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S1. Proofs

Proof of Proposition 77. Since under Pglg), Se(X1), ...,Se(X,) are ii.d.

uniformly distributed over SP~2, we have that

B[So(X)] =0 and E[So(X)$(X)] = — L. (SLD)

Therefore, we easily see that E[REZ) (6)] = 0 and that

BRSO = —— 3 EISy(X)/So(X,1)S0(X.)85(X. 1)

n J—
t,s=2

= - DE-D T = -1

The central limit theorem for 2-dependent stationary processes then en-

tails that s, "/ 2(0)Rfi") (@) converges weakly to a standard Gaussian random
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variable. Finally, the law of large numbers entails that

su(8) = trl(n™ ) Se(X,)Se(X))?]

=1

= t[((p— D' L1)* ] +op(1) = (p—1)7" +op(1)

as n — 00. The Slutsky Lemma concludes the proof. 0

Proof of Theorem ??. Consider first the case with@ = 6, := (1,0,...,0) €
RP. Clearly, X; = (V;, (1 — V})¥/28), with V; := X/0y = X;; and S; :=
So,(Xi) = (Xig, ..., Xip)'/+/1 — X3, where we used the notation intro-
duced previously. The vectors Si,...,S, take their values in SP~2, and

have joint density

n

(S1,-..,8,) = c)\exp()\(z SiSt-1))

=2
with respect to the surface area measure. Therefore, conditionally on V; =
V1yeny Vg = Up,

(1-VHY2S,, ..., (1 -VHS,,

take their values on the hyperspheres SP~2(r,,),...,SP"2(r,,) with radii

Ty, = (L —o)Y2 .. r, = (1 —v2)2 Their joint density with respect

n

to the product of surface area measures on SP~2(r,, ) X ... x SP~%(r,, ) is

(recall that the V;’s and the S;’s are independent)

n

n
WW
(le"‘vwn) %CAGXP()\(Z s Hrv,«p 2

t=2 Top vy t=1
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where 7~(?=2) is the Jacobian of the radial projection of SP~2(r) onto SP~2.
Since, letting 0,_s, be the surface area measure over the hypersphere with
radius r, do, o, = r’"2do, o, the joint density of (Xi,...,X,) with re-
spect to the product measure (p X 0,_2)" (where p stands for the Lebesgue
measure on [—1,1]) is

(X,...,X,) — cxexp(A Z Sh, (%:)Se, (x1-1))) ¢y H (1 — vy, ( Y P32 (vg, (x4)).

t=2 t=1
The result for § = 8, then follows from the fact that (see, e.g., page 44 of

Watson| (1983)))

A2 ) = (1= 43, ) 9

To obtain the result for an arbitrary value of 0, let (Xy,...,X,) ~ Pé"; y
(i.i.d. with density (??)) and pick a p x p orthogonal matrix O such that
00 = 6,. Since OI'y = I'y,, we have that (0Xy,...,0X,) ~ P((,n)g)\
Therefore, the result for @ = 6, implies that the density of X with respect
to op—1 1

(X1, -, %) > |det O] exexp(A() _ Sp, (0x4)Sp, (0x:-1)))cp, | [ 9(ve, (0x1))

t=2 t=1

= c,\exp(/\(z Sp(x¢)Se(x¢-1)))cp , H 9(ve(xt)),

as was to be proved. O
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Proof of Theorem ??. Letting 0,, := 0 + n~/?1,, first note that

AD = log H"_l/Q(TZ)’n_U%g
dP970,g
(n) (n)
dPe—i-n—l/QTn,n_l/Q@n,g dP0+n_1/2’Tmng
= log o) +log ——— ",
dPO—l—n*l/Q‘rmOy Po’o’g

so that following Ley et al. (2013), we have that (I'g := J,(9)L,-1)

n . 1
AP = n(log(c,-1/24,) — log(co)) + n~2¢, Z Se, (X:)Se,, (Xi—1) + T’,LA((, ) 57';11"97'” + op(1),

t=2

A =073 o (up(X0)) (1 — 13 (X0)) ?Se(X)

t=1

is the central sequence for the location parameter obtained in Ley et al.

(2013). Now it follows directly from |Cutting et al.| (2017)) that

1

—2(]9 1) + op(1)

n(log(c,-1/2,) —log(co)) = —
as n — 0o. Therefore to obtain the result, we have to show that

S i=n""2Y " 8) (X4)Sp, (Xi—1) — Sp(X1)Se(Xi—1) (S1.2)

t=2

is op(1) as n — oo under P((,n) . Note that under P{”  we have that

,0,9 6,,,0,9’
(n23 7 8p (X4)Sp, (Xi1), AGY)'
t=2

is asymptotically normal with mean zero and covariance matrix diag(p%l, Ty).

The Le Cam third Lemma therefore entails that under Pg,’b()),g7 n230 . Sh (X4)Se, (Xi-1)
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is asymptotically normal with mean zero and variance pil. On the other

hand, the central limit theorem entails that under P((,”)g,

ot i Sp, (X:)Se, (Xi—1) — E[Sp, (X¢)Se, (X¢—1)]

t=2
is asymptotically normal with mean zero and variance ﬁ. Therefore, under
P(”)

0,0,g

n2 Y B[S, (X4)Sp, (Xi—1)] = o(1) (S1.3)

t=2

as n — 0o. Now, letting

Toi=n""23" Sy (X0)Sp, (Xe-1)—Sh(X)Se(Xi-1)—E[Sp, (X1)Se, (Xe1)] = n /2 5,

t=2 t=2

we have that under Pé”o),g

B[T2 = n7' ) E[S"SM)]

t,s=2

n n—1
= n' Y CE(S)] 4207t Y E[SMS]
t=2

- O Dy 2 Dpsosey (51

Now writing s\ := S, (X;) and s; := Sg(Xy), the Cauchy-Schwarz in-
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equality entails that

E[(S{")?] =

E[((s8” — s5)'si" — sh(s1 — si"))?]
2{E[((s5” — s5)'s{")?] + E[(sh(s1 — si"))*]}
2(E[[ls5"” — sol|?] + E[lls1 — s |1%])

4E[||sT — s1]?],

which is o(1) as n — oo using the same arguments as the ones used in the

proof of Lemma C2 in |Garcia-Portugués et al. (2020). Now using (S1.3|) we

have that

E[sy”Sy"] =

E[((s{”)'sy" — E[(s{”)'s5"])(((s5")'sy” — E[(s§”)'sy")))]

= E[(s{V)sy” (s8] + o(1)

G

(n) _

s1)'sy"” (s57) (s§") — s3)] + o(1)

< B[ —sy)ll] + o(1),

which is o(1) as n — oo using the same arguments as the ones used in the

proof of Lemma C2 in |Garcia-Portugués et al. (2020)). It therefore follows

from (S1.4) that 7T, is op(1) as n — oo under P((f&g. Combining this with
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(S1.3), we obtain that S, in (S1.2)) is op(1) as n — 0o. The result follows.

OJ
Proof of Proposition ??7. First note that letting

TV = (p— VYR (6), RY)©),. .., R)(0)),

(n)
H

we directly have from the central limit theorem that T;” converges weakly

under P((,n; to a Gaussian random vector with mean zero and covariance

matrix Iy. Point (i) follows. Theorem ?? can be used to apply the third

Le Cam Lemma and directly obtain that ng) converges weakly under

P(n)

_ to a Gaussian random vector with mean
0.n—1/2¢(n) g

(p—1)"Y2¢,0,...,0)

and covariance matrix Iy. The result then follows readily using (??7). O

S2. Complements to the real data illustration

In Figure (10| we provide plots of the sunspots locations for solar cycles 16
to 24.

In Figures[I1] and [I2] we provide the partial autocorrelation functions of
(i) the absolute values |Xj,8],...,|X], 8] of the latitudes for various solar

cycles; (ii) the latitudes X3, ..., X, @ for various solar cycles and (iii) the
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cycle 16 cyole 17 cycle 18

cyele 19 cycle 20 cycle 21

cyele 22 cycle 23 cycle 24

Figure 10: Plots of the locations of sunspots for solar cycles 16 to 24. The locations
are colored with a red-yellow gradient according to the relative position of the sunspot

appearance date within the solar cycle in order to visualize the Sporer’s law.
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angle associated with the longitudes for various solar cycles (each longitude
or meridian is a bivariate unit vector and is therefore characterized by an

angle).
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Figure 11: Partial autocorrelation functions of (i) the latitudes, (ii) the absolute values
of the latitudes and (iii) the angles associated with the longitudes for various solar cycles

(cycles 19 to 21).
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Figure 12: Partial autocorrelation functions of (i) the latitudes, (ii) the absolute values
of the latitudes and (iii) the angles associated with the longitudes for various solar cycles

(cycles 22 to 24).
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