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Supplementary Section A

We will first present the simulation results of the estimations under the cases

where c1 = c2 = 0, 0.5 and relative pointwise bias of slope functions under

three cases. We also present the RMSEs of the estimated loadings λ̂l and

factors F̂ l, l = 1, 2, which are defined as RMSE(λ̂l) =

(
1
B

∑B
b=1(

1
N

∑N
i=1(λ̂

b

li−

λli)
2)

)1/2

, RMSE(F̂ l) =

(
1
B

∑B
b=1(

1
T

∑T
t=1(F̂

b

lt − F lt)
2)

)1/2

, where λl =
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(λl1, . . . ,λlN)
τ and F l = (F l1, . . . ,F lT )

τ .
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Figure S1: The estimate for the slope functions β(s) = (β1(s), β2(s))
τ using the func-

tional linear model with latent factors (FLiF) and the conventional functional linear
model (FLM) in the cases c1 = c2 = 0 and c1 = c2 = 0.5 obtained from one Monte Carlo
run with the sample sizes N = 100 and the number of observations T = 100, where c1
and c2 are two constants indicating the correlation of scalar and functional covariates
with the hiding factors, respectively.



Functional Linear Models with Latent Factors

RMSE of Estimated Loadings λl and Factors F l

Sample Size RMSE

N T λ1 λ2 F 1 F 2

c1 = c2 = 0

50 50 0.275 0.258 0.195 0.216

50 100 0.238 0.224 0.154 0.163

100 100 0.172 0.193 0.128 0.119

c1 = c2 = 0.5

50 50 0.306 0.295 0.252 0.261

50 100 0.263 0.244 0.214 0.235

100 100 0.224 0.218 0.175 0.182

c1 = c2 = 1

50 50 0.357 0.368 0.302 0.282

50 100 0.315 0.309 0.253 0.247

100 100 0.269 0.251 0.212 0.229

Table S1: Root Mean Squared Errors (RMSE) of the estimates for factors F l and the
corresponding loadings λl, l = 1, 2, when varying the sample sizes N = 50, 100 and the
number of observations T = 50, 100, where c1 and c2 are two constants indicating the
correlation of scalar and functional covariates with the hiding factors, respectively.

Supplementary Section B

When the common factors in our proposed model are known, the func-

tional linear model with latent factors becomes the functional linear mixed

model regardless of whether the factor loading is a one-dimensional or multi-

dimensional vector. To compare these two models, in this section, we com-

pare the proposed functional linear model with latent factors (FLiF) model

with the conventional functional linear mixed model (FLMM).

The data are simulated based on the model Yit = ατWit+
∫ 1

0
βτ (s)Xit(s)ds+

λτ
i Ft+ εit, i = 1, . . . , N, and t = 1, . . . , T, with the sample size N = 50 and
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the number of observations per subject T = 50, 100, where we set the fac-

tor structure as λi ∼ N(0, I2) and Ft ∼ N(0, 0.5I2). The scalar covariates

Wit is set as (W1it + c1λ
τ
i Ft,W2it)

τ , where c1 is a constant indicating the

correlation of scalar covariates with the hidden factors, and W1it ∼ Exp(2),

W2it ∼ U(0, 1). The functional predictors Xit(·) = (X1it(·), X2it(·))τ is set

asX1it(s) = 1+c2·λτ
iF t+δ1it · s, X2it(s) = c2·λτ

iF t+δ2it·sin(2πs), where c2

is another constant representing the correlation of functional covariates with

the two hidden factors, δ1it ∼ U(−1, 1) and δ2it ∼ N(0, 2). We set the scalar

coefficient α = (1, 0.5)τ , the functional coefficient β(·) = (β1(·), β2(·))τ to

be β1(s) = 2 + 3s+ e2s, β2(s) = 5 + 3sin(2πs) + 2cos(2πs). The regression

error εit are generated i.i.d from the normal distribution N(0, 1).

From the simulated data, we then estimate the proposed functional

linear model with latent factors (FLiF) model, which assumes that the

factors are unknown. We also estimate the conventional functional linear

mixed model (FLMM): Yit = ατWit+
∫ 1

0
βτ (s)Xit(s)ds+λτ

1iF1t+εit, which

assumes the first factor F1t is observed but the second factor F2t is missing.

This scenario mimics the problem of unobserved factors happening in many

applications.

We use the relative root mean integrated squared errors (Re-RMISE) to

measure the accuracy of the estimated functional coefficients under the two
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different models, which is defined as Re-RMISEl =

(
1
B

∑B
b=1

∫
S

[
{β̂b

l (s) −

βl(s)}/βl(s)

]2
ds

)1/2

, l = 1, 2, where β̂b
l (s) is the estimate of βl(s) in the

b-th simulation replicate, b = 1, . . . , B.

Average Re-RMISEs (%) for the estimated functional coefficient β1(s)

Sample Size c1 = c2 = 0 c1 = c2 = 0.5 c1 = c2 = 1

N T FLMM FLiF FLMM FLiF FLMM FLiF

50 50 7.9 7.3 8.3 7.6 8.8 8.2

50 100 7.4 6.7 7.8 7.2 8.3 7.5

100 100 6.7 6.1 7.5 6.6 7.9 7.1

Table S2: The average of the relative root mean integrated squared errors (Re-RMISEs)

(%) for the estimated functional coefficient β̂1(s) over 100 simulation replicates for the
proposed functional linear model with latent factors (FLiF) model and the functional
linear mixed model (FLMM) when varying the sample sizes N = 50, 100 and the number
of observations T = 50, 100, where c1 and c2 are two constants indicating the correlation
of scalar and functional covariates with the hidden factors.

Table S2 shows the average Re-RMISEs of the estimated functional

coefficient β̂1(s) of two models under three different correlation settings. It

shows that the estimates in the FLiF model have smaller Re-RMISE than

those in the functional linear mixed model in almost all settings. Therefore,

the performance of the proposed FLiF model is better than the FLMM

model. This result is not surprising because the FLMM model assumes the

first factor known but misses the second factor. Although the FLiF model

requires identification and estimation of hidden factors, the FLiF model is

more flexible because it can identify all hidden factors from data.
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fd nvg fin edu ener med eng elec consu soft
food 0.87 0.92 0.03 0.79 0.98 0.81 0.12 0.020.020.02 0.96

navigation 0.93 0.020.020.02 0.86 0.82 0.73 0.45 0.12 0.91
finance 6e-36e-36e-3 0.82 0.63 0.74 0.31 0.07 0.83

education 0.18 4e-54e-54e-5 0.69 0.43 0.85 8e-38e-38e-3
energy 0.68 0.81 0.76 0.43 0.82
medicine 0.65 0.020.020.02 3e-33e-33e-3 0.93

engineering 0.80 0.65 0.74
electricity 0.84 0.28

consumption 0.06
software

Table S3: P-value of multiple tests for loadings of ten sectors.

Supplementary Section C

Stock Price Analysis

An analysis of variance (ANOVA) test was conducted to determine whether

the factor loadings of ten sectors differ significantly. The p-value of the

ANOVA test is 1.197e-05, indicating significant differences in factor load-

ings among the ten sectors. To further identify which pairs of sectors differ

significantly, we performed multiple tests on the factor loadings. Table S3

lists the p-values of the multiple test results for each pair of sectors. The

table shows significant differences in factor loadings between the following

pairs: ’education’ and ’medicine’ with a p-value of 4e-5, ’food’ and ’con-

sumption’ with a p-value of 0.02, ’education’ and ’navigation’ with a p-value

of 0.02, ’medicine’ and ’electricity’ with a p-value of 0.02, ’education’ and

’finance’ with a p-value of 6e-3, ’medicine’ and ’consumption’ with a p-value



Functional Linear Models with Latent Factors

Re-RMSE for the estimated response Ŷ
Day FLM FLiF
70 0.076 0.068
71 0.081 0.072
72 0.086 0.075

Table S4: Relative Root Mean Square Error (Re-RMSE) for the estimated response

variable Ŷ of day 70-72 using the proposed functional linear model with latent factors
(FLiF) model and the conventional panel data model in air pollution analysis.

of 3e-3, and ’software’ and ’education’ with a p-value of 8e-3.

Air Pollution Analysis

To assess whether latent factors improve prediction accuracy, we selected

data from the first 69 days and estimated the proposed FLiF model. We

then used this model to predict response variables for the subsequent three

days. Simultaneously, we made the same predictions using the conventional

functional linear model without latent factors. We measured the prediction

performance of both models using the relative root mean square errors (Re-

RMSEs). Table S4 presents the Re-RMSEs for the predicted responses Ŷ

on days 70-72 using both the FLiF and FLM models. The results indi-

cate that the Re-RMSEs for the predicted responses are reduced by 10.5%,

11.1%, and 12.8% on days 70, 71, and 72, respectively, when using the

FLiF model in comparison with the FLM model. These findings suggest

that incorporating hidden factors can enhance prediction accuracy.
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(a) c1 = c2 = 0
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(c) c1 = c2 = 1

Figure S2: The relative point-wise biases of the estimated slope functions β̂1(s) (left

panel) and β̂2(s) (right panel) using the functional linear model with latent factors (FLiF)
and the conventional functional linear model (FLM) in three cases c1 = c2 = 0, 0.5, 1
obtained from 200 Monte Carlo runs with the sample sizes N = 100 and the number of
observations T = 100, where c1 and c2 are two constants indicating the correlation of
scalar and functional covariates with the hiding factors, respectively.
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Supplementary Section D

We will present the proof of theoretical results in this section. Some lemmas

and auxiliary theories needed will also be given.

We use the following facts throughout the paper: ||F || = Op(T
1/2),

||Zi|| = Op(T
1/2) for all i,

∑N
i=1 ||Zi||2/NT = Op(1), and T−1/2||F̂ || =

√
r.

Lemma 1. Under assumptions (A1)∼(A6), we have

sup
F

|| 1

NT

N∑
i=1

Zτ
iMFεi|| = op(1).

sup
F

|| 1

NT

N∑
i=1

λτ
iF

τ
0MFεi|| = op(1).

sup
F

|| 1

NT

N∑
i=1

ετi (PF − PF0)εi|| = op(1).

Theorem 1

Proof. Assume α0 = 0 and β0(·) = 0, j = 1, . . . , q, namely, θ0 = 0, then

Y i = F 0λi + εi.

In the estimation procedure, the objective function is written as

Q(θ, F ) =
N∑
i=1

(Y i −Ziθ)
τMF (Y i −Ziθ) + θτGθθ.
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Define the centered objective function of the above equation as

QNT (θ,F ) =
1

NT

[ N∑
i=1

(Y i −Ziθ)
τMF (Y i −Ziθ)

]

+
1

NT

N∑
i=1

θτGθθ − 1

NT
(

N∑
i=1

εiMF 0εi)

= Q̃NT (θ,F ) +Qε

where

Q̃NT (θ,F ) =
1

NT

N∑
i=1

θτZτ
iMFZiθ −

2

NT

N∑
i=1

θτZτ
iMFF 0λi

+ tr

[
F τ

0MFF 0

T
· Λ

τΛ

N

]
+

1

NT
θτGθθ

Qε =
2

NT

N∑
i=1

λτ
iF

τ
0MFεi −

2

NT

N∑
i=1

θτZτ
iMFεi +

1

NT

N∑
i=1

ετi (P F 0 − PF )εi

Proof of (a) and (b)

By Lemma 1, QNT (θ,F ) = Q̃NT (θ,F ) + op(1). For any invertible H ,

Q̃NT (θ0,F 0H) = 0.

Next, show that for any (θ,F ) ̸= (θ0,F 0H) = (0,F 0H), Q̃NT (θ,F ) >

0.

Define A = 1
NT

∑N
i=1Z

τ
iMFZi, B =

ΛτΛ

N
⊗ IT , C = 1

NT

∑N
i=1 λ

τ
i ⊗

MFZi, φ = vec(MFF 0).
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Then,

Q̃NT (θ,F ) = θτAθ − 2θτCτφ+φτBφ+
1

NT
θτGθθ

= θτ (A+
1

NT
Gθ −CτB−1C)θ + (φτ − θτCτB−1)B(φ−B−1Cθ)

= θτ (D(F ) +
1

NT
Gθ)θ + ητBη

where η = φ−B−1Cθ.

By Assumption 2, D(F ) is positive definite, B is positive definite and

Gθ is semipositive definite by definition. If either θ ̸= θ0 = 0 or F ̸= F 0H ,

Q̃NT (θ,F ) > 0, indicating that Q̃NT (θ,F ) achieves its unique minimum at

(θ0,F 0H) = (0,F 0H). Since β̂j(s) = γ̂τ
j b(s), j = 1, . . . , q, therefore, β̂j(s)

is uniquely defined with probability tending to one.

Furthermore,for any ||α|| ≥ c > 0, which implies that ||θ|| = ||(ατ ,γτ )τ || ≥

c > 0, Q̃NT (θ,F ) ≥ λDc2 > 0, where λD is the minimum eigenvalue of

D(F ). Hence, α̂ is consistent for α.

Proof of (c)

The proof of part (c) is similar to that of Proposition 1 in Bai (2009) ,

and we do not present the detailed proof.

By definition, the centered objective function satisfies thatQNT (θ0,F 0) =

0, and for estimation (θ̂, F̂ ), it is obvious that QNT (θ̂, F̂ ) ≤ 0.
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However, since

QNT (θ̂, F̂ ) = Q̃NT (θ̂, F̂ ) + op(1),

and Q̃NT (θ̂, F̂ ) ≥ 0, Q̃NT (θ̂, F̂ ) = op(1).

From the proof of part (a), θ̂ is consistent for θ0, combining with the

equation of Q̃NT (θ,F ), it is easy to obtain that

tr

[
F τ

0M F̂F 0

T
· Λ

τΛ

N

]
= op(1).

Since
F τ

0M F̂F 0

T
≥ 0,

ΛτΛ

N
> 0, then

F τ
0M F̂F 0

T
=

F τ
0F 0

T
− F τ

0P F̂F 0

T
=

F τ
0F 0

T
− F τ

0F̂

T
· F̂

τ
F 0

T
= op(1),

which also implies that
F̂

τ
P F 0F̂

T

P−→ Ir.

By Assumption 3,
F τ

0F 0

T
is invertible, indicating that

F τ
0F̂

T
is invert-

ible.

Then,

||P F̂ − P F 0 ||2 = tr(P F̂ − P F 0)
2 = 2tr(Ir −

F̂
τ
P F 0F̂

T
).

Therefore, ||P F̂ − P F 0||
P−→ 0.
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For ease of notation, define D = {(W it,X it,λi,f t), i = 1, . . . , N, t =

1, . . . , T}, δNT = min[
√
N,

√
T ], ζLD = qL−2d, ς = min[δ−2

NT , L
−2]. Mean-

while, we denote an ≍ bn as if an and bn are both positive, and both an/bn

and bn/an are bounded for all n.

Lemma 2. Assume that assumptions (A1)∼(A6) hold, then

(1) For any r, 1 ≤ r ≤ r0, Hk is an r0 × r matrix, then V (r, F̂ r) −

V (r,F 0Hr) = Op(δ
−1
NT ).

(2) For each r with 1 ≤ r < r0, and the matrix Hr is defined in (1),

there assist a cr > 0, such that plim infN,T→∞[V (r,F 0Hr)−V (r0,F 0)] = cr.

(3) For any fixed r with r ≥ r0, V (r, F̂ r)− V (r0, F̂ r0) = Op(δ
−2
NT ) .

Theorem 2

Proof. Since BIC(r) = lnV (r) + ρr for any given r, then

BIC(r)−BIC(r0) = ln[V (r)/V (r0)] + ρ(r − r0).

We consider two cases as (1): 1 ≤ r < r0, and (2): r0 < r ≤ rmax.

For case (1) 1 ≤ r < r0, from Lemma (2), we can get that V (r)/V (r0) ≥

1+ϵ0 for some ϵ0 > 0 with large probability, and thus ln[V (r)/V (r0)] ≥ ϵ0/2.

Combining with the fact that ρ(r − r0) → 0 where ρ is generally assumed

to tend to zero at an appropriate rate for accurately determining the factor
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numbers, we have that BIC(r)− BIC(r0) ≥ ϵ0/2− ρ(r0 − r) ≥ ϵ0/3 with

large probability, then it is clear that

P (BIC(r)−BIC(r0) < 0) → 0, N, T → ∞.

For case (2) r0 < r ≤ rmax, from Lemma (2), it is obvious that

V (r)/V (r0) = 1 +Op(δ
−2
NT ), thus ln[V (r)/V (r0)] = Op(δ

−2
NT ). Then

P (BIC(r)−BIC(r0) < 0) = P (ln[V (r)/V (r0)] + ρ(r − r0) < 0)

≤ P (Op(δ−2
NT ) + ρ < 0) → 0, N, T → ∞.

Therefore, P (BIC(r) − BIC(r0) > 0) → 1, namely, BIC(r) achieves

its minimum only at r = r0 for any r in 1 ≤ r ≤ rmax as N, T → ∞.

From definition, we can rewrite θ̂ − θ̃ =

α̂− α̃

γ̂ − γ̃

, Zi = (W i Bi),

Zτ
i = (W τ

i ,B
τ
i )

τ .

Lemma 3. Assume that assumptions (A1)∼(A6) hold, and denote H =
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(Λ
τΛ
N

)(F
τ F̂
T

)V −1
NT . Then, we have

(1) T−1/2||F̂ − FH|| = Op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op(δ
−1
NT ) +Op(ζ

1/2
LD ) +Op(ς

1/2).

(2) T−1F (F̂ − FH) = Op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op(δ
−2
NT ) +Op(ζ

1/2
LD ) +Op(ς).

(3) T−1F̂ (F̂ − FH) = Op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op(δ
−2
NT ) +Op(ζ

1/2
LD ) +Op(ς).

(4) T−1Zτ
k(F̂ − FH) = Op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op(δ
−2
NT ) +Op(ζ

1/2
LD ) +Op(ς) for all k = 1, . . . , N.

(5) (NT )−1

N∑
k=1

Zτ
k(F̂ − FH) = Op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op(δ
−2
NT ) +Op(ζ

1/2
LD ) +Op(ς).

Lemma 4. Assume that assumptions (A1)∼(A6) hold, and denote H =

(Λ
τΛ
N

)(F
τ F̂
T

)V −1
NT . Then, we have
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(1) T−1ετk(F̂ − FH) = T−1/2Op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op(δ
−2
NT )

+Op(T
−1/2ζ

1/2
LD ) +Op(ς) for all k = 1, . . . , N.

(2) (T
√
N)−1

N∑
k=1

ετk(F̂ − FH) = T−1/2Op(||

α̂− α̃

γ̂ − γ̃

 ||) +N−1/2Op(||

α̂− α̃

γ̂ − γ̃

 ||)

+Op(N−1/2) +Op(δ
−2
NT ) +Op(ζ

1/2
LD ) +Op(ς).

(3) (NT )−1

N∑
k=1

λτ
kε

τ
k(F̂ − FH) = (NT )−1/2Op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op(N
−1)

+N−1/2Op(δ
−2
NT ) +N−1/2Op(ζ

1/2
LD ) +N−1/2Op(ς).

From Assumption (A6) and Corollary 6.21 in Chumaker (1981), there

exists a constant M such that

βj(s) =
L∑
l=1

γ̃jlbl(s) + cϵj(s),

sup
s∈S

|cej(s)| ≤ ML−d, j = 1, . . . , q. (S0.1)

Let γ̃ = (γ̃τ
1, . . . , γ̃

τ
q )

τ with γ̃j = (γ̃j1, . . . , γ̃jL)
τ , ei = (ei1, . . . , eiT )

τ

with eit =
∑q

j=1

∫
cXitj(s)ϵj(s)ds. Then, Y i = W iα +Biγ̃ + Fλi + εi +
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ei, i = 1, . . . , N. Denote θ̃ = (α, γ̃)τ , and the model can be written as

Y i = Ziθ̃ + Fλi + εi + ei, i = 1, . . . , N.

Theorem 3

Proof. Since θ̂ =
(∑N

i=1Z
τ
iM F̂Zi +Gθ

)−1∑N
i=1 Z

τ
iM F̂Y i, then

θ̂−θ̃ =

α̂− α̃

γ̂ − γ̃

 =

(
N∑
i=1

Zτ
iM F̂Zi +Gθ

)−1( N∑
i=1

Zτ
iM F̂ (Fλi+εi+ei)−Gθθ̃

)
,

or equivalently,

(
N∑
i=1

Zτ
iM F̂Zi +Gθ

)
(θ̂ − θ̃) =

 N∑
i=1

W τ
i

Bτ
i

M F̂ (W i Bi) +

0p×p

Gβ



α̂− α̃

γ̂ − γ̃


(S0.2)

=
N∑
i=1

W τ
i

Bτ
i

M F̂Fλi +
N∑
i=1

W τ
i

Bτ
i

M F̂εi +
N∑
i=1

W τ
i

Bτ
i

M F̂ei −

0p×p

Gβ

 θ̃.

For the third term, from assumptions (A3)∼(A5) and (S0.1), using the

similar proofs to Lemma A.7 in Huang et al. (2004), and Lemmas 2 and 3
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in Appendix, it is easy to obtain

1

NT
||

N∑
i=1

W τ
i

Bτ
i

M F̂ei||2 = Op(ζLD/L).

For the first term of the right hand of(S0.2), since M F̂ F̂ = 0, then

M F̂ F̂ = M F̂ (F − F̂H−1). Meanwhile, for the last term, under the as-

sumption (A7) of the smoothing parameter ξ, we can obtain that it is op(1).

From

[
1

NT

∑N
i=1(Y i−Ziθ̂)(Y i−Ziθ̂)

τ

]
F̂ = F̂ V NT and Y i−Ziθ̂ =
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Zi(θ̃ − θ̂) + Fλi + εi + ei, we obtain the following expansion as

F̂ V NT =

[
1

NT

N∑
i=1

(W i Bi)

α̂− α̃

γ̂ − γ̃

+ Fλi + εi + ei


(W i Bi)

α̂− α̃

γ̂ − γ̃

+ Fλi + εi + ei


τ]
F̂

=
1

NT

N∑
i=1

(W i Bi)

α̂− α̃

γ̂ − γ̃


α̂− α̃

γ̂ − γ̃


τ W τ

i

Bτ
i

 F̂

+
1

NT

N∑
i=1

(W i Bi)

α̂− α̃

γ̂ − γ̃

λτ
iF

τ F̂

+
1

NT

N∑
i=1

(W i Bi)

α̂− α̃

γ̂ − γ̃

 ετi F̂ +
1

NT

N∑
i=1

Fλi

α̂− α̃

γ̂ − γ̃


τ W τ

i

Bτ
i

 F̂

+
1

NT

N∑
i=1

εi

α̂− α̃

γ̂ − γ̃


τ W τ

i

Bτ
i

 F̂ +
1

NT

N∑
i=1

Fλiε
τ
i F̂

+
1

NT

N∑
i=1

εiλ
τ
iF

τ F̂ +
1

NT

N∑
i=1

εiε
τ
i F̂

+
1

NT

N∑
i=1

(W i Bi)

α̂− α̃

γ̂ − γ̃

 eτ
i F̂ +

1

NT

N∑
i=1

ei

α̂− α̃

γ̂ − γ̃


τ W τ

i

Bτ
i

 F̂

+
1

NT

N∑
i=1

Fλie
τ
i F̂ +

1

NT

N∑
i=1

eiλ
τ
iF

τ F̂

+
1

NT

N∑
i=1

εie
τ
i F̂ +

1

NT

N∑
i=1

eiε
τ
i F̂ +

1

NT

N∑
i=1

eie
τ
i F̂

+
1

NT

N∑
i=1

Fλiλ
τ
iF

τ F̂

= : I1 + . . .+ I16,
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where I16 =
1

NT

∑N
i=1 Fλiλ

τ
iF

τ F̂ = F (Λ
τΛ
N

)−1F τ F̂
T

.

Then, it is easy to get

F − F̂H−1 = −(I1 + . . .+ I15)G,

where H = (Λ
τΛ
N

)(F
τ F̂
T

)V −1
NT , and G = (F

τ F̂
T

)−1(Λ
τΛ
N

)−1.

Furthermore,

1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂Fλi =
1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (F − F̂H−1)λi

= − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I1 + . . .+ I15)Gλi

=: J1 + . . .+ J15,

where J1 ∼ J15 are implicitly defined via I1 ∼ I15 respectively.
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For J1, we have

J1 = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I1)Gλi

= − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂

[
1

NT

N∑
k=1

(W k Bk)

α̂− α̃

γ̂ − γ̃


α̂− α̃

γ̂ − γ̃


τ W τ

k

Bτ
k

 F̂

]
Gλi

= op(||

α̂− α̃

γ̂ − γ̃

 ||).

For J2, we have

J2 = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I2)Gλi

= − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂

[
1

NT

N∑
k=1

(W k Bk)

α̂− α̃

γ̂ − γ̃

λτ
iF

τ F̂

]
(
F τ F̂

T
)−1(

ΛτΛ

N
)−1λi

= − 1

N2T

N∑
i=1

N∑
k=1

W τ
i

Bτ
i

M F̂ (W k Bk)

α̂− α̃

γ̂ − γ̃

(λτ
k(
ΛτΛ

N
)−1λi

)

= − 1

N2T

N∑
i=1

N∑
k=1

W τ
i

Bτ
i

M F̂ (W k Bk)aik

α̂− α̃

γ̂ − γ̃

 ,

where aik = λτ
k(

ΛτΛ
N

)−1λi.



Han, Li, You and Cao

For J3, we have

J3 = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I3)Gλi

= − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (
1

NT

N∑
k=1

(W k Bk)

α̂− α̃

γ̂ − γ̃

 ετkF̂ )Gλi

= − 1

N2T

N∑
i=1

N∑
k=1

W τ
i

Bτ
i

M F̂ (W k Bk)

α̂− α̃

γ̂ − γ̃

 ετkF̂

T
Gλi

By Lemma 3 and some calculation, we can have

T−1ετkF̂ =T−1ετkFH + T−1ετk(F̂ − FH)

=Op(T
−1/2) + T−1/2Op(||

α̂− α̃

γ̂ − γ̃

 ||)

+Op(δ
−2
NT ) +Op(T

−1/2ζ
1/2
LD ) +Op(T

−1/2ς).

Combining with the similar argument as the proof of Lemma 2, it is easy

to get that J3 = op(||

α̂− α̃

γ̂ − γ̃

 ||).
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Similarly, for J5, we have

J5 = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I5)Gλi

= − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (
1

NT

N∑
k=1

εk

α̂− α̃

γ̂ − γ̃


τ

(W k Bk)
τ F̂ )Gλi

= op(||

α̂− α̃

γ̂ − γ̃

 ||).

For J4, we have

J4 = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I4)Gλi

= − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (
1

NT

N∑
k=1

Fλk

α̂− α̃

γ̂ − γ̃


τ

(W k Bk)
τ F̂ )Gλi

= − 1

N2T

N∑
i=1

N∑
k=1

W τ
i

Bτ
i

M F̂Fλk

α̂− α̃

γ̂ − γ̃


τ

(W k Bk)
τ F̂

T
Gλi

Since M F̂F = M F̂ (F − F̂H−1), using Lemma 3, we can get that J4 =

op(||

α̂− α̃

γ̂ − γ̃

 ||).
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For J6, we have

J6 = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I6)Gλi

= − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (
1

NT

N∑
k=1

Fλkε
τ
kF̂ )Gλi

= − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (F − F̂H−1)

(
1

N

N∑
k=1

λk
ετkF̂

T

)
Gλi.

Here, by Lemma 3,

1

N

N∑
k=1

λk
ετkF̂

T
=

1

NT

N∑
k=1

λkε
τ
kFH +

1

N

NT∑
k=1

λkε
τ
k(F̂ − FH)

=Op((NT )−1/2) +Op(N
−1) +N−1/2Op(δ

−2
NT )

+N−1/2Op(ζ
1/2
LD ) +N−1/2Op(ς),

and

− 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (F−F̂H−1) = Op(||

α̂− α̃

γ̂ − γ̃

 ||)+Op(δ
−2
NT )+Op(ζ

1/2
LD )+Op(ς).
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Since G does not depend on i and ||G|| = Op(1), then

J6 =

[
Op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op(δ
−2
NT ) +Op(ζ

1/2
LD ) +Op(ς)

]

×
[
Op((NT )−1/2) +Op(N

−1) +N−1/2Op(δ
−2
NT )

+N−1/2Op(ζ
1/2
LD ) +N−1/2Op(ς)

]

=op(||

α̂− α̃

γ̂ − γ̃

 ||) + op((NT )−1/2) +N−1Op(δ
−2
NT ) +N−1/2Op(δ

−4
NT )

+N−1Op(ζ
1/2
LD ) +N−1/2Op(ζLD) +N−1Op(ς) +N−1/2Op(ς

2).

For J7, we have

J7 = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I7)Gλi

= − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (
1

NT

N∑
k=1

εkλ
τ
kF

τ F̂ )(
F τ F̂

T
)−1(

ΛτΛ

N
)−1λi

= − 1

N2T

N∑
i=1

N∑
k=1

aik

W τ
i

Bτ
i

M F̂εk,

where aik = λτ
k(

ΛτΛ
N

)−1λi.
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For J8, we have

J8 =− 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I8)Gλi = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (
1

NT

N∑
k=1

εkε
τ
kF̂ )Gλi

=− 1

N2T 2

N∑
i=1

N∑
k=1

W τ
i

Bτ
i

M F̂σ
2IT F̂Gλi −

1

N2T 2

N∑
i=1

N∑
k=1

W τ
i

Bτ
i

M F̂ (εkε
τ
k − σ2IT )F̂Gλi

=MNT +Op((T
√
N)−1) + (NT )−1/2

Op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op(δ
−1
NT ) +Op(ζ

1/2
LD ) +Op(ς

1/2)



+N−1/2

Op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op(δ
−1
NT ) +Op(ζ

1/2
LD ) +Op(ς

1/2)


2

,

where MNT = − 1
N2T 2

∑N
i=1

∑N
k=1

W τ
i

Bτ
i

M F̂σ
2IT F̂Gλi.

For J9 and J10 which depend on

α̂− α̃

γ̂ − γ̃

, it is easy to prove that

are bounded by Op(||

α̂− α̃

γ̂ − γ̃

 ||).

For J11, using Lemma 3 and the equation ||eτ
kF̂ /T || = ||ek||

√
r/
√
T =
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Op(ζ
1/2
LD ), we have

J11 = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I11)Gλi = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (
1

NT

N∑
k=1

Fλke
τ
kF̂ )Gλi

= − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (F − F̂H−1)(
1

NT

N∑
k=1

λke
τ
kF̂ )Gλi

= Op(ζ
1/2
LD )

Op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op(δ
−2
NT ) +Op(ζ

1/2
LD ) +Op(ς)

 .

For J12, we have

J12 = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I12)Gλi

= − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (
1

NT

N∑
k=1

ekλ
τ
kF

τ F̂ )(
F τ F̂

T
)−1(

ΛτΛ

N
)−1λi

= − 1

N2T

N∑
i=1

N∑
k=1

aik

W τ
i

Bτ
i

M F̂ek

= Op(L
−1/2ζ

1/2
LD ) +Op(L

−1/2ς),

where aik = λτ
k(

ΛτΛ
N

)−1λi.
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Similarly, we can get that J13 = − 1
NT

∑N
i=1

W τ
i

Bτ
i

M F̂ (
1

NT

∑N
k=1 εke

τ
kF̂ )Gλi

is bounded by (NT )−1/2Op(ζ
1/2
LD ) + (NT )−1/2Op(ς).

For J14, we have

J14 =− 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I14)Gλi = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (
1

NT

N∑
k=1

ekε
τ
kF̂ )Gλi

=− 1

N2T

N∑
i=1

N∑
k=1

W τ
i

Bτ
i

M F̂ek(
ετkFH

T
)Gλi −

1

N2T

N∑
i=1

N∑
k=1

W τ
i

Bτ
i

M F̂ek(
ετk(F̂ − FH)

NT
)Gλi

=T−1/2Op(ζ
1/2
LD ) + T−1/2Op(ς)

+Op(ζ
1/2
LD )

T−1/2Op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op(δ
−2
NT ) +Op(T

−1/2ζ
1/2
LD ) +Op(T

−1/2ς)

 .

For J15, since M F̂ F̂ = 0, we have

J15 = − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (I15)Gλi

= − 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (
1

NT

N∑
k=1

eke
τ
kF̂ )Gλi

= op(ζLD).
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Summarizing the results and we can obtain the following equation

1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂Fλi = J2 + J7 +MNT + op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op((NT )−1/2)

+Op((T
√
N)−1) +N−1/2Op(δ

−2
NT ) +Op(T

−1/2ζ
1/2
LD ) +Op(L

−1/2ζ
1/2
LD )

+N−1/2Op(ς) +Op(L
−1/2ς).

Then,

 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (W i Bi) +
1

NT
Gθ + op(1)


α̂− α̃

γ̂ − γ̃

− J2

=

 1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂ (W i Bi) +
1

NT
Gθ + op(1)


α̂− α̃

γ̂ − γ̃

− J2

=
1

NT

N∑
i=1

W τ
i

Bτ
i

M F̂εi + J7 +MNT + op(||

α̂− α̃

γ̂ − γ̃

 ||) +Op((NT )−1/2)

+Op((T
√
N)−1) +N−1/2Op(δ

−2
NT ) +Op(T

−1/2ζ
1/2
LD ) +Op(L

−1/2ζ
1/2
LD )

+N−1/2Op(ς) +Op(L
−1/2ς).

Multiplying (D(F̂ ) + 1
NT

Gθ)
−1 on each side of the equation, where
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D(F ) = 1
NT

∑N
i=1

W τ
i

Bτ
i

MF (W i Bi)− 1
N2T

∑N
i=1

∑N
k=1

W τ
i

Bτ
i

MF (W k Bk)·

λτ
i

(
ΛτΛ

N

)−1

λk, leads to

α̂− α̃

γ̂ − γ̃

 = (LD(F̂ ) +
L

NT
Gθ)

−1 L

NT

N∑
i=1


W τ

i

Bτ
i

M F̂ − 1

N

N∑
k=1

aik

W τ
k

Bτ
k

M F̂

 εi

+ (LD(F̂ ) +
L

NT
Gθ)

−1LνNT

+ (LD(F̂ ) +
L

NT
Gθ)

−1
(
Op(L(NT )−1/2) +Op(L(T

√
N)−1) +N−1/2Op(Lδ

−2
NT )
)

+ (LD(F̂ ) +
L

NT
Gθ)

−1
(
Op(LT

−1/2ζ
1/2
LD ) +Op(L

1/2ζ
1/2
LD ) + LN−1/2Op(ς) +Op(L

1/2ς)
)
.

where

νNT =− 1

N2T

N∑
i=1

N∑
k=1

(

W τ
i

Bτ
i

M F̂ −Ri)F (
F τF

T
)−1(

ΛτΛ

N
)−1λk(

1

T

T∑
t=1

εitεkt)

− 1

NT 2

N∑
i=1

N∑
k=1

W τ
i

Bτ
i

M F̂σ
2IT F̂Gλi,

and Ri =
1
N

∑N
k=1 aik(W i Bi).

By Lemma 2 and 3, it can be shown that D(F̂ ) = D(F ) + op(1). In

addition, by Lemma 1 and Lemma A.6 in Bai (2009), it is easy to verify
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that νNT = op(1). By Lemma 2, we have

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣(D(F ) +

1

NT
Gθ)

−1 1

NT

N∑
i=1


W τ

i

Bτ
i

MF − 1

N

N∑
k=1

aik

W τ
k

Bτ
k

MF

 εi

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
2

= Op(L
2/NT )

uniformly for F . Therefore, under the assumptions, we have

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
α̂− α̃

γ̂ − γ̃


∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣ =Op(L(NT )−1/2) +Op(L/T ) +Op(L/N)

+Op(LT
−1/2ζ

1/2
LD ) +Op(L

1/2ζ
1/2
LD ) +Op(L

1/2ς).

Since β̂j(s) =
∑L

l=1 γ̂jlbl(s) and β̃j(s) =
∑L

l=1 γ̃jlbl(s), from (S0.1), we

can get that

||β̂j(·)− βj(·)||2L2
≤ 2||β̂j(·)− β̃j(·)||2L2

+ML−2d

and

||β̂j(·)− β̃j(·)||2L2
= ||γ̂j − γ̃j||2A ≍ L−1||γ̂j − γ̃j||2, j = 1, . . . , q,

where ||γj||2A = γτ
jAγj, and A = (auv)L×L is a matrix with entries auv =
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S bu(s)bv(s)ds. Then, it is easy to obtain that

||β̂(·)− β̃(·)||2L2
=

q∑
j=1

||γ̂j − γ̃j||2A ≍ L−1||γ̂ − γ̃||2.

Therefore, under the assumption that the error is identically and inde-

pendent distributed, we can get the convergence rate of both α̂ and βj(·)

as

||α̂−α||2L2
=Op(L

2(NT )−1 + L−2d+1 + Lς2),

and

∣∣∣∣∣∣β̂j(·)− βj(·)
∣∣∣∣∣∣2

L2

=Op(L(NT )−1 + L−2d + ς2), j = 1, . . . , q.

Theorem 4

Proof. Under some appropriate relative rate for T and N and some assump-

tions, we have

θ̂− θ̃ =

α̂− α̃

γ̂ − γ̃

 =

(
1

NT

N∑
i=1

V τ
iV i +

1

NT
Gθ

)−1

1

NT

N∑
i=1

V τ
i εi + op(1),
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where θ̃ is defined before.

As N, T → ∞ simultaneously, the conditional variance matrix Φθ =

V ar(θ̂|D) of θ̂ conditioning on D is the limit in probability of

Φ∗
θ = (

N∑
i=1

V τ
iV i +Gθ)

−1(
N∑
i=1

σ2V τ
iV i)(

N∑
i=1

V τ
iV i +Gθ)

−1.

The results from the proof of Theorem 3 indicates the convergency of

both α̂ − α and γ̂ − γ̃. Since the proof of the asymptotic property of

these two parts are similar, we just take the second part as example. Let

γ̄ = E(γ̂|D), Φγ = V ar(γ̂|D), from the Theorem 4.1 in Huang (2003), and

invoking Lemma A.8 in Huang et al. (2004), we obtain that, for any vector

a with dimension qL and whose components are not all zero,

(aτΦγa)
−1/2aτ (γ̂ − γ̄)

L−→ N(0, 1).

Then, any q-vector w whose components are not all zero, letting w =

B(s)τa, we have

(wτV ar(β̂(s)|D)w)−1/2wτ (β̂(s)− β̄(s))
L−→ N(0, 1),

which yields the asymptotic result.
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Theorem 5

Proof. From the definition in the article, β̂(s) = B(s)γ̂, γ̂ = cγ θ̂ where

B(s) = bτ (s)⊗ Iq, then

β̄(s)− β(s) = B(s)(γ̄ − γ̃) +B(s)γ̃ − β(s).

From (S0.1), we can get that ||B(s)γ̃ − β(s)|| = Op(ζ
1/2
LD ).

Meanwhile, from simple calculation, we can get that

γ̄ − γ̃ = cγ

(
N∑
i=1

Zτ
iM F̂Zi +Gθ

)−1( N∑
i=1

Zτ
iM F̂ (Fλi + ei)−Gθθ̃

)
,

First, from the similar proof of Lemma A.9 in Huang et al. (2004), we

can obtain that

∣∣∣∣∣
∣∣∣∣∣( L

NT

N∑
i=1

Zτ
iM F̂Zi +Gθ)

−1

∣∣∣∣∣
∣∣∣∣∣
∞

≤ C.

Next, under assumption (A3) and (A4), from MFF = 0 and Lemma
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1, it is clear that

| L

NT

N∑
i=1

Zτ
iM F̂Fλi|∞

=| L

NT

N∑
i=1

W τ
i

Bτ
i

 (M F̂ −MF )Fλi|∞ = | L

NT

N∑
i=1

W τ
i

Bτ
i

 (P F − P F̂ )Fλi|∞

=Op(L
1/2ζ

1/2
LD ).

Meanwhile, since M F̂ is an idempotent matrix, then from Lemma A.6

in Huang et al. (2004) and Lemma 1, we can get that

| L

NT

N∑
i=1

Zτ
iM F̂ei|∞ = | L

NT

N∑
i=1

T∑
t=1

W τ
it

Bτ
it

 (M F̂ei)t|∞

≤ max
1≤k≤p

max
1≤j≤q

| L

NT

N∑
i=1

T∑
t=1

(W itk +Bitj)(e
τ
iM F̂ei)

1/2|∞

≤max
k,j

∣∣∣∣∣ L

NT

N∑
i=1

T∑
t=1

(W itk +Bitj)||ei||

∣∣∣∣∣
∞

= Op(ζ
1/2
LD ).

The assumption of smoothing parameter ξ leads to the result that

|| L
NT

Gθθ̄||∞ = op(1).

Moreover, similar to the proof of Corollary 1 in Huang et al. (2004),

under assumption (A1) and (A6), from Lemma 1, for coefficient function
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βj(·), we can get that

wτ
jB(s)(

N∑
i=1

V τ
iV i +Gθ)

−1(
N∑
i=1

σ2V τ
iV i)(

N∑
i=1

V τ
iV i +Gθ)

−1Bτ (s)wj

≿C
L

NT

L∑
l=1

bl(s) ≿
L

NT
.

We can similarly get the result of α, which proves the theorem.

Supplementary Section E

In this section, we will provide detailed proofs for lemmas needed for theo-

retical results.

Proof of Lemma 1

Proof. By assumptions (A1) and (A5), it is easy to obtain that 1
NT

∑N
i=1Z

τ
i εi =

op(1). Using P F = F τF /T , we can get

1

NT

N∑
i=1

Zτ
iMFεi =

1

NT

N∑
i=1

Zτ
i εi −

1

NT

N∑
i=1

Zτ
iP Fεi.
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Then,

1

NT
||

N∑
i=1

Zτ
iP Fεi|| =

1

N
||

N∑
i=1

Zτ
iF

T
· 1
T

T∑
t=1

F tεit||

≤ 1

N

N∑
i=1

||Z
τ
iF

T
|| · || 1

T

T∑
t=1

F tεit||.

Since T−1/2||F || =
√
r, then T−1||Zτ

iF || ≤ T−1||Zi||||F || =
√
rT−1/2||Zi|| ≤

√
r( 1

T

∑T
t=1 ||Zit||2)1/2. Then, using the Cauchy–Schwarz inequality, the

above equation is bounded by

√
r

(
1

N

N∑
i=1

1

T

T∑
t=1

||Zit||2
)1/2

·

(
1

N

N∑
i=1

|| 1
T

T∑
t=1

F tεit||2
)1/2

.

By T 1/2||Zi = Op(1), the first term of the expression is Op(1). Similar

to the proof of Lemma A.1 in Bai (2009), it is sufficient to show that the

second term is op(1) uniformly in F as follows.

1

N

N∑
i=1

|| 1
T

T∑
t=1

F tεit||2 = tr

(
1

N

N∑
i=1

1

T 2

T∑
t=1

T∑
s=1

F tF
τ
sεitεis

)

= tr

(
1

T 2

T∑
t=1

T∑
s=1

F tF
τ
s

1

N

N∑
i=1

εitεis

)
.

Since T−1
∑T

t=1 ||F t||2 = r, then by the Cauchy-Schwarz inequality and
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assumption (A5), we can obtain that

1

N

N∑
i=1

|| 1
T

T∑
t=1

F tεit||2

≤

(
1

T 2

T∑
t=1

T∑
s=1

||F t||2||F s||2
)1/2

·N−1/2 ·

(
1

T 2

T∑
t=1

∑
s=1

[
1√
N

N∑
i=1

εitεis]
2

)1/2

=rN−1/2Op(1).

Therefore, it shows that supF || 1
NT

∑N
i=1 Z

τ
iMFεi|| = op(1).

The proofs for the remaining statements are similar to that of the first

one, and hence omitted.

Proof of Lemma 2

Proof. Driven by Bai and Ng (2002), to make better explanation, we denote

V (r, F̂ r) =
1

NT

N∑
i=1

(Y i −Ziθ̇r)
τM F̂ r

(Y i −Ziθ̇r),

V (r,F 0Hr) =
1

NT

N∑
i=1

(Y i −Ziθ̇r)
τMF 0Hr(Y i −Ziθ̇r),

where F̂ r is the estimator of F given the estimated number of factors

r, M F̂ r
= I − P F̂ r

and MF 0Hr = I − P F 0Hr are the corresponding

idempotent matrix spanned by the space of F̂ r and F 0Hr respectively.
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(1) From the definition, we can get that

V (r, F̂ r)−V (r,F 0Hr) =
1

NT

N∑
i=1

(Y i−Ziθ̇r)
τ (P F 0Hr −P F̂ r

)(Y i−Ziθ̇r).

Denote Dr = F̂
τ

r F̂ r/T and D0 = Hτ
rF

τ
0F 0Hr/T , then

P F 0Hr − P F̂ r
=
1

T
F̂ r(

F̂
τ

r F̂ r

T
)F̂

τ

r −
1

T
F 0Hr(

Hτ
rF

τ
0F 0Hr

T
)Hτ

rF
τ
0

=
1

T
[F̂ rD

−1
r F̂

τ

r − F 0HrD
−1
0 Hτ

rF
τ
0]

=
1

T
[(F̂ r − F 0Hr + F 0Hr)D

−1
r (F̂ r − F 0Hr + F 0Hr)

τ − F 0HrD
−1
0 Hτ

rF
τ
0]

=
1

T
[(F̂ r − F 0Hr)D

−1
r (F̂ r − F 0Hr)

τ + (F̂ r − F 0Hr)D
−1
r Hτ

rF
τ
0

+ F 0HrD
−1
r (F̂ r − F 0Hr)

τ + F 0Hr(D
−1
r −D−1

0 )Hτ
rF

τ
0]

Denote Ci = Y i −Ziθ̇r, then

V (r, F̂ r)−V (r,F 0Hr) =
1

NT

N∑
i=1

Cτ
i (P F 0Hr−P F̂ r

)Ci = J1+J2+J3+J4.
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For J1, by Theorem 1 and Lemma 1, we can get that

J1 =
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

(F̂ t,r −Hτ
rF t,0)

τD−1
r (F̂ s,r −Hτ

rF s,0)CitCis

≤
(
T−2[

T∑
t=1

T∑
s=1

(F̂ t,r −Hτ
rF t,0)

τD−1
r (F̂ s,r −Hτ

rF s,0)]
2

)1/2

·
(
T−2

T∑
t=1

T∑
s=1

[N−1

N∑
i=1

CitCis]
2

)1/2

≤
(
T−1

T∑
t=1

||F̂ t,r −Hτ
rF t,0||2

)
· ||D−1

r || ·Op(1) = Op(δ
−2
NT ).

For J2,

J2 =
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

(F̂ t,r −Hτ
rF t,0)

τD−1
r Hτ

rF s,0CitCis

≤
(
T−2[

T∑
t=1

T∑
s=1

||F̂ t,r −Hτ
rF t,0||2 · ||D−1

r ||2 · ||Hτ
rF s,0||2

)1/2

·
(
T−2

T∑
t=1

T∑
s=1

[N−1

N∑
i=1

CitCis]
2

)1/2

≤
(
T−1

T∑
t=1

||F̂ t,r −Hτ
rF t,0||2

)1/2

· ||D−1
r || ·

(
T−1

T∑
t=1

||Hτ
rF s,0||2

)1/2

·Op(1)

=

(
T−1

T∑
t=1

||F̂ t,r −Hτ
rF t,0||2

)1/2

·Op(1) = Op(δ
−1
NT )

The same result can be obtained for J3. For J4,

J4 =
1

NT 2

N∑
i=1

T∑
t=1

T∑
s=1

F τ
t,0H

τ
r(D

−1
r −D−1

0 )Hτ
rF s,0CitCis

≤ N−1||D−1
r −D−1

0 || ·
N∑
i=1

(
T−1

T∑
t=1

||Hτ
rF t,0|| · |Cit|

)2

= ||D−1
r −D−1

0 || ·Op(1),
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whereN−1
∑N

i=1

(
T−1

∑T
t=1 ||H

τ
rF t,0||·|Cit|

)2

is bounded byN−1T−2||Hr||2
∑T

t=1 ||F t,0||2·∑N
i=1

∑T
t=1 |Cit|2 from the Assumptions.

Moreover, for the first term in J4,

||D−1
r −D−1

0 || = ||F̂
τ

r F̂ r

T
− Hτ

rF
τ
0F 0Hr

T
||

= T−1||
T∑
t=1

(F̂ t,rF̂
τ

t,r −Hτ
rF t,0F

τ
t,0Hr)||

≤ T−1||
T∑
t=1

(F̂ t,r −Hτ
r F̂ t,0)(F̂ t,r −Hτ

r F̂ t,0)
τ ||

+ T−1||
T∑
t=1

(F̂ t,r −Hτ
r F̂ t,0)F̂

τ

t,0Hr||

+ T−1||
T∑
t=1

Hτ
r F̂ t,0(F̂ t,r −Hτ

r F̂ t,0)
τ ||

≤ T−1

T∑
t=1

||F̂ t,r −Hτ
r F̂ t,0||2

+ 2

(
T−1

T∑
t=1

||F̂ t,r −Hτ
r F̂ t,0||2

)1/2

·
(
T−1

T∑
t=1

||Hτ
r F̂ t,0||2

)1/2

= Op(δ
−2
NT ) +Op(δ

−1
NT ) = Op(δ

−1
NT ).

Since the rank of Hr is r ≤ r0, and from the above conclusion, D0 and

Dr both converges to a positive definite matrix, leading to the result that

||Dr||−1 = Op(1). Meanwhile, since D−1
r − D−1

0 = D−1
r (D0 − Dr)D

−1
0 ,

then J4 = Op(δ
−1
NT ). Therefore, for 1 ≤ r ≤ r0, we can get that V (r, F̂ r)−
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V (r,F 0Hr) = Op(δ
−1
NT ).

(2)

V (r,F 0Hr)− V (r0,F 0) =
1

NT

N∑
i=1

(Y i −Ziθ̇r)
τ (P F 0 − P F 0Hr)(Y i −Ziθ̇r)

=
1

NT

N∑
i=1

(F 0λi,0 + εi)
τ (P F 0 − P F 0Hr)(F 0λi,0 + εi)

=
1

NT

N∑
i=1

λτ
i,0F

τ
0(P F 0 − P F 0Hr)F 0λi,0

+
2

NT

N∑
i=1

ετi (P F 0 − P F 0Hr)F 0λi,0

+
1

NT

N∑
i=1

ετi (P F 0 − P F 0Hr)εi

= J1 + J2 + J3.

Then, we can get that

J1 = tr

(
1

NT
F τ

0(P F 0 − P F 0Hr)F 0

N∑
i=1

λi,0λ
τ
i,0

)

= tr

(
T−1

[
F τ

0F 0 − F τ
0F 0Hr(H

τ
rF

τ
0F 0Hr)

−1Hτ
rF

τ
0F 0

]
·N−1

N∑
i=1

λi,0λ
τ
i,0

)
= tr(DF ·Dλ),

since the limit of matrix DF is semi-positive and Dλ is positive, then

J1 ≥ 0.
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For J2 =
2

NT

∑N
i=1 ε

τ
i (P F 0 − P F 0Hr)F 0λi,0, from Lemma 1,

| 1

NT

N∑
i=1

ετiP F 0F 0λi,0| = | 1

NT

N∑
i=1

T∑
t=1

εitF
τ
t,0λi,0|

≤
(
T−1

T∑
t=1

||F t,0||2
)1/2

·
(
T−1

T∑
t=1

||N−1/2

N∑
i=1

||2εitλi,0

)1/2

= Op(N
−1/2),

similarly, it is easy to get that | 1
NT

∑N
i=1 ε

τ
iP F 0HrF 0λi,0| = Op(N

−1/2).

Hence, it is obvious that J3 ≥ 0.

For J3, it is obvious that J3 ≥ 0 because of P F 0 −P F 0Hr ≥ 0. There-

fore, for each 1 ≤ r < r0, we can get the conclusion that there assist a

cr > 0, such that plim infN,T→∞[V (r,F 0Hr)− V (r0,F 0)] = cr.

(3)

|V (r, F̂ r)− V (r0, F̂ r0)| ≤ |V (r, F̂ r)− V (r0,F 0)|+ |V (r0,F 0)− V (r0, F̂ r0)|

2 max
r0≤r≤rmax

|V (r, F̂ r)− V (r0,F 0)|.

DefineHr as in Theorem 1 with rank r0 ≥ r, andH+
r be the generalized

inverse of Hr such that HrH
+
r = Ir0 . Meanwhile, since Ci = Y i −Ziθ =

F 0λi,0 + εi, then it is easy to get that

Ci = F̂ rHrH
+
r λi,0 + εi − (F̂ r − F 0Hr)H

+
r λi,0 = F̂ rHrH

+
r λi,0 + ei,
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where ei = εi − (F̂ r − F 0Hr)H
+
r λi,0.

Then, from the following equations

V (r, F̂ r) = (NT )−1

N∑
i=1

eτ
iM F̂ r

ei,

V (r0,F 0) = (NT )−1

N∑
i=1

ετiMF r0
εi,

we can get

V (r, F̂ r) = (NT )−1

N∑
i=1

(εi − (F̂ r − F 0Hr)H
+
r λi,0)

τM F̂ r
(εi − (F̂ r − F 0Hr)H

+
r λi,0)

= (NT )−1

N∑
i=1

ετiM F̂ r
εi − 2(NT )−1

N∑
i=1

λτ
i,0(H

+
r )

τ (F̂ r − F 0Hr)
τM F̂ r

εi

+ (NT )−1

N∑
i=1

λτ
i,0(H

+
r )

τ (F̂ r − F 0Hr)
τM F̂ r

(F̂ r − F 0Hr)H
+
r λi,0

= J1 + J2 + J3.
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For J2, by the fact that |tr(A)| ≤ r||A|| for any r × r matrix A,

J2 = 2T−1tr

(
H+

r (F̂ r − F 0Hr)
τM F̂ r

(N−1

N∑
i=1

εiλi,0)

)

≤ 2r · ||H+
r || · ||T−1/2(F̂ r − F 0Hr)|| · ||T−1/2N−1

N∑
i=1

εiλi,0||

≤ 2r · ||H+
r || ·

(
T−1

T∑
t=1

||F̂ t,r −Hτ
rF t,0||2

)1/2

·N1/2

(
T−1

T∑
t=1

||N−1/2

N∑
i=1

εitλi,0||2
)1/2

= Op(δ
−1
NT ) ·N

1/2 = Op(δ
−2
NT ).

For J3, by Theorem 1,

J3 ≤ (NT )−1

N∑
i=1

λτ
i,0(H

+
r )

τ (F̂ r − F 0Hr)
τ (F̂ r − F 0Hr)H

+
r λi,0

≤ T−1

T∑
t=1

||F̂ t,r −Hτ
rF t,0||2 ·

(
N−1

N∑
i=1

||λi,0||2||H+
r ||2
)

= Op(δ
−2
NT ) ·Op(1).

Then, V (r, F̂ r) = (NT )−1
∑N

i=1 ε
τ
iM F̂ r

εi + Op(δ
−2
NT ). From the fact

that for r ≥ r0, V (r, F̂ r)− V (r0,F r0) ≤ 0, we can get that

V (r, F̂ r)−V (r0,F r0) = (NT )−1

N∑
i=1

ετiM F̂ r
εi−(NT )−1

N∑
i=1

ετiMF r0
εi+Op(δ

−2
NT ).
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Meanwhile,

(NT )−1

N∑
i=1

ετiMF r0
εi ≤ ||(F τ

r0
F r0/T )

−1|| ·N−1T−2sumN
i=1ε

τ
iF r0F

τ
r0
εi

= Op(1) · (NT )−1

N∑
i=1

||T−1/2

T∑
t=1

F t,r0εit||2

= Op(T
−1) ≤ Op(δ

−2
NT ).

Then, (NT )−1
∑N

i=1 ε
τ
iM F̂ r

εi + Op(δ
−2
NT ) ≤ 0, leading to the fact that

(NT )−1
∑N

i=1 ε
τ
iM F̂ r

εi = Op(δ
−2
NT ). Hence, V (r, F̂ r)−V (r0,F r0) = Op(δ

−2
NT ).

Therefore, for any r ≥ r0, we can ge the result that V (r, F̂ r)−V (r0, F̂ r0) =

Op(δ
−2
NT ) .

Proof of Lemma 3

Proof. (i) From

[
1

NT

∑N
i=1(Y i −Ziθ̂)(Y i −Ziθ̂)

τ

]
F̂ = F̂ V NT and Y i −
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Ziθ̂ = Zi(θ̃ − θ̂) + Fλi + εi + ei, we obtain the following expansion as

F̂ V NT =

[
1

NT

N∑
i=1

(
Zi(θ̃ − θ̂) + Fλi + εi + ei

)(
Zi(θ̃ − θ̂) + Fλi + εi + ei

)τ]
F̂

=
1

NT

N∑
i=1

Zi(θ̃ − θ̂)(θ̃ − θ̂)τZτ
i F̂ +

1

NT

N∑
i=1

Zi(θ̃ − θ̂)λτ
iF

τ F̂

+
1

NT

N∑
i=1

Zi(θ̃ − θ̂)ετi F̂ +
1

NT

N∑
i=1

Fλi(θ̃ − θ̂)τZτ
i F̂

+
1

NT

N∑
i=1

εi(θ̃ − θ̂)τZτ
i F̂ +

1

NT

N∑
i=1

Fλiε
τ
i F̂

+
1

NT

N∑
i=1

εiλ
τ
iF

τ F̂ +
1

NT

N∑
i=1

εiε
τ
i F̂

+
1

NT

N∑
i=1

Zi(θ̃ − θ̂)eτ
i F̂ +

1

NT

N∑
i=1

ei(θ̃ − θ̂)τZτ
i F̂

+
1

NT

N∑
i=1

Fλie
τ
i F̂ +

1

NT

N∑
i=1

eiλ
τ
iF

τ F̂

+
1

NT

N∑
i=1

εie
τ
i F̂ +

1

NT

N∑
i=1

eiε
τ
i F̂ +

1

NT

N∑
i=1

eie
τ
i F̂

+
1

NT

N∑
i=1

Fλiλ
τ
iF

τ F̂

= : I1 + . . .+ I16,

where I16 =
1

NT

∑N
i=1 Fλiλ

τ
iF

τ F̂ = F (Λ
τΛ
N

)−1F τ F̂
T

.

Then, it is easy to get that

F̂ − FH = (I1 + . . .+ I16)V
−1
NT .
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By the fact that T−1/2||F̂ || =
√
r and ||Zi|| = Op(T

1/2 + T 1/2L−1), we

can get that

T−1/2||I1|| ≤ N−1

N∑
i=1

(||Zi||2/T )||θ̂−θ̃||2
√
r = Op(||θ̂−θ̃||2)+Op(ς) = Op(ς),

T−1/2||I2|| ≤ N−1

N∑
i=1

(||Zi||/
√
T )||θ̂−θ̃||·||λi||·||F τ F̂ /T || = Op(||θ̂−θ̃||)+Op(ς

1/2).

Similarly, we can get that T−1/2||Ij|| = Op(||θ̂ − θ̃||) + Op(ς
1/2) for

j = 3, 4, 5, and T−1/2||Ij|| = Op(δ
−1
NT ) +Op(ς

1/2) for j = 6, 7, 8.

For I9,

T−1/2||I9|| ≤ N−1T−1/2

N∑
i=1

(||Zi||/
√
T )||θ̂ − θ̃|| · ||F̂ /

√
T || · (

T∑
t=1

ε2it)

= Op(||θ̂ − θ̃||) ·Mζ
1/2
LD +Op(ς

1/2).

Similarly, we can prove that T−1/2||I10|| = Op(||θ̂ − θ̃||) · Mζ
1/2
LD +

Op(ς
1/2).

For I11,

T−1/2||I11|| ≤ N−1T−1/2

N∑
i=1

(||F ||/
√
T ·||λi|| · (r

T∑
t=1

ε2it)

= Op(ζ
1/2
LD ).
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Similarly, we can prove that T−1/2||I12|| = Op(ζ
1/2
LD ).

For I13,

T−1/2||I13|| ≤ N−1T−1

N∑
i=1

||εi|| · (r
T∑
t=1

ε2it)

= Op(ζ
1/2
LDδ

−1
NT ).

Similarly, we can prove that T−1/2||I14|| = Op(ζ
1/2
LDδ

−1
NT )

For I15,

T−1/2||I15|| ≤ N−1T−1

N∑
i=1

√
r · (

T∑
t=1

ε2it)

= Op(ζLD).

Therefore, following the proof of Proposition A.1 in Bai (2009), we can

get the conclusion that

T−1/2||F̂ − FH|| = Op(||θ̂ − θ̃||) +Op(δ
−1
NT ) +Op(ζ

1/2
LD ) +Op(ς

1/2).

The similar proof of the other parts in this Lemma can be found in

Feng et al. (2018).

Proof of Lemma 4
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Proof. (i) From the discussion of Lemma 3, we have

T−1ετk(F̂ − FH) = T−1ετk(I1 + · · ·+ I15)V
−1
NT .

For the first eight terms, using the similar arguments in the proof of

Lemma A.4 in Bai (2009) and the results obtained in the Lemma 3, we can

get that

T−1ετk(I1 + · · ·+ I8)V
−1
NT = T−1/2Op(||θ̂ − θ̃||) +Op(δ

−1
NT ) +Op(ς

1/2).

Meanwhile, for the other terms, applying the similar proof of (i) in

Lemma 3, it is easy to get that the order of dominant term as

||T−1ετkI11V
−1
NT || ≤ T−1 · ||ετkF ||/

√
T ·N−1

N∑
i=1

||λi|| · ||V −1
NT || · (r

T∑
t=1

ε2it)
1/2

= Op(T
−1/2ζ

1/2
LD ).

Similarly, ||T−1ετkI12V
−1
NT || = Op(T

−1/2ζ
1/2
LD ).

Therefore, together with the above discussion, we can get that T−1ετk(F̂−

FH) = T−1/2Op(||θ̂ − θ̃||) +Op(δ
−2
NT ) +Op(T

−1/2ζ
1/2
LD ) +Op(ς).

The similar proof of the other parts in this Lemma can be found in

Feng et al. (2018).
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