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In this supplement, we will provide the proofs of the lemmas, theo-
rems given in paper and two real data applications. Recall that D =
diag{d3,d3,--- ,d?}. For i = 1,2,--- ,n, U; = UD*X; — 0)) and
R; = |[D7Y2(X; — 6)]| as the scale-invariant spatial-sign and radius of
X, — 0, where U(X) = X /|| X||I(X # 0) is the multivariate sign function
of X, with I(-) being the indicator function. The moments of R; is defined
as ( = E (Ri_k) for k=1,2,3.4.

The D-estimated version U; and R; is denoted as R; = [|[D~/2(X,;—0)|
and U; = |DY2(X; — 0)/|D~Y2%(X, — 0)]|, respectively, i = 1,2,--- ,n.

We restate the Assumptions given in the main text.

Assumption 1. W;,,..., W, , are i.i.d. symmetric random variables with
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E(W;;) = 0,E(W2) =1, and [Wijll,, < co with some constant co > 0

and 1 < a < 2.

Assumption 2. The moments (,, = E (Ri_k) for k = 1,2, 3, 4 exist for large
enough p. In addition, there exist two positive constants b and B such that

b < limsup, E (R;/\/p) " < B for k=1,2,3,4.

Assumption 3. The shape matrix R = D-/?I'TTD~1/2 = (0je),, Sabis-
fies tr(R) = pand max;_y .. , >, |0j¢| < ap(p). In addition, liminf, . min;_y .. ,d; >

d for some constant d > 0, where D = diag{d},d3, - -- ,d>}.

Assumption 4. Let R = (o) ,- For some o € (0,1), assume |o;;| < o

1<i,5<
forall 1 <i < j < pandp > 2. Suppose {d,;p > 1} and {k,;p > 1} are
positive constants with §, = o(1/log p) and kK = k, — 0 as p — oco. For 1 <

i <p,define B,; = {1 < j <p;|oi| > ,} and C, = {1 <i <p;|B,;| > p*}.

We assume that |Cy| /p — 0 as p — 0.

Assumption 5. Variables { X1, ..., X, } in the n-th row are independently
and identically distributed (i.i.d.) from p-variate elliptical distribution with
density functions det(X)~/2g (||[£7/%(x — 0)||) where 0 ’s are the sym-
metry centers and X ’s are the positive definite symmetric p x p scatter

matrices.

Assumption 6. tr (R?) = o {tr? (R?)}.
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Assumption 7. (i) tr (R?) —p = o (n"!p?), (ii) n=2p?/ tr (R?) = O(1) and

logp = o(n).

Assumption 8. There exist C' > 0 and ¢ € (0, 1) so that max;<;<j<, |0;;] <
oand maxi<i<p Y oy 055 < < (logp)€ forallp > 3; p~/2(log p)¢ < Amin(R) <
Amax(R) < /p(logp)™ and Apax(R)/Amin(R) = O (p”) for some 7 €

(0,1/4).

S1 Proof of main lemmas

Lemma 1. Under Assumption[l], we have E{U(W;)TMU(W;)}? = O{p~%tr(MM)}.

Proof. By Cauchy inequality and Assumption [I| we have

E{U(W,);U(W, }<—E{ZZU W)} =p2
E{U(W;)!} < E{ZU i< E{ZZU W) =p~!
and

E{U(W) U (WU (Wi)U (Wi} </ E{U(WRU (Wi} E{UW,)2U(W))3}.

By the Cauchy inequality,

p p
Z Qi Ast > < / Z alk Z ast < J Z alzk: Z a'gt = tI‘(MTM)
i,k,s,t Lk s,t
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Thus, we get

B [{v(w) MUW,)}’]

=3 > anaaE{UW)LU (W)U (W) U(Wi)i} + > Y anasE {U (W)U (W;)2}

l#k=1 s#t=1 =1 s=1

_2p4 _ p2
p4

2
<p tr(MTM) + p-%tr(MTM) = O{p~2tr(M M)}.

~

Lemma 2. Under Assumptz’ons and@ we have max,—o..,(d; — d;) =

Op{n="*(logp)*/?}.

Proof. The proof of this lemma is along the same lines as the proof
of Lemma A.2. in Feng et al.| (2016)), but differs in that the assumptions
about the model in this paper are more general, with different constraints
controlling the correlation matrix R.

Denote n = (07,dy,dy, - - ,alp)T and 7 as the estimated version. By

first-order Taylor expansion, we have

—1/2 _ D_l/er(m)
U(D / (Xz - 0)) - {1 + U(VV@)T(R o Ip)U<m>}1/2

= D '2LU(W,) + C,U(W,)T (R — L) U(W,)D~V°TU (W),
(SL.1)

where (] is a bounded random variable between —0.5 and —0.5{1+U(W;) " (R—

I,)U(W;)}~3/2. By Cauchy inequality and Lemma|l|and Assumption , we
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get
1/2

E{UD (X, -0)} <, [E{UW,)" (R —L)U(W,)}’E{D"*(X; - 6)}’]
= O(p~'V/tr(R2) — p) = o(n~1/?).
Similarly, we can show that

B | ding {U(D4(X, — 0)U(D (X, — )7} — 11, < 0™,

by first-order Taylor expansion for U(D~Y/2(X; — 0))UD~Y3(X; — 6))T,
Cauchy inequality and Lemma [I] The above two equations define the func-

tional equation for each component of 7,
Ty(F,nj) = 0p(n”"/?), (51.2)

where F represent the distribution of X, n = (11, , 7). Similar with

Hettmansperger and Randles| (2002)), the linearisation of this equation shows
n1/2 (ﬁ] - 77]') = _H;1n1/2 {TJ(FT“H 77j) - TJ(F7 nj)} + 0p<1)7

where F), represents the empirical distribution function based on X, X, --- , X,,,
H; is the corresponding Hessian matrix of the functional defined in Equa-

tion and
T(F,,m) =

<n—1 > UMD (X; - 0))" vecldiag{n~'U(D™*(X; - 0))U(D"*(X; — 0))T — % p}]) :

j=1
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Thus, for each ch we have

Vin(d; = dj) 5 N(0,03).

where 03 ; is the corresponding asymptotic variance. Define o 4, = maxi<j<, 04

As p — o0,
]P){ Ii(lQaX (dA] - dj) > \/Ead,maxn_l/2(10gp)l/2}
J=L:4,5p

<N P{Vald; — d;) > V20 uman(log p)?}

= [1 = ®{V20uma0y}(logp)'/*}] < p[l — ®{(210gp)'/*}]

j=1

exp(—log p) = (4m)~*(logp)~/* = 0,

p
. —
~ V2rlogp

which means that max;_; »..,(d; — d;) = O, {n""/?(log p)"/?}.
Lemma 3. Suppose the assumptions in Lemma hold, then él LY

Proof. Denote 1 = 0—6.
ID-2(X; - 6) =|D*(X, - 0)]
{1+ R?|(D 2 - D *)(X, - )|
4 RZ2||15‘1/211H2 4 2R;2UiT(]f)_1/2 _ D V2)Dpiy;
_ QszlUin)q/zﬂ _ 2R;1U2-D1/2(f)*1/2 _ D’1/2)]j’1/2;1}1/2.

According to the proof and conclusion in Lemma [2] we can show that

R72((D™*=D'2)(X,=6)|* = O, {n""/*(log p)'*} = 0,(1) and R *| D> =



S1. PROOF OF MAIN LEMMAS

O,(n™') = 0,(1) and by the Cauchy inequality, the other parts are also

o (x)

= (n Z D% (X - 0>H‘1> (1+0,(1)).

Obviously, E (n™' Y7 | R;') = ¢; and Var (!¢ ' Y0 R;7') = O (n7h).

Finally, the proof is completed.

Lemma 4. Suppose Assumptwns 5| holds with ag(p) < p'~° for some posi-
tive constant § < 1/2. Define a random pXxp matrix Q=n"! S, R{lffifff

and let Qﬂ be the (j,1)th element of Q. Then,

Qi

<Gpt g

O, (Cmfl/zpfl + C1p77/6 + Clpfl—é/z + Clnfl/Q(logp)lm(p*E’/z _i_pflfé/Q)) _

Proof. Recall that Q = ED I R;IU'JAIJ, then,

. I e~ o~
Q== R 'U,Uy

i=1

1 . . .
=—Zv{l(D‘”QFjW»(D—l/erWfi)THD—Wrwr?’
n <

1/2D1/2{ Z,Ufl 1/2I\jm)(Dfl/2Flw) HD 1/2FWH 3} 1/2D1/2.
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We first consider the middle term,

- i

n <

1 — .
Y o (DA W) (D VATW) TIID AT W
=1

1 .
=~ o7 (D720 WH (DA W) T { DY T W — D AT W
i=1

n

1 _ _ _ _ _ _
+ E Zvi 1(D 1/2I1JW/'Z)(D 1/2Flm)T {HD 1/2I\mu 3 —p 3/2}
i=1
+ n—lp—3/2 Z ’Ui_l(D_l/zrjM)(D_l/QFlM)T.
=1
(S1.3)

The first part in Equation [S1.3}

(D21, W) (D2 W) T { D2 W | — D AW

E[% Zv;l

=1

—E[v; (D2, W) (D720 W) {|IDTVAT Wi — DT W]
=E[v; (D™, W,) (DT, W)

(1D rw, D = (1D oW P — D W)
(S1.4)

To compute the order of Equation [S1.4] we consider |D~Y2D0W;|* —

ID~V2TW||F for k = 1,2, --.
Firstly, for & = 2, By the Lemma [2 and Assumption [3| we can see that,
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So, for |D~120W;||2,

ID~ W

:||(]j—1/2D1/2 . Ip)D—l/QI\m + D—l/21‘1m||2
:”D—I/QFW/ZHQ + ||(]j—1/2D1/2 . Ip)D_1/2FW/Z‘||2 + mrTD—1/2(15—1/2D1/21p>D—1/2I1m
1,2, p

di
<D~V rw;|? {1 + max (dT —1)*+ max (= — 1)}

=|DPIW? (1 + H),

where H := maXi(% —1)% + maXi(% -1) = Op{nfl/z(logp)lﬂ}-

For all integer k,

D7 TW|F =|[(D7/*DY — 1,)D~ATW, + DT
A k/2
= {||(D—1/2D1/2 — LD’ TW, + D‘l/QFWin}
<D ATWE (1 )

=||D~Y2rW;||* (1 + Hy,),
(S1.5)

where Hj, is defined as Hy, = (1 + H)*/? —1 = Op{nflﬂ(logp)l/z}-

Thus, from the proof of Lemma A3. in |Cheng et al.| (2023)), Equation
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equals

n

B[~ Yo7 (D72 W) (DT W) T { 1DV Wi~ — DT W )
=1

—E[v; (D20, W) (D72, Wi) T {|D72TW; |~ — D2 Wi ¢

=E[v (D720, W,) (DL, W,)T [ D2 W, | = Hy|

—E[v (D720, W) (D20 W) (D T W |~ — p %) By
+ p B, {(D VAT, W) (DAL, W) T H)

§n71/2(10gp)1/2<’1p75/2(1 + p3/276/2)

=Gin~(logp)*(p~% + p~ 7).

The second and last part in Equation [S1.3}

From the proof of Lemma A3. in Cheng et al. (2023, we can conclude,
IO g ~ ~ . L
=30 DT WD LW (D ETWA T - p ) = Oy,
i=1

and

n~tp¥? Z Ufl(Dfl/QI‘jM)(DflmI‘lVVi)T < Gp o +0, (Clnfl/prl + Clpq/ﬁ) .
i=1

It follows that,

Q)i = {Wlp_w > (DT WD) T+ O,,(An)} (14 Op(n~"logp)),

i=1

where A, = G~ (10gp) (77 + 002 4 G,
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Thus,

1Qjel S G o
+ 0, {Gn VP + Gp T+ G P+ (e P (log p) P (p T 4 p ) ]

Lemma 5. Suppose Assumptions hold with ay(p) =< p'=° for some
positive constant 6 < 1/2. Then, if logp = o(n'/3),

()l 0 G il = Oy {n /2 108" (np) |

(i)I¢ 0 30, 613U |e = Op(n ).
Proof. For any j € {1,2,--- p},

DX

Ui —Uij = = Ui — Uy

ID=12X;| d;
< (1+ H)(1+ HU, - U, (51.6)
= HuUij7
where H, = O,(H?+ 2H) = O,{n"'/?(log p)'/?}. Thus, U, - U, = H,U,.
(i)By Equation [S1.6, we have,

n Y G Y ¢+ H)U
i=1 00 i=1

n
-1 E -1
i=1 o

o0

=0, {n_1/2 logl/Q(np)} .

(ii) Similarly,
<171n71 Z 612'(71 C;lnil Z 51,LU
i=1 o i=1

<O{n~'(1+ 0 210g" 2 p)} = O,(n7").

< |1+ H,|

[e.9]
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S1.1 Proof of Lemma 1(Bahadur representation)

Proof. As 0 is a location parameter, we assume 8 = 0 without loss
of generality. Then U; can be written as U; = D7/2X;/| D72 X;|| =
D~ '20W;/|D-Y2CW;|| for i = 1,2,---,n. The estimator @ satisfies

S UMD V2(X; — 6)) = 0, which is is equivalent to
il Z(Uz _ R;1D71/20)(1 _ 2R;1UZTD*1/20 + R;20TD710)71/2 —0.
n
i=1

From the proof of lemma A.3 in Feng et al|(2016), we can see that ||@]| =
O,(¢y Ip-1/ 2). By the first-order Taylor expansion, the above equation can

be rewritten as:

w3 (U - D) (1 L RIUTDY26 - 2

i=1

D~'/26

2
’ +5u) —0,

PO . . 12\ 2
where 61, = O, { (R;IUZTDVQG —271R;? D*l/QGH ) } = O, (n~1), which

implies
1 — 1 oa oren . n
- 1— = -_QOTD_lO ‘ : - —1 TD—1/20
n;( S +6.)U; + Z;R U )U;
X - ’ (S1.7)

—_ § :(1 + 0y + 65 R'D /20,
n
=1

N N R N N N 112
where 0, = O,(R; U7 D20 — 272 [D1720 ) = 0,(51/").

Similar with Cheng et al.| (2023)), by Assumption and Markov inequal-
ity, we have that: max R;2 = O,(¢2n'/?), max &;; = O,(||D~/26|]* max k.2 =

0,(n~2) and max &y; = O,(n=/4).
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Considering the second term in Equation

— ZR (U'D~120)T, ZR (U,U; D)6 = QD
where Q = Ly R7'UU;. From Lemma 4| we acquire,

1Qje| S Gp o

and this implies that,
o]

<l |29

<G R| |[D726

‘ o0

+O, {Cn P+ Gp 7T+ Gp R 4+ G V2 (log p) V2 (p P2+ p ) L D20 Lo
0, {Cn 257 4 G 7/6_|_Cp—1 52 4 (in~ 1/2(10gp)1/2 5/2} H]j 1/20H
(S1.8)
According to Lemmal H SN LG 1Ul =0, { “1210gY2(np }
‘ it SuU; = Op(n~1). In addition, we obtain,
G S RID PO < |Gt S BB 6P,
i—1 o i=1 o0

<O, (n M1+ Op{n_3/2(logp)1/2}] = 0,(n™").
Considering the third term :

Using the fact that ¢;'n™ 1Y "  R;' = 1+ O,(n""/?) and Equation
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[S1.5] we have
TR
n 1 — %
1 inm e -
:EQ ! Z R; 1[1 + Op{n l/Q(Ing)l/z}]
i=1

={1+0,(n™*)} [1 + Op{n~"*(logp)'/}]

=1+ Oy{n""(logp)"*}
We final obtain:

Q]jfl/Zé

‘ o

+¢!

o0

D26

S

[e.e]

G'nT Y U
=1
< p~lao(p) Hﬁ‘lﬂéH +0, {n‘m log”z(np)}

D1/

.

+ O, {n=7 4 pm W) 4y =2 (log p) ' /2p~37)

Thus we conclude that:

|D720| = 0,4n""2108(np)},

’ o

as ag(p) < p'~°.

In addition, we have

|ciaD126

’ o

=0, {n‘l log!?(np) +n=Y/2p~ M/ 10012 (np) + n~* (log p)/*p~3/*1og!/ 2(%19)} :
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and .
n Y R7N (1 6y + 0)
i—1
=@ {1 + 0, (n_1/4)} [1 + Op{n_l/Q(logp)l/Q}]
=G [1+4 Op{n~ "+ n_l/2(logp)1/2}} .

Finally, we can write

n'PD7V2(0 - 0) =n V2G> Ui+, (S1.9)

i=1

where
1Crlloe =Op{n =2 10g?(np) + p~ /87D 10g' /2 (np) 4+ n~ 1% (log p)/*p~3/* log*(np) }
+ Op{n~*1og'*(np) + n~*(log p)*/*1log'* (np)}

:Op{nfl/ZL log1/2(np) _|_p7(1/6/\6/2) 10g1/2(np) + n71/2<10gp>1/2 10g1/2<np)}'
S1.2 Proof of Lemma 2(Gaussian approximation)

Proof. Let L,, = n~"/*log"?(np)+p~(1/29/2 1og?(np)+n="/2(log p)/? log'/? (np).

Then for any sequence 7, — oo and any t € RP,

]P)<n1/2]j—1/2(é . 9) S t) — P(n—1/2<1—1 Z []Z + On S t)
=1

< P(n_1/2C1_1 Z Ui <t +nulngp) + P([[Calls > nnLnp)-

=1

According to Lemma , E{((;'U)* £ M? and E{(¢;'U;;)?} 2 m for
all e = 1,2,--- ,n, 7 = 1,2,--- ,p, and the Gaussian approximation for

independent partial sums in Koike (2021), let G ~ N (0, ¢ *%,) with 3, =
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E (UlUlT), we have

P(nl/QCfl Z Ui <t+mulng) SP(G <t +n,Lny) + O[{n™" 10g5<np>}1/6}

=1
< P(G < t) + O{nuLaplog'(p)} + O[{n~" log®(np) }'/°),

where the second inequality holds from Nazarov’s inequality in Lemma [§

Thus,
P(n'/?D7*(@ — 0) < t) <P(G < t) + O{nuLnplog*(p)} + O[{n " log® (np) }/]

+P(|Chloo > Mnlny)-

On the other hand, we have
P(n'/*D1%(6 - 6) < 1) >P(G < t) — O{nuLnylog"*(p)} — O[{n" " log® (np)}"/*]

= P(||Cnll e > nnlmp)-

where P(||Cyllcc > Nnlnp) — 0 as n — oo by Lemma [S1.1]

Then we have that, if logp = 0(n1/5) and logn = 0(p1/3A5)7
sup [P(n'/?D2(0 — 0) < t) — P(G < t)] = 0.
tERP

Further,
pn(A) = sup [P(n'?’D"%(0 —0) e A) —P(G € A)| — 0,
AEAre
by the Corollary 5.1 in (Chernozhukov et al.| (2017).

S1.3 Proof of Lemma 3(Variance approximation)

Proof. EZ} = (?E(R})~' < B by Assumption J]and E(max; <<, Z;) =
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V1og p + loglog p by Theorem 2 in|Feng et al.[(2022). Let Ag = maxi<; <, [P(EU U, ) ;1 —

R; |, by Lemma ,
Ao = max |p(EULU, )i — Rjx| = O(p~?).
1<5,k<p

According to Lemma [9] ,we have

sup [P (|1 Z ]l < 1) = P(|Glloe < )] < C'n ™ {1V log (np)}** = 0.
teR

S2 Proof of main results

S2.1 Proof of Theorem 1(Limit distribution of maxima)

Proof.

pn = sup |P <n1/2
teR

D0 -0)|| <t)-P(|Z]« <1

<sup |P <n1/2
teR

D20 -8)| <t)-P(IGI. <)
+sup [P (|Gl <) =P (| Z]o0 < )]
teR

— 0.

The last step holds from Lemma 2 and 3 in subsection and [S1.3|

S2.2 Proof of Theorem 2(Exact limit distribution of maxima)
Proof. According to the Theorem 2 in |Feng et al.| (2022), we have

1
P(p¢t 1H<1?<>§; Z2 —2logp +loglogp < z) — F(x) = exp {_ﬁe—wﬂ} :
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a cdf of the Gumbel distribution, as p — oo. Thus, according to Lemma

and Theorem 1 in subsection [S2.11

IP(Thax — 2logp +loglogp < x) — F(z)]

< ‘P(Cf§f2TMAX —2logp +loglogp < ) — F(fﬁ)‘ +o(1)

< ‘P(CffszMAx — 2logp + loglogp < z) — P(p¢} max Z7 — 2logp + loglogp < )
ISP

+ ‘P(p(f max Z} —2logp+loglogp < x) — F(x)| + o(1) = 0,
ISP

for any x € R.

S2.3 Proof of Theorem 3(Consistency for max-type test)

Proof. Recall that u,(y) = y+2log p—loglog p, Thrax = n|[D~/26]2. (2
p(1—n""?). In order to make the following proof process briefly, we ab-
breviate u,(0) to u,, define §;_o = (max{q_o + u,, 0})*? = O,[{logp —
2Noglog(1 — ) Y], T = Tif2y = a2 JD120] . bup2(1 — n2)2
and T¢ = n'/2|D"12(6 — 0)||ooC1p"2(1 — n~Y2)Y/2, which has the same
distribution of 7" under H,.

It is clear that, T > n/2|D~1/20)|,(,p'/2(1 —n~1/2)1/2—T°. Combined
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with Assumption [2] and Lemma [2, we get

P(Thrax — up > qi—a | Hi)
>P(n'/?|DV20)|cCip" 2 (1 = V)2 = T > o | Hy)
_P(T° < 02D 20| Cip 2 (1 = n V22 — Gy | H)
SB(T* < 0 (|D28)] — (D72 = D26 ) Gip (1 — V22 i | H)
>P(T° < n'?[D7Y20] o [1 + Op{n'*log"* (np) Nip"* (1 — 072 = Gio | Hy) = 1,
if |0]|co = Cn=Y2{log p — 21loglog(1 — )~ }1/2 for some large enough con-

stant 5’ .

The last inequality holds since

=12, ,p dle 1=1,2,--,p

. . d.
(DY - D Vg|l. = max 270, < max |1— d%||]D’1/20||oo

< Op{n~"2log"?(np) }||D~26)| .

S2.4 Proof of Theorem 5(Without elliptical distribution)

Theorem 4 is the special case of Theorem 5 with 8 = 0, so we only need to
show that Theorem 5 holds.

Proof.  The following proof is based on the idea of the proof in article
Feng and Sun| (2016)), with modifications in some equations. We restate the

equations in [Feng and Sun| (2016) on U(]A);jl/ZXi)TU(]j;jl/in). By the
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definition, we have

2 AC1/24 ) | A 1)2
s, 2 U (B0 v (97
2 3 {U + R7'D- 1/29+< D, '*D'/* - 1,,) Ui}T

n(n —1) 1<i<j<n

« {Uj +R'D%6 + (ﬁjjl/QDW _ 1,,) Uj} (1+ ai;) 2 (1 + o) "?

2 2
s UTU e RflR‘fleTDfle
n(n—1) Z ! j+n(n—1) Z v
1<i<j<n 1<i<j<n
Z U'u { 1+ ) 2 (14 az) V2 — 1}
1<z<]<n
4 A
o >, U/ (Dij1/2D1/2 - Ip) Uj (1+ aig) ™" (14 az,) ™/
n(n —1) 1<i<j<n
2 A 2 _ _
+—— > U (Dij1/2D1/2 - Ip) Uj (1+ aig) ™ (14 ae)/*
n(n —1) 1<i<j<n
2 _ _
+——— Y R;''D'6 {(1 +ai) P (14 a) P - 1}
n(n —1) 1<i<j<n
4
+—— U,/ D720 (1 + i) * (1 4+ ay,) ™
n(n —1) 1<§<n J J
2 A _ _
L4 Z U’ (Dij1/2D1/2 _ Ip> D120 (1 + ) 1/2 (1+ay) 1/2
n(n—1) 1<i<j<n

Z U'U + ——— ( > R'R;''D7'6

1<z<]<n ) 1<i<j<n

+ Anl + An2 + An3 + An4 + An5 + AnG‘
where
s =2R7'UT (D

/2 D*1/2) X, + R} (b;jm - D’1/2> x|

tj

+2R'D?0 + R;726"D'0.
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Note that R;'U] (D' - D"'/?)X, = U, (D;;"*D'? — 1)U, + R;'U;
(D, = D)0 = Oy{n~"*(10gp)"2} and B2|(D* = D722
= 0, (n"'logp) by Lemma By Assumption [7| and H;, R;'D~/20 =
0,(0%%) = 0, (n?) and R720"D10 = O, (0,) = O, (n"2) where 02 =
2tr (R?) /n(n — 1)p?. So ay; = O,{n"?(log p)*/?}.

Similarly, we will show that A,; = 0, (0,). Under some calculations,

we get E{(U;'U;)?} = tr(X?). By Lemmal(7} we find that 3,,;; = p~lo;;+

O(p~'7%/%). Thus we have,

0:1;0(p> %) + Y 0,077

r 2 r 2
i €[C1 0;77(?/2)} Cop™9/?] 0i=0( O;;g{/z)})

+
(]

2-5/2 2
= p2te(RA{1 + O0(1)} + 0<p—2—5/2>Lo<%> +p 20{tr(R?)}
= O{p?*tr(R*)}.
(S2.1)

By the Cauchy inequality,

E(43) =0 (1) B [U7U, {1+ 0) ™ (1 a7 - 1}]

<0 (?I*Q) E (UiTUj)Q]E {(1 + aij)_l/Q (1 + Oéji)_l/Q — 1}

O (n_?’ logp [p_Qtr(R2) +O0(p ) {p+ po(%)}]) =o0(02).
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—1/2
Ans = n_leT( V*pY2-1,) U,

—1/2 — _
n(n—1) ZUT( DY — Ip> Uj{(1+04z‘j) Y2 (14 ay) 1/2—1}

1<j

= Gnl + Gn2-
By Lemma [2] and Equation

E[{U] (D,*DY? ~ 1) U;1?] < Ofn Hogp t1(52)} = ofp (R}

Then we obtain G, = 0,(0y,). Similar to A,;, we can show Gs = 0,(0,,).
Taking the same procedure as A,3, we can obtain A,3 = 0,(0,,). Similarly

to the processing of Equation we get

Z U'U, = ( Z {D~V20U(W;)} "DV U (W) 40,(0m).

1<z<]<n 1<z<]<n

We replace the Lemma 1 in [Feng and Sun| (2016) by Lemma [7 and final

acquire
ng(rzr_(lizj)ﬂn( Z (D7V2rU(W;)} ' DV TU(W) 4 N(0, 1).

1<z<]<n

S2.5 Proof of Theorem 6(Asymptotically independent under H)

Proof. To prove Tsypy and Thrax are asymptotically independent, it

suffices to show that: Under Hy,

T
P SUM

On

1
<z, Tyax — 2logp+loglogp < y) — ®(x)exp {_Te—y/z} ‘
T

(S2.2)
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Let u,(y) = y + 2log p — loglog p, and we rewrite Equation as

IF’(TSUM <z, Tyax < uy(y)) — @(z)exp {—%e_yﬂ} ) (S2.3)

On

From the proof of Theorem 2 in [Feng and Sun| (2016)), we acquire

TSUM = Z Z UTU + Op Un) (824>

1<j

and it’s easy to find that o2 = + o(5) according to Assumption .

n(n 1)p
Combined with Lemma 1 in subsection it suffice to show,

ﬁ > Ei<j UiTUj

On

WZU

s ®() exp {—%e—w} |

We next prove that,

n ||\/§Z?:1 Uz‘||%—P
P( Vn—1 ( 2tr(R?) ) =

s D) exp {_%e—yﬂ} .

™

P( +0p(1) <z

+ Op(Lnp) < up(y)) (52.5)

i=1

When Equation [S2.6) holds, combined with O,(L, ;) = 0,(1), Equation[S2.5]
holds obviously, which means that the independence of Tsy and Thrax
follows.

Proof of Equation [S2.6; From the Theorem 2 in [Feng et al| (2022),
the Equation holds if U; follows the normal distribution. We then

investigate the non-normal case. Let & =U; € RP;i=1,2,--- ., n. For z =
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(21,-++,24)" € RY, we consider a smooth approximation of the maximum

function, namely,

Fy(z) == p~" log{Z exp(Bz)},

where § > 0 is the smoothing parameter that controls the level of approxi-

mation. An elementary calculation shows that for all z € RY,

0 < Fs(z) — max z; < B 'logq.

Define 0% = 2n? tr (R?),

_ ||\/§Z?:1 zi|5 —p
2tr(R?)
pzi;ﬁj T x; .: pzi;ﬁj T x;

V/2n? tr (R2) os 7
V(wb T 7wn> = 571 lOg{Z eXp(ﬁ\/gZ wi,j)}-
j=1 i=1

By setting 8 = n'/®log n, Equation is equivalent to

W(wlv e 7wn>

PW (&, . &) <o, V(& &) < up(y)) = P(x) exp{—exp(y)}.
(52.7)
Suppose {Y1,Ys,---,Y,} are sample from N(0,E(U, U,)) , and inde-
pendent with Uy, --- , U, (or write as &;,--- ,&,). The key idea is to show
that: (W (&, -+ ,€&n),V (&1, -+ ,&,)) has the same limiting distribution as

WYy, - Yo), V(Y- X)),
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Let [2(R) denote the class of bounded functions with bounded and con-
tinuous derivatives up to order 3. It is known that a sequence of randon

variables {Z,,}>°, converges weakly to a random variable Z if and only if

for every f € B(R), E{f(Z,)} = E{f(Z)}.

It suffices to show that:

E{f(W (&, ,8n), V(& &) -E{f(W(Y1, - ¥0), V(Y. -+ o))} = 0,

for every f € [3(R?) as (n,p) — oo.

We introduce W, = W&, - ,€i1,Yq,--+,Y,)and V, = V&, &,
Y, -, Y,)ford=1,-- n+1 F;=0cf{&, & 1,Ys1, - ,Y,} for
d=1,--- ,n. If there is no danger of confusion, we simply write Wd and

V, as Wy and V respectively (only for this part). Then,

| E{f(W (&, -+, 6n), VI(&r, -+ &)} = E{f(W(Y1, -, ¥0), V(Y2 - Ya))} |

< Z | E{f (W4, Va) — E{Lf (Way1, Vara)} | -

Let

d—1 d—1 n
2p Zz‘<j Ez‘TEj +2p Zd+1§i<j§n Y;TYJ +2p> 05 Zj:d—i—l £’LTY7
Wao = € Fa,

gs
D D d—1 D n
Vip =87 log{d_exp(By/ - &+ 6\/; > Vi) e Fu
j=1 i=1 '

i=d+1
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By Taylor expansion, we have,

f(Wa, Vi) = f (Wao, Vao)

=f1 Wao, Vao) Wa —Wao) + fo Wao, Vao) (Vi — Vo)

1 1

+ §f11 (Wao, Vo) Wy — Wao)® + §f22 (Wao, Vao) (Vi = Vo)
1

+ §f12 (Wa0, Vao) Wa — Wao) (Va — Vap)

+O (|(Va = Vao)’) + O (|(Wa = Wap)[*)
and
f Wagr, Vagr) — f (Wao, Vao)

=f1 Wa0, Vao) War1 — Wao) + fo Wao, Vao) (Va1 — Vao)

1 1

+ §f11 (Wao, Vao) Wapr — Wao) + §f22 (Wao, Vao) Vagr — Vo)
1

+ §f12 (Wa0, Vao) War1 — Wao) (Vaz1 — Vap)

+ O (|(Vass = Vo)) + O (I(Warr — Wap)[*)

where fOl"f = f(xay)vfl(xay) = %7]02(1‘7?/) = g_gmfll(xvy) = %afZZ(Ivy) =
% and fio(x,y) = ;x_f;y.

We first consider Wy, Wyi1, Wy and notice that,

P Y4y, Y Y

Waq—Wao = o5 ,
d—1 ¢T n T
p Zi: £ & +p Zi: Y, &
Wapr — Wao = L - dil .

Due to E (&) = E(Y;) = 0 and E (§¢]) = E(Y,Y,"), it can be verified
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that,
E (Wd — Wd,() | fd) = E (Wd+1 — Wd,o | .Fd) and

E (Wa—Wao)* | Fa) = E((War1 — Wao)? | Fa) -
Hence,
E{f1 Wao, Vao) Wa = Wapo)} = E{fi Wao,Vao) Warr — Wap)} and
E {fi1 Wao, Vao) (Wa — Wd,O)z} =E { fi1 Wao0, Vao) W1 — Wdyo)Q} -
Next we consider Vy—Vj . Let zq0,; = \/WZEI: fz‘,ﬂ-\/}% Z?:dﬂ Yij, za5 =
24,0, T n_I/Q\/ﬁYdJ, 2441, = 2d0, + n_1/2ﬁ§d7j. By Taylor expansion, we

have that:

Va—Vao
n n

Z 0k0Fs (240) (241 — 2401) (Zak — 2d0k)
=1 k=1

DN —

= Z 01F3 (2a,0) (241 — 2a,00) +
=1
+ é ; ; ; 0v0k01F3 (240 + 6 (2a — 2a0)) (Zag — 2a,00) (2o — Zaok) (Zaw — Zd00) »
(S2.8)
for some § € (0,1). Again, due to E(&) = E(Y;) = 0 and E (§¢) =
E (Y;Y,"), we can verify that
E {Zd,l — 24,0, \ «Fd} =K {Zd+1,l — 2d,0,l | Fd} and

E {(za; — 2404)° | Fa} =E{(zas1, — 2404)" | Fa}.

By Lemma A.2 in [Chernozhukov et al|(2013), we have,

SN S 0,00 (240 + 0 (20 — 2a0))| < O,

=1 k=1 v=1
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for some positive constant C'.

By Lemma , we have that: HC{IUM”% < B, foralli =1,...,n
and j = 1,...,p, which means P(| \/p&; |> t) < 2exp(—(ct\/p/C1)*) S
2exp(—(ct)®), P (maxi<i<, |\/]3§ij’ > Clog(n)) — 0 and since /pYs; ~

N(0,1), P (maxi<i<y, ‘\/ﬁY;j} > Clog(n)) — 0. Hence,

1 n n n
6 Z Z Z avakalF,B (Zd,o +0 (Zd - Zd,o)) (Zd,l - Zd,o,l) (Zd,k - Zd,o,k) (Zd,v - Zd,o,v)

=1 k=1 v=1

< CB*n 3% log?n,

1 n n n
6 Z Z Z avakalFﬁ (Zd+1,o +9 (Zd+1 - Zd,o)) (Zd+1,l - Zd,o,l) (zd+1,k - zd,O,k) (zd+1,v - Zd,o,v)

=1 k=1 v=1

< CBQn_3/2 log3 n,

holds with probability approaching one. Consequently, we have that: with

probability one,

E {f2 (Wd,o, Vd,o) (Va — Vd,o)} —E {f2 (Wd,o, Vd,o) (Vi — Vd,o)}| < 0/3271_3/2 log3 n.
Similarly, it can be verified that,
|E { f22 Wa, Vi) (Va — Vd,o)2} — E{fao Wao, Vo) Va1 — Vd,o)QH < Cp*n % ?log’ n,

and

1E{fi2 (Wao, Vao) (Wi —Wap) (Va — Vao)} — E{fi2 Wao, Vo) Warr — Wao) (Varr — Vio) }

< CB*n~3?1og® n.
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By Equation(S2.8, E (|V; — Viol*) = O (n=%2log®n). For E (|[Wy — Waol®),
we first calculate E {(Wd — Wd70)4}, then it’s easy to get the order for 3-

order term.

d—1 T n T 4
P & Yatpd Y, Yy
E{(Ws—Wyo)'} =E ( 2 o

0s
T T
—_— Y, Y'Y,
e (Seve v
(52.9)
We consider the binomial expansion term and calculate them separately in

Equation [52.9;

=E( > Y'Yy, (ii) = B{( Zﬁ Yo)( Z Y, 'Ya)},

1= d+1 i=d+1
(i) =E{( ZgTYd Z Y,'Y,)?%}, (S2.10)
1=d+1
d—1
=E{( ZETYd Z Y,'Y)} (v) =E{D & v)'}
1=d+1 =1

Since EY; = E&; = 0, we easily find that Equation [S2.10|-(ii)(iv) equal to 0.

Next we can get the following equations for Equation [S2.10}(iii) after some
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straightforward calculations.

ZOWRILDIRARAREHWRILD DR R ILRT)

—E[(d — 1)(n — d)(Y, £, Y)?]
—E[(d — 1)(n — d)((Z,/*Ya) "S2(2,2Y,))?]
—(d — 1)(n — d)2tr (%)

<(d—1)(n — d)O{tr(X2)?}.
(S2.11)

By some properties for standard normal random variable, the last inequality
holds with some simple calculations shown below.
(i)
tr () = 1207 < (Zullpl1Zullr)”

(92.12)
= [|Bullf = tr (23)%.

(i)If X, Y "% N(0,1,), then

E(XTAX)? = 2tr(A?) — tr}(A) < tr(A?),
E(XTAY)' =EE[(YTAXXTAY)? | X]] < 2E[tr(AX X TA)?]

= 2E[(X TA2X)? < 4tr(AY).
(S2.13)

For Equation [S2.10t(1), according to >~ ., ¥; ~ N (0, (n — d)X%,) and
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Equation 52.13], we have,

n

B(Y YY) —E{(ﬁxum 3 W) (Ve R (S YD)

<tr ((n—d)’%;) = (n — d)°0{tr(Z7)*}.
(S2.14)

Similar with Equation [32.14] for Equation [S2.10+(v),
d—1
{6 Y)Y <@ () < (d-1)°0{r(Z))°). (S2.15)
i=1
Thus, in combining with the Equation [52.1],

]E{(Wd — Wao)'}

- 2n4{tr (Z €TY:i + zgﬂ YTKI)
p4 2 2 22
< W{(d —1)(n—d) + (n— d)* + (d — 1)*}O{tr(3?)*}

p4

2 2y21 _ (L
< m” O{tr(X;,)°} = O(ﬁ)

By Jensen’s inequality , we get
SCE[Wa— Waol? <3 {E Wy — Wao)'} < o2,
d=1 d=1

for some positive constant C’, Combining all facts together, we conclude

that

n

Z E{f (Wa, Vi)} = E{f Wars, Vapr)}| < CB*n 2 log? n+C'n™V? — 0,

d=1

as (n,p) — oo. The conclusion follows.



JIXUAN LIU, LONG FENG and ZHAOJUN WANG

S2.6 Proof of Theorem 7(asymptotically independent under H,)

Proof.  From the proof of Theorem 2 in Feng and Sun| (2016), we can

find that

2

T = —

Z Z U'U, + 20D + 0,(0,),

i<j
and according to Lemma 1 with minor modifications, we get the Bahadur

representation in L* norm,

n'"D2(6 - 6) = n~ 2 (Ui + D7) + C.

i=1
Similar with the proof in Theorem 6, it’s suffice to show the result holds

for normal version, i.e. it suffice to show that:

Iy S ¥R and 142 3%+ D)1,
are asymptotic independent, where {Y1,Ys, - - - , Y, } are sample from N (0, EU,'Uy).
Denote +/p/n>7 Y == ¢ = (o1, ,9p) o = (050, 0ia) "
and @ac = (@0, 9j,) , where A = {ji,52,--+ ,ja}. Then, S =
lell* = lleal® + llpacll®, M = llo + /npG D200 = maxiea(yi +
\/n_pQD_l/ 20) + max;c4c ;. From the proof of Theorem 6 in subsection

S2.5, we know that ||¢ 4

2 and max;ec 4 ; are asymptotically independent.

2

Hence, it suffice to show that || .4c||* is asymptotically independent with

PA-
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By Lemma @ e can be decomposed as @y o = E + F, where E =
Vae — Buae alyy 404 F = By aeaXyy 404, Tv = pRUUT = px,
, which fulfill the properties E ~ N(0, Xy ge ac — EU7AC7AZ[}7{47AEU7A7AC),
F ~ N(0, EU,AC,AE[;}AAEU,A,AC) and E and ¢ 4 are independent.

Then, we rewrite

—E'E+F F+2E'F.

=y

According the proof of lemma S.7 in [Feng et al.| (2022), we have that:

P(|F'F+2E'F| > ev,) < % — 0,
p

by d = o{ Amin(R)tr(R2)Y2/(log p)©}, where v, = {2tr(R*)}Y2 , t = t, :=

P

Ce/80y/{ Amax(R) log p} — 00,6, := (logp)¢ /{vpAmn(R)} — 0.

S3 Some useful lemmas

Lemma 6. (Lemma A3. in |Cheng et al| (2025)) Suppose Assumptions
(13 holds with ao(p) =< p'=? for some positive constant § < 1/2. Define a
random p X p matriz Q = n~1Y " R7'UU," and let Qi be the (j,1)th
element of Q. Then,

(D) Qul S Gp~ Moyl + Op(Cun™2p~t + Cup™ ™0 + Cp=t7072).

(i1)Qj = Qoji + Op(Gp™ ™% + Gip™7%%), where Qo is the (j,1)th
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element of

Qo= 23 D U (W) H{D IO (W)

=1

In addition, Qo satisfies
tr[E(Qg) — {E(Qo)}] = O(n~'p™).

Lemma 7. (Lemma A4. in|Cheng et al| (2023))Suppose Assumptions[1{3
holds with ao(p) < p'~° for some positive constant 6 < 1/2. Then,

(i) E{(G'U;)*Y S M? and B{(¢{'Ui )% 2 m for alli = 1,2,--+ ,n
and j =1,2,--- ,p.

(i) 1|7 Ui jllpe S B foralli=1,2,--- ,n and j =1,2,--- ,p.

(iii JE(UE) = p~t 4+ O(p™°2) for j = 1,2,--- ,p and E(U;;Uy,) =
ploj+ O ?) for 1< j#1<p.

(iv) if log p = o(n'/?),

n/? Z €1_1Ui
i=1

Lemma 8. (Nazarov’s inequality) Let Yo = (Yo1, Y02, -, Yo,)' be a cen-

n

n”! Z(CflUi)z

i=1

= p{logl/Q(”p)} and

oo

—0,(1).

o0

tered Gaussian random vector in RP and IE(YOQJ) >bforallj=1,2,---,p

and some constant b > 0, then for every y € R? and a > 0,
P(Yy <y+a) —P(Y <y) S alog'?(p).

Lemma 9. (Theorem 2 in|Chernozhukov et al| (2015)) Let X = (X1,...,X,)"
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andY = (Y1,... ,YZ,,)T be centered Gaussian random vectors in RP with co-

X

variance matrices £ = (o) and ¥ = (o, respectively.

)lﬁﬁkép )1§kap’

In terms of p,

A= max |0} — o),
1<jksp 0

. and ap :==E { max (Yj/a]};)} :

1<j<p

Suppose that p > 2 and a]’-/j >0 foralll <j<p. Then

sup
zeR

P(max)@ﬁx)—]?(maxl@ﬁx)

1<j<p 1<5<p
< CAYV3 {(1 ValVv log(l/A)}1/3 log'/? p,

where C > 0 depends only on mini<;<, UJY]- and maxi<j<p a}/j (the right

side is understood to be 0 when A = 0 ). Moreover, in the worst case,

a, < +/2logp, so that

sup
z€eR

P (max X, < x) - P (max Y; < x) ‘ < C’Al/S{l vV log(p/A)}ﬂs’

1<j<p 1<j<p
where as before C' > 0 depends only on mini<j<, 0); and maxi<j<, 0.

Lemma 10. (Theorem 1.2.11 in|Muirhead (2009))Let X ~ N(w,X) with

wnvertible 33, and partition X, pu and 3 as

X, M1 Y XY
, H= , u=
X5 Mo Y1 X
Then X5 — EglEﬁle ~ N (ug - 22121_11“1, 222.1) and is independent of

Xl, where 222.1 = 222 — 2212f11212.
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S4 Real data Application

S4.1 US stocks data

In this section, we utilize our methods to tackle a financial pricing problem.
Our goal is to test whether the expected returns of all assets are equivalent
to their respective risk-free returns. Let X;; = R;; — rf; denote the excess
return of the jth asset at time ¢ for i = 1,--- ,nand 7 = 1,--- ,p, where
R;; is the return on asset j during period 7 and rf; is the risk-free return

rate of all asset during period i. We study the following pricing model
Xij = Wj + fij, (84.1)

fori=1,---,nand j =1,---,p, or, in vector form, X; = pu + &;, where

X; = (Xila---yXip)Ta B = (M17~-'a/~Lp)T7 and & = (§i1,-~~;§z‘p)T is the

zero-mean error vector. We consider the following hypothesis
Hy:p=0 versus Hy: pu #0.

We examined the weekly return rates of stocks that are part of the S&P
500 index from January 2005 to November 2018. The weekly data were de-
rived from the stock prices every Friday. Over time, the composition of the
index changed and some stocks were introduced during this period. There-
fore, we only considered a total of 424 stocks that were consistently included

in the S&P 500 index throughout this period. We compiled a total of 716
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weekly return rates for each stock during this period, excluding Fridays that
were holidays. Given the possibility of autocorrelation in the weekly stock
returns, we applied the Ljung-Box test Ljung and Box| (1978) at a 0.05 level
for zero autocorrelations to each stock. We retained 280 stocks for which
the Ljung-Box test at a 0.05 level was not rejected. It’s important to note
that if we had used all 424 stocks, there might be autocorrelation between
observations, which would violate our assumption and necessitate further
studies.

Figure [1| show the histogram of standard deviation of those 280 securi-
ties. We found that the variances of those assets are obviously not equal. So
the scalar-invariant test procedure is preferred. Thus, We apply the above
six test procedures—SS-SUM,SS-MAX,SS-CC,MAX,SUM,COM on the total
samples. All the tests reject the null hypothesis significantly. To evaluate
the performance of our proposed tests and other competing tests for both
small and large sample sizes, we randomly sampled n = 52K observations
from the 716 weekly returns, where K ranges from 3 to 8. This experiment
was repeated 1000 times for each n value.

Table |1} presents the rejection rates of six tests. We discovered that
spatial-sign based test procedures outperform mean-based test procedures.

This is primarily due to the heavy-tailed nature of asset returns. Figure
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displays Q-Q plots of the weekly return rates of some stocks in the S&P
500 index. We observed that all data deviate from a normal distribution
and exhibit heavy tails. Additionally, sum-type tests perform better than
max-type test procedures, mainly because the alternative is dense. Figure
illustrates the ¢-test statistic for each stock. We noticed that many ¢-test
statistics are larger than 2, and most of them are positive. Among these
tests, the SS-CC test performs the best. Although the SS-SUM outper-
forms the SS-MAX, the SS-MAX still retains some power in all cases. As
indicated in the theoretical results in Subsection 3.2, our proposed Cauchy
Combination would be more powerful than both max-type and sum-type
tests in this scenario. Therefore, the application of real data also demon-
strates the superiority of our proposed maxsum test procedure.

It’s worth noting that the rejection of the null hypothesis, which sug-
gests that return rates are not solely composed of risk-free rates on average,
aligns with the perspectives of numerous economists. Indeed, the considera-
tion of a non-zero excess return rate and the attempt to model it has spurred
a vast amount of research on factor pricing models in finance (Sharpe, 1964;
Fama and French, 1993, 2015)). These models, which have many practical
applications, operate under the Arbitrage Pricing Theory (Ross, [1976). Re-

cently, numerous studies have focused on the high-dimensional alpha test
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under the linear factor pricing model, including works by |[Fan et al.| (2015));
Pesaran and Yamagatal (2017);|Feng et al.| (2022)); Liu et al.| (2023]). Notably,
Liu et al| (2023)) proposed a spatial-sign based sum-type test procedure for
testing alpha for heavy-tailed distributions. It would be intriguing to ex-
tend the methods presented in this paper to propose a spatial sign based
max-type and maxsum-type test procedures for testing alpha. This is an

area that warrants further exploration.
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Figure 1: Histogram of standard deviation of US securities.

S4.2 Paired colon dataset

Another important application of the one-sample test discussed in this pa-

per is assessing the mean difference between two paired samples. In this
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Figure 2: Q-Q plots of the weekly return rates of some stocks with heavy-tailed distri-

butions in the S&P500 index.

section, we utilize our methods to test the mean difference for paired sam-
ples and consider the colon dataset provided by |Alon et al. (1999). The

colon dataset includes gene expression data from 40 colon cancer patients,
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Table 1: The rejection rates of testing excess returns of the S&P stocks for p = 280 and

n = 52K with K = 3,--- ,8. For each n, we sampled 1000 data sets.

SS-MAX SS-SUM SS-CC MAX SUM COM

n = 156 0.295 0.361 0.380 0.124 0.219 0.204

n = 208 0.364 0.448 0.458 0.128 0.217 0.206

n = 260 0.424 0.542 0.556  0.140 0.276 0.246

n = 312 0.506 0.633 0.645 0.137 0.272 0.236

n = 364 0.652 0.738 0.758 0.143 0.317 0.282

n = 416 0.753 0.821 0.843 0.163 0.339 0.303

Histogram of t test statistics

Frequency
40
1

20

t test statistics

Figure 3: t test statistics of the weekly excess return rates of each stock.
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comprising 22 paired samples from normal and tumor colon tissue and ad-
ditional 18 samples from tumor tissue, with each sample containing 2,000
gene expressions. Our objective is to assess whether the mean gene ex-
pression levels differ between normal and tumor tissues. To streamline the
analysis, we exclude unpaired samples and retain only the n = 22 paired
normal and tumor tissue samples. To compare the methods, MAX, SUM
and COM methods are also displayed. We observed that SUM test fails to
reject the null hypothesis while others strongly reject if the significant level
is set to a = 0.05, see Figure [2] It is aligned with the simulation results
of non-normal cases, suggesting a significant difference in gene expression
between normal and tumor tissues, warranting further investigation. In
addition, we find that the COM test successfully rejects the null hypoth-
esis, whereas the SUM test does not. This indicates that methods based
on the theorem of the independence between the test statistic can enhance
test power while ensuring that Type I error remains controlled, particularly
when data sparsity is uncertain.

Table 2: The p-values of testing the difference of gene expression levels of the normal

and tumor colon tissues.

SS-MAX SS-SUM SS-CC MAX SUM COM

6.88x 1075 6.71 x 1077 1.33x107% 1.68 x 1073 9.62 x 1072 3.30 x 1073
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