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In this supplement, we provide additional simulation results of the white noise test for fitted

residuals, along with the complete proofs of Theorems 1-5 from the main article.

S1. Simulation of white noise test for fitted residuals

In this section, we examine the finite sample performance of our proposed
tests to test whether the residuals of the factor model are white noise. We

consider the following dynamic factor model:

Model 11. X; = BY, + E;, where F, is i.i.d. N(0,1,), B € RP*? is a p x 2 matrix,
B = (b;j), b;j is first generate independently from uniform distribution
U(—1,1), then be divided by p°%,Y; € R?* with Y; = AY;_| + ¢,

A € R?**? is a 2 dimensional diagonal matrix with diagonal element
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Table S1: Rejection rate (in %) of different test statistics at a = 5% significant level for

residuals in Model 11 with difference factor number r.

r=1
P Ty T> T3 Tsn  Tc  Twi  Twe T T T3 Tsn  Tc  Twi  Two
L=5 L=10
20 44.6 72.8 60.6 19.6 0 4.2 0.6 33.4 66.6 58.6 12.8 0 5.0 1.2
40 50.6 78.6 63.8 24.6 0 3.2 1.0 37.4 69.0 62.4 15.4 0 4.4 1.2
60 48.6 82.4 72.0 28.6 0 13.4 6.2 37.4 69.4 62.8 17.2 0 10.4 6.0
r=2
p T T> T3 Tsn  Tc  Twi  Two Ty T T35 Tsn  Tc  Twi  Twe
L=5 L=10
20 4.0 4.4 4.2 4.0 0 3.0 0.6 6.0 3.8 3.8 6.4 0 2.8 0.8
40 5.0 6.2 6.0 5.0 0 3.6 0.4 6.2 5.2 5.8 4.2 0 2.6 0.4
60 4.2 5.6 5.0 6.0 0 1.8 0.6 4.4 5.0 6.4 5.6 0 1.8 0.4
r=3
p Ty T T3 Tsn  Tc Twi  Twa Ty T T3 Tsn Tc Twi  Twe
L=5 L=10
20 5.0 5.4 5.0 5.0 0 2.8 0.8 6.0 4.4 5.0 5.2 0 3.6 0.8
40 5.6 5.2 5.4 5.8 0 1.8 0.4 4.4 5.6 4.0 6.2 0 3.4 0.4
60 4.6 5.8 6.0 4.6 0 1.6 0.6 5.2 4.4 5.2 6.2 0 2.6 0.8
iid . .
set to be (—0.5,—0.5). e; ~ N(0, I) and are independent with {E}.

Model 11 is a dynamic factor model with 2 factors. Firstly, We generate

{X;} from model 11. Subsequently, we fit { X;} with dynamic factor models,

where the number of factors in the dynamic factor model is set as 1,2, 3.

Next, we conduct white noise tests to test whether the residuals are white

noise. Since the true factor number is 2, we expect that white noise tests

reject the null hypothesis when the factor number is set to 1, and fail

to reject the null hypothesis when the factor number is set to 2 and 3.

We report the rejection rate of tests at o = 5% significant level. We set

p = 20,40,60, N = 200, and L = 5,10. For each experiment, we have 500

Monte Carlo replicates.
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Table [51] presents the rejection rate for residuals in Model 11 for differ-
ent factor numbers r in the dynamic factor model, where r = 1,2,3. As we
expect, when the factor number is correctly set (r = 2), our proposed tests
T1, T, and Tj exhibit correct empirical sizes. The test proposed by Wang
and Shao| (2020) (Tsy), the test proposed by |Chang et al.| (2017) (7¢) and
two tests from Wang et al. (2022) (Tw; and Ty2) can also control type I
errors. All seven tests can control type I errors when the factor number is
set too large (r = 3). When the factor number is set to r = 1, considering
that the true factor number is r = 2, the residuals will not be white noise.
Our proposed tests Ty, T, and T3 show satisfactory power. Notably, T
outperforms the others and T3 is the second best test. Ty also has non-
trivial power. The rejection rates of Ty and Tyo are relatively low, and
the rejection rate of T¢ is zero. This simulation indicates our proposed tests

can be used to select the number of factors in the factor model.

S2. Technical proofs

This section contains proofs of Theorem 1, Theorem 2, Theorem 3, Theorem
4 and Theorem 5 of the main article.

We set Yy = vec (X, X,},). Given L € N, let Y, = (4 /1Y, LY, )T,
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then our statistics 1" in can be written as

1 T
T:N;yi ;.
1#]

Similarly, our bootstrap statistics can be written as

. 1
ol

Since {X,} is a stationary time series with physical dependence, {);} is
also a stationary time series with physical dependence and can be written

as:
yt =g (Et>€t—17 .. ) .
Let ), ; be jth component of ), then {)} ;} have the form:

ytvj = Gj (5t75t_1, .. ) .

Let yt7{k} =g (.7:157{]6}), we set

Oraq = |Ves = Vesaorll, = 1Yes = 95 (Fron)|

q Y

and

o0
@myq»j = : :etzqyj'
t=m

We first show the following lemma:

Lemma 1. Let {G;} be p?L-dimensional independent Gaussian random

vector, EGy = 0, and Cov(G;) = Cov(Vi|Fi—1), {G:+} is independent with
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{X:}. Define the Gaussian analog of T as

1 T
vzﬁgeiej
1#]

Lp
Nogg 0, we

Assuming condition 1 -3 hold, when {X.} is white noise and

have
sup|P(T <t)—P(V <t)|—=0
teR
Proof. Define
1 ifu<0

go(u) = [1 — min{l,max(u,O)}ﬂ4 =41 —u H0<u<1:

0 ifu>1

\
then go is a non-increasing and three times continuously differentiable func-

"

tion. Define g, = max, {|gh(u)| + lg4(e)] + ¥/ )} < oo.
Recall 3y = Var(X;), and ¢ = tr(X2). For any ¢ > 0, define g (z) =

g(¢(x —t)), then for fix ¢, we can approximate the indicator function I,<
by g(¢(x —t)), i.e.,

Hzgt < gw,t(:ﬁ) < ]I:chter—l-

For gy(x), we also have sup,, |} ,(z)] < g0, sup,, |g),(2)] < g.0?

"

and  sup,, |g;,(v)] < g. 0%

Let H; = 23;11 Vi + Z?:i—i—l Gj, and
Vi r - GiHi

Q(y17‘"7yi—luGi+17”'7Gn) I

Li: ) = ) [ )
NO'O NO'(] NO'O
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where Q (T1,. .., Zi1, Tit1, - TN) = D1 z]z;. Let

I=g,, (L) (A —Ty) = g, (L) (¥; — Gy) " H;
| 1,
IT = §9Z,t (L) (A7 -T7) = 597,[/),15 (L) H (VY] — GG H,

I = [gy,¢ (Li + A¢) — gy (Li + 1)) =T =11

For I, we have

El = E[g,,, (L;) (A; — T})] = Elgl,, (L) Vi — Gy) " H}

= E[Elgy,, (Li) (Vi — Gi) " Hi|Fii]]

When {X;} is white noise, {)}} is a sequence of martingale differences with
respect to Fy, i.e., E[);|F_1] = 0. Since {G;} is independent with {)}}, L;

and H; only contain {)y,...,);_1}, we have
EI = E[E[g),, (Li) | FiJE[(Y: — Go) " |Fica|B[H;| Fia]] = 0

For II, similarly, we can have E[II] = 0.
For III, note that ‘ggt(u)} < g%, |g7’¢’)’t(u)‘ < g%, using Taylor’s ex-

pansion, we have E(IIT) < Emin {g.¢? (|A;]° + |T4%) , g.4® (JA) + [Taf*) },
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let ¢ =246 € (2,3], we obtain

E(I11) < Emin {g.¢° (|A + T?) , .0 (JA° + |Ti%) )

1
SOpi— (E]A1" +E Ty
0
T N 1 q N 1 a ]
E|— Ty, E|l— ire?
1 ; Nj;lyZ Y +; Nj;1yz ’
< Cwqo__o N 1_ q N 1_ q
T T
FALE|N 2 V| LBy 2 ¢l
B i=1 1<i—1 =1 j>i+1 |

For Y > jcio Vi let Z; = Y'Y, then Y Djcic Vi = 23;11 Zj. Fol-
lowing Theorem 1 of [Liu et al|(2013), we have

—+o00

i—1
< CqNE (max O 5+ |5 D1l|2) +CqN s (max D - min(m, N)2 75005+ Villo)
m=1

>

J=1

1<i<N
q

Condition 1 implies max; ©;5,; < oo. Since ¢ € (2,3]|, when N is

sufficiently large, we have

i—1 q +o00
. 1_1
B P 20| < Collamge ) min(m, )58+ 135 1l
Jj= m=

For Y > j<io1 Gy, since {G,} is independent, we have

i—1 q
T T
g PV 2 Gl < GNIEAlG
J:
. TN 1 TV (|2 TN !
Similarly, max;<;<n |V, Zj:iﬂ G| < CN||Y, y1||q, and max; <<y |G, Z]’:H—l Gj| <

CoN (V3 Vil
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Then

[E(IID] < Cp* (B IAi!q +E[LY)

¢ -
ZE > | + Z S Y6,
< Cwqalo ]1<z 1 qi: . j>z+1 .
+ZE ~ Y VG +>E Z G} G,
| =1 j<i—1 i=1 J>z+1 ]

00 . 11
_ CYSN (max; 5%, win(m, N) 50,0+ [V Dally)*
= NqO'() ’

1TV, = 0<<Lp2>%>.
Since

Gut (—> — Gpt (K) -y [ (Li + Ai) = gy (Li + T3)]

g0 o i=1

we have

Elgee () = gus ()1 € 3 e (L 30 =g (L 1)

90 i=1
< N|E(IID)|

C¢q(z+ , min(m, ]\7)é qumq—l—(Lp )é)
N(SO'O

_L( 7p7 )Cwq

Since condition 2 hold, p and N satisfy —2— — 0, we have L(N, p,§) — 0.

N6

Then we obtain

< 1) < Elgo (03)] < Elgys (UKO)HL(N,p, 5w <B(L <ty

T
P(—
00 0o

D+L(N, p,8) Oy,
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ie., ]P’(Ul0 <t) < IP’(UKO <t+¢~ Y+ L(N,p,0)Ce. Similarly, we can obtain

P(YX <t -4y — L(N,p,0)Cy? < ]P’(UZO < t). Then we have

<t )~ L(N, p, )07 < P(- < 1)  B( <t )+ L(N, p, 6) .

0o 00

T
P
00

Since V is distributed as a linear combination of independent chi-
squared random variables, following supplement material of Xu et al.| (2019)),

there exists a constant Cy > 0, such that

P <t+97Y) < P(L < 8) + Co,

(o) (o)
therefore,
V 1 T V 1
P(— < t)=[Cott + L(N,p, )C] < P < 1) SB(= < )+[Covt + L(N,p, 8)Cy1]
00 00 00

We then have

sup
teR

P (Z < t) —P (K < t)‘ — Cyp? + L(N, p, §)C*,

0o 00
hence

sup|P(T <t) —P(V < t)| = Cotp2 + L(N, p, §)C".
teR

1

Set ¢ = C%L(n, §) **%, condition 1 and condition 2 indicate 1)~ — 0, we
then have

sup |P(T < t) — P (V < t)] — 0.

teR
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S2.1 Proof of Theorem 1 and Theorem 2
We then prove Theorem 1.

Proof. Since {G,} are p?L-dimensional independent Guassian random vec-

tors, EG; = 0, and Cov(G;) = Cov(J4|Fi-1), set ¥ = Var();), we have

1
~ S G5 N, D).

Let G; = Vie;, where {e;} are independent standard normal distribution,
we have G; ~ N/(0, VY1), thus
1 ~ 4
2 Gi = N(0,D).
Therefore, under H,, we have
sup |P(T* <t) =P (V <t)] = 0.
teR
Combining with Lemma 1, we have
sup|P (T <t)—P(T* <t)] = 0.

teR

Theorem 2 naturally follows from Theorem 1.

S2.2 Proof of Theorem 3

We then prove Theorem 3.



52. TECHNICAL PROOFS

Proof. Let T) = D i Y;TZY;Z, then +7 have form

1 1 1 1
NT = wlNTl + ’UJQNTQ + -+ U)LNTL.

Under H; in equation (3.3), we have for [ > 2, EY;; = Evec(X;X, ;) = 0.
Notice that 7} = = D it Y, Y = tr (i?il) — 3= Zfil Y, Yi, where
f]l = % > XtX;l is the sample autocovariance matrix at lag [. Since X, is
a VMA(1) sequence under H; in equation (3.3), we have 3, % 0 for [ > 2.
For % Zf\il Y;,lez}lv note that the elements of Y; ; are of the form X, ; X, 1,
where X ; is jth element of X;. Hence when [ > 2, for an arbitrary given j
and k, by applying the central limit theorem, we have \/—% Zf\il Xi i Xitik LN
N(0,1). consequently, under Hj in equation (3.3), we have +7; = D it Y Y RS

0 for [ > 2; hence %T is asymptotically equivalent to w; %Tl.

For T} = + Di VY1, we have

1 1
NTI = m ; (A()Zz + Alzi_l)T (A()Zj + Alzj_l) (A()Zj_l + Alzj_2>T (A(]Zi_l -+ Alzi_2>
i#£]

= Ty(I) + T (IT) + Ty (I11)

1

§ : T AT T T T T T T

i#]

T AT T T T T T T
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Ty (I1) —% Z (z;AgAlzj,lij_leTAozi,l + ziT_lAlTAgzjij_leTAozi,l
i#j
+ zinlAlTAlzj,lijflAOTAlzi,g + zllAlTAlzj,lz;QAlTAozi,l
+ 2 Ay Aozjz]_p AT Aozio1 + 2 Ag Aozjz] 1 Ag Avzis
+ziTAJAlzj_1z]T_2A1TA12¢_2 + ZiT_lAlTAgzszT_QAITAlzi_Q) ,
Ty(I11) _$ > (2 AJ Arzjaz] AG Avzis + 2 Al Agziz] 5 A Az
1S#£]
2] Ag A1zj12] oA Aozt + 2 AT Avzjz] 1 Aj Arziss) .
We have E{T} (1)} = tr (ioil) EB{Ty(ID)} = 0, E{Ty(I11)} = % tr? (201),

and

var{Ty(I)} :% u? (53 4+52) + % u? (505,
+ % {2 r (2021)2 + (s —3) e {0 (50831 }] R

8 e - oy - 16 /e - -
Var{T1 ([I)} :m tr (201201) tr (Eg + E%) + m tr (EmEl) tr <20120>

+ o tr (S04 5)) {or (555050 +tr (EnEg ) )
+ % tr (201> {tr (igi&) + tr (f]fim) + 2tr (fhimiO)}
4t (ST EuSh + S SHEE + 250 SiZu ) + R
4 $ ST HT S 12 2(5 1
var{Ty(I11)} = tr (201201201201) + st (201201)
+ % tr (im) tr (imi&i&) + R,

4 e o 4 e -
cor{ Ty(1), TL(ITD)} = 5 ° (Zo%0r) + o (51%01) + R,
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cov{Ty(I), T, (II)} = R,
cov{T\(IT), T, (III)} = R,

where R represents the remainder terms with smaller orders than the others

listed in each variance and covariance items. Using Proposition 4.1 of |Li

et al.| (2019), we have

1
(NTI — 'U/S> /0'51 i) N(O, 1)

Since %T is asymptotically equivalent to w, %Tl, we have

1
(NT - w1u5> Jwios, A N(0,1).

S2.3 Proof of Theorem 4
We then prove Theorem 4.

Proof. Recall that the statistic 7' can be expressed as T' = % > oy Yy,
Under alternative hypothesis H; with E [V, = p # 0, we have the following

decomposition:
N 7

—T—NQZyTyJ NQZZ Virr =) (V) =yt p)

i=1 j=1

N i
2
:—QZ yz+1 w' (Y _M)"'THMHz

N
2 :
QZN J+1)( M)TN+WZZ(3}¢+1—M>TN-
Jj=1 i=
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Let

9 N 1
= WZZ(%H )" -,
i=1 j=1
N +1

II= T“MH%

9 & ,
= = SIN=i+1D) Q= p

7j=1

9 N
IV=— NQ Zl(yl—l-l _:u)T:u

=1

For III, we have EIIl = 0, and

1/2
Var <—”“”\|}‘%” ) 111

N

f%m >0 N[0 = 0 |

jJ—l

4370 o 1Skl
E S| ) — 0.
Rt ||M|| ” lj1—j ||| ||S||F

NIIMII 1T

1w

1/2 -1 1/2 —1
Hence, <%) 111 5 0. Similarly, we have <—“'fﬁ” > IV

Hence, we have

SIE 1 |13/ N N +1
(nuuu I ) Lo (M oy YNl N+t

VN VN IS N
then,
1 1 Nijpl? VN
7= NI+ =220 4o alll}
1S 7 1Sl 1Sl * 15|12

For I, notice that {); — u} satisty E[}, — u| = 0. Following the proof

of Theorem 1, we can show that sup,c |[P(N-1<1t)—-P(T* <t)] — 0.

1 *
Therefore, we have sup,cp |P (IISII N-1< t) P ( |S”FT < t)‘ — 0.
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Hence, 1f H %c then
1 d 1
T — T + ¢,
151l 151l

we have that P(T' < gs or T > ¢1-2) — 8 € (a,1).

.c N 2
o Nl

S~ 9% then the leading term of ——1 is Nl ,and T — oo,

IISII NEES

we have that P(T' < ga or T'> g1-a) — 1. O

S2.4 Proof of Theorem 5
We then prove Theorem 5.

Proof. Since we can rewrite T as T = Zle w; T}, where T; = % Z#j Y;TZY}Z,
and Y}, = vec (XtXtH) We first show that 2IIFH A N(0,1).

We can see that 2HFII Zivzl Nis1, Where 1,41 = WYQLJ Zzzl Y.
Since E[n;,1 | F¢) = 0, then {n,,1} is a martingale difference sequence with
respect to F;. Using the martingale central limit theorem in Billingsley
(2017), we need to show the following:

L ve>0,3 " E 1211 {Ia| > €} | Fi =0,
2. SN B | B DL

Note that

E[nf—i—l N4HFH4 ZE t+1lY:91 ]

< N4\|F||4 E E E E (Y1051 Yoo Yirtgs Yir10ga Yor 1y Yo dga Vs s Ysaigal

t=1 51<--<sy=1 j1,...,54=1
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since {X;} is i.i.d. sequence, we have
B Yerrn Yern g Yiergs Yern o Yo g Yoot Yoo 1y Yastga] =

B [Yii1-suti Yor1—saduo Yor1—sudis Yor1—sadija Yor—sads Yoo —saiija Ysa—sadjs Y0.Lja) -

Note that {X;} is an i.i.d. sequence, then Y;; is independent of Y;; for

s < 0, we have
E D/;f+1*547l,j1 Yt+1754,l7j2Yt+1*84,l,j3E+1*S4J,j4YS17847141Y82754,1J2YSS*S4,ZJ3YO,Z,J&] =

E [Yt+1—84,l7j1 Yt+1—84,l7j2Yt+1—84,l,j3Yt+1—547l7j4] E [YS1—54717j1}{92—547l,j2Y;3—S4JJ3Y0,ZJ4] .
We can obtain

E [Y2+1734,l,j1 Y;f+1*847l,j2 K+1*S4,Z7J’3Y;+1*S4,l,j4] =

Uy o lisgs + UingsUiniga + Uingalags + 0(1),

then

p2

Z E [Y;:Jrlfsu,jlY:‘4+1784,l,j2Y;5+1784,l,j3Y;5+1784,1J4] =0 (HFH%’) .

J1,J2,33,J4=1

Note that
B Yo, —sui1 Yoomsaijo Yos—saljs Y0, ja|
=T ljs g {s1 = s2} 1{ss = sa} + I oD 1 {51 = s3} 1 {52 = s4}
+ 1l 551 {s1 = s4}1{s2 = s3} |
< Uy lie gl {s1 = sa} 1{ss = su}| + |, juDj i1 {51 = 55} 1 {82 = s4}|

+ |Fj17j4Fj2,j31 {51 = 54} 1 {32 = 53}| )
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by condition 4, we have sup; ;,_; [T j,| < C, then we have

E [77?-1-1

N4HFH4 § , E E B Yirvgy Yot Yirtigs Yer 1 You i Yoot Yoo Youdija)

t=1 s1<--<s4=1 j1,...,ja=1

- N4HFH4 Z Z Z Jl J2 ]3734 +F]1 J3F]2 J4 +FJ17J4 ]27J3|

t=1 s1<-<sg=1j1,...,Ja=1
X |Fj1,j2Fj37j41 {31 = 32} 1 {53 = 34}| + |Fj1,j3Fj27j41 {31 = 33} 1 {82 - S4}|

+ 0y gulnga 1 {51 = 84} 1 {s2 = s3}|

2
_N4|F||4Z > ( sup 2|rj1,j2|) O ()

Foy=1 1<51<s3<t J1,j2=1,...,p

<O(N7') =0,

hence E[n ;] — 0, then Ve > 0, Zi\[zlE [nfﬂl {Ines1| > €} | ]—"t] 2o,

Note that

N

N
SB[t 17] =3 | o (YJ”ZY‘”) :
t=1

set Vi

t=1

NQHFHQ Z Z Z 81, ZE Yt+1lYt+11 | ft] s2,l

Ftlsl 1 s9=1

N2HFH2 Z Z Z SRR

t=1 s1=1s9=1

= Zi\ilE [77,?“ | .7-}], we have E[Vy] — 1.
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We can obtian

t1
E[VN N4||FH4 ZZ Z Z Z E s1,L,71 82,512}/83,1,]33/84,1,]4]F]1732F33,J4

t1=1t2=1 s1,52=1 83,54=1 j1,...,54=1

N4!F\|4ZZ Z Z Z {si = s} sy = sa} I, 515,

t1=11t3=1 s1,52=1 83,54=1 j1,...,ja=1

N4|\FH4ZZ Z Z Z 1{s1 = sy} 1{so = 54}

t1=1t2=1 s1,52=1 83,54=1 j1,...,j4=1

X Fjl ,J3 sz \Ja Fj1 \J2 1—‘3'37]'4

N4|F|]4ZZ Z Z Z 1{s1 = sa} 1{ss = s3}

t1=1t2=1 s1,52=1 83,54=1 j1,...,54=1

X Ly s Lo ialingasoa

= Kl + K2 + Kg.
We have K, = v r2 .12
€ nave 1 — N4||F||4 Ztl =1 ZtQ 1 Zsl 1 33 1 1y ja=1 " J1,J27 73,J4 -

1, and

|| =

N“HFH“ ZZ Z Z Z L{s1 = s3} 1{sy = s4}

t1=11t2=1 s1,52=1 s3,54=1 j1,...,ja=1

X Fjl,j3Fj27j4Fj1,j2Fj3,j4 |
t1
SERE O SIb o TR ITRER S TR
t1=1t2=1 s1,520= 183,84 1 J1,2=1

—N4||ru4 ZZ Z Z 1{s; = 55} 1 {s2 = s} |72}

t1=1t2=1 s1,52=1 s3,54=1

< VAT = ”F”f) N
NTTE T

Similarly, we can obtain |K3| — 0. Hence E [VZ] — 1, using Chebyshev’s in-
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equality, we have SV | E [n2 | Fi] %, 1. Hence we have QH%—}”F A N(0,1).

Since {X;} is i.i.d. sequence, for [ # k, we have E[T;T}] = 0, then we

have = Z— % A(0, S wd).

2[ITf[r
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