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S1 Overview

There are many theoretical results in this work, and some of the proofs have
significant similarities. Therefore, we only present the proofs that introduce
new ideas or methods. The rest of the proofs can be given by applying the
proved results or similar arguments.

Specifically, the presented proofs include those of Lemma 2, Theorem
2 and Lemma 4.

Throughout the supplement, the manuscript, “The method of limits
and its application to the analysis of count data in genome-wide association

studies”, is referred to as MS.

S2 Proof of Lemma 2

Let us first assume that the entries of Z are N (0, 1); later we relax this as-
sumption. It can be shown that, given «a, (y;, z;),4 = 1,...,n are condition-
ally independent. We have T = n"2 3", ;2] ZiYin Vi, = N2 D05 2, Uiy Wi,

where u; = y;z;. Write

u;'lulé = E(uil ‘a)/E(uh‘a) + E(uiz ’Oé)l(sil + E(uil |O‘)/6i2 + 6226i17
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where 0; = u; — E(u;|«). Then, we have

T = o 3 Bl o) E(usla) + 5 3 Blugla)d, + 5 3 6,0

1742 1742 i1742

=Ty + 2119 + 113,

(S2.1)

with the terms defined in obvious ways. It can be shown that
E(u;la) = elootr™ /)2 (i) N;. S2.2
(uila) 7 (52.2)

It follows that

g (O o 1
Ty = ef0tp ' (%) <N2 - = ZNE) RN N2wo2e®tteri  (82.3)
p ,

Next, we have T, = e(angp_lala /2((1/\/]_?)/7172 ZZZI(ZQ#M Nz )5z1 It
follows that

1 21— lala «
B(Tl0) = et (%) >

i1=1

(; )Var i) <%)

Using the fact that for v ~ N(0,1), we have E(v%e®) = (1+a?)e*"/? for any
constant a, it can be shown that E(eMiz;z!|a) = eX /2P e'a ([ 4 X2~ 1aa/).
It follows that

Var(u;|a) < E(uu;|a)

= N;e8/2E (e 2,20 ) + N2eX0E(e® 2,2 )

/ /

< INZACEH ) (Ip + 4O‘O‘I>
p
(S2.4)
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(for symmetric matrices A, B, A < B means that B — A is nonnegative

definite), hence

a)’ ( « ) iy oo oa\?
— ) Var(uy |a <2N]e 2Aogtp~rela) ( ) :
(ﬁ) (sl VP p p

/
<o 22 (S| 5 ()
p

i1=1 \j27#u1

/ / 2
iy ~1
< 2630 1aa>{0‘0‘+4(—w> }(nn4 : > " N2N,

p p 11712

using the Cauchy-Schwarz inequality for the last step. It is seen that
E(TE|a) = op(1), hence, by the dominated convergence theorem, it can
be shown that

Tio = op(1). (S2.5)

Finally, we can write 3, _, &;,0;, = 27 ) diy, where di, = (32, i, 6i,) 04y,
Fi, = oo, ui,i < 4p), 1 <4y < nis asequence of martingale differences.

Thus, using the martingale property, and (52.4), we have

4 n
E(T5a) = s Z E(d;

i1=1

_ %ZH:E{ (Z 512> Var(us, ) (Z 612>

i1=1 12<%1 12<11

— % Z tr {Var(uil |av) Z Var(ui2|04)}

i1=1 12<i]

< geflottr oo J 8 (O/O‘) LB (
p p p

It is seen that E(T%|a) = op(1); thus, by the dominated convergence theo-

)

) } 1D NN

11712
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rem, we have
Ti3 = op(1). (52.6)
By (S2.1), (S2.3), (S2.5) and (52.6), the result follows.

We now relax the normality assumption. What we do is to revisit the
places in the proof, where the normality assumption was used, and make
appropriate changes under the sub-Gaussian distribution. The first place
is (52.2). Note that we can write E(u;|o) = N;e%/2E(e z;|a), and the jth

component of E(e¥z;|a) is

E(Mij’a):E{exp(ﬁ ) }E[E{Xp(%)

By Taylor series expansion, it can be shown that

fon ()-8 (5 e

By Lemma 2.3 of Jiang et al. (2016), there is a constant K > 0 such that

af (521

E(|zix|?) < (K\/q)?, ¢ =1,2,.... Also, by Stirling’s approximation, there

is a constant ¢ > 0 such that (K,/q)?/q! < ¢(1/2)?, ¢ =3,4,.... It follows

peege(n)

a? c \Oék\ ’
=14+ k4 ( ) (S2.8)
2p 1— \ak|/2\/ﬁ 2\/]3

< exp oz_i_'_ ‘ ('ak|>3
- 2p 1 —|awl/2yp \ 2P ’

that
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using 1 + x < e” for all z € R for the last step. On the other hand, on the

set A = {(maxi<p<p |])//P < 1A (2/¢)}, we have |ay|/2,/p < 1/2, hence

‘1—|u:|/2ﬁ(§/kzlo)‘§2 (|}|)<2

It follows that the expression inside the exponential on the right side of

(S2.8) is nonnegative. Then, using the inquality 1 + 2 > e* /2 for x > 0,

b2k ()

Qg c

B ”%‘ = [anl/2vp @%)

> exp oz_%_ ¢ (’O‘k|>3_u_i
= 2p 1—al|/2¢/P \2/D 2 (°

where u;, denotes the expression before —u? /2 inside the latest exponential.

we have, on A,

{on (35

It can be shown that, on A, we have ui < af /4p? + c*|a|8/16p3. Tt follows
that, on A, we have

2 3 4 2,6
ap o] ap  ccap Qg
P A%k Tk <E L

o <2p s syr) = O TP

ay C|04k:|3
< exp (2]9 + 4p3/2 )

for any k # j. It follows that, on A, we have

1 2 c 3 1 4
exp | 5D 0k — 55 )l —mZ% 232
Pz P Ly

k#j

3

<HE{eXp(\/_sz) Oé}SGXP< Z k+4 3/2Z| k|>
oy k#j
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Note that the left side of the above inequalities can be written as e® ®/2P=9

o' af2p+h;

while the right side can be written as e i, where

2
_ ¢ 3, 1 4 c? 6 %Y
9; = 4p3/22|ak| +8—pzz%+32—p32%+2—’
k#j k#j k#j
2
]
hj = 4p3/2 Zl - 2_

Write a; = Hk# E{e(ak/\/ﬁ)zik

a}. Then, we have, on A,

jaj — €] < ™% max {[e — 1|V | — 1]} = e/ Dy,

with D; defined in an obvious way. It can be shown that D; < 6D3/\/5(D4/\/]_)),

where

p

p 2 p
c 3 D, 1 4 c 6
) Dy =Dyt — > b Y
4p < |ak’| + 2\/]37 4 3+ 8p3/2 < ay, + 32p5/2 P Qs

and Dy = max;<;<p oz?-. On the other hand, by similar arguments, it can

be shown that

a.
bj =FE {exp (_]ZU> Zij
VP

with |r;] < clay|/2,/p. It follows that

a} = 7”_(1 +7;)

o]

VP

c
—D
> 2p04] =9 2
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Combining (S2.7) and the above results, we have, on A,

’E(ewziﬂa) _ ea’oc/%ﬂ

VP

)

b

/ D
< ¥/ —2D1 + i(1 + D1)D,
p 2p

= eo‘/o‘/Qp—D2 {E (1 + €D3/‘/ﬁ& v Do+ eP/VP D,
VP

[ 2

< laj — e P] by 4 e/

where D is defined in an obvious way. Thus, on A and for any i; # iy, we

have

e
E(e¥ 2, ) E(e72 2,5 ]a) — e /P —L

p B(e2 2, ] )

< ’E(e’”l Zilj’Oé) _ ea/a/%ﬂ

VP

< 2 <ea’a/2p|a_j + 2) + ea’a/%‘_'
- p N/

D (o [P2 DY
p p p

Combining the above results, we have, on A, that

IN

2 p 2
e _ _ oot
T =T+ 5 é' Ni, Ni, E 1 {E(GMIZi1j|a)E(6%2Zi2j|@) —e /p?]}
11710 ji=

=Ty + T,
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where Tj19 is the same as the left side of (S2.3), and Tj;; is defined in
an obvious way. According to (S2.3), we have T RN N2wo2eootwot,
Furthermore, by (52.9), we have

/ D D
|T111| S GU(Q]D 2e” o/ |2 +—1.
p p

It can be shown that max;<;<, |a;| = Op(logp), hence Dy = (logp)*Op(1).
It is then easy to show that D = (logp)?Op(1). It follows that Ty;; =
{(logp)?/\/p}Op(1) = op(1). It follows that T3, converges in probability to
the right side of (S2.3).

Next, write Tjs = 2¢%0/2n 723" _ d;,, where d;, = 3, ;. NiyE(e722, |a)}s;,

iaiy

For iy # 4}, 0;,, 0, are conditionally independent given W; thus, we have
(5215; |W) (521 |W>E<5Z’1 |W) = Vi Vz{’la

where v; = E(u;|W) — E(u;|a) = N;e"z; — E(u;|a). It is seen that, given a,

Viy, vy are conditionally independent. It follows that
E(0;, 67 la) = E(vi, vy |or) = E(vy, [a)E(]; ) =0,
hence

E(diydy o) = {> ) Ni,E(e72 2], |a) YE(6;,6) ) { > | Ni,E(225,]a)} = 0.
9741 iaFi1)
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It follows that

B(THhla) = 4e7n™ > " E(d?

i1=1

_4 % o

<S5 ey B o {z |>}
i1=1 \ia#i1 12711

86300 - / 21 2 ;
Z ZN E(e"2z,|a) ¢ Ni E(e ez 2! z; Z E(eY2z;,|a)
i1=1 Uia##i1 12711

86300

Z Z N2 N, Ny E(e72 2] |0)E(e27 2, 2/, [a) E(e ™% 2 )

t1=11dg,il,#iy

86308 n p N
. . -/
= Z Z Nlei?Ni/z Z E(e*1 24, 2,1 | a)E(€72 2, ) E(e 22y kla).
'lA1:1 ig,ié;ﬁil j,k:1

By similar arguments, it can be shown that, on B = {max;<;<, [a;]/\/p <
1/2}, we have

“lo/a

4
'E(e%zijzma) — % aja

| < (l‘fﬁp)gop(l), 4k,

’E(62%22 |Oé) 62p*1a’a

log p
< Op(1),
= D (1)

where, and hereafter, the Op(1)s do not depend on any of the indexes.

Furthermore, by earlier results, we have |E(e¥z;la) — e/ (a;/ VD) <
{(log p)?/p}Op(1), which implies

o/ X0k
p

logp)3 .
< Op(1), Vi k.
_(\/]_) P() J

‘E(G%? Zinj| ) E(e 2 2y o) — €

It can then be shown that, for j # k, we have

A A . 4 ,
‘E(ez%lZiljzilk)E(e%QZizj’a)E(‘?%Zi;k!a) B 17631) “eafa}| <
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and, for 7 = k, we have

. 1 .-
‘E@“zéra>E<e'ﬁzz-2j|a>E<e%'2%j\a) — —etraeg?

log p)3
< Op(1).
- ( ) o
Combining the above results, it follows that

/ 2 / 5
logp)®  (logp)® n—l
E(T2|a) < Op(1 <O‘O‘> L | + E N2NZ,
( 12| ) P( ){ p P \/]—) \/]—? =, 2

which is op(1) by the following fact, which follows from the assumptions:

nvp 9 272
— > NN =0 (S2.10)
i1#i2
[a V b = max(a,b)]. This implies Tj5 = op(1).

Finally, let us consider Ti3. It follows by an earlier result (see the
beginning of the proof; note that this has nothing to do with the normality)
that, given o, u; = y;2;, 1 < i < n are conditionally independent. It follows
that E(u;|Fio1) = E(uilug, ..., u;_,,a) = E(u;]a), hence E(6;|F;—1) = 0.
Thus, 9;, F;,1 < 7 < n is still a sequence of martingale differences. Thus,

by earlier arguments, it can be shown that E(TE|a) <

8
ﬁe“g Z N2 N2 ZE ziljzilk|a)E(62%'2 Zini Zigk|CY)

117102
= %6408 Z Ni21Nz'22 <Z+Z)
(L ik =k
_ —0P )Y N2N,

11742
which is op(1) by (S2.10). This implies 713 = op(1).

The proof is complete.
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S3 Proof of Theorem 2

Part (I): Similar to the proof of Lemma 2, given a, X, N, (y;,2:),i =
1,...,n are conditionally independent. Furthermore, for any fixed vector

a = (aj>1§j§p € ]Rp, define

cp(a) = E(e”™) = H E{exp(a;jz11/v/p)},
and d,(a) = [dy(a;)]1<j<p with

E(z11 exp(a;z11/y/p)}
E{exp(a;z11//pP)} '

dy(a;) =

where the expectations are taken with respect to the distribution of zi;.

We have

E(y|a, X, N) = Ni6u+5:;/§+a§/2cp(a) = f(2;, N;, o),
E{yl(yl - 1)|OZ7X, N} - (Ni6#+jié+gg)2cp(2a) = g<i‘27 Ni7 Oé),

E(y:zi|a, X, N) = Njet #5982 (0)d, (o) = h(i;, Ni, ).

Let y(y — 1) and S denote the left sides of (2.10), (2.11), and bs, s =

1,2, 3,4 the right sides of (2.8)—(2.11) of the MS, respectively. The following
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expressions can be established:

or(1)
\/ﬁ Y

1 — 2b2d2 OP( )
Ty — by = (1 + 0—3> by A + e E(Ny) T Z (Z hw) 02iy + o

11=1 \iga#i1
OP(l)

\/ﬁ b
S — by = byA + E(fi|a){28'ds — E(f1]e)(8'DB + 2d'B8)}

S e

i1=1 \ia#i1

b - - _
ﬂ—blzéA—i-dl—Fél—i-

y(y — 1) — by = 2b3A

where A = p~' 37| A; with A = o 202 dy=n"tY" dy, 5 =1,2,3,4
with dy; = f; — E(fi|a) and f; = f(Z;, Ni, a), do; = v; — E(v;]a0) and v; =
N;ie™P, dy; = g;—E(gile) and g; = g(i, Ni, @), dui = ti—E(t;|a), t; = fi(w;—
b), and h; = h(Z;, Nj,a); d=n"1 3"  d; withd; = 2;—b, D =n"1Y" D,
with D; = d;d; — B; 61 = y; — E(yilo, X, N), 62 = yizi — E(yszi|a, X, N),
63i = yi(yi — 1) — E{yi(y; — V|, X, N}, and 6, = n7 13" g, s = 1,3.
Note that E(fi]a) = e#H@8+)/2E(N))e,(a).

From the first two expressions, and Taylor expansion, we have

=——Vn(y—b)+ \g—;(T1 —b2) +op(1)

= M, + My + Ms + op(1),
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where M, = Z§:1 My; and My =3"" | Mg, s =2,3 with

by

Mi: — N
Y ezp
2b do; dy;
MQi = 2 2 { 2 2 - _1} )
bivn | e”PE(Ny) b
2
Ms; (h,52¢ - 0351510,

T ®yn
where h =n~t Y"1 | h;. It can be seen that dy; = et t96/2¢, (a)dy;. Thus, we

have

a, —  2alep(@) — e/} (2

= op(1
b2el@atm)/2E(N)) \/ﬁ) or (1),

because, by the proof of Lemma 2, we have
cp(a) = €782 4 op(1), (S3.1)
and dy./\/n =n"Y23""  dy = Op(1). Thus, we can write
V(62 — 02) = My + Mz + op(1) = Y My + op(1), (S3.2)
k=1
where M; = M,;,1 < j < p and M,y; = Ms;,1 < ¢ < n. Define F; =
o(ajr,j <), 1 <j<pand Fpy; = o(a, X, N,yp,zir,7" <1i),1 <i<n.
Then, M, Fr,1 < k < p+ n is an array of martingale differences. Note
that My, Fi. depends on n,p, but the latter are suppressed for notational

simplicity. According to the martingale central limit theorem (Hall and

Heyde 1980, p. 58), to show that M = Y2 M, BN N(0,0?%), where o2 is
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a positive constant, one needs to verify the following three conditions:

max M — 0, (S3.3)
1<k<p+n
p+n
S o (S3.4)
E ( max Mk> is bounded. (S3.5)
1<k<ptn

(53.3): First, we have max;<;<, |Mi;| < (v/n/p)(logp)*Op(1) = op(1).
Next, we have E(y;|a, X, N) = e#t96/%¢,(a)v;, hence max<i<y, |01;] <

2
maxi<j<n Yi + e“+00/2cp(a) maxj<;<, v;. For any constant ¢ > 0, we have

2
Y < c+ 2 < c—l—1 ¢ +OP_(1)_
c c

Thus, by first choosing ¢ sufficiently large and then letting n — oo, it
can be shown that n~'/2maxi<;<,y; = op(1). By similar arguments, we
have n~Y?max;<;<, v; = op(1). Furthermore, write w,(a) = c,(a)d,(a) =
[wp;(a)]1<j<p- By the arguments in the proof of Lemma 2, it can be shown

that we have the following expression:

2
; o? ;
wy; (@) = (—] + rpj) [] (1 + £+ spk) = <— + ij) R,;,
\/ﬁ k#j 2p \/]_)
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hereafter, the Op(1)s do not depend on any indexes. It can then be shown

that, with probability tending to one, one has

da Op(1) da  Op(1)
— A ;< —_—t — 7.
eXp{2p N }_Rp]_eXp{2p+ NZZ

It follows that |R,; — e**/?’| < Op(1)//p. Thus, we can write

wy; (@) — D golaft = &(Rpj — o) 4 Tpj iy

VP VP
to get [wp;(a) — (az//p)e**| < p~'(lay| + af)Op(1), 1 < j < p. On the
other hand, note that h; = e*+96/2p,w,(a). It follows that

1 /
32 (Z hi’) 2

il i

Op(1)
Vn o 1<i<n

where 0 = n~' 7" | v; and w; = |w),(@)dy]. Recall u; = ;2 = (uij)1<j<p-

< e“*”g/217n’1/2|w;(a)62i\ <

It can be shown that E(|u;|*la, X, N) < Op(1)(v; + 1). Now, for any

constant 6 > 0, we have

P(maxwi>5\/ﬁ

1<i<n

a, X, N> <> P(w; > dv/nfa, X, N)
=1

3
a, X, N

1 n p
< W ;E ]Z:;ij(a)é?ij

n p 3/2
c
S 55,92 > E {Zw;j(a)agij} o, X,N|,
i=1 j=1

using the Marcinkiewicz—Zygmund inequality [e.g., (5.71) of Jiang (2022)]
for the last step, where dq;; = u;; — E(u;;|a, X, N). By an earlier result, it

can be shown that w?;(a) < Op(1)a}/p, where the Op(1) € o(a). Thus,
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we have

» 3/2 L 3/2
X Pz
Jj=1 J=1

1 p
<Op(DEQ = a6 *| o, X, N
P
Op(1) &
< Qo 5™ 0, Py o X, )

=

< Op(1)(v] + 1),
using Jensen’s inequality for the second step. Combining the above re-
sults, we have P(maxj<j<,w; > d/n|a, X, N) < Op(1)/§%\/n; thus, by
the arbitrariness of §, and the dominated convergence theorem, we have

-1/2

n maxj<;<, w; = op(1). Combining the above results, we have max;<;<, |Ms;| =

op(1). Thus, (S3.3) has been verified.

(S3.4): First, by the law of large numbers, it is easy to show that
- 2 bin - 2 P 4
ZMU - b40.4p2 ZA] — ’)/O'a(?ﬂ/J - 1)7
j=1 i ge j=1
where ¢ = w™!. Next, some tedious derivations show that
n P 4
> E(ME|Fprin) — b—%{ai(bl +03) + 0303} (53.6)
i=1
Furthermore, it can be shown that Y » {M3, — E(M3|Fpric1)} 0.

Thus, Y, M3, converges in probability to the same limit as the right side

of (S3.6).
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(S3.4) has now been verified with 02 = v, given more explicitly by (22)
of MS.
S$3.5): We have maxi<i<, M2 < (by/b?02)%(n/p?) Y F_, A2 Tt follows
SISp 1j 1%« =1y
that
B max M2 ) < (22 204(3¢ — )=
i<j<p. V) T \ble2) p

which is bounded. Similarly, we have
2 _c - 2 TI5 N2
E (1@% M&) < i ;{E(dli) + E(R'65)%}

for some constant c. It can be shown that E{c,(a)} < (1 — ¢;02/p) /% —
e17/2 for some contant ¢; > 0, and similarly E{c,(2a)} < (1—4c¢,02/p) /% —
22191 Furthermore, it can be shown that E(0%) < f; + e2#90v2¢,(2a). Tt

follows that
B(5%) < e O RE(N B ey (a)} + 0o B (N2 E{ ey (20)},
which is bounded, hence n=! 31" | E(%,) is bounded. Next, we have
E{(W63:)%|a, X, N} = h'Var(us|a, X, N)h < W'E(usufa, X, N)h.
It can be further shown that

WE(ud|a, X, N)h < e3#+98/2) (@)2viw;(a)E(ea/’§i zizi|a, X, N)wp (o)

4+ nt3ag (@)%fwé(a)E(eh/gi2122‘047 X, N)w,(a)

_ e3(u+a(2)/2) (1—))2%[1 + e4u+3a§ (@)2%2]2’
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with I, I defined in obvious ways. Note that

p

Il = Z E(ealgizi]’ziﬂaa X7 N)ij(a)wpk<a)'
7,k=1

Recall wy; = E(z11e%%#/VP) [T, E(e®#i/VP); similarly, we have

E(leeajzn/\/ﬁ)E(zneakzn/\/ﬁ) H E(eazzzu/\/ﬁ)7

E(ealgizijzikm, X,N) =
1£4.k

where the expectations are taken with respect to z1;. It follows that
(e zizinlor, X, N)wps (@)wpr(@) = Ap(ap) Ap(an) [T mplcn),
I£5.k

where Ay(a) = {E(z11e""/VP)}2E(e®/vP) and pp(a) = {E(e1/vP)}3,

Thus, we have

E{E(e"% zijzanla, X, N)uwps(@)wpr ()} = [E{A (1) P [E{pp(0n) 1P~

Using Jensen’s inequality, properties of normal and sub-Gaussian [e.g.,

Lemma 2.3 of Jiang et al. (2016)] distributions, and Stirling’s approxi-

mation, we have

E{pp(en)} < B(e=/V7) = E{E(E01/VP|by, 2,,)} = B{e®/2iet)

902\ ¢ 2% = /9052\? E(z2q)
< E{e97/20)2 Ed1 291\ Ay 907 11
{e b=Eql+ Z ) a2l T) g

q=1

c
p

9o \/_2(])2‘1 (9 5 5)\*
<1+c§ < 1> ——1+c§ “ed?K2) <1+
V2rq(q/e)s —\p

for large p, where K is a positive constant, and c¢ is a generic constant

whose value may be different at different places (same hereafter). Thus, we
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have
By ()2 < (1 ' ]3) e

On the other hand, it is easy to show that

<11€ =— — | ———F=—+r(a
11 Jp N p b 1

q=2

with r(c;) defined in an obvious way. Furthermore, we have

—2 3
a1z 6]
()| < —E{ 2 Z (’ 1 11|) }S %E(yzllli’)ealzuv\/ﬁ).

Similarly, we have E(e®#11/vP) = 14-5(a) with [s(ay)| < (a2 /2p)E(23, elozl/vp),
It follows that A, (ou) = {a1//p+7(cn1)} {1+ s(a1)} = of /p+ R(a), and,

by the Cauchy-Schwarz inequality, it can be shown that

(0] v DB IV <

n3/2 (Oﬁ v 1)E(€3|alzu‘/‘/ﬁ)a
p

R(aa)| <~ i

using Jensen’s inequality for the last step. Thus, by similar arguments, we
have

E{Ap(a1)} < ——{B(eblor=nl/ VP12,

o2
_a

P 3/2
where the last expectation is with respect to both a; and z;;. Furthermore,

we have

BtV =1+ 37 <

q=1

q'

)q E(|ou|1)E(]211]7)

Sle
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where K, K, are positive constants.
Combining the above results, we have E(I;) < p?(¢/p?) = c. Similarly,

it can be shown that E(/y) < c¢. Therefore, we have
1~y —
= CE{(W6x)?} < e TOE(@0) E(L) + eMBIE{(0)207}E(L) < c.
n
i=1

Note that it can be seen that Iy, I depend only on «, hence are indepen-
dent with the v;s. Also, it is easy to show that E(7)® < €2 /2E(N?) and
E{(0)20?} < 8" E(ND).
(S3.5) has now been verified, hence the proof for part (I) is complete.
Part (II): Because S, Ly B>0 (positive definite), there is a constant
a > 0 such that Ay, (S;) > a with probability tending to one. By similar

arguments, it can be shown that
V(65 — 03) = My + M + op(1) = >~ My + op(1), (S3.7)

where M2 == Z:'Lzl Mgi, M3 == Z?:l Mgi with

21 \/ﬁ 2W27 2b3 bl 44 14; 5 i
Ni —E(N) N} = E(NP)
E(N) 2E(N?) ’
2 IU/:i" 51. 5/52' 53'
M i — _]_ . 2 2 _ 1 o 1 _Z o 7 _z
; \/ﬁ () { (0-04 T bl ) bl b% * 2b3 ’

where a; = E(f1]a) /b1, as = {(a§+72—1)cp(a)—aie"i/2}/{6(‘73”2)/2E(N1)},

w=n"'Y" w and w; = fi&;; and M; = My, My, = My, 1 <@ < n.
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Note that the M notations are re-defined [after proving Part (I)] to avoid
notation complexity. Similarly, re-define F; = o(a, xy, Ny, 0" < @), Fppi =
o(a, X, Ny, zir,i' < i), 1 <i<mn. Then, My, Fy,1 < k < 2n is an array
of martingale differences. Thus, again, to show Ziil M, N (0,0?) we
need to verify (S3.3)—(S3.5) with p 4+ n replaced by 2n.

(S3.3) can be shown similarly using the results or arguments from the
proof of part (I). It follows, by the dominated convergence theorem (e.g.,
Jiang 2022, Theorem 2.16), that the convergence in probability also holds
conditional on X = o(z;,i =1,2,...).

(53.4): First consider > | MZ. It is easy to show that Y » {MZ —
E(MZ|F;,_1} = op(1). Next, write U = aady; + d3;/2b3 — (a1/b1)'dy;, V =
aid;B+(ai/2)8' DB, and W = {N;—E(N1)}/E(N;)—{N?—E(N{) }/2E(N?).

Then, we have

E{(U+V+W)?|a) = E(U?|a)+2{E(UV|a)+E(UW |a)}+E(V?|a)+E(W?).

We have E(W?) = var[(Ny).] — cov[(N)., (N?).] + var[(N?).]/4, where for
any random variable ¢ with finite, nonzero mean, (, is defined as (/E(().

Also, it can be shown that E(V?|a) = (72/2)(7% 4 2)a]. Furthermore, some
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tedious derivations show that

2

2
E(UVla) = 5 (7 + 2" PE(Ny)atay + (7% + 1)62(“+08+72)E(N12)cp(2a)Z—;
7'2 2., .2 ad
— ?(7'4 + 472 4 2)ert(o0tT )/2E(N1)cp(a)b—1;
1

B(UW|a) = 712 {az _ <% ) ey (a)} {Var(Nl) ~ cov(Ny, Nf)}

| E(N) 2E(NY)
n cp(2a)€2(u+03+72) cov(Ny, N?) B var(N7) |
2b3 E(M) 2E(N) |7

B(U%a) = ¢ [ B(ND) — {B(N) ] o3

2 2 /9472 2
B b_a1a2726”+00/2+T Cp(o‘) [26T E(N%) B {E(Nl)}2]
1
2
+ (z?) Pt o) | (472 4+ e B(ND) — PHE(N) Y]
1

+ %62(N+0’3)+572/26p(2a) {€2T2E<N13) . E(Nl)E(Nf)}
3

2

B 21;' 63“+(5/2)("3+T2)cp(Oz)cp(QOé) {362T2E(Nf) - E(N1)E(N12)}
103

2 (20)

4ea%

{e (N2 -1},

It is seen that all of the above expectations do not depend on any index.
Furthermore, it can be shown that —E(UV]a) and E(V?|a) converge in
probability to 72(72 + 2)/2; —E(UW|«) RN E(W?), whose expression is

given above; and

E(U2a) = (7* + 372 + 1)e” E{(N})2} — (272 + 1)eX" E{(N}).(N?),}

ATE{(ND2 - 1]

| =

+
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It can then be shown that >, E(MZ|a) converges in probability to
vp = (74370 + e — BE{(N)} — 4{(2r° + 1)’ — BE{(V).(N]).}
+ (e = DE{(N})2}

= E [2(N).{(1 = 72)(™). + 72(Yae"). — 1} — (N2).{(e™), — 1})7,
(S3.8)

where Y3 is defined above (2.19) of MS. Combining the results, we have
2oy M, — Ut
More tedious derivation shows that > | M3, N V3, Where
vy = 4 [{(02 + 2+ 12402+ 722 — (71 4+ 372+ 1) | E{(N})?}
—4 {(203 12 4 1)e? — (212 4 1)6272} E{(N).(N2),}

+ (e — ) B{(VD)2)

L2 { -~ EWN)B(NY) (02 +7° + 1)} 42

b {E(ND)}? bs
2
= [b—(ai+72—1—}3—}§)}/
1
Y(Y —1) 2

n 241 (). + T2V — <e2Y3>*<N%>*] ,

(93.9)

bs

where, in addition to Y3, Y7, Y, Y are defined above (2.19) of MS. Note that
v3, + v3y = v3, which is equal to the right side of (2.18) as well as (2.19) of
MS, because the random variables inside the expected squares on the right
sides of (S3.8) and (S3.9) are orthogonal to each other (i.e., the mean of

their product is zero; hence, v? is equal to the mean squared difference of
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those two random variables).
Combining the above results, (S3.4) has been verified with o2 = vZ.
The verification of (S3.5) is similar to that in Part (I). The indicator
IAmin(S.)>a] Plays an important role to make sure that (S3.5) holds. The

proof of part (IT) is complete.

S4 Proof of Lemma 4

First introduce some notation. Denote i = (i1, 42, 143,%4). For any quantity

indexed by %, say, ¢;, ¢; is defined as g;, - - - ¢;,; similarly, for a quantity

indexed by 4,7, say, ¢ij, ¢ij = Qij- Q- Let T ={i:1 <4, < n,r=

1,2,3,4 and iy, 19, 13,14 distinct}. For any 4,4’ € Z,iN¢, ¢\ ¢, and ¢ \ ¢

denote the subsets of indexes that appear in both ¢ and 7/, in 7 but not
/

in 7, and in 7 but not in 7, respectively. Recall u;; = z;v;. Let p;, =

E(y|W, X, N) = e NenFvtes with v, = o'%;, and pui; = 2.

First, it can be shown that E(Ty|a) = et t2(08+p™ a'at) fE( N} )} 4p~1 D it

{(logp)®/\/P}Op(1) L 3¢b2. Thus, it suffices to show that var(Ty|a) =
OP(l).
Let ( = (n—1)(n—2)(n—3)Ty = >7_, > ;7 uij- We have

var(C|a) = Z Z cov (uj, ukla). (S4.1)

7,k=143'€T
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Note that cov(u;;, uig|a) = E(ujjug|o) —E(pij|a)E(u| o). ind’ =0, it is
easy to see that E(u;uyi|a) = E(pij|o)E(pik|cr), hence cov(u;, uik|a) =0
for all j, k. Now suppose i N’ # (). By earlier results (see the proof of

Lemma 2), we have

E(pyla) = e 20 E(N) FHE (216" o)}

4 5
Apt2(od+ptalatr?) g v, 1A (log p)
=e E — 4 Op(1).

Furthermore, we have E(u;;uyi|o) = E{E(u;ui|W, X, N)|a} and
E(ugjupy|W, X, N) = H Zpj ek ( My + 1) H Horj H k-
reind rei\i’ rei’\i

Thus, we have E(u;juy|a) =

H E{erzrk(ﬂr+#72~)|a} H E(:urj|a) H E(,Urk|a)

reing’ rei\i’ rei\i

+(og+77)/2 2(ptod+12) 2 2 i
= {e“ 0 E(N)E(21216€™ o) + e W T0TTE(NT ) E(21211€ 71|oz)}

. 8—2lind/| \ i
y {€#+(Uo+7 )/QE(Nl)} (E(z;¢™ )} {E(2pe™|a) }EM

By earlier results, we have E(z1,e7 |a) = ep_lo‘lo‘/Q(aj/\/ﬁ)—f—(log p/+/P)?*Op(1),

hence

{B(agjem o)} {B e o)

~outh) (%>u\m (%)i'\u - ouh) (li/gﬁp)g—2|m/|'
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On the other hand, if j # k, we have, again by earlier results,

e’“L("%J“T2)/2E(N1)E(zljzlkey1 lar) + eez(‘“L“(QJ”LTQ)E(le)E(zljzmeQ71 |a)
— 0p(1) { (2] + (1°gp)3} |
P VP
It follows that, when j # k, cov(u;;, uyk|a) is bounded in absolute value by
Op(1) { can (logpy} |
p vP ) |

therefore, > ;> inizp [cov(uij, uk|a)| is bounded by

2
1 (1L log p)°
Or(1" —2<‘Zaﬁ> e

P’ \p

If j = k, then, by earlier result, we have
TR (N E(27,€7 ) + 20 0TTIB(ND)E(2F,6*7 [a) = Op(1).

Thus, considering [i N 7| = s (1 < s < 4), it is seen that cov(u;;, uik|) is
bounded in absolute value by Op(1){(;//p)* > + (log p/\/P)? **}; there-

fore, we have

. 10gp)9 2s
ZZ |cov (ui;, uyjla)| < Op(1) {432 82 T

J=1 |ini’|=s

() (e ) oy
=pn — — [ _— = Up n
p pig VP

In conclusion, we have shown that the right side of (S4.1) is bounded

Op(1)n*(n + p). Thus, we have var(Ty|a) < O(1)n Svar(¢|a) = n~1Op(1).

The proof is complete.
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