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Supplementary Material

In this supplement, we discuss additional applications of LASLA in Section the construction of
corresponding distance matrices in Section related background review on the sparsity-adaptive
weights in Sections implementation details and additional simulation results in Sections [S4]
Proofs of the main results are collected in Section [S6] Finally, Sections [S7] and [S8] extend the

discussion and theoretical analysis to dependent primary statistics.

S1 Additional applications

LASLA has a wide range of applications aside from the network-structured data like the GWAS
example discussed in the main article. In this section, we introduce two additional challenging
settings: data-sharing regression and integrative inference with multiple auxiliary data sets. In both
scenarios, traditional frameworks are not applicable since the auxiliary data U and the primary data
T do not match in dimension.

Example 1. Data-sharing high-dimensional regression. Suppose we are interested in identi-

fying genetic variants associated with type II diabetes (T2D). Consider a high-dimensional regression
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model:
Y=p+XB+e, (S1.1)

where Y = (Y1,...,Y,,)" are measurements of phenotypes, g = pl" is the intercept, with 17 being
a vector of ones, 8 = (B1,...,0m)" is the vector of regression coefficients, X € R"*™ is the matrix
of measurements of genomic markers, and € = (e1,...,€,)" are random errors.

Both genomics and epidemiological studies have provided evidence that complex diseases may
have shared genetic contributions. The power for identifying T2D-associated genes can be enhanced
by incorporating data from studies of related diseases such as cardiovascular disease (CVD) and

ischaemic stroke. Consider models for other studies:
YF = pb + XRBF + €, (S1.2)

where the superscript k indicates that the auxiliary data are collected from disease type k € [K].
The notations Y*, uk, Bk, X* and €* have similar explanations as above. The identification of
genetic variants associated with T2D can be formulated as a multiple testing problem , where
0=(0;,:i€c[m]) ={L(B; #0):4i¢€ [m]}is the primary parameter of interest. The primary and
auxiliary data sets are T = (Y, X) and U = {(Y*, X*) : k € [K]}, respectively. The auxiliary data

U can provide useful guidance by prioritizing the shared risk factors and genetic variants.

Example 2. Integrative “omics” analysis with multiple auxiliary data sets. The rapidly
growing field of integrative genomics calls for new frameworks for combining various data types
to identify novel patterns and gain new insights. Related examples include (a) the analysis of

multiple genomic platform (MGP) data, which consist of several data types, such as DNA copy



number, gene expression, and DNA methylation, in the same set of the specimen (Cai et al., 2016);
(b) the integrated copy number variation (iCNV) caller that aims to boost statistical accuracy by
integrating data from multiple platforms such as whole exome sequencing (WES), whole genome
sequencing (WGS) and SNP arrays (Zhou et al., 2018]); (c) the integrative analysis of transcriptomics,
proteomics and genomic data (Medina et al.| [2010]). The identification of significant genetic factors

can be formulated as (2.1) with mixed types of auxiliary data.

S2 Forming local neighborhoods: illustrations

Recall that, in Section [1] LASLA first summarizes the structural knowledge in a distance matrix
D € R™ ™ where m is the number of hypotheses. The distance matrix describes the relation
between each pair of hypotheses in the light of the auxiliary data. For the GWAS example detailed
in Section 1, D = (1 — 77, :4,j € [m]) where r;; measures the linkage disequilibrium between the
two SNPs ¢ and j.

In Example 1 (data-sharing regression) from Section we can extract the structural knowledge
provided by the related regression problems via Mahalanobis distance (Krusinska) [1987)). Specifi-
cally, let {Bk = (BF,..., %) : k € [K]} denote the estimation of {8% = (8F,...,8%)7 : k € [K]}.
Denote by ,BAZ = (Bf : k € [K]) the vector of estimated coeflicients for the ith genomic marker across
K different studies. The distance matrix D = (D;;); je[m is then constructed via Mahalanobis
distance with D;; = (B, — ,3])5351(,31 - 3j)T , where 3z is the estimated covariance matrix based
on {Bz : 4 € [m]}. Similarly, in Example 2 (analysis with multiple auxiliary data sets), suppose

we collect a multivariate variable U; from different platforms as the side information for gene 4,
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then the Mahalanobis distance can be used to construct a distance matrix D = (Dj;); jem) With
D;; = U; ij)XAll_]l(Ui —U;)", where 3y is the estimated covariance matrix based on the auxiliary
sample {U; : i € [m]}.

We emphasize that LASLA is not limited to the aforementioned examples. Most of the tradi-
tional covariate-assisted methods focus on the array-like auxiliary data U = {U; : i = 1,2, ...} that
matches primary data coordinate by coordinate. LASLA can also handle this dimension-matching
side information as the latter can be represented by a distance matrix D through simple manip-
ulations. Below, we provide a list of practical types of side information and their corresponding

methods for constructing the distance matrix.

(a) A vector of categorical covariates. The elements in U take discrete values and the local
neighborhoods can be defined as groups. With suitably chosen weights LASLA reduces to the
methods considered in [Hu et al.| (2010)), |[Li and Barber| (2019), and Xia et al.| (2020) that are

developed for multiple testing with groups.

(b) A vector of continuous covariates. We can define distance as either the absolute difference or
the standardized difference in rank D;; = |Fy,(U;) — Fy(U;)], where F,(t) is the empirical

CDF.

(c) Spatial locations. Such structures have been considered in, for example, Lynch et al.| (2017)),
Lei and Fithian| (2018)) and |Cai et al.| (2022). The locations are viewed as covariates and D;;

is the Euclidean distance between locations ¢ and j.

(d) The correlations in a network or partial correlations in graphical models. See the GWAS



example discussed in Section [I] of the main article.

(e) Multiple auxiliary samples. The Mahalanobis distance or its generalizations (Krusinska, |1987)

can be used to calculate the distance matrix D.

Note that in practical applications, it could be beneficial to “standardize” the distance matrix D;
this step ensures algorithm robustness. A more comprehensive discussion on the implementation

details is relegated to Section

S3 Details on sparsity-adaptive weights

Recall the definition from Section that the primary statistics 7; has the hypothetical mixture

distribution:

Fr(t) = (1 —m}) Fo(t) + 7 F3(t)

K3

for i € [m]. The quantity 7} indicates the sparsity level of signals at location ¢, and 7} is allowed
to be heterogeneous across m testing locations.

The key idea in existing weighted FDR procedures such as GBH (Hu et al.| [2010), SABHA
(Li and Barber} 2019) and LAWS (Cai et al., |2022]) is to construct weights that leverage 7} by
prioritizing the rejection of the null hypotheses in groups or at locations where signals appear to
be more frequent. Specifically, SABHA defines the weight as wf*Ph® = 1/(1 — 7}), and LAWS as
w%aws = 7}/(1 — 7wf). The sparsity adaptive-weights have an intuitive interpretation. Consider

the LAWS weight w!®Vs if 77 is large, indicating a higher occurrence of signals at location i, the

weighted p-value P := P;/w" = (1 — 7})P;/n; will be smaller, up-weighting the significance

K2
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level of hypothesis i. However, compared to the proposed weights, such weighting scheme ignores

structural information in alternative distributions as discussed in Section 2.5

S4 Additional numerical results with marginally indepen-

dent data

In this section, we provide the numerical implementation details and collect additional simulation
results for data-sharing high-dimensional regression, latent variable model and multiple auxiliary

samples under the marginal independence assumption |(A1)|

S4.1 Implementation Details

In all of our numerical results, the bandwidth A for the kernel estimations in and is chosen
automatically by applying the density function with the option “SJ-ste” in R package stats. For
the size of neighborhoods m!~¢, the default choice for € is 0.1 for marginally independent p-values,
while for dependent p-values, we set € = 0 to comply with our FDR control theory under weak
dependence in Section For the screening parameter 7, we choose the threshold through the BH
algorithm with FDR level a = 0.8. This choice ensures that the screening set {i € [m]: P, > 7} is
predominantly composed of null indices. See (Cai et al.| (2022) for a more comprehensive discussion
on the choice of 7.

To enhance algorithmic robustness and numerical performance, we perform a data-driven scal-
ing of the distance matrix D by a constant factor a. A practical guideline is to ensure that the

spread of entries in the scaled distance matrix D/a is similar to that of the entries in T'. We use the



interquartile range (IQR) to measure data spread, a strategy similarly employed in [Scott| (1992)). All
additional details can be found in the public repository containing all experiments implementation

at https://github.com/ZiyiLiang/r-Blasla.

S4.2 Heterogeneous alternative distributions

As highlighted in Section LASLA can handle hypothesis-specific alternative densities, unlike
many popular methods that only accommodate heterogeneous sparsity levels (Li and Barber| |2019;
Cai et al., 2022). Building on the discussion in Section we present two additional examples
involving heterogeneous data to further demonstrate LASLA’s strength in leveraging hypothesis-
specific information. Consistent with the analysis in Section 2.5 we compare the oracle LASLA
procedure with the oracle LAWS to illustrate the methodological distinctions without the influence
of practical implementation.

Extending the analysis of Example [1] in Section [2.5] which considers asymmetry in the sign of
the signal, we explore a more challenging setting that allows for varying levels of asymmetry across

hypotheses.

Example S4.1. Set F};(t) = v N(3,1)+(1—~;)N(—3,1), where 7; controls the relative proportions
of positive and negative signals for the ith hypothesis. Each ~; follows a uniform distribution over

interval [0.5 —7,0.5 4 7|, i.e., v, ~ U(0.5 — r,0.5 + 7). We vary r from 0 to 0.5 by 0.1.

In practice, the heterogeneity of alternative densities can be complex, potentially involving a
mixture of factors such as signal strength, signal sign, and the shape of the alternative density. In

the following setting, we introduce substantial heterogeneity across each of these components:


https://github.com/ZiyiLiang/r-lasla
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Example S4.2. Set F};(t)

uniform distribution: v; ~ U(0,1); u; ~ U(2.5,3.5) and o; ~ U(0.1,1).

= %N (i, 02) + (1 — ) N(—pi, 02), where each parameter follows a

The results for the two examples above are summarized in Figure [S4.2)and Figure [S4.2] respec-

tively. We again observe LASLA’s ability in capturing the heterogeneities, thereby improving the

power across the settings.
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Figure S4.1: Comparison of oracle LASLA and benchmarks with nominal FDR level a = 0.05 under
the heterogeneous asymmetry setting in Example[S4.1] Parameter r controls the level of asymmetry
in each individual hypothesis. All other details remain consistent with Figure
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Figure S4.2: Comparison of oracle LASLA and benchmarks with nominal FDR level o = 0.05 under
the setting in Example which introduces substantial heterogeneity across hypotheses.



S4.3 Data-sharing high-dimensional regression

Example 2 in Section discussed how the knowledge in regression models from related studies
can be transferred to improve the inference on regression coefficients from the primary model. This
section designs simulation studies to illustrate the point.

Consider the regression model defined in Section [S1| with X;; ~ N(0,1) for i € [n],j €
[m] where X;; denotes the entry of X at coordinate (3, 7); ¢; ~ N(0,1) for ¢ € [n]. Let P(8; =0) =
0.9. For the non-null locations, 3; ~ (—1)*|N(u,0.1)|; u ~ Bernoulli(0.2). Note that signals will be
more likely to take positive signs, hence asymmetric rejection rules are desired.

Models from K related studies are generated by . If the auxiliary model is closely related
to the primary model, they tend to share similar coefficients. Therefore, we generate the coefficients
for study k € [K] as ,Bk = B + o, where each coordinate of ¢ is drawn from normal distribution
N(0,02). Other quantities are defined similarly as the primary model.

We compute the distance matrix D using the Mahalanobis distance on the estimated coefficients

as specified in Section Fix K = 3,n = 1000, m = 800, consider the following settings:

e Setting 1: Fix p = 0.25, vary the noise level o from 0.1 to 0.2 by 0.02.

e Setting 2: Fix o = 0.15, vary the signal strength p from 0.25 to 0.3 by 0.01.

We compare data-driven LASLA with BH and AdaPT method (Yurko et al., [2020). To apply
LASLA, it’s essential to have knowledge of the null distribution for the test statistics. In this
simulation we use the ordinary least square estimators and T; follows a t-distribution. Alternatively,

one can explore the approach outlined in Xia et al. (2020]), where the test statistics follow the
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N(0,1) distribution asymptotically. Figure shows that LASLA can effectively leverage the side

information from related studies and outperforms both BH and AdaPT.
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Figure S4.3: Empirical FDR and power comparison of data-driven LASLA and benchmarks at
nominal FDR level @ = 0.05 under the data-sharing regression setting in Section (a): Regres-
sion setting 1: increasing the noise level ¢ in the auxiliary data; (b): Regression setting 2: increasing
signal strength u.

S4.4 Latent variable setting

Suppose the primary and auxiliary data are associated with a common latent variable € = (§; : ¢ €
[m]) where & ~ (1 —6;)Ag+ 0;N(u, 1) and Ag is the Dirac delta function, namely, & = 0 if §; = 0.

The primary data T' = (T; : ¢ € [m]) and auxiliary data U = (U; : i € [m]) respectively follow:

where o4 controls the informativeness the auxiliary data. Our goal is to test m hypotheses on 6; as

stated in 1D Fix m = 1200 and let 6; '~ Bernoulli(0.1), for ¢ € [m]. We consider two settings:
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e Setting 1: Fix u = 2.5, vary o, from 0.5 to 2 by 0.25.

e Setting 2: Fix 0, =1, vary p from 3 to 4 by 0.2.

We compute the distance matrix D from the auxiliary data U using the Euclidean distance,

ie. D;; = |U; —Uj|. We then compare LASLA with the BH procedure, data-driven SABHA

(SABHA.DD) as reviewed in Section [S3]and AdaPT method (Yurko et al., [2020).

The results are summarized in Figure [S4.4] In both settings, LASLA achieves a lower FDR

than SABHA while still outperforming it in power.

This is because SABHA relies solely on p-

values and uses weights that only account for sparsity. The AdaPT method performs comparably

to data-driven LASLA when the noise level in the auxiliary data is low, but its performance rapidly

deteriorates as the auxiliary information becomes noisier.
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Figure S4.4: Empirical FDR and power comparison of LASLA and benchmarks at nominal FDR
level @ = 0.05 under the latent variable setting in Section (a): Latent setting 1: increasing

the noise level o in the auxiliary data; (b): Latent setting 2: increasing signal strength p.
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S4.5 Multiple auxiliary samples

We explore two scenarios with multiple auxiliary samples: (1) all samples are informative; (2) some
samples are non-informative. Similar to the previous section, consider a latent variable & = (§; : ¢ €
[m]) where & ~ (1 —60;)Ag+6;N(u,1) and 6; ~ Bernoulli(0.1). The primary statistics T; ~ N(&;, 1)
for i € [m]. The goal is to make inference on the unknown ;. Let U* = (UF : i € [m]) denote the
kth auxiliary sequence for k € [K]. If U is informative, it should carry knowledge on the underlying

signal #;. Hence we introduce the first setting where all auxiliary samples are associated with the

latent variable &:
e Setting 1: UF ~ N(&;,02) for i € [m],k = 1,...,4.

Let ~y; ~ Bernoulli(0.1) for ¢ € [m] independently of everything else, and 9; ~ (1—~;)A¢+v: N (1, 1).

Consider:
e Setting 2: UF ~ N(&;,02) , for k =1,2; UF ~ N(¢p;,02) , for k = 3, 4.

Note that 7; being independent of #; can lead to significant divergence between the latent
variables 1); and &;, potentially making U3 and U* anti-informative. The construction of D from
{U k}ke[K] is not unique, we explore two different methods: using Mahalanobis distance vs using
Euclidean distance with the averaged data U"® = $(U}! + U2 + U2 + U}) for i € [m]. We assess
their effectiveness under varying degrees of informativeness exhibited by the auxiliary samples.

In both settings, we fix m = 1200, u = 3, and change o4 from 0.5 to 2 by 0.25. The results are
summarized in Figure Intuitively, the averaging method reduces variance when all auxiliary

samples are informative and leads to power gain over the Mahalanobis approach. However, the
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latter appears to be more robust when some samples are anti-informative.
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Figure S4.5: Empirical FDR and power comparison of LASLA with different distance computations
at a nominal FDR level of o = 0.05 under the multiple auxiliary sample setting in Section (a):
Multiple auxiliary samples, setting 1: all auxiliary samples are informative; (b): Multiple auxiliary
samples, setting 2: half of the auxiliary samples are uninformative.

S4.6 Comparison of alternative thresholding rules

As mentioned in Remark [I] of Section it is possible to substitute the LASLA thresholding

rule in ([2.11)) with other types of weighted thresholding rules such as the weighted BH procedure

(WBH) (Genovese et all, 2006) and the adaptively adjusted WBH procedure (Adj-WBH) (Ram-

2019)). In this section, we first describe both approaches and then present numerical

comparisons.

The WBH method applies the BH procedure to the weighted p-values { P = P;/w; : i € [m]} at

level a, while the Adjusted WBH method (Ramdas et al 2019)) improves on WBH by applying the

BH procedure at an adaptively adjusted FDR level. Specifically, it computes a “weighted sparsity
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estimator”
PO |Wloo + > oimy wil{P; > T} (S1.4)
m(l—17)
where w = (wy, ..., w,) are the weights, || is the infinity norm and 7 > 0 is a screening parameter

similar to the one used in . Note that the weighted sparsity estimator does not account for
potential heterogeneity in the sparsity level across the hypotheses. When such heterogeneity is
significant, the adaptive adjustment may not be optimal, as we shall see later in Figure The
rejection threshold of the adjusted WBH method is then computed by applying the BH procedure
to the weighted p-values {P}’ = P;/w; : i € [m]} at level a/(1 — 7).

Next, we provide some numerical comparisons of different thresholding approaches. Under
the latent variable setting detailed in Section we compare LASLA with WBH and adjusted
WBH, both benchmarks are implemented with data-driven LASLA weights. The purpose of this
comparison is to isolate the effects of different thresholding rules, as the weights remain consistent
across methods. Figure shows that WBH is overly conservative, whereas both LASLA and
adjusted WBH achieve higher power by adjusting to the sparsity level in the dataset. We emphasize
that in this latent variable setting, the sparsity level is constant across all locations ¢ € [m], hence
LASLA and adjusted WBH have nearly identical performance. In the next experiment, we examine
a synthetic setting with heterogeneous sparsity levels.

Consider a simple scenario where the primary data T = (T; : i € [m]) are generated as

T, ~(1—6;)N(0,1) + 6;N(2,1), where 6; ~ Bernoulli(r;) with

mi ~ U(0.8,0.9), for i =1,...,200; m; =0.01, for i = 201,...,1000. (S4.5)
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Here, the sparsity levels are heterogeneous, with elevated levels in the first 200 indices. For sim-

plicity and direct methodological comparison, we use oracle quantities across all methods in this

heterogeneous setting. Both adjusted and unadjusted WBH methods utilize the oracle LASLA

weights, and the weighted non-null proportion in (S4.4)) is also computed using the oracle LASLA

weights. The results in Figure [S4.7] demonstrate that LASLA effectively utilizes the heterogeneity in

sparsity levels and outperforms the adjusted WBH method. The adjusted WBH falls short because

the weighted sparsity level in (S4.4) only captures the global sparsity level, neglecting potential

heterogeneity.
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Figure S4.6: Empirical FDR and power comparison of different thresholding rules at nominal FDR
level a = 0.05 under the latent variable setting in Section [S4.4] Other details are the same as in

Figure [S4:4]
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Figure S4.7: Empirical FDR and power comparison for the oracle LASLA, WBH and adjusted WBH
for the heterogeneous sparsity level setting. All methods utilize the oracle LASLA weights.

S5 Numerical experiments for dependent data

In this section we conduct more numerical studies under data dependency. Following a similar
setup as in Section |4} in all the subsequent experiments, 8; ~ Bernoulli(0.1) indicates the presence
or absence of a signal at index i. The primary statistics T; are marginally distributed as N(0, 1)
when 6; = 0 and are distributed as N(3,1) when ¢; = 1. The distance matrix D = (D;;)1<ij<m
is defined by Dij ~ I19,—,3|N(0,0.7)| + I{o,20,1|N(1,0.7)]. We fix m = 1000 and the FDR level
at a = 0.05. The correlation structure will be specified in each setting below. Section [55.1] ex-
amines LASLA’s performance in a weakly dependent setting, while Section considers stronger

dependency scenarios.

S5.1 Block dependency

In this setting, we consider a “block” dependency type where variables within the same block
are equally correlated with each other, while variables in different blocks are uncorrelated. This
structure offers a simplified model to mimic the scenarios where there are distinct clusters or groups

of highly correlated variables that have little or no correlation with variables in other groups, similar
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Figure S5.8: Empirical FDR and power comparison for data-driven LASLA and BH under the block
dependency setting. The correlation strength increases as p increases.

to GWAS data where certain clusters of SNPs may work together to influence specific phenotypes.
We divide the m = 1000 indices into 10 blocks, each has a size of 100. For k € [10], let by, C [m]
denote the collection of indices in block k. For i, j € [m], define the correlation matrix ¥ as

1, ifi=j;

Yij = p, ifi#j, and i,j € by, for some k € [10]; (55.6)

0, otherwise,

where p controls the correlation strength. We vary p from 0 to 0.8 by step of 0.2, and summarize
the result in Figure We observe that LASLA’s performance remains robust under block

dependency, consistently controlling the FDR within the nominal level.

S5.2 Random dependency

In this section we consider a “random” dependency structure where the correlation matrix is gen-
erated randomly, with no specific pattern or clustering. We first generate a random factor vector

v € R™, where each entry follows a standard normal distribution. Define the correlation matrix as

¥ = S(’U’UT +e), (S5.7)
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where we add a diagonal matrix €, with the diagonal elements uniformly distributed from [0, 1],
ensuring the positive definiteness of the correlation matrix. The function s(-) is then applied to
standardize the matrix, ensuring that all diagonal elements are equal to 1. The off-diagonal elements
approximately follow a uniform distribution from [—1,1]. Unlike the block correlation in
where indices are weakly and positively correlated, the random correlation in allows for both
negative and positive correlations. Moreover, the correlation is strong and may even violate the weak
dependency assumption in To adjust the dependency strength, we introduce a parameter a
that scales the off-diagonal elements of ¥ by dividing them by a. That is, for ¢, j € [m], the adjusted

correlation matrix is defined as

. 1, ifi=g;
5,200 J
Eij

2, otherwise.

We examine LASLA’s performance with a taking values in (1,1.5,2,3,5,10). Note that smaller
values of a signify stronger correlations. Figure shows that the FDR of LASLA tends to
rise above the nominal level under the strongest dependency setting. As discussed in Remark
the dependency assumption can be further relaxed by choosing a larger bandwidth, for instance
m~1/6. Hence, we rerun the experiment with a = 1 using the enlarged bandwidth, and Figure

demonstrates that LASLA effectively reduces the FDR level under this adjustment.

S6 Proof of Main Results

Recall that D; is the ith column of D, and D; is a continuous finite domain (w.r.t. coordinate ¢) in

R with positive measure by adopting the fixed-domain asymptotics in [Stein| (1995)). Each d € D; is
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Figure S5.9: Empirical FDR and power comparison for data-driven LASLA and BH under the
random dependency setting. The correlation strength decreases as a increases.
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Figure S5.10: Empirical FDR and power comparison for data-driven LASLA and BH under the

random dependency setting with @ = 1 and enlarged bandwidth h = m

a distance and 0 € D;. The two sets D; and D; can be viewed as collections of distances measured

from the partial and full network respectively, and it follows that D; C D;.

Throughout the proofs, we assume that D; — D; as m — oo in the sense that, for any dg € D;,

there exists at least an index j such that |D;; — do| = O(m™!) as m — oo.

S6.1 Proof of Proposition

Proof. For simplicity of notation, throughout we omit the conditioning on D, and use P(P; >

7|D;; = x) and P(P; > 7) to denote P(P; > 7| Dj, D;; = x) and P(P; > 7 | D;) respectively. Recall
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that

> jen: Kn(Di)I{P; > 7}]

LT TS, o Fa(Dy)

Also note that, for all i € [m],

E( S (Kn(D)IP; > 7} | D) — Y [Ku(Dy) B(P, > 7| D)

JEN; JEN;
Then by m~! < h < m™¢, as D; — D;, we have

E(1 — 7, | D)

fﬁi Kin(x)P(P;, > 7| Dij, =x)dz/(1—1) ‘/‘ﬁi Ky (x)dx -1

where j, represents the index such that D;;, = z and f?i is the limit of {D;;,j € N;} in the
asymptotic framework described at the beginning of Section [S6} Using Taylor expansion at @ = 0,

combined with Assumption |(A2)] we have
/. Kn(z)P(P;, > 7| D;j, = x)dx
D;

- zKy(z)dx

_ PP, >7)/15_Kh(x)dx+zp>’(a>¢)/p

1" D.
+ %M/ 22Ky (2) dz + O(h?).
D;

Thus, by the assumptions of K (-) in (2.4]), uniformly for all index i, there exists some constant ¢ > 0

such that

[E(m; | D) — 7]

< (c/ﬁth(x)d:s//ﬁi Kn(2) dx+c/ﬁi xQKh(I)//ﬁi Kn(2) dx)2+o(1)

i

— 0, as h — 0.
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Now we inspect the variance term. By Condition [(A3)] there exists a constant ¢’ > 1,
Var( > [Kn(Di)I{P; > 7} | D)
JEN;

<d > [Ki(Dyj) Var(I{P; > 7} | D;)]
JEN;

= Y [K}Dij)P(P; > 7| Dy){1—P(P; > 7| D;)}].
JEN;

Hence, as h > m~!, by the assumptions of K(-) in (2.4) and that it is positive and bounded, we

have

1/ —1 fﬁl KZ((L') dﬁ[;

Varll=m) = T T Ra) daP
C”m -1 fRKz(y)dy
< N T T, Kalw) do?
< "(mh)™t = o(1),

for some constant ¢”’,c¢” > 0. Hence, as D; — D;, by combining the bias term and variance term
b b b b

the consistency result is proved. O

S6.2 Proof of Theorem (1

Proof. For simplicity of notation, throughout we omit the explicit conditioning on D, and use
P(0; = 0) to denote P(§; =0 | D;) and P(P* <t|6; =0,w;) to denote P(P* <t |6; =0,w;,D;).

Note that, by Algorithm [I} the FDP of LASLA at the thresholding level ¢ can be calculated by

> P <t,0; =0}
max[3 2, { Py < t},1]

_ i PP < t] 6 = 0,w;)P(6; = 0) i P <t,6; =0}

max[> 7 {PP < t}, 1] ST P(PY < t]6; = 0,w;)P(6; = 0)’

FDP(t) =
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Step 1: We first show that, uniformly for all i € [m], we have

ip(ﬂw S t | 91 = 0, wi)]P’(Gi = 0) S [1 + Op(l)] iwz(l - 7Ti)t. (868)
i=1

i=1

Note that, in Algorithm [2| 7} is not used in the computation of w; given the sign of T;. Then by

the independence assumption [(A1)} 7; is independent of w; conditioning on the sign, and it follows

that:

m

S PP < t]6; = 0,w;)B(9; = 0)

+

i=1

> P(Ti >0 6; = 0)w;(1 — 7} )t

=1

= w;(1 —x}) f: (1—m7])
1 i=1

1=

+

i=1

3

where the last inequality follows from the fact that «] is a conservative approximation of «} as

showed in |Cai et al.| (2022). By the result of Proposition [I|and Assumption [(A4)} together with the

fact that £ < w; <1 for ¢ € [m], we have

m

S P(PP < t]0; =0,w;)P(0; = Z il —m 4 op(D)]t = [140p(1)] > wi(1 — m)t.
i—1 i=1

i=1
Hence, (S6.8) is proved.

Step 2: We next show that

oP(PY <t]6; =0,w;) = > " P(PY <t|6;=0,w;)P0; =0
Too PR < ¢16:=0.w) = S, PPY <t 6 = 0,w)PO: =0)| 569)
Zi:l ]P)(Piw S t | 01' = O,w,)]P’(Oz = 0)
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in probability. Define the event

=1

{6;3",, Z]I{Gi =0} > em for some constant ¢ > 01 .

It follows from Condition |(A4)|that P(B) — 1. Then by the fact that £ < w; < 1, we have

g

2

E

(|0 [P < ¢ 6: = 0, wi){6; = 0} — P(PP < ¢ | 6 = 0,w3)P(6; = 0)

3 wimo - )]

B (‘Zl PP <t]6; =0,w)[I{6; =0} — IP’(HZ )]
Y P(PR <t]6; =0,w)P(0; =0)

‘)

the last equality follows from the law of total variance and condition [(A3)| for some 0 < ¢ < 1.

=E|Var (i[ P(PY < t|6; = 0)I{6; = 0}]

™~

Hence ([S6.9) is proved.

Step 3: Finally, we analyze the following quantity:

Yo P <t,0; =0}
S P(PY <t|6; =0,w;)P(0; =0)

We first check the range of the cutoff ¢, or equivalently the threshold for the weighted z-values, i.e.,

2% = ®71(1 — P¥/2), for i € [m]. Then as shown in |Cai et al|(2022) and replace their weights

(2

i, 1t is easy to see that, by applying BH procedure at level a to the adjusted p-values with
weights w;, the corresponding threshold is no larger than the threshold of LASLA for the adjusted
p-values with the same weights w;. Hence it suffices to obtain the threshold for the weighted z-values

2 = ®~1(1 — P¥/2) of such BH procedure with weights w;.
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Let t,,, = (2logm — 2loglog m)l/Q. By Condition we have

3 Izl = (clogm)/2H/4) > {1/(x/2a) + §}(log m) /2,
0;=1

with probability going to one. Recall that we have £ < w; < 1 for some constant & > 0. Thus, for

those indices i € H; (equivalently #; = 1) such that |z;| > (clogm)¥/?**/% we have
PP < (1— ((clogm)/**0/4)) fu; = o(m™),
for any constant M > 0. Thus we have

>z > (2logm)'/?} > {1/(x'/%a) + 8} (logm)*/?,

1€[m]

with probability going to one. Hence, with probability tending to one,

2m
Zle [m] ]I{Z > (2 log m)1/2}

Because 1 — ®(t,,) ~ 1/{(2m)/?t,,} exp(—t2,/2), it suffices to show that,

< 2m{1/(x'?a) + 6}~ (logm)~Y/2.

sup
0<t<tm

m L >t,0, =0} —> .
Sz >t,0i =0} =31, _( 0, (S6.10)

Z;l1 Pz} >t |0

in probability. Let the event A = [{0;}7, : (56.9) holds]. By the proofs in Step 2, we have P(A) — 1

>t 0; =0,w;)P(6; =0)
w; )P(0; = 0)

0,

Hence, it is enough to show that, for {0;}7, € A, we have

_o Mz >t} —P(z" >t ] 0; = 0,w;)]
> 0,=0 P} >t ] 0; =0,w;)

sup
0<t<tm

| — 0, (S6.11)

in probability. Let 0 <ty < t; < -+ < tp = t,,, such that ¢, —¢t,_1 = v, for 1 <t < b—1 and
ty — ty—1 < Uy, where v,, = 1/y/logm(log, m). Thus we have b ~ t,,/v,,. For any t such that

t,_1 <t <t, due to the fact that G(t + o((logm)~/?))/G(t) = 1 + o(1) with G(t) = 2(1 — ®(t))



25

uniformly in 0 < t < ¢(logm)*/? for any constant ¢, by Xia et al.| (2020), it suffices to prove that

oz >t} Pz > ¢, |6, =0,w;
max 2o M 2 1) — B | ) -0, (S6.12)
0<e<b > 0,—o Pz >t | 0; = 0,w;)
in probability. Thus, it suffices to show that, for any € > 0,
tm _oHzY >t —PRY >t 0; =0,w;
/ pl |Zozolllel 21} Pl 2 1] s . dt = o(vy,). (S6.13)
0 Zeizo P(z{" > t|6; = 0,w;)

By the fact that £ < w; <1 for some constant £ > 0, we have
Pz >t|0; =0,w;) =P(® (1 - P"/2) > t]6; =0,w;)
=P(P; <2w;(1—®(t)) | 6; = 0,w;)
— 2u,(1 - B(1) > £G(1).

It follows that

2
291:0 [[{z >t} =Pz >t]0; =0,w;)]

E
> 0,—0 P2 2 1[0 =0,w;)

B[S M > 1) ~ P > 16 = 0w
- (306G}

E{Zﬂi:Oﬂj:O ]P)(Z,Zv Z t,Z;TU Z t | 91 = O,Hj = O,wi,wj) - {ZgiZO ]P)(le 2 t | 91 = O,UJZ)}2:|
N (300G} '

Recall that, by Algorithm [2| we only use O(m!'~¢) neighbors to construct w; for any small enough

constant e > 0, Hence, we can divide the indices pairs Hy = {(i,4) : 6; = 0,0; = 0} into two subsets:

Hor = {(i,j) € Ho, either P is correlated with P; or P}’ is correlated with P},

(3

7:102 = 7:[0 \7'2017

where [Ho1| = O(m?¢) while among them m pairs with i = j are perfectly correlated.
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Note that, for (i,7) € 7:1017

E[E(iﬂ.)e% {P(z;v > 1,20 > 1] 60 = 0,0; = 0,wi,w;) — [[p, PGE > ] 0 = O,wh)H
{Co_0EG (1)}

B[S e PG 2 02 2 01002 0.0, = 0,wwy)|

- {X0 o G()} '

Recall that event B = [{6;}/,,>"1"  I{6; = 0} > em for some constant ¢ > 0] and P(B) — 1. For

{6;}, € AN B, we have

E[Z(i,j)eg()l{[@(zg) >0 > ] 0;=0,0; = 0,wi,w;) — [[_; Pzl >t ] 0 = O’“’h)H

(X6 oG}
< > 0,=0 P(z{" > t]0; 220711%) o (m22€>
{Zeizo £G(t)} m

<0 (g) +O 7).

where the first term reflects the pairs with ¢ = j. On the other hand,

i,j)e’)':loz h=i,j

E[ Z {P{z;"zt,z;"ztﬁi()ﬁjO,wi,wj} H IP’(Z}Z’ZHH;LO,wh)}] =0.
(

Then by the fact that

/Otm {mé(t) +m€}dt = o(vm),

and that P(ANB) — 1, (S6.13) is proved and (S6.11)) is thus proved. Combining (S6.11)) and (S6.9)),

we obtain (S6.10]). This together with (S6.8) prove the result of Theorem O

S6.3 Proof of Theorem 2

Proof. Note that

1 - ZZZ (1 — Wf)t
Q) = s St 4 >, m FLt [ D)

7
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Recall that w; = wl[Z;”:l(l - w;)]/[z;”:l(l — 7 )w;], we have
Q7 (t) = Doy (1 —m)wit
S (L — ) wit + S, wEFy (it | D)

— 2211(1 —m)t
Sy (L=t + 320w Fyy(wit | D)

Under the Assumption |(A7)| we have,

S wFp it | D)= 3w F(t/iy ! | D)

=1 =1
m ZnL *
Tt
* Tk 1=1"7
> E m; FY; (Zm P |D> :
i=1 j=1"5"3

By Assumption [(A6)|and the construction that w; = w; [y 7", (1 —a%)] /2271, (1 — 7} )w;], we have

> /[, ﬂ';‘u?;l] > 1. Therefore,

Y F(@it | D) =) wiFy(t| D).

i=1 i=1

Hence, by the definition of ¢}, it is easy to see that QU (¢1) < Q'(tl) < a. It yields that t¥ > ¢! and

thus W2 (+2) > WP (¢l) > wi(el). O

S7 Asymptotic theories under weak dependence

In this section, we study the asymptotic control of FDP and FDR for dependent p-values. We
collect some additional regularity conditions to develop the theories under weak dependence. We
first introduce in Section the benchmark oracle weight. Then the proofs are developed in two
stages: Section shows the consistency of the weight estimators; Section illustrates that

the oracle-assisted LASLA controls FDP and FDR asymptotically.
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S7.1 Oracle weight

With slight abuse of notation, we let LY = (1 —x7) fo(t;)/f(t:|D), where f*(:|D) can be interpreted
as the density function of the primary statistic in light of the full network. Again we omit the
conditioning on D throughout for notation simplicity. Since f;(t) is calculated in light of the partial
network D;, it should become close to f7*(¢) as D; — D;, which will be shown rigorously later in
Section

Similarly as the oracle-assisted weights defined in Section denote the sorted statistics by
L?l) <...< Lz‘m). Let Lfk*) be the threshold, where k* = max{j : j 7! g:l Lz‘i) < a}. Then for

T, >0, let % = o0 if (1 — %) fo(t)/f7 ()} > E {L@*)} for all ¢ > 0, else:

=t 201 {1 - 7))/ 50} < B{Lj }]

and define w} = 1 — Fo(t;"). For T; < 0, we let t;'~ = —oo if (1 — ) fo(t)/f (1)} > E {L?k*)} for

all t <0, else:

67 =sup [t <0 {(1 =D fo(®)/F; (O} <E{Lisn) ],

and the corresponding weight is given by w} = Fy(¢;""). Again, we let w} = max{w],¢} and

wf = min{w},1 — &} for any sufficiently small constant 0 < £ < 1. Then the oracle thresholding

rule is provided by

k% = max {j D(1/4)> wi(1 =) Py < a} : (S7.14)

i=1

We show next that the oracle-assisted weight w; in Algorithm [I] estimates w; consistently under

some regularity conditions in the following section.
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S7.2 Consistency of the weight estimator

The weight consistency result is built upon the consistency of sparsity estimator (2.5) and density
estimator (2.6). The theoretical properties of the former can be similarly proved as Proposition
under conditions and while letting \; = {j € [m],j # i} and h > m~!. We shall focus

on the consistency of the density estimator below. Recall that

Zj;ﬁi [Vh(ia ])Kh (tj - t)]

fi(t) - Zj;éz’ Vh(iaj)

We will focus on the cases when the support of the primary statistics T = {T; : i € [m]} is R, e.g.

z-statistics and ¢-statistics.

(A8) Assume that for all 4, j, f; (¢ | Dij = x) has bounded first and second partial derivatives at ¢

and z.

(A9) Assume that, for all i € [m],

Var ¢ > Ku(Dyj)En(t; —t) | D p < C Y Var {Ky(Dij)Ku(t; — t) | D;}
j=1 j=1

for some constant C' > 1, for all ¢.

Remark 1. Assumption is a mild regularity condition on the densities of the primary statistics.

Condition [(A9)| assumes that most of the primary statistics are weakly correlated.

Lemma 1. Let K(-) be a kernel function that satisfies and let T be a random variable with

support R. Assume that its conditional density f(- | D) has bounded first and second derivatives.
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Then for any fized t, as the bandwidth h — 0, we have

E(Kn(T —t) | D) = f(t| D) + O(h*)o%

B(RZ(T 1) | D) = £ D)) 4 o),

where R(K) = [, K*(z)dx and G(K) = [, 2 K?(z) dx.

Once Lemma [I] is developed, we can obtain the following proposition on density estimation

consistency.

Proposition 1. Under Assumptions and if h > m~Y2, we have for any t, uniformly

for alli € [m],

E({fi(t) = ff ()} | D)* -0, as D; = D;.

Next, we develop the consistency result of the oracle-assisted weight in Algorithm [1] Without
loss of generality, we assume that —oo < ¢~ < t©'F < oo for all i € [m]. Let gi(t) = (1 —

w7 ) fo(t)/f(t) and define functions gz]l_ :x —tand gfi x—tas
g;_,’l_(x) =inf{t > 0: g;(t) <z},
and

g7 (2) = sup{t <0 g;(t) < 2}

We let gz_}r(x) = 400 if g;(t) > x for all ¢ > 0 and let gl_i(a:) = —o00 if g;(t) > x for all t < 0. We
also assume that —oco < t; <t < 400 for all i € [m] for simplicity. If not, the data-driven testing
procedure will be more conservative than the oracle one and hence the asymptotic FDR control can

again be guaranteed. Then based on Proposition [I} we obtain the following corollary.
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Corollary 1. Assume that g;_il_(x) and g;i () have bounded first derivative for all 0 < x < 1
such that —oo < gz_i(x) < gz__il_(:c) < 400 and there exists some constants a1 and ag such that
= iil Ly <o <a<ap < %ﬂ Zf:;rl LYy with probability tending to 1. Assume that 1/f5(t)
are bounded with probability tending to 1 uniformly for alli € [m]. Further assume that ©] < 1—£ for

sufficiently small constant & > 0 and Var (L?k*)> = o(1). Then under the conditions of Propositions

and [l we have, as m — oo, w; = w} + op(1), uniformly for all i € [m].

Remark 2. The conditions on g, _~1_, 9;. ! and L?i) are mild and can be easily satisfied by the
commonly used distributions such as normal distribution, t-distribution, etc. The condition on
1/f#(t) can be further relaxed by a more sophisticated calculation on the convergence rate of f;(t)

in the proof of Proposition The condition Var (Lfk*)) = 0(1) is mild and can be satisfied by most

of the settings in the scope of this paper. For example, in Setting 1 of Section [S4.4] Var (L’{k*)) is

of the order 10~2.

S7.3 FDP and FDR control under weak dependence

Recall that we define the z-values by Z; = ®~1(1 — P;/2), and let Z = (Z1,...,Z,,)". We collect
below one additional regularity condition for the asymptotic error rates control. We allow depen-

dency to come from two sources: Dependence of the 6;’s and dependency of the p-values given 6;’s.

Our conditions on these two types of correlations are respectively specified in [(A4)|and [(A10)

(A10) Define (7 ;)mxm = R = Corr(Z). Assume maxi<;<j<m |1i;| < r < 1 for some constant

r > 0. Moreover, there exists v > 0 such that maxg;.g,—oy [I';(7)| = o(m") for some constant

0 < < 375, where Ti(7) = {j : 1 < j < m, Jry 5| > (logm)~>77}.
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We first consider the oracle case. Recall that

kv :max{jt (Pg;?)*/j)wa(l—ﬂf) <a}.
i=1

Denote the corresponding threshold for the weighted p-values as t* and the set of decision rules
as 6“ . The next theorem shows that both FDP and FDR are controlled at the nominal level

asymptotically under dependency.

Theorem 1. Under|(A4), [(A5) and|(A10), we have for any e > 0,

lim FDR(6Y)<a, and _lim P(FDP(" )< a+e¢)=1.

Di%’D,’,,V’L Di%D,’,,Vl

The next theorem establishes the theoretical properties of the data-driven LASLA procedure.
Recall that ¥ = 8" (t“) = {0 (t") : i € [m]} is the set of data-driven decision rules, where the
LASLA weights are computed by Algorithm [I| with N; = {j € [m],j # i}. Based on the weight
consistency result, the FDP and FDR of data-driven LASLA can be asymptotically controlled under

dependency.

Theorem 2. Under the conditions in Corollary [ and Theorem[1], we have for any e > 0,

lim FDR(6")<a, and _lim P(FDP@")<a+e)=1.

D;,—D; Vi D;,—D; Vi
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S8 Proof of the theoretical results under dependency

S8.1 Proof of Lemma [1]

Proof. By Taylor expansion of f(y | D) at y = t, we have

B(K\(T~ )| D) = [ Kl 0)7(y | D)dy
= [ Kty =0 12)+ 701 D)y =)+ TGPy = 07y 00)
= f(t| D) + O(h*)o%.

Similarly,

E(KX(T 1) | D) = / K2 (y—)f(y| D) dy

= [ &30 1)+ £ 1 D)0+ TGPy~ 02| ay + 00

_ J(t| D)R(K)

h + O(h)G(K).

S8.2 Proof of Proposition

Proof. By Lemma [T] we have

> i Kn (D) E(Kn(t; — ) | D) >0, Kn(Dij)f;(t | Dj)

> jzi Kn(Dij) B >z Kn(Dij) + O(h?).

E(fi(t) | D) =

By h > m~ /2, as D; — D;, we have

> izi Kn(Dig) f5 (¢ | Dj) /> Kn(Dij) o
Jp, Kn(2) [} (t | Dij, = x)dz/ [ Kp(z)dw ’
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where j, represents the index such that D;;, = x. By Taylor expansion of f; (¢ | Dij, = z) at

x = 0, we have,

S, En(@) 5, (| Dij, = x)dx [y Kn (@) [£7(0) + () (B2 + L5 D02] da

2
T, Kn() da - T, Kn() da + O(h")
K (f; ) (t) 221 dx
= fr(t) + Jp, Kl [(; )}({Z +dx ] + O(h?).
D;

Under assumption [(A8)|and the condition that D; is finite, we have that for some constant ¢ > 0,

[E(fi(t) | D) — f7 (t)]?

(/ |z | K (2 dff// K (z dx+c/1 22K, (x // Ky (z d;v) +0o(1)

— 0, as h — 0.

Now for the variance term, by Assumption we have

Var (Z[Khwmmm Y D) < ¢ S [K2(Dyy) Var(Ki(t; — 1) | Dy)]

JFi J#i



35

Hence, as h > m~/2 by Lemma (1} Assumption (2.4) and the fact that K(-) is positive and

bounded, we take Taylor expansion again and obtain that

oy, Ki(@) [f;.(t | Dij, = ) (R(K)/h — f7 (t| Dij, = x))] dz+O(1)

Var(f;(t) | D) < 'm (fpi 0 (2) d)?

o S RR@ @) + () W+ 02 de + 0(1)

- (Jp, Kn(x) dx)?

_ o dp KR @) (0 de + O

- ([p, Kn(x)dz)?
1 dp, M KR @) de + O

(Jp, Kn(w) dz)?

2
<

<

< c///m—lh—Q — 0(1),

for some constant ¢”, ¢ > 0. Hence, as D; — D;, combining the bias term and variance term, the
) ) b) b

consistency result is proved. O

S8.3 Proof of Corollary 1

Proof. Recall that

(A =m)f(T)
b= fi(Th)

Then based on the consistency results on 7; and f;(¢) in Propositions [1| (with N; = {j € [m],j # i}

and h > m™1) and |1} together with the condition that 1/f7(¢) is bounded and 77 < 1— ¢, we have,

uniformly for all ¢ € [m],

Li = (1+o0p(1))L;.
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Then by the condition that £ Y02, L7, < a1 < o < ap < =Ly ST Ly, with probability

tending to 1 and Var (Lfk*)) = o(1), it yields that
Ligy = Lipey + 02(1) = B{ Ly b + 08 (1),
Then based on the definitions of g; 41_ and g; 1 we have that
=g} [E {L?k*)}} and ;" =g; ! [E {Lfk*)}] ;
and that
t7 =g,5 [(1+0p(1) L] and ;7 = g; 2 [(1+0p(1)) L] ,

based on the condition that w7 <1 —¢. Then because g, i and g, 1 have bounded first derivative,

we have
th =17 +op(1) and t; =t;"" + op(1).
By Assumption fo is bounded, then we obtain
w; = w; + op(1),

uniformly for all i € [m]. O
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S8.4 Proof of Theorem (1

Proof. The FDP of the oracle procedure at the thresholding level ¢ can be calculated by
S P <t,0; =0}
max{} ;L {PP" <t},1}
S PR <t,0;=0) Y I{PY <t0; =0}
max{d> . [{P¥" <t},1} S PP <t6;,=0)
D wi (L =7t ) i H{Pz‘w* <tb; =0}
max{d> - I{P¥" <t},1} S PP <t6;=0)
S wil—at 3 P <t,0; =0}
T omax {30, {PYT <t} 1} 3L PR <t,0; =0)

FDP(t) =

Then by Steps 2 and 3 in the proofs of Theorem [1| by replacing w;’s with the true w;’s, and
together with the proofs of Theorem 2 in [Cai et al|(2022), by Assumption we have

Y {ZP >0, =0} = 3 P(Z > ,0; = 0)

su m > — Oa
0<tt,, 2i— P(Z}" > 1,0; = 0)
in probability. Then the FDP and FDR are controlled and Theorem [I] is proved. O

S8.5 Proof of Theorem [2

Proof. Note that, the FDP of the data-driven procedure at the thresholding level ¢ can be calculated

by
™ OPY < t6; —
FDP(t) = 2= A = 10 =0)
maX[Zizl H{Piw < t}, 1]
Y PP < t]60; =0,w;)P(0; = 0) Y Py <t,6; =0}
B max[} ;" {PY < t},1] Y P(PP < t]6; =0,w;)P(0; =0)’

Define the event A = [{w;}>; : w; = w} 4 o(1)], then based on the result of Corollary (1} we have

that P(A) — 1. Next, we shall focus on the event A. For {w;}", € A, uniformly for all ¢ € [m],

P(PY < t6; = 0,w;, T; > 0) = w;t = [1 + o(1)]w]t,
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uniformly for all ¢ defined in the range defined in Step 3 of Theorem [I} The same equality holds if
we replace the condition T; > 0 by T; < 0 because the oracle quantity w; is fixed given the sign of

T;. Then we have, uniformly for all ¢ € [m],
P(PY < t|6; = 0,w;) = P(P® < | 6; = 0,w;, T; > 0)P(T; > 0| 6; = 0, w;)

FRPP <] =0,w;,T; < 0)B(T; < 0| 6; = 0, w;)
=1+ oD)wit[P(T; >0]0; =0,w;) +P(T; <0 6; =0,w;)]
= [+ o(D)]w;t,

which implies that
P(PY <t|6; =0,w)P(0; =0)=[1+o(1)]|w(1—n)t <[1l+o()]w(1—a])t.

Thus, based on the results of Proposition [I] and Corollary [T and proofs of Theorems [I] and [T}, we
obtain that the oracle-assisted weight produces a more conservative procedure asymptotically. This

concludes the proof of Theorem [2] O
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