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Theory for the PFLM

We first consider the theory for the PFLM y; = z]a + [ x;(s)b(s)ds + ¢;.
The results established in this section will be used as lemmas for proving
the theorems in the main paper.

We first recall the assumptions made in the main paper.

(A1) ||o*[|[4+E(||]|*) < oo and Apin (E(2%%)) > 0, where A\pin(M) denotes the

smallest eigenvalue of any symmetric matrix M.
(A2) [|C||< 1 and p = O(n'/?) as n — oo.

The following result establishes the asymptotic properties of /b\p(-) under the

PFLM.
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Theorem S 1. Suppose Assumptions (Al) and (A2) hold. As n — oo, if

n~2X7% = o(1), then the RAPLS estimate by(-) satisfies
pr — b= Op(n_l/Q/\;2)- (1)

To prove Theorem S1, we first introduce the following lemma that char-

~

acterizes the convergence rate of the empirical kernel C(s, ).

Lemma 1. Suppose Assumption (A2) holds. Then, we have
C(s,t) = C(s,t) +n 2A(s, 1),
where ||A||lp= O,(1) as n — oo.

Proof. First, we write

Cls,t) = Cls,t) = ™' X(s)TX(t) — Ef(s)(1)}
+ [n'X(s)TZ — E{z"z(s)}] (nT'ZTZ) " 'n T ZTX(t)+
+ 0 X(s)TZ [(n'Z7Z) 7 — {E(z®*)} ] n T 2TX(8)+
+ n X(8)TZ(n'ZTZ) T ZTX (1) — BE{za(t)}]
= I1(s,t) + Ly(s,t) + LI3(s,t) + Ly(s,t).
By Assumption (A2) and the central limit theorem (CLT), we get I1(s,t) =

O,(n=1/2) for any fixed s and t. Since ¢ (the dimension of z) is fixed, the

CLT yields that |[n~'X(s)7Z — E{z"z(s)}|| = O,(n~1/2) for any fixed s € S.
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This also indicates that ||n™'X(s)TZ||< |E[z7z(s)]||[+O0,(n~?) = O,(1) for

any fixed s. Similarly, the CLT yields that
I~ ZZ — E(2%%)[la= Op(n~"1?),
where z®? = zz7. Then, using the matrix variant of Taylor series, we write
(n'Z7Z)" {E N 4 nTZTZ — E(2%?) }_
= [+ {BE™) 122 - EE)] T H{EE)

Since |[|[n~1ZTZ — E(2%?)||,= O,(n~/?) and Apin (E(2%2)) > 0, one can write

[e.9]

(n1Z7Z) 7 =3 (~1)F [{E(z%%)} Hn Z2TZ — E(2°%)}]" {E(z*)} !

k=0

Thus, as n — oo
|(n'27Z) 7! — {B(z%%)} o< ZH{E )} n 1272 — E(2)} |}

B} (7277 — B
= 1= (B {27 — B,

= Op(nil/Q)v

indicating |[{n 'ZTZ}||2= O,(1).

Combining all the assertions above, one can easily see that for any fixed
s and t, we have I;(s,t) = O,(n"%/2) for j = 1,...,4. Finally, since S is a
bounded set, we have || ;|| p= O,(n"1/?) for j = 1,...,4. as n — oo. This

completes the proof. O

For any square integrable function f on S, we define A(f) : f —

[s A(s,t) f(t)dt, where A(s,t) is defined in Lemma . Also, denote ((t) =
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n~2XT(t)Mze, where My = I, — Z(ZTZ)~'ZT. The following result char-
acterizes the distance between the population and empirical RAPLS basis

functions.

Lemma 2. Suppose Assumptions (A1) and (A2) hold. For j > 1,

CIO)(t) = CI(B)(8) = n72(8) + n (1), (2)

where

&) ch A(CEDM)) (1) + (1) for j >0, (3)

771(t) = 0; and

Njsa(t) = ) (C+n AV (A1) (t) for j = 0. (4)

k=0

Proof. Using Lemma , it is easy to see that C(b)(t)—C(b*)(t) = n=1/2& (t)+

n=tn(t) with & () = A(b*)(¢t) + ((¢) and n,(t) = 0. To show and

for arbitrary 57 > 0, we first write

E20)(0) = [[(C(s,0) 407 A O 0)6) 1 P60 (5) 1y (s)) s

= Y1) + 0 A O))() + CE ) (1)) + n A ) (1) + (€ 0 2A) () (1),

This indicates that

Ejra(t) = ACTH(B)(O)+C (1) (1), Mjva(t) = A1) () +(CHn” 2 A) (551) (D).
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Now we suppose holds for j + 1. We verify it for j + 2. Using the

equation above, we have

Ejaa(t) = A(CTH(bY)) +ch“ (C7R®)) () + C7THE)(®)

Jj+1

= D CH(A(CTHTRDY)) (1) + OO (8

k=0
this proves (3). To show (4), we first notice that n,(t) = A(&;)(t) satisfies

(4). Now suppose holds for j + 1. Thus,

Njs2(t) = A(&11)(8) + (C+n ™ 2A) (nj41) (1)

= 3 A (A€ ) ()

this proves , which completes the proof.

Recall that hj, = [ CIT1(b)(s)CH(b)(s)ds and B; = [ C(b)(s)CI+(b)(s)ds.

The next result characterizes the convergence rate of /ﬁjk and BJ

Lemma 3. Suppose Assumptions (A2) and (A3) hold. We have

o = W+ 02 / (CH () ()6 (s) + €77 (%) ()6u(s) } s

+0, (n” 'R C) ) (5)
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and

~

By =g +n71? /S{&(S)C’“(b*)(S) +&(s)C(b7)(s) s + Op (n7'57[IC17)
(6)

where &;(-) is defined in Lemma 2.

Proof. We first write

Ry, = Wi, +n? /3 {&11(5)CH (%) (5) + &k (s)C? (07) () } ds
+n! /3 {&551(8)&k(s) + CEO) (s)ns41(5) + CTHH(0") (s)mi(s) } ds
+n 2 /S {&r1(8)m(s) + &u(s)nsr1(s)} ds + "_2[SWJ+1(S)”k(3)dS

= hj+n'? / {&51()CH ) (5) + & (5)CT (b)(5) } ds + " Ry g + 1 * Ry ji + 0 Ry .
S

It follows from in Lemma [2] that for all j > 0, with probability ap-

proaching 1, as n — oo,

€541 1< CellCIP G+ 1+ 1i¢ID (7)

for some uniform constant C¢ for all j, where ((-) = n~Y/2XT7(-)Mye is

defined in previous discussions. Here, we also use ||A||p= O,(1) and ||b*||<
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0o. For j > 1, it follows from that

j—1
I lI< A _IC +n 2 ALF(lg -«
k=0
j—1
< CAID_IIC+n PAIFICI G =k + 1<l
k=0
' J
< ClCIPY S (W +nPIANIC)EG = k+1ICI). (8)
k=0

Since ||C||< 1, ||Al|= O,(1), and k < p = O(n'/?), then as n — co, we have

(1+n"Y2||A|l|[C||)* = O,(1). This indicates that

Inj1ll< CellCl5( + i<l

uniformly for all j.
Next, we bound Ejk — hj,. Note that as n — oo, with probability

approaching 1, we have

| R gl < €5 €N lmga 1D 14 1C P s 1107

< ClCPHG + IS+ HISH) + 56 + ISl + &k + [ICI)}

here, we use ||C||< 1. Similarly, as n — oo, with probability approaching 1,

| Rk < a1+ €k 144

< CellelP =1 + k)G + KD (& + i

and | Ry jx|< [Injsallllmwl| < CellCI7H k(5 + (IS (k + [I¢]]) uniformly for
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j, k < p. Therefore, we have

-~

hjs = Iy + 0”2 /S {€41(5)CH(b7) () + & (s)C7 (b)(s) Y

= 0, (n7'jk(5 + SN+ IKDICI ) 5 9)

Similarly, for 35 =[5 C(b*)(s)C? (b*)(s)ds = hg ;, we get

B;— B —n7'? /S{fl(s)cj(b*)(s) +&(s)C)(s) ks | = O, {n 150 + SN +ICIDICI } -
(10)
For the PFLM, using the CLT, we get ||¢||= O, (1) where ((t) = n~1/2XT(t) M e,

which completes the proof. O

The next result provides asymptotic results for 4, where 4 = ﬁ_la. For
short-hand notations, denote Ay, = n=2 [ {£;11(s)CF(b*)(s) + &(s)CI(b*)(s) } ds,
Do i = Ejk — B3, — Ayjg, and recall \, = Amin(H*).  Also, denote Ay =

(Al,jk)jk, Ay = (Az,jk)jk, and 0 = (A1,017 e, A1,op)T-

Lemma 4. Suppose Assumptions (A1) and (A2) hold. If n™'* ;% = o(1)

as n — 00, then we have
7 =~"l= O0p (202 (1L + 07 2001) (11)

Proof. Since A = Ay + Ay, we know that [|A]|< ||A||+]|Az||. Following
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the proof of Lemma [3] we get

Bugel= Oy (Y 2ICIGi+ b+ 1CID) » 1Aagel= Oy (= 3k( + <D Ck + ICIDCI)
(12)

uniformly for j,k < p = O(n'/?). Since ||C||< 1 and p = O(n'/?), using

Theorem 3.3 in Rudin et al.| (1976), we have ||A||r= O,{n"2(1 + |¢|)}

and [|Ag|lr= O,{n~'(1 +||¢||*)}. This indicates that ||A||= O,{n~?(1 +

1<) + n~Y¢|I?}. Under the PFLM, since ||C||= O,(1), we have ||Al=

Op(n=/2). Since n™'/2X 2 = o(1), we have [|A[|/A, < 1 with probability

approaching 1 as n — oo. Then, using the matrix variant of the Taylor

series, we get
H' = (I, + H A TH ! = {1, - H'A + O,(||AP/A2) } H !, (13)

where with potential misuse of notations, O,(||A[|*/A2) denotes a matrix

with its Frobenious norm bounded by O,(||A]?/A2). This further indicates
I/_\Ifl . H*fl — _H*flAH*fl 4 RH,

where R = 0,2 A2) = 0, {2,307 (14 [I¢ll+n~ 12 ¢)12)*}.
Similar arguments yield that ||§]|= O,{n""?(1+||¢||)} and ||@||= O, {n"1(1+
I<II?)}, where 6 = B — 8" —é. Also, note that

p
1811 Y _lICIPHp*|*= O(1).

j=1
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and [[v*|< A HIBTI< A 28 ICIPHHIb|1P= O(A, ). Therefore, combin-

ing all the assertions above, we get

7 ="l < [H7H(8 + 0)||+[H AR (3 + 6) ||+ H™ " Ay
+HIRz(8 + )|+ RexB"[|= O, {n2A" (1 + [l 40 21C)1%) }

+ 0, {7 (1 iCln 2 ¢17)
+ 0, {n AN (L I 4+n™ 2 )?)}
+ 0y {n 2% (L4 el 2}
+0p (07N (L IEl+n 2 2)}

For the PFLM, taking ||¢||= O,(1) completes the proof. O
We now prove Theorem S1 based on previous lemmas.

Proof. First, we write
by(s) = > A @) (s) +n 1 2g(s) +n ()} (v A — )

=1

p p p
=br(s) +n 2 &+t Y ()3 + Y0 (s) ([ — ;)
j=1 j=1 j=1
Using Lemmas 2-4 and ||C||< 1, we have

» p
107723 €5(s13 1< O 2) x (I II+IF =~ D dlel—

J=1 J=1

=0, (n7'201) + 0, (A2 (L + 072N (15)

Since A, *n~% = o(1), the RHS of (15)) can be simplified as O,(n~"/2A").
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Similarly, we get
p
In™"> " ni()All= Op (n7'A1)
j=1

p
1> 7 (6%) ()@ = 7)lI= Op(n™2A,2).
j=1
Therefore, we have

by = byll= Op(n™'121,%). (16)

Proof for Theorem 1 in the main paper

In this section, we prove Theorem 1 in the main paper based on Lemmas
1-4.
(m)

We first rewrite the pseudo response 7, ~ as

g™ = mr ™ = fwl™ Y,

Denoting 6™ = ™ — 57 + {w™ 1" we get

g = p o,
Thus, this model has the same form as the PFLM studied in Section 1
except that E[éfm) | z;, ;(+)] is not necessarily 0.
Let 6 = (6™, ..., 67 and e () = n=V/2XT(t)Mz6"™. Tt can be

seen from Lemmas 1-4 that the bound of [[b™+!) — b*|| depends on ||(™)]].
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In particular, if ||e™||= O,(1), which is the case under the PFLM, then
64 — By 1= O, (n 11235 2)

We first consider deterministic initial values Oz(()o), ' and b (.) for the

iterative RAPLS algorithms. The next lemma links ||¢9 || with {E (n® — n*)4}1/ 2,

Lemma 5. Suppose Assumptions (A1) and (A2) hold. Let n'° distribute

1/2
like every 772-(0). Then, we have ||e||< O,(v/n) {IE (n© — 77*)4} .
Proof. Let 6© distribute like every §\”). Since e©(¢) = n~V/2XT(t)Z(Z7Z) " Z76©
the CLT yields that, as n — oo,
1< Op(v/) X A (El2®2)) (El|z]|*) /> (E||2]|*) 2| E{6 2} . (17)

Thus, under Assumptions (A1) and (A2), we get

1= Op(Vn) x IE{6@2}].

Recall that 6© = 5n© — p* 4 {w@}~ 17O Letting r* = r(y,n*) =
T(y) — A(n*), we have E[r*|z, z(-)] = 0. Thus, using the Taylor expansion,
we have

E{6"z} =E {(77(0) )z} +E{(w )@ — )z}
=E[{1- (w®)! (0)}( (0) m)Z} (18)

=E{(w) @)@ =)0 —n*)z};
here, w® = w(®) with 7 located on the line segment between 7

and 7*; 179 locates on the line segment between 7(® and n(®; wi(-) is the
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derivative of w(-). Note that w(-) = A(-) is a smooth positive function, and
is bounded away from 0 on any bounded set; also, w(-) is bounded on any
bounded set.

Therefore, using the Cauchy-Schwarz inequality, we get
w1y 1/2
IE[02][|< O(1) x {E[(n"” —n*)"]}

which completes the proof. O]

Since n® = oz(()o) + 270 + [ z(s)b) (s)ds, we also get

* 0 * * *
@ — 1< ol — agl+llzl]|a® — o ||+ 2| 6@ —b*[l.  (19)
We next prove Proposition 1 in the main text.

Proof. Since |[b©@ —b*||= O(1), |a® — a*||= O(1), and [|a}”) — az||= O(1),
we have E(n® —n*)* = O(1) as n — oco. Thus, ||| = O,(v/n), indicating

that 1 + [|e@||+n=1/2|c@]|2x ||£@]|. Thus, one can derive from that

Iy == O0y(1) %

ARG )y 3T (0 (B0 - n*>4}1/2>k]

Following the same derivations as those in and , we can get

16 = b3]|= O, (1)

: g 0
B ) 305 B ) |

X

Therefore, since E(n® —n*)* = O(1), we get [[b®) — b3[|= O,(A,?). O

P
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Next, we consider data-driven initial values (x(()?%, a%o), and b). The

next result shows the consistency of the first RAPLS iterate b™)(.).

Proof. Recall from Assumption (A3) that the data driven initial values
satisfy \a(()?,)l - 04*|—|—Ha%0) - oc*H—i—Hb%O) — b*||= O(7,). Then, using , we
get {E(n© — n*)4}1/2 = O(17) as n — oo. Then, since A *7, = O(1), we
know A\ '77 = o(1). Therefore, we get from that

160 — %)= O, (A, *72) . (21)
O
We next extend the results to any arbitrary iterate b™(-).

Proof. To show this, we first study the asymptotic property of the simple

plug-in estimates o) and aél).

For ease of notation, let z; = (1,2z])7,
a* = (a, )T and & = (o), @T)T. Note that n=! S r(y;, zla™ +
[ zi(s)bM(s)ds)z; = 0 and Elr(y;, z] " + [ x:(s)b*(s)ds)z;] = 0.

Since A\ %7, = O(1) and 7, = o(1) as n — oo, we get A7) = o(1),
leading to [|b™) — b*||= 0,(1). Hence, using the law of large numbers, we
have ™t 31 r(y;, ap + 2]+ [ xi(s)bY (s)ds)z; converges to E[r(y;, ap+
z]a + [oi(s)b*(s)ds)z;] uniformly for all ap and a as n — oo. Thus, by
(1)

the theory of maximum likelihood estimation (MLE), we know that o

and a!) are consistent estimators of o and o, respectively. We use the
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Taylor expansion to get the convergence rate of 62(()1). Specifically,
0= r(y 7@ + / 24(5)6D (5)ds )7
i=1 S
=nt Zr(yi,'zvg&* - / xi(s)b*(8)ds)z;
i=1 S

+n Y Anf) [z; (a* — a“)) + / i(s) {b*(s) — 0 (s)} ds | 7,
i=1 S
where 7] is on the line segment between z] &+ [ z;(s)b™ (s)ds and Z]&" +

[ xi(s)b*(s)ds. This leads to
a0 & = { zAmz)z-z;} -
i=1

X [n—lzr@i,z}aw / z;(s)b* (s5)ds)zZ;

i=1 S
+n’1Z}i(nj) /S i(s) {b*(s) —b<1><s)}dsz-]

(1 T_

1

Since &V and b are consistent, we know ni| = op(1). Hence, by the

law of large numbers and some matrix algebra, we get
n -1 1
{nl > A >~”} - [E{dmzar}] || =op(0).
i=1
Since E [r(y;, 2] & + [ x:(s)b*(s)ds)z;] = 0, the CLT yields
n! Zr(yi,'zv{&* + / 2;(s)b*(s)ds)z; = O,(n~'?).
i=1 §

Since ||b(1) — b

= O,(\,?77), by Assumptions (A1)-(A3), we get

= Op(Ts)‘;Q)-

n YA /S 2(s) {b*(s) — bV(s)} dsz,




Yue Wang, Xiao Wang, Joseph Ibrahim, Hongtu Zhu

This leads to ||&) — a*||= Op(77A,?). Furthermore, since 7,A;? = O(1),

we know

& — @[ +|bY = b7[|= Op(7a).

which satisfies Assumption (A3). Therefore, the same arguments can be
used for proving |[b™ — b*||= O,(72A,?) and la'™ — o= Op(T3A,?) for

m > 2. ]

Proof of Theorem 2 in the main paper

We first prove a supporting lemma regarding the estimation of 6} (-).
Recall that z; = fs x;(5)0*(s)ds + ¢; for i = 1,...,n, where 8*(:) =
(05(); -, 0;())" with 6;(-) = K, (Elw; Gaai()]). E[A(n)¢(-)] = 0 and
E[A(n)¢;¢T] = S¢. Also, define 0f 5. () = D51 05;m;(s) as the approxima-
tion of 0;(-) with the first s, basis functions, where 6, = [ 0;(s)m;(s)ds.
The following lemma shows that gk(s), constructed from the three-step
procedure from the main paper, are consistent estimators with a conver-

gence rate no slower than n=1/4.

Lemma 6. Suppose Assumptions (A1)-(A3) hold. If ||6;(s) — b5, (s)|I°=
O(sp7®), 50 = n, and 1/{2(2b — 1)} < a < 1/4, and 720,? = o(n™'/*),

then ||0x(s) — 0;(s)||= op(n~1/%).
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Proof. We write

|0u(5) = b:(5)|| = | X2 = i) + | o dimits)
j=1 j=sn+1
o 1/2
< |6 -6i] + < > e;:ﬁ> , (22)
Jj=sn+1

where 0 = (0;,,..., 05, )7 and ), = (O, - - ,gk,sn)T. Note that

6, — 6, = (UL AU,,)"'UT A ( ST Uity + Wk) :

Jj=sn+1

where U jy = (U, ..., Uy;)T and Wy, = (Cig, - - -, Gur)T- Thus, we know

—~ —1 2
~ . USTnAUsn on > ~ > .
Hek _Ok < (T) Z{ Z U(T.J)AU(.J)/N} Z ij2
=1 Jj=sn+1 Jj=sn+1
- -1
UI AU;, o ~ 2
=1
Note that

H (USTnA\USn/n) o - (E [A(WI)U(I;)U(TL.)])_l

-1

< |(vndvm) " - @rav )|+ | @nav ) - (& [0,
= J1+ Jo

To bound J; and J,, we will rely on the matrix Taylor expansion: for any
matrix M and some small addition term Ay, and get ||(M+Ay) ' =M<

O(1) x ||Aps||- This leads to

171]l= Op (732, 2V/50) -
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For J;, we combine the matrix Taylor expansion with the central limit
theorem and get ||Jo||= Op(y/Sn/n). Noting that for [,k = 1,...,s,, we

get
U(T-,Z)(A — AU

n

= Op()‘;ZTz)

Then, the same matrix expansion leads to

I71]l= Op (12X, %V/50)

Since s, < n® with a < 1/4, 7). = o(n=1*), we get

-1

(2.0 )" = (& [Ai100,07,)) | = o)

Similarly, we get

UTAZU y/n—E

] Sn+1

771 Ull Z Ulj

] Sn+1

=0, (T21,%) = 0,(n™/").

Also, since [[21(s)[|*= 3252, U7 and E[jz||*< oo, we get

Sn [ee] 2 Sn,
Z{ > U(T.’l)AU(.,j)/n} => (E

=1 \j=sp+1 =1

Sn 00 2
< op(sun V) +E A2(77T)ZU121< > Ulj)

=1 j=sn+1

A()Uu Y U

Jj=sn+1

+ op(n_1/4))

< op(s,n ) 40, E( Z U1j> = 0,(1).

Jj=sn+1

Similarly, since 77\, % = o(n=14), we get

ULy AW /| < |UF, AW /n| + U7 (3 = Ayw/n
= 0,(n) 4 0,(T2N?) = oy (n™ 1Y),
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Hence, we can get

Z {U(T’Z)A\Wk/n}2 =0, (8,0 %)

Since

o0

> 67 =0(s7).

Jj=sn+1

— a
and s, = n%, we get

H/e\k — 02 = Op (na(1—2b)/2) + 0, (na—1/2) 7

which is 0,(n"1/*) because s, =< n® with 1/{2(2b — 1)} < a < 1/4. Com-

bining all the assertions above concludes the proof. O]

For short-hand notation, let @*(s) = b*(s) + a]0"(s) and @,(s) =

by(s) + &l6(s). Define

n

Sona,@(6) = 3 {70~ 4 ([ e@sids + a0t ¢Ta) |

=1

and

Stas,ac@(e)) =B [{100) — 4 [ s@(s)ds +au+ cla) f ¢ ]
S
We conclude this section by proving Theorem 3 in the main paper.

Proof. We first show that a;al is a consistent estimator of a*. Note that

&;al is the solution to S, (Ao, @, @,(s)) = 0, and a* is the solution to

S(ag, a, ®*(s)) = 0. Using the maximum likelihood theory, to establish
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cal

» » we only need to show that S,(a,, a, @,(s)) —

the consistency of &
S(ag, o, @*(s)) in probability uniformly for all a. More specifically, we

write
Sn(&o,m «, a/\)p(s)) - S(a37 «, (’D*(S))

=n! Y {A (/ zi(s)@*(s)ds + af + CZTa) —A (/ 2:(s)@,(s)ds + dop + Zza> } ¢
i=1 § §

+nt Z {T(yi) —A (/ zi(s)@*(s)ds + af + (]
i=1 §

+n7' Y {T(yi) —A (/ zi(s)@"(s)ds + ag + (o
i=1 s

=L+ 1+ I (23)

For some 7;1 between [ x;(s)@*(s)ds + o + ¢Jev and [ 2;(s)®,(s)ds +

~ <7
app + G, o, we get

B= S A { [ 9 (07(6) = @) ds + (05~ ) + (6, -8},
i=1
Based on Lemma [0 we get

=0, (T2)\,)7%) + op(n=14).

|@(5) = @y(s)
Letting AC = EZ —¢;, we get

I8¢ 1= | [ i) (806) = 0°(5)) | = o (7).

Also, as n, p — 00, since oy —a,, = 0,(1), we know 71— ([ z;(s)@*(s)ds + af + (Ja) =
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0,(1), leading to A(7;1) = O,(1). Therefore, we get
Il 07 D2 A {2 6) = By~ B 16, - Clle]
% (ICl+H1¢: = &) = ap(1).

Similarly, one can show that || I2||= 0,(1). The law of large numbers guaran-
tees that ||I3]|= 0,(1). Therefore, ||S, (a0, o, @,(s)) — S(ag, o, @*(s))||=
0p(1), which guarantees the consistency of ozca1

To establish the asymptotic normality, we use a similar idea. Note that

=1L+ 1Is+ I+ Iy (24)

For some 7; » between [ xi(s)(ADp(S)ds—l—ao,ijaa;al and [ z;(s)®,(s)ds +

Qop + EiTa*, we get
Li=n"" Z A(;2)¢,C (Acal a*) : (25)
i=1

Similar to I;, we can show that 7; ,—1; = 0,(1), where i = [ x;(s s)ds+
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af + ¢Ta*. This leads to A(7;2) — A(n}) = 0,(1) due to the smoothness of

A(+). Then, we write

this leads to

n n

n! Z Ai2)CCl —nt Z A ¢l
=1

=1

= 0p(1)

Then, we know with probability approaching 1, n='>"1" | A(ﬁ;g)fl/&: is in-
vertible due to the low-dimensionality of ¢,. Again, using the same matrix

expansion technique, we can show that
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Similarly, for some 7;3 = 1; + Az, , and Ay, , = A(7i3) — A1), we get

L=n" z:; Aliis) ( /S 7i(5) (@p(s) = @ (5)) ds + o, — ag;) (¢+a¢)

= Is1 + Iso + Is3 + I54

Here, due to the smoothness of A(-), we get

Ay, = Op(1) x (/3 z;(s) {GA)p(s) — @*(3)} ds + (qo,p — ag)) = 0, (TnQ)\;Z) +o,(n V4.
Here, we use the fact that dp, — oy = O,(72A,?). Hence, we get ||I53)|=
[0, (722) +op(n™ V1) and | Tall= {0, (722) +o,(n~ 1)} x0,(n 1/,
Since 7237 = o(n"U1), we get |[all= o(n~/%) and [sll= o,(n”2).

Similarly, we show ||I52||= 0,(n~Y/2). For I5;, we write

= [ gxxs)zi(n;‘)ci@p(s) o (s))ds

.\ ( > Amg) (@0 — a0

= I511 + I512.
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Then, the CLT yields

511 ]|< Z sz A(n7)Gn
k=1

= 0, (1720%) + 0,(n712) = 0y (01,

o\ 1/2

1@,(5) = & ()

here, we use the fact that E[z;(s)A(n*)x] = 0

Similarly,
1/2
[ 512 < Z ZA 0 gzk |Gop — all= Op (N"205272) = 0,(n~2).
k=1

Thus, we get || I5]|= o,(n~'/2 . For I, note that {;,—¢, = 0*(s) — 0(s) ) ds.
st

Thus,
Is = /3 (w 2;: {T(yi) _A ( /3 zi(s)@* (s)ds + o + cga*> } xi(s)> (0*(3) - 5(5)) ds
Since E[T(y;) | :(+),¢;) = A ([g (s s)ds + a4+ ¢Ja*), thus, we know

E HT(%) i (/S 2i(5)@"(s)ds + o + cga*) } xi(s)} ~0

for all s. Thus, similar to I5;; and 515, by the CLT, we get

n

nt Yy {T(yi) —A (/S z:(s)@*(s)ds + of + cga*) } 2:(s)

i=1

[116]| <

x ZII% — Oc(s)]

=0, (n_1/2) x 0,(n~14) = 0,(n"?).
For I;, by the CLT, we get

ity 5 (0. - A 1))
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Some algebra yields that

E {7 —A<n;>}2cic2}

_E IE [{T@» — A} xi<.>,ci] Cid]

= E [A()¢.¢T] = 5
Combining all the assertions above, we get

n -1
V(- at) = - (n—lzzi(n;*)cid } +A ) I+ 0p(1),
=1

. -1
where A is defined in with [|A]|= 0,(1). Finally, since (n_l > A("]Ek)cid) —

EN]C_I in probability, we know
vn (&;al - a) 4N (0, igl) ;

this completes the proof.

Supporting Information of the Real Data Analysis

Data used in the preparation of this article were obtained from the Alzheimer’s
Disease Neuroimaging Initiative (ADNI) database (adni.loni.usc.edu). The
ADNI was launched in 2003 by the National Institute on Aging (NIA),

the National Institute of Biomedical Imaging and Bioengineering (NIBIB),
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the Food and Drug Administration (FDA), private pharmaceutical com-
panies and non-profit organizations, as a $60 million, 5-year publicprivate
partnership. The primary goal of ADNI has been to test whether serial
magnetic resonance imaging (MRI), positron emission tomography (PET),
other biological markers, and clinical and neuropsychological assessment
can be combined to measure the progression of mild cognitive impairment
(MCI) and early Alzheimer’s disease (AD). Determination of sensitive and
specific markers of very early AD progression is intended to aid researchers
and clinicians to develop new treatments and monitor their effectiveness,
as well as lessen the time and cost of clinical trials. The Principal Inves-
tigator of this initiative is Michael W. Weiner, MD, VA Medical Center
and University of California, San Francisco. ADNI is the result of efforts
of many coinvestigators from a broad range of academic institutions and
private corporations, and subjects have been recruited from over 50 sites
across the U.S. and Canada. The initial goal of ADNI was to recruit 800
subjects but ADNI has been followed by ADNI-GO and ADNI-2. To date
these three protocols have recruited over 1500 adults, ages 55 to 90, to par-
ticipate in the research, consisting of cognitively normal older individuals,
people with early or late MCI, and people with early AD. The follow up

duration of each group is specified in the protocols for ADNI-1, ADNI-2
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and ADNI-GO. Subjects originally recruited for ADNI-1 and ADNI-GO
had the option to be followed in ADNI-2. For up-to-date information, see
www.adni-info.org.”

PET image preprocessing. The PET images used in the analysis un-
derwent four main preprocessing steps, which made more uniform PET
data available and provide consistent starting points and simplify sequence
ADNI analyses. In the first step, separate frames were extracted from the
original raw image file for registration purposes. Six five-minute frames
(ADNI1) were acquired 30 to 60 minutes post-injection. Each extracted
frame was co-registered to the first extracted frame of the raw image file.
All co-registered frames were recombined into a co-registered dynamic im-
age set. These image sets have the same image size (for example, 128 x
128 x 63) and voxel dimensions (for example, 2.0 x 2.0 x 2.0 mm) and
remain in the same spatial orientation as the original PET image data. In
the second step, a single 30 min PET image was created by averaging the
6 five-minute frames of the co-registered dynamic image set from step 1. In
the third step, each subject’s co-registered averaged image from their base-
line PET scan was then reoriented into a standard 160 x 160 x 96 voxel
image grid, having 1.5 mm cubic voxels. The individual frames from each

following PET scan (6-month scan, 12-month scan, etc.) were co-registered
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to this baseline reference image. In the fourth step, the final PET image
was the result of smoothing of the image from step 3. Each image set was
filtered with a scanner-specific filter function (can be a non-isotropic filter)
to produce images of a uniform isotropic resolution of 8 mm FWHM, the ap-
proximate resolution of the lowest resolution scanners used in ADNI. Image
sets from higher resolution scanners have been smoothed more than image
sets from lower resolution scanners. The specific filter functions were de-
termined from the Hoffman phantom PET scans that were acquired during
the certification process.

Demographic information.  Among the 302 individuals, 195 partici-
pants were male, and 107 were female; 283 were right-handed, and 19 were
left-handed; For the marital status, 239 were married, 35 were windowed,
22 were divorced, and 6 were never married. The individuals had an aver-
age of 15.41 years of education with a standard deviation 3.01 years. The
minimum education length was 4 years and the maximum education length
was 20 years. The average age was 75.2 years with a standard deviation of
7.3 years. The youngest person was 55 years old, and the oldest person was

89 years old.
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