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Supplementary Material

This material is organized as follows. Part A provides detailed derivations regarding the
equivalence between CSSVM and (2.3). Part B discusses the construction of nested candidate
models based on the elastic-net CSSVM. Some discussions on weight choice criterion are pro-
vided in Part C. An explanation of rationality about Condition 8 is given in Part D. Part E
establishes the asymptotic optimality of the proposed model averaging method after the screen-
ing step. Parts F and G give the additional numerical results and real data analysis, respectively.

The proofs of the theoretical results are presented in Part H.

Part A: Detailed Derivations Regarding the Equiva-

lence Between CSSVM and (2.3)

Recall that CSSVM can be expressed as the following regularization prob-

lem
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where ¢; = 1if 5, = 1 and ¢; = C, if 3, = —1. And the optimization

problem (2.3) is
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subject to gl B>1—Chi=1,...,n, (5.2)
¢ >0i=1,...,n,
where ¢ = ((1,...,¢,)7T are slack variables, and C™ > 0 and C~ > 0 are

regularization parameters for positive and negative classes, respectively.
Next, we show the equivalence between and . We first prove
= . Let
(1 —yixB)+ =G
for i = 1,...,n. We then have ¢; > 0. Further, if 1 — y;&}3 > 0, then
yielB=1—¢. If 1 —yx/B <0, then y;z£f 3 > 1 —¢; (note that (; =0 in
this scenario). Overall, 8 and (; satisfy the constraint conditions in ([S.2)).

Thus, the optimization problem (S.1)) is rewritten as
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If we further take C, = C~/C* and A, = 1/C™, then we have
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which is equivalent to the optimization problem ([S.2]).
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Similarly, we can also transform the optimization problem ([S.2)) as the
optimization problem (S.1)). It is easily checked by the above process and

thus is omitted here. This completes the proof of the equivalence between

and (§3).

Part B: Construction of candidate models Based on

the Elastic-net CSSVM

In this part, we consider constructing nested candidate models based on the
CSSVM with both the L;-norm penalty and the Ly-norm penalty which can

be expressed as the following regularization problem
: - Xy = N
e {Z¢i(1_yiw;rﬁ)++§2||5||2+>\1||ﬂ||1}, (S.3)
i=1

where ¢, = 1if y; = Land ¢, = C,, if y; = =1, B = (Bo, B1,---,Bp)" =
(BO,BT)T, and \; and )y are tuning parameters. The mixture of the L;-
norm penalty and the Lo-norm penalty is called the elastic-net penalty by
Zou and Hastie (2005) and [Wang et al.| (2006). The algorithm for solving
optimization problem can be referenced in [Wang et al.| (2006). The
elastic-net CSSVM can also perform variable selection. With this property,

we can further utilize the solution path of the elastic-net CSSVM for a

fixed value of Ay to order the covariates, thereby achieving the purpose of
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constructing nested candidate models.

Based on the nested candidate models constructed using the elastic-
net CSSVM, we present some simulation results of all procedure. We set
n = 200, p € {10,400} and 7y, = {0.05,0.1,0.2,0.4}. The settings of other
parameters (e.g., the misclassification cost C,, and the number of candidate
models) are the same as Examples 1-3. The results are reported in Table ,
from which it can be observed that the proposed method MASCV; method
performs the best in nearly all scenarios. And MASCV; demonstrates even
greater advantages when dealing with the data with the high dimension
and the high degree of imbalance. Moreover, we present the performance of
the model averaging method based on constructing candidate models using
the Li-norm CSSVM, with the results shown in Table [S2] By comparing
the results in Tables and [S2] it can be seen that the G-measure and
AUC values of methods based on the elastic-net CSSVM and the L;-norm

CSSVM are quite similar under our settings.

Part C: Discussions on Weight Choice Criterion

In this part, we provide some discussions on why the leave-one-out cross-
validation criterion is used to select weights instead of K-fold cross-validation

in the context of imbalanced data. The leave-one-out cross-validation (LOOCV)
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Table S1: The averaged G-measure and AUC values of various methods with the elastic-net

CSSVM.
p=10 7 =200, m1p = 0.05 7 =200, 71n = 0.1 n =200, min = 0.2 1 = 200, 71, = 0.4
G-measure AUC G-measure AUC G-measure AUC G-measure AUC
MASCV, 0.781 0.788 0.830 0.831 0.834 0.835 0.845 0.845
(0.003)  (0.002)  (0.003)  (0.002)  (0.002)  (0.001)  (0.001)  (0.001)
MACV;, 0.772 0.784 0.831 0.833 0.834 0.835 0.845 0.845
(0.004) (0.003) (0.002) (0.002) (0.001) (0.001) (0.001) (0.001)
CSSVM; 0.757 0.772 0.823 0.824 0.829 0.830 0.841 0.841
(0.005) (0.003) (0.003) (0.003) (0.001) (0.001) (0.001) (0.001)
MASCV, 0.713 0.746 0.782 0.797 0.818 0.823 0.842 0.843
(0.003)  (0.005)  (0.004)  (0.003)  (0.002)  (0.001)  (0.001)  (0.001)
MACV, 0.652 0.709 0.734 0.763 0.814 0.821 0.842 0.843
(0.009) (0.005) (0.008) (0.005) (0.002) (0.001) (0.001) (0.001)
CSSVM, 0.711 0.744 0.788 0.800 0.815 0.820 0.840 0.840
(0.005)  (0.003)  (0.004)  (0.003)  (0.002)  (0.002)  (0.001)  (0.001)
SMOTE 0.757 0.773 0.819 0.822 0.827 0.828 0.836 0.837
(0.005)  (0.003)  (0.003)  (0.002)  (0.002)  (0.002)  (0.001)  (0.001)
OVER 0.176 0.727 0.168 0.821 0.168 0.827 0.161 0.837
(0.002) (0.015) (0.002) (0.003) (0.002) (0.002) (0.001) (0.001)
UNDER 0.224 0.762 0.186 0.806 0.175 0.821 0.161 0.838
(0.004)  (0.004)  (0.004)  (0.003)  (0.002)  (0.002)  (0.001)  (0.001)
OVUN 0.184 0.750 0.176 0.815 0.174 0.820 0.167 0.828

(0.003) (0.011) (0.003) (0.003) (0.002) (0.002) (0.002) (0.002)

p =400 n = 200, T, = 0.05 n = 200, 71, = 0.1 n = 200, 71, = 0.2 n = 200, 71, = 0.4
G-measure AUC G-measure AUC G-measure AUC G-measure AUC

MASCV, 0.548 0.642 0.724 0.748 0.796 0.800 0.819 0.820
(0.009)  (0.004)  (0.005)  (0.004)  (0.002)  (0.002)  (0.001)  (0.001)

MACV, 0.466 0.604 0.691 0.724 0.790 0.794 0.818 0.819
(0.007)  (0.003)  (0.005)  (0.004)  (0.002)  (0.002)  (0.001)  (0.001)
CSSVM, 0.099 0.505 0.355 0.555 0.577 0.640 0.699 0.703
(0.003)  (0.001)  (0.003)  (0.001)  (0.002)  (0.001)  (0.001)  (0.001)
MASCVs 0.525 0.629 0.691 0.727 0.773 0.783 0.819 0.820
(0.009)  (0.004)  (0.004)  (0.003)  (0.002  (0.002)  (0.001)  (0.001)
MACV, 0.478 0.607 0.666 0.712 0.771 0.782 0.819 0.820
(0.009)  (0.004)  (0.004)  (0.003)  (0.002)  (0.002)  (0.001)  (0.001)
CSSVM, 0.107 0.505 0.356 0.556 0.572 0.638 0.699 0.703
(0.003)  (0.001)  (0.003)  (0.001)  (0.001)  (0.001)  (0.001)  (0.001)
SMOTE 0.099 0.505 0.356 0.556 0.577 0.641 0.699 0.703
(0.001)  (0.001)  (0.002)  (0.003)  (0.002)  (0.001)  (0.001)  (0.001)
OVER 0.034 0.494 0.124 0.444 0.226 0.361 0.281 0.672
(0.001)  (0.001)  (0.001)  (0.001)  (0.001)  (0.001)  (0.001)  (0.007)
UNDER 0.369 0.583 0.342 0.650 0.323 0.675 0.298 0.701
(0.003)  (0.009)  (0.002)  (0.003)  (0.001)  (0.001)  (0.001)  (0.001)
OVUN 0.068 0.485 0.192 0.404 0.281 0.445 0.305 0.689

(0.001)  (0.001)  (0.002)  (0.001)  (0.001)  (0.015)  (0.001)  (0.001)

Note: The standard errors are given in parentheses, and the maximal G-measure and AUC values are

highlighted in bold for each scenario.
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Table S2: The averaged G-measure and AUC values of various methods with the Li-norm

CSSVM.
p=10 7 =200, m1p = 0.05 7 =200, 71n = 0.1 n =200, min = 0.2 1 = 200, 71, = 0.4
G-measure AUC G-measure AUC G-measure AUC G-measure AUC
MASCV, 0.785 0.791 0.826 0.827 0.835 0.836 0.846 0.846
(0.003)  (0.002)  (0.002)  (0.001)  (0.002)  (0.001)  (0.001)  (0.001)
MACV;, 0.775 0.785 0.828 0.829 0.835 0.836 0.846 0.846
(0.004) (0.003) (0.002) (0.001) (0.001) (0.001) (0.001) (0.001)
CSSVM; 0.759 0.771 0.819 0.823 0.831 0.832 0.842 0.842
(0.005) (0.003) (0.002) (0.001) (0.001) (0.001) (0.001) (0.001)
MASCV, 0.707 0.743 0.785 0.799 0.820 0.825 0.844 0.845
(0.005)  (0.003)  (0.004)  (0.003)  (0.001)  (0.001)  (0.001)  (0.001)
MACV, 0.643 0.704 0.728 0.760 0.816 0.822 0.844 0.844
(0.010) (0.006) (0.008) (0.005) (0.001) (0.001) (0.001) (0.001)
CSSVM, 0.727 0.752 0.787 0.799 0.819 0.823 0.840 0.842
(0.005)  (0.003)  (0.004)  (0.002)  (0.001)  (0.001)  (0.001)  (0.001)
SMOTE 0.760 0.773 0.818 0.821 0.829 0.830 0.837 0.838
(0.004)  (0.003)  (0.002)  (0.002)  (0.001)  (0.001)  (0.001)  (0.001)
OVER 0.184 0.744 0.167 0.819 0.167 0.827 0.160 0.837
(0.002) (0.012) (0.001) (0.002) (0.001) (0.001) (0.001) (0.001)
UNDER 0.227 0.751 0.180 0.811 0.173 0.822 0.159 0.839
(0.005)  (0.008)  (0.002)  (0.002)  (0.001)  (0.001)  (0.001)  (0.001)
OVUN 0.194 0.740 0.172 0.817 0.173 0.823 0.166 0.830

(0.003) (0.012) (0.002) (0.002) (0.001) (0.001) (0.002) (0.002)
p =400 n = 200, T, = 0.05 n = 200, 71, = 0.1 n = 200, 71, = 0.2 n = 200, 71, = 0.4
G-measure AUC G-measure AUC G-measure AUC G-measure AUC

MASCV, 0.554 0.647 0.724 0.747 0.798 0.802 0.819 0.819
(0.009)  (0.005)  (0.005)  (0.004)  (0.002)  (0.002)  (0.001)  (0.001)
MACV, 0.475 0.608 0.696 0.728 0.794 0.798 0.819 0.819
(0.008)  (0.004)  (0.004)  (0.003)  (0.002)  (0.002)  (0.001)  (0.001)
CSSVM, 0.107 0.506 0.351 0.554 0.577 0.641 0.700 0.704
(0.004)  (0.001)  (0.003)  (0.001)  (0.002)  (0.001)  (0.001)  (0.001)
MASCVs 0.526 0.632 0.696 0.730 0.774 0.785 0.819 0.820
(0.009)  (0.004)  (0.004)  (0.003) (0.002  (0.002)  (0.001)  (0.001)
MACV, 0.480 0.612 0.673 0.717 0.772 0.784 0.818 0.819
(0.009)  (0.004)  (0.004)  (0.003)  (0.002)  (0.002)  (0.001)  (0.001)
CSSVM, 0.108 0.506 0.351 0.554 0.576 0.640 0.699 0.703
(0.003)  (0.001)  (0.003)  (0.001)  (0.002)  (0.001)  (0.001)  (0.001)
SMOTE 0.107 0.506 0.351 0.554 0.577 0.643 0.700 0.704
(0.004)  (0.001)  (0.003)  (0.001)  (0.002)  (0.001)  (0.001)  (0.001)
OVER 0.035 0.493 0.126 0.445 0.224 0.361 0.279 0.679
(0.001)  (0.001)  (0.001)  (0.001)  (0.001)  (0.001)  (0.001)  (0.007)
UNDER 0.371 0.604 0.346 0.650 0.322 0.675 0.297 0.702
(0.002)  (0.006)  (0.001)  (0.002)  (0.002)  (0.002)  (0.001)  (0.001)
OVUN 0.070 0.485 0.193 0.407 0.281 0.477 0.304 0.690

(0.001)  (0.001)  (0.002)  (0.001)  (0.001)  (0.016)  (0.001)  (0.001)

Note: The standard errors are given in parentheses, and the maximal G-measure and AUC values are

highlighted in bold for each scenario.
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criterion has become a widely used technique to choose weights in model
averaging (see, e.g., [Hansen and Racine| (2012)), |Ando and Li (2017)), (Wang
et al. (2023) and |Zhang et al.| (2024)). In our paper, we also employ the
LOOCYV criterion to select weights. Note that there has been a growing
body of research in model averaging that explores weight choice criterion
through K-fold cross-validation (see, e.g., (Chen et al.|(2023) and Zou et al.
(2023)). But in the context of our paper, the LOOCV criterion may be more
appropriate than K-fold cross-validation. We next give some discussions.
For a positive constant C, let 7y, = Cn~!(logn)?, where m,, = P(Y =
1). Tt is readily shown that the data with my,, = Cn~(logn)? is strongly
imbalanced. Correspondingly, the number of minority class instances is

ny = nmy, = C(logn)?.

Clearly, the order of n; is much smaller than n.
Then, in the context of K-fold cross-validation, there is a scenario where
all minority class instances may be concentrated in a single fold, especially
when K is small. For example, if we take n = 100 and 7y, = 0.02, then it is
likely that all n; minority class instances will be located in a single fold for
the commonly used 5-fold cross-validation (with 20 instances in each fold).
In such a scenario, cross-validation estimates based on the CSSVM model

cannot be obtained as the CSSVM model cannot be solved (due to having

only one class of samples). Further, we cannot calculate the estimator for
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weights based on K-fold cross-validation either. However, LOOCV does not
encounter this issue because n; > 1 in our paper. Thus, LOOCYV is more
suitable compared to K-fold cross-validation in the context of our paper.
Certainly, LOOCYV may pose a heavy computational burden especially when
n is large. Under the framework of imbalanced data, the computation of

LOOCYV in an efficient way warrants further investigation.

Part D: The Explanation of Rationality about Condi-

tion 8

Before giving an explanation of rationality, we first assume that

K
J,EﬁvE{ (1 o> ka<Tk>5<k)> .

Sn} >C>0 (S.4)

for the sufficiently large n, where C' is a positive constant. This assump-
tion is readily satisfied, as the hinge loss is nonnegative, and generally, the
data cannot be distinctly separated by the linear hyperplane. The similar
assumption is commonly seen in the literature on SVM (see, e.g., Zhang
et al.| (2016a), Zhang et al. (2016b) and [Zou et al.| (2023)).

Note that &, = inf,eyw Ly, (w) > CC, > 0 based on the equation (S.4).

Thus, assuming &, > 0 is reasonable. Moreover, for the weak imbalance,
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the order of C), is 7Ti/ ?. Then, for the sufficiently large n,

g;ln—l/QMiﬂ < (CC_’n)_ln_l/ZMiﬂ — Op(n—l/Qdmax(logp)l/Q),

where d,,., represents the maximum dimension of candidate models. And

the minimum order of C, is 7, for the strong imbalance. Further,
& PMY? = Oy (P P dyas (log p) V2.

It is noteworthy that nmy,/(logn)? — oo according to the definition of the
strong imbalance. Hence, when the dimension is fixed, whether for the
weak imbalance or the strong imbalance, & 1n=1/2M,/? L5 0 is evidently
valid. By the above discussion, we can show that Condition 8 is mild and

reasonable for both the weak imbalance and the strong imbalance.

Part E: Asymptotic Optimality After the Screening

Step

In this part, we establish the asymptotic optimality of the proposed model
averaging method after the screening step. Let Mg be the subset of
{1,..., K} that contains the indices of candidate models after screening.

Correspondingly, denote by

Wsz{we[o,l]K: > wp=1and Zwk=1}

keMg k¢Ms
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the weight vector set for the candidate models in Mg. Clearly, Wy € W,
where W = {w € [0,1) : 31wy = 1}. The weight estimator w® =
(w3, ..., w3%)T based on the candidate model set after screening can be cal-
culated by w* = arg min,, ¢, SCV (w). Before establishing the asymptotic
optimality, following (Chen et al.| (2023), we define the asymptotically loss-

less (ALL) property.

Definition S.1. A weight set Ws (Ws € W) obtained by a model screening
process is called ALL if there exist a weight vector sequence {w"} (w" =
(wh, ..., w)T € Ws) such that {L,(w") — infuwew La(w)}/& 2> 0 as

n — 0o, where &, = infy,ey L, (w).

The ALL property guarantees that there exists a good weight vector
w" in Wg such that the gap between L, (w™) and inf,ew Ly, (w) is asymp-
totically negligible relative to &,. The similar property is also used in Zhang
et al. (2016¢) and Zou et al.| (2023]). We next give the asymptotic optimality

property after the screening step.

Theorem S.1. Under conditions of Theorem 2, if Ws satisfies the ALL

property, then we have

Ln(w?)  r

infwew Ln (’LU)

Theorem shows that the model averaging estimator obtained based
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on the candidate model set after screening still asymptotically achieves the

lowest possible out-of-sample hinge loss under some mild conditions.

Part F: Performance of Various Methods in Examples

2-5

In this part, we present some simulation results on various methods in
Examples 2-5.
Example 2. We evaluate the performance of all methods for ICPs with a
large number of covariates. We set p = 400 and ¢ = 5. Four different imbal-
anced degrees for the values of 7y, are considered: m,, = {0.05,0.1,0.2,0.4}.
Table [S3| presents the results of Example 2. In the overwhelming major-
ity of cases, MASCV results in the best performance with MACV; coming
in a close second, which also supports the claim in Section 2.2.2. Notice
that when m,, = 0.4, MASCV,, MACV;, MASCV, and MACV, perform
similarly, which is foreseeable since the imbalanced degree of the generated
data is relatively low and the available information in rare class data is rela-
tively abundant (n;/ny = 2/3). The regular CSSVM performs much worse
than MASCV; and MASCV,, indicating that it is crucial to apply model

averaging. As expected, as r increases, the G-measure and AUC values of
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all methods typically increase. By comparing the results of Table 1 and
Table [S3| we see that the dimensionality influences the classification per-
formance of all methods, e.g., MASCV; for the data with a high dimension
produces smaller G-measure and AUC values. When the sample size is the
same, we gain more in the estimation accuracy from the low-dimensional
data, and the proposed model averaging method can further better assign
proper weights to the candidate models. Similar to the results in Example
1, OVER, UNDER, and OVUN perform very poorly especially in terms of
G-measure for Example 2.
Example 3. In this example, we consider the case where the number
of covariates is large and increases as the sample size increases. We set
(n,p) = (200, 300), (n,p) = (300,400) and g = 5. Four different imbalanced
degrees for the values of 7y, are considered: m, = {0.05,0.1,0.2,0.4}.
The results of the case (n, p) = (200, 300) are shown in Table[S4] and the
results of the case (n, p) = (300,400) can be seen in Table[S3] As expected,
MASCV; still produces the best performance in both the G-measure and
AUC under an overwhelming majority of configurations, which is consistent
with the performance of MASCV; in Example 1 and Example 2. Also,
the superiority of MASCV; reflects the benefits of integrating the different

models properly for ICPs.
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Table S3: The averaged G-measure and AUC values of various methods for Example 2.
p =400 n = 200, 71, = 0.05 n = 200, 71, = 0.1 n = 200, 71, = 0.2 n = 200, 1, =04
G-measure AUC G-measure AUC G-measure AUC G-measure AUC
MASCV, 0.554 0.647 0.724 0.747 0.798 0.802 0.819 0.819
(0.009) (0.005) (0.005) (0.004) (0.002) (0.002) (0.001) (0.001)
MACV; 0.475 0.608 0.696 0.728 0.794 0.798 0.819 0.819
(0.008)  (0.004)  (0.004)  (0.003)  (0.002)  (0.002)  (0.001)  (0.001)
CSSVM; 0.107 0.506 0.351 0.554 0.577 0.641 0.700 0.704
(0.004) (0.001) (0.003) (0.001) (0.002) (0.001) (0.001) (0.001)
MASCV, 0.526 0.632 0.696 0.730 0.774 0.785 0.819 0.820
(0.009)  (0.004)  (0.004)  (0.003)  (0.002  (0.002)  (0.001)  (0.001)
MACV, 0.480 0.612 0.673 0.717 0.772 0.784 0.818 0.819
(0.009)  (0.004)  (0.004)  (0.003)  (0.002)  (0.002)  (0.001)  (0.001)
CSSVM, 0.108 0.506 0.351 0.554 0.576 0.640 0.699 0.703
(0.003) (0.001) (0.003) (0.001) (0.002) (0.001) (0.001) (0.001)
SMOTE 0.107 0.506 0.351 0.554 0.577 0.643 0.700 0.704
(0.004)  (0.001)  (0.003)  (0.001)  (0.002)  (0.001)  (0.001)  (0.001)
OVER 0.035 0.493 0.126 0.445 0.224 0.361 0.279 0.679
(0.001)  (0.001)  (0.001)  (0.001)  (0.001)  (0.001)  (0.001)  (0.007)
UNDER 0.371 0.604 0.346 0.650 0.322 0.675 0.297 0.702
(0.002) (0.006) (0.001) (0.002) (0.002) (0.002) (0.001) (0.001)
OVUN 0.070 0.485 0.193 0.407 0.281 0.477 0.304 0.690
(0.001)  (0.001)  (0.002)  (0.001)  (0.001)  (0.016)  (0.001)  (0.001)
p =400 n = 300, 71, = 0.05 n = 300, 1, = 0.1 n = 300, 71, = 0.2 n = 300, 1, =04
G-measure AUC G-measure AUC G-measure AUC G-measure AUC
MASCV;, 0.623 0.685 0.760 0.774 0.811 0.813 0.840 0.841
(0.007)  (0.004)  (0.003)  (0.002)  (0.001)  (0.001)  (0.001)  (0.001)
MACV;, 0.540 0.638 0.738 0.758 0.808 0.811 0.839 0.839
(0.007)  (0.004)  (0.003)  (0.002)  (0.001)  (0.001)  (0.001)  (0.001)
CSSVM; 0.196 0.517 0.452 0.590 0.627 0.669 0.713 0.716
(0.003) (0.001) (0.002) (0.001) (0.002) (0.001) (0.001) (0.001)
MASCV, 0.603 0.674 0.727 0.753 0.805 0.811 0.841 0.841
(0.006)  (0.003)  (0.003)  (0.002)  (0.002)  (0.001)  (0.001)  (0.001)
MACV, 0.537 0.631 0.697 0.734 0.801 0.809 0.840 0.840
(0.009) (0.004) (0.004) (0.002) (0.002) (0.001) (0.001) (0.001)
CSSVM, 0.196 0.517 0.453 0.590 0.627 0.669 0.714 0.717
(0.003) (0.001) (0.005) (0.001) (0.002) (0.001) (0.001) (0.001)
SMOTE 0.197 0.517 0.453 0.590 0.627 0.669 0.714 0.717
(0.003)  (0.001)  (0.002)  (0.001)  (0.002)  (0.001)  (0.001)  (0.001)
OVER 0.066 0.482 0.155 0.409 0.231 0.336 0.273 0.704
(0.001) (0.001) (0.001) (0.001) (0.001) (0.004) (0.001) (0.001)
UNDER 0.357 0.627 0.326 0.670 0.299 0.698 0.285 0.713
(0.002)  (0.005)  (0.001)  (0.001)  (0.001)  (0.001)  (0.001)  (0.001)
OVUN 0.110 0.463 0.217 0.371 0.272 0.638 0.295 0.703
(0.001)  (0.001)  (0.001)  (0.001)  (0.001)  (0.013)  (0.001)  (0.001)

Note: The standard errors are given in parentheses, and the maximal G-measure and AUC values are

highlighted in bold for each scenario.
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Table S4: The averaged G-measure and AUC values of various methods for Example 3.

p =300 n = 200, w1, = 0.05 n = 200, 71, = 0.1 n = 200, w1, = 0.2 n = 200, 71, = 0.4
G-measure AUC G-measure AUC G-measure AUC G-measure AUC

MASCV, 0.602 0.675 0.726 0.748 0.810 0.812 0.836 0.836
(0.009)  (0.005)  (0.004)  (0.003)  (0.002)  (0.002)  (0.001)  (0.001)

MACV; 0.517 0.629 0.692 0.724 0.807 0.810 0.835 0.835
(0.008) (0.004) (0.005) (0.003) (0.002) (0.002) (0.001) (0.001)

CSSVM; 0.184 0.516 0.418 0.577 0.620 0.666 0.715 0.718
(0.004)  (0.001)  (0.003)  (0.001)  (0.002)  (0.001)  (0.001)  (0.001)

MASCV, 0.576 0.661 0.724 0.746 0.802 0.809 0.835 0.835
(0.009) (0.005) (0.004) (0.003) (0.002) (0.002) (0.001) (0.001)

MACV, 0.547 0.645 0.617 0.576 0.801 0.808 0.835 0.835
(0.008) (0.004) (0.005) (0.003) (0.002) (0.002) (0.001) (0.001)

CSSVM, 0.185 0.516 0.344 0.580 0.621 0.666 0.716 0.719
(0.004)  (0.001)  (0.003)  (0.001)  (0.002)  (0.001)  (0.001)  (0.001)

SMOTE 0.185 0.516 0.418 0.577 0.620 0.666 0.715 0.718
(0.005) (0.001) (0.003) (0.001) (0.002) (0.001) (0.001) (0.001)

OVER 0.054 0.483 0.147 0.422 0.228 0.343 0.269 0.705
(0.001)  (0.001)  (0.001)  (0.001)  (0.001)  (0.005)  (0.001)  (0.001)

UNDER 0.351 0.625 0.329 0.665 0.304 0.694 0.284 0.715
(0.002)  (0.007)  (0.002)  (0.002)  (0.001)  (0.001)  (0.001)  (0.001)

OVUN 0.095 0.461 0.212 0.386 0.273 0.625 0.291 0.705
(0.001) (0.001) (0.001) (0.002) (0.002) (0.013) (0.001) (0.001)

Note: The standard errors are given in parentheses, and the maximal G-measure and AUC values are

highlighted in bold for each scenario.
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Example 4. We evaluate the performance of all methods for ICPs under
the model misspecification. We set ¢ = 5, my,, = {0.05,0.1}, p € {10,400}
and n € {200,300}. To simulate the situation where all candidate models
are misspecified, the covariate X5 is missed in all candidate models.

The results of Example 4 are given in Table [S5], and the maximal G-
measure and AUC values are highlighted in bold for each scenario. From
Table it can be observed that MASCV; consistently outperforms other
approaches in nearly all cases. One exception is when (n, my,) = (200,0.1);
however, in this case, the differences in G-measure and AUC values between
the MASCV; and MACV; methods are nearly negligible. Furthermore, the
advantage of the MASCV; method becomes more pronounced as the degree
of imbalance increases or the dimensionality of the data rises.
Example 5. In this example, we evaluate the performance of the proposed
method under the scenario where all-subset models are considered as can-
didate models. We set my, = {0.05,0.1}, ¢ = 4 and p = 5. As a result,
there are 2° — 1 = 31 candidate models with five predictors. The sample
size is set as n € {50,100}. The setting of other parameters are the same
as Examples 1.

The averaged G-measure and AUC values of various methods over 100

replications for Example 5 are reported in Table [S6, and the maximal G-
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Table S5: The averaged G-measure and AUC values of various methods for Example 4.

p=10 n = 200, 71, = 0.05 n = 200, 71, = 0.1 n = 300, 71, = 0.05 n = 300, 71, = 0.1
G-measure AUC G-measure AUC G-measure AUC G-measure AUC
MASCV;, 0.766 0.772 0.811 0.813 0.787 0.790 0.825 0.826
(0.003) (0.002) (0.002) (0.002) (0.002) (0.001) (0.001) (0.001)
MACV; 0.759 0.768 0.812 0.814 0.783 0.787 0.825 0.825
(0.003) (0.003) (0.001) (0.001) (0.001) (0.001) (0.001) (0.001)
CSSVM; 0.744 0.754 0.802 0.803 0.768 0.773 0.817 0.818
(0.004) (0.003) (0.002) (0.002) (0.001) (0.001) (0.001) (0.001)
MASCV, 0.654 0.706 0.759 0.777 0.680 0.723 0.775 0.790
(0.007) (0.004) (0.004) (0.003) (0.005) (0.003) (0.002) (0.001)
MACV, 0.613 0.684 0.729 0.752 0.619 0.687 0.726 0.757
(0.014) (0.007) (0.008) (0.005) (0.014) (0.007) (0.007) (0.004)
CSSVM, 0.676 0.716 0.758 0.774 0.699 0.733 0.772 0.787
(0.004) (0.003) (0.004) (0.003) (0.004) (0.002) (0.002) (0.002)
SMOTE 0.744 0.756 0.800 0.802 0.766 0.773 0.817 0.818
(0.004) (0.003) (0.002) (0.002) (0.002) (0.002) (0.001) (0.001)
OVER 0.212 0.725 0.191 0.800 0.208 0.772 0.180 0.815
(0.003) (0.011) (0.002) (0.002) (0.002) (0.002) (0.001) (0.001)
UNDER 0.250 0.739 0.212 0.781 0.238 0.753 0.197 0.799
(0.004) (0.004) (0.003) (0.003) (0.002) (0.002) (0.001) (0.001)
OVUN 0.221 0.734 0.194 0.797 0.213 0.769 0.187 0.808

(0.003)  (0.003)  (0.002)  (0.002)  (0.002)  (0.002)  (0.002)  (0.002)

p =400 n = 200, 71, = 0.05 n = 200, 71, = 0.1 n = 300, 71, = 0.05 n = 300, 71, = 0.1
G-measure AUC G-measure AUC G-measure AUC G-measure AUC

MASCV;, 0.501 0.617 0.706 0.732 0.588 0.661 0.744 0.758
(0.010)  (0.005)  (0.002)  (0.002)  (0.007)  (0.004)  (0.001)  (0.001)

MACV, 0.417 0.580 0.675 0.710 0.505 0.618 0.723 0.743
(0.008)  (0.003)  (0.002)  (0.002)  (0.007)  (0.003)  (0.001)  (0.001)
CSSVM, 0.089 0.504 0.322 0.543 0.171 0.512 0.421 0.575
(0.004)  (0.001)  (0.002)  (0.002)  (0.004)  (0.001)  (0.001)  (0.001)
MASCV> 0.482 0.608 0.667 0.708 0.561 0.647 0.712 0.742
(0.008)  (0.003)  (0.003)  (0.004)  (0.006)  (0.003)  (0.003)  (0.002)
MACV, 0.457 0.598 0.642 0.696 0.493 0.616 0.677 0.719
(0.008)  (0.003)  (0.006)  (0.006)  (0.008)  (0.004)  (0.005)  (0.003)
CSSVM, 0.084 0.504 0.333 0.547 0.171 0.513 0.419 0.573
(0.004)  (0.001)  (0.003)  (0.003)  (0.004)  (0.001)  (0.003)  (0.001)
SMOTE 0.089 0.504 0.322 0.543 0.171 0.513 0.421 0.575
(0.004)  (0.001)  (0.002)  (0.002)  (0.004)  (0.001)  (0.001)  (0.001)
OVER 0.038 0.495 0.135 0.456 0.070 0.486 0.168 0.424
(0.001)  (0.001)  (0.002)  (0.003)  (0.001)  (0.001)  (0.001)  (0.001)
UNDER 0.393 0.566 0.369 0.609 0.384 0.582 0.351 0.646
(0.002)  (0.007)  (0.003)  (0.003)  (0.002)  (0.007)  (0.001)  (0.001)
OVUN 0.075 0.488 0.209 0.424 0.117 0.473 0.233 0.391

(0.001)  (0.001)  (0.002)  (0.002)  (0.001)  (0.001)  (0.002)  (0.002)

Note: The standard errors are given in parentheses, and the maximal G-measure and AUC values are

highlighted in bold for each scenario.
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measure and AUC values are highlighted in bold for each case. It can be ob-
served that when the degree of imbalance is relatively high (i.e., 71, = 0.05),
MASCV; outperforms the competitors. For the lower degree of imbalance
(i.e., m1, = 0.1), the G-measure and AUC values of MASCV;, MACV; and
SMOTE are quite close. Therefore, our method has a greater advantage
in handling data with a higher degree of imbalance under the setting of

Example 5.

Table S6: The averaged G-measure and AUC values of various methods for Example 5.

p=10 n = 50, 71, = 0.05 n = 50, m1, = 0.1 n = 100, 71, = 0.05 n = 100, 71, = 0.1
G-measure AUC G-measure AUC G-measure AUC G-measure AUC

MASCV, 0.726 0.745 0.754 0.765 0.770 0.780 0.795 0.798
(0.007)  (0.005)  (0.005)  (0.004)  (0.004)  (0.003)  (0.002)  (0.002)

MACV;, 0.719 0.739 0.755 0.767 0.763 0.777 0.795 0.800
(0.007) (0.005) (0.004) (0.003) (0.005) (0.003) (0.002) (0.002)

CSSVM; 0.693 0.725 0.742 0.755 0.745 0.761 0.790 0.793
(0.009) (0.007) (0.006) (0.005) (0.006) (0.004) (0.003) (0.003)

MASCV, 0.641 0.696 0.676 0.716 0.667 0.716 0.708 0.740
(0.009)  (0.006)  (0.008)  (0.005)  (0.009)  (0.005)  (0.005)  (0.003)

MACV, 0.616 0.684 0.637 0.695 0.617 0.688 0.641 0.700
(0.014) (0.008) (0.010) (0.006) (0.009) (0.008) (0.010) (0.005)

CSSVM, 0.658 0.708 0.712 0.740 0.698 0.737 0.754 0.771
(0.011)  (0.007)  (0.006)  (0.004)  (0.008)  (0.005)  (0.003)  (0.002)

SMOTE 0.709 0.736 0.752 0.764 0.757 0.771 0.794 0.798
(0.009)  (0.006)  (0.005)  (0.004)  (0.005)  (0.004)  (0.003)  (0.002)

OVER 0.191 0.611 0.206 0.727 0.185 0.719 0.191 0.786
(0.007) (0.021) (0.004) (0.013) (0.004) (0.015) (0.002) (0.007)

UNDER 0.232 0.703 0.227 0.735 0.212 0.755 0.209 0.780
(0.008)  (0.015)  (0.005)  (0.010)  (0.006)  (0.010)  (0.003)  (0.003)

OVUN 0.202 0.695 0.215 0.720 0.198 0.743 0.194 0.783

(0.008)  (0.017)  (0.004)  (0.014)  (0.005)  (0.010)  (0.002)  (0.007)

Note: The standard errors are given in parentheses, and the maximal G-measure and AUC values are

highlighted in bold for each scenario.
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Part G: Real Data Analysis for the Human Activity

Dataset

In this part, we consider an application example with high-dimensional im-
balanced data. Specifically, we use a human activity dataset called Human
Activity Recognition Using Smartphones, which is obtained from the UCI
Irvine Machine Learning Repository (https://archive.ics.uci.edu). This
dataset contains 10299 sensor data instances from smartphone accelerom-
eters and gyroscopes used to identify and classify human activity. In this
study, we focus on distinguishing between two categories of human activi-
ties, sitting (17.3% of all instances) and non-sitting (82.7% of all instances).
Each instance is characterized by p = 561 features that encapsulate both
time-domain and frequency-domain variables, capturing various aspects of
the movement patterns of the subjects. All the covariates are standard-
ized with a mean of 0 and a variance of 1. Here, we randomly select
Ngain = 200, 300 instances as the training data to fit a classifier based on
each approach and then use the remaining observations as the testing data
to evaluate the performance of each method. Note that the imbalanced
degree remains at 17.3% for both the training and testing data. Consid-

ering ngy.im < p, all approaches are performed within a high-dimensional
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framework for estimation and fitting.

The settings of all parameters are the same as in Section 5.1, such as
the misclassification cost C,, the tuning parameters \,, and the number
of candidate models K. The preparation of candidate models is based on
the Li-norm CSSVM. Then, by repeating the above steps 100 times, the
averaged G-measure and AUC values of different approaches are provided

in Table ST

Table S7: The averaged G-measure and AUC values of various methods for the human activity

data.
Nrain = 200 MASCV; MACV; CSSVM; MASCVy, MACV,
AUC 0.887 0.875 0.854 0.870 0.858
(0.002) (0.002) (0.002) (0.002) (0.002)
G-measure 0.885 0.873 0.847 0.866 0.853

(0.002)  (0.002)  (0.002)  (0.003)  (0.003)
CSSVM, SMOTE OVER  UNDER  OVUN

AUC 0.857 0.854 0.843 0.869 0.867
(0.002)  (0.002)  (0.002) (0.001)  (0.001)
G-measure 0.852 0.847 0.106 0.119 0.123

(0.002)  (0.002)  (0.001)  (0.002)  (0.001)
Ttrain = 300 MASCV; MACV; CSSVM; MASCV, MACV,

AUC 0.901 0.893 0.868 0.887 0.876
(0.001) (0.001) (0.001) (0.001) (0.002)
G-measure 0.900 0.893 0.863 0.885 0.872

(0.001)  (0.001)  (0.001) (0.001)  (0.002)
CSSVM, SMOTE  OVER  UNDER  OVUN

AUC 0.868 0.868 0.868 0.882 0.881
(0.001) (0.001) (0.001) (0.001) (0.001)
G-measure 0.862 0.863 0.095 0.112 0.107

(0.001)  (0.001)  (0.001)  (0.001)  (0.001)

Note: The standard errors are given in parentheses, and the maximal G-measure and AUC values are

highlighted in bold for each scenario.

It can be seen from Table [57| that MASCV; consistently outperforms
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other methods in terms of both AUC and G-measure for both training
sample sizes. MACV; follows closely in all scenarios. MASCVy shows
moderate performance, with improvements observed as the training sample
size increases. Note that methods like OVER, UNDER and OVUN show
significantly lower G-measure values. This highlights the stability of our

approach across different measures.

Part H: Proofs of Some Theoretical Results

In this part, we provide the proofs for Theorems 1—2, Lemma 1 and The-

orem [S.11

H.1 Proof of Theorem 1

We first present the proof of (3.2) when the data is weakly imbalanced (i.e.,

v=1). Let

n A,
W(By) =D il — iy By )+ + 7”5(@”2-
=1

Recall that B(k) = arg minﬁ(k)lk(ﬁ(k)). Note that the hinge loss is convex.

Thus, if we can prove that for any 0 < n < 1, there exists a large constant
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A such that for sufficient large n,

> 1_777

Pr [ min  inf {lk (ﬁ@)—i—(nldmax 10gp>1/2 W )—lk(ﬂ k))} >0

1<k<K [ugy (=4

(.5)

where u(,y € R% ", then (3.2) holds.

1/2

For simplicity, let D,, = (n™'d, 4 log p)*/2. Denote

9i, k( ) Vi(1 yiwa)’iﬁa) yzm(lg) Doy, ) — (1 yimr(ll;;)7i/62<k))+
+ ¢zyz )i Dy (1 — yima),iﬁfk) >0)

— B{i(1 - 5(k yzw (k), ZDnu(k))+ — (1 — yiwa),iﬁikk)ﬁ}

and

hi,k(u(k ) =— ¢2yz D U(k)[(l - yima),ﬁ@) >0)

+ E{i(1 - yima), By — yzm(k) Dnty)+ — il yiw(ql;),ilazﬁk))-i-}'

Further, let Ty = >~ | gin(wpy) and To = >, hix(uq). Thus,

lk <132<k) + (n_ldmam lng> 1/2U(k)> — lk(ﬁ?k))

An
=T1+ 1o+ 5 (185 + Dutiewy|* = 187
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First, under Conditions 2 and 5, it is readily proved that

A ~ N
max Ssu o s Dol = 1862
1§k§KHu(k)‘F:A 5 (18 wll> = 18w11%)|

An
= max sup —
1SESK |l =0 2

183y + Duta | + 1183y 1) (185 + Dutaoll = 1851 |

An ~
< max sup —I(||D,u + 2|87 D,u
< max ”u(k)”p:A (I1Dnt gyl + 2[| B 1) | Dntagw |

A

< MCADyd G, + A D) = O\ Dudyi,) = O((nmin log p)* Dud,d, ).
(S.6)

Next, to prove (S.5)), we need to carry out three steps. In Step 1, we will

prove that

max  sup |T1| = C2dpmaz0,(1). (S.7)

PSESE fugy I=0
In Step 2, we show that min;<x<x infjj, =4 T> dominates the term C2d az0p(1)
and is larger than zero. In Step 3, we apply the results in Step 1 and Step
2 to finish this proof.

Step 1: To prove (S.7), we need to show that for any € > 0,

Pr ( max sup C,2%d 1 |Th| > 5) —0 asn— oo. (S.8)

S O
Based on the covering number introduced by [Vaart and Wellner| (1996)), the
ball {wp : lug| < A} in R%F! can be covered by Ny, balls with the radius

d. It is readily shown that Ny < (2A/9+1)%*!. Denote by (., . .- ,ulk the

(k)
centers of the Ny, balls, and let Uy,s = {uy : [uw) — ufy,)ll < 6 and [lug)|| =
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A} for s =1,..., N. Then,

Pr< max sup C.%d L |Ti| > 5>

1<k<K ”u(k) l=A

1)

Zgzk Zgzku(k +Zgzk
< Pr( max max sup O Qd;majz ‘glk glk(ufk)){ > %)

1<k<K 1<s<Ng W (k) €U, s
n
E Gk (W) | >
i=1

=Pr| max max sup C,%d.}.
LSk<K 1S5<Nk yyy €U,

8 def
— | =T Ti.
2) 11+ 112

+Pr| max max C,%d, ..
1<k<K 1<s<N

We first prove T1; — 0. Note that,

‘gi,k(u(kﬂ - gi,k(ufk))‘

< Uil (1 = ity Bl — Vi i Dntb)+ — (1 — yitefyy B0y — Vit iy s Doty + |

+ i Dy |yie oy (i) — Wiy )L (1 — yie 80 > 0)]

+ [E{i(1 — yiwa),iﬁ?k) - yiwa) inU(k) )4} — E{i(1 ylzc (k), 25( k) — yzm(k) i )+}|
Further, for w, € Uy, using the Lipschitz condition and Condition 2, we

have almost surely

|gik (Wry) — gip(ulyy)|

< wi}yiwa),iDn(u(k) - Ufk))| + 2/’z‘Dn‘yifva),i(u(k) - Ufk))‘ + |E{¢iyiwa),ipn(u(k3) - 'U/fk))}|
< 20 Dyl sl 1wy — wiiy | + Dallugy — uf IEWl|2 ) )

< 209 Dyd}2,6 + CDydy2 (15 + Cpan )8 < 2C0;Dyd 2,6 4+ CDydy 2, Cruand.

max

(S.9)
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Therefore, we deduce that

2 7—1 s
max max sup O, Y [gf(uw) — 6 (ufy)]
S k u,(k>€Uk s ieT+

<2CC,*Dyd, 1/25Z¢1+CC ' Dyt 2120,

max max

To derive T1; — 0, we need to show 717 — 0 and 1715 — 0, where

max max

1
Ty = Pr (200 2D, d- 1/25Z¢, E) and Ty = Pr (CO 'Dnd 2746 > 3—2)

Let 6 = €d»}7{2xc_’n/(160ﬁ2Dn) Then, we have T112 — 0 and T <
Pr(3" ¥ > 3ieC,). It is not hard to calculate that E(Y.1 ;) =
Ny +n2Cy and Var(Y7 ;) = fiy + 112C? — nmi, — nwd, C2 — 2n1,m, Ch.

By Chebyshev’s inequality, we have

Zwl

ThHS, T11 — 0 holds.

T <Pr (

Var(3 i, 1)
> 3%20 — Ny — TLQC ) (2n20 _1n1)2 — 0.

We next consider Tio — 0. It is easy to verified that E{g;(u{,)} =0

based on Condition 1 and the fact Sk(BZ‘k)) = 0. Furthermore, we have

E{gi,k(ufk))}Q :E{wi(l - yiwr(l;g),iﬁikk) - yz’ﬂ?a),iDnufk)) — (1 yzw (k), 15? ))+
N 2
+ wzyz D u(k,)[(l — Ui 71’/8(]@) > 0)}

* s * 2
—[E{i(1 = yiz gy By — i (i Dntsly)+ — Vil — vk Bl + ]~

(S.10)
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Notice that when |1 — yiwa) Bl > Dypmaxi<icn ||| A, the first term
in (S.10) is equal to zero since D, maxi<;<n [T > ]yima)viDnu(k)L

Thus, we derive that

E{gix(ul)}* <E[{il(1 = yiwfy Bl — vi iy Dnulyy)+ — (1 — yidefyy i80)+|

iyl Dol | VI(|11 — gl B8] < Dy max [EZIPA IR

Further, using the Lipschitz condition and Condition 2,

Z E{gi,k(ufk))}2 < Z E{@U? (2Dnyim2;c),iufk))2](|1 - yz‘ma),ﬁ&-ﬂ < D,, max ||5’3(k)7i||A)}

1<i<n

< ACPD2dan N’ E{UI (|1 = yiyy 80| < D max [l A) }
=1 AU

= AC Do N E{I (|1 = yiwyy i8] < D max ||zl A) |y =1} Pr(y = 1)
i=1 AL

ZZLCQD2 ma1A202E{I(]1 — Y ] <D, max Ha: (k)i HA ‘yl = —1} Pr(y; = —1)

=1

By the bounded conditional density Condition 3 and Condition 2, we can

calculate

Pr (|1 = yix(yiB0y| < D max [zl Ay = 1) < 2CAD,d}?

max

and Pr (|1 — yzma)zﬁ@ﬂ <D, max @)l Ay = ) <2CAD d71n/2m
(S.11)

Further, we have

S E{gi(uly)}? < SCAPDIEL2, (7 + C2y).

n-'max
i=1



26 Ze Chen, Jun Liao, Wangli Xu and Yuhong Yang

Note that |g;(uf,)| < 3CAD,dye. almost surely under Condition 2 and
the Lipschitz condition. Then for the sufficiently large n, by the Bernstein’s

inequality, we derive

K Ny
T12 SZZPT(

> eC2d max/Q)

k=1 s=1
L 2042, /4
< 2exp { f_TnaT }
;; 2 A3D3df’r{32(m + C2ny) + CAD,, df’,{fm?
< 2exp { log K + (dmag + 1) log (1 + C ARy D, dY2C7) — CC?Ry D 3d},{§x}

Note that (dmag + 1)log (1 + CAfyDydmir Cy

n

1) = O(dyaz log n) based on
the fact C,, = (m1,/72,)"/? and Condition 6. Further, when the data is

weakly imbalanced, using Condition 6, we can deduce that

Az lOg 10 _ O(nl/2+< logn) o

C2n; ' D 3d e, Tin
Thus, T12 — 0. And then we finish the proof of (S.7)).

Step 2: Recall that

= Z _wiyima),iDnu(k)I(l - yiwa),iﬂz‘k) > 0)
i=1

+ ZE{%U B(k Y k)zD U(ky)+ —i(1 - yix ) 66@))4—}
i=1

= Ty + Ty

Let (y); be the jth element of ) ; and uy); be the jth element of w
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We can observe that

dp+1 n

Tl = Du] 323 it 1~ il o 2 )
Jj=1 =1
di+1

<D, Z |1 1<§Ii%x+1 Z¢iyix(k),ij](1 = Ui i) > 0>‘

Dy(di + 1) [lugy | 1<IE%X+1

szyzx(k )35 yﬂ(T),ZBZ‘k) > 0)’

(S.12)
Note that E{¢iyix (ki1 (1 — vy ,8(,) > 0)} = 0. By the Nemirovski mo-
ment inequality (see Lemma 14.24 in Buhlmann and Van De Geer| (2011)),

Jensen’s inequality and Condition 2, we have

T g >
{1<52%§+1 szyz ),iJ yzw(k),l’a(’“) - O)‘}

1/2
§{810g<2dk+2)}”2E< S, "‘”2 km)

1<) <dy+1 4

< C{8log (2dy + 2) }1/2{ <Z¢ )} = O((ny log di,)?).

Then, using Markov’s inequality, we can deduce that

max
1<5<dr+1

Thus, combining ([S.12)) and -

=1

Toi| = O, (AD iy 1 12y,
112652% ||u(Sl)l|FA‘ 21| Op( n(dmamnl og dmax) )

For the term T,,, based on the Taylor expansion of hinge loss function at
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BZ‘k) and Conditions 1 and 4, we can calculate that

min inf 7o
1<E<K [lugy =4

= min ||u(i,£l||f:A Z E{gi(1 = yiz () (Bl + Dnwwy))+ — i(1 — yi iy 1B()+
- =1

1
— mi inf —E:D2TH Y4 tD, > CA*nD?*(1 1
1K fugol—a 2 & B k(B + tDnugy Jug = CADL(1+o(1),

(S.14)

where 0 < t < 1. Note that under Condition 2, from Koo et al. (2008),

we have Hk(ﬁfk)) is element-wise continuous at 8. Thus, Hk(ﬁz‘k) +
tDnuy) = Hi(B(,) + o(1). Further, the last inequality in holds.

Step 3: Combining the results in Step 1 and Step 2, for the sufficiently

large n and A, under Conditions 1-7, we have

1ZRSK g ll=5 { ’ (ﬁ(k’ o ogp) "ug ) — k(B

> min  inf Ty — max sup [Ty — max sup |7}
1SESK [lug =4 1SESK lug, =o LSRSK jugy =o

An
— max sup —

Q% ~ 2 2% (12
LSESK |y ) =2 92 ‘(Hﬁ(k) +Dnu(k)” - H/B(k)” )}

>CA*’nD?(1 + 0(1)) — Op(AD,(dmarn 108 dimaz)?) = 0p(C2dmas) — O\, Dydl/?

max

) > 0.

Then, we finish the proof of (S.5)).

The proof of (3.3) with v = 1 is quite similar to that of (S.5)), and we

thus omit it here.

The proof of (3.2) with 7 = v and 1 < v < 2 is similar to the proof of
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that with v = 1, but there are some differences. To prove it, we need to

verify

Pr [ min inf {l,C (ﬁfk)—i—(wi/f_Qn_ldmw logp) 1/2u(k)> —lk(ﬁ?k))} >0

1<k<K fugrl=0

(S.15)

. .. . . 2/7—2 1 1/2

For simplicity of notation, we still denote D,, = (7r1n N~ dpyae lOg p) ,

and some of the notations in the proof of (3.2) with v = 1 are also used in
this proof, such as g; x(ww)), hir(ww)), 11, Ts, etc.

Next, to prove ([S.15)), we still need to finish three steps. In Step 1, for

7 € (1,2], we are going to prove that

2/7—1-n
max  sup |T1|:<@) Aimaz0p(1). (S5.16)
T

LSKSK fla gy =20 2n

2/7=1=1_ Note that the conclusions of Step 1 are

Denote A, = (7m1n/m2n)
different from that of Step 1 in the proof of (3.2) with v = 1. In Step
2, we show that min;<x<x infllu(mII:A T, dominates the term A,,;dpq,0,(1)
(instead of C2d,,4,0,(1) in the proof of (3.2) with v = 1) and is larger than
zero. We then apply the results in Step 1 and Step 2 to finish the proof.

Step 1: To prove (S.16)), we need to show that for any € > 0,

Pr( max sup A ld 1 |Ti| > 5) —0 asn— oo. (S.17)

nTt -max
SRS gy I=0

With the covering number in the proof of (3.2) with v = 1, equation (S.17)

> 1—n,



30 Ze Chen, Jun Liao, Wangli Xu and Yuhong Yang

can be calculated by

Pr( max sup A ld L |Ti| > 5)

nT “mar
SRS g =0

< 1,41 , s €
<Pr (g oy, WS0B A 2 g (t0) = 9 ()| > >)
n
Zgi,k(ufk))
=1

We first prove S;; — 0. Similar to the deduction of (S.9)), it is readily

—|—Pr( max max A ld!

1<k<K 1<s<N, 7 ™max

8 def
> 5) = S11 + Sia.

shown that

n

-1 3—1 S

max max sup A ~d g e (u — g;.(u

1<k<K 1<5< Ny u(k)egk. e 90 (109) = g4 (i)
S 1=

nT "max

<2CDL A28 i+ CC D, AL 2 Rsd.
i=1
To derive S1; — 0, we need to show S11; — 0 and Si12 — 0, where

- 15¢ - €
5111 =Pr (QCDnAn:dm}IéEé;iﬂz > 5) and 5112 =Pr (C’CnDnAnjdmzéfﬁg(S > 3—2> .

Let 6§ = ed%[fonT/(16Cﬁ20nDn). Then, we have S11o — 0 and Sy <

Pr(3", ¢ > 3n5C,). Tt is readily shown that E(Y20, o) = a+ny > 7y ™2

" T Y YA S _3/2—1)7_1/7—1/2
and Var(3 ! i) =ty +mmy, T — T, — 20Ty, Mo -

a2 Tr2/ ™1 By Chebyshev’s inequality, we have

Slll S Pr ( — 0.

Z ¥ — E(i;)

Yy 4 i1 Vi
> ay VY 1/2) < VorQi, %)

— _3-2/7_2/1—1
nq /n2/

Thus, S7; — 0 holds.

We turn to consider S1o — 0. Similar to 775 — 0, with the Bernstein’s
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inequality, we can also derive

K Ng

512 S Z ZPI‘ <
k=1 s=1
K Ny

€2A7217d2 am/4
SZZZeXP{ BT (71 Co 372 }
k=1 s=1 ndmaz (N1 + Cnn2) + CAD,dnazApre

< 2exp { log K + (dpae + 1) log (1 4+ Ce ™1y D,Cpd; M2 A1) — Ce A, D dY/? }

max max

n

Z Yik (u?k)) ’ > E:Aanmax/Q)

i=1

Note that (de. + 1)log (1 + Ca_lﬁgDnC’nd;}ﬁA;}) = O(dypaz logn) un-

der Condition 6. Further, when the data is strongly imbalanced, under

Condition 6, we have

dmazlogn  dias logp'/?logn
AmD,;ldi,{sm ﬂffnl/QﬂiT/f

Thus, Si2 — 0. Then we finish the proof of (S.16)).
Step 2: In this step, we will show that min;<;<x inf”u(k)”:A T5 domi-
nates the term A, ;dna:0,(1). Recall that Ty = Ty + The. Similar to the

proof of (3.2) with v = 1, we have

_ = 1/2
12}?5%{ Suli T21 - Op(ADn(dmaznl lOg dmax) )7
lwll=A

1
and min inf Ty > ~CA*nD2(1+ o(1)).
1<SE<K [lugy ll=0 2

Overall, for the sufficiently large A, it is not difficult to verify that min; <<k infyy =2 T2
dominates the term A,,;d;0,0,(1).

Step 3: Combining the results in Step 1 and Step 2, for the sufficiently
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large n and A, under Conditions 1-7, we have

min  inf {lk (ﬂfk) + Dnu(kz)) - lk(ﬁzk))}

ISESK [lugy ll=A

> min  inf Ty — max sup |Ty|— max sup |7}
LSk<K [lugll=4 1SESK g |=0 ISESK gy =0

A ~ .
— max sup — “ Do | — 185112
1<k<K Hu<k)\F=A 9 ‘(“'B(k) (k)H ||/6(k)|| )}

>CA*nD2(1+ 0(1)) — Op(ADy(dyaeiin 108 dmaz)'?) — 0p(Antdmaz) — O(A\p Dy dl/?

max

) > 0.

Then, we finish the proof of ([S.15]).
The proof of (3.3) with 1 < v < 2 is quite similar to that of (S.15), and

we thus omit it here. To sum up, we complete the proof of Theorem 1.

H.2 Proof of Lemma 1

We first prove that when v =1,

% 1
. m ndzna:p lo ’
Ln(’w)—E{‘I’(l_YZka(Tk)B(k)) H:Op((%glv )
k=1 +

(S.18)

sup
wew

Note that

K
Lw) - 2w (1-v S wxten) }
k=1 +
K K
:‘E{\If(l—YZka(Tk)B(k)) —\I’(l _Yzkagc)IBEkk)>
—1 + k=1 B

s}’
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It is readily shown that

K
Ly (w) — E{\If(l - YZka(Tk)ﬂZ‘k)) H
=1 +

K
‘E{WYZka b By — B (1 —Y > wi X (B = 0)

k=1 k=1

<1—YZka >s>—[(1—YZka B >O)ds

)

where the first equality is deduced by the Knight’s identity

Y 3, we X (B(k)_'@(k)
v /

)

0

K
ggE{\pzwk|xa)<ﬁ<k> - B
k=1

(ut+v)(u+v >0)—ul(u>0)=vl(u> O)—/_U{I(u >s)—1I(u>0)}ds,

Further, based on Theorem 1 and Condition 2, we deduce that

K
Lo(w) — E{w(l LYY XD, %) }\ < 3E(\v Sl X oo 18y —
k=1

k=1

max logp % ™ nd?nam lng %
<3Zwk0 (( ) )E(qf):op«lT .

We next turn to consider

‘)

sup |SCV,(w) — nL,(w)| = Op(nl/zMg/Q),
weWw

where M,, = m,d?,_logp. Recall that

max

n K
SCV,(w) = Z%‘ (1 —Yi Zwkwa),iﬁ(zf)) ,

i=1

Furthermore, denote

n K K
soviutw) = 3 {us (10wl ) (1w melis) |
i=1 k=1 + k=1 +
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Then, let SCVy,(w) = —[nL,(w) — nE{¥(1 -Y 31 ka )+ 1

the end, denote

SCVin(w) = Z { (1 - y,zwkm(k ) - E{\If(l - ngkX(Tk)ﬁZ‘k)>+H .

i=1

Thus, we can rewrite SCV,,(w) — nL,(w) as

SCV,(w) — nL,(w) = SCVi,(w) + SCVa,(w) + SCVs, (w).

For SCVi,(w), using the Knight’s identity, we have

Yi et wkw(k),i(ﬁ(kFB(k)
_wi/ ( _ylzwkwk)z >s)—[(l—ylzwkwk)zﬁk)20>ds}.

0

Based on Condition 2 and the conclusion of Theorem 1,

sup [SCVip,(w)] < sup Z

wew

2—1i * d?nax logp % -
<3 SlelgvzwkZ%H%k),i””ﬁ(k) - B(k)H = Op(( n X Zwi'
w k=1 i=1 i=1

wzyz Zwkm (k)i /B(k ﬁ k))

Further, using Markov’s inequality, we have Y"1 | 1; = O,((R1712)"/?). Thus,

SUPew [SCVin(w)| = O,((7d?,,, logp)/?). Additionally, by (S.18)), we

can deduce that

sugv\SC‘/gn(w)] = ((nldfm logp)l/Q).
we
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For SC'V3, (w), by using the weak law of large number, we have

K
SCVan(w) =71 ez Y [mn” ot (1 ~ui Y wkwamﬁz‘k))
k=1

=1
K
_ W;}”dm}wE{qf (1 =203 ka(Tk)ﬂ;k)) H
k=1 +

= 1711 ez Op(n™Y2) = Op (070102 0) ).

_l’_

To sum up, we have sup,,cyy |SCV, (w)—nL,(w)| = O,((71d?,,, log p)*/?)
for v = 1.

We next focus on the case of 1 < v < 2 and 7 = v. For notational
simplicity, some of the notations in the proof of the case v = 1 are also
used in this proof, such as SCVy, (w), SCVs, (w), ete.

We first prove sup,,cyy | Ln (w)—E{T(1-Y 31, W X 4y B+ }|- Learn-

ing from the proof of the case v = 1, we can derive that

D=

2 1 %
J-o((5))

We next turn to consider sup,,cy |[SCV,(w) —nL,(w)|. Recall that

s d? logp
S 3 Z U/kE(\II)Op ( (%)
k=1 nm

in

SCV,(w) — nL,(w) = SCVi,(w) + SCVy,(w) + SCVs, (w).

For SCV},(w), based on the Knight’s identity, Markov’s inequality, Condi-

K K
Lo(w) — E{w(l _ Yzwkxa)ﬁz;)) }' < 3E(wzwan<k>nnﬂ<m Bl
k=1 + k=1

‘)
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tion 2 and the conclusion of Theorem 1, we have

K n
sup |SCVi,(w)] < 3 Stel%ZwkZ¢i||az(k)7i||||,8(_kZ) — Bl
WENV =1 i=

wew

= = d?nax lng V2 2 1/2
= Op(n1 + n2Cy,) X O, e = 0, ((Md2 4, logp) 7).

1n

In addition, based on sup,,cyy |Ln(w) — E{¥(1-Y S r ka(ll;),BEkk))JrH =

O,((n"tmpd?,,, logp)'/?), we can deduce that

sup [SCVan (w)| = Oy (M, lop) ™).
we

For SC'V3,(w), by using the weak law of large number, we have

Sc%n(w) :ﬂ-fT/LQ_l/Tdmax Z |: e 3/2d;1ax¢z (1 — Y Z wkm k:))
+

1=1

— /e 3/2d;mE{\11(1—Yzka(Tk)ﬂ;kk)) H
_l’_

k=1

= i T i Op (0 Y2) = Op((nyy 27 d2 ) ).

max

3— 2/7’d2

max*

Since 1 < 3 —2/7 < 2, we have nyd?,,, logp > nm Hence,

to sum up, Supyey |SCVip(w) — nL,(w)| = O,((R1d?,,, logp)'/?). This

completes the proof of Lemma 1. 0



Optimal Model Averaging for Imbalanced Classification 37

H.3 Proof of Theorem 2

By Condition 8 and Lemma 1, we have

sup SCV(w) 1’ s ‘SCV(w) —nL,(w)

wew | Ly (w) wEW nL,(w)
< SUPweyw |SCV (w) — nL,(w)] " 1
- inf,en L (w) n

= 0,6, ),

where M,, = m,d2, .

log p. Further, using Lemma 3 in Feng et al. (2022),

we deduce that

inf ey SCV (w)
ninfy,en Ly (w)

— 140, (6 V22,

Combining the above results, we have

L, (w) 4= nLy,(w) — SCV,(w) + SCV,,(w) 1
inf’wEVV Ln(w) N n inwaW Ln(w)
< SWuwew InLy(w) = SCV,(w)| | |infwew SCV(w) )
- ninfyew Ly (w) ninfy,ew Ly (w)
~0, (f;lnfl/QMi/Q).
This completes the proof of Theorem 2. 0O

H.4 Proof of Theorem

Denote v, = L, (w") —infyew L, (w). To derive the conclusion of Theorem

[S.1], it is sufficient to show that for any 6 > 0,
P( inwaW Ln(w)

-1
L, (w?*)

> 5) — 0. (S.19)



38 Ze Chen, Jun Liao, Wangli Xu and Yuhong Yang

Note that
infyew Ln(w) = nL,(w®) — SCV(w®) + nv, + SCV (w*) — nL,(w")
L, (w?*) B nL,(w*)
- nL,(w*) — SCV(w?*) + nv, + SCV (w") — nL,(w")
- nL,(w?)
nL,(w?®) — SCV (w*) Up SCV(w") — nL,(w")
< A — | + -
- nL,(w?) L,(w?) nL,(w?)
According to the proof of Theorem 2, we have
L S\ S L _
nL,(w®) ?CV(w ) < sup nL,(w) — SCV(w) 2o (S.20)
nL,(w*) weWw nL,(w)
By the ALL property of Wg, we deduce that
Un Un, P
. 21
I e L 520
In addition,
SCV(w") —nL,(w") < w nL,(w) — SCV(w) || L,(w")
nL, (@) Twew|  nla(w) Ly ()

It is readily shown that for the sufficiently large n, L,(w") = &,(1 +
0p(1)), and thus | L, (w")/L,(w®)| = O,(1). Combining sup,,cyy |(nLn,(w)—

SCV(w))/{nL,(w)}| L5 0, we derive

SCV(w") — nLy(w")| »
D) 0. (8.22)

Based on (S.20)), (S.21)) and (S.22)), we can derive (S.19). This completes

the proof of Theorem [S.1] O
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