=B [XXT - ((8'X)5 | B7X]
—Qs= ! [Cov(X | ATX) + E(X | 8 X)E(XT | B7X) - (8" X)z]
~Qs= {~C(BTX)Pys) + (P, 13 X) (P 15 X) |
=~ ((BTX)QT ISP, + QeE P, 15 XX P
=~ ((B"X)QsPus) + Qo= Pl XX Pyx,

=0,

where in the second equation, we used the fact that E(? | ﬁTi) =

Pg(p_lz)i , and in the last equation, we use the fact that

QsPs=) =I-8(8'8)7'8N)B(B'EB)'8'T
=B(B'EB)'B'E-B(B'E8) BT
=0,

and

QX Py =(1-B(8"8)'81)2'28(8'28) 8"
=B(B'2B) BT - B(B'S8)8
=0.
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Then, we have

Qe B { (XXT - ¢(87X)8) 1(Y > y)}
=, Q= E {E @XT (BT X)2 | 87X, V) Iy >y}
—m Qe 'E HIE ()_3)_(” (X2 87X, Y) -
(??T—g X 2|ﬁT§)} Y>y]
—r QY 'E [{E (iiT | BTX,Y> (iiT | ﬁTi)} (Y >y }
where the second equality follows from (S5.14). Since Sg is an EDR sub-

space of Y given ?, according to Lemma S2, by taking h = 1 and g(?) =

Yi?j, fori,5 € {1,...,p}, since g(i) is bounded, we have

7ry_1E [{]E <YZYJ | ﬁTi,Y> (? ? | ,3T§>} Y >y ] 0, y—y'.
(85.15)

Hence, we have
QN 'R { ()?)?T _ g(ﬁTi)z:) Iy > y)} 0, Yoyt

which finishes the proof. O

S5.7 Proof of Lemma 4

We equivalently rewrite Sesave as

Sesave = X V2span(ZVATE V2 — 7T,
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Since we assume that dim(Sesave) < p/2, then
#{i | oi(ZTVPTETE) = 75} > p/2,

which completes the proof. O]

S5.8 Proof of Lemma 5

Since

Th(u) = uE {ifT |V < P uh)},
under Assumption (A2), for any u € [0, 1], we have
Ty(u) — uT, h—0,
and
Dj(u) — uT — u - median{o (" V?*TEV)}E = (T — 7%).

Since ||2|| is bounded from above, by dominated convergence theorem, we

have
1 1
/ D, (u)D} (u)du —>/ W {T — 7S} {T — 73} du, h— 0.
0 0
Therefore,

1
M/ ave — 3 (T —r3H{T - 72} := Mgavg, h—0
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Since by Lemma 4, by assuming that dim(Sesave) < p/2, then Sesave =

S~ !span(T — 7X), then
Z_lspan(MeSA\/E) = Z_lspan(T — TE) = SGSAVE7

which completes the proof. O

$5.9 Proof of Lemma 6
We re-express E{(X — X*)(X — X)) |Y >4, V* > y*} as
E{(X - X)X - XY >y,Y" >y}
—EXXT Y >3V > ) +EX (XY >0, Y > )
CEX XY sy, s ) —EXXT Y >4, Y > ).

By Lemma 2.1 of Li et al. (2005), since (f,Y) ui (?*,Y*), then X 1

X[ (V,Y*), X L Y* | Y and X* 1L Y | Y*. Therefore, it follows that
E{(X - X)X X9 |Y >y5Y" >y

—E(XXT Y > y) +EX (XYY" > y) —EX |V > pE(X)T Y > )
~EX Y > )EXT Y > )

E(XXT|Y >y) —2EX |Y > pEXT|Y > y).

Therefore, under Assumptions (A1) and (A2),

A= lim E{z i ? X T Y >4,V >y} =2(T —vv'),

yy*—yt
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which completes the proof. O]

S5.10 Proof of Theorem 4
By Lemma 6, A = 2(T —vv'"). Then
Sepr = X 'span(T — 758 — vv') C Sesir @ Sesave,
where S® S* ;= {u+v|VueS,veS} By Theorems 2 and 3, we have

Sepr C span(3). 0

S5.11 Proof of Lemma 7
In the proof of Lemma 6, we have shown that A = 2(T —vv"). Therefore,
Sepr = X 'span(T — v — 82).

Recall that Segir = X 'span(v) and Sesave = X 'span(T — 73X), then it

follows that
Sesave C Sepr @ Sesir,
where S® S* :={u+v |VueS,veS} and
dim(Sesave) < dim(Sepr) + dim(Sesir) < dim(Sepr) + 1.

By assuming that dim(Sepr) < p/2 — 1, we obtain dim(Sesave) < p/2.
Then according to Lemma 4, we have 73 = median{o(X~1/2TX1/2)},

which completes the proof. O]
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S5.12 Proof of Lemma 8

Since
%E {(2 XX - XTIY < Fuh) (Y < P )}
—u'E {()‘8 XX - XY < Fl(uh),Y* < F )},
by Lemma 6, under Assumptions (A1) and (A2), for any u,u* € [0, 1], we

have that as h — 0,

1 ~ ~

—E {()‘8 XX - XOTIY < F uh)[(V* < (F7) 7 (k) } — A
For T}, (u) and Tp,(u*), under Assumption (A2), for any u € [0, 1], we have

that as h — 0,
Th(u) — uT, Tp(u") — u'T,
which is followed by
Gy (u,u*) —suu*A — 2uu” - median{o (X~ /2TE /)%
=uu*(A — 27%).

Since ||§|| is bounded from above, by dominated convergence theorem, we

have that as h — 0,
1 1 1 gl
/ / G (u, )G, (u,u”)dudu* —>/ / w?(u*)*(A — 278)(A — 27%) Tdudu®.
o Jo o Jo
Therefore,
1
Mipr — (A = 273)(A = 27%)" i= Mep, h—0.  (S5.16)
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According to Lemma 7, by assuming that dim(S.pr) < p/2—1, then Sepr =
Y lspan(A — 27X), then X~ 'span(Mepr) = X 'span(A — 27X) = S.pgr,

which completes the proof.

S5.13 Proof of Lemma 9

According to the definition of r;, we have that, we have that,

P < 01(Mepr) +€’
o4+ (Mepr) + €

i=1,...,d —1,

and

=1 i=d"+1,...,p—1.

By choosing ¢ > 0 such that

01(Mepr) + € < 04+ (Mepr)

+1,
04+ (Mepr) +€ — 3

that is,

e{o1(Mcpr) — 204« (Mepr)} < 03 (Mepr),

then we have d* = argmax; {r;}.

In Theorem 5, we have shown that Hﬁ];/)%—MGDRHF =op(1) asn — oo.

Then by Weyl’s inequality, for ¢ = 1,...,p — 1, we have

|0 (MEw) — 0:(Mepr)| = 0p(1), 1 — 0.
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Then, fori=1,...,p—1

)

-~

|7 —ri| = op(1), n— o0,

which completes the proof.

S5.14 Proofs of Theorems 5, S1, and S2

We need the following two consistency results of the estimated functions

ak/n(u) and ’i‘k/n(u)

Lemma S3. Under the EC distribution assumption of X and Assump-
tions (A1) & (A3), as n — oo, we have
VE (Calu) = Com(w)) 4 Wolw), e 0,1,
where W (u) is a Gaussian process with mean zero and covariance structure
E (Wec(u1)We(ug)) = min(ug, ug) ylir;1+ COV(XIY >y), ug,us € [0,1].

provided that lim,,_,,+ COV(?|Y > y) exists.

Lemma S4. Under the EC distribution assumption of X and Assump-

tions (A2) & (A3), as n — oo, we have
Vi (vec(Tk/nm)) - Vec(Tk/n(u))> A Wp(u), uelo,1],

where W (u) is a Gaussian process with mean zero and covariance structure

E(Wr(u)Wr(ug)) = min(uy, us) { lim Cov{vec(fiTﬂY > y}} ., up,ug € [0,1].

y—yt
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provided that lim,,_,,+ Cov{vec(iiT)\Y >y} ewists.

Proof of Lemmas S3 and S4. We have

Croju (1) — Cryulu Z? 1 (Vi < F' (uk/n)) - ZE {21 (V< F'(uk/m)) }
kz{ux i gy (i< P i)

= X —p }
I
kZ{IIX plls X — plls

(
Zi 1(¥o < P uk/m)) = TE{XT(V < P~ (uk/n)) }]

By Theorem 3 in Aghbalou et al. (2024), we have that,

VEIL(w) 5 We(u).

Thus, it remains to show that, as n — oo,
L (w)| = op(k™'72),
L (u) ]| = op(k~1/2),
uniformly for u € [0, 1].
For the sake of notation simplicity, we assume without loss of generality

that p =0 and ¥ = I,. For I;(u), define

~

1< . g (O _
9:(0) = 1 (X = )Xo = il 31 (i < P (whk/m))
i=1
where 0 <t <1and j=1,2,...,p. By the mean-value theorem, we have

that g;(1) — g;(0) = g;(¢) for some 0 < ¢ < 1 and g; is the first-order
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derivative of g;:

%®=—%{%§N&—ﬁN;WQSﬁAWWd”
%g; — )X — 1l 5 (X — ) S A (Vi < F uk/m)

Let ft = tfi. Then, the j-th element of I;(u) is

19 (w)] = lg;(1) = 95(0)] = |40
1 < |Mj| n-1
< - —— I (Y; < F~'(uk/n)
F X, — Alls ( )
T
1o (X =) {57 X - ) Ao s
Tk X, — Al (Vi< P uk/m)
=1 >

Let p = 3 and ¢ = 3/2. The 1/p +1/q = 1. By applying the Hélder’

inequality, we have that,

Py i ;1,||%

Note that,

Z el <Z || e |P
IXi — BlIg ~ = 1222 X; — gl

~ =~ 1
= nlAll > [Z72 x § =
n Zl X — pf|”

By Theorem 4.2 of Tyler (1987), we have fi = Op(n~Y/2) and & = Op(1)

as n — oo. Under Assumption (A3), by (A27) of Luo et al. (2009), we have
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L3 1/[IXi — f]|P = Op(1). Thus, as n — oo,
I (u) = Op {k (nn?/2)"" kl/q} = Op(n k™) = Op (k™2 (k/n)"/%) = op(k™/?),
uniformly for u € [0, 1]. Similarly, we can show that,
I3 () = op(1),
and hence
Ty (w) || = op(1),

uniformly for u € [0,1] as n — oo.

Next, we consider Is(u). For the j-th element of I5(u),

)] = kz{nxuz g (< |

IXll* = 1XNE . /= A
= Xij 2. 1Y < F Y uk/n)
k Z { IXills Xl 1%l + XI5 ( )
X7 (Ip - f:—l) X,
k Z X ||z||X I Xl + X[

'I<}~/§F\ uk/n
I

| N

DRERN [1%)?
k Z IXilllIXall Xl + (122~ 22)1 X)) < )

= SRS {1 ISR S T (7 < B k)
=1

1 — N — -1
< I, = ST {1+ 12172k

~ ~ ~ -1
= L, = S {1+ 122

By Theorem 4.2 of Tyler (1987), we have that, as n — oo,

IL, = =7 = Op(n'7?),

39



40 LIUJUN CHEN AND JING ZENG

and

ISV = 0p(1), |72 = 0p(1).

Thus, as n — oo, ||Iz(u)|| = op(k~*/?) uniformly for v € [0, 1] and the proof
is complete.
The proof of Lemma S4 is similar to that of Lemma S3 and is thus

omitted. n

We prove Theorem 5 as an example. The proofs of Theorems S1 and
S2 are similar to that of Theorem 5 and are thus omitted. By integrating

ak/n(u) and f)k/n(u) on u over [0,1], according to Lemma S3 and 5S4, we

have that,
M — Mt lle = Op(k™?), 1 — oo (85.17)
Note that,
k/n k/n k/n k/n
M — Meprllr < [Mifg — Mibi e + [Miht, — Mepgl|,

According to (S5.17) and the result in Lemma 8, we have that,
IMibi = Mpr [l = 0p(1), 7= oc.
In addition,

X xk/n k/n S —
IZ M — = Meprllp < |E7YIMESR — Meor|le + [[Meor[|[E7F = L .
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Since we have
1= = 0p(1), L, - Z7Y|r = Op(n'7?),
then
1= ML: — =" Meprllr = 0p(1).

Recall that under the assumption that dim(S.pr) < p/2 — 1, we have
Y tspan(Mepr) = Sepr = Sy, x. Since B‘%}l{ = SVDd*(i_l/l\ZglR). Then
by Theorem 2 in Yu et al. (2015), we have

22|32 "Myl — £ 'Mopgl|r
O q* (E_IMeDR) ’

IPgesn —Psy ixllr <
Since dim(X"'Mpr) = d*, then o4 (X" 'Mpr) > 0. And we have that

HPBf{ﬁ; - PSYOQ\XHF = OP(l)'

S5.15 Proofs of Corollaries S1, S2, and S3

We only prove Corollary S1, the proofs for Corollaries S2 and S3 are similar
and thus omitted.

In the proof of Theorem 5, we obtain that

< xk/n < xk/n k/n k/n
MY — Meprllr < [IME5r — MEG |7 + [MESE — Mepg||r
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and that
IV = Mibille = Op(k™72), 0= oc.
It only remains to show that as n — oo,
M — Meprl|r = O(k™1/2). (95.18)
Recall that
Cy(k/n) = uE {)‘f |V < F - (uk/n)}
Under Assumption (A1’), we have that,
ICw(u) — uv|| = ulla(=F ! (uk/n))| = O(k~7?),
uniformly for all v € [0, 1]. Similarly, we can show that
|ITh(u) = uT|r = O(k™?),

uniformly for all u € [0, 1]. Then (S5.18) holds since Ml;;[/)% are constructed

by Cp(u) and T (u).

S5.16 Proof of Lemma S1

We have

Pr(Y >y | X) —Pr(Y >y | B; X)
Pr(Y > y)

Pr( >y | X) —Pr(Y >y | 6/ X)  Pr(Y >y [ B8/ X) —Pr(Y >y | B, X)

Pr(Y > y) Pr(Y >y)
(95.19)
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Since Sg, is an EDR subspace of Y given X, then for any € > 0, there exists

some constant gy, such that for any y > vy, we have

PrV >y |X=z)-Pr(Y >y | B/ X =6/z)

Pr(Y > 1) <e, Ve x.
(S5.20)
Meanwhile,
Pr(Y >y | B/ X) —Pr(Y >y | B; X)
Pr(Y > y)
CE{Pr(Y >y | AX) | 81X} ~ E{Pr(Y >y |X)| B;X)
B Pr(Y > y)
o PV >y [ BX) - Pr(Y >y [ X)| ¢
-2 Pr(Y > ) X}

Then,

‘PT(Y>y|ﬁ1TX)—Pr(Y>yIﬁ;X)‘<E{‘PT(Y>yIﬁ1TX)—Pr(Y>yIX)

Pr(Y > y) Pr(Y > y)
Combined with (55.20), we have

Pr(Y >y | B/ X =p{z) —Pr(Y >y| B, X =B, )
Pr(Y > y)

<eg, Vxelx.

Therefore, for any ¢ > 0, there exists some constant iy, such that for any

Yy > Yo, We have

PrV >y |X=z)-Pr(Y >y | By X =B, 2)

<e VzeQ
Pr(Y > ) =& VT ELUX,

which finishes the proof.
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