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Supplementary Material

This supplementary material consists of eight parts.

1. Sectionprovides details of the consistent estimator for G() in Sectionto conduct inference

on the mean regression coefficients and correlation regression parameters.

2. Section[S2]presents an algorithm summarizing the full estimation procedure in Section 3|along with

the alternating direction method of multipliers (ADMM) algorithm.
3. Section[S3]discusses the regularity conditions in the Appendix.
4. Section[S4]introduces technical lemmas to facilitate the proofs of the theorems.
5. Section[S5]demonstrates the proofs of the lemmas.
6. Section[S@|presents the proofs of Proposition [I] Theorems[I]—[2]and Corollary [T}

7. Section[S7]presents additional simulation results for negative binomial and Gaussian responses, the
results for the empirical coverage probability of the 95% confidence intervals for the mean regression
coefficients and correlation regression parameters individually, along with comparisons to existing

methods and a numerical investigation of the impact of misspecified similarity measures.
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8. Section[S8]provides supplementary details of the real data application in Section [3]

Throughout this supplementary material, let S = {s1,---,sq} with ¢ < oo be an arbitrary finite
subset of {1,--- ,p} and || - ||+ be the vector t-norm or matrix ¢-norm for 1 < ¢ < oo. In other words, for
a generic vector @ = (a1, ,aq) ', |lall = (L, |a;|*)*/*, and, for a generic m x ¢ matrix H,

IH] :sup{ Hal . o ¢ poanda + oq}.

Furthermore, define the element-wise o norm for a generic matrix H as |H |« = |[vec(H)||oo, where
vec(H) denotes the vectorization of matrix H. Also, let Amin(H) and Amax(H ) denote the smallest
and largest eigenvalues, respectively, of a generic square matrix H . For the sake of simplicity, we denote
() and e(9©) as 3 and e, respectively, in this supplementary material. The source code of this arti-

cleis provided athttps://github.com/Zy1225/Joint_Mean_Correlation_Regression,

S1 Consistent Estimator for Asymptotic Covariance Matrix

and Inference on Parameters

Recall from Section2.2]that the expression of G() = Z~'Q(E))Z~! involves
9O, the third-order moment 1(*) and the fourth-order moment (* defined in
Condition[I] In this section, we demonstrate how to obtain a consistent estimator
for G') and conduct inference on the mean regression coefficients and correla-

tion regression parameters such as constructing confidence intervals and testing

hypotheses. Let e(9) = (I, ® L)' A~/2(8){Y — u(3)}, where L is obtained


https://github.com/Zy1225/Joint_Mean_Correlation_Regression

S1. CONSISTENT ESTIMATOR FOR ASYMPTOTIC COVARIANCE MATRIX AND
INFERENCE ON PARAMETERS

through the Cholesky decomposition of ¥ (&) = LLT. We can consistently
estimate G with G by substituting 9©, 1® and ;@ in G by 9, the
third and fourth order empirical moments of the elements in 5(19) respectively.
For the cases where the dispersion parameters are unknown (e.g., the simulation
study and real data application in Sections 4] and [3] respectively), a consistent es-
timator can be obtained by replacing the unknown dispersion parameters in G(S)
with 913 from Algorithm in Section [S2|in addition to the substitutions above.

Let G denote the aforementioned G estimator with S = {1,---,p} and
®~!(-) denote the standard normal quantile function. The asymptotic (1 — )
confidence interval for the true mean regression coefficient 6](?) and correlation
regression parameter ,0,20) are given as le + o1 — a/Q)Q(Ij/El)dJ,-l,(j—l)d-i-l and
pr £ @71 — a/2)§;{lik’pd+k, respectively, where j = 1,--- ,p,l = 1,--- ,d,
k=1,---,Kand g, is the ({1, l3)-th element of Gforly,ly=1,--- ,pd+ K.
We can also test the following hypotheses on ﬁj(.?) and p](€0) fory = 1,---,p,
l=1,---,dand k=1, --- | K:

Hy: 6](.?) =cgvs. Hy: 6(.0) # g,

J

and

Hy : pg)) =c,vs. Hy: p,io) # Cp,
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with some constants ¢ and c,, using the test statistics T = (3;,—cs)/ g(l/ ?

J=1)d+1,(j—-1)d+l

and T, = (pp — ¢,)/ g;éikmd > Tespectively. The test statistics T3 and 7}, are
both asymptotically standard normal under their corresponding null hypothesis.
These tests allow researchers to assess the significance of various covariates on
the means of different responses and determine important drivers of the corre-
lations between responses, while accounting for the uncertainty associated with
the joint estimation of the mean regression coefficients and correlation regres-

sion parameters.

S2 Algorithms

Algorithm [I| summarizes the full estimation procedure for the proposed model,
where we slightly abuse notation by denoting the resulting joint estimates of
the mean regression coefficients and correlation regression parameters as 6 =
(B7,p")T and dispersion parameter estimates as ¢ = (¢y,--- ,¢,)". For the
initial values, we set B[O} as the estimated mean regression coefficients based
on fitting a model with p = 0 i.e., assuming the responses are independent
of each other, and set &% = (1,0,---,0)7. If required, we set ¢ to be a
vector of ones. Additionally, we set £ = 107 and v = 1 for the stepsize in

the simulations in Section 4, while based on preliminary testing we reduced the

step size to v = 0.5 in the real data application in Section [5]to better improve



S2. ALGORITHMS

Algorithm 1: Estimation procedure for the parameters of the joint mean and corre-
lation regression model along with the dispersion parameters as appropriate.

Input: Initial values ﬁ (0] ¢ o] along with a tuning parameter for the stepsize
v >0anda sufﬁcwntly small convergence tolerance parameter £ > 0.

Sett = 0;

while ||(31" 117, plt+1T)T — (87, 59T) T > € ort = 0.do

(i) Update all mean regression coefficients as

Bl = Bl — g1, ayepg (B, &)

(ii) If required, update the heterogeneous dispersion parameters based
on solving the equation

1 & (Vi — (BT
nidl 1 h{lhg Hl) fb]}

forj=1,---,p.
(iii) Calculate the unconstrained estimator

&l — (tr(Wklwkz))(K+1)><(K+1)( e (B Wre(pltY )) (K+1)x1°

If ©(&l+1) is not positive definite, then solve &1 = arg min, . ,+ Q(B!, )
via the ADMM algorithm as detailed in Algorithm [2]

(iv) Set pli+1 = (@l Qi ale T

Output: Joint estimator 6 = (f)’T p")T of the mean regression coefficients and
correlation regression parameters based on their converged values, along with
¢ as appropriate.

convergence of the algorithm.
Algorithm 2] provides a modification of the ADMM algorithm from Zou
et al[(2017) for obtaining the constrained estimator &1 = arg minge .+ Q(BIH, )
in step (iii) of Algorithm|[I] To simplify the notation used in Algorithm[2] we de-
note the constrained estimator as &, = arg min,¢ .+ (83, a), and the uncon-

strained estimator as & = (tr(W,, Wy,)) K+1)><(K+1)< (B)Wke(ﬁ))(;{ﬂ)xl,
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Algorithm 2: ADMM algorithm for obtaining the constrained estimator &y =
argminge 7+ Q(B; @).
Input: Initial values Aoy and &gy, along with £ > 0, v > 0, a sufficiently small
convergence tolerance parameter £, > 0, and the unconstrained estimator ¢.
Set s = 0;
while |6, 1y — Qg || > €q or s = 0do
(i) Update the augmented parameter matrix as

p
A{s—i—l} = Zmax{/\j{Z(d{s}) + Iﬁ:A{S}}, V}vj'v;-r,

j=1
where v is the eigenvector corresponding to the j-th largest eigenvalue
/\j{E(a{s}) + /@A{S}}.

(ii)) Compute

2nk

Mo} = 51

-1

(tr(Wkl Wk2)) (K+1)x (K+1) (tr{Wk(A{SJrl} - K’A{S})})(K+1)><1'

2nk + 1

(iii) Update the Lagrange multiplier as

1 .
Afsr1y = Ay = AAgsr1y = B(Gqery)}-

Output: Constrained estimator &, = arg mingc .+ Q(3, ) of the reparameterized
correlation regression parameters based on the converged values.

for any given 3. Let A be a p X p augmented parameter matrix, A be the p x p
Lagrange multiplier, x > 0 be a penalty tuning parameter, v be an arbitrarily
small positive constant, and £, > 0 be a convergence tolerance parameter. Then
the initial values are set as Ay = 0,, and aygy = &. Following Xue et al.
(2012) and Zou et al. (2017), we set the positive constant v = 1075, Finally, we
used x = 0.05 and &, = 10~® for the penalty and convergence tuning parame-

ters, respectively.



S3. DISCUSSIONS OF CONDITIONS IN APPENDIX

S3 Discussions of Conditions in Appendix

It is worth noting that all of the conditions in the Appendix are mild and sensi-
ble. Condition m is a moment condition, which is weaker than commonly used
distribution assumptions (e.g., the normal distribution assumption in|Zou et al.,
2017, 12022). This condition implies the (4 + 7)-th moments of the responses Y;;
are finite. Condition 2| for Ly, L, 1 and W,, matrices have been considered in
Zou et al. (2022)’s Conditions (C8) and (C9), while the condition imposed on the
element-wise /., norm of X matrix in Condition is also commonly used (e.g.,
McGuire et al., 1968). Conditions (3| and |4 are critical for showing the asymp-
totic normality of the proposed joint estimator, where all the link and variance
functions illustrated below equation (2.1)) satisfy Condition 4] Condition [5]im-
plies sup,,>1 51 [ B oo < sup,s; 5 [B7' 2 < Cp < oo. Moreover, it also
implies inf,,>1 ,>1 Amin (Q(E(S))) > inf,>1 p>1 Amin(2) > Cq > 0 by inequal-
ity 6.65a(i) in Seber (2008), which further leads to sup,,>; 5, |27 H(E®))[s <
SUP,>1 po1 [|[27H(ES))||2 < oo. These results will be used as part of the proofs

in Section
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S4 Technical Lemmas

To facilitate the proofs of Theorems [I| — |2 we present the following lemmas.

The proofs of the lemmas are provided in Section [S5] Let

(LiWda), - (BWicko),,

B(al”) = : : ,

(E§WoLo) (LWicLo)

np,np np,np

where Ly is defined in Condition |I|and (L] W Lo)y,,, is the (I3, l5)-th element
of LJW,Lofork=0,--- ,Kandly,ly =1,--- ,np. We further denote M, =
{0A~Y2(B©) ] 08, AV2(BO) € R for j = 1,--- ,pand [ = 1,--- ,d.
Specifically, M; is a diagonal matrix with the ((i — 1)p + 7, (i — 1)p + j)-th

element being
— Mg @ B 03} @] B )wa / |29 @] B 03}, fori =1+,
and other elements being zeros.

Lemma S1. Denote

, and

O (9 opp(9\)
E{awwww}_ B{2e | B {7
097 N 0) 0)
p{2slil p{2slol




S4. TECHNICAL LEMMAS

Cov {1pg(9© Cov {1p5(99), 1
Cov {9(90)} = s al? ol
Cov {1ha (9), (9 )} Cov {9 (9)}

Under Condition|[l|in the Appendix, we obtain

E{—a"/’ﬂwm”} — D" (BY)AV2(BY)S; A2 (BO)D(B),

0BT
0tpp(9"”)
E e = Opax(K+1);
tr(ioWngl) cee tr(g()W()Mld) B tr(igWoMpl) o tr(ioWgMpd)
awa(ﬁ(O)) tr(iowlMll) tr(ingMld) tr(igwlMpl) tr(f}oWlMpd)
tr(SoWr Mi1) -+ tr(SoWrMig) - tr(EBoWrkMp1) - tr(SoWgk Mpa)
.. (90 L.
E { Va0 _ (r(Wi, W) ,
o (K4+1)x(K+1)

Cov {4pg(9”)} = DT(B) A28zt A28 D(BY),
Cov {95(9), Yo (9} = O DT(B)AT(BO) Ly TB(a),
Cov {1ha(9D), 1h(0©)} = [Cov {1pa(9?), ha(@)}] ", and
O — £ Tk $ Y F
Cov {Qpa(ﬂ ’ )} =2 <tr(Lng1 2OVVIQLO))(K+1)X(K+1)

+ (1 = 3) BT () B(a),

where 13 and ;1Y) are defined in Condition

Lemma S2. Let uy = —Q /2(EONEE) B-1Z14p(9 ). Under Conditions
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—in the Appendix, we obtain u, LN N(O0yat+r+1; Lgark+1) as n — oo and

p = o(n'/?).

Lemma S3. Let V = Z [0 (9©) /09T — E{0v(9)) /00T Y| Z " and u, =
Q2B ESO BV (B + Ly, k1) B Z 14(9)) where the closed-
form expression of O1p(9V)) /09T — E{ovp(I9)) /09 T} is provided in the proof
of this lemma in Section Under Conditions[I|-[5]in the Appendix, we obtain

uy = op(1) as n — oo and p = o(n'/?).

Lemma S4. Let {(z;, Fj) 1 1 < j < ky,m > 1} be a martingale difference
array where z,; are finite s-dimensional vectors. Here as m — oo, ky, T oo.
Suppose that for some § > 0, Z?Zl E|| 2|37 — 0, and Z?:I E(ZmjZ | Fmj-1)

P .. . : d
— V for some positive definite s x s matrix V. Then Z?;’Ll Zmj — N(0s, V).

Lemma S5. For a generic vector a = (ayq, - - - ,aq)T € RYand s > 1, we have

that

q
>4
j=1

s q
<g Y ol
j=1

T

Lemma S6. For a generic vector a = (ay,--- ,a,) € RY, generic matrices

H c R™9, U € R™ ™ and s > 1, we have that |U Hal|, < m"*|H|.||U||~||@l|1.
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Lemma S7. Let € = (g1, ,&,,)', where €1, -+ ,&p, are independent and

identically distributed with mean zero and finite variance o*. Define

vec' (H)
Q= : vec(ee! — o’I,,) + T'e,
vec' (Hyp)
where H, = (hl(fEQ)npxnp e R for{ = 1,--- ,Lwith L < coandT €
R"*L_ Suppose
(1) H, matrices are symmetric for { = 1,--- | L; and

(2) for some n; > 0, E|e;|*™ < oc.

Then, we have that E(Q,,,) = 0, and

Cov(Q,,) = 20™ (tr(Hy, Hy,)) +o T T+ (u(‘” —~ 304) VAR ENCUC A NS R

npxXnp

where W = (Wq,--- W) is an np X L matrix with the l-th column given by
v, = (hgﬁ), e ,h%lnp)T for ¢ = 1,--- L, and p® and ;¥ are defined in
Condition[l|in the Appendix.

Lemma S8. For a non-negative constant array {c; : j = 1,--- ,q} and some

T > 0, we have that

Lemma S9. Let {(2,;, Fmj) : 1 < j < ky,,m > 1} be a martingale difference
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array and {cy,; : 1 < j < ky,,m > 1} be a positive constant array. Here
asm — 00, ky, T oo. Suppose for some ¢ > 0, (1) E|zp;/cms]'T < C,
where C' is not dependent on m and j; (2) limsup,,_, ., Zj 1 Cmj < 00; and (3)

lim,, oo Z] 1 m] = 0. Then Z T Zmg L)

Lemma S10. For a generic matrix H € R**® and its submatrix H' € R**V
that takes V = {vy,- -+ , vy }-throws and T = {7, - , 7y }-th columns of H,
where a’ < a, V/ < bV C {l,--- ,a} and T C {1,--- b}, we have that

|1 H'[|2 < [ H]|2.

S5 Proofs of Lemmas

In this section, we provide the proofs of the lemmas from Section[S4] As Lemma
[S4]is directly generalized from the central limit theorem for martingale differ-
ence arrays of |[Hall and Heyde| (2014, Chapter 3) in vector form, and Lemmas

— are directly modified from Lemmas 1 — 2 and 4 of Zou et al.|(2021)), we

only prove Lemmas [ST|—[S3|and Lemmas [S8] -

Proof of Lemma From equations (2.4) — (2.5)), we have

Pa(9?) = DT (B A V2(BO)L; e, and



S5. PROOFS OF LEMMAS

e L{WyLye — tr(L{ W, L)

EfT.EE)rWKioéf - tI‘(.i—/(—)rWKf/())

Then, by equation (2.3) and recalling the reparameterization of the corre-

lation regression model in Section along with some basic calculus, we can

obtain
a0y _ ({7} e {me)
E{ 097 }: 7[00 p [ owa@9)
{#5r} p{%ar)
where
OPa(
{ gﬁT } ) A~ 2(F0) S A (B0 DY),
oPg(v™)
aaT de K+1
tr(EoWoMi1) -+ tr(ZeWoMig) -+ tr(ZoWoMp1) - tr(ZoWoMya)
{a’l/)a /'_9 0 } . tr(ngan) tl‘(i:(]WlMld) tI‘(iUWlMpl) tr(igVVlMpd)
0BT n
tr(EOWKMn) tr(f:oWKMld) tr(ioWKMpl) tr(ioWKMpd)
aqpa(fg(o)) S
p{ 2O (o, W) ,
{ da’™ H(Wi, W) (K+1)x (K+1)

and M, is defined above Lemma ST}
By letting Hy = Oyppnp for £ = 1,--- pd, Hygiy1 = L Wi L for

k=0, ,K,T = (Ly'A72(BO)D(B©), 0, (k1)) and under Condition
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[T} we can apply Lemma [S7|to obtain

Covit 9 Cov ¢ ¢a
Cov {(BO)} = { s(9)} {s(® (9)} |

Cov {1ha (@), $5(07)}  Cov {a(9)}

where

Cov {9s(9”)} = DT (B AT (8755 A7 2(8Y) D(BY),
Cov {95(9), Yo (9} = O DT(BO)A*(BO) Ly " B(a),
Cov {1ha(9D), 15 (0©)} = [Cov {1pa(9?), ha(@)}] ",

Cov {d’a(ﬁ(o))} =2 (tr(f;ngl 2~]O‘)i/]mio))(K+1)x(K+1)

+ (1 = 3) BT () B(a),
and B(a?) is defined above Lemma O

Proof of Lemma Before we present the main proof by employing Lemma
[S4] we first study the properties of U and B, which are defined before Theorem
From the definition of D(B®) € R"™*P4 it can be shown that the ((i —
Dp + 7,(j — 1)d + 1)-th element of D(B) is given as g_ll(:c:,ﬁj(»o))xil for
t=1,---,n,j=1,---,p,l = 1,--- ,d and other elements being zeros. By
Conditions [2]—[4] we have that forany i =1,--- ,nand j =1,--- ,p,

Tﬁ(O) |

le 50

d d
<> Joal 181 < D sup {1X]| Y sup {80} < d0xCs < ox,
=1 1=1 =1 p2l >
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which implies w?ﬁ](.o) € D = [~dCxCps,dCxCg]. Since g~*(-) is continuous
by Condition 4, we obtain that the range of g_ll(-) acting on D is compact. In

other words, there exists a finite positive constant C,; such that
97" ()| < Cy, YeeD,
and this leads to
g (& B < Cy, fori=1,---,nj=1,---,p. (S5.1)

Hence, we obtain

||D(ﬁ(°))H1 - 1géﬁa§lgd{z |9_1, 5(0 $zl|}
< o ax {; C’ng} =nC,Cx, and
d
HDm@mm=m$%m{gnyﬁ@%m@

d
< max {Z CgC’X} = dC,Cx. (S5.2)
=1

1<i<n; 1<j<p

By employing inequality 4.67(e) in Seber| (2008), we have

IDBO)], < /IDBO)], [DBO)], < \/nC,CxdCyCx
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= Vi (ViC,Cx ) £ v/Cy,

(S5.3)

for some finite positive constant C. Similarly, by Conditions [2]—[] and inequal-

ity 4.67(e) in|Seber (2008), we obtain

|A2(89)], < /Il A-12(80)], |A-1/2(80)],
= [[A=2(8),
= _max _{p{g7 @] 8)); 0,17}

1<i<n; 1<j<p

< (Ch)fl/z £ Oy,

2-1“ _ I:—lTI:—lH
=], =z za,
it

<|li-

- 0 ‘2

< 1~381 1361

1 e’}
<

sup (125} sup (185} < €3 2 o, ang

< LT
2 \/H 0

< o lE s (e < o s
p>1 p>1

Lt

1 [e]

for some finite positive constants Cs and C's.
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By Condition 2] we have for any k =0, --- | K,
LgWiLo| < | LWilo|| < sup {lILoll } sup {IWill b sup {1 Lo, } < C3Cvr,
00 1 p>1 p>1 p>1

which implies

n p
HB(a(O)>H1 = max {ZZ (LngLO)(ifl)p+j,(ifl)p+j } < np (C%CW) R and

0<k<K

i=1 j=1

K
HB(a(O)> Hoo — max {Z ‘(i/;]rwkilo)(i—l)p+j,(i—1)p+j
k=

2
1<i<n; 15j<p | = } < (K+1) (CLCw),
by recalling (L] Wi, Lo)y,;, is the (11, l5)-th element of L] Wy Lo fork =0, | K
and [;,l = 1,--- ,np. Therefore, by applying inequality 4.67(e) in Seber

(2008)), we obtain

1B(a™)]l2 < \/I\B(a“’))HlHB(a@)Hoo < Vp{VK +1(CiCw)} = /npCi,

(S5.5)
for some finite positive constant C;. By Condition [2, we can use similar tech-
nique to show

< npC,

[e.9]

\(U@gmlimm)

(K+1)x(K+1)

for some finite positive constant C'. Then, by applying inequality 4.67(b) in
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Seber| (2008)), we obtain

<np(K+1)C 2 npCs,
2

| (2T W ZWi )

(K+1)x (K+1)

for some finite positive constant C's. From (S5.3) — (S5.5]), we obtain

1Cov {#a (@) }]|, < [ DT(BM)], A8, || =5

2

< [T, DB,
< nCiC;Cs = O(n),
1Cov {#5(9), a(®@)}], = [|Cov {$a (@) w9},
<[] DB, | A7), ]|E57],
< || Bla™)l,
< |u®| ny/pC1CoCLCy = O(ny/p), and

[Cov {a @)}, <2 H (1r(L] Wi, Wi, Lo)

(K+1)x(K+1) ||,

+ [ = 3[BT (@), [ B,

< 2npCs + |u(4) — 3| npC; = O(np). (S5.6)

By recalling U = Z~'Cov{1(9©)}Z~" where Z = diag(\/nIpq, \/ApIx+1),
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we obtain

10, < 27! Cov {#ha(9) }], + [|(nv/p) ™ Cov {p(9), a9}
+ [[(nvp)™ Cov {9 (9), (8}, + || (np) " Cov {wha (9},

= 0(1) + 0(1) + O(1) + O(1) = O(1).

Next, for the matrix B = Z ' E{d(9©) /037 }Z ', by Conditions 2] 4]
and employing similar techniques to those used in showing (S3.6), we obtain

(25

(i)

_ oYW || _
R e e L

=0y, and ‘E{M}

= O (np) .

=
15/e" 5

This implies

IB], < HnE {M}

3¢ﬁﬁﬂm)}
13J6;

o {20

e

oa’

2

+

2 2

= 0(1) +0+0(1) + 0(1) = O(1),

which is a necessary condition for Condition [5]
We then employ Lemmato show the asymptotic normality of 2~1/2(Z())Z(S)

B1Z14)(9) via the following four steps.
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STEP I. We represent B~! as a block matrix below,

Bl B 0,05 (5 11)

B(21) B(22)

where

OPa(9@) 11"
el

- (2]

o (9O -1
51 [ 220)]

Furthermore, let IV = (T®)@I,) B DT (30) AY2(BO)V LT = () sasenps
T = BEDT(BO) A (B Ly T = (1 ey np and Yoo = S0 b2 11
L{W,L, = (vgf))npxnp where b,(cJrl 141 is the (k + 1,1 + 1)-th element of B®)
fork,[=0,--- K.

Next, we let

A 1OV
\/ﬁezI‘.i
2e: Yy vy ej + o (€2 — 1)
Znpi = @) , (857)
1 .
vaeli 7
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where ¢; is the i-th element of &, I‘,(il) and I‘(f ) represent the i-th column of r®

and T'® respectively, fori = 1, --- , np. Then, we obtain
—Q2(EOESO B Z (Y Z —QV2(E®)z,,..  (S5.8)

STEPII. For: =1, --- , np, we define

which is the o-algebra generated by €4, - - , ;. For the sake of completeness,

define F,,, 0 = {0, 2}. Using the properties of €; given in Condition 1, we have
E{ Q 1/2( ))znpz|fnpz 1} - 0qd+K+1

Hence, {(—QV2(E®)z,,, Fopi) : 1 < i < np} forms a martingale differ-
ence array.

STEP I11. In this step, we show 77, E|| — Q~Y2(ES) 2,137 = o(1) —
0 for some ¢ > 0. In particular, we let 6 € (0,7/2] where 7 is defined in Condi-

tion |1} By using the expression of z,,,; in and representing Q' (E()) as
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a block matrix below,

(11) (21)
Q_l(,:.(s)) 2 Qb QeUT _ (wlllg )quqd (wkl )(TK+1)qu
21 22
Qey - Qe (WIE;Z ))(K+1)qu (wl(clk)g)(K-f—l)X(K—l—l)
we obtain
DI T e
ZE |- 2@ )z 2 = ZE{<—n-1/2<a<S>>znp,i> (- (E)z,,))
%
= ZE ‘anz .:. )an,i|
np 11 2
=) E wa , (S5.9)
i=1 u=1
where
qd qd K
_ 21) (1)
bil — _‘E Z Zwllb 7[17, ’)/1217 bl? - 8 Zwk+1 l7k+1 z,ylz )
li=11=1 k=0 =1
4 Y 9 K
biz = —— k2+11) 1'712 ka)525m i4 = — — 5 _51 Zzwl(jrlllvu 'Vlz ;
WP = n\/]_a k=0 =1
4 K K i—1 1—1
bi5 = n_p Z Z k1+1 ko+1 Z Z UZ]1 zgz 8 i €i1€525
k1=0 ko=0 ji= 1]2 1
9 K K
biﬁ = n_p Z Z k1+1 ko+1 Z U 7,]1 8 - E'L) 6]17
k1=0 ko=0 Ji=1

i—1

9 K K
biz = n—p Z Z wl(j?gl,l@—}-l Z Uz(fl)vz(f22) (5? - 5i) i

k1=0 k2=0 Jo=1
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1
18 - Z Z wlji)l k2+1 ukl)vi(ikZ) (5? - 2612 + 1) 3

np

k1= Okg 0
_ 2 § : § : (22) (2) (2)
19 _67, wk1+1 ko+1 k1+1 ’L/yk2+1 %)
k1= 0]{22 0
4 (22) (k
2 : 2 : § : (k2) 2
1,10 — n\/z—) ]{31+1 ko+1 k1+1 7 U & 5.77 and
k1=0 ko=0
2 (22) Lk
_ 2) . (2)
binn = n\/_ <‘5 — &) E E Wk1+1 kot1Yii  Viy+14°
k1=0 ko=

Next, we show > 7% E|| — Q7 V2(E®)z,, |37 = o(1) — 0 for § € (0,7/2]
via the following eleven steps, (Illa) — (Illk). Before presenting (Illa) — (IIIk),
we first study the properties of I'"), T'?) and '), matrices. By (S5.2), (S5.4),
Conditions 2| — |5| and Lemma [S6| the spectral norm of the s-th column of TV
forany s = 1,--- ,npis given as

(il

= 20 P= | @ 1)BUODT (B AT BN |

2

< <qd>% (T @ L)B™|_ L., | DT(B”) A 2(8O) L)

< )} [B] Ll D) LA (8|5

< (qd)? C (1) dC,Cx ——Cy. 2 Cy,

1
Vi
for some finite positive constant Cs and 1355 ! denotes the s-th row of 135 !, This,

together with inequality 4.57(b) in Seber (2008), implies HI‘(S1 ) |0 < Cg for any
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s=1,---,np, which leads to
TM| = 0(1).
Furthermore, by (S5.3) — (S5.4), Condition [5|and Lemma [ST0} we obtain

swp e, < s {[r@ 0 1], 800 DT, a6, 12517
n>1,p>1 2 n>1p>1 2 2 2 2 2

<, ao A en] 1570, o], a6, 2], )

n>1,p>1

< 1CpVnC1CyCL = O(V/n). (S5.10)

This, together with Lemma [S5] implies

1 o[ 2o 1 2 ad 246
1 5 1
(S]] = S
nz o1 \i=1 n o =
qd np
1 NEE
= (qd)Hé Z 215 'Yl(z')
=1 2% =1
ad np 2 )

(1)

1 1
= (qd)1+5 Z 215 '71(1' : T

1
S(qd)l”Z@ 4D |F(1)\io

=1 1?2 =1

qd

1

- @) e O 0l
=1

qd
1
< (ad)* Y 5 [PV O el
=1

1 5 2
= (qd)**"—z [T [TV

249
n 2
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= (0" =z {0} {OLVm)Y’

=0 <i5> , (S5.11)
n2

for 6 € (0,7/2], where d; is the [-th column of I4. By using similar techniques

as above, we obtain

2490 1
)02
nz2

(S5.12)

@ —oq), suw Hr<2>\]2=0<¢ﬁ>,and (Z\ Vot

o0 n>1,p>1 i=1

under Conditions [2] —[5] Then, by Conditions [2] and [5| we have for any k =

y

0,--, K,

22) I 7
Z bl(erl l+1LgVVlL0

n>1,p>1 n>1,p>1

sup || Yy, = sup {

Wil [l %
_n>8115>1{2‘ k41,141 0 - ! . )
< (K +1)CpCiCy = O(1). (S5.13)

It is worth noting that the first part of (S5.12) provides uniform bound for all
elements of T'?), while gives a uniform bound on the matrix norms of
Y, matrices forall k =0,--- , K.

Let K. = (E |5i|4+’7) VO Ghere n is defined in Condition
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(IlTa) By Holder’s inequality, we have for ¢ € (0,7/2],

l1=11=1

qd qd 2

(11) (1) 2448\ 243
E E Wiils 'Yzlz loi E &l
li=11=1
qd qd

2
ZZ 1112 %M%m (E|€¢!4+n) P

= llg 1

_K2 Z Z ‘whll?

l1=11s=1

1 qd qd
EKE |Q(11)|OO Z Z ‘71(111)
l1=11=1

_l 2 (11 ‘(1)
_nKelﬂ (Z 7y

gi1-

246
2 qd qd =\ e
246\ 245 2
<E|bi1| 2) = _5 E E 1112%117@
1
n

IA
SENS

—_

(1)
‘7112'

| N

1
‘ A

IN

1
‘ ’Yl(g z')

(>

By (S5.T1)), Conditions[I]and [5] we obtain

=1

» ) s 0/ 245
Zgzl = n2+5 K2+5 ‘Q(H ‘ Z (Z '71(1'1) )
246

= (0P (O {Zm }

— (0 oW} 0 ( 1 )

=0 <i5> — 0,
n2




Ss.

PROOFS OF LEMMAS

asn — oo and p = o(n'/?).

(ITIb) By Holder’s inequality, we have for § € (0,7/2],

L
(E|b12\2”) B

K e\ zh
1) (2 (1)
= _5 Zzwarl k41,0
k=0 I=1
= 2SS @ o (L)
~ k41 ﬂkﬂ il €
k=0 =1
2 K ) ( 2
(21 1) A0\ To
= n ZZ Wht1,0 k+1z Wi | (B e ™) 5
k=0 I=1
21) 1
< _KQZZ ‘wl(c+1l "Yk+1z ’Yz(z)
k=0 =1
9 K qd
2 1
< HK‘? ‘9(21)‘00 (Z ‘71£+)1,i ) (Z "Yl(i) )
k=0 =1
A
= Gi2-

By (S5.11) — (S5.12)), Conditions [I]and [5} we obtain

Z 0.

< 22%5[(52*5 ‘Q(?l)‘;T {

6 24
KEQH }9(21) ‘002

+6 244
qd 2
(1)
s (k) (k)
=1 k=0 =1
K % 1 np qd 2%6
1
Z’I‘(Q)‘oo} 215 { "Yl(i) }
k=0 nz =1 L=t

)—>0,

2+6

{om}¥**{on) ”{Zo } 0
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asn — oo and p = o(n'/?).

(Illc) By Minkowski’s inequality and Holder’s inequality, we have for § €

(0,n/2],

(E|bi3|%)m

| /\

| /\

IN

IN

[>

o\
21)
Z l(chl z’le sz] £ i€j
k 0 I=1
e LS| @ 2 |2\ 7
Z Wer1,0| |V Vi (Elfz‘gﬂ‘ ’ )
k 0 I=1 j=1
RIS 5\ 75 245\ 745
2
ZZ W1, | | Vi Z Uij (E’@‘ i > <E’531 )
k 0 1=1 j=1
RIRCIESING sty 2 s\ T
k41,0 | Vi Uij (E|€z‘ ) o (E’*fj’ ) I
k 0 I=1 j=1
4 K qd i—1
1 k
n\/_K3| L e
k=0 I=1 j—l
K3 (21) Z‘ s U
TL\/_ k=0 j=1
4 qd K i-1
4 grjqen| (Z\’n ) (Z U@)
i ij
ny/p =1 k=0 j=1
9i3-

By (S5.11)), (S5.13)), Conditions [T|and [5] we obtain

+
= 2

Z g =4

3(2+5)
P)
6

QY| e

5 2+6

Tl =1

LS (S



{O(

Ny =

as n — oo and p = o(n'/?).

S5. PROOFS OF LEMMAS
2445 2445
1 1 & a (1) ’ t & (k) N
355 255 Z‘%i ZZ Yij
nzpt =1 \i=1 k=0 j=1
s 1 1o q .
(::E:: H‘]Tk||1:) 248 248 (::5:: ”Vé ) :)
k=0 nz2p4 =1 \i=1
K 246
245 | 1
{o(m}= <Y o) 50| —
=0 p 4 nz

(IlId) By Minkowski’s inequality and Holder’s inequality, we have for § &

(0,n/2],

2
(2 2)

IA

L3
E

IN

i\w

AN

x\

E

[\ :‘I\D
=

n

hs

2
E— E
n\/P

K qd
k=0 1=1

K qd
k=0 1=1

K
k=0 l=1

qd

Z

r—’h\

(21)
Z wk-‘rl 1Yii
(21)
Z wk+1 lvm

qd
(21)
Z wk+1 1Y

K qd
(21)
—&i § : E :wk+1 lUu i

k 1
( )'Yl(z )

(k) . (1)
Vi

(k) (1)

Vi

‘warll
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A
= Gi4-

By (S5.11), (S5.13)), Conditions [I]and 5] we obtain

P 2435 246 245 ? 1 1 g K k
gi42 =27 (KS—'—KE) ’ 9(21) 0 p¥ n% Z Z Uz(i)
i=1 i=1 \k=0
25 245 245 1 1 np K np
<27 (K24 K) 7| s DY
Pt N G \ =0 =1
K 246
245 248 1
§2¥ (Kg’—i—Kg) z || *? (Z"Tk1> 5T
* \k=0
245 K 2‘725
245 3 =z 244
=2 [{o)}* +om)] 7 {0} {Zom}
k=0 p
2 1 1
=27 0030 ()
pT nz
1 1
= 2% 3 0(5)—>O,
p 4 n2

asn — oo and p = o(n'/?).

248 246
2 qd 2
(1)
) (&)
1=1
# od 2;5
k 1
o) (Z ‘%(i)
=1

(Ille) By Minkowski’s inequality and Holder’s inequality, we have for § €

(0,n/21,

K K
(22)
Z Z Wki41,ka+1

(22)
Wy +1,ka+1

245N\ 2435
i—1 i—1 2
(k1), (k2) _2_

E E Vij, VYijy €i€51€ja2
j1=1j2=1
i—1

(k1), (k2)_2_2

ij1 Vijy €i€h

ji=1



S5. PROOFS OF LEMMAS

IN

IN

(1>

K K

(22) k1), (k2) _2
ZZMMMZZWHM%%
=0 k3=0

0
P k1=0 k2 J1=1 j2=1
J2#J1
246\ 315
K K i—1 2
(22) (k1), (k2)_2_2
np Z D W Pikert D Vi, Vi €5
k1=0 ko=0 Gi=1
o 2
246\ 235
2
4 ZZ (22) Z Z (k) (ka)
np k1+1 ko+1 1]1 Z]g E 6]1532
k1=0 k=0 Ji=1 j2=1
Je2#d1
K K i—1 2
5 5
ANy o Z o] [)] (B |2e2 ) T
np k14+1,ka+1 iJ1 1]1 % Jl
k1=0 ka=0 =1

K K 2
_|_i (22 7‘01) (kz) E|€€ €. |M e
np Wiy +1,ka+1 Yij Vijs J1=72
k1=0ko=0 =1 jo=
Jz#h
4 K K
(k1) 244 244
7717]7 Z Z ‘wk1+1 k2+1‘ Z 7,]1 1]1 E| ‘ E‘ Jl|
k1=0 k=0 ji=1
1 & & ) [k 5 = N
(k1 ko 2446\ 2+ 2+ =T\ 2
+ nip Z Z ‘ k1+1 k‘2+1’ Z Z Z]] Z_]Q <E|51‘ ) (E‘gjl‘ ) <E|5j2| 2 )
k1=0k2=0 J1=1 j2=1
J2#1
4 K K
(k1) | [, (K2) 4+n 4+n ]
2 Z\wmlkﬁllz 82| (Bl ™ (Bles)
k1=0ko=0
4 K K 2 1
(k)] [, (k2) 4t T 4t T i
DI D T iyan S o] (B Ele;,| Ele,|
k1=0ko=0 J1=1 jo=1
Jz#h
4 K K 4 K K i—1
Bl e w Z (k1) kz) + K4 Z § : w(22) E : Z (k1) kz)
np € k1+1 ko1 Yigy Yijy np € k1+4+1,ka+1 Yigy Vijs
k1=0 k=0 k1=0ko=0 ji1=1 ja=1
J J1
4 (22) (k) [ |, (k2)
7K Z Z ‘wkr‘rl kz-‘rl’ Z Z Yij Vija
k1=0 k2=0 Ji=1j2=1
4 K -1 K -1
1| 0(22) (k1)
wp e ’Q LO > |vi v
k1=07j1=1 =0j2=1

gis5-
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By (S5.13), Conditions[I]and [5] we obtain

np 246 rrs 2468 1 np K i—1 2:5 K i-1 2;5
o e lae T LS (S S Le)) (Y
i=1 < (np) 2 i3 \k=05=1 k=0 jo=
248 1 np K np ( ) % K np ) %
245 14426 22)| 2 k1 L2
<4 KNP0 =0, | 2 D v > |vh
> (np) 2 01 \k—0j.=1 ks=0 jo=1
2468 1 np K % K %
246 5 2
< e g T 1§ (z \rklul) St
* (np) 2z i3 \k=0 ka=0
248 248
s si2s s 1 np K 2 K 2
=42 {01} {O(1)} 5 Z Z O(1) Z Oo(1)
np) 2 k=0 ko=0
246 1
=4 75 O(np)
(np) =

asn — oo and p = o(n'/?).
(IIIf) By Minkowski’s inequality and Holder’s inequality, we have for § €

(0,n/2],

246 \ 7435
9 K K 2
_ (k2) (kl) A
=\F ni Z Z k1+1 ko+1 Z Vii Vi —& )511
P —
k]—o k2—0 J] =1
K K 2
2 e ) He
3 2
= np DD Wk, k2+1’ Z v | Bl =) 5]
k1:0 kg:O
K K 2 R
2 (22) (kl 246\ 249 2458\ 355
_ 3 12 Tz
= > ‘wkﬁ-l k2+1’ Z vig, | | E el — el (E|5m| ’ )

>
=
Il
o
x>
[V
Il
o
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IN

IN

IN

(1>

2 2

K K i—1 2
2 22 ko ks 3(248) \ 355 245\ 525 245\ 325
p > D ‘wl(ﬂ-gl,kz-&-l’ > vl ol (E|5z'\ 2 ) + (E\€¢| 2 ) (E|€j1| : )
k1=0 ko=0 ji=1
K K i—1
1 Z Z w22 < oF2) | [, (k1) E|€.‘4+TI %”’_‘_ E|E'|4+n = E|e; |4+77 T
p kit1,kat1 i i i i 1
k1=0 ka=0 ji=1
2 K K -1
2w (32 1)) (30 Xy
" *° \ko=0 k1=0j1=1
gie- (S5.14)
By (S5.13)), Conditions [I]and [5] we obtain
248 2445
248 248 0y 2 2 |6 (22) =1 LAy (k) &S & (k1) ’
£ 245
i= o= 1=071=1
246 2458
215 245 201 B & Y (k1) i
<277 (K!+K2)* |Q® N A DIDIE S > v
(np) % =1 \ka=0,j=1 k1=0j1=1
246 246
245 248 = 1 s a : K :
<273 (KZ4+K2) ® |t =2 2 Ikl > Ik,
* (np) * =1 \ka=o k1=0
2458 245
+9 4 s 246 1 (K 2 K 2
=2 [lomp o] T Homy T 3 ooy 30w
np i=1 (ko=0 k1=0

asn — oo and p = o(n'/?).

(IIIg) By Minkowski’s inequality and Holder’s inequality and using similar



Zhi Yang Tho and Francis K.C. Hui and Tao Zou

techniques to derive g; in (S5.14)), we have for ¢ € (0,7/2],

4 2%5 245
2 1—
210\ 245 (22) (k1) (k2) (_3
<E|b27| ) = ZZ Wiy +1,ko+1 Ui Vij, (51;_52‘) Eja
L — ja=1
K K
2 4 2 (22)
< 2ol (S5 (355 b
k1=0 =0 j2=1
A
= Gi7-
By (S5.13), Conditions[I]and [5| we obtain
245
P a4 246 oy 2\ 2% | (22) =21 Sy (k1) e (k2) 2
ZQWQ =27 (K:+KZ) 7 |Q - 215 Z Vi Z Vigy
im1 (np) 2 =1 \k;=0 k2—0 jo—1
246 246
246 4 246 # 1 P K op (k1) ’ Ko op (k2) ’
<277 (K!+KZ)* |a® . prey > vy Vigs
(np) 2 i=1 \ki=0j=1 k2=0 jo—1
L 5
246 0y 2 2 |6 (22) =1 [ = =
<% () ] T s S STl ) (X 1T
np i=1 \k1=0 ka=0
246 4 2 e 246 1 P K = =
=2 [{o)}' + o] * o)} : )2;52{20(1)} {Zom}
np i=1 \k;=0 ka=0
245 1
=27 5 O(np)
(np) 2

as n — oo and p = o(n'/?).

(IITh) By Minkowski’s inequality and Holder’s inequality, we have for § €
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(0,7/2],

L
<E|b28|2+6> —{E|=

1
(6 _25 +1 ZZ k1+1k2+1 ukl)vz(?)

k1=0 ko=0

_2
kl) (k2 2496

<E|5 25?—1—1‘%6)

0/62

(22)
ZZ‘ Whi+1,ka+1
4426 3 243 5 245\ 345
x{(E|ai] ) +2<E|€i| )T (BT }

k1)

ii

o

| /\

<— ZZ\ | |00 ol (2 K2 1)
k‘1— ko=0
1 K K
< — (K!+ K2 +1) |20 (Z v£f“) (Z vEf”)
np k1=0 ko=0
A
= Jis-

By (S5.13)), Conditions [T|and [5] we obtain

np 246
2445 +5 - 1
o0

np K 2 K 2
242 k k
Z%SQ (K4 +K2 + 1) 3 022 — (Z Uz(il) > <Z Ui(iZ) )
i—1 (np) 2 =1 \ki=0 k2=0

246 =% 1 R & (k1) S & (k2) N
< (KE+EZ2+1) 7 | — SN SN i
K

245 igé 1 np K 2 2
< (K24 K24+1) 7 Q@ i (ZIIMIM) (Zmzll)

k1=0 ko=0
243 ois np K 276 K %
= [foay + oy +1] 7 oy F Z{Z 0<1>} {Z 0<1>}
(np) * =1 Lk=o k2=0
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asn — oo and p = o(n'/?).

(IITi) By using similar techniques to derive and study g;;, we have for § €

2
A
> = Gi9,

(0,n/2],

K
(s %) < Laz (S,
k=0

and
249
> <o

asn — oo and p = o(n'/?).

Tl =

) o

(ITj) By using similar techniques to derive and study g;3, we have for § €

A
= 0i,10,

(0,n/2],

2+5 L 4
<E’bz 10| 2 ) < n\/_Kg 9(22 (Z ”Ykﬁlz Uij

k1=0

) (ZZ ke

and

245 1 1
Yk < 4% 0 () =+
n?2

as n — oo and p = o(n'/?).



S5. PROOFS OF LEMMAS

(ITIk) By using similar techniques to derive and study g;4, we have for § €

Ay
= Gi11,

(0,n/2],

2 K
25 2
(Blbinl )™ < T ) 190 (Z ‘%ﬂm) (
k1=0 ko=0

> [

and
Poae a4 1 1
Zgi,121 < 2T@O <_6> — 0,
i=1 p 4 n2

as n — oo and p = o(n'/?).
From (IlTa) — (I1k), we have (E |b;,|*7/)2/2+0) < g and 372, g@T0/2 —
o(1) — 0 where w = 1,--- ;11 and § € (0,7n/2]. This, together with (S55.9),

Minkowski’s inequality and Lemma[S5] implies

+5
11 2
O<ZEH Q2B npz||2+5_iEwa2
=1 u=1
np (11 sisn 225 e
SZ{Z(EU)WV) }

i=1 u=1
246
np 11 2
S E § Giu
i=1 u=1

np 11
< 211%Z|gwl¥
— 115 Zigfu”

u=1 i=1
11

=113Y " o(1) = 0,

u=1
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asn — oo and p = o(n'/?). In summary, we showed ', B[ —Q~2(ES)z,, |3

— 0asn — oo and p = o(n'/?) for § € (0,n/2].

Step IV. In this step, we show

ZE {{ @)z} {-07AES >)znp,i}Tfn,,yi_1] LCOV{%QI/Q(E(S))znni},

i=1

where

np
> B [{-07 2@ 20} {2 2E) 20} | Fpi

np
= 1/2(5( )) {Z E (znp,zznpzu:npz 1) } Q_I/QT<E(S))' (8515)
i=1
It can also be shown
np np
Cov {Z —91/2(5(8))znp,i} = Q12(5E) {ZE (znmzzpji) } Q- 12T(E®),
i=1 i=1

(S5.16)

Therefore, it suffices to show that

Q- 12(2O) Z{E ZupiZnp il Fupi-1) = B (Zupizn,i) } | Q72T(ES) = 0p(1),

where the left hand side consists of products of matrices with finite dimensions

(¢d + K +1) x (qd + K + 1). By Condition 5] we obtain || Q~/2(2S)|, =
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2127 (EE)) ||, = O(1), so we only have to show

> AE (2pizmpil Fapi-1) — E (Znpizy,) } = op(1).

=1
From (S5.7), we have
np Ogdxqd (efn”)qaxac4)
> AE (2upiZmpil Fapiz1) = E (Znpiznp) } =
i=1 (21) (22)
(e Dkr)xad (€4 ) 1) x (K1)
where
np 1—1

12) 1
61(k+1_ k+1l_zzn\/]_?(2v 53)71(1 ,fork=0,---,K,l=1,--- ,qd,
i=1 j=1

(S5.17)

and

(22) (1) (1) (2) (3) (4)
ek’1+1+1 ko+1 — tk‘l-i-l ko+1 + tk2+1,k1+1 + tk1+1,k2+1 + tk1+1,k2+1 + tk’1+17k'2+17
np 1—1
(k1) (2)
tkl-s—l kotl — E , E : <QU 6]) Vg +1,i0
=1 j5=1
i—1 -1 4 i—1
(2) kl k1)  (k2)
tk1+1,k2+1 Z Z 1]1 zgz 8]1632 - Uz‘j Uz‘j )
np np ~
=1 \J1=1jo2=1 7=1
np i—1
(kl) )
tk1+1 kptl = E E g5, and
=1 j=1
np i—1
E : § : (kz) (k1)
tk1+1k2+1 (o z €5, fOTkl,]{'Q—O"',K.

lel
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Based on (S5.10), we obtain forany [ = 1, -- , qd,

1 &
w {1520)
=1

n>1,p>1

1 2 1 2
swp {2 [emal} < jaly s {30 A =om) <,

n>1,p>1 n>1,p>1

(S5.18)
by recalling dj is the [-th column of I 4. By using similar techniques as above,
we can also show forany k£ =0, --- | K,

np
sup { Z fyk+“ } O(1) < oo, (S5.19)
=1

n>1,p>1

under Conditions [2]—
We next demonstrate 615;242,; =op(l)foranyk =0,--- ,Kandl =1,--- ,qd.

From (85.17), we have forany k = 0,--- ,Kandl=1,--- qd,

np i—1 np—1 np np—1
WyE)e. & hi
k—l—ll = 711 'le ij i= 1,3
i=1 j= 1 Jj=1 i= ]+1 j=1

where

np
2
hi; = Z —vl(il)vff)gj, foryj=1,--- ,np—1.

S WP
Let hy ,, = 0. Then, we have e,(fﬂ,l = > 02 hag with {(hy j, Frpj) 1 1 < j < np}

being a martingale difference array as E(hq j|F,,pj—1) = 0. Let

1= (1)

> b
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forj=1,--- ,np—1landcy,, =2/(n,/p). Using Minkowski’s inequality and

Holder’s inequality, we obtain for ¢ € (0,7/2],

np 5 246
E |h1j|2+(S =L Z ( vl(l)v(k)sj)
) L n\/ﬁ i g
1=7+1
1\ 249
2435\ 2+6
k
S 71(2 )Uz(])gj )

i=j+1

{
{
<{

L 2+4
246\ 249
z] o ‘ (E ’6] ’ ) }

244
. )

ij
2448
> . (S5.20)

246\ 75 e i 2 (1)
Bl } 2
i=j+1 ny/p

244 np 2
E |€J|4+77 4+n} ( Z ‘71(1'1)
S P

(k)

ij

Recalling K. = (E ]5i|4+")1/(4+n), the above equation implies

2+6
< K27

hy ;

Clj

E

which is bounded by Condition Then, we show limsup,,,, ., > 72 15 < 00

and limy,, 00 Y10 i1 c ;i = 0. Specifically, by Jensen’s inequality,

np—1 np

2 2
ZCM ZZ p’%(il) o MW
i—1 9
Z’ Yii ; Uzy +n_\/ﬁ
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np
(1)

2 2
<Iull, == i+ ==
H ||1n\/]—)i1 l n\/z—)

< 2| 0kll, (S5.21)

which is bounded by (S5.13) and (S5.18). This leads to lim sup,,,,_,, > 72, 1 <

co. By using Holder’s inequality, we obtain

np—1

np
4 4
2
chvj - 2 Z ‘fylz z] 2
=1 nep 7=1 |i=j5+1 np
np—1| np ) 246 2% np *) % 2<21++56> A
+
<5 Z > ‘%i > | 2
i=j+1 i=j+1
2
np—1 np 245
4 ) e (1) [2+0 4
< Il Y2 |3 o =
np Jj=1 li=j+1 nwp
2
4 ) np (1) 246 2446 4
§ﬁ’|rk|‘1 ; Vi +nTp
1] & (1) [2+9 5 4
<403 e 2 " i (S5.22)

Based on similar techniques used in showing (S5.11)), we can show n~(2+9)/2 3~
|7 |2+‘5 = O(n~%?), which leads to lim,,, ,,, n~ /25" |7 ]2+5 = 0.
This, together with || Y ||7 being bounded by (S5.13)) and lim,,;, o 4/(n*p) = 0,

implies lim,,, SP i1 c ;=0 and hence all the conditions in Lemma [S9| are
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satisfied. Therefore, e,(i:i’l = > 2 hij = op(1) L4 0 for any k =0,--- , K

and/ =1,--- ,qd.

(22) —

We then take the following four steps (IVa) — (IVd) to show ¢ k1 =

op(1) for any ki, ko =0,--- | K.

(I'Va) We have
np i—1 np—1 np @ (k np—1
tk1+1 ka+1 — ZZ ( >7k2+11 Z Z 7’“2“@ Ul J th’”
i=1 j=1 Jj=11i= J+1
where
AN
ha; = = Vky+1,iVij Vej, forj=1,--- ,np — L.
J i;l n\/ﬁ 2+ Jj I

Let hg’np O then t](gll)+1 kod+1l — 2?51 h/27j with {(hQ,jafnp,j) 01 S] S np}

np
i=j+1 2

”'}/,Q_HZHU |/(n\/_) forj =1,--- ,np—1and ¢y, = 2/(ny/p). By similar

techniques to those used in showing (S3.20), we obtain for ¢ € (0,7/2],

) 2446

being a martingale difference array as E (hy ;| Fppj—1) = 0. Letca; = >

(2)

\/— ‘7k2+1 i

(k1)

i .

245 sy 1 12T
E |hy S{(E|5j| n)w}

Hence,

244
ha ;

4 1 N 246
B <{(EBR M =K

C2 7j

which is bounded by Condition I} Then, we show limsup,,, .. > 37, ¢2; < 00
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and lim,,;,_,~ Z;ﬁ 1 cg’j = (. By similar techniques to those used in showing

(S5.21)), we obtain

np—1 np

np 9
ZCQJ - Z Z /b ‘%&?Hz
j=1 =1 i=

(k1)

ij

+ ;
np

np

53 ‘7(2) [

n k2+1,l
i=1

which is bounded by (S5.13) and (S5.19). This leads to lim sup,,, ,, > 72 2 <

co. By similar techniques to those used in showing (S5.22), we obtain

1 2 2
np ) TLP np k;l 4 245 246 4
§ :027] Z ‘7k2+1z ij + < 4 HT}“” 2*‘5 Z "karl i n2p’
Jj=1 7j=1 |i=75+1

By similar techniques to those used in showing (S5.11)), we obtain

np

1 @) 248 ( 1 )
1 =0(=),
n%g ; Viot1,i n%

which leads to lim,,, ., n~+9/23""" ]'y,(éll,i\%é = 0. This, together with
Ik, || being bounded by (S5.13) and lim,y,, . 4/(7°p) = 0, implies lim,,, o0 77, 5
= 0, and hence all the conditions in Lemma are satisfied. Therefore, t,(€11)+17 kotl =
Z?il hgjj = OP(l) i) 0 for any ]{31, ]{?2 = 0, cey K.
(IVb) After algebraic calculation, we have
i—1 i—1 i—1 4
(2) (k1) (k1), (k2)
U1 ka1 = Z (Z Z 2]11 m 5]1532 - Z _Uijl Uz’j2 >
=1 J1 132 1 j:l

_ 421 (22)
= U ikt Tl kot
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where
np i—1 4 i—1 4
(21) _ k1) (k2) 2 (K1), (k2)
tk1+1,k2+1 - Z <Z np Vi Vi €5 — Z n_pvij Uyj )
i=1 \j=1 j=1
np—1 np np—1
4 ) (k) 2 4 oy )
S35 (R L >
1 ] i VE
j=1 i=j+1 (np np
L[4 4
h31; = Z ( vl(fl)vz-(?)e? vi(fl)v( )> forj=1 np — 1
, P np
i=7+1
np i—1 i—1
Q22 A, )
k14+1,ko+1 — np 191 ’L]Q J1<J2
i=1 | j1=1 jo=1
J27J1
np—1 np i—1 4 (k) np—1
= n Uzjll z]g 6]1632 Z h32 Jio and
J1=li=j1+1 ja=1 p J1=1

h327j1 - § : § : zgl zyg 5]15]27 fOI‘jl = 17 , P — 1.

1=71+1 jo=1
JeFj1

Let h31 np — = 0Oand h32 np — =0. Then tl(ﬂ-zl ko+1 — E?ﬁl hgl’j with {(h?)l,j’ .anﬂ') 01 S ] S np}
being a martingale difference array and t,(szl kot1 = D joy Paaj with {(haa j, Frpj) : 1 < j < np}

being another martingale difference array, as E (hg1 j|Fnpj—1) = 0and E (hgo j|Frpj—1) =

0. Let ¢35 ; = 4/(np). Using Minkowski’s inequality and Holder’s inequality, we
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obtain for ¢ € (0,7/2],

Y 246
31,5 . (k1) (k2 £2 (k1) (k2)
B\ = ZU €TV Yy
3. i=j+1
246
np 2+6 ﬁ
(k1) (k2) 2 (k1), (k2)
(5 (ehrra-aarl)
i=j+1
246
ik 245\ 747 P 245\ TH5
(k1) ( 2) 2 (k1), (k2)
<{ 3 (s ) w3 (et
i=j+1 i=j+1
np 246
< ( (kl k2 K? 1 )
i=j+1 i=j+1

(k2)

v
249 2+0 20
< (K2+1) (sup ||m1u1}) (sup Tl }) ,

v
n>1,p>1 21,p>1

which is bounded by (S5.13)) and Condition (I} Moreover,

lim su c3 ; = limsu = limsup4 < oo,
np—)oop Z 5 np—>oop Z np—)oop
and
np
16 16
li =1 =1l =0.
npgnoo Z CS’] npgnoo Z np—>oo np 0
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Thus, all conditions in Lemma are satisfied, which implies t,(jQL,Q b =

> iy hary = op(1) L5 0 for any ki, ks = 0,---, K. Furthermore, by us-

ing Minkowski’s inequality and Holder’s inequality, we obtain for ¢ € (0,7/2],

2+0
I 246 np i—1 )
32,5 2 : 2 : ko
E C— =F (%A Ul €j€j1
3.3 i=j+171=1
J1#7
2445
1
244\ 2+9
S z]l (E |€JE]1| )
i=j+171=1
n#j
240
< K4+25
— 2 Zh
i=j+1 1= 1.
J177
np np 2446
4426 (k1) (k2)
< K. Uij Vijy
i=1 j1=1

246
< K220 (kI (1ol

246 246
SKW( o {10, }) ( sup {|m2||1}) ,
n>1,p>1

7p

which is bounded by (S5.13) and Condition|[T} Moreover, we have shown lim sup,,,, ,
> ey < oo and limy, o0 > ¢35, = 0. This implies all conditions in

Lemmaare satisfied, and thus t§f2421 kotl = Z] L hsaj = op(1) L5 0 for any

(21)

P
ki ky =0, , K. Insum, t|") =t ket + Ho g = 0p(1) = 0

k1+1,k‘2+1

for any ki, ko =0,--- , K.
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(IVc) We have
np i—1 (k) ) np—1 np 9 (k) k) np—1
3 _
s = 3 Ol = 3 32 Ty = 3
i=1 j=1 j=1 i=j+1
where
2 (k1) (k2)
hyj = i:]ZH n_pM(S)U”'l v Ve;, forj=1,-++ np—1.

Let h4,np = 0. Then t,(:i)Jrl kot+1 — Z;lil h47j with {(h4,j>~;cnp,j) 01 S] S np}
being a martingale difference array, as E (hy ;| Fppj—1) = 0. Let cqj = 2/(np).
By using Minkowski’s inequality, we obtain

4+n
hy

Ca,j

o

W52

1 4
o | (B \f?j\4+")4+"}

np 44n
(k2)
1 Uij
i=1

K (1wl 701

E

< \u(?’)\4+n{ i

i=j+1

sm@ﬁﬁémo

< @

4+n

44n
4+n
sm“\fﬁm(prWMJ) (prMMJ> |
n>1,p>1 n>1,p>1

(S5.23)

which is bounded by (S5.13) and Condition[I} Moreover,

hmsuch4J = hmsupz = limsup 2 < oo,

np—o0 np—oo np— 00
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Ss.
and
np ) np 4 4
. =i —— = lim —=0.
nplinoo ]ZI €45 npgnoo le (np)2 npgnoo np
Hence, all the conditions in Lemma are satisfied, which leads to t® =
k1+1,ka+1
2?21 ha; = op(1) 250 for any ki, ky =0,--- , K.
(IVd) We have
np i—1
4) 3 (k1)
U1 o1 = Z Z “ ”1 £;
=1 j=1
np—1 np
DI E
m z] €j
Jj=1 = ]+1
np—1
=D hsj,
j=1
where
np 2 k

Let h5,np = 0. Then, t’(:i)-i‘Lkz-f—l = Z;lil h5j with {(h5,j7fnp,j> 01 S] S Tlp}

being a martingale difference array, as E (hs j|Fpp;—1) = 0. By similar tech-

niques to those used in showing (S5.23)), we obtain

fﬂ(wpﬂwmufm,

A oy 14+
e L R (G
Ca; >1,p>1 zlpzl

which is bounded by (S5.13) and Condition|[T} We have also shown lim sup,, .,
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np : np 2 _ I .
> 2y cay < oo and limy, e 57, ci; = 0. Hence, all the conditions in

Lemma are satisfied, which implies t,(i)JrLb =2k hs = op(1) 50

forany ki, ke =0,--- | K.

From (IVa) — (IVd), we obtain ¢\, , ., = op(1) forany a = 1,--- 4

Y

(1)

and ki, kp = 0,---, K. This implies 6(21%21,@-&-1 = Uitk T tl(clz)-l—l,kl—i—l +

p
2 3 4
t](Cl)'f‘l,k‘z"rl + t/(ﬁ)-‘rl,kg-i-l + tl(cl)-i-l,k2+1 = op(1) for any ki, ky = 0,--- , K. In

summary, we obtain

np
> AE (2pizmpil Fapio1) — E (Znpiziy,) } = op(1).

=1

This, together with (53.8)), (S5.13) and (S5.16)), implies

np
Y E [{—9_1/2(5(8))%@@‘} {—9_1/2(5(8))%,2‘}T |]:np,i—1]
=1

np
= Cov {Z _9—1/2(5(8))%:071} + op(1)

i=1

= Cov {—9‘1/2(5(3))E(S)B‘IZ‘lv,b(z‘}(O))} + op(1)

P
— Ty k41

Finally, by combining the results from Step I to Step IV, we can apply
Lemma|S4|for the martingale difference array {(—Q~V2(E))z,,,;, Fppi) 1 1 <
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i < np} and obtain

np
—Q 2EOEO BT Z7p(00) =Y - 2(ED)z,,, Ly N (Ogarrcs1 Tyarrcs1) -

i=1

This completes the proof of Lemma|[S2]

Proof of Lemma[S3] By Condition |5, we have ||Q~Y2(E®))|, = O(1) and
|B7!|2 = O(1). Furthermore, we obtain from (S3.6) that the elements of
n~124h5(90) and (np)~2aho (9?) are of order Op(1) uniformly. This im-

plies

(\2-1¢<«9<°>>1(2 =/Op (p) = Op (\/p)

Next, we study the properties of V' by investigating the properties of the
elements for different blocks of 91 (9)) /09T — E{0p(9?)/09"} via the
following four steps, (I) — (IV).

(D) Let F;; = {dDT(B©) A~z (3©)} /03, € R with the ((j — 1)d +

l1, (i — 1)p + j)-th element being

g V(@ B") W g (@ B)"); gV (! B
wz{g—l 27876} 2 /b (@l 87 o} hig @7 B 0,)

T Tily

for: = 1,...,n,l; = 1,...,d and other elements being zeros. After algebraic
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simplification, we obtain for j = 1,....pand [l =1, ...,d,

(0) (0) .
%‘E {%} —{FuL;"T+ DT(B) A A(BO)5 My Lo | €

where M, is defined above Lemma Then, the covariance matrix for the

random vector is given as

pp(9) {31#5(19(0)) }]
Cov [ 95 E 05

- - - - - - T
—{FuL5" T+ DT(BO) A 2B ST My Lo } { FuL5'T + DT(BO) AT V2B S MuLo |

By Conditions [3]—[4] and similar techniques to those used in showing (S5.1)),
we can show there exists finite positive constants C}, and C} such that [/{g~" (] B](-O) ); &}
< C} and |g_1”(:1:iTﬁj(-O))\ < Cjforanyi=1,--- ,nandj=1,---,p. This,

together with inequality 4.67(a) in|Seber| (2008) and Conditions [2|—4} implies

[ Fjully
<|[|Fjllp
) nod gV (x Tg(o)) h'{g=!(x Tﬁ(o)) Gitg™V (= T/@§O))P \zazi, |
S s e @l B0 2y ile @l B0 g ] B0,
n d 2
C/ C/CQ
< g h~g 04
: §l§(m+m&> '
C clc2 2
=1/nd g 4 h 9 ) Cx
\/ (\/CTL 2:/CLCh, X

o) c, C’2
= d g C?
\/ﬁf ( V * 2\/ hch> X
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=0 (vn), forj=1,--- ,pandl=1,--- ,d. (S5.24)

By Conditions [2| — 4| and using similar methods, we can show | L] || = O(1)
and ||[Mj||; = O(1) forj =1,--- ,pand [ = 1,--- ,d. Combining this with
(S5.3)) and (S5.4), we obtain

2

Opg(9) {3%(19(0)) H
Cov [ 955 E 95

={o(vn o) +0(vr)o(1)01)01)0 1)}

2

=0(n), forj=1,--- ,pandl=1,--- ,d.

By denoting 91p(9?) /08T — E{o5(9)/0B8T} = (vl(lﬁll)pdxpd, the above
implies

v = Op (V).

uniformly in /1,15 = 1,--- , pd, which leads to
dps(9\) (0| _
N ) T

(D) For k =0,--- , K, we have

8ak 80&k

a’bﬁ(ﬂ(o)) _E {8¢,6("9(0))} _ _DT(ﬁ(o))A—1/2(6(0))ialwkial‘re’
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and

Cov {3%(19(0)) 5 {81/),3(19(0)) H

8ak

80.%

= DT (B A V2B WL R W, AY2(B) D(BY).

By Conditions [2]-[] (S5.3) — (S5.4), we have that

By denoting 91p5(9) /0a = ( l(,fa))de(KH), the above implies

Opa(9) (9 )
Cov [—éhk —E{—aak H

=0O(n), fork=0,---, K.

2

Ul(,ii)l =Op (\/ﬁ) )

uniformlyin/=1,--- ;pdand k = 0,--- , K, which leads to

D (9) Ops(P)\| _
e {2 o em
() Forj =1,--- ,pand! =1,--- ,d, we have that

0P (V) & {a,/,a(ﬁ(O))}
aﬁjl 35;’1
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( )

el [igWOMﬂio] e tr { [igwoMﬂio] }
(G} (G}

\

EfT [EE]FWKM]‘ZI:()} o g tr { [.EE]FWKM]‘ZI:()} G}

D (i 1)0:) (B AT2(BOYW, Ly

D-—(I—(jfl)dﬂ) (B® )A_I/Q(,B(O))WKINLO

where [H]g = (H + H")/2 is the symmetrize operator for a generic square
matrix H and D.T((j—l)d—&-l) (B9)) is a row vector that consists of the ((j—1)d+1)-
th column of D(B) matrix. More specifically, it is an np-dimensional row
vector whose ((i — 1)p + j)-th element is given as g_ll(azjﬁj(o))x“ for i =
1,--- ,n and other elements being zeros. Let

T = — (L{WoA 2 (BO)D. (1 (BY), -+ E§Wic A3 (B9) D _1ya41)(B?))

which is an np x (K + 1) matrix, and

i1)(0 j1)(K
Uﬁ)() Uﬁ)( )
Pl — 7
i1)(0 i1)(K
ng,)rgp) ... ng?,gp )

where Ugl)(k) denotes the (i, 7)-th element of T,(le) = [L{ Wi ML) for i =

,---np,k=0,--- ,K,j=1,--- ,pand [l = 1,--- ,d. Then, we employ
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Lemma[S7to obtain the covariance matrix as

0o (0©)) 0o (0©))
COV{ dBji _E{ OB H

=5 () + 40000

)> (K4+1)x(K+1)

4 (@ — 3) PUOTEED | 4, (GUITDGY | PUDTGUD)

By Conditions[2]—[and similar techniques to those used in showing (55.24), we

obtain

st

=0 (up), [T, =0 (V). and

(K+1)x(K+1) [,

||\Il(jl)“2:O(\/@), forj=1,--- ,pandl=1,--- ,d.

This, together with Condition |1} implies

oo [P = {55

9B 9B

2
By denoting 0o (9©) /08 — E{0%a(99)/08} = (057 (k11)xpa» the above
implies

v, = O (/i)

=O(np), forj=1,--- ;pandl=1,---
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uniformlyink =0,--- K andl = 1,--- , pd, which leads to

‘—8’/"5%9(0)) E {—3‘”3%9(0)) } L = Op (vD)-

(IV) We have that 91, (9?) /0 — E{0v4(9?)/0a} = O(K+1)x(K+1)-
By denoting
. (0) (0) N v V(2

00" 00"
V) 0 i1yx (k1)

where V(D ¢ Rrdxpd 1/ (12) ¢ Rrdx(K+1) gpd V2D ¢ REHDxrd | the results

from (I) — (IV) imply

1 1 1
V¥ =0p (%) V2| = 0p (\/—n_p> Cand [V2|_ = Op (%) .
(85.25)

Then, we study the properties of Z5) B~V where

T @Iy Opxxi1) | | B Opaxyny | [ VI v

Oxi1)xpd  Irxi1 B®)  B®) VD 0 41)x(r41)

(T(S) ® Id)B(ll)V(ll) (T(S) ® Id)B(”)V(12)

B(21)v(11) + B(22)v(21) B(21)v(12)

Let (BUWV 1), be the (I, ly)-th element of BUDV (D), bl(llll) and vl(ll;)



Zhi Yang Tho and Francis K.C. Hui and Tao Zou

be the (I3, )-th element of BMY and the (I, [;)-th element of V (1), respectively,

forl,l;,l, =1,--- , pd. By (§5.23) and Condition [5] we obtain

(B(H)‘/(11 l1l2 Zblll 121 < ‘V(H Zbl(llll
< [Vl 1B
= Op (%) , uniformly for [y,lo = 1,--- | pd.

This implies

1
|IBUVID| = 0Op (— : (85.26)
0 NG

By using the fact that (T®) ® I;) B")V () is a qd x pd submatrix of BU)V (1)

and employing inequality 4.67(b) in |Seber| (2008), we obtain

(T & I,) BV, < \/(qd)(pd) |(T® @ 1) BV |
< V(qd)(pd) [BMVIY|
— Vadpd O (%)

— Op ( 3) . (S5.27)

By similar techniques to those used in showing (S5.26) and (S5.27)), we obtain

1
BWvU2 =0 (—> :
‘ ‘OO P /np

1
B(Ql)V(ll)‘ = Op (_
00 \/ﬁ ’
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1 1
B(QZ)V(QU‘ = Op (— and |B(21)V(12)’ =0Op | — (S5.28)
9] \/ﬁ ’ oo /_np ’

which leads to

H(T(S) ®Id)B(11)V(12)H — Op ( 1 ) 7 HB(zl)V(n) n B(”)V(Zl)H — Op <\/5> . and
2 /1D 2 n

1
BCeLY(12) H —On [ ——).
H 2 P /np

The above results imply
=98V,

< H(T(S) ® Id)B(H)V(H)HQ + ||(T(3) ® Id)B(“)V(m)HQ

+{[BEVED 4 BEAYED|| 4| BEVED)||

({£)+ () oo (D) ()

By recalling A\yin (H) and Apax(H) denote the smallest and largest eigen-

values, respestively, of a generic square matrix H, we have

_ -1 _ _
H (B™'V + Lygskc+1) H2 = \/)\max {(B—1V + Lyayi1) (B A Ly ki) 1}
1
¢ Nain { (BT + Lygiic1) (BT + L)' }
1

VAmin Ty k11 + BV + VIB-IT - B-IlyVTB-1T)
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D=

= {14 n (BV VB T4 BlVV BT}
By (55.28)) and inequality 4.67(b) in[Seber (2008)), we obtain

|B-'v|, < HB(H)V(U)H 4 HB(11)V(12)H2 i HB(21)V(11) n B(22)V(21)H2 4 HB(21)V(12)H
2 2
< Vpd)(pd) BV 4 pd) (K + 1 |[BOVID| 4 K+ 1)(pd) [BEIVOY)
oo o0
+ (K +1)(pd) ‘B<22>v<21>\ + V(KT 1)(E +1) ‘B(mV(”)‘

o () o () o () (/D) )

-0 (),

which leads to

o

Puin (BT'V + VB +BTVVIB) [ < ||BTV+ VBT +BVVIBT,

_ _ 2
<2[B7V|,+[|B7'V],

o () 00 (2

Py,
as n — oo and p = o(n'/?). This implies

1+ Ao (B'V + VBT 4 BlvVTBT) s g,
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We then apply continuous mapping theorem to obtain

— 1.

BV + Lusicn) ||, = {1+ A (B'V+V BT+ BTVV BT };
Finally, we can combine all of the above results and obtain
H9*1/2(E<5>)E<5>B*1V(B*1V + Lasicn) "B 2700

< [l @), |ES BV, [(BY + Buere) ™, 87, |27 w0,

_ 0(1)0r (\/g Op(1)0(1)0p (/)

asn — oo and p = o(n'/?). This completes the proof of Lemma|[S3| O

Proof of Lemma We directly have
q q q q T q 1+r
DERED SEEED 9E10 97 I 0 o) I
=1 =1 j

j=1 j=1

which completes the proof. [

Proof of Lemma|S9} For any s > 0, { > 0, § > 0 and random variable z, we

have the inequality

OF (|21 Iosy) < B (157 Iy ) < B,
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where I is the indicator function. Hence, by condition (1) in Lemma@

() s

which implies |2,,;/¢n;| is uniformly integrable. This result, together with con-

. 1+¢
) <6°C,

ij

ij

ij ij

ditions (2) — (3) of Lemma leads to Z?Zl Zmj L—1> 0 by Theorem 20.11
in Davidson| (2021, p.428), which completes the proof by Chebyshev’s inequal-

ity. 0

Proof of Lemma Let H = (hij)axs € R**® and submatrix H' € R**" that
consists of the V = {wvy, -+ , vy }-throws and T = {1, - , 7y }-th columns of

H, where ' < a,b <0,V C {l,---,a} and T C {1,---,b}. For any

2 = (2, ,2,)" € RY and 2’ # 0y, we can construct another non-zero
vector z = (21, ,2)' € R® where z,, = 2} fork = 1,--- ,V and 2; = 0
for j ¢ T. By constructing z in such a way, we have ||z||s = ||z’||2. Then, we
obtain

JHZE =S (Z hijZJ-)Q <> (Z hijzj>2 > (Z hijzj)z

icy \jeT i€V \jeT gV \jeT

b 2
(Z hz’ﬂj) = |Hz|;,
1

a

£lg) -2

JET =1
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which implies | H'2'||2 < || H z||2. This, together with || z||2 = ||2’||2, implies

H/ ! H H
I /z||2 < | Hz||, < {w;wERbandm#Ob}:HHHw
1[I, Izl [Ed]P

for any 2z’ € R” and 2z’ # 0. This further leads to

H'.’B' /
ez, =sup { 1505 o R ana o 2 00} <
2

which completes the proof. [

S6 Proofs of Proposition [I, Theorems [IH2|and Corollary 1|

S6.1 Proof of Proposition 1|

Suppose we have o = (ap, -+ ,ax)’ € </, this implies X(a) = apl, +

> vy Wy, is a positive definite matrix and hence is a covariance matrix of

some random vector z € RP. Let p = (a1 /ayp, - -+ , /). Then, we have
K
R(p)=T1,+ > ar/agW; = (apI,) " /*S(a) (o L,) 2. (56.29)
k=1

It is worth noting that every element of z has the same variance of o because
the diagonals of W), are all zeros for £ = 1,--- , K as defined above equation

(2.1). This implies R(p) is a correlation matrix of z since it is obtained via
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standardizing the covariance matrix as shown in equation (56.29). Consequently,

p=(an/ag, -, ax/ag) € P, which completes the proof.

S6.2 Proof of Theorem (1]

By recalling ¥ = (BT, &) ' is the Z-estimator (van der Vaart, 1998, p. 41) that
solves the joint estimating equation ¥ () = 0,44 k1 Where ¥ (1) is defined in
Section , we prove (1) 9 is consistent; (i1) 9 is asymptotically normal. Since
(1) can be obtained by Theorem 5.9 of jvan der Vaart| (1998, p. 46) given all the
conditions in this theorem, we only provide the proof of (ii).

By using Taylor series expansion at 9, we have 0 = () = ¥ (9©) +

{0 (9©) /09T } (9 — 9)) + 7 where

. 0 (9 .
(i 0= 0007} SEovee {202 0 - 00,

N =

and 9 lies between 9 and 9(©). This implies

~

Q2= ZES) (9 —90) = u; + uy + us,

where u; and u; are defined in Lemmas [S2] and [S3] respectively, and

IR @, ¢ IONR B
us = — 1/2(:(8))Z:(8) {aT 7
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Employing similar techniques to those used in the proofs of Lemmas [S2|—[S3]
we obtain uz = op(1). This, in conjunction with Lemmas[S2|-[S3|and Slutsky’s

theorem, implies
9_1/2(5(8))ZE(S)(7§ —90) = u; + op(1) o N(0ga+ k11, Lgarrc+1),

as n — oo and p = o(n'/?), which completes the proof.

S6.3 Proof of Theorem

By recalling 6= f (’3) and using similar ideas from the proof of the multivariate
delta method in Theorem 3.1 of jvan der Vaart (1998, p. 26), we can obtain the
result for Theorem[2] However, we could not apply Theorem 3.1 of jvan der Vaart
(1998, p. 26) directly as p — oo because 0 has a diverging dimension in this
case. To this end, we combine the techniques from the multivariate delta method

and Theorem [1]to show the result.

Based on the proof of Theorem[I] we obtain the asymptotic expansion

990 = _Z'B1Z700) + Z'BTWV(BTIV + Ly 1) 1B Z7p(90)

©y\ !
_<3%(1’;9T )> - (S6.30)
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On the other hand, by Taylor series expansion, we obtain

Of (9) 5

F9) = f00) = =5 (9 = 90) + 7y, (S6.31)

where

1 : 0 0f(91) (5
Ty= 5 {Ipd+K ® (19 - "‘9(0)>T} aﬁTVQC{ 997 (19 - 19(0))7

and 9 # lies between 9 and 9. Note that the Jacobian matrix of the vector-

valued function f () is given as

of(9) | I Opax(x+
09T ’
Ok xpd %
where p = (p1,- -+ ,pK)T = (o /ag, - 704K/040)T and
—a L 0
OlO a0
op 3 0 5 0
daT =
o 1
—a—Ig 0O O a0
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where

w, = _Q—1/2(§($));'(3)MB—lz—lww(O))’

e
e

09T
_ _ _ (0) .
Ty = 91/2(3(3))5(3)%31V<B1V + IchKJrl)71B71Z71,(/)<19(0))7
) e o OF (9O [ Op(9©) -
i — — Q22O 28O 8(19T ){ 8(6” )} 7 and

ay = Q VHEGHZEOF,.

Under Conditions [I|-[5] we can employ similar techniques to those used in the

proofs of Lemmas — to obtain u, LN N(0yask, Igar i), o = op(1),
w3 = op(1) and w4 = op(1) as n — oo and p = o(n'/?). These, in conjunction

with Slutsky’s theorem, imply

QVAES)ZESD (G - 00) L5 N(0gas e, Las),
since @ = f(19) and 0© = £(9(0)). This completes the proof of Theorem

S6.4 Proof of Corollary 1]

By Condition2Jand inequality 4.67(e) in|Seber|(2008), we obtain sup,,~ |[Wi||z <
Cw for k = 0,--- , K. This, together with Proposition 1 of Zou et al. (2017),
implies the required parameter space <" for « is an open set. By recalling

the true value a(”) has to satisfy 3(a(?)) being positive definite, we have that



Zhi Yang Tho and Francis K.C. Hui and Tao Zou

a® is an interior point of .27 and hence there exists an open neighborhood
/0 C o/t around a?). Furthermore, the conditions in this corollary can im-
ply the estimator ¢ is ,/np-consistent based on Theorem (I} Additionally, the
event {||& — a®| < M. /(np)'/?} implies the event {& € &) C &/ *} as np
is sufficiently large and M, > 0 is some finite positive constant. Based on the

above, we have that for any 7 > 0, there exists a finite /M, > 0 such that

1-7<P(|la—a9| <M. /ynp) <Plae ZV C o) <Plaeo)<
= 7<Pl@acad)-1<0<7

— |Pl@ae ) 1<

as np is sufficiently large. This leads to P(&@ € &/7) — 1 asn — oo and

p = o(n'/?).

S7 Supplementary Details of Simulation Study

S7.1 Simulation Settings of Section 4]

This section provide details of the simulation settings used to obtain the nu-
merical results in Section |4| of the main text. Firstly, we used the covariate
vectors ¢; € R* from the standardized environmental covariates in the ground

beetle dataset of Section [5|for ¢ = 1,--- ,n. The similarity matrices W), for
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k =1,---,5 were also obtained based on the standardized species trait vectors
z; € R5 for j = 1,---,p from the same dataset. For settings where n or p
were greater than the number of available sites (i.e., 87 sites) or species (i.e., 38
species) in the application in Section[5] we generated additional covariate vectors
or trait vectors whose elements were sampled randomly from the corresponding
standardized environmental covariates or species traits, respectively.

The true mean regression coefficients B](.?) and correlation regression param-
eters p,io) were generated independently from the Gaussian distribution N (0, 0.5)
with mean zero and standard deviation 0.5 and the uniform distribution U (—0.05,
0.05), respectively, where ﬁ;?) and p,(eo) are the corresponding elements of 3()
and p(©), respectively, for j = 1,--- . p,l =1,--- 4, and k = 1,---,5; for
the negative binomial responses, we set p(®) = 05 due to the lack of a publicly
available method to simulate correlated multivariate negative binomial responses
with p(® £ 05. For all four response types, we set the dispersion parameters
¢; = 1lforj = 1,---,p, and assumed these dispersion parameters were un-
known and needed to be estimated as part of model fitting. Additionally, we
used the link and variance functions inherited from the response distribution as
discussed below equation (2.1) e.g., the log link g(x) = log(i) and variance

function h(u; ¢) = p + ¢u? were used for negative binomial count responses.

We then simulated multivariate response vectors Y; for ¢ = 1,--- ,n consist-
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ing of elements {Y;; : j = 1,---,p} that had the same marginal distribution
(based on one of the four distributions considered in Section[d]), where the means
and variances were given by gil(mz—-rﬁj@)) and h{ 971(13;650)); ¢, }, respectively,
with 5](,0) = (ﬁﬁ% cee BJ(Z))T, and the between-response correlation matrix of
Y, was given by the correlation regression model in equation (2.2). Specifi-
cally, we generated multivariate negative binomial responses using the R func-
tion rnbinom, while the R package MASS (Venables and Ripley, [2002) was
used to generate multivariate Gaussian responses. Multivariate Bernoulli and

Poisson responses in the simulation study presented in Section ] were generated

using the R package PoisBinOrd (Gao et al., 2019).

S7.2 Simulation Results for Negative Binomial and Gaussian Responses,

95% Confidence Intervals, and Algorithm Runtime

This section presents additional simulation results for the negative binomial and
Gaussian responses, together with the empirical coverage probability of 95%
confidence intervals for the mean regression coefficients and correlation regres-
sion parameters constructed individually as discussed in Section In general,
the results for the negative binomial and Gaussian responses from Figure|SI{and
Table[ST]are similar to those of the Bernoulli and Poisson responses in Section 4]

e.g., the averaged MSE and the coverage for the 95% confidence regions of the
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mean regression coefficients only improved when n increased while those of the
correlation regression parameters improved when n and/or p increased. For the
negative binomial responses, there was undercoverage for the confidence regions
of the mean regression coefficients especially when n is small.

Figure [S2] presents the empirical coverage probability of 95% confidence
intervals for each of the pd mean regression coefficients { B](.?) cy=1-- pl=
1,--+,d} summarized using boxplots, given the number of coefficients is large
and depends on the number of responses p in the simulation settings. Overall, the
coverage of the confidence intervals for the mean regression coefficients tended
to the nominal level of 95% as n increased, while increasing p had negligible
effect on the coverage. Similar to Table there was undercoverage for the
case of negative binomial responses particularly when n is small. Tables[S2|—[S3]
show the coverage of 95% confidence intervals for all the correlation regression
parameters { p,go) :k=1,---,5} were close to the nominal level under various
settings of responses distribution, n and p.

Finally, Table |S4] shows that Algorithm [I|is computationally very scalable:
the average runtime was no more than three seconds under various settings of

the simulation study, using an AMD Ryzen 7 CPU @ 3.60 GHz machine.



Zhi Yang Tho and Francis K.C. Hui and Tao Zou
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Figure S1: Averaged MSE of the mean regression coefficient estimators (top row) and correlation
regression parameter estimators (bottom row) for negative binomial (left column) and Gaussian
responses (right column).

Table S1: Empirical coverage probability for 95% confidence regions of ﬁgo) and p(©) for nega-

tive binomial and Gaussian responses, where S = {1,--- ,5}.

Negative Binomial Gaussian
p=10 p=25 p=250 p=10 p=25 p=250
n =50 0.765 0.765 0.757 0.882 0.893 0.892
(0 n =100 0.884 0.886 0.886 0.924 0.922 0.922
S n = 200 0.923 0.923 0.923 0.941 0.942 0.943
n = 400 0.934 0.936 0.937 0.934 0.937 0.936
n = 50 0.893 0.886 0.896 0.852 0.888 0.882
© 1 =100 0.926 0.924 0.921 0.907 0.918 0.922
P n = 200 0.928 0.934 0.926 0.929 0.932 0.932
n = 400 0.937 0.948 0.927 0.943 0.933 0.931
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Figure S2: Boxplots summarizing the empirical coverage probability of 95% confidence inter-
vals for each of the mean regression coefficients, where the dashed line represents the nominal
level of 95%.

S7.3 Comparison to Other Methods

In this section, we performed a simulation study to compare the performance
of the proposed joint estimator (denoted here as CorrReg estimator) to two al-
ternative existing estimators. The first of these is a GEE assuming an inde-
pendence working correlation matrix (GEE-Ind), which is equivalent to solv-
ing a variation of the estimating equation g in equation (2.4) where i(a) is
replaced by I,,,. This is implemented by fitting either glm () (for Bernoulli,
Poisson and Gaussian responses) or glm.nb () from the R package MASS (for

negative binomial responses), where (Y3;,- -+, Y,;)" is the response vector and
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Table S2: Empirical coverage probability of 95% confidence intervals for each of the correlation
regression parameters with Bernoulli and Poisson responses.

Bernoulli Poisson

p=10 p=25 p=>50 p=10 p=25 p=>50

n = 50 0.951 0.950  0.945 0.934 0943 0.924

0 mn=100 0940  0.945 0.941 0.946 0940 0.934

P1 n=200 0952  0.948 0.947 0.948 0.945 0.944

n =400 0950  0.962  0.950 0.951 0.936 0.947

n = 50 0.921 0.927 0.921 0.940  0.927 0.921

0 n=100 0942 0933 0.933 0.945 0.929 0.944

P2 n=200 0944 0944  0.942 0.943 0.941 0.941

n =400  0.956 0.943 0.936 0.944  0.949 0.950

n = 50 0.941 0.936  0.931 0.933 0.932 0.940

© n=100 0944 0942  0.947 0.945 0.937 0.931

P3 n =200  0.953 0.950  0.938 0.944 0940  0.937

n =400  0.951 0.948 0.938 0.949  0.949 0.951

n = 50 0.933 0.933 0.934 0.932 0922 0.938

0 n=100 0939 0.937 0.934 0.935 0.933 0.946

Pa n =200  0.938 0.943 0.945 0.940  0.952 0.955

n =400  0.945 0.953 0.941 0.953 0.950  0.947

n = 50 0.933 0.928 0.928 0.917 0.923 0.928

(0 n=100  0.938 0.934  0.946 0.943 0.937 0.957

Ps n=200 0952  0.928 0.944 0942  0.948 0.950

n=400 0960 0946  0.953 0.939  0.945 0.944
(1, ,x,)" is the model matrix to estimate B3; separately, for j = 1,--- ,p.

The second alternative estimator we consider is a GEE assuming an unstruc-
tured working correlation matrix (GEE-Unstruc), which is equivalent to solv-
ing a variation of the estimating equation g in equation (2.4) where 2(04) is
replaced by I, ® Xynstrue and Xppstrue is modeled as a p X p unstructured
correlation matrix with p(p — 1)/2 parameters. The GEE-Unstruc estimator is

obtained using a slight modification of Algorithm [I| where we iterate between
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Table S3: Empirical coverage probability of 95% confidence intervals for each of the correlation
regression parameters with negative binomial and Gaussian responses.

Negative Binomial Gaussian
p=10 p=25 p=>50 p=10 p=25 p=>50
n = 50 0.937 0944  0.929 0.942 0935 0.928
0 n=100  0.938 0.953 0.927 0.951 0.928 0.959
P1 n =200 0939 0950 0.928 0.963 0.942  0.946
n =400  0.955 0949 0943 0957 0951 0.957
n = 50 0.942  0.933 0.937 0.933 0.938 0.923
0 n=100 0951 0942  0.947 0936  0.951 0.934
P2 n =200  0.948 0.944 0948 0942  0.947 0.944
n=400 0954 0944  0.938 0954 0943 0.952
n = 50 0.943 0918  0.932 0.933 0.943 0.938
0 n=100 0932 0951 0.946 0.951 0.935 0.953
P3 n=200 0939 0942  0.939 0956  0.935 0.957
n =400 0960  0.952 0941 0.959 0952  0.947
n = 50 0917 0938  0.948 0940 0928 0.947
© n=100 0942 0944  0.943 0.929  0.943 0.956
P4 n =200 0943 0.942  0.930 0956  0.955 0.953
n =400 0940 0954 0.941 0.956  0.948 0.950
n = 50 0.929 0937  0.946 0936  0.935 0911
0 n=100 0943 0.948  0.958 0929  0.941 0.938
Ps n =200  0.948 0942  0.949 0938  0.945 0.931
n =400  0.951 0949 0948 0.943 0.935 0.950

the two steps of estimating 3 and X/, s+ rather than the correlation regression
parameters p. Specifically, given 3,54, W€ employ a similar Fisher scoring
method to solve the modified estimating equation g with f?(a) replaced by
I, @ Yynstrue- Then, given 3, we estimate the unstructured correlation matrix
Y nstrue Via the sample correlation matrix of the n vectors €;(3), - - , €,(8).
That is, Xynstrue = {diag(ﬁ]sample)}*1/2ﬁ]sample{diag(ﬁ]sample)}*1/2, where

S cample = > {€:(8) — €(B)}{e(B) — €(B)} T /(n — 1) is the sample covari-
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Table S4: Average runtime in seconds (over 1000 simulated datasets) of Algorithm [T}

Bernoulli Poisson
p=10 p=25 p=>50 p=10 p=25 p=>50
n =50 0.050  0.109 0.341 0.044  0.097 0.306
n =100  0.050 0.131 0.491 0.047 0.132 0455
n =200  0.061 0.205 0.795 0.062  0.199 0.772
n =400 0.100  0.409 1.432 0.092  0.379 1.429
Negative Binomial Gaussian
p=10 p=25 p=50 p=10 p=25 p=50
n =50 0.181 0.624  2.205 0.008 0.022  0.071
n=100 0.166  0.636  2.195 0.013 0.036  0.124
n=200 0.176  0.705 2.430 0.019 0.063 0.241
n =400  0.195 0.839 3.028 0.034  0.131 0.513

A

n

ance matrix, €(3) = > ., €(8)/n, diag(Xsampie) is a p x p diagonal matrix
consisting of the diagonal elements of ﬁ]sample, and the definition of €;(3) is
given below equation (2.4).

Both GEE-Ind and GEE-Unstruc estimators were applied to the same 1000
datasets simulated under different combinations of n, p and response types in
Sections [ and [S7.2] so as to facilitate comparison to our proposed joint estima-
tor. However, glm.nb () tended to have non-convergence issues especially
when n is small, so the results for negative binomial responses using GEE-
Ind estimator were based on only a subset of the 1000 simulated datasets un-
der which glm.nb () converged; see Table |§_3] for the number of datasets with

converged glm.nb () results under different settings of n and p. The aforemen-
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tioned modified algorithm for obtaining GEE-Unstruc estimator also occasion-
ally did not converge when n is small, and so its results were based on subsets
of 1000 simulated datasets under which the modified algorithm converged; see
Table [S6l for more details.

Figures [S3] and [S4] show that both GEE-Ind and GEE-Unstruc estimators
offered comparable performance to our proposed CorrReg estimator in estimat-
ing the mean regression coefficients under different combinations of n, p and
response types. This provides empirical support to the robustness of the mean
regression coefficient estimator to misspecification of the working correlation
structure, as is well known under the GEE framework. Next, we compared the
performance of our proposed joint estimator and GEE-Unstruc estimator in re-
covering the true correlation matrix R© = I, + 327 o\’ W, by computing
two types of average estimation errors, spectral-error and Frobenius-error, of
correlation matrices measured under the spectral norm and the Frobenius norm,

IR — ROy and p~'?|R — RO p, where R = I, + >,_, px W, for

i.e.,
the proposed CorrReg estimator and R = ZA]Unstmc for GEE-Unstruc estimator.
Figures [S5|-[S6|demonstrate the superior performance of the CorrReg estimator
over the GEE-Unstruc estimator in recovering the true correlation matrix: this is
not overly surprising since the latter does not directly utilize the extra informa-

tion from the similarity matrices W,
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Table S5: Number of simulated datasets (out of 1000) with converged results for GEE-Ind esti-
mator using glm.nb () for negative binomial responses.

p=10 p=25 p=>50
n = 50 894 688 459
n =100 982 933 865
n = 200 1000 999 998
n =400 1000 1000 1000

Table S6: Number of simulated datasets (out of 1000) with converged results for GEE-Unstruc
estimator using the modified iterative algorithm. Dashes indicate procedures that are not exe-
cuted due to the sample correlation matrix being singular since n = p.

Bernoulli Poisson
p=10 p=25 p=>50 p=10 p=25 p=50
n = 50 953 501 — 991 789 —
n = 100 1000 991 879 1000 1000 945
n = 200 1000 1000 1000 1000 1000 999
n = 400 1000 1000 1000 1000 1000 1000
Negative Binomial Gaussian
p=10 p=25 p=>50 p=10 p=25 p=50
n = 50 985 880 — 1000 1000 —
n = 100 997 995 970 1000 1000 1000
n = 200 1000 998 999 1000 1000 1000
n = 400 1000 1000 998 1000 1000 1000

S7.4 Impact of Misspecified Similarity Measures

In this section, we conducted additional numerical studies to investigate the ef-
fect of misspecified similarity measures on the empirical performance of the
proposed joint estimator. Recalling the off-diagonals of W used for simulating

13.2 = exp(—|zj,1 — zj,1]*), we considered fitting the

the datasets are given as w](-1
joint mean and correlation regression model to the same 1000 datasets under all

combinations of n, p and response types but using a misspecified W; matrix
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Figure S3: Averaged MSE of the mean regression coefficients for the proposed CorrReg estima-
tor (circle) and GEE-Ind estimator (triangle).

with off-diagonals defined as w](.B.Q = exp(—|2j,1 — 2j,1|) while the other simi-
larity matrices are correctly specified. This estimator is denoted as the CorrReg-
Misspec estimator.

It can be seen from Figure[S7|that the estimation performance of the CorrReg-

Misspec estimator for the mean regression coefficients was largely unaffected by
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Figure S4: Averaged MSE of the mean regression coefficients for the proposed CorrReg estima-
tor (circle) and GEE-Unstruc estimator (triangle).

the misspecified similarity measure; this again supported the robustness property
of the mean regression coefficient estimator to misspecification of correlation
component of the joint model. On the other hand, and as expected, Figure [S§]
shows that the CorrReg-Misspec estimator had worse estimation performance

for the correlation regression parameters when p was large. Further investiga-
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Figure S5: Averaged spectral-error for the proposed CorrReg estimator (circle) and GEE-
Unstruc estimator (triangle).

tion revealed that these differences between the performances of CorrReg esti-
mator and CorrReg-Misspec estimator of the correlation regression parameters
were primarily driven by the estimation of p, i.e., the parameter associated with
W that was misspecified for CorrReg-Misspec estimator. This also led to the

poorer estimation of the correlation matrix using the CorrReg-Misspec estimator
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Figure S6: Averaged Frobenius-error for the proposed CorrReg estimator (circle) and GEE-
Unstruc estimator (triangle).

as demonstrated in Figures [S9—[ST0}



S7. SUPPLEMENTARY DETAILS OF SIMULATION STUDY

Bernoulli Poisson
0.301 0.0301
0.104
0.0104
0.034
0.003
% 100 200 300 400 100 200 300 400
g Negative Binomial Gaussian
0.104
0.0304
0.034
0.0104
0.014
0.003 1
100 200 300 400 100 200 300 400
n
Estimator © CorrReg 4 CorrReg-Misspec p — 10 ---+ 25 --- 50

Figure S7: Averaged MSE of the mean regression coefficients for the proposed CorrReg estima-
tor (circle) and CorrReg-Misspec estimator (triangle).
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Figure S8: Averaged MSE of the correlation regression parameters for the proposed CorrReg
estimator (circle) and CorrReg-Misspec estimator (triangle).
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Figure S9: Averaged spectral-error for the proposed CorrReg estimator (circle) and CorrReg-
Misspec estimator (triangle).
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Figure S10: Averaged Frobenius-error for the proposed CorrReg estimator (circle) and CorrReg-
Misspec estimator (triangle).



S8. SUPPLEMENTARY DETAILS OF APPLICATION TO SCOTLAND CARABIDAE
GROUND BEETLE DATASET

S8 Supplementary Details of Application to Scotland Cara-

bidae Ground Beetle Dataset

We present additional details for the analysis of the ground beetle dataset in
Section [5] Figure [ST1] shows most of the sample variances of species’ counts
were much larger than their corresponding sample means, implying the carabid
beetle species counts are overdispersed. Additionally, the straight line pattern
observed in Figure [STT]indicates a quadratic mean-variance relationship is rea-
sonable (Warton et al., 2012). Table [S7/| presents the estimated mean regression
coefficients for all 38 carabid ground beetle species and the estimated correlation
regression parameters for all five trait variables, which demonstrates different
species had distinct preferences for the environmental conditions.

We also investigated the sensitivity of the proposed model to three alter-

native ways of specifying the similarity measures/correlation component of the

-

joint model, namely, (i) by defining wj,;, = exp(—|zj;1 — 2j,1|) rather than

wﬁ;é = exp(—|zj,1 — 2j,1|?) for the similarity matrix W} associated with beetle
total length, (i1) only considering two trait similarity matrices with significant
correlation regression parameters in Table 1.e., beetle total length and breed-

ing season, rather than all five trait similarity matrices as in the main text, or

(ii1) dropping all five trait similarity matrices that is equivalent to fitting GEE
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with an independence working correlation matrix as in Section Figure [ST2]
indicates that the estimated values of the mean regression coefficients remained
mostly unchanged, while the inference results for the mean regression coeffi-
cients were also found to be largely similar to those in Table[S7] again supporting
the robustness of our proposed mean regression coefficient estimators to alterna-
tive specifications of the correlation component of the joint model. Interestingly,
Table [S§| and Figure [ST3] also suggest that estimation results for the correlation
regression parameters and between-species correlation matrix, as well as the in-
ference results for the correlation regression parameters, were largely unaffected
under the first two alternative choices of similarity measures in this application.
This lends further support to the original results in Table Finally, we note
that GEE with an independence working correlation matrix could not be used to
study the relationship between trait similarity matrices and the between-species

correlation matrix due to its implicit independence assumption.
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Figure S11: Log-log plot of sample variances for each of the species’ counts against their corre-
sponding sample means for the Carabidae ground beetle dataset.
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Table S7: Point estimates and 95% confidence intervals (in parentheses) for mean re-
gression coefficients of all 38 carabid beetle species, and correlation regression pa-
rameters for all five trait variables, based on analysis of the Carabidae ground beetle
dataset. Estimates whose confidence interval excludes zero are bolded.

Estimation of 3;

(-2.303, -0.569)

(-1.394, 0.623)

Continued on next page

(-0.120, 1.224)

Species Intercept Soil pH Elevation Land Management

A Muellert 2.444 1.382 -0.730 0.022
vuettert (2.015, 2.872) (0.631,2.132)  (-1.396,-0.064)  (-0.725, 0.682)

A oricaria 0.697 0.151 -1.649 1.615
AP (-1.528,0.135)  (-1.186,0.883)  (-2.904,-0.393)  (0.692, 2.538)

ABifrons -1.349 1.415 -2.145 0.314
: (-2.462,-0.236)  (0.134,2.696)  (-3.720,-0.570)  (-0.775, 1.404)

A Communis 0.604 -0.080 -0.439 -0.970
: (0.145, 1.062) (-0.876,0.715)  (-1.058,0.181)  (-1.741, -0.198)

A Familiaris 0.221 0.454 20371 0.474
: (-0.382,0.823)  (-0.593,1.500)  (-1.287,0.544)  (-0.509, 1.458)

A Lumicollis 0.016 0.714 -0.841 0.542
: (-0.533,0.502)  (-1.644,0217)  (-1.600,-0.082)  (-1.401,0.317)

A Plebeia 3.074 1.576 -0.933 -0.390
evd (2.667, 3.480) (0.860,2.291)  (-1.567,-0.298)  (-1.063, 0.283)

A Dorsalis 0.106 0.305 0.144 2.557
: (-0.513,0.725)  (-0.544,1.153)  (-1.064,0.776)  (1.720,3.394)

B Aeneum 2.010 1.467 -2.993 -0.236
: (1.265, 2.756) 0.262,2.673)  (-4.314,-1.672)  (-1.345,0.873)

— 1.948 0.921 -1.024 0.448
ut (1.560, 2.336) 0.264,1.577)  (-1.672,-0.376)  (-0.159, 1.055)

B Lamiros 2.160 0.877 0.721 0.985
-~amp (1.650, 2.670) (-0.011, 1.764) (0.023, 1.419) (0.132, 1.837)

B Totracol -4.375 0.715 -4.042 3.321
SCTAcotm (6,499, .2.251)  (-0.289, 1.719)  (-6.283,-1.800)  (2.182, 4.459)

C Fuscines 4.368 0.513 -0.787 -0.005
rusap (3.830, 4.906) (-0.429, 1.455)  (-1.534,-0.040)  (-0.907, 0.896)

C Melanocenhalus 3.655 0.130 -0.043 0.465
: P (3.296, 4.014) (-0.497,0.757)  (-0.535,0.449)  (-0.137, 1.066)

C Problematicus 0.298 -0.679 0.148 -1.886
: (-0.183,0.779)  (-1.323,-0.035)  (-0.294,0.590)  (-2.622, -1.150)

C Violacews -1.112 0.180 1.556 0.796
: (-1.875,-0.349)  (-1.190, 0.830) (0.835,2.276)  (-1.944,0.352)

C Fossor 2.940 0.649 -0.223 0.515
oS! (2.614, 3.267) (0.079, 1.220) (-0.681,0.235)  (-0.029, 1.059)

C Caraboides -1.856 0.534 -0.590 -2.085
' ! (-3.075,-0.636)  (-2.222,1.154)  (-1.770,0.591)  (-3.980, -0.191)

H Latus -1.436 -0.386 0.552 -1.498

(-2.737, -0.258)
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Table S7 — Continued from previous page

Species Intercept Soil pH Elevation Land Management
H.Rufipes -0.648 -0.260 -1.624 1.272
’ (-1.402, 0.106) (-1.292, 0.772) (-2.822, -0.425) (0.357, 2.187)
L Terminatus -1.388 -2.070 -1.204 -1.593
(-2.393, -0.384) (-3.539, -0.600) (-2.240,-0.168)  (-3.019, -0.168)
L Pilicornis 3.615 0.865 0.054 -0.048
(3.317, 3.913) (0.344, 1.386) (-0.356, 0.463) (-0.547, 0.452)
N Brevicollis 4.780 0.584 -1.237 -0.433
(4.120, 5.440) (-0.570, 1.738) (-2.162, -0.313) (-1.538, 0.672)
N Salina 1.855 -1.095 0.312 -0.572
(1.119, 2.591) (-2.386, 0.196) (-0.683, 1.306) (-1.803, 0.659)
N.Aquaticus -0.423 -0.953 0.286 -1.233
’ (-1.172,0.327) (-2.119, 0.213) (-0.534, 1.106) (-2.423, -0.044)
N.Biguttatus 1.668 -0.098 0.076 0.564
(1.328, 2.008) (-0.692, 0.496) (-0.392, 0.543) (-0.006, 1.134)
N Substriatus 0.599 1.295 0.096 0.673
(-0.044, 1.243) (0.184, 2.407) (-0.816, 1.007) (-0.366, 1.712)
P Assimilis -1.788 -1.392 0.263 -2.696
(-3.086, -0.489) (-2.519, -0.266) (-0.451, 0.977) (-4.333, -1.059)
PDiligens -0.618 -0.789 0.173 -1.975
(-1.439, 0.204) (-1.883, 0.304) (-0.578, 0.925) (-3.228, -0.722)
P Madidus 4.507 -0.183 -1.314 -0.505
(3.859, 5.156) (-1.317,0.951) (-2.218, -0.411) (-1.591, 0.581)
P Melanarius 3.615 0.003 -1.083 1.237
(3.183, 4.046) (-0.756, 0.762) (-1.759, -0.408) (0.522, 1.953)
PNigrita 1.079 0.055 -0.317 -1.100
(0.480, 1.678) (-0.989, 1.098) (-1.130, 0.495) (-2.108, -0.093)
P Strenuus 1.938 1.028 -0.780 -0.880
' (1.474, 2.402) (0.211, 1.845) (-1.466, -0.094)  (-1.656, -0.104)
PVernalis -0.051 0.531 -0.585 -0.645
(-0.668, 0.566) (-0.551, 1.614) (-1.505, 0.334) (-1.674, 0.384)
S Vivalis 0.881 0.579 -2.064 -0.083
' (0.274, 1.488) (-0.415, 1.572) (-3.129, -0.999) (-0.995, 0.830)
T Micros 0.049 -0.095 -1.024 1.048
(-0.858, 0.956) (-1.671, 1.480) (-2.542, 0.494) (-0.409, 2.504)
T Obtusus 1.565 -2.483 -1.381 0.850
(0.940, 2.191) (-3.664, -1.301) (-2.334, -0.427) (-0.202, 1.901)
T.Quadristriatus 2.468 -0.141 -1.298 1911
(2.064, 2.873) (-0.826, 0.544) (-1.988, -0.608) (1.280, 2.542)
Estimation of py
Total Length Leg Color Wing Development  Overwintering Breeding Season
0.061 -0.002 0.021 0.004 0.036
(0.023, 0.098) (-0.022, 0.018) (-0.001, 0.044) (-0.018, 0.026) (0.008, 0.064)
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Figure S12: Scatterplots of original estimated mean regression coefficients from Table[S7|against
those estimated using alternative specifications of similarity measures/correlation component of
the joint model and dashed lines represent the lines for y = x. Top left: Off-diagonals of W,
defined as wﬁ;é = exp(—|zj,1 — 2j,1|); Top right: Only including similarity matrices associated
with beetle total length and breeding season; Bottom left: GEE with an independence working
correlation matrix.

Table S8: Estimated correlation regression parameters and 95% confidence intervals (in paren-
theses) using different specifications of similarity measures. Estimates whose confidence inter-
val excludes zero are bolded. First row: Original specification; Second row: Off-diagonals of
W, defined as wgi;Q = exp(—|zj,1 — #j,1]); Third row: Only including similarity matrices
associated with beetle total length and breeding season.

Specification Estimation of pj,
Total Length Leg Color Wing Development ~ Overwintering  Breeding Season
Original 0.061 -0.002 0.021 0.004 0.036
(0.023, 0.098) (-0.022, 0.018) (-0.001, 0.044) (-0.018,0.026)  (0.008, 0.064)
o 0.074 -0.005 0.020 0.001 0.036
Wirga = (=121 = 2521) (0.028,0.120) (-0.025,0.015)  (-0.002,0.042)  (-0.020,0.023)  (0.008, 0.063)
0.071 — — — 0.041

Total length and breeding season only (0.034, 0.108) o o - (0.014, 0.067)
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Figure S13: Heatmap of the estimated between-species correlation matrices under different spec-
ifications of similarity measures. Diagonal elements of ones and off-diagonal elements that are
negative are greyed out.
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